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Application of Constacyclic Codes to Quantum
MDS Codes

Bocong Chen, San Ling and Guanghui Zhang

Abstract—Quantum  maximum-distance-separable (MDS)
codes form an important class of quantum codes. To get g-ary
quantum MDS codes, one of the effective ways is to find linear
MDS codes C over FF,2 satisfying CtH C C, where C*H
denotes the Hermitian dual code of C. For a linear code C of
length n over F,2, we say that C is a dual-containing code
if Ct# C C and C # F7. Several classes of new quantum
MDS codes with relatively 1arge minimum distance have been
produced through dual-containing constacyclic MDS codes (see
[15], [17], [24], [25]). These works motivate us to make a careful
study on the existence conditions for dual-containing constacyclic
codes. We obtain necessary and sufficient conditions for the
existence of dual-containing constacyclic codes. Four classes of
dual-containing constacyclic MDS codes are constructed and
their parameters are computed. Consequently, quantum MDS
codes are derived from these parameters. The quantum MDS
codes exhibited here have minimum distance bigger than the
ones available in the literature.

Index Terms—quantum MDS code, cyclotomic coset, consta-
cyclic code.

I. INTRODUCTION

UANTUM codes are useful in quantum computing and

in quantum communications. Just as in the classical case,
any g-ary quantum code has three parameters, the code length,
the size of the code and the minimum distance. One of the
principal problems in quantum error correction is to construct
quantum codes with the best possible minimum distance.
The CSS construction and its variants are frequently-used
construction methods (see, [1]- [4], [6], [14]- [19], [21], [23],
[28]- [35]). In practice, there have been a few experimental
realizations of quantum codes up to some small lengths (see
[12] and [32]).

Calderbank et al. in [7] discovered that we can construct
quantum codes from classical self-orthogonal codes over Iy
or [F, with respect to certain inner product. Thereafter, a lot
of good quantum codes have been obtained by using classical
error-correcting codes (see [8], [10], [11], [21], [24]).

We use ([, k, d]], to denote a g-ary quantum code of length
n with size ¢* and minimum distance d, where ¢ is a prime
power. It is well known that the parameters of an [[n, k, d]],
quantum code must satisfy the quantum Singleton bound: 2d <
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n —k + 2 (see [26] and [27]). A quantum code achieving
this quantum Singleton bound is called a quantum maximum-
distance-separable (MDS) code. Quantum information can be
protected by encoding it into a quantum error-correcting code.
Constructing good quantum error-correcting codes is thus of
significance in theory and practice. However, it is not an easy
task to construct quantum MDS codes with length n > ¢+ 1.
Moreover, constructing quantum MDS codes with relatively
large minimum distance turns out to be difficult. As mentioned
in [222], except for some sparse lengths n such as n = ¢ +
1, g +1

15— and q?, almost all known g-ary quantum MDS codes

have minimum distance less than or equal to 2 + 1.

In recent years, several quantum MDS codes have been
obtained based on the Hermitian construction (see Section
2). The Hermitian construction and the quantum Singleton
bound imply that we can obtain g-ary quantum MDS codes
from linear MDS codes C' over F, satisfying ctn C O,
where C+# denotes the Hermitian dual code of C. From this
idea, Grassl et al. [15] obtained g-ary quantum MDS codes
of length ¢ — 1 from cyclic codes over Fs2. La Guardia in
[17] constructed a class of quantum MDS codes through MDS
cyclic codes. Kai and Zhu in [24] obtained two classes of
quantum MDS codes by using negacyclic codes. Following
that line of research, Kai et al. in [25] produced several
quantum MDS codes based on constacyclic codes. As pointed
out in [25], constacyclic codes are a good source for producing
quantum MDS codes.

These works motivate us to make a careful study on the
condition C+# C C when C is a constacyclic code. For
a linear code C' of length n over F 2, we say that C' is a
dual-containing code if CLte C C and C #* Fgg. We show
that dual-containing A-constacyclic codes over F > exist only
when the order of )\ € Fzz is a divisor of ¢ + 1. Furthermore,
we obtain elementary number-theoretic conditions for the
existence of dual-containing constacyclic codes. This would
help us to avoid unnecessary attempts in constructing dual-
containing constacyclic codes. In particular, assuming that ¢
is an odd prime power and A € F*, has order r, we show
that if = is a divisor of ¢ + 1 and 2(q + 1) divides rn,
then dual-containing A-constacyclic codes of length n over
F,» always exist. In the light of this result, four classes of
dual-containing MDS constacyclic codes are constructed and
their parameters are computed. Consequently, quantum MDS
codes are derived from these parameters. More precisely, we
construct four classes of g-ary quantum MDS codes with the
following parameters:
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where ¢ is an odd prime power, h € {3,5,7} is a divisor
0fq+1and2§d§%71;
(i)
[[2t(a— 1),2t(g 1) — 24 +2,d]|
q

where ¢ is an odd prime power with 8 | (¢ + 1), ¢ is an
odd divisor of ¢+ 1 and 2 < d < 6t — 1;

(iii)
HS(q— 1),3(q — 1) — 2d+2,d”q
where ¢ is an odd prime power with 32 | (¢ + 1) and
2<d< 4
(iv)

HQfS(qul),Qfs(qul) 72d+2,d”

q
where ¢ is an odd prime power with 2¢||(¢ — 1) and
s|(g—1)(so0dd),0< f<eand2<d< 2 4275

‘We mention that construction (iv) extends some results of [25].
Specifically, construction (iv) is a generalization of [25, Theo-
rem 3.7] and [25, Theorem 3.10], which considered the cases
f =0and f = 1, respectively. Moreover, taking 2/s = qg—l in
construction (vi), we can reobtain [25, Theorem 3.2] directly.
Comparing the parameters with all known quantum MDS
codes, we find that these quantum MDS codes are new in
the sense that their parameters are not covered by the codes
available in the literature. Fixing the length and ¢, many of
the new codes have minimum distance greater than the ones
available in the literature.

This paper is organized as follows. In Section 2, basic
notations and results about quantum codes and constacyclic
codes are provided. In Section 3, necessary and sufficient
conditions for the existence of dual-containing constacyclic
codes are obtained. In Section 4, four classes of quantum
MDS codes are constructed through constacyclic codes. The
quantum MDS codes obtained are collected in Section 5, and
the parameters of the new quantum MDS codes are compared
with previously known quantum MDS codes.

