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APPLICATION COF DISCRETE BASIS SET METHODS

TC THE DIRAC EQUATION

by

Samuel Pedro Goldman i

ABSTRACT

A variational discréte representation of the relativistic enércy
spectrum of an electiron in a Coulomb field is eonstructed. It is shown
that by a proper choice of the variational basis set, the eipenvalues
satisfy a generalized Hylleraas-Undheim theorem. A number of reclativistic
sum rules which can be evaluated exactly are calculated by means of the

_ basis set to demonstraée that the variational solutions obtained by the
diaponalization of the Difac Hamiltonian with a Coulomb pﬁtential yield

a’ discrete repreésentation of the hydrogenic spectrum including both the

-
- 1
positive and negative continua. The resulis strongly supmest that the set
of relativistic variational eipgenvectors and eigean}pes can be used to
. .
’ i
. . . = 3 ~ »
construct a discregte representation of the Difac-Green's functlon,
" ’ i
As apnlications, the relativistic basis set is used to calculate
relativistic values for dimole polarizabilities, electric dipele oscilla-
tor strensth sums for the ground state with and without retardation, and
two-photon decay rates for the metastable Zs,

_~ &

The twp-photon decay rates differ from previous calculaticns due.to the

state in hydrogenic ions.

inciusion of higher order retardatiton corrections. OQur oscillator strength
sums from the ground state appear to be much more accurate than eariiér
ca;culations. The oscillator strength densities in the qontinuum are used
to galculate pﬁotoionization cross-sections by a Stieltjes imaging

v
techinique,

il
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CHAFTER I

INTRODUCTION

The Variational Method .

In non-relativistic quantum mechanics, the variational approach té'
“the eigenvalue problem is well known, In this approach‘the Schroedinger
equation is regar‘ded as the Eulerzlagrange equation for a variational

problem where a variation of

(Hy= J¥H var

must be stationary, with the subsidi.wcy normalization condition

N A 2T

Labeling by B a lLagrangian Multipiier, the solutions of the problem

are those that make zero a variation of

5= [£LdJ¢ -

with

L E ) e -Epy

It ’/M and %* are varied independently, the Lagrange equations yield:

UM 72 E Y VL -0

Y kdh 5’}‘792:&

S . %
and similariy varying}lwe obtain the same equation for;/ .

-

\le note that the Lapgrange Multiplier b can be identified with the

;o



expectation value of the energy. It can be sﬁoﬁn1 that it has a lower

[

bound equal to the exact_éblution E « Then, an absolute\ minimum of

exact

.

<> wina yield allways an upber bound to the ground state,
’ ‘ ]
In practice, one chooses a trial functionn?xﬁ,qi) where the di 5
]
are variational parameters, and one locks for the yalues<¥§ of the qa s

;Zh'at will satisfy

1

O<H> 0. ‘ ) >

- Y
Let now {q&;i=1,2,...,N} denote a set of linear parameters, (i.e.,
{

y«(o( + & )=¥(°‘ )+}L(0{ )) andﬁ. a set of non-linear parameters. Being
1" %2 1 2 i ~

linear parameters,. the di span a vector space % which is a subspace of
the Hil?;rt“space of exact sdlutions to H.
If\We call P the rrojector over LP, and by Hﬁ the projected Hamil-

tonian

H, = PHP
we noticé that by conmstruction Hp is hermitian, and

Hp Ve &

We can then apply the variatiohal analysis of the precéeding paragraphs

to conclude that '

S CEIHI¥>=0
S

is equivalent to the eigenvalue problem in U



-y
Hp;d =£¢

The conclusion is then, that the variational solution to an eigen-
value problem where the trial function depends linearly on variational

parameters, is given by the diagonalization of the'Hamiltonian in the

subspace spanned by these parameters."’,

The solution will contain N eiéenvalues (where N is the dimension
of U¥), the lowest being an upper bound to the‘ground state, the
séEBﬁi)lowest to the first excited state and so on, provided that H.is‘
a positive-définite operator.

- If there are also non-linear pafaméters‘ﬂi, the procedure consists
in'diagonalizing Hp for‘differént valuié of th?,ﬂils until a2 minimum is
obtained.

We will say that L}ﬁ is a complete variational representation of

3, with aim[U]n id; ‘ . ‘

S Yedd, Vel

For example, in the non-<relativistic case, the subspace spanned
Ky
by vectors of the form

P
3 h
n<~ € Fr , 20
where n is an integer, forms a complete representation of the space of
hydrogenic wavefunctions.
In this work we attempt a generalization of this procedure to find
variational solutions to the Dirac Hamiltonian for one-eleciron atoms.
' )

In this case the existence of a lower bound is not obvious because ﬂ'b

Dirac Hamiltonian HD contains positive energy solutions, representing



e

the bound states and the continuum of electron scattering states, and

also a continﬁum of negatife energy solutions without a lower bound.
-~ oo
Tﬁﬁs, HD is not a positive-definite operator.

