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Abstract
In this paper, we introduce the notion of anti Q-fuzzy BG-ideals

of BG-algebras, lower level cuts of a fuzzy set, lower level BG-
ideal and prove some results on these. we show that a Q-fuzzy
subset of a BG-algebra is a Q-fuzzy BG-ideal if and only if the

complement of this Q-fuzzy subset is an anti Q-fuzzy BG-ideal.
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1.Introduction
The concept of fuzzy sets was introduced by Zadeh.

Since then these ideas have been applied to other algebraic
structures such as semigroups, groups, rings, modules, vector
spaces and topologies. In 1991 O.G.Xi applied the concept of
fuzzy sets to BCK-algebras which are introduced by Y. Imai and
K. Iseki BCK - algebras generalize ,on the other hand ,the
notion of the algebra sets with the set subtraction as the only
fundamental non-nully operation and ,on the other hand, the
notion of the implication algebra. J. Neggers and H.S.Kim
introduced a new notion, called B — algebra. C.B.Kim and
H.S.Kim introduced the notion of the BG — algebra which is a
generalization of B — algebra.. R.Biswas introduced the concept
of anti fuzzy subgroups of groups. Modifying his idea, in this
paper ,we apply the idea to BG-algebras. We introduce the
notion of anti Q-fuzzy ideals of BG — algebras, lower level cuts
of a Q-fuzzy set, and prove some results on these. In this paper,
we classify the anti Q-fuzzy BG — ideals in BG — Algebra.

2. Preliminaries

In this section we site the fundamental definitions that will be

used in the sequel.

Definition 2.1

A nonempty set X with a constant 0 and a binary
operation ‘ » ‘ is called a BG — Algebra if it satisfies the
following axioms.

1. x«x =0,
2. x +0 =x,
3. X+y)«(0=«y)=x,forall xyeX
Example 2.1
Let X = {0,a,b } be the set with the following table.

* 0 a b
0 0 a b
a a 0 a
b b b 0

Then (X, =, 0) isa BG — Algebra.
We can define a relation ( partial ordering) X<y if and only if

X =y =0.
Proposition 2.1  In any BG-algebra X ,the following hold:

1) x =y <0,

) (X =y~ (x xy)=x =~y

3) X = (X« (X ~y) =X~y

4)x< yimplies x »z <y «z and z »y < z =X
Definition 2.2

Let S be a non empty subset of a BG -algebra X , then
Sis called a subalgebra of X if x«~yeS, forallx,yeS.

Definition 2.3

Let X be a BG-algebra and | be a subset of X ,then I is

called a BG- right ideal of X if it satisfies following conditions:

1. 0e I,
2. xxyelandye I= xe |,

3. xe landye X= x»ye |, IxXcl.
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Definition 2.4

Let X be a BG-algebra and | be a subset of X ,then I is

called a BG- left ideal of X if it satisfies following conditions:

1. 0e|,
2. x=yelandye I= xe |,

3. ye landxe X= y»xe I, IxXcl
Definition 2.5

Let X be a BG-algebra and | be a subset of X ,then I is

called a BG- ideal of X if it satisfies following conditions:

1. 0el,
2. x=yelandye I= xe |,

3. xe landye X= x»ye land y=xel, IxXcl.
Definition 2.6

Let X be a non-empty set .A fuzzy sub set p of the set
Xisamappingu : X — [0,1].

Definition 2.6
Let Q and G be any two sets. A mapping

A:GxQ —[0,1] is called a Q—fuzzy set in G.

Definition 2.7
Let u be a Q-fuzzy set in a set X. For t € [ 0,1], the set
we={xeX/u(x,q)=>tforall geQ } is called a level subset of p

Definition 2.8
If u be a Q-fuzzy set in set X . Then the complement

denoted by p° is the Q-fuzzy subset of X given by
pex,q)=1-pn(x,q) forall xe Xandq € Q.

Definition 2.9

Let n be a Q-fuzzy set in BG — algebra. Then p is called a
Q-fuzzy sub algebra of X if

px=y,g)=min{u(x q),uly q)} forall x,yeXandq e
Q.

Definition 2.10
A Q-fuzzy set p in X is called Q-fuzzy BG — Ideal of X if it

satisfies the following inequalities. For all x,y e Xand q € Q,

v

i un(aq) n(xq)
ii. u (Xv q ) mln{ n (X ¥, q )v H’(yv q )}v
iii. ”’(X*yvq) 2 mln{}l(X,q),}l(y,q)}

v
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3. Anti fuzzy ideals
Definition 3.1
A Q-fuzzy set p of a BG-algebra X is called an anti

Q-fuzzy sub algebra of X if

n(x=y q)< max{u(x q),uly g}k forall x,y e Xandq e
Q.
Definition 3.2

A Q-fuzzy set p of a BG-algebra X is called an anti
Q-fuzzy BG-ideal of X. if forall x,y e Xandq € Q,

. u@04q) = wpxq)

ii. “(qu) < max {M (X*qu)l M(qu)}n
i, p(x=y,q) < max{p(xq),unyq)}k

Example 3.1
Let X = {0,a,b,c } be the set with the following table.

