ANTIPODAL SETS IN ORIENTED REAL
GRASSMANN MANIFOLDS

HIROYUKI TASAKI

ABSTRACT. We reduce the problem of classifying all maximal an-
tipodal sets in the oriented real Grassmann manifold Gy (R™) to
that of classifying all maximal subsets satisfying certain conditions
in the set consisting of subsets of cardinality k in {1,...,n}. Using
this reduction we classify all maximal antipodal sets in Gy, (R™) for
k < 4. We construct some maximal antipodal subsets for higher k.

1. INTRODUCTION

Chen and Nagano [1] introduced the notion of antipodal sets in Rie-
mannian symmetric spaces and showed some fundamental properties
of antipodal sets. They also explicitly described antipodal sets in many
compact Riemannian symmetric spaces, but they did not mention an-
tipodal sets in oriented real Grassmann manifolds. In this paper we
describe antipodal sets in oriented real Grassmann manifolds.

Let M be a Riemannian symmetric space and denote by s, the geo-
desic symmetry of M at x € M. A subset S in M is called an antipodal
set if s,(y) = y for any x,y € S. We define the 2-number #:M of M
as the supremum of #S5 for all antipodal sets S in M. It is known that
#oM is finite. See Proposition 2.1 in Tanaka-Tasaki [4]. We call an
antipodal set S in M great if #sM = #S. A great antipodal set is
maximal in all antipodal sets with respect to inclusion relation. In [4]
we showed that any antipodal set in a symmetric R-space is included in
a great antipodal set and any two great antipodal sets are congruent,
however, antipodal sets in the oriented real Grassmann manifolds do
not have such a nice property.

We denote by Gj(RR") the oriented real Grassmann manifold consist-
ing of oriented real vector subspaces of dimension k in R" equipped
with the standard inner product. We reduce the problem of classifying
all maximal antipodal sets in ék(R") to that of classifying maximal

2010 Mathematics Subject Classification. 53C40 (Primary), 53D12 (Secondary).
Key words and phrases. antipodal set, oriented real Grassmann manifold, 2-
number, Riemannian symmetric space.
1



2 HIROYUKI TASAKI

subsets satisfying certain conditions in the set consisting of subsets of
cardinality k£ in {1,...,n}. In the case where k = 1,2 antipodal sets in
ék(R”) are simple. In comparison with these we can see that antipodal
sets in ék(R”) are not simple in the cases where k& > 3 by using the
reduction. In Sections 4, 5, and 6 we classify all of maximal antipodal
sets of Gj,(R") in the case where k < 4. In Section 7 we construct some
maximal antipodal subsets for higher k.

2. REAL GRASSMANN MANIFOLDS

The orthogonal group O(n) acts transitively on Gy(R™). We define
an inner product on the Lie algebra o(n) of O(n) by

(X,Y) = %tr(tXY) (X,Y € o(n)),

which induces a biinvariant Riemannian metric on O(n) and an O(n)-
invariant Riemannian metric on Gi(R™). With respect to this Rie-
mannian metric G;(R") is a Riemannian symmetric space. It is known
that Gi(R") is a symmetric R-space. For V € Gi(R") the reflection
ry with respect to V' is equal to 1y — 1y, which induces the geodesic
symmetry sy of Gp(R™) at V. We denote by (v1,...,v,) the vector
subspace of R™ spanned by vy, ..., v, € R". We denote by Inci(n) the
set of all strictly increasing maps from {1,...,k} to {1,...,n}. For
a connected Riemannian manifold M, two subsets X and Y in M are
said to be congruent, if X is transformed to Y by an element of the
identity component of the group of all isometries of M.

Lemma 2.1. Leteq,...,e, be an orthonormal basis of R™. The subset

A= {(eaq),---»€ar)) | @ € Incg(n)}
in GL(R™) is a maximal antipodal set and any mazximal antipodal set
in Gi(R™) is congruent with A. Thus A is a great antipodal set and we
have

#,Go(R") = #Incy,(n) = (Z)

This is showed in [1] and [4].
3. ORIENTED REAL GRASSMANN MANIFOLDS

We denote by Gj(R") the oriented real Grassmann manifold consist-
ing of oriented vector subspaces of dimension & in R™. In this case O(n)
also acts transitively on G(R"). The biinvariant Riemannian metric
on O(n) defined in the previous section induces an O(n)-invariant Rie-
mannian metric on Gj(R"). With respect to this Riemannian metric
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Gy (R™) is a Riemannian symmetric space, but it is not true in general
that Gj,(R") is a symmetric R-space.

We denote by /\k R™ the exterior algebra of R™ of degree k. The
inner product on R™ naturally induces an inner product on /\k R™.
With respect to this inner product

{ea(l) NN ear) | a € Incg(n)}

is an orthonormal basis of /\/LC R™ if e, ..., e, is an orthonormal basis
of R". We can regard G(R") as a Riemannian submanifold of /\k NG
by identifying V € Gi(R™) with vy A --- A v, where vy,..., v is a
positively oriented orthonormal basis of V.

For V € ék(R") we denote by V' the vector subspace determined by
V. The reflection r, = 1y — 1,2 induces the geodesic symmetry si of
Gr(R™) at V defined by

sp(vr A= ANog) =ry(v) A Ary(ug).

This is equal to (A*ry)(vi A-- - Avy). Hence the geodesic symmetry sy
is the restriction of the linear transformation AFry of A*R™ to G (R™).
We define a double covering map p : G(R") — Gx(R™) by p(V) = V.
We have s, 0p =pos, for z € Gr(R™), because p is an isometric
covering map.

Lemma 3.1. For any antipodal set S in Gy(R") there exists an or-
thonormal basis vy, ...,v, of R™ which satisfies

S C{Fva) A Aoy | o € Inci(n)},
where we regard G(R™) as a submanifold of \*R™.
Proof. For any x,y € S we have

sp) (P(¥)) = p(s2(y)) = p(y),

thus p(S) is an antipodal set in G (R™). According to Lemma 2.1 there
exists an orthonormal basis v, ..., v, of R™ which satisfies

P(S) C {{va(1)s - - -+ Va)) | @ € Inci(n)}.
Hence we get

S C{Fvaq) A+ Ao | @ € Incg(n)}.
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For a set X we denote by Pg(X) the set of all subsets o in X
whose cardinalities #a are equal to k. We simply denote Py(n) =
P.({1,...,n}). The map

Inck(n) = Pi(n); a—{a(l),...,a(k)}
is bijective and we identify Incg(n) with Py(n) by this bijective map.

Lemma 3.2. For any mazimal antipodal set S in G(R") there exist
an orthonormal basis vy, ...,v, of R" and a subset A of Py(n) which
satisfy

S = {j:va(l) ARERNANING) | a € A}

Proof. By Lemma 3.1, there exists an orthonormal basis vy, ..., v, of
R™ which satisfies

S C{Evaq) A+ Aoy | @ € Inci(n)}.
We set Uy = va(1) A+ A v and
A={a € Pyn)| v, €Sor—1, S}
This definition of A implies S C {4, | a € A}.
If z,y € S then s,(y) = y. In this case we have s,(—y) = —s,(y) =
—y, because s, is the restriction of a linear transformation of A* R”. By

the definition we have s_, = s, and S U {—y} is also an antipodal set.
Since S is a maximal antipodal set, we have S = {4, |a € A}. O

For an orthonormal basis v = {vy,...,v,} of R” and a subset A of
Py (n) we define

Ay(A) ={x0, | a € A}.
We have to determine which subset A of Py(n) defines a maximal an-

tipodal set A, (A) in G(R™).

Lemma 3.3. Let v = {v1,...,v,} be an orthonormal basis of R" and
A be a subset of Py(n). Ay(A) is an antipodal set in G(R™) if and
only if the cardinality #(8 — ) is even for any o, f € A, where f—a =
{bep|b¢a}.

Proof. For a, 8 € Pyx(n) we have

57 (T) = Tp@n) Vs A+ A o Vs = (—1)#P 5.

