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ABSTRACT

Stiffened panels are widely used in aircraft wing and ftiselage structures. As a
result of the cyclic nature of the loads associated with each flight, and material
and manufacturing defects it is known that wide spread fatigue cracks may
develop particularly around high stress regions such as fastener holes. This
simultaneous development of relatively small fatigue cracks at multiple sites in
the same structural element can give rise to their joining to form one large crack.
This main crack, resulting from the multiple site damage (MSD) may cause
immediate and complete failure of the structure.The effect of multiple site
damage on the fracture strength of a stiffened sheet is examined using the Strip
Yield Model of a crack. This model is relatively simple to apply and has
contributed significantly to the fracture analysis of unstiffened structures and, to
a more limited extent, to the analysis of stiffened structures. Following previous
developments the MSD is represented by a discontinuous strip yield zone ahead
of the main crack. The solution is extended in the present work to a crack in a
stiffened sheet and results are determined for the crack tip opening displacement
and the strip yield zone length for a crack in a typical MSD distribution. The
model is used to compare the effect of MSD on the main crack for these
structural variables.

INTRODUCTION

The Displacement Compatibility Method (DCM), has been used extensively (see
citations in ref 1) for the analysis of cracked, reinforced sheets typical of those
used in the aircraft industry. Applications of the DCM have proved both efficient
and versatile for the determination of attachment forces and stress intensity
factors in stiffened sheet structures. For high strength materials it is possible to
use the principles of Linear Elastic Fracture Mechanics (LEFM) and to base the
analysis on the Stress Intensity Factor of the crack. For medium and low
strength materials where yielding at the crack tip may exceed the limits required
for LEFM to apply it is necessary to use the principles of Non-linear Fracture
Mechanics (NLFM). One method of doing this is to use a Strip Yield Zone
(SYZ) model of the crack for which the fracture analysis is based on the Crack
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Tip Opening Displacement (CTOD) or Energy Release Rate of the crack. The
SYZ model [2] has been used in the analysis of reinforced sheets structures [3-
5]. This previous work was restricted the a single lead crack in the stiffened
sheet. The model has also been extended to the analysis of multiple cracks [6] in
which the interaction between the multiple cracks, such as occurs in MSD, was
accounted for by using the displacement and stress field for the single crack
together with the crack line Greens Function for a single crack in a Schwarz
alternating process. In the present work the MSD is represented by introducing
regions of zero traction into the strip yield zone between which are regions of
uniform traction having a magnitude equal to the yield strength of the material.
This representation of the MSD enables the single SYZ model to be directly
entended to take account of the effect of multiple site damage by having the strip
yield zone distributed discontinuously. Each gap in the yield zone tractions
corresponds to the region of damage and each junction corresponds to the
yielded ligament between the damage sites. A similar approach, based on a
dislocation model of the MSD, has been used [7]. This model was used to
analyze the effect of MSD on a lead crack in an unstiffened sheet and then create
a modified single SYZ model for the analysis of stiffened sheets. In the present
work the MSD is represented as a discontinuous distribution of tractions for both
the unstiffened and stiffened sheet.

THEORETICAL FORMULATION AND SOLUTION OF
EQUATIONS

The analysis is based on the complex variable technique due to Muskhelishvili
[8] which states that the stress/displacement state within a multiply connected,
two dimensional body subjected to in-plane loading may be completely specified
in terms of two complex stress functions which can be written in series form.
The system equations are formed by satisfying equilibrium of forces at, and
compatibility of displacements between the attachment points, and by satisfying
the strip yield crack condition that the stresses be bounded at the tip of the yield
zone (Dugdale Condition). The system equations are solved for the unknown
distribution of attachment forces and the unknown ratio of the sheet stress to the
yield stress of the sheet material.The CTOD of the crack is determined from the
attachment forces and the applied stress ratio for a specified distribution of MSD
in the yield zone.

CONFIGURATION STUDIED

The configuration to be studied in the present work is shown in Fig. 1. It

consists of an infinite sheet containing a lead crack of length 2a centered at the

origin of the coordinates (x = 0,jy = 0). The lead crack has a series of of

collinear cracks symmetrically located on either side of each tip which are joined
by ligaments at the yield stress of the material the outer ones of which have strip
yield zones at their tip. The region of MSD and the outer tip yield zones extend a
distance s from the tip of the lead crack. The collinear cracks, which represent
the MSD, are located under doubly riveted stiffeners with a stiffener across the
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centre of the lead crack. The sheet is subjected to a uniform stress a
perpendicular to the crack line.

