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Ana ly t i c  r e g u l a r i z a t i o n  f o r  t he  Casimir E f f e c t  f o r  rectangular  systems 

i n one-, two- and three-dimensions, as w e l l  as f o r  p a r a l l e l  conducting 

p la tes ,  i s  discussed. We consider the  a n a l y t i c  r e g u l a r i z a t i o n  by employ-

ing the  Riemann zeta func t i on  as w e l l  as the  zeta func t ions  introduced 

by Epstein.  The forces,  i n  t h i s  case, come o u t  au toma t i ca l l y  f i n i t e ,  i. 

e., no subt rac t ions  a re  needed. We show t h a t  the  a n a l y t i c  cont inuat ion ,  

i n the  number o f  imaginary t ime dimensions, corresponds t o  i n t roduc ing  

general ized zeta func t ions  f o r  the  zero point  energy. 

Discutimos a regu lar ização a n a l í t i c a  para o E f e i t o  Casimir em sistemas 

retangulares a uma, duas e t r ê s  dimensões, assim como para placas con- 

dutoras e para le las .  No processo de regu lar ização anal ì t i c a fazemos uso 

da função zeta de Riemann assim como das funções zeta in t roduz idas  por 

Epstein. As forças, nes te  caso, são automaticamente f i n i  tas ,  sem a ne- 

cessidade de subtrações. Mostramos que a continuação anal i t ica,  no  nú-

mero de dimensões temporais imaginárias, corresponde à in t rodução de fun- 

ções zeta general izadas para a energia do ponto zero. 
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1. INTRODUCTION 

~ a s i m i r " ~  has s tud ied the e f f e c t  o f  t h e  zero p o i n t  energy o f  t he  e lec-  

tromagnetic f i e l d  on two p a r a l l e l  conducting p la tes .  His calculat ionpre- 

sents i n f i n i t i e s ,  and i n  order t o  o b t a i n  a f i n i t e  r e s u l t ,  one subt rac ts  

from the energy dens i ty  the corresponding c o n t r i b u t i o n  from the whole 

space ( the p la tes  being separated by an i n f i n i  t e  distante) . 

The same procedure has been extended by Lukosz t o  rectangular systems. 

The purpose o f  t h i s  paper i s  t o  study how t o  o b t a i n  regu lar ized quant i-  

t i e s  by a procedure s i m i l a r  t o  the one presented by Gelfand and Sh i l ov  

i n  t h e i r  book4. Such methods o f  a n a l y t i c  r e g u l a r i z a t i o n  were extended 

t o  quantum f i e l d  theory by Bol l i n i  , Giambiagi and ~ o n z á l e s  ~ o m i  nguez5. 

We make the remark t h a t  the  exponential c u t - o f f s  used i n  Refs.1,2,3 can 

be i n te rp re ted  as a n a l y t i c  regu la tors .  I n  the case o f  a one-dimensional 

box, we a l ç o  introduce i n  t h i s  paper an a n a l y t i c  parameter which al lows 

one t o  c a l c u l a t e  the Casimir forces i n  terms o f  t he  Riemann zeta func- 

we a l s o  consider, a f t e r  

ia1  regu la tors ,  the ana- 

funct ions f i r s t  i n t r o -  

t i on .  For rectangular boxes o f  h igher d 

discussing the r e s u l t s  w i t h  the  he lp  o f  
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I n  these rectangular syçtems, w i t h  the  he lp  o f  these zeta functions, the 

q u a n t i t i e s  which measure the Casimir forces are  automat ica l ly  f i n i t e ,  

t ha t  i s ,  no subt rac t ions are  needed ( i n  general, the  i n f i n i t i e s  a re  

due t o  po le  terms). 