So sg,(Us) = U if and only if #(5 — a) is even. Hence A,(A) is an
antipodal set in Gi(R™) if and only if the cardinality #(8 — «) is even
for any «, § € A. O

By the above lemma we introduce the following definition.
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Definition 3.1. «, 5 € P.(n) are antipodal, if the cardinality # (8 —«)
is even. A subset A of Py (n) is said to be antipodal, if any «, B € A are
antipodal. By the definition «, 5 € Py(n) are antipodal if and only if
#(anp) =k (mod2).

We denote by Sym(X) the symmetric group on a finite set X. If
X ={1,...,n}, we simply write Sym(n) = Sym(X) Two subsets X
and Y in P(X) are said to be congruent, if X is transformed to Y by
an element of Sym(X).

If AC B C Pg(n), then A,(A) C A,(B). This implication and the
lemmas mentioned above imply the following theorem.

Theorem 3.1. If vy,...,v, is an orthonormal basis of R™ and A is
a mazimal antipodal subset of Py(n), then A,(A) is a maximal an-
tipodal set in ék(R") Conversely for any mazimal antipodal set S in
ék(R") there exist an orthonormal basis vy, ...,v, of R" and a mazx-
imal antipodal subset A of P.(n) which satisfy S = Ay(A). Moreover
the correspondence above induces a bijection from the set of all con-
gruent classes of maximal antipodal subsets in Py(n) to the set of all
congruent classes of maximal antipodal sets in é’k(R")

Corollary 3.1.
#,Gp(R") = 2max{#A | A is a mazimal antipodal subset of Py(n)},

In order to determine maximal antipodal sets in G (R") we have to
determine maximal antipodal subsets of Py (n). We investigate maximal
antipodal subsets of Py(n) in the sequel sections.

4. MAXIMAL ANTIPODAL SUBSETS OF Py (n)

In this section we consider a strategy to determine all congruent
classes of maximal antipodal subsets in Py(n).

We denote by a¢ the complement of o € Py(n) in {1,...,n}. For
a,B € Py(n) we have f — o = a® — (¢ which implies the following
lemma.

Lemma 4.1. A subset A C Py(n) is antipodal if and only if A® =
{a® | @ € A} C P,_x(n) is antipodal. Moreover A is a mazimal
antipodal subset of Py(n) if and only if A° is a maximal antipodal subset

Of Pn—k(n) :

We identify Py(n) with Incg(n) and define the lexicographic order
on Py(n). With respect to this order {1,2,...,k} is the minimum
element. From now on we describe how to construct representatives of
all congruent classes of maximal antipodal subsets of Py(n). At first we
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take Ay = {{1,2,...,k}}. Next we construct some antipodal subsets
of cardinality ¢« + 1 from an antipodal subset A; of cardinality . We
define the stabilizer S(A;) of A; by

S(4;) ={g € Sym(n) | g(Ai) = Ai}.
We consider the set of elements which are antipodal to A;:
A(A;) ={a € Py(n) — A; | A; U{a} is antipodal}.

If A(A;) is empty, A; is a maximal antipodal subset of Pi(n) and the
procedure in the case of the orbit A; ends. So we consider the case
where A(A;) is not empty. S(A;) stabilizes A; and preserves the an-
tipodal relations, hence S(A;) stabilizes A(A;), too. We decompose
A(4;) to a disjoint union of the orbits Oy,...,0; of S(4;). We take
the minimum element «, of O, for each 1 < a < j, add a, to A; and
obtain A;11, = A; U {a,}. Since a, belongs to A(A;), each A1,
is antipodal. We divide the procedure to the cases by the orbits of
S(A;). We take each A;;1, as A;1 and repeat the above procedure
until reaching a maximal antipodal subset of Py(n).

Lemma 4.2. We can obtain representatives of all congruent classes of
mazximal antipodal subsets of Pi(n) by the procedure mentioned above.

Proof. Let A be a maximal antipodal subset of Py(n). Transforming A
by an element of Sym(n) we can suppose that A; C A. Transforming
A by an element of S(A;) we can take the minimum element « of an
orbit of S(A;) in A(A;) which belongs to A. The second antipodal
subset A, satisfies Ay = A; U{a} C A. We can repeat this procedure
until A; = A for i = #A. O

Remark 4.1. If there exists a subset B of A(A;) satisfying that any
element of B and any other element of A(A;) are antipodal in the
procedure mentioned above, then we can add B to A; and obtain
Aj—l—#B = Aj U B.

It may happen that two of the maximal antipodal subsets obtained
by the procedure mentioned above are congruent. It actually happens

in the proof of Theorem 6.1, which classify maximal antipodal subsets
of Py(n).

In the case where k = 1 any two different elements in P;(n) are not
antipodal, so we get the following proposition.

Proposition 4.1. {{1}} is a mazimal antipodal subset of P;(n). Con-
versely any mazimal antipodal subset of Pi(n) is congruent with it.
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The corresponding maximal antipodal set of G1(R") = S" 1 is {£v}
for v € S, This proposition and Corollary 3.1 imply the following
corollary.

Corollary 4.1. #,5"1 = 2.

Proposition 4.2. For a natural number | we put

A(2,20) = {{1,2},{3,4},..., {21 — 1,21} }.

A(2,2[n/2]) is a maximal antipodal subset of Pa(n). Conversely any
mazximal antipodal subset of Py(n) is congruent with it.

Proof. Two different elements «, 5 in Py(n) are antipodal if and only
if anp=10. We take A; = {{1,2}}. We have A(A;) = P({3,...,n})
and it is an orbit of S(A;). We take the minimum element {3,4} of

A(Ay), add it to A; and obtain As = {{1,2},{3,4}}. We can repeat
this procedure until we get

{{1,2},{3,4},...,{2[n/2] — 1,2[n/2]}}.

Hence it is a maximal antipodal subset of P»(n), and any maximal
antipodal subset of Py(n) is congruent with it. O

Corollary 4.2. #,G5(R") = 2[n/2].

Remark 4.2. We can construct a 2-form from a subset A of P(2()
and an orthonormal basis {e;} of R¥ as follows:

D= enm Ny

acA acA

The 2-form constructed from the maximal antipodal subset {{1,2},...,{2l—
1,21}} of Po(21) is the Kéhler form

on C' = R? with a suitable Hermitian structure.
In comparison with the cases where £k = 1 and k£ = 2, the procedure

of constructing maximal antipodal subsets of Pj(n) is not simple in the
cases where k is greater than 2.
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5. MAXIMAL ANTIPODAL SUBSETS OF P3(n)

In the case where k = 3, two different elements «, 5 in P3(n) are
antipodal if and only if #(a N p) = 1. Let

A(3,20+ 1) = {{1,2,3}, {1,4,5}, ..., {1,20,20 + 1}},
B(3,6) = {{1,2,3},{1,4,5},{2,4,6},{3,5,6}},
B(3,7) = {{1,2,3},{1,4,5},{2,4,6}, {3,5,6},

1,6,7),{2,5,7),{3,4,7}}.

These are antipodal subsets in P3(2]+ 1), P3(6) and P3(7) respectively.
These satisfy

A(3,5) C B(3,6) C B(3,7), A(3,5) C A(3,7) C B(3,7).

These antipodal subsets can be visualized by Figure 1.

7 21+1 6

FIGURE 1. A(3,2[+ 1), B(3,6) and B(3,7)

As stated in Theorem 5.1, A(3,20+ 1) is a maximal antipodal subset
in P3(20 + 1) and P3(2l + 2) except for the cases of A(3,5) C P3(6)
and A(3,7) C P5(7), P5(8). The relation of inclusions mentioned above
shows that these are not maximal.

Remark 5.1. The intersection relation between elements in B(3,7) is
equal to that between projective lines in the projective plane F»P? over
the binary field F;, consisting of 0 and 1.

Theorem 5.1. Let | = [(n — 1)/2]. Each in the following table is a
mazimal antipodal subset of P3(n):

n| 3,4 5 6 7,8 more than 8
A(3,3) | A(3,5) | B(3,6) | B(3,7) | A(3,21+ 1), B(3,7)

Conversely any maximal antipodal subset of Ps(n) is congruent with
one of them.