II. PRELIMINARIES

In this section, we review some basic notations and results
about quantum codes and constacyclic codes. Throughout this
paper, ¢ denotes an odd prime power and IF ;> denotes the finite
field with g2 elements. We always assume that n is a positive
integer relatively prime to g, i.e., gcd(n, ¢) = 1. As usual, for
integers a and b, a | b means that a divides b, 2%||b means
that 2% | b but 221 |/b. For any positive integer ¢, there is a
unique nonnegative integer v (t) such that 22|z,

Let ]FZ2 be the F2-vector space of n-tuples. A linear code
of length n over I is an F2-subspace of F,. A linear code
of length n over [F2 is called an [n, k, d] code if its dimension
is k£ and minimum Hamming distance is d.

Given two n-tuples x = (20,21, " ,2Zp-1) € Fj; and
y = (Yo,y1," sYn-1) € Iz, the Hermitian inner product
is defined as

(X7 y)H == xO% + $1m +-- LTn—1Yn—1

where i = y? for any y € Fg2. For a linear code C of length
n over F2, the Hermitian dual code of C' is defined as

n—1

Cctu :{xeFZQ inE:O, for allyeC’}.
i=0

If Ct# C C and C # IE‘ZQ, we say that C' is a (Hermitian)
dual-containing code.

The automorphism of IF 2 given by “~”, ~(x) = T = 2 for
any x € F 2, can be extended to an automorphism of F,2[X]
in an obvious way:

FpelX] — FpelX], Y aX' — > @X',
i=0 i=0
for any ag,aq,--- “=”
for simplicity.

For a monic polynomial f(X) € Fg2[X] of degree k with
f(0) # 0, its reciprocal polynomial f(0)~*X*f(X~1) will
be denoted by f(X)*. Note that f(X)* is also a monic
polynomial.

,@n in g2, which is also denoted by

A. Quantum codes

A g-ary quantum code () of length n and size K is a
K -dimensional subspace of the ¢"-dimensional Hilbert space
(C7)®™. Let k = log,(K). We use [[n,k,d]], to denote a
g-ary quantum code of length n with size ¢* and minimum
distance d. An important parameter of a quantum code is its
minimum distance. If a quantum code has minimum distance
d, then it can detect any d — 1 and correct any L%J erTors.
One of the principal problems in quantum coding theory is
to construct quantum codes with the best possible minimum
distance.

As mentioned previously, the parameters of an [[n, k,d]],
quantum code must satisfy the quantum Singleton bound (see
[26] and [27]).

Proposition I1.1. (Quantum Singleton bound) Ler ) be a
g-ary [[n, k,d]]q quantum code. Then 2d < n — k + 2.

A quantum code achieving this quantum Singleton bound is
called a quantum maximum-distance-separable (MDS) code.
Ketkar et al. in [26] pointed out that, for any odd prime
power ¢, if the classical MDS conjecture holds, then the
length of nontrivial quantum MDS codes cannot exceed g%+ 1.
Constructing quantum MDS codes has become a hot research
topic for quantum codes in recent years. The following is one
of the most frequently-used construction methods (see [2]).

Proposition 11.2. [f C is a ¢*-ary [n,k,d) linear code such
that C+# C C, then there exists a q-ary quantum code with
parameters [[n, 2k —n,> d],.

As Proposition I1.2 involves the Hermitian inner product,
we refer to it as the Hermitian construction. The Hermitian



construction suggests that we can obtain g-ary quantum codes
from classical dual-containing linear codes over IF 2. Consta-
cyclic codes form an important class of linear codes due to
their good algebraic structures (e.g., see [9]). In this paper, we
use the Hermitian construction to obtain quantum MDS codes
through constacyclic codes.

B. Constacyclic codes

Let IF;2 denote the multiplicative group of nonzero elements
of Fy. For 8 € F;,, we denote by ord(j) the order of  in
the group F7,; then ord(3) is a divisor of ¢> — 1, and f3 is
called a primitive ord(B)™ root of unity.

For \ € 72, a linear code C of length n over IF 2 is said
to be A-constacyclic if (Acp—1,¢0, -+ ,cn—2) € C for every
(co,c1, -+ ,cn—1) € C. When \ =1, A-constacyclic codes are
cyclic codes, and when A = —1, A-constacyclic codes are just
negacyclic codes. Each codeword ¢ = (cg,c1, " ,Cn1) €
C is customarily identified with its polynomial representation
c(X)=co+c1 X + -+ c,-1 X" L In this way, every \-
constacyclic code C' is identified with exactly one ideal of the
quotient algebra F2[X]/(X™ — A\). We then know that C' is
generated uniquely by a monic divisor g(X) of X™—X; in this
case, g(X) is called the generator polynomial of C' and we
write C' = (g(X)). In particular, the irreducible factorization
of X™ — Xin F2[X] determines all the A-constacyclic codes
of length n over Fg2.

Let \ € [F7. be a primitive r*® root of unity. Then there
exists a primitive 7n'" root of unity (in some extension field
of Fp2), say 7, such that " = X. The roots of X" — A
are precisely the elements 7'+ for 0 < i < n — 1. Set
Orn = {1 +7i|]0 < ¢ < n — 1}. The defining set of
a constacyclic code C = (g(X)) of length n is the set
Z ={j € 0, |1 is aroot of g(X)}. It is easy to see that
the defining set Z is a union of some g2-cyclotomic cosets
modulo rn and dimg , (C) = n — |Z]| (see [37]).

The following result gives the generator polynomial of
CLH, where C is a constacyclic code (e.g., see [37, Lemma

2.1(iD)]).

Lemma IL3. Let C = (g(X)) be a \-constacyclic code of
length n over F 2, where g(X) is the generator polynomial of

C. Let h(X) = );Z_;))‘ Then the Hermitian dual code C is

a X_l—constacyclic code with generator polynomial h(X)*.

Remark I1.4. Let f(X) be a monic polynomial in F2[X]
with f(0) # 0. It is readily seen that f(X)* = (f(X))*
For simplicity we write f(X)? = f(X)* = f(X)* namely o
can be regarded as the composition “~ o* 7. It is clear that
FX)7 = F(X).

The proof of the following result is straight-forward, so we
omit it here.

Lemma ILS. Let o, B be nonzero elements of F 2. Let Cy #
{0},Cy # {0} be a- and B-constacyclic codes of length n
over F 2, respectively. If C C Cs, Cy # Fp[X]/(X™ — )
and Cy # F 2 [ X]/(X™ — f3), then a = f.

As an immediate application of Lemmas II.3 and IL.5, we
have the following result.

Corollary IL.6. Let A € IF;‘Q be a primitive r*" root of unity
and let C be a dual-containing )\—gonstacyclic code of length
n over F,2. We then have X =X, i.e., v | (g +1).