However, for a special family of trial functions, one carr obtain a

Y . . .

variational répresentation of both positive and negative energy states.
The dimension N of the subspace L}g is always even, and as one inéfea—
ses N, the eigenvalues appear by palrs, one positive and one negative.
The positive are upper bounds to the exact solutions and the negative
are lower boundslto —ﬁca.

Although for the one-electron case the exact solutions to the Dirac
Hamiltonian are known, a variational representation of these solutions

is very important for caleulations invelving the Green's\?perator:

G - 1 ) . (1.1)

or, more generally, hermitian operators of the type: -

A-Q'Hy-a) Q. s

where £ is an arbitrary operator.

* In the latter caﬁe, the expectation value of j\ is

AL =<HQH Hy-a)'Q 1 g
-4 SHONGS A - [ty < Al 21>

where the g% are a complete set of eigenfunctions of the Hamilionian,

-and Jf denotes sum over discrete states and ihtegration over both the

+  positive and negative continua.

)
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T e cag réwrite the last equation asg
SHINTED =§£((En‘a')k’ 1<¥/_<2/%>/‘3. | ()

In a varidtional representation,

L R Kl e, oo

where the sum is performed over the vectors of the finite variational

| \
£

vi=a0 . (1.6)

subspace, and

In the non-relativistic case, the variational summation over inter-

-

mediate states has been widely used. 5

In the relativistic case, expectation values of the type <ﬁ%]jl]g{>
gre more difficult fo calculate exactly. Different methods have been
used to approach the pfoblem: by obtaining the relativistic corrections
to the_non—relativistic expectation values,5 the expansion of the Greers
function6 or oy direct numerical integration of the Green's function.7
In oﬁrjvariational procedure, the ?@ar's are known, and aftef a cal-
culation of the overlaps <}L]__Q,;p§ar , a finite sum leads to <1]L,A/§L>

Chapter I ends with a brief summary of the exact solutions to the
Dirac Hamiltonian., In chépters IT and III we introduce the relativistic
variational wavefunctions, showing that the bound requirements are sa-
tisfied. In chapter IV we calculate the electric-dipole relativistic

sum rules withéut retardation (i.e., <VUQKJ;L> for ) =F}. These re-

sults are used in chapter V to test the completeness requirements of
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the variational representation. In chapter VI we preéent the relativistic

results for electric-dipole polarizability, two-photon decay and the

photoeffect. o 1

P

The Dirac Equation for an Eléctron

In the presence of an external electromagnetic field: the Dirac

equation is:

_-ic#Q.( T;.i -h)'*er +/mec'2]3£ =.Z'717-3£
¢

or
Cd (f:- X +eA +/6/MC]SL=£?L)£S . (1.7)
ot
. For static external fields, stationary soiutions exist of the-form
T (z,2) = %(” 2‘)6 ) (1.8)
;é(ﬁ) satisfies the eigenvalue equation
Hy-£9¢ ) (1.9)
with .
%:c&'.(ﬁ'—g-A)+er4_/B,mc—zq (1.10)
where

= (1.71)

[
Q
O
ks

Q ¢

P~

and the ('s are the standard 2x2 Pauli matrices.

The wave function %»is a four-component vector or bispinor:



-

L
slz y; . | (1.12)
¥

h\\_\\\\gpd (1.9) is then a system of four ddbupled first order differential

equations on the functions yi(x).

In the case of a static central potential, (1.10) reduces to:

H: COT'IE; + V) +/5m7c'2, (1.13)
- The solutions to (1.13) can be written as:
z.@ﬁ’_ 2.4
;ﬂ ‘ . ENCIRTS
Jf”f = I(.- Q(r’) . -
M

where 1 is the orbital angular momentum quntum number, j is the total
angular momentum quantum number, i = 2j=-1, M:Mj, f and g are functions

of r=‘§| and gzjlﬂ is the spherical spinor defined by

Q. L Am L ufjm> Y (A) 1

it oy . (1.15)

A P
where 2/ are the basic unit spinors: QY(A)z éux.

The coupled equations satisfied by the radial functions are then:

hege , heKg - (E-Very 4 me2) F =0
(1.6)
f:’ci&_#c Kf ,(E-VE)-me2)d =0,

vhere
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K=w(1+1) for j=l+#
K=1 for j=1<% . (17
In the case of a Coulomb field, i.e.,

V(r)= - Z'e2 ) . (1.18)

r

system (1.16) becomes

tCi.;-'ﬁC_g (E-PL _mez)lc 0

: (1.19)
' df _ K .- 2 -
| hC- f.c.-V_.F,L(Eﬁt.ZVeZ ~ me )3-‘0
or, in atomic units:
dg+;g3 (0(5+d3 +4)ﬁ 0
dr
A . (1.20)
EL N (°‘E +_.°‘z—_i-{_) j=0-
d~ ¥ r o
The eigenvalﬁes to system (1.20) are9 for the disc;ete spectrum,
'i;e.,kCJ(E(mca ' o
-%
(x2)
£~ mer | 4+ - (1.21)
(n-k +[k?_w22i]%2)
where
1{=’Kl= j+¥e

n=n'+k with n'=0,1,2,... for K =-(1+1)
n'=1,2,-¢..- for K:l
and X =1/137.03602.