I n  Sect ion 2 ,  we descr ibe the Casimir e f f e c t  i n  a one-dimensional box, 

and i n  Section 3 f o r  the  system o f  two p a r a l l e l  conducting p la tes .  We 

discuss the r e g u l a r i z a t i o n  by means o f  exponential regu la tors ,wh ichex i -  

b i t  poles, and which i n  analogy t o  what happens i n  o ther  s i t u a t i o n s  o f  

quantum f i e l d  teory,  have t o  be subtracted5.  We a l so  consider a regula- 

t i n g  parameter which n a t u r a l l y  g ives r i s e  t o  the Riemann zeta function, 

and which when continued a n a l i t i c a l l y  t o  the  physical  region produces 

automat ica l ly  f i n i t e  r e s u l t s  f o r  t he  forces.  



I n  Sections 4 and  5, we consider i n  a s i m i l a r  way boxes i n  two- and 

three-dimensions. I n  these cases, genera l iza t ions o f  zeta funct ions,  

f i r s t  considered by Epstein7, do appear. 

I n  Sect ion 6, we study the connection o f  our  approach w i t h  the a n a l y t i c  

r e g u l a r i z a t i o n  o f  t he  Green funct ion .  I n  p a r t i c u l a r ,  as we have given 

boundary cond i t ions  i n  space, we make the a n a l y t i c  cont inuat ion i n  the 

number o f  imaginary t ime dimensions. I n  t h i s  way, t he  zero p o i n t  energy 

i s  n a t u r a l l y  expressed i n  terms o f  general ized zeta funct ions.  

I n  the Appendices, we discuss some proper t ies ,  known i n  the mathematical 

l i t e r a t u r e ,  and which might be usefu l  t o  the  eventual reader. So, i n  

Appendix A, we show tha t  Riemann's zeta func t i on  ~ ( s ) ,  f o r  Re s<1, i s  a 

f i n i t e  p a r t  ( i n  t he  sense o f  Hadamard) o f  an i n teg ra l ,  and t h a t  i t satis- 

f i e s  the co r rec t  f unc t i ona l  r e l a t i o n ;  there fore ,  t h i s  f i n i t e  p a r t i s  the  

r i g h t  a n a l y t i c a l  cont inuat ion f o r  Re s < l .  I n  Appendix B, we g i ve  a de- 

r i v a t i o n  o f  the  func t i ona l  equat ion o f  the  zeta  func t i on  introduced by 

Epstein7, and which a1 lows one t o  perform the  a n a l y t i c a l  cont inuat ion.  

I n  order t o  make t h i s  a r t i c l e  ra the r  self -containêd,much o f  the arguments 

found i n  o ther  papers, especial  1 y o f  Ref.3, a re  reproduced here f o r  t he  

convenience o f  the  prospect ive reader. 

I n  the  examples t reated i n  t h i s  paper, t ha t  i s ,  t he  Casimir e f f e c t  i n  

rec tangu lar  systems, there  i s  no d i f f i c u l t y  i n  ob ta in ing  the  f i n i t e p a r t s  

by us ing the exponential regu la tor  and separat ing the  poles, o r  by in -  

t roduc ing a parameter which al lows one t o  consider generalized zetafunc- 

t i ons .  I n  these examples, there  i s  no spec ia l  advantageinusingthe ana- 

l y t i c a l  r e g u l a r i z a t i o n  w i t h  the zeta func t i on  technique instead o f  t he  

exponent ia l  one. But there  are  problems, l i k e  the Casimir e f f e c t  i n  a 

spher ica l  conducting she l l ,  where the f i n a l  resu l  t i s  not  mathematical l y  

wel 1 s e t t l  ed
g 

' ' O  when the  exponent ia1 regu la to r  i s' used. The reason i s  

tha t ,  f o r  t h i s  problem, the separat ion o f  t he  poles ( o r  o ther  type o f  

s i n g u l a r i t i e s )  i s  no t  very clean. I n  t h i s  case, the  a n a l y t i c a l  regula- 

r i z a t i o n  v i a  the zeta func t i on  technique can be usefu l .  