The next result presents a criterion to determine whether
or not a given A-constacyclic code of length n over F. is
dual-containing (e.g., see [25, Lemma 2.2]).

Lemma IL7. Let v be a positive divisor of q + 1 and let
A€ F;z be of order r. Assume that C is a A-constacyclic
code of length n over > with defining set Z. Then C is
a dual-containing code if and only if Z(\Z~% = (0, where
Z=1={—qgz (mod rn)|z € Z}.

The following results are well known (see [5, Theorem 2.2]
or [37, Theorem 4.1]).

Theorem I1.8. (BCH bound for constacyclic codes) Let C'
be a \-constacyclic code of length n over 2, where \ is a
primitive v root of unity. Let n be a primitive rnt® root of
unity in an extension field of 2 such that n" = \. Assume
the generator polynomial of C' has roots that include the set
{7 iy <i <y +d — 2}. Then the minimum distance of
C is at least d.

Proposition IL.9. (Singleton bound) Let C' be a code of
length n and minimum distance d over an alphabet of size a.
Then |C| < a"~4*L. In particular; if C is an [n,k,d) linear
code over F 2, then k <n —d+ 1.

Some remarks are in order at this point. Theorem II.8
provides a useful method to construct constacyclic MDS
codes: If the generator polynomial g(X) has roots precisely
equal to the set {n'™""|i; < i < iy + d — 1}, then the
minimum distance of C'is exactly equal to d. In particular, C is
a constacyclic MDS code with parameters [n,n—d+1,d]. We
will construct dual-containing constacyclic MDS codes based
on these facts and Lemma II.7.

III. EXISTENCE CONDITIONS FOR DUAL-CONTAINING
CONSTACYCLIC CODES

Assume that A € [F;> is a primitive ' root of unity. Clearly,
7 is a divisor of g2 — 1. In particular, ged(r, q¢) = 1. To study
dual-containing A-constacyclic codes, we may assume first that
A=2 " by Corollary 116, ie., 7 | (¢+1).

For any monic irreducible factor f(X) € F2[X] of X" — ),
f(X)? is also a monic irreducible factor of X™ — X satisfying
f(X)"2 = f(X) (see Remark I1.4). This implies that X™ — X
can be factorized into distinct monic irreducible polynomials
as follows

X" — A =f1(X)f2(X) - fu(X)

T (X)hT (X)ha (X5 (X)) - - hy (X) AT (X),

where f;(X) (1 <4 < w) are distinct monic irreducible factors
over [F 2 such that f;(X)? = f;(X), while h;(X) and h;(X)“
(1 < j < v) are distinct monic irreducible factors over IF 2.
As such, we have the following definition:

Definition IIL1. Let f(X) be a monic polynomial in F ;2 [X]
with f(0) # 0. We say that f(X) is conjugate-self-reciprocal



if f(X)? = f(X). Otherwise, we say that f(X) and f(X)?
form a conjugate-reciprocal polynomial pair.

It should be pointed out that u may be equal to 0, namely
no irreducible factor of X™ — X over IF> is conjugate-self-
reciprocal. Likewise, it is possible that v = 0, namely every
irreducible factor of X™ — A over F,2 is conjugate-self-
reciprocal.

Let C' = (g(X)) be a A-constacyclic code of length n over
F,2, where g(X) is a monic divisor of X" — X\. We may
assume, therefore, that

9(X) =f(X)" -+ fu(X)™
~ha (X)) (AT (X)) -+ - ho(X)™ (R (X))

where 0 < a; < 1 for each ¢, and 0 < b;,c; < 1 for each j.
Then the generator polynomial of C+# is

h(X)? =h(X)*
=AX)T - fu(X)T (X)) (R (X))
..... hU(X)l_Cv(hz(X))l—bv.
By Lemma I1.3, C satisfies C+# C C if and only if g(X) |

h(X)7, ie.,
20/1‘ S 17
bj +¢; <1,

It follows that C' = (g(X)) satisfies C+# C C'if and only if
€ = (00 (B (00)° - by (30 (3 (X))

where 0 < bj,¢; < 1 and b; + ¢; < 1 for each j. This
discussion leads to the following result.

for each i,

for each j. (L)

Theorem IIL.2. Let )\ € IF:;Q satisfy A = Xﬁl. Dual-containing
A-constacyclic codes of length n over F 2 exist if and only
if v > 0, ie., there exists at least one conjugate-reciprocal
polynomial pair among the monic irreducible factors of X™—\
over F .

In the rest of this section, we aim to obtain more simplified
criteria for the existence of dual-containing A-constacyclic
codes of length n over F .

It is well known that the irreducible factors of X™ — 1 over
F42 can be described via the q?-cyclotomic cosets modulo rn
(see [20, Theorem 4.1.1]): Assume that Q = {ip = 0,i; =
1,49,--- ,i,} is a set of representatives of the q%-cyclotomic
cosets modulo rn. Let C;, be the q?-cyclotomic coset modulo
rn containing ¢; for 0 < j < p. We then know that

X™—1=M;,(X)M;,(X)---M; (X)

p

(I11.2)
with

Mlj(X): H(ansh j:077p7

SECij
all being monic irreducible in F2[X], where 7 is a primitive
rn' root of unity over some extension field of g2 such that
n™ = A. Since X™ — X is a divisor of X" —1 in F2[X], we
can find a subset A of €2 such that
X"\ = H M,(X).
e€A

(I11.3)

Set O,,, = {C;|j € A}. We also see that C;, = Cy € O, ,,.
We can now translate Theorem II1.2 into the language of ¢*-
cyclotomic cosets modulo rn.

Lemma IIL3. Let A € ]FZ2 be of order r satisfying A = 3l

There exists a dual-containing A-constacyclic code of length
n over Fg2 if and only if there exists C,., € O, such that
Cey # C_yeq, Where Ce and C_ ., denote the q*-cyclotomic
cosets modulo rn containing ey and —qeq, respectively.

