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Abstract: In this short note, we prove that the stochastic order of Radon probability measures on any ordered

topological space is antisymmetric. This has been known before in various special cases. We give a simple

and elementary proof of the general result.
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1 Introduction

Given two real-valued random variables X and Y, one says that X is below Y in the usual stochastic order if

P[X ≥ c] ≤ P[Y ≥ c]

for all c ∈ R. Intuitively, if X and Y describe the return distributions of e.g. two financial assets, then Y is

clearly at least as good as X is. Since this order relation does not depend on the joint distribution, it really is

an ordering on the set of probability measures onR. It is also known under other names, such as (first-order)

stochastic dominance; in this note, we will simply speak of the stochastic order. It is clear that the stochastic

order is a preorder relation, i.e. it is reflexive and transitive. It is also easy to see that it is an antisymmetric

relation on probability measures: the above inequality represents an inequality between cumulative distri-

bution functions, and a probability measure is uniquely determined by its CDF. Hence if X is stochastically

dominated by Y and conversely Y by X, then their distributions must be the same.

The stochastic order has been generalized long ago to probability measures on ordered topological

spaces [1, 4, 7]. More recent investigations have focused on ordered metric spaces, exploiting and investi-

gating interactions between the order and the metric [2, 3, 5]. Again it is not hard to see that the stochastic

order is reflexive and transitive—although the latter is not necessarily obvious, depending on which charac-

terization one uses as the definition (Theorem 2.3).

However, proving antisymmetry of the stochastic order takes a bit more work. Edwards [1, p. 59/71] noted

that it holds for compact spaces due to the Stone–Weierstraß theorem, and more generally for completely

regular ordered spaces in the sense of Nachbin [6] thanks to the existence of Nachbin compactifications. Hiai,

Lawson and Limproved recently that it holds for Radon probabilitymeasures of finite firstmoment on certain

types of cones in Banach spaces [3, Theorem4.3]. Although this is a special case of Edwards’ result, their proof

is different. Subsequently, we proved that antisymmetry also holds for finite firstmomentmeasures on a large

class of metric spaces which we call L-ordered [2], where L-orderedness is a natural compatibility condition

between order and metric slightly stronger than closedness of the order. We also showed that the class of L-

ordered spaces coincideswith the class of orderedmetric spaceswhich canbe embedded into orderedBanach
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spaces. Since not every ordered Banach space is completely regular ordered, this antisymmetry result is not

covered by Edwards’.

In this note, we prove that antisymmetry indeed holds for all Radon probability measures on all ordered

topological spaces (Theorem 3.1). The only required compatibility condition between the partial order and

the topology is that the order must be closed.

2 Ordered topological spaces and stochastic order

Here we set up the necessary definitions and state some known equivalent characterizations of the stochastic

order. In Section 3, we then prove the antisymmetry of the stochastic order.

Recall the following standard definition:

Definition 2.1. An ordered topological space is a triple (X, T, ≤) where (X, T) is a topological space and (X, ≤)

is a partially ordered set, and such that the set of all ordered pairs

{(x, y) ∈ X × X | x ≤ y} (2.1)

is closed in X × X.

In the following, we also use the shorthand notation {≤} for the set (2.1). It is easy to see that, X is necessarily

Hausdorff since the set {≥} ∩ {≤} ⊆ X × X is closed by closedness of the order, and equal to the diagonal as

the order is assumed partial [6, Proposition 1.2]. A set S ⊆ X is an upper set if x ∈ S and x ≤ y implies y ∈ S.

Every set S generates an upper set ↑S, the smallest upper set which contains S.

The following standard fact [6, Proposition 3.4] will be useful in our proof.

Lemma 2.2. Let X be an ordered topological space. If C ⊆ X is compact, then ↑C is closed.

Writing P(X) for the set of Radon probability measures on X, the stochastic order on P(X) is defined by either

one of the following equivalent characterizations.

Theorem 2.3 (Strassen, Kellerer, Edwards). Let X be an ordered topological space. For p, q ∈ P(X), the fol-

lowing are equivalent:

(a) p(C) ≤ q(C) for every closed upper set C ⊆ X;

(b) p(U) ≤ q(U) for every open upper set U ⊆ X;

(c) For every monotone and bounded lower semi-continuous function f : X → R, we have∫

X

f (x) dp(x) ≤

∫

X

f (x) dq(x).

(d) There is r ∈ P(X × X) supported on {≤} such that the marginals of r are p and q, respectively.

Here, the equivalence of (a) and (d) is due to Strassen’s theorem [7, Theorem 11] for ordered Polish spaces,

and due to Kellerer [4, Proposition 3.12] for all ordered topological spaces. The equivalence with (b) follows

from this upon applying Kellerer’s result to the opposite order and using p(U) = 1−p(Ū). For the equivalence

with (c), see Edwards [1, Theorem 7.1].

In the following, we will use (d) as the most convenient characterization of the stochastic order.

3 Main result

Theorem 3.1. For any ordered topological space X, the stochastic order on the Radon probability measures on

X is antisymmetric.
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Proof. We need to assume that we have Radon probability measures p and q with p ≤ q ≤ p, where these

order relations are witnessed, respectively, by joint Radon probability measures r and s supported on the set

{≤} ⊆ X×X.Wewill prove that r is supported on the diagonal. This then implies that for every Borel set A ⊆ X,

we have

p(A) = r(A × X) = r(A × A) = r(X × A) = q(A),

and hence the claim p = q follows. Here, the second and third equation hold because r is supported on the

diagonal, which gives r(A × (X \ A)) = 0 = r((X \ A) × A).

In order to prove that r is supported on the diagonal, we need to show that for any x, y ∈ X with x < y

there is a neighbourhood U × V ∋ (x, y)with r(U × V) = 0. Indeed by closedness of the order relation, we can

find neighbourhoods U ∋ x and V ∋ y with x′ ≱ y′ for all x′ ∈ U and y′ ∈ V. In other words, U ∩ ↑ V = ∅.

Then in order to show that r(U × V) = 0, by inner regularity it is enough to prove r(C) = 0 for all compact

C ⊆ U × V. Taking D ⊆ X and E ⊆ Y to be the projections of C onto the two factors, D × E is a compact set

with C ⊆ D × E ⊆ U × V. It is therefore enough to prove r(D × E) = 0, using the fact that D∩ ↑E = ∅.

Now by Lemma 2.2, the set ↑E is closed and in particular Borel. We can therefore compute

p(↑E) = r(↑E × X) = r(↑E × ↑E)

≤ r(↑E × ↑E) + r(D × E) ≤ r(X× ↑E) = q(↑E).
(3.1)

Here, the second equation is by upper closedness of ↑E and the assumption that r is supported on {≤}; while

the second inequality holds because of D∩ ↑E = ∅. On the other hand, using the other joint s gives

q(↑E) = s(↑E × X) = s(↑E × ↑E)

≤ s(X× ↑E) = p(↑E).

Therefore the inequalities in (3.1) are all equalities, giving in particular the claimed r(D × E) = 0. Hence r is

indeed supported on the diagonal.

The argument given in this proof is really the obvious argument that one would make in very simple cases,

e.g. when proving that the stochastic order is antisymmetric on any finite partially ordered set.
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