2. ONE-DIMENSIONAL BOX 

Let: us consider the  simple case o f  a massless sca lar  f i e l d  i n  a one- 

dimensional box o f  length  L. With  the  boundary cond i t i on  t h a t  the  f i e l d  

i s  zero a t  the ends, the  eigenfrequencies a re  given by 

where c i s  the wave v e l o c i t y .  The zero  p o i n t  energy i s  

which i s  i n f i n i t e .  I n  order  t o  o b t a i n  meaningful r e s u l t s ,  people have 

introduced a frequency c u t - o f f .  We can, f o r  instance, consider2: 

where use was made o f  the  formula 

1 1 
the  Bv being B e r n o u l l i  numbers: Bo = 1, B 1 = - 2 , B , =  i;. , e t c .  

We see i n  Eq. (3) t h a t  the  f i r s t  term g ives  a d ivergent  cont r ibu t ion  f o r  

E,. D i v i d i n g  t h i s  term by L, we see t h a t  i t  gives a c o n t r i b u t i o n  t o  the  

energy dens i t y  which i s  independent o f  L, and the re fo re  represents the  

energy dens i ty  of an i n f i n i t e  box. The usual p r e s c r i p t i o n  i s  t o  subtract 



t h i s  i n f i n i t e  con t r i bu t i on ,  and what remains i s  the  physical  zero p o i n t  

energy i n  the box o f  dimension L, i .e. ,  

Other kinds o f  frequency c u t - o f f  have been used3, w i t h  i d e n t i c a l  pres- 

c r i p t i o n s ,  i n  order t o  e l im ina te  i n f i n i t i e s ,  the same f i n a l  f i n i t e  re-  

s u l t s  being obtained. 

where ~ ( s )  i s  the Riemann zeta funct ion ,  Eq. (6) can be w r i t t e n  as 

Let  us now remark t h a t  the  i d e n t i f  i c a t i o n  given by Eq. (3)  corresponds t o  

an a n a l y t i c  r e g u l a r i z a t i o n  w i t h  parameter a>O, and the prescr ip t ion  f o r  

ob ta in ing  the f i n i t e  p a r t  of t he  lef thand s ide  o f  Eq. (4) i s  t o  subt rac t  

t he  corresponding potes i n  a. This s i t u a t i o n  i s  completely analogous t o  

those which occur i n  quantum f i e l d  theory5. 

Instead o f  using a r e g u l a r i z a t i o n  of  t h e  type o f  ~ ~ . ( 3 ) ,  we c a n  a1  s o  

use 

For Re s > l  , the righthand s ide  o f  Eq. (9)def  ines the Riemann r e t a  funct  ion  

<(SI, which can be continued anal i t i c a l l y  f o r  Re s< l  (Ref.6). Th is  can 

be done f o r  instance by cons ider ing the f i n i  t e  p a r t  à Za ~ a d a m a r d ~  ( c f .  

Append i x A) . 

By t h i s  procedure, E ~ .  (2) w r i  tes as E ~ .  (8), and the zero p o i n t  energy 

o f  an i n f  i n i t e  space (m) i s  zero i n  t h i s  case. By using t h i s  type of  

667 



a n a l i t i c  regu la r i za t i on ,  we o b t a i n  au tomat i ca l l y  f i n i t e  r e s u l t s ,  no sub- 

t r a c t i o n s  being needed. 

3. TWO CONDUCTING PARALLEL PLATES 

The zero p o i n t  energy i s  g iven by 

where we have put  c = 1; d i s  t he  d is tance between the  p la tes .  

We have 

S denot ing the sur face o f  the  p l a t e s .  For n=O, the  above expression 

should be m u l t i p l i e d  by 1/2. Since, f o r  n=O, the  c o n t r i b u t i o n  f o r  E, i s  

independent o f  d ,  we can sub t rac t  i t  (because i t  does no t  con t r i bu te  t o  

the forces) and then r e s t r i c t  the  sum i n  Eq. (10) t o  n=1,2,. . . . I n t r o -  
?4 ducing i n t o  Eq. (1 O) the  exponent ia l  r egu la to r  s p ( - a ( k 2  + k 2  + n2v2/d2) ), 

J: ,ti 
we s h a l l  ob ta in 2  a  f o u r t h  order  po le  i n  a which w i  1 1  g i ve  an energy den- 

s i t y  independent o f  d .  By the sane procedure as before,  we subt rac t  i t .  