Proof: Let M;(X) = [];cc, (X —n') be the minimal
polynomial of 77 over F2. Note that M;(X)* = M_;(X).
Combining Theorem III.2 with (IT1.3), it suffices to prove that
M;(X) = Mg;(X). For this purpose, we only need to show
that % is a root of M;(X). Assume that M;(X) = ag +
ar X + -+ a X" with ag, a1, ,a; € Fp2. Thus M;(X) =
ap+a X + -+ a; X" Obviously M;(n%) = 0, since

M;(n%) =ag +an® + - + a@(n™)"
= (CLO + alnj et atntj)q = Mj(nj)q —0.

|

o 1 .
Let A € F’, be of order r satisfying A = A . Write
rn = 2”2(7"”)pfp’2“2 .- -p’j*, where p; are distinct odd primes
and k; are positive integers for 1 < j < s. Let Zj, denote

the multiplicative group of all residue classes modulo m
which are coprime with m, and let ordpkj (q) denote the

multiplicative order of g € Z*kj, 1<5< 's. We assert that
Y2

J
Vo (ordp,?j (q)) = 1y (ordpj (q)) for 1 < 7 < s. Indeed, con-

. J L .
sider the natural surjective homomorphism 7 : Z*,  — Z;;j,
P

z (mod pfj) — « (mod p;). We then know that ordy, (q)

is exactly equal to the order of gKerm in the factor group
Z*kj/Kemr, which is also equal to the smallest positive
Py

intéger k such that ¢* € Kern. Now the desired result follows
from the fact that Kerm is a group of odd order.

The next two results give existence conditions for dual-
containing A-constacyclic codes.

Theorem IIL.4. Let r,n be positive integers with ged(n, q) =
1 and r | (q+ 1). Suppose

ks

rn = 2”2(T”)p]1€1p§2 R

where p; are distinct odd primes and k; are positive integers

for 1 < j < s. We assume further that vs(rn) < 1. Then dual-

containing \-constacyclic codes of length n over F exist if

and only if one of the following statements holds:

(i) There exists an integer t, 1 <t <'s, such that ordy,(q)

is odd.

(ii) v2(ordy, (q)) = v2(ord,,(q)) = ---
2.

(iii) The integer s > 2, ordy, (q) is even for all 1 < j < s,
and there exist distinct integers j1,jo with 1 < j1,j2 < s
such that vy (ordpj1 (q)) # v (ordpj2 (q)).

Proof: Supposing that one of the above three conditions
holds true, we work by contradiction to show that dual-
containing A-constacyclic codes of length n over Fg» exist.
By Lemma IIL.3, we can suppose that C. = C_,. for any

= V3 (Ordps (Q)) >



C. € O, , where C, denotes the ¢>-cyclotomic coset modulo
rn containing e. This leads to Cy, = C_, since Cy € O, p,
which implies that an integer i(, can be found such that
¢'*2% = —1 (mod rn). Let iy = 2i/, + 1, and thus ¢ = —1
(mod rn). Clearly, i¢ is odd.

Assume that (i) holds. There is no loss of generality to
assume that ord,, (q) is odd. It follows from ¢ = —1
(mod p;) that ¢*° = 1 (mod p;). Hence ord,, (q) | io
as ord,, (¢) is odd. This leads to ¢ = 1 (mod p;), a
contradiction.

Assume that (ii) holds. In particular, v (ordy, (¢)) > 2.
Recall that vy (Ordp’fl (q)) = va(ordy, (q)). From ¢ = —1
(mod p¥*), we deduce that ¢*° = 1 (mod pi*). Hence,
Ordp’fl (¢) divides 2ig, which implies that i is even. This is a
contradiction.

Now we assume that (iii) holds. Without loss of generality,
we may assume that v (ord,, (q)) > v2(ord,,(q)) > 1. From
g = —1 (mod p?j) for all 1 < j < s, we have ¢?° =1
(mod p?j ). Thus, ordp;?j (q) is a divisor of 2ig, so ordp;‘cj (g)/2

divides i for all 1 Jg j < s. In particular, ordpf;1 (q)/2
is a divisor of ¢p. Combining this fact with the hypothesis
va(ordy, (q)) > va(ordy,(g)) > 1, it follows that iy is even,
a contradiction again.

Conversely, assume that dual-containing A-constacyclic
codes of length n over F,> exist. We assume further that
neither (i) nor (iii) holds. Then v (ordpj(q)) > 1 for all
1<j<s. If s=1, we need to show that v (ordy, (¢)) > 1.
If s > 2, we know that 15 (ord,, (q)) = wa(ordy,(q)) =

- = vy(ordy (q)) > 0. We are thus left to prove that
va(ordy, (q)) = va(ordy,(q)) = -+ = va(ord,, (q)) = = >
1. Suppose otherwise that z = 1. For any 1 < 5 < s, let y; be
a positive integer such that ordp,?j (q) = 2y;. Thus, ¢*% =1

J
(mod p?j) for any j. From the fact that Z;k], is a cyclic

group whose unique element of order 2 is [Ll]pk

[—1] &; denotes the residue class modulo pfj containing —1, it
by

;» where

follows that ¢% = —1 (mod p?-’). Let y = Hj.:l y;. We get
¢V = —1 (mod p?j) for all 1 < j < s. Therefore, ¢V = —1

(mod p¥ph2 ... pks). This leads to ¢¥ = —1 (mod rn), as
va(r) +va(n) < 1. We get the desired contradiction, since we
would obtain C; = C_,,. [ |

Finally we consider the remaining case: v (rn) > 2.

Theorem IIL5. Let r,n be positive integers with ged(n, q) =
1 and r| (qg+1). Suppose

rn = 2”2(Tnl)p’1€1p’2€2 .. .p’;s

where p; are distinct odd primes and k; are positive integers

for 1 < j < s. We assume further that vs(rn) > 2. Then dual-

containing \-constacyclic codes of length n over F 2 exist if

and only if one of the following statements holds:

@@ g=1 (mod 4).

(i) ¢ =—1 (mod 4) and v2(rn) > e, where e is the positive
integer such that 2¢||(q + 1).

(iii) There exists an integer jo, 1 < jo < s, such that
ordy, (q) is odd.

(iv) ordy,(q) is even for all 1 < j < s and there exists some
integer j1, 1 < j1 < s, such that 4 divides ord,; (q).

Proof: By Lemma II1.3, we know that dual-containing \-
constacyclic codes of length n over IF;2 do not exist if and only
if 7 = C_y, where C; and C_, denote the q2-cyc10t0mic
cosets modulo rn containing 1 and —g, respectively.

Suppose that one of the above four conditions holds true,
and we proceed by way of contradiction. It follows from C; =

C_, that an odd integer i can be found such that ¢ = —1
(mod rn).

Assume that (i) holds. We have g% = —1
(mod 2v2(M+v2(n)) = gince 2v2(M+¥2(n)  divides rn. By
assumption vo(r) 4+ v2(n) > 2, so ¢ = —1 (mod 4). This

contradicts ¢ = 1 (mod 4).