Before proving the theorem we prepare some notation. For subsets
A, B C X satisfying AN B = (), we denote
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For more than two subsets in X we can similarly define Py, (A;) X - - - X
P, (A).

Proof. We take A; = {{1,2,3}}. We have
A(Ay) = P({1,2,3}) x P,({4,...,n}).

If n <4, A(Ay) is empty and A; = A(3,3) is a maximal antipodal
subset of P3(n). Thus we suppose that n > 5. The stabilizer S(A;) of
A; is equal to Sym({1,2,3}) x Sym({4,...,n}). So A(A;) is an orbit
of S(A;). We take the minimum element {1,4,5} of A(A;), add it to
A; and obtain Ay = {{1,2,3},{1,4,5}} = A(3,5).

A(Ay) ={a € A(A)) — {{1,4,5}} | @ and {1,4,5} are antipodal}
= P({2,3}) x P({4,5}) x P ({6,...,n})
UP({1}) x P({6,...,n}).
If n =5, A(Ay) is empty and A; = A(3,5) is a maximal antipodal

subset of P3(5). Thus we suppose that n > 6. The stabilizer S(A;) fixes
1 and induces permutations on {{2, 3}, {4,5}}, so it acts transitively on

P1<{27 3}) X P1<{475}) X P1<{67 oo 7n}) and P1<{1}> X P2<{67 s 7n})
These are two orbits of S(Ay). If n = 6, then the second orbit is
empty and A(As) = P1({2,3}) x Pi({4,5}) x P,({6}). We take the
minimum element {2,4,6} of the orbit A(A,), add it to Ay and obtain
Az ={{1,2,3},{1,4,5},{2,4,6}}.
A(As;) ={a € A(A2) — {{2,4,6}} | « and {2,4,6} are antipodal}
={{3,5,6}}.

We add {3,5,6} to A3, and obtain
{{1,2,3},{1,4,5},{2,4,6},{3,5,6}} = B(3,6),

which is a maximal antipodal subset of P3(6). We have obtained rep-
resentatives of all congruent classes of maximal antipodal subsets in
Ps(n) for n <6.

We suppose that n > 7. In this case A(As) has two orbits of S(Ay):

Pl({2’3}) X Pl({475}) X Pl({Ga .- .,n}),
Pi({1}) x P({6,...,n}),

which are not empty. Hence we divide the procedure to two cases where
we take minimum elements in the two orbits.

(1) We take the minimum element {2,4,6} of the orbit P;({2,3}) x
Pi({4,5}) x P({6,...,n}), add it to Ay and obtain

Az ={{1,2,3},{1,4,5},{2,4,6}}.
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We have
A(As)
={a € A(As) — {{2,4,6}} | « and {2,4,6} are antipodal}
={{3,5,6}} U A({2}) x A({5}) x A({T7,...,n})
UP({3}) x Pi({4}) x PL({7,...,n})
UP({1}) x P({6}) x P({7,...,n})
={{3,5,6}} U{{1,6},{2,5},{3,4}} x AL({7,...,n}).

In A(As1), {3,5,6} and other elements are antipodal. We can add it
to As; and obtain

Agr = {{1,2,3},{1,4,5},{2,4,6},{3,5,6}} = B(3,6).
We have
A(Aqr) = {{1,6}.{2,5}, {3, 4}} x A({7,...,n}).
The stabilizer S(A,;) induces permutations on
{{1,6},{2,5},{3,4}},

so it acts transitively on A(A41). This is an orbit of S(A41). We take
the minimum element {1,6,7} of A(A4;), add it to A4 and obtain

As 1 ={{1,2,3},{1,4,5},{2,4,6},{3,5,6},{1,6,7}}.
We have
A(As51) = {{2,5,7},{3,4,7}}.

These two elements are antipodal. We can add these to A5 ; and obtain
{{1,2,3},{1,4,5},{2,4,6},{3,5,6},{1,6,7},{2,5,7},{3,4,7}}
= B(3,7),

which is a maximal antipodal subset of Ps(n) for n > 7.
(2) We take the minimum element {1,6,7} of the orbit P;({1}) x
Py({6,...,n}), add it to As and obtain

Az ={{1,2,3},{1,4,5},{1,6,7}}.
We have
A(Asp) = Pi({2,3}) x Pi({4,5}) x P1({6,7})
UP({1}) x P({8,...,n}).

The stabilizer S(Ajz,) fixes 1 and induces permutations on

{{2,3},{4,5}, {6, 7}},
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so it acts transitively on P;({2,3})x Py ({4,5})x P1({6,7}) and P ({1})x
Py({8,...,n}). These are two orbits of S(As2). If n <8, then the sec-
ond orbit is empty and A(A;2) = P1({2,3}) x P1({4,5}) x P1({6,7}).
We take the minimum element {2,4, 6}, add it to A3, and obtain
Aso ={{1,2,3},{1,4,5},{1,6,7},{2,4,6}}.
We have
A(Ay2) =4{{2,5,7},{3,4,7},{3,5,6}}.

These are antipodal to each other. We can add these to Ay and
obtain B(3,7). As we have showed in the case (1), B(3,7) is a maximal
antipodal subset of Py(n) for n > 7. We have obtained representatives
of all congruent classes of maximal antipodal subsets in Py(n) forn < 8.
We suppose that n > 9. In this case A(Ass) has two orbits of

S(A372):

Pi({2,3}) x Pi({4,5}) x A({6,7}),

P({1}) x P({8,...,n}),
which are not empty. If we take the minimum element {2, 4,6}, then we
reach B(3,7) in a way similar to the above argument. Hence we take the
minimum element {1,8, 9} of the second orbit P;({1})x P({8,...,n}),
add it to A3 and obtain

A3 ={{1,2,3},{1,4,5},{1,6,7}, {1,8,9}}.

We have

A(A473) = Pl({l}) X PQ({]_O, ey TL})

The stabilizer S(A,3) fixes 1 and induces permutations on

{{2,3},{4,5},{6,7},{8,9}},

so it acts transitively on A(A,3). We can repeat this procedure until
we get A(3,20 + 1), where [ = [(n — 1)/2]. Therefore we complete the
proof of the theorem. O

Corollary 5.1. The 2-number #,G5(R™) is as follows:

n 415(6(7,...,16 | more than 16
#2G3(R™) 1248 14 2[(n —1)/2]

Proof. We have
#AB3,20+1)=1, #B(3,6)=4, #B(3,7)=7

and obtain the corollary by Corollary 3.1. O
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Remark 5.2. We can construct 3-forms from maximal antipodal sub-
sets of P3(n) in a way similar to Remark 4.2. The special Lagrangian
3-form on C? is defined by

Re[(e] + v —1e5) A (e5 + v —1ley) A (e + vV —1eg)]
=ejNesNer—ej] NeyNeg—es Nes Neg—ey Ney Ae:,
which corresponds to {{1,3,5},{1,4,6},{2,3,6},{2,4,5}}. This is a
maximal antipodal subset of P3(6), so it is congruent with B(3,6) by
Theorem 5.1. We can also directly see that the subset transformed by
2 3 456
16 2 5 3 4
The 3-form constructed from B(3,7) is equal to

acting the permutation on it is equal to B(3,6).

ey NesNes+ef Ney Nes+es NeyNeg+es Nes Neg+ el Neg A ex
+esNes Ner+ezNey Aer,
which was found by Harvey-Lawson [2] as a 3-form on ImQ = R’

invariant under the action of the exceptional compact simple Lie group
G5 on ImO.

6. MAXIMAL ANTIPODAL SUBSETS OF Py(n)

We define three antipodal subsets of Py(n) as follows:

A(L20) = {aUB € P2 | 0B € {({1,2}, (3,4}, {20 — 1,21}}},

B(4,7) = B°(3,7) ={a‘|a € B(3,7)},

B(4,8) = B(4,7)UB(3,7) x {{8}}.