I t  a l s o  appears a  t h i r d  order  po le  which i s  independent o f  d, and the- 

r e f o r e  i t  has a l so  t o  be subt rac ted s ince i t  does not  con t r i bu te  t o  the  

forces.  Therefore, we a re  l e f t  wi t h  the regu lar ized expression 

I n  analogy t o  Eq.(9), we w r i t e  



We have : 

where again t.he c o n t r i b u t i o n  f romn=O wasdisregarded, since i t  i s  inde- 

pendent o f  d.  We remark. t ha t ,  i n  t h i s  case, t h i s  term i s  proport ional  t o  

dp , whose a n a l y t i c  r e g u l a r i z a t i o n  vanishes ( c f . ~ e f . 4 ,  p.70). 

I t  i s  easy t o  show t h a t  

Now, 

which i s  v a l i d  f o r  Re s > 2 ,  ~ ( p , ~ )  being the Eu ler  beta func t i on .  The- 

re fore ,  

The r igh thand s ide  o f  t h i s  expression i s  convergent f o r  Re s>3, and de- 

f i n e s  the  f u n c t i o n  

This expression can be continued a n a l i t i c a l l y  f o r  Re s<3. I n  p a r t i c u-  

l a r ,  f o r  s = - 1 ,  we have: 

which i s  exac t l y  E q . ( l l )  a f t e r  use o f  E q . ( j ' ) .  



4. TWO DIMENSIONAL RECT ANGULAR BOX 

Let us consider a sca lar  f i e l d  i n  a two-dimensional rectangular boxwith 

the boundary cond i t i on  t h a t  t he  f i e l d  i s  zero a t  the wal ls .  

The so lu t i ons  are  then o f  the  type 

7m1x rn2Y 
$(x,y) = A  s i n  7 s i n  - 

1 
L '  

2 

w i t h  ni = 1,2, ... (i.= 1,2). The eigenfrequencieç are  

w i t h  c = 1. The zero poi  n t  energy i s 

Let  us now go t o  the exponential regu la r i za t i on :  

Now we have: 



where the prime means t h a t t h e  case where nl=n2=0 i s  excluded. The Euler- 

-Maclaurin sum formula gives 

whi le  w i th  the Poisson summation formula one has 

where i n  the very l a s t  sum the terrn ml=m2=0 is  excluded. Note tha t  we have 
-t 

rnade use o f  the vectors t = ( 2 / L 1 ,  y / ~ , )  and 1 = (m ,L1 ,  m 2 L 2 ) .  



Eq.(16) can be w r i t t e n  as 

1 expC-a[ (n , /~~)~  +(n,/~,) '1 'I2 1 = ~ T ~ L ~ L ~  
n1,n2=-m 

1 eat tdt + 
O 

In t roduc ing Eqs.(l5) and (17) i n t o  ~ ~ . ( 1 4 ) ,  i t  then fo l l ows  t h a t  

The f i r s t  two terms g i ve  po le  terms o f  o rder  two and one, respec t i ve l  y. 

In t roduc ing Eq.(18) i n t o  Eq.(13) and sub t rac t i ng  the  po le  terms i n  a , 
we o b t a i n  the  f o l l o w i n g  regu la r i zed  expression: 

Le t  us now make the  d i f f e r e n c e  between the  energy dens i t i es  o f  a  box, 

area L  L  ,and another o f  area L:Li w i t h  L:,L: -t a, . We have then, from 
1 2  

Eq.(12), 



where the as te r i sk  means tha t  terms w i th  x = O and y = O mustbeexclu- 

ded. That is :  

which gives exact ly  the resu l t  given by ~q . (19)  mu l t i p l i ed  byaE/qL, .  