Assume that (ii) holds. Write ¢ + 1 = 2°f, where f is
an odd positive integer. By assumption vo(r) + va(n) > e,
then ¢ = —1 (mod 2°T1). Let ig = 2if, + 1. Since ¢ = —1
(mod 2¢), it follows that ¢> = 1 (mod 2¢*1), which gives
¢¥o =1 (mod 2¢*1). Thus ¢%o+! = ¢ (mod 2¢71), namely
¢ = g (mod 2¢"1). Combining with ¢ = —1 (mod 2¢*1),
we get ¢ = —1 (mod 2¢T1). However, this contradicts the fact
that ¢ + 1 = 2°f with f odd.

Assume that (iii) holds. There is no loss of generality to
assume that ordy, (¢) is odd. From ¢ = —1 (mod rn), we
see that ¢ = —1 (mod p;) and so ¢* =1 (mod p;). Since

ordy, (q) | 2ip, we have ordy, (q) | ip. Thus ¢** =1 (mod p),
a contradiction.
Assume that (iv) holds. Recall that vs (ordpk,1 (@) =

v2(ord,, (¢)). Suppose 4 is a divisor of ord,, (¢). Obviously
¢*° =1 (mod pt). It follows that ord (¢) is a divisor of
219 and then ¢ is even. This is a contradiction.

Now, suppose that dual-containing A-constacyclic codes of
length n over Fy» exist. Assume further that (i), (i) and (iii)
do not hold. We need to show that (iv) holds. Since (iii)
does not hold, ord,, (g) is even for all j. Assume, by way
of contradiction, that ord,, (g) is even but not divisible by 4
forall 1 < j <s,ie,z; =1forall<j<s. It follows
from ¢%% = 1 (mod pf-’) that ¢¥ = —1 (mod p?-’). Let
y =1l vj- We get ¢V = —1 (mod pfj) forall 1 <j <s.
Therefore, ¢¥ = —1 (mod p}flp’Q€2 p’:) The assumption
that neither (i) nor (ii) holds true implies that 2v2(m)+v2(n) |
(g +1). It follows that ¢¥ = —1 (mod 22" +¥2(") since y
is an odd positive integer. Hence ¢¥ = —1 (mod rn). This
gives the desired contradiction. [ ]

Example II1.6. Let ¢ = 11, then ¢> = 112. Suppose

Y2 = (0). Let X = 0'°, then r = 12. By Theorem IILS,
dual-containing \-constacyclic codes of length 27 over Fyioq
do not exist. This is because Tn = 324 = 2% . 3%, vy(rn) > 2
and ¢ = 11 = —1 (mod 4), but vo(rn) = e = 2, and
ords(11) = 2.

Example IIL7. Let g = 3%, then q* = 3*. Suppose Fj, = (0).
Let \ = 08, then r = 10.

(1) By Theorem IIl.4, dual-containing A-constacyclic codes
of length 5 over F34 do not exist. This is because rn = 50 =
252 va(rn) < 1 and ords(9) = 2.



(2) By Theorem IIL.5, dual-containing \-constacyclic codes
of length 10 over Fsa exist. In fact, since rn = 100 = 22 - 52,
then vo(rn) > 2 and ¢ =9 =1 (mod 4).

Applying Theorem IIL.5, we have the following result.

Corollary IIL.8. Let q be an odd prime power. Let r be a
positive integer dividing q + 1, and let n > 1 be a positive
integer satisfying 2(q+1) | rn and rn | (¢> —1). Assume that
A€ ]F;z is of order r. Then dual-containing A-constacyclic
codes of length n over F 2 exist.

Proof: 1t is clear that 4 divides rn. If ¢ = 1 (mod 4),
then we know from Theorem III.5(i) that the desired result
follows. Otherwise, ¢ = —1 (mod 4). In this case, Theo-
rem II1.5(ii) is satisfied. [ |

IV. NEW QUANTUM MDS CODES

In this section, four classes of dual-containing MDS con-
stacyclic codes are constructed and their parameters are com-
puted. Consequently, new quantum MDS codes are derived
from these parameters. In the light of Corollary III.8, we
construct dual-containing MDS A-constacyclic codes of length
n over F . satisfying 2(¢ + 1) | rn and rn | (¢* — 1), where
r is the order of A. In order to obtain suitable defining sets
algebraically, we first try to compute many small examples.
We thus have a list of Hermitian dual-containing MDS con-
stacyclic codes. Comparing these parameters carefully, our
theorems are then generalized from these examples.

A. New quantum MDS codes of length ﬂhl(q — 1) with h €
{3,5,7}

Let h € {3,5,7} and let ,4 be an odd prime power with
h| (g+1). Suppose n = qh_ and 7 = h. Let A € F2 be
a primitive 7*" root of unity. Corollary II1.8 guarantees that
dual-containing A-constacyclic codes of length n = 4
Fg» exist. It is clear that rn = g% — 1, and hence every ¢*-
cyclotomic coset modulo rn contains exactly one element. Let
C be a A-constacyclic code of length n over > with defining
set

=D+ .~ 2}. (IV.1)

2h
It is easy to see that 7] = &FL . <HL
MDS A-constacyclic code with parameters [n,n—

+1)(h+1
2 i)

7 — {1+h ’

— 2. Thus, C' is an
(g+1)(h+1)
et
— 1]. We show now that C is a dual-containing
code.

Lemma IV.1. Let h € {3,5,7} and let q be an odd prime
power, with h | (g+1). If C is a A-constacyclic code of length
n= qT over B2 with defining set Z as in (IV.1), then C'is
a dual- contammg code.

Proof: Suppose otherwise that C' is not a dual-containing
code. It follows from Lemma I1.7 that Z (| Z~7 # (. Hence,
two integers 7,7 with % <14,j5 < q—2 can be found
such that

—q(1+hi) =1+ hj (mod ¢* —1). (IV.2)

If i = j, then —q(1 + hi) = 1+ hi (mod ¢* —1). Thus
(g —1) | (1 + hi). Since
h—1 (h—1)(g+1)
5 — (g—1)<1+h- —
<1+ hi <14h(g—2)<h(qg—1),

we can assume, therefore, that 14+ hi = k(g—1), where k is an
integer with 241 < k < h—1. Then hi = k(q+1) — (1+2k).
Hence, h | (1 + 2k). If h = 3, then k& = 2. This implies
3| 5, which is impossible. Similar arguments show that neither
h =5 nor h =7 is possible. We get a desired contradiction.