* 0 a b c
0 0 a b c
a a 0 a a
b b b 0 b
c c c c 0

Let to, t1, t2 € [ 0,1] be such that to <t; <t,.Define a Q-fuzzy set
niXxQ—-[01)byu(0,q)=to,u(@q)=ti =u(b,q) and
pn (c, g ) = to, routine calculations p is an anti Q-fuzzy sub
algebra of X , and it is an anti Q-fuzzy BG-ideal of X and qeQ .

Theorem 3.1
Every anti Q-fuzzy BG-ideal of a BG-algebra X is order

preserving.

Proof
Let p be an anti Q-fuzzy BG-ideal of a BG-algebra X

and let x,y € X and geQ be such that x < ythenx ~y =0.

Now, “(qu) < max {“(X*yrq)r “(qu)}
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= max {pn(0,q), uy q)}
= pn.q).
n(x,q) <upyq).

Theorem 3.2
Let X be a BG-algebra , Let p is an anti Q-fuzzy BG-

ideal of X if and only if p is an anti Q-fuzzy sub algebra of X.

Proof

By definition , every anti Q-fuzzy BG-ideal of a BG-
algebra X is an anti Q-fuzzy sub algebra of X.

Conversely, let p be an anti Q-fuzzy sub algebra of X.
To prove : u is an anti Q-fuzzy BG-ideal of X.

Forall x,ye XandqgeQ,

nx.q) p((x ~y)=(0~y).q)

IN

max {u(X*y,q),u(O*y,q)}

IN

maX{ u (X =Y, q )v max { H (Or q )1 u(yr q )}}

max {p(X+y, q), uy, q)}
e u(xq) < max {u(x=y, q) uy,q)}
Hence p is an anti Q-fuzzy BG-ideal of X.

Theorem 3.3
Let wis an anti Q-fuzzy BG-ideal of a BG-algebra

X. If the inequality x « y < z holds in X, then
n(x,q)=max{u(y, q), nzq)}, forall x,y,ze XandqeQ.

Proof

Assume the inequality X =y <z holds in X then

p(x=y,q) < max {p(X~y=zq), uzq)}

max {u(0,q), uz q)}

Wz q)

it follows that pn(x,q) < max {p(x+y, q), u(y,q)}
pxg)< max {u(zq) wy d)k

Hence the result.

Theorem 3.4
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A Q-fuzzy subset p of a BG-algebra X is a Q-fuzzy BG-ideal
of X if and only if its complement p° is an anti Q-fuzzy BG-ideal
of X.

Proof

Let p be a Q-fuzzy BG-ideal of X and let x, y € X and geQ
then,

) p0,9)=1-u(0,g)< 1-p(x,q)=p°(X,q).
i) u(x,q)=1-u(xq)
< l'min{“(x*qu)l “(qu)}

1-min {1- p° (x =y, q ), 1- u° (y, q )}

max{ u*(x+y,q), u(y.aq)}

Thatis, p°(x,q)< max{ p°(x=y,q), u°(y,q)}

i) p*(x+y,q) = 1- p(x+y,q)

IN

1- min { 8] (X, q )l M(y: q )}

1-min {1- p° (x, q ), 1-u° (y, )}

IN

max {u° (x, q), u° (y, d)}
Thatis, p°(x+y,q) < max{u°(x,q), u°(y, q)}
Thus, u°is an anti Q-fuzzy ideal of X .The converse also
can be proved similarly.

Definition 3.3

Let u be a Q-fuzzy subset of a BG-algebra X. Fort € [ 0,1],
the set ' = {x € X/ (x,q) <t}iscalled a lower level cut of

u. Cleary, pt= Xand wu p' =X fort e [0,1].
If ti<tythen pc p?2
Theorem 3.5

Let p be a Q-fuzzy subset of a BG-algebra X. If uis an
anti Q-fuzzy BG — ideal of X, then the lower level cut p'is a

BG —ideal of X forallt e [0,1],t>pn (0, q).
Proof:

Let u be an anti Q-fuzzy BG — ideal of X. Then
Forall x,ye XandqgeQ,
i. u(q)

i p(xq)

< u(x,q),

< max{u(x+y,q), u(y.a)k
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i p (x~y,q)< max{p(x,q),uy q)}
To prove that p' is a BG — ideal of X
We know that u' = { xe X/ p(x, q) <t}
Let x, y € u' and pis an anti Q-fuzzy BG — ideal of X .
Since n (0, ) <p(x,q)<timplies0 e u', forallte[0,1].
Letx«yeu' andy e '
Therefore, p (x+y,q)< tandu(y,q)<t.