It is easy to see that A(4,2[) is antipodal. Lemma 4.1 and Theorem 5.1
imply that B(4, 7) is a maximal antipodal subset of Py(7). Since B(3,7)
is antipodal in P5(7), so is B(3,7) x {{8}} in P4(8). For «, 5 € B(3,7)
we have aN (U {8}) = 8 — a. Thus B(4,8) is antipodal.

As stated in Theorem 6.1, A(4,2l) is a maximal antipodal subset
in Py(20) and P;(2] + 1) except for the cases of A(4,6) C P,(7) and
A(4,8) C Py(8), P4(9). We can directly show that these are not maxi-
mal.

B(4,7) D{aU g e Py(7) | a, 8 € {{2,3},{4,5},{6, 7} }},

which is congruent with A(4,6) in Py(7). Thus A(4, 6) is not a maximal
antipodal subset in Py(7).

B(4,8) D {aUp e P(7) | o, B € {{2,3},{4,5},{6,7},{1,8}}},

which is congruent with A(4, 8) in P,(8). Thus A(4, 8) is not a maximal
antipodal subset in P(8). Of course A(4, 8) is not maximal in P,(9).
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In order to state the main theorem of this section we prepare some
notation. A subset A C Py(n) is said to be full in Py(n), if A is not
congruent with any subset of Py(n — 1). For example B(4,7) is full in
Py(7), but it is not full in P4(8). We denote

A+m={{al)+m,...,a(k)+m} |a € A}

for an integer m.
The following main theorem of this section states that any maximal
antipodal subset of Py(n) is described by A(4,2l), B(4,7) and B(4,8).

Theorem 6.1. Each of the followings is a maximal antipodal subset of
P4 (n) N

n| 4,5 6 7 8,0 10
A(4,4) [A4,6) | B(4,7) | B(4,8) | A(4,10), B(4,8)

In the case n > 10, A(4,2[n/2]), B(4,7)U[(a full MAS in Py(n — 7))+
7] and B(4,8)U[(a MAS in Py(n — 8))+ 8], where MAS is an abbrevi-
ation of maximal antipodal subset. Conversely any mazimal antipodal
subset of Py(n) is congruent with one of them.

Proof. We prove the theorem in each cases for n < 10 and by induction
on n for n > 10. We take A; = {{1,2,3,4}}. We have

A(A)) = Po({1,2,3,4}) x Po({5,...,n}) U Py({5,...,n}).

If n <5, A(Ay) is empty and A; = A(4,4) is a maximal antipodal
subset of Py(n).

Thus we suppose that n > 6. The stabilizer S(A;) is equal to
Sym({1,2,3,4}) x Sym({5,...,n}), which acts transitively on

Py({1,2,3,4)) x Py({5,...,n}) and Py({5,...,n}).

These are two orbits of S(A;). Hence we divide the procedure to two
cases where we take minimum elements in the two orbits.

(1) We take the minimum element {1, 2, 5,6} of the orbit P({1,2,3,4})x
Py({5,...,n}), add it to A; and obtain As; = {{1,2,3,4},{1,2,5,6}}.
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We have
A(Agq) ={a e A(A;) — {{1,2,5,6}} | @ and {1,2,5,6} are antipodal}
={{3,4,5,6}}U{{1,2},{3,4}} x P({7,...,n})
UP({1,2}) x Pi({3,4}) x P({5,6}) x PL({7,...,n})
UP({5,6}) x Po({7,...,n}) UP({7,...,n})
= {{3,4,5,6}}
UP({1,2}) x Pi({3,4}) x P.({5,6}) x PL({7,...,n})
U{{1,2},{3,4},{5,6}} x P({7,...,n})
UP({7,...,n}).

In A(Ay1), {3,4,5,6} and other elements are antipodal. We can add
it to Az, and obtain

Az ={{1,2,3,4},{1,2,5,6},{3,4,5,6}} = A(4,6).
We have
A(Asq1) = Pi({1,2}) x Pi({3,4}) x P ({5,6}) x PL({7,...,n})
U{{1,2},{3,4},{5,6}} x A,({7,...,n})
U P,({7,...,n}).
The stabilizer S(As1) induces permutations on {{1,2},{3,4},{5,6}},
so it acts transitively on each of
PA{1,2}) x Pr({3.4})  Pu({5,6}) x B({T,....n}),
{{1,2},{3,4},{5,6}} x B({7,...,n}),
P,({7,...,n}).

These are three orbits of S(Asz ;). In the case n = 6, we have A(A3;) =
() and Az is a maximal antipodal subset of Py(6). Thus we suppose
that n > 7. We divide the procedure to the three cases.

(1.1) We take the minimum element {1, 3,5, 7} of the orbit P, ({1, 2}) x
P ({3,4}) x P ({5,6}) x P ({7,...,n}), add it to A3, and obtain

Agr ={{1,2,3,4},{1,2,5,6},{3,4,5,6},{1,3,5,7}}.
We have
A(Ayr) ={a e A(A31) —{{1,3,5,7}} | @ and {1, 3,5, 7} are antipodal}
— {{1,4,6,7)},12,3,6,7}, {2,4,5,7}}
U{{1,3,6},{1,4,5},{2,3,5},{2,4,6}} x P ({8,...,n})
U{{1,2,7},{3,4,7},{5,6,7}} x AL({8,...,n})
UP({8,...,n}).
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Any element of {{1,4,6,7},{2,3,6,7},{2,4,5,7}} and any element of
A(Ay,) are antipodal. We can add these three elements to Ays; and
obtain

Az ={{1,2,3,4},{1,2,5,6},{3,4,5,6},{1,3,5,7},
{1,4,6,7},{2,3,6,7},{2,4,5,7}}.
From the description of A;; we get
A7y ={a|a € A71}
={{5,6,7},{3,4,7},{1,2,7},{2,4,6},
{2,3,5},{1,4,5},{1,3,6}}.

. ?5 g i g g Z) on A7 | we obtain B(3, 7).

So A7y and B(4,7) = B¢(3,7) are congruent. We have
A(A71) ={{1,2,7},{3,4,7},{5,6, 7},
{1,3,6},{1,4,5},{2,3,5},{2,4,6}} x P ({8,...,n})
UP({8,...,n})
= A7, x PI({8,...,n}) UP({8,...,n}).

Acting the permutation

Since the group of all projective transformations on F,P? acts tran-
sitively on the set of all projective lines in it, the stabilizer S(A7;)
acts transitively on A, x Pi({8,...,n}). It also acts transitively on
Py({8,...,n}). We can also directly see that S(A7;) acts transitively
on A7, x Pi({8,...,n}). Hence

A;,l XP1<{8,...,7’L}>, P4({877n})
are two orbits of S(A71). In the case n = 7 we have A(A7;) = () and
A7, is a maximal antipodal subset of P;(7). Thus we suppose that
n > 8 in the case (1.1).
(1.1.1) We take the minimum element {1,2,7,8} of the orbit A%, x
P ({8,...,n}), add it to A7, and obtain
AS,l - {{17 27 37 4}7 {1a 27 5a 6}7 {3a 47 57 6}7 {1a 3a 57 7}7
{1,4,6,7},{2,3,6,7},{2,4,5,7},{1,2,7,8}}.
We have
A(Asq)

= {{3,4,7},15,6,7},{1,3,6), {1,4,5},{2,3,5},{2,4,6}} x {{8}}
U P({9,...,n}).



16 HIROYUKI TASAKI

{{3,4,7},{5,6,7},{1,3,6},{1,4,5},{2,3,5},{2,4,6}} x {{8}} is an-
tipodal and any element of it and any element of A(Ag ;) are antipodal,
so we can add these six elements to Ag; and obtain

Ay =1{{1,2,3,4},{1,2,5,6},{3,4,5,6},{1,3,5, 7},
{1,4,6,7},{2,3,6,7},{2,4,5,7}}
u{{1,2,7},{3,4,7},{5,6,7},{1, 3,6},
{1,4,5},{2,3,5},{2,4,6}} x {{8}}

= A71 U A7 x {{8}},
which is congruent with B(4, 8). We have

A(AM) = P4<{97 te 7n})’

which is equivalent to A(B(4,8)) = P4({9,...,n}). In the cases n =
8,9,10,11 A(Ay4) is empty and A;4 is a maximal antipodal subset of
Py(n). In the case n > 11 any maximal antipodal subset of Py(n) we

reach in this case is equal to A;4 U B for a maximal antipodal subset

B of P,({9,...,n}).