Without loss of generality, we may assume that ¢ > j. By
Equation (IV.2), we have —g(1 + hi) =1+ hj (mod ¢ — 1)
and that —q¢(1 + hi) = 1+ hj (mod ¢ + 1), ie., (¢ — 1) |
(hi+ hj+2) and (¢+ 1) | (hi — hj). Note that

(h—l)(q—1)<2+2h.%

< hi+hj+2<2h(qg—2)+2<2h(qg—1).

Write hi+ hj +2 = f3(q— 1), where h < 5 < 2h — 1. Thus
hi+hj = £a(g+1)—2(1+4s). Therefore h | 2(1+¥¢3), which
implies that k| (14 ¢2). It follows from h+1 < 1+ {5 < 2h
that 1 + /5 = 2h, i.e., {5 = 2h — 1. On the other hand,

: (h—1)(g+1)
hj < h(g -2 o )

h—1 1 h+1

( Q)h(7q+ D)=+
We then have hi — hj = ¢1(¢+ 1), where 1 < ¢; < %

Now from hi — hj = {1(¢+ 1) and hi + hj +2 = (2h —

1)(q — 1), it follows that 2hi = (2h — 1+ £1)(q+ 1) — 4h. If
h = 3, then ¢; = 1 and thus ¢ = g — 1. This is a contradiction,
since ¢ < g — 2 by assumption. If h = 5, then 1 < ¢; < 2 and
i = (9+01) % atl 9 > ¢—2, which also yields a contradiction.
Similar argument shows that h = 7 is impossible as well. This
completes the proof.

0< hi—

<h((g+1) -

|
Using the Hermitian construction and the quantum Single-
ton bound, we have the following quantum MDS codes.

Theorem IV.2. Let h € {3,5,7} and let q be an odd prime
power with h | (¢ + 1) Then there exist quantum MDS codes
2

with parameters [[%, 4—= —2d+ 2,d]]y, where 2 < d <

(grD(ht1) ¢

2h

Proof: Let n = L,:l and r = h. Let A € Fp2 be a
primitive rt" root of unity. Recall that every g¢2-cyclotomic
coset modulo rn contains precisely one element. We assume
that Cs is a A-constacyclic code of length n over F . with

defining set

(h—1)(g+1)
2, = {14 n( Dot D
J + 2h
+1)(h+1)
T — 2.

where § is a positive integer with 1 < § < (@
Clearly, Z5 is a subset of Z where Z is given in (IV.1). By
Lemma IV.1, we have Z5() Z; ¢ = 0. It follows that Cs is a
dual-containing code with parameters [n,n — d + 1, d], where
d is a positive integer with d = ¢ + 1. Using the Hermitian
construction and the quantum Singleton bound, we can obtain

+i>‘0§i§671} (IV.3)



q ankvdﬂq d

11 [[40,40 — 2d + 2, d]J11 2<d<7
17 [[96, 96 — 2d + 2,d]]17 2<d<11
23 | [[176,176 —2d + 2,d]]23 | 2<d < 15
9 [[16,16 — 2d 4 2, d]]o 2<d<5
13 [[24,24 — 2d + 2,d]]13 2<d<7
27 | [[104,104 —2d +2,d]]27 | 2<d < 15

TABLE I
QUANTUM MDS CODES

a quantum MDS code with parameters [[qu_l, - L _2d +

2,d],. |
Example IV.3. In Table I, we list some quantum MDS codes
obtained from Theorem 1V.2.

B. New quantum MDS codes of length 2t(q — 1)

Let ¢ be an odd prime power with 8 | (¢ 4 1). Let ¢ be an
odd divisor of ¢ + 1, n = 2t(¢ — 1) and r = %tl. Clearly,
q > 7 and r > 4. We now obtain g-ary quantum MDS codes
of length n through A-constacyclic codes of length n over F 2,
where A\ € F 2 is a primitive r*" root of unity.

Let C' be a A-constacyclic code of length n over F 2 with

defining set

7= {1 i (IV.4)

7(2t71)§i§4t72}.

It follows from 2rt = g+1 and ¢ > 7 that 0 < 1+r(4t—2) <
2 2

2% and —41 < 1—7(2t —1) < 0. Then, |Z| = 6t — 2.

The next result shows that C' is a dual-containing code.

Lemma IVd4. If C is a A-constacyclic code of length n
over F g2 with defining set Z as in (IV.4), then C' is a dual-
containing code.

Proof: Since 8 | (¢+ 1) and ¢ | (¢ + 1) with ¢ being
odd, we can assume that g + 1 = 8kt, where k is an integer.
Suppose that C' is not a dual-containing code. By Lemma
1.7, we have Z()Z~% # (. Hence, two integers i,j with
—(2t — 1) <i,j < 4t — 2 can be found such that

(mod ¢* — 1). (IV.5)

If i = j, then —q(1+ri) = 147i (mod ¢* — 1), which gives
(¢g—1) | (1 +7i). Let 1 +ri = £(q — 1), for some integer .
Note that 7 = L = 4k. Thus 1+7i = 1+ 4ki = ((8kt — 2),
ie., 1 =2(4¢kt — ¢ — 2ki). This is a contradiction.

Without loss of generality, we may assume that 7 > j. By
Equation (IV.5), —¢(1+ri) = 1475 (mod ¢—1) and —¢(1+
ri) =1+7j (mod g+ 1), ie., (¢—1)| (r(i+j) +2) and
(q+1) | 7(i — 7). Recall that 7 = %+ > 4. We have

—2(g—1) < —2q+2r=-2r(2t—1)+2

—q(l+ri)=1+rj

<rliti)+2s T is-a)+2
=4g—4r+6<4(¢g—1)
and
O<r(z‘fj)§%(4t72+2t—1):%(6t—3)

<3(¢g+1).

q t [In, k,d]]q d
T T (%12 —2d+2,d]; 2<d<5
23 | 3 | [[132,132 — 2d +2,d)]as | 2<d < 17

TABLE 11
QUANTUM MDS CODES

Write r(i + j) +2 = ¢1(¢ — 1) and r(i — j) = la(q + 1),
where —1 < ¢; < 3 and 1 < ¢y < 2. Thus, 2ri = ¢1(q —
1) =24 40la(qg+1) = (¢+1)(¢1 + £2) — 2(1 + ¢4). Tt follows
that » | (1 + ¢1). By 4 | », we have 4 | (1 + ¢;). Since
¢, € {-1,0,1,2,3}, we obtain ¢/; = —1 or 3.

If 4 =—1,then 2rj = 41(q—1) —ba(g+1)—2=—(1+
¢3)(q + 1), which gives j = —(1 4 £)t. Since {2 € {1,2},
we have j = —2t or —3t, contradicting the assumption that
j>—(2-1).