Fig. 1 Lead crack and Multiple Site Damage in a Uniformly Stressed Stiffened
Sheet

In general the sheet is reinforced by arbitrarily spaced stiffeners parallel to the y-
axis. The stiffeners are attached to the sheet at discrete points symmetrically
either side of the x-axis. The first attachment point is PQ from the x axis and all

the other attachment points are a distance p apart . The attachment points are
assumed to be represented by localised forces at the center of a rigid insert of
diameter d. The sheet has a modulus of elasticity E, Poisson's ratio v and
thickness t. The Young's modulus and area of each stiffener is E$ and Aj

respectively. The effect of the in-plane and out of plane bending stiffness of each
stiffener is assumed negligible compared to its axial stiffness, In the present
work only a symmetrical distribution of two equal length MSD cracks, each side
of the lead crack, is considered although the formulation allows for an arbitrary
length and position of the MSD cracks It is also assumed that the center of the
MSD cracks are symmetrically located across the center line of the attachments,
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The parameters used for modelling the stiffened sheet are given in Table 1 and
represent a typical aircraft stiffened structure [3]. The stiffeners were attached at
15 points either side of the crackline along each rivet line.

Parameter

Sheet Modulus E

Sheet Yield Strength <jy

Stiff ener Modulus E,.

Sheet Poissions Ratio u

First Rivet Pitch p.

Rivet Pitch p

Sheet Thickness t

Stiffener Area A

Rivet Diameter d

Attachment Line Spacing h

Stiffener pitch b

Lead Crack Length a

MSD Crack Size d, and d,

Magnitude

73.8 GVm '

386 MVm "

74.5 GNm*

0.3

38.1 mm

38.1 mm

18.1 mm

1710mm'

8 mm

58.4mm

185.4mm

148.2 mm

10 mm

Table 1. Dimensions and Material properties for the stiffened sheet
containing MSD

COMPARISION WITH KNOWN SOLUTIONS

Table 2 shows the crack tip opening displacement for the SYZ model normalised
with that for a SYZ crack in an unstiffened sheet. The SYZ crack is modeled as a

single crack (^ = ̂  = 0) and by simulating this single crack by modelling the
SYZ with a longer strip yield zone and eliminating part of the zone with
contiguous MSD regions to give the same strip yield length as the single crack
model. It can be seen that these two models give identical results as is to be
expected.

a

a + s

0.1

0.5
0.9

Unstiffened Sheet

Single Crack

1.000

1.000
1.000

Simulated
Single Crack

1.000

1.000

1.000

Stiffened Sheet

Single Crack

0.086

0.191
0.291

Simulated
Single Crack

0.086

0.191
0.291

Table 2 Comparision of the normalised crack tip opening displacement for a
single SYZ crack in a sheet with that for a single crack simulated using the MSD
model.
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Figures 2 and 3 show a comparision of the present work with the results of the
model developed [7], in which an approximate dislocation representation was
used to model the MSD ahead of the outer tips of the plastic zone. This effect
was estimated to be small [7] and was neglected in the present work. The value

of the cricital crack tip opening displacement 5' was taken to be 1.13 mm which

is the same as that used for normalising the results given in [7].

STIFFENED SHEET WITH MULTIPLE SITE DAMAGE

Figures 3 and 4 show a comparision of the results for the configuration studied
[2] and shown in fig.l. For both the stiffened and the unstiffened sheet the effect
of the MSD is to increase the extent s of the damage region as the number of
MSD sites increases. The results for two MSD sites are plotted for

s I (a + s) > 0.39 since the yield zone tip must reach the outer MSD crack before

it can for part of the discontinuous yield zone.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig 4. Normalised lengthof MSD region and Strip Yield Zone for an unsiffened
and a stiffened Sheet

The normalised crack tip opening displacement for an unsiffened and a stiffened

sheet containing MSD is shown in fig. 5. The crack opening displacement 8 is

normalised by 8^ which is the crack tip opening displacement in the absence of

MSD. For the unstiffened sheet results with MSD 8^ is for the unstiffened

sheet with no MSD and for the stiffened sheet with MSD 8^ is for the stiffened

sheet with MSD. It can be seen that the effect of the MSD, for the example
presented, is to significantly increase the crack tip opening displacement of the
unstiffened sheet. The effect of the MSD is less for the stiffened sheet but in
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practice there will be yielding at the attachment points and the stiffened sheet will
behave more like an unstiffened sheet at failure[3]. In the present model the
rivets were assumed rigid for the purposes of developing the model but the
theory and associated computer software was developed so that both stiffener
and rivet yield can be introduced.

0.6 0.7 0.8 0.9 1.0
a/ay

Fig 5. Normalised crack tip opening displacement for an unstiffened and a
stiffened sheet containing MSD

CONCLUSIONS

The SYZ model has been extended to the analysis of stiffened sheet structures
containing multiple site damage in which the ligaments between the MSD sites
are modelled as entirely yielded or broken.

The model has been shown to give results that are consistent with a single strip
yield crack for both a stiffened and an unstiffened sheet.

The model has been compared with one based on the representing the MSD with
a dislocation model and it has been shown that the crack tip opening
displacement and the size of the MSD region are in close agreement for the two
models for an unstiffened sheet.

A typical aircraft configuration has been analysed with and without MSD present
and the damage zone length and the crack tip opening displacement determined.

The model has been developed to include the effects of stiffener and rivet
yielding and can also allow for ligament failure.
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