(1.1.2) We take the minimum element {8, 9,10, 11} of the orbit P4({8,...,n}),
add it to A7, and obtain

Aso ={{1,2,3,4},{1,2,5,6},{3,4,5,6},{1,3,5,7},
{1,4,6,7},{2,3,6,7},{2,4,5,7},{8,9,10, 11} }.
We have
A(Agp) = A7) x Pi({12,...,n})
U P({8,9,10,11}) x P,({12,...,n}) U Py({12,...,n}).
The stabilizer S(Ag ) is equal to
S(A7,) x Sym({8,9,10,11}) x Sym({12,...,n}),
which acts transitively on each of
A7 x Pi({12,...,n}),
Py({8,9,10,11}) x P({12,...,n}),
Py({12,...,n}).

These are three orbits of S(Ag2). We divide the procedure to two
cases of (1.1.2.1) A | x P1({12,...,n}) and (1.1.2.2) P»({8,9,10,11}) x
Py({12,...,n}), Py({12,...,n}).

(1.1.2.1) In the case n > 12 we take the minimum element {1,2,7,12}
of the orbit A%, x P({12,...,n}). In a way similar to the case (1.1.1)
we reach the union of a maximal antipodal subset in Py({1,...,7} U
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{12}) which is congruent with B(4,8) and a maximal antipodal subset
of

Py({8,9,10,11} U {13,...,n}).
This is congruent with the union of B(4,8) and a maximal antipodal
subset in Py({9,...,n}).
(1.1.2.2) We take the minimum element of the orbit P ({8, 9,10, 11}) x
Py({12,...,n}), P4({12,...,n}) and repeat the procedure. If we take
an element of A%, x P({12,...,n}) in this case, then the result re-
duces to the case (1.1.2.1). Hence it is sufficient to consider maximal
antipodal subsets of P;(n) which are included in

Asa U Py({8,9,10,11}) x Py({12,....,nH) U P,({12,...,n})
C A7,1 U P4<{8, . ,n})

Any maximal antipodal subset of Pjy(n) we reach in this case is equal
to A7, U B for a maximal antipodal subset of Py({8,...,n}). If B is
not full in Py({8,...,n}), then there exists m € {8,...,n} which is not
contained in any element of B and

A71UB C A7 U (A7, x {{m}})UB.

Here A7) U (A%, x {{m}}) U B is antipodal and this contradicts to
the maximal property of A7; U B. Thus B is full in P({8,...,n}).
Conversely we show that A7; U B is a maximal antipodal subset of
Py(n) if B is a full maximal antipodal subset of P,({8,...,n}). If
A7 1 U B is not a maximal antipodal subset of Py(n), then there exists
a ¢ Az U B such that a and any element of A7, U B are antipodal.
In particular

0 € A(Ary) = AS, x Pi({8,...,n}) U Pi({8,...,n}).

If o belongs to Py ({8,...,n}), then this contradicts the maximal prop-
erty of B. If a belongs to A% ; x P ({8, ...,n}), then #(an{8,...,n}) =
1. By the assumption of induction B is a certain union of copies of
B(4,7), B(4,8) and A(4,2l). Moreover B is full in P,;({8,...,n}). So
there exists an element § in B such that #(a N ) = 1, which is a
contradiction. Therefore A;; U B is a maximal antipodal subset of

P4(77,)
(1.2) We take the minimum element {1,2,7,8} of the orbit

{{1,2},{3,4},{5,6}} x P({7,...,n}),
add it to As; = A(4,6) and obtain
Ago=A(4,6)U{{1,2,7,8}}.
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We have
A(As2) = Pi({1,2}) x Pi({3,4}) x Pi({5,6}) x PA({7,8})
U{{3,4,7,8},{5,6,7,8}}
U{{1,2},{3,4},{5,6}} x P»({9,...,n})
UP({7,8}) X P,({9,...,n}) U P({9,...,n}).

{{3,4,7,8},{5,6,7,8}} is antipodal and any element of it and any
element of A(A,,) are antipodal, so we can add it to A5 and obtain

Ag1 = A(4,6)U{{1,2,7,8},{3,4,7,8},{5,6,7,8}} = A(4,8).
We have
A(Ae1) = P({1,2}) x Pi({3,4}) x PA({5,6}) x P1({7,8})
U{{1,2},{3,4},{5,6},{7,8}} x P,({9,...,n})
U P({9,...,n}).
The stabilizer A(Ag ;) induces permutations on
{{1.2},{3,4},{5,6},{7,8}},
so it acts transitively on each of
P1<{17 2}) X P1<{374}) X Pl({576}) X P1<{77 8}>7
{{17 2}7 {3’ 4}7 {5’ 6}7 {7’ 8}} X PQ({ga BRI n}),
Py({9,...,n}).

These are three orbits of S(Ag;). Hence we divide the procedure to
three cases.
(1.2.1) We take the minimum element {1, 3,5, 7} of the orbit

P({1,2}) x P({3,4}) x Pi({5,6}) x Pi({7.8}),
add it to Ag; and obtain
Az =A(4,8)U{{1,3,5,7}}.
Let
Buvg = {{in, 42,3, 00} | 4 € {27 = 1,2j} (1 <7 < 4),
the number of even numbers is even}.
We have
A(A7,) = (Bvs — {1,3,5,7}) U Py({9,...,n}).

Any element of Fvg and any element of A(A7s) are antipodal, so we
can add it to A7 and obtain

A<47 8) U EUg = A14.
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Thus the procedure in this case reduces to the case (1.1.1).
(1.2.2) We take the minimum element {1,2,9,10} of the orbit

[11,2}, (3,4}, {561, {7,8}} x B({0,....n}),
add it to Ag; and obtain
Az3=A(4,8)U{{1,2,9,10}}.
We have
A(Az3) ={{3,4,9,10},{5,6,9,10},{7,8,9,10}}
U{{1,2},{3,4},{5,6},{7,8}} x P({11,...,n})
U Py ({9,10}) x Py({11,...,n})
U Py({11,...,n}).

{{3,4,9,10},{5,6,9,10},{7,8,9,10}} is antipodal. Any element of it
and any element of A(Ay3) are antipodal, so we can add it to A7 5 and
obtain

Ay = A(4,8) U{{1,2,9,10},{3,4,9,10}, {5,6,9,10}, {7,8,9,10}}

= A(4,10).
We have
A(Aw) = {{1,2},{3,4},{5,6},{7,8},{9,10}} x P»({11,...,n})
U P ({11,...,n}).

Let M be a maximal antipodal subset of Py(n) we reach in this case.
Since M — Ajp C A(Aqp), there exist

M, C {{1,2},{3,4},{5,6},{7,8},{9,10}} x P({11,...,n}),
M, C Py({11,...,n})
satisfying M = Ao U M7 U M. Let
Ny ={p € R({l11,...,n}) | «U 8 € M for some
a=1{27—-1,25} (1 <j <5}

This is an antipodal subset of P»({11,...,n}). So by an action of
Sym({11,...,n}) we can suppose that

Ny = {{11,12},{13,14}, ... {2m — 1,2m}}.

Any element of N; and any element of M, have even intersection. Hence
any element of A(4,2m) and any element of M, are antipodal and
A(4,2m) U M, is antipodal. We have

M = Al(] UM1 UM2 C A<4, 2m) UMQ
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Since M is a maximal antipodal subset of Py(n), we obtain M =
A(4,2m)UM,. By repeating the procedure adding {1, 2, 11,12}, {1, 2, 13, 14}
and so on, we reach A(4,2m) and have
A(A(4,2m)) = {{1,2},...,{2m —1,2m}} x Po({2m +1,...,n})
UP({2m+1,...,n}).