Let us consider the i den t i t y  

which f o r  Re s>l  can be subst i tu ted by 

where A(L1,L2;2s) i s  an Epstein zeta funct ion7 def ined i n  Appendix 6. 

Using the functíonal equation (6.4), it follows f o r  s=-1/2 tha t  



which i s  exact ly  Eq.(19). 

5. THREE-DIMENSIONAL BOX 

Let us now consider a scalar f i e l d  i n  a three-dimensional box o f  volume 

L, L, L,, wi th  the boundary condit ion that  the f i e l d  vanishes a t  the 

wal ls.  

The solut ions are o f  the form: 

'"-nlX 7M2Y 7M32 
@(x,y,z) = A s i n  - sin - sin  - , 

L 1 L2. L3 

w i th  ni = 1,2,3 (i = 1,2,3). The eigenfrequencieç are 

Taking the exponential regular izat ion,  i.e., 

we have: 
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By using again the Poisson sumnation formula, we can wr i te  



+ 2ai (mlx + rn2y + m3z) I dxdy da , 

where i n  the l a s t  sum the term ml=m2=m3=0 i s  excluded. Introducing the 
+- 

vectors t = ( r / ~ ~ ,  y/L2, a / ~ ~ )  and = (m1Ll, m2L2, rn3L3), i t  follows3 

that  

w i t h  V = LlL2L3and !L2 = ( rn l~1)2  + (rn2L2)2 + ( r n , ~ , ) ~  . 

After some calculat ion,  we can write 



The f i r s t  t h ree  terms o f  ~q.(21) g i v e  poles i n  a and a re  the re fo re  sub- 

t rac ted.  Then the regu lar ized expression f o r  Eq.(20)  i s :  



I f  we now make the  r e g u l a r i z a t i o n  v i a  the zeta funct ion ,  by consider ing 

where A(L1,L2,~,;2s) i s  the Epstein ze ta  funct ion ,  i t  f o l  lows (cf. Appen- 

d i x  B) t h a t  t he  r igh thand s ide  o f  Eq.(23) i s  exac t l y  t he  r ighthand s ide  

o f  Eq. (22), which corresponds t o  subst rac t ing  f rom the energy densi t y  

( i n  t he  volume V = L~L,L,) the c o n t r i b u t i o n  f o r  V -i m. 

F i n a l l y ,  l e t  us remark t h a t  i n  the case o f  the  electromagnet ic f i e l d  i n  

a box. V = LlL2L,, which was considered by ~ u k o s z ~ ,  both the exponential 

r e g u l a r i z a t i o n  (where we neglected the  po le  terms i n  a), and the analy- 

t i c  con t i nua t i on  v i a  the Epstein ze ta  funct ions,  g i ve  e x a c t l y  the  same 

resu l  t s .  

6. CONNECTION WITH GREEN FUNCTIONS; DIMENSIONAL REGULARIZATION 

Let  us f o r  instance consider a sca lar  f i e l d  @(x,t) which s a t i s f i e s  

where x = 15.1, i = 1,2 ,..., N. The eigenfunct ions are  o f  the  form 9$,t)= 
2 

@n(x)exp(-iwnt), w i t h  n ='[ni). Now, C#J~(X), a complete orthonormal set, 

and w are  determined by the  boundary cond i t ions .  For imaginary times t = .  n 
4 . r  (c rea l ) ,  t he  corresponding Green func t i on  w r i t e s  as: 



Tne zero po in t  energy o f  our system i s  then defined as 

l i m  E -  h 
G(x,x'=x;T)& = l i m  - -" i 'n e J (25) a t o +  2 n= n.1 

'L 

and so the imaginary time .r appears as a regulat ing parameter.Aswe know, 

the righthand side o f  Eq.(25) has poles f o r  a=O. 