NOWH(X!q)S maX{H(X*y,q),H(y,q)}

IN

max {t,t}

<t.
Hence 1 (x,q) <t.
Thatis, x=y e p' andy ep' implies x e u'.
() Letxep',yeX.
Chooseyin Xsuchthatp (y,q) < t.
Since x € ' implies pu (x,q) < t.

We know that p (x =y, q) < max{u(x,q),uly,q)}

IN

max {t,t}
< t.
Thatis, u(x=y,q) <t impliesx+y eu'
(i) Lety e u', x € X..

Choose x in X such that u (x, q) < t.
Sincey e p' impliesp (y,q) < t.

We know that p(y«x,q) < max{u(y,q),ux q)}
< max {t,t}
< t.

Thatis, u(y«x,q) <t impliesy«x ep'

Hence p' is a BG — ideal of X.

Theorem 3.6

Let p be a Q-fuzzy subset of a BG-algebra X If for each
te [0,1],t=u(0,q) the lower level cut u'is a BG — ideal of
X, then pisan anti Q-fuzzy BG — ideal of X.

Proof
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Since u'is a BG - ideal of X .
i) Oep'
ii) x~yeu' andy e u'implies x e ',
iii) x e u' and y e X implies x +y e u'".
To prove that p' is an anti Q-fuzzy BG- ideal of X.
Forall x,ye XandqeQ,
i) Letx,yeu'thenp(x,q)<tandu(y,q)<t.
Letu(x,g)=trandpu(y,q) =tz2,
Without loss of generality, let t1 < to.
Then x e u?
Now x € u?andy € X implies x =y € n*.
Thatis, p(x+y,q)< t
= max{ty,t2}
= max {p(x,q),ny q)}
Therefore, p (x+y, q) < max{pu(x,q), ny q)}

ii) Let n(0,q9) = pxxq)

IN

max {1 (x,q), u(x, q)}
< ux ).
Therefore, 1 (0,q) = n(xq)

i) Let u(x,q)=pu(Kx~y)~0~y)q)
s max{p (x -y, q), u(0~y,q)}(by()
< max{p (x +y, q),max p(0,q), u(y,q)3}}
< max{u (x ~y,q),u(y.q)}(by(i).

Therefore w(x,q)< max{u (x ~y,q),u(y,q)}
Hence p is an anti Q-fuzzy BG — ideal of X.
Theorem 3.7

Let u be an anti Q-fuzzy BG-ideal of a BG-algebra X .
Two lower level cuts u™ and u®? (with t; < t,) are equal if and
only ifthereisnox € Xsuchthatti<p (x,q) < t2.
Proof
Let u* = “12
Suppose that there exists x € X such that ti<p (x,q) < to.
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pt < u? then x e p? but x ¢ p™ which contradicts the
assumption u* = p2

Hence there isno x € X suchthatti<u(x,q) < ta,
Conversely

Let thereisno x € X suchthatt;<p (x,q) < tathen

u?c u® as ti< tp implies ptc p?

hence p% = u?.

Now we consider the fuzzification of a lower t-level cut.

Definition 3.4
Let u be a Q -fuzzy subset of a BG-algebra X .the fuzzification u'

t e [ 0,1],is the fuzzy subset A,' of X defined by

Aut (X, q ) = /J(X,q),X € :ut
0 otherwise

Remark: It can be easily verified that A, < p.
That is, Ay (X,q) < n(x,q) forall x e Xand qeQ
and (A)' =t

Theorem 3.8

If wis an anti Q-fuzzy BG-ideal of a BG-algebra X, then
A, is also an anti Q-fuzzy BG-ideal of X where t € [ 0, 1],

t>2p(0,9).

Proof

Let ube an anti Q-fuzzy BG-ideal of a BG-algebra X
then by Theorem 3.5, the lower level cut p'isa BG — ideal of X
forallte[0,1],t>2un(0,q).

(A)' =p'isa BG—idealof Xforallte [0,1],t >u(0,q).

By Theorem 3.6, A, is an anti Q-fuzzy BG-ideal of X, where
te[0,1], t=2pn(0,q).

Hence Proved.
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