Thus there exist

M C {{1,2},...,{2m —1,2m}} x B({2m+1,...,n}),

My C Pi({2m+1,...,n})
satisfying M = A(4,2m) U M3 U My. If M3 is not empty, then there
exists {2a — 1,2a,b,c} with 1 < a < m,2m + 1 < b,c. The element
{b,c} of P,({2m + 1,...,n}) and any element of M, have even inter-
section. Hence {1,2,b,c} and any element of M, are antipodal and
{b, ¢} belongs to Ny, which is a contradiction. Therefore Mj is empty
and M = A(4,2m) U M. So M, is a maximal antipodal subset of
Py({2m +1,...,n}). By the assumption of induction M, is a certain
disjoint union of copies of B(4,3), B(4,8) and at most A(4, 2[) + 2m.
If there exists A(4,2l) + 2m, then

A(4,2m) U (A(4,20) +2m) C A(4,2(m +1))

and moreover any element of A(4,2l)+ 2m and any element of My. So
any element of A(4,2(m + 1)) and any element of M, are antipodal,
too. Hence A(4,2(m + 1)) U My is antipodal and

M = A(4,2m) U (A(4,20) + 2m) U My C A(4,2(m + 1)) U M,

which contradicts to the maximality of M. So M, is a certain disjoint

union of copies of B(4,7) and B(4,8). If M, is empty, then M =
A(4,2m). If My is not empty, then M includes B(4,7) or B(4,8).

Thus the procedure in this case reduces to the case (1.1.2.2) or (1.1.1).

(1.2.3) We take the minimum element {9, 10, 11, 12} of the orbit Py({9,...,n}),
add it to Ag; and obtain

Az = A(4,8)U{{9,10,11,12}}.
We have
A(Aza) = Pi({1,2}) x Pi({3,4}) x Pi({5,6})  Pu({7,8})
U{{1,2},{3,4},{5,6},{7,8}} x P»({9,10,11,12})
U{{1,2},{3,4},{5,6},{7,8}} x P({13,...,n})
U P»({9,10,11,12}) x P,({13,...,n})
U P ({13,...,n}).
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The stabilizer S(A74) induces permutations on {{1, 2}, {3,4},{5,6},{7,8}}
and {9, 10, 11, 12}, so it transitively acts on each of
Pl({17 2}) X P1<{374}> X P1<{576}) X P1<{77 8}>7
{{1,2},{3,4},{5,6},{7,8}} x P»({9,10,11,12}),
{{1,2},{3,4},{5,6},{7,8}} x P({13,...,n}),
Py({9,10,11,12}) x P({13,...,n}),
Py({13,...,n}).

These are five orbits of S(A74). Hence we divide the procedure to five
cases.

(1.2.3.1) We take the minimum element {1, 3,5, 7} of the orbit P, ({1, 2})x
Pi({3,4}) x P({5,6}) x P1({7,8}). This reduces to the case (1.1).
(1.2.3.2) We take the minimum element {1,2,9, 10} of the orbit

{{1,2},{3,4},{5,6},{7,8}} x P»({9,10,11,12}).
This reduces to the case (1.2.2).
(1.2.3.3) We take the minimum element {1, 2,13, 14} of the orbit

{{1,2},{3,4},{5,6},{7,8}} x B({13,...,n}).
This reduces to the case (1.2.2) by the action of the permutation
(913)(10 14).
(1.2.3.4) We consider the orbits of P»({9,10,11,12}) x Py({13,...,n})
and P,({13,...,n}). When we proceed the procedure in this case, if
we take one element of the orbits of (1.2.3.1), (1.2.3.2) and (1.2.3.3),
this reduces to the cases of (1.1) or (1.2.2). Thus it is sufficient to take
elements of P5({9,10,11,12}) x Py({13,...,n}) and Py({13,...,n}).
For any maximal antipodal subset M we reach in this case there exists
an antipodal subset M; of P,({9,...,n}) which satisfies M = A(4,8)U
M. However, this does not happen, because A(4,8) is not a maximal
antipodal subset of Py(8).
(1.3) We take the minimum element {7, 8,9, 10} of the orbit P,({7,...,n}),
add it to As; and obtain

Ays=A(4,6)U{{7,8,9,10}}.
We have
A(Ay3) = P({1,2}) x Pi({3,4}) x P ({5,6}) x P ({11,...,n})
U{{1,2},{3,4},{5,6}} x P,({7,8,9,10})
U{{1,2},{3,4},{5,6}} x P({11,...,n})
U P({7,8,9,10}) x Py({11,...,n})
U P ({11,...,n}).
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The stabilizer S(A,3) induces permutations on {{1,2},{3,4},{5,6}}
and {7,8,9,10}, so it acts transitively on each of
P1<{172}) X P1<{374}> X P1<{576}) X Pl({117 s 7n})7
{{17 2}7 {37 4}7 {57 6}} X PQ({77 87 97 10})7
{{1,2},{3,4},{5,6}} x R({11,...,n}),
Py({7,8,9,10}) x Py({11,...,n}),
Py({11,...,n}).

These are five orbits of S(A43). Hence we divide the procedure to five
cases.

(1.3.1) We take the minimum element {1, 3,5, 11} of the orbit P, ({1,2})x
Pi({3,4}) x P1({5,6}) x P,({11,...,n}) and add it to A4 3. This case
reduces to the case (1.1) by the action of the permutation (7 11)(8 12).
(1.3.2) We take the minimum element {1,2,7,8} of the orbit

({1,2},{3,4},{5,6)} x P»({7.8,9,10})

and add it to Ay 3. This case reduces to the case (1.2).
(1.3.3) We take the minimum element {1,2, 11,12} of the orbit

{{17 2}7 {37 4}7 {57 6}} X PQ({117 s 7n})
and add it to Ay 3. This case reduces to the case (1.2) by the action of
the permutation (7 11)(8 12).
(1.3.4) We take the minimum element {7,8,11,12} of the orbit

Py({7,8,9,10}) x P({11,...,n}),
add it to A4 3 and obtain
As = A(4,6) U {{7,8,9,10},{7,8,11, 12} }.
We have
A(As) = Pi({1,2}) x Pi({3,4}) x Pi({5,6}) x P, ({13,...,n})

U{{1,2},{3,4},{5,6}} x {{7,8},{9,10}, {11,12}}
U{{1,2},{3,4},{5,6}} x P,({13,...,n})
U {{9,10,11,12}}
U {{7,8},{9,10},{11,12}} x P,({13,...,n})
U P ({7,8}) x P({9,10}) x P ({11,12}) x P ({13,...,n})
U P ({13,...,n}).

In A(As) the element {9, 10,11, 12} and other elements are antipodal,
so we can add it to As and obtain

Ago = A(4,6) U (A(4,6) +6).
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We have
A(Ag2) = Pi({1,2}) x Pi({3,4}) x Pi({5,6}) x Pi({13,...,n})
U{{1,2},{3,4},{5,6}} x {{7,8},{9, 10}, {11,12}}
U{{1,2},{3,4},{5,6},{7,8},{9,10}, {11,12}} x P»({13,...,n})
U P ({7,8}) x P({9,10}) x P ({11,12}) x P ({13,...,n})
U Py({13,...,n}).
The stabilizer S(Ag2) induces permutations on {{1,2},{3,4},{5,6}}
and {{7,8},{9,10},{11,12}} and interchanging these two, so it acts
transitively on each of
Pi({1,2}) x Pi({3,4}) x Pi({5,6}) x P ({13,...,n})
U P ({7,8}) x P1({9,10}) x P ({11,12}) x P ({13,...,n}),
{{1,2},{3,4}, {5,6}} x {{7, 8}, {9, 10}, {11, 12} },
{{1,2},{3,4},{5,6},{7,8},{9,10},{11,12}} x P({13,...,n})
P,({13,...,n}).