We w u l d  l i k e  t o  have an expression which has no pole a t  a=O. For t h i s  

purpose, we introduce another parameter, X, i n  the Green funct ion given 

by Eq. (24). We can, f o r  instance, consider 

which i s  equal, f o r  0951,  t o  

We now extend A t o  the region oF the complex plane which makes the in te-  

gra l  o f  G ( x , x ' = ~ T )  meaningful. The the zero po in t  energy w i  11 be 
X 

-m A 
2X-1 e 

l i m  fi I Gh(x,xrqp)& = 1 im I wn 
n 

ã z  
w"+ WO+ n=Ini} 

I n  order t o  have an idea about the s i ngu la r i t y  i n  a i n  the righthand side 

o f  Eq.(26), l e t  us consider the Me l l i n  transform o f  i t :  

(we used the f ac t  that  wn>O). I f ,  say, w = n ( i n  some un i t s ) ,  then the 
n 

righthand side o f  t h i s  l a s t  equation converges f o r  X>O and p>?. We see 



therefore that,  f o r  X>O, the righthand side o f  the.sum i n  Eq.(26) has a 

s i ngu la r i t y  a t  least  o f  second order i n  a. And, i n  fact,  i t  i s  not d i f -  

f i c u l t  t o  show, f o r  the one-dimensional box w i t h  wn=n, that  the sun inthe 

r i g h t h a n d s i d e o f  Eq.(26) i sun i fo rm lyconvergen t  f o r X > O a n d a > O .  It 

has, f o r  X=O, a pole i n  t h i s  var iable.  I f  we mu l t i p l y  tha t  sum by A, we 

see tha t  i t  i s  uni formly convergent f o r  a>O and X?O. For Re X< O, i t  i s  a l -  

so ana ly t i c  i n  t h i s  variable, even f o r  a=O. Therefore, i n  t h i s  region , 
we can take a=O without ge t t ing  poles i n  a , and we obta in  the Riemann 

zeta funct ion i n  t h i s  region, which afterwards can be continued ana l y t i -  

c a l l y  t o  the physical region, y ie ld ing  a f i n i t e  resu l t  which i s  j u s t  the 

regular ized one. 

We have not been able, f o r  larger  conf igurat ions, t o  continue from a re-  

gion o f  the X-plane, which e x i b i t s  poles (or cuts) i n  a, t o  a r e g i o n  

without such s ingu la r i t i es .  Another p o s s i b i l i t y  i s  t o  consider the Green- 

-1ike funct ion 
iL 

Therefore, the zero po in t  energy i s  given by 

l i m  n -1 G~ (x,xl=x;~)& 
3, aa2 

For 0 0 ,  the righthand side i s  uni formly convergent f o r  any value o f  A. 

In the case o f  a box o f  dimensions D, the sum i n  expression (27') i s  , 
fo r  Re X< -1 - D, ana ly t i c  i n  the va r iab le  X even,if a = O+-. This 1 i m i t  

y ie lds  functions o f  the zeta type, which can be continued a n a l  y t  i c a l  1 y 

f o r  Re X> -1 - D , these functions g iv íng i n  many cases, as i n  those stu- 

died i n  t h i s  paper, f i n i t e  resu l t s  f o r  the observables. 

Let us note tha t  the GX function, Eq. (27), sa t i s f i e s  t h e  d i f f e r e n t i a l  

equa t i on 



where, f o r  rea l  ( x ) ,  

and 1 im 6?,(x,x1) = 6(x-xr). Here, the regular izat ion procedure amounts 
?,+O 

t o  ana l y t i ca l l y  cont inuing the @n(x) f i e l ds ,  i.e., t o  consider new f ie lds 

the extension t o  complex @n(x) i s  not hard t o  get. 

F ina l l y ,  l e t  us consider the procedure o f  dimensional regular izat ion".  

As we have given boundary condit ions i n  space, we w i l l  make the ana ly t i c  

cont inuat ion i n  the number o f  imaginary time dimensions. That is, instead 

o f  Eq. (24), we wi 11 cons ider 

where Q* = Q: + . . . + Q& and 6.; = Qlrl +. . .+ Q2z,, The e r ro  po in t  

energy i s def ined as 

v a l i d  for  Re o <  O. I n  par t i cu la r ,  f o r  the one-dimensional box, theabove 
1 expression i s  convergent f o r  Re o<  - -2 . I n  t h i s  way, we obtain the Rie- 

1 mann zeta funct ion which can be continued ana l y t i ca l l y  f o r  Re o > -  =, up 
1 t o  the physical po in t  o = . 