If ¢, = 3, then 2ri = (¢ + 1)(¢2 + 3) — 8. It follows that
27 | 8, which forces r = 4. We then have i = t(¢5 + 3) — 1.
Since 45 € {1,2}, we get i = 4t — 1 or 5t — 1, contradicting
the assumption ¢ < 4¢ — 2. |

Using the Hermitian construction, we have the following
quantum MDS codes.

Theorem IV.5. Let q be an odd prime power with 8 | (q+1).
Let t be an odd divisor of q+ 1. Then, there exists a quantum
MDS code with parameters [[2t(q—1),2t(g—1) —2d+2, d]],,
where d is a positive integer with 2 < d < 6t — 1.

Proof: Let n = 2t(qg— 1) and r = %tl Let A € F2 be
a primitive 7" root of unity. Noting that every ¢>-cyclotomic
coset modulo rn contains precisely one element, we assume
that Cs is a A-constacyclic code of length n over F,2 with
defining set

25={1+r(—2t+1+i)’ogigé—l} (IV.6)

where § is a positive integer with 1 < § < 6t — 2. It
follows from Lemma IV.4 that Cs5 is a dual-containing code
with parameters [n,n — d + 1,d], where d is a positive
integer with 2 < d < 6t — 1. Using the Hermitian construc-
tion, we can obtain a quantum MDS code with parameters
[[2t(g —1),2t(¢ — 1) — 2d + 2,d]],. ]

Example IV.6. In Table II, we list some quantum MDS codes
obtained from Theorem IV.5.

C. New quantum MDS codes of length 3(q — 1)

Let ¢ be an odd prime power such that 3% | (¢ + 1). Let
n=3(¢—1) and r = %. Clearly, r > 6. Let A € F2 be a
primitive 7*" root of unity. Let C be a A-constacyclic code of
length n over IF,> with defining set

—3
Z:{1+ri‘—2§i§qT}. (IV.7)
Tand—LQ_l<1—2r<

It is clear that 0 < 1+7(%52) < €1
0. Thus, | Z| = 22, We show that C'is a dual-containing code.

Lemma IV.7. If C is a A-constacyclic code of length n
over F > with defining set Z as in (IV.7), then C is a dual-
containing code.



Proof: Suppose otherwise that C' is not a dual-containing
code. It follows from Lemma I1.7 that Z (| Z~4 # (). Hence,
two integers ¢, j with —2 <14, 5 < q;QS can be found such that

—q(1+7ri)=147rj (mod¢*—1). (IV.8)
If i = 4, then —q(1+7i) =1+7i (mod ¢*> —1),s0 (¢g—1) |
(147i). Let 1+7i = ¢(q—1), where £ is an integer. Note that
18 | (¢+1), and we assume that g+1 = 18k, for some positive
integer k. Thus 1+ 6ki = £(18k — 2) = 18¢k — 2¢, which is
equivalent to 1 = 2(9¢k — ¢ — 3ki). This is a contradiction.

Without loss of generality, we may assume that ¢ > j. By
Equation (IV.8), —g(1+ri) = 14+rj (mod ¢—1) and —q(1+
ri) = 1+4rj (mod ¢+ 1), ie., (¢—1) | (r(i +j) +2) and
(¢+1) | r(i = j). Note that —2(¢ — 1) < r(i +j) +2 <
HHlg—1)and 0 < r(i — j) < (q+1) Letr(i+j) +2 =
ly(q—1)and r(i—j7) = l1(q+1), Where —1<6, < q+1 -1
and 1 < 41 < ng By r(i +j)+2 = la(g — 1), we get
rj = €3(q — 1) — 2 — ri. Substituting rj into Equation (IV.8)
yields —q(1 +7ri) =1+ Lla(¢g—1) — 2 — m' (mod ¢% — 1),
ie, (¢—1)ri=—(q—1)(1 +¥3) (mod ¢* —1). Thus ri =

—(14 ¢3) (mod g + 1), which implies that q+1 | (1+45).
Since —1 < (o < T — 1, we get 1+, =0 or et

If 144, =0, comblmng r(i+j)+2 = Zz(q — 1) and
r(i—j) = (¢ + 1) yields 2rj = —(1+ ¢1)(¢ + 1). From
0y > 1, we get 25 = —3(1 + ¢1) < —6, which gives j < —3,
contradicting our assumption j > —2.

If 144, = q-g , combining r(i + j) +2 = l3(¢ — 1) and
r(i—j) =4i1(qg+ 1) yields 2ri = (41 +42)(g+1) —2(1 —l—fg).
Noting that = q;f and {1 > —1, we get 27 = 3({1+42)—2
31 +qg—4>qg—1.1t follows that i > 45 L which contradicts
our assumption ¢ < L2 [ |

Using the Hermitian construction, we have the following
quantum MDS codes.

Theorem IV.8. Let q be an odd prime power such that
32| (¢ + 1). Then, there exists a quantum MDS code with
parameters [[3(q — 1),3(¢ — 1) — 2d + 2,d]],, where d is a
positive integer with 2 < d < ﬁ.

Proof: Let n = 3(¢ — 1) and r = q+1 Let A€ Fgp be
a primitive 7" root of unity. Recall that every q> cyclotomlc
coset modulo rn contains precisely one element. We assume
that Cs is a A-constacyclic code of length n over F,» with
defining set

25:{1+r<—2+i)‘0§i§5—1} (IV.9)

where § is a positive integer with 1 < § < %3 It follows from
Lemma IV.7 that Cs is a dual-containing code with parameters
[n,n—d+1, d], where d is a positive integer with 2 < d < %.
Using the Hermitian construction, we can obtain a quantum
MDS code with parameters [[2t(¢—1),2t(g—1) —2d+2, d]],.

|

Example IV.9. In Table III, we list some quantum MDS codes
obtained from Theorem IV.8.

q ankvd“q d
17 | [[48,48 —2d +2,d]li7 | 2<d<11
53 | [[156,156 —2d +2,d]]s3 | 2 <d <29

TABLE III
QUANTUM MDS CODES

D. New quantum MDS codes of length 27 s(q + 1)

Let ¢ be an odd prime power with 2¢||[(¢—1) and s | (¢—1),
where e is a positive integer and s is an odd positive integer.
Assume that f is an integer satisfying 0 < f < e. Let n =
2/s(q+1) and r = 2. Tt is easy to see that 2n | (¢>—1), which
implies that every ¢>-cyclotomic coset modulo 2n contains
exactly one element. Assume that C' is a negacyclic code of
length n over IF;> with defining set

1
7 = {22—1‘1<z< +2f} (IV.10)

It is clear that |Z| = 45* + 275, We show that C' is a dual-
containing code.