These are four orbits of S(Ag ). Hence we divide the procedure to four
cases.

(1.3.4.1) We take the minimum element {1, 3,5, 13} of the orbit

Pi({1,2}) x Pi({3,4}) x Pi({5,6}) x Pi({13,...,n})
U P({7,8}) x Pi({9,10}) x P,({11,12}) x P,({13,...,n})

and add it to Agz. This reduces to the case (1.1).
(1.3.4.2) We take the minimum element {1,2,7,8} of the orbit

{{1,2},{3,4},{5,6}} x {{7,8},{9,10},{11,12}}

and add it to Agp. This reduces to the case (1.3.2).
(1.3.4.3) We take the minimum element {1,2, 13,14} of the orbit

{{1,2},{3,4},{5,6}} x Py({13,...,n})
U {{7,8},{9,10},{11,12}} x P,({13,...,n})

and add it to Ago. This reduces to the case (1.2).

(1.3.4.4) We consider the orbit Py({13,...,n}). When we proceed the
procedure in this case, if we take one element of the orbits of (1.3.4.1),
(1.3.4.2) and (1.3.4.3), this reduces to the cases of (1.1), (1.2) or (1.3.2).

Thus it is sufficient to take elements of {{1,2},{3,4},{5,6}} xP»({13,...,n})
and {{1,2},{3,4},{5,6}} x P»({13,...,n}). For any maximal antipo-

dal subset M we reach in this case there exists an antipodal subset M;

of Py({13,...,n}) which satisfies M = Ago U M;. However, this does
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not happen, because Ago = A(4,6) U (A(4,6) + 6) is not a maximal
antipodal subset of Py(12).

(1.3.5) We consider the orbit Py({11,...,n}). When we proceed the
procedure in this case, if we take one element of the orbits of (1.3.1),
(1.3.2), (1.3.3) and (1.3.4), this reduces to the cases already mentioned
above. Thus it is sufficient to take elements of P,({13,...,n}). For
any maximal antipodal subset M we reach in this case there exists an
antipodal subset M; of Py({11,...,n}) which satisfies M = Ay 3 U M.
However, this does not happen, because A, 3 is not a maximal antipodal
subset of P;(10).

(2) We take the minimum element {5, 6, 7,8} of the orbit Py({5,...,n}),
add it to A; and obtain

AZ,Q - {{17 27374}7 {5a67 7a 8}}
We have

A(AQ’Q) = PQ({l, 2, 3, 4}) X PQ({5, 6, 7, 8})
U PQ({l, 2, 3, 4}) X P2<{9, ceey n})
U P ({5,6,7,8}) x P»({9,...,n})
U P4<{9, couy n})
The stabilizer S(As ) induces permutations on {1, 2, 3,4} and {5,6,7, 8}
and interchanging these two, so it acts transitively on each of
Py({1,2,3,4}) x P»({5,6,7,8}),
Po({1,2,3,4}) x Po({9,.n}) U Py({5,6,7,8}) x Po({9, ... n}),
P{9, .. n}).
These are three orbits of S(As). Hence we divide the procedure to
three cases.
(2.1) We take the minimum element {1, 2, 5,6} of the orbit P»({1,2,3,4})x

P5({5,6,7,8}) and add it to Ass. This reduces to the case (1).
(2.2) We take the minimum element {1,2,9,10} of the orbit

Py({1,2,3,4}) x Py({9, ..,n}) U P5({5,6,7,8}) x Py({9, ...,n})

and add it to Ass. This reduces to the case (1).

(2.3) We take the minimum element {9, 10, 11, 12} of the orbit P;({9, ...,n})
and add it to Ay2. When we proceed the procedure in this case, if we
take one element of the orbits of (2.1) and (2.2), this reduces to the
cases already mentioned above. Thus it is sufficient to take elements

of P4({9,...,n}). For any maximal antipodal subset M we reach in
this case there exists an antipodal subset M; of Py({9,...,n}) which
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satisfies M = A, 5 U M;. However, this does not happen, because Aj »
is not a maximal antipodal subset of P,(8). O

Example 6.1. We show the maximal antipodal subsets of P,(11).
A(4,10), B(4,8), B(4,7)U(A(4,4)+ 7).

Corollary 6.1. Any disjoint union of p subsets congruent with A(4, 2l)
where | > 2 and | # 4 hold, q subsets congruent with B(4,7) and r
subsets congruent with B(4,8) is a maximal antipodal subset of Py(n)
in the following cases:

(1) p=0,1,¢> 0,7 >0,n=2lp+ 7q + 8r,
(2)p=1,¢q=0,r>0,n=2lp+T7q+ 8r,2lp+Tq+ 8 +1,
B)p=0,g=0,7>0,n=2p+Tq¢+8r2p+Tq¢+ 8 +1,2lp+
Tq+ 8r+2,2lp+ 7q + 8r + 3.
Conversely any mazimal antipodal subset of Py(n) is congruent with
one of the above subsets.

Proof. By Theorem 6.1 any maximal antipodal subset of Py(n) is equal
to a disjoint union of p subsets congruent with A(4, 2[) where [ > 2 and
[ # 4 hold, ¢ subsets congruent with B(4,7) and r subsets congruent
with B(4,8). We have to find a necessary and sufficient condition that
such a disjoint union is a maximal antipodal subset of Py(n). Since
A(4,20) U (A(4,2m) +21) € A(4,2(1 +m)), we have p = 0,1. We
consider two cases where ¢ > 0 and ¢ = 0. Because of the relation
B(4,7) C B(4,8), we see that B(4,7) is not a maximal antipodal subset
of P4(8). In the case where ¢ > 0 we have n = 2Ip + 7q + 8r. We
suppose ¢ = 0. If [ is not four, A(4,2l) is a maximal antipodal subset
of Py(2l) and Py(2l 4+ 1) but is not maximal in P,(2l + 2). B(4,8) is
a maximal antipodal subset of Py(8), P4(9), Py(10) and P,(11) but is
not maximal in P;(12). Therefore in the case where p = 1 we have
n = 2lp+7q+8r,2lp+7q+ 8r+1 and in the case where p = 0 we have
n=2p+7q+8r,2p+T7q+8r+1,2lp+7q+8r+2,2lp+Tq+8r+3. U

Corollary 6.2. The 2-number #,G4(R") is as follows:

n 56| 7|8,...,11| more than 11
#.G4(R™) | 2|6|14 28 n/2]([n/2] — 1)

Proof. We have

BA(4,2]) (é) _ %z(z C1), ABAT) =7, #B(48) = 14

and obtain the corollary by Corollary 3.1. O
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Remark 6.1. Some 4-forms correspond to maximal antipodal sub-
sets of Py(n) in a way similar to Remark 4.2. The half of the second
power product of the Kihler form on C' = R? corresponds to A(4, 21).
The fundamental 4-form on H? defined by Kraines [3] corresponds to
B(4,8). This form is invariant under the action of Sp(2)Sp(1).

7. MAXIMAL ANTIPODAL SUBSETS OF Pj(n) FOR HIGHER k

We show some results on maximal antipodal subsets of Py(n) for
higher k, by generalizing some arguments in previous sections.
For k = 2k’ we define

Ak, 20) = {aq U~ Uy € By(20) | s € {{1,2},..., {20 — 1,21}}}.

We can see easily that A(k,2l) is an antipodal subset of P(2l). This
is a generalization of A(4,2l) defined in the previous section.

Proposition 7.1. Let k = 2k'. Ifl > 3k’ — 1, then A(k,2l) is a
mazimal antipodal subset of Py(2l) and P(20 + 1).

Proof. We suppose that A(k,2l) is not a maximal antipodal subset of
Py(2l). We can take § € Py(2l) — A(k,2l) which is antipodal with
every elements of A(k,2l). Since 5 ¢ A(k,2l), there exists 1 < i <
satisfying #(8N{2i —1,2i}) = 1. Let

B={{1,2},....{20—1,21}}.