We thank Profs. C.G. B o l l i n i  and R. Aldrovandi f o r  useful  discussions. 

APPENDIX A - THE RIEMANN ZETA FUNCTION AS FINITE PART OF AN 
INTEGRAL 

The d e f i n i t i o n  o f  t he  Riemann zeta funct ion  by means o f  the  i n teg ra l  

i s  v a l i d  f o r  Res>  1. 

I n  order t o  make the a n a l y t i c  cont inuat ion f o r  Re s < 1, we de f i ne  the 

le f thand side o f  E q . ( ~ . l )  as the f i n i t e  p a r t  à Za Hadamard o f  t he  i n t e -  

g r a l  i n  the r ighthand side. Hadamard's f i n i t e  p a r t  i s  obtained by sub- 

t r a c t i n g  from (ex-I)-' as many terms from i t s  Laurent expansion (around 

x = O) as i s  necessary t o  make the  i n teg ra l  convergent. For O <  Re s < 1, 

we have6 

which s a t i s f i e s  the func t i ona l  equation6 

For - 1 < Res< O, we have6 

w h i c h  a l s o  s a t i s f i e s  the func t i ona l  equation (A.2). For 

w i t h  k # 0, the procedure goes l i k e :  

682 



Using the  i d e n t i t y 6  

i t f o l  lows then 

i t  fo l l ows  t h a t  

I n  the  s t r i p  g iven by ( ~ . 3 ) ,  the  above i n t e g r a l  i s  convergent,andwe ob- 

t a  i n  

m 

r(s)c(s) = 
2'-' B .$-i 

9 

cos (as /2) n=l 

which i s  e x a c t l y  the  func t i ona l  equat ion (A.2) .  



APPENDIX B - THE EPSTEIN ZETA FUNCTION AND ITS FUNCTIONAL 
RELATION 

Let us consider the fo l l ow ing  Epstein zeta funct ion7:  

D 
w i t h  the ai> O .  I t  def ines an a n a l y t i c  f unc t i on  fo r  Re s >2- ( i n  the sum, 

the term n =n =. . .=n =O has been excluded) . 
1 2  D 

I n  order t o  extend t h i s  funct ion  for  Re s < D/2, l e t  us der i ve  a func- 

t i o n a l  equation f o r  i t .  The procedure t o  be fotlowed i s  exac t l y  the  same 

as used f o r  the  Riemann zeta func t i on 6.  Here, l e t  us consider the gamma 

func t i on  

and make the change o f  va r iab les  

Then, i t  fo l l ows  t h a t  

We have, therefore,  



Using the Poisson surnrnation formula, we can w r i t e  

The i n t e g r a t i o n  i n  Eq. (B.1) i s  s p l i t  i n t o  two par ts :  frorn @,l] and n,q. 
I n  the  f i r s t  i n t e r v a l ,  we use Eq. (8.2) and we obta in :  



I n  the l a s t  but  one i n t e g r a l  o f  Eq. ( 8 . 3 ) ,  we make the change o f  va r ia-  

b les  y = I /x ,  and obtain:  

We see t h a t  A(al,. .. ,a - 2 s )  has a  simple pole f o r  s = D/2. Interchanging 
D 

1 D' 
s e - -  S, a i + + -  ( i =  1 2  , , . . . , D ) ,  we o b t a i n  the f o l  lowing func t i ona l  

re la t i on :  
' i  

which a l lows us t o  a n a l y t i c a l l y  cont inue A (a , ,a2,  . . . ,aD; 2s)  f o r  Res< D/2. 

For a , = a 2 =  ...= aD = 1 ,  i t  fo l l ows  t h a t  

whi ch has been ob ta i  ned by ~ u c k e r ' ~  . 
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