Lemma IV.10. If C is a negacyclic code of length n over I
with defining set Z as in (IV.10), then C' is a dual-containing
code.

Proof: Suppose otherwise that C' is not a dual-containing
code. It follows from Lemma I1.7 that Z [ Z~7 # (. Hence,
two integers %,j with 1 < 4,5 < % + 25 can be found
such that —¢(2¢ — 1) = 2j — 1 (mod 2n). Expanding this
congruence gives

q+1

j+q= e (mod n). (IV.11)

Recall that 2¢s | (¢—1). We can assume, therefore, that g—1 =
2¢sc, where c is a positive integer. From 1 <17 < %1 +2fs,
one gets 1 < i < 2/5(2¢7/~1c41). Write i = 2 su+v, where
u, v are integers with 0 < u < 2¢=f~1lcand 1 < v < 27s. By
Equation (IV.11), we have

a+l1

j4qu—2Tsu= (mod n). aV.12)

We obtain a desired contradiction by considering the fol-
lowing cases:

H0<wu<?271cand 1 < v < 2fs — 1. In this case,
0< 3 =14qg-2/s- 227/ e <jtqu-2/su< Gt +
2/ s+q(2fs—1) =n— q“ < n. This is a contradiction, smce
we would obtain j + qv — 2/ su = q+1 by Equation (IV.12).

()0 <u<2e - 1candv*Zf,s In this case, i = 27 su+
v = 2/s(u + 1). By Equation (IV.11), j = q+1 +2Fs(u+1)
(mod n). Clearly, 0<j<mnand0< 2 + 27 s(u+1) <
q+1+2fs 2~ c+2fsfq+2f5<2fs(q+1)*nlf
q“ + 27 s(u+ 1) = n, we obtain j = 0, which is impossible.
Thus we can assume q'H + 27 s(u + 1) < n. It follows that
j= ‘1*1 + 2fs(u+1). However HL 4 ofs(u+1) > 2L+
2fs > == L 1 9fs > j. This is a contradiction. ]

Using the Hermitian construction, we have the following
quantum MDS codes.

Theorem IV.11. Let g be an odd prime power with 2¢||(¢—1)
and s | (¢ — 1), where e is a positive integer and s is an



q ankvdﬂq d
7 | [[72,72—2d+2,d]li7 | 2<d<13
49 | [[600,600 —2d + 2,d]]s0 | 2<d <37

TABLE IV
QuANTUM MDS CODES

odd positive integer. Assume that f is an integer satisfying
0 < f < e. Then, there exists a quantum MDS code with
parameters [[27s(q+1),2/s(q+ 1) — 2d + 2, d]],,, where d is
a positive integer with 2 < d < % +2fs.

Proof: Let n = 27s(q + 1). Recall that every ¢*-
cyclotomic coset modulo 2n contains precisely one element.
We assume that Cs is a negacyclic code of length n over [F 2
with defining set

25:{21'“’0935*1} (IV.13)
where § is a positive integer with 1 < § < ‘12;1 +2fs. It
follows from Lemma IV.10 that Cs is a dual-containing code
with parameters [n,n —d+ 1, d], where d is a positive integer
with 2 < d < % + 2fs. Using the Hermitian construction,
we can obtain a quantum MDS code with parameters [[2fs(g+
1),2fs(qg+ 1) —2d + 2,d]],. |

Note that Theorem IV.11 is a generalization of some results
of [25]. Taking f = 0 (resp. f = 1), [25, Theorem 3.7]
(resp. [25, Theorem 3.10]) is an immediate consequence of
Theorem IV.11, as stated below.

Corollary IV.12. Let q be an odd prime power with s | (q—1),
where s is an odd positive integer. Then, there exists a quantum
MDS code with parameters [[s(¢+1),s(q+1) —2d + 2, d]],,

where d is a positive integer with 2 < d < %1 + s.

Corollary IV.13. Let q be an odd prime power such that ¢ = 1
(mod 4) and s | (¢ — 1), where s is an odd positive integer.
Then, there exists a quantum MDS code with parameters
[[2s(g + 1),2s(¢ + 1) — 2d + 2,d]],, where d is a positive
integer with 2 < d < % + 2s.

Moreover, taking 2fs = q—;l in Theorem IV.11, we can

obtain g-ary quantum MDS codes of length %, which has
been given previously in [25, Theorem 3.2].

Corollary IV.14. Let q be an odd prime power. Then, there

2 2
exists a quantum MDS code with parameters [[T5+, T+ —

2d + 2,d)]4, where d is a positive integer with 2 < d < q.

Example IV.15. In Table IV, we list some quantum MDS codes
obtained from Theorem IV.11.

V. SUMMARY

Through explicit dual-containing MDS constacyclic codes,
we have constructed four new classes of quantum MDS codes
using the Hermitian construction of [2]. We summarize in
Table V the parameters of all known quantum MDS codes.
Classes 17-20 of Table V are the new ones obtained in Section
4.

In Table VI, fixing the value of ¢ yields the value (or range
of values) of the length n. We next compare the minimum

Class q n d d (Class 3) | d (Class 8) | d (Class 12)
17 11 40 7 5 3 -
17 19 72 11 9 3 -
18 7 12 5 3 3 4
18 23 132 17 12 3 12
19 17 48 11 8 3 9
19 53 | 156 | 29 26 3 27
20 17 | 72 13 8 3 -
20 49 | 600 | 37 24 3 -
TABLE VI

COMPARISON WITH PREVIOUSLY KNOWN QUANTUM MDS CODES

distances of the new quantum MDS codes of length n with
those of previously known ones of the same length. It can
be seen that the new quantum MDS codes exhibited here
often have minimum distance bigger than what was previously
known in the literature, for the same ¢ and length.

For example, with ¢ = 11 and h = 3, Class 17 gives n =
(121 — 1)/3 = 40. We then search among Classes 1-16 of
Table V to see in which classes can the length 40 be attained.
For example, in Class 3, we find 40 = 4 x 11 — 4; but in
Class 4, there does not exist any positive integer r such that
r X (11 —1) + 1 = 40. In fact, with ¢ = 11, it can be verified
that the length 40 can only be attained in Classes 3 and 8. We
then compare the largest possible minimum distances of these
codes of the same length (as in the row with ¢ = 11 in Table
VD).
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