Since #0 = k, there exist aq, ..., € B satisfying  C a1 U--- U ag.
B —{ay,...,ax} has | — k elements and [ — k > 3k' — 1 -2k = k' — 1.
Hence we can take

61,...,6]?/,1 € B—{Ozl,...,ak}.
{20 = 1,2} U B U---UpPp_1 € A(k,2l) and the cardinality of

({2t —1,20UBLU---UPBp_1) =N{20—1,2i}

is one, thus f and {2¢—1,2:}UB U- - -U Bk _1 are not antipodal, which
is a contradiction. Therefore A(k,2l) is a maximal antipodal subset of
Pr(20).

Next we suppose that A(k,2l) is not a maximal antipodal subset of
Pr(214+1). We can take take 8 € Py(2l+1)— A(k, 2[) which is antipodal
with every elements of A(k,2l). Since A(k,2l) is a maximal antipodal
subset of Py(2l),  contains 20+ 1. The cardinality of #0 is even, thus
there is 1 < i < [ satisfying #(8 N {2i — 1,2i}) = 1. Hence we can
see that this is a contradiction in a way similar to the previous case.
Therefore A(k,2l) is a maximal antipodal subset of P(2[ + 1). O
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Remark 7.1. The 1/E! times the k’-th power product of the Kéhler
form on C!' = R? corresponds to A(2k’, 21).

In order to construct a maximal antipodal subset including A(4m, 8m)
in Py, (8m), we prepare the following lemma.

Lemma 7.1. For a = {ay,..., 00} € Pi({1,2}) x -+ x Py({4m —
1,4m}) C Poy(4m) we define

af ={i| a; is even}, «°={i|a; is odd}.
For any o, p € Pi({1,2}) x -+- x Py({4m — 1,4m}) we have
#(an p) =29 N %) + #6° — #a”.
Proof. We note that
aUa’=p°Up’={1,...,2m}
are disjoint unions. We have
anNf={a; |i€eaNp}tuU{a;|iea’np},
which is a disjoint union. Thus we obtain
#(anp) =#(aN %)+ #(a”NG°)
= #(@°N %) + (#8° — #(a"N 7))
= 24(a" N 5) + #6° — #a’.

We define Fvy, for a natural number m by
Evgn = {{on,...;a0m} | a; € {20 —1,2i} (1 < i < 2m),
the number of even numbers is even}.
This is a subset of P({1,2}) x P, ({3,4}) x --- x Pi({4m — 1,4m}) C

P,,,(4m) and a generalization of Evg defined in the proof of Theorem
6.1.

Proposition 7.2. A(4m,8m)U Evg,, is a mazimal antipodal subset of
Py (8m) for m > 1.

Proof. We first show that A(4m,8m) U Evs,, is an antipodal subset of
Py, (8m). For any « in A(4m,8m) and S in Evgy,, #(aN B) =2m by
their definitions, thus they are antipodal. We take any elements o and
£ in Evg,,. Lemma 7.1 implies

#(a N B) =24 (a” N %) + #6° — #a,
which is even. Hence #(a N () is even and a and f are antipodal.
Therefore A(4m,8m) U FEuvs,, is antipodal.
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Next we show that A(4m,8m)U Evg,, is a maximal antipodal subset
of Py, (8m). For this purpose we show that for any « in Py, (8m) —
A(4m,8m) U Evs,, there exists an element in A(4m, 8m) U Evg,, which
is not antipodal to a.. There are two posibilities of « as follows:

(1) #(an{2i—1,2i}) = 2 for some ¢ and #(aN {25 —1,25}) =1
for some j,
(2) a€ P({1,2}) x -+ x PL({8m — 1,8m}) — Evgy,.
In the case (1), we put
{i | #lan{2i—1,2i}) =2} = {i1,..., i},
These imply 4m = #a = 2a + b, hence b is even. Thus 2m = a + b/2.
In the case where b/2 is odd, we put
B=1{2i — 1,201} U+ U {20, — 1,2i,}
U {2]1 — 1, 2]1} u---u {2jb/2 — 1, 2]1)/2} S A(4m, Sm)
and

#(aﬂﬁ):2a+g

is odd, hence o and § are not antipodal. In the case where b/2 is even,
we take i, satisfying

an{2i, —1,2i,} = 0.
We put
v =42 — 1,201} U---U{2i, — 1,2i,}
U{251 — 1,251} U -U{2jy2-1 — 1,2py2-1} U {20, — 1,20, } € A(4m,8m)
and

b
#(aﬂfy):2a+§—1

is odd, hence o and 7 are not antipodal.
In the case (2), #a° is odd. For any § € Evg, we obtain

#H(anod) =2#(a®N %) + #5° — #a

by Lemma 7.1. Hence #(a N ) is odd, and «, § are not antipodal.
Anyway there exists an element in A(4m,8m) U Evs,, which is not

antipodal to a. Therefore A(4m,8m) U Eus,, is a maximal antipodal
subset in Py, (8m). O

Remark 7.2. We have already proved the statement of Proposition
7.2 in the case m = 1 in the proof of Theorem 6.1, where we showed
A(4,8) U Evg = Ajy is congruent with B(4,8) in P4(8). Proposition
7.1 shows that A(k,2l) is a maximal antipodal subset of P;(2[) and
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Py(20 + 1) for [ > 3k" — 1. On the other hand, A(4m,8m) is not a
maximal antipodal subset of Pj,,(8m) by Proposition 7.2. Moreover
the case of m = 1 shows that the condition [ > 3k’ — 1 of Proposition
7.1 is sharp.

Lemma 7.2. If A C Py(n) is an antipodal subset, then Ax{{n+1}} =
{oU{n+1}| 0o € A} is an antipodal subset of Pyy1(n+1).

Proof. For a, 5 € A we have
BuUu{n+1}) —(aU{n+1})=p-a.
Thus A x {{n + 1}} is antipodal, if A is antipodal. O

For a subset A C Py(2k + 1), we have A° C Py1(2k + 1) and
A x {{2k + 2}} C Py11(2k + 2). Using these we define the twisted
double TD(A) of A by

TD(A) = A°UA x {{2k + 2}}.

This is a generalization of the construction of B(4,8) from B(3,7) in
the previous section. In the case where k = 3, we have TD(B(3,7)) =
B(4,8).

Proposition 7.3. We assume that k is odd. If A C P,(2k + 1) is an
antipodal subset, then TD(A) is an antipodal subset of Pyy1(2k + 2).
Moreover, if A is a mazimal antipodal subset of Py(2k+1), then TD(A)
is a maximal antipodal subset of Pyy1(2k + 2).

Proof. 1f A is antipodal, A€ is an antipodal subset of Py1(2k + 1) by
Lemma 4.1, and Ax {{2k+2}} is an antipodal subset of Py1(2k+2) by
Lemma 7.2. In order to prove that T'D(A) is antipodal, it is sufficient
to show that a® and U {2k + 2} are antipodal for o, 5 € A. We have
(%) a“NBU{2k+2}) =0 —a,
where o€ is the complement of v in {1, ..., 2k + 1}. The cardinality of
(%) is even and k + 1 is even, thus a¢ and U {2k + 2} are antipodal
in P (2k +2).

We suppose that A is a maximal antipodal subset of Py(2k+1). We
take an element v € Pyy1(2k+2) which is antipodal with every elements
of TD(A). In the case where v does not contain 2k + 2, v belongs to
Pyi1(2k +1). A€ is a maximal antipodal subset of Py.i(2k + 1) and
~ is antipodal with every elements of A°, hence v € A° C TD(A). In
the case where v contains 2k + 2, there is § in Py(2k + 1) satisfying
v =06U{2k+2}. Forany § € A v and U {2k + 2} are antipodal,
thus the cardinality of

(BU{2k+2})—(0U{2k+2})=pB—-0
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is even. Hence 8 and ¢ are antipodal. Because of the maximality of A
in P,(2k+1) weget 0 € Aand v € Ax {{2k+2}} CTD(A). In any
case we have v € T D(A). Therefore TD(A) is a maximal antipodal
subset of Pyy1(2k + 2). O
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