=

e note in (1.21) the explicit depeneracy of E with respect to K.



Gm

The eigenfunctions for the discrete spectrum are:

3= A (4 +mEc:)'& g™ ¥ (h-h,)

FaA (4-£2)% 657 0 (h0,)

(1.22)

me2
with

A: _ _[F(2¥+n’+:{)]l/z . b, (.ZZ )‘/:HA’
[ (29+4) /nl 4N(N-K) INa

N = [n”*-,?n'(k—x)]'/'z

L
%

Moty

X=[K‘2" 0(222.]22 :

a, =

ho=oF(-ned,ayrd;22r)
Na,

h, = (N~k)F(—h',2y+45%¥_t) .

The normalization condition for the bound state eigenfunctions, re-

duces to

ﬁﬂ““”*‘ -4

(1.23)

Some general integral properties of the hydrogenic bound state ei-

genfunctions are presented in Appendix A.

-



CHAPTER II

THE RELATIVISTIC BASIS SET

In this chapter we introduce the variational basis set that will
span the subspace Lzb of solutions to the one-electron problem and cal-

culate the matrix elements of the projected Hamiltonian Hn'

The Variational Basis Set

tle try variational solutions of the form:

°

a,r o +0o, b -1, | (2.1)

%Lm= éxl“*zf

N
n=g

J

where the & s bn are linear variational parameters and ,k, ¥ are non—‘
linear variational parameters, all of them varied in order to minimi;e
an expectation value of the Hamiltonian.

For a given value of ,X and V; the problem of finding the statio-

nary solutions of

C E) . FerlHlerd e
Frarl oo

.

is, as discussed in Chapter I, equivalent to finding the eigenvalues of

the ngjected'Hamiltonian:

(PHP)Y =EY | | (2.5)

where P is the projector into the Hilbert space er spanned by the

basis vectors:

~10-.



=17

U(P) - ; Zm (Qilﬁ)

JEM r~ 0
' . (2.4)
e 70 °
it e S5 pm
with ' '
£-=.zJ'-£’,
() —}l“ Y+p
?(r‘) =€ r‘ . p=0,1,2,.---

In other words, the problem is reduced te the matirix diagonalizatjion

of <¢1l H | ¢J) where the ¢i'5' are independent vectors in J;gp.

Using
t .
f'QJm Qi dw = Cgu g0 Sune (2.5)
w ' .
f?fwrﬁa’r’ -_[(B+4) ! (2.6)
[« q,&+4
we obtain:
(p) (p) P (e
<JEH IE'M'> < Jfﬂlw'l'ﬁf) N(FF) “ ,vmf (2.7)
and
wf”
< uvrl ’zM>=O ” (2.5)

the last equation being a consequence of spinor orthogonality, and

N(P pr) = N(P p) /_’(,ZX+P+p+4) ' (2.9)
(2}«)(3“”- p+pi+d)

Defining

a).(P,[-“)': N(P.P') __[(2¥+PtP+4)

[IN(E.AN(p )] [D(@rr2peyarezp'+4)]%  (2.10) -
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we can now avoid the large values of P occurrlng in (2 7) by defining

* the. normallzed basis vectors .

Al Y . ;f*” L)
U:'WH = Z 0

VN (P, H
) . . 0 A ¥ .
'\fi’) "i ?(P)‘ P~
Wiem “VNGAY Qi
_ N(PP) r Ji}‘l :
with L ' v,
{r - !
? ’ = e‘\r‘ '_,yf‘P : P=0,7325000.
N(FP)' — [(a¢+2p+4)
. - A(.ZYG—.ZP#-J.) ’
with these definitions R . ) ~

"fP> () 'n(p) alp)
J!A‘*f’aj;«v> <J3H TP‘H> ‘Su ef'ému'w(f’ff")' (2.12}

For computational purposes, calling
=|p-p

26 = 2% + 2 max(pp)] |
{2.10) becomes
w(p, p) =4 | - if p=p'

Y2
CU(F P = [(w-n)(:ao‘ -n-4) .. (,zc'-zm,u i pio'.
[ 26 (26-4Y...-(20- n+,_()

(2.43)
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Orthonormalization

Becaﬁse of thg condition

ACPY | AP N\ _
< Ciem u”j'!‘H') =0
the overlap matrix consists automatically of two irreducible parts, and

because of (2.12) those two parts are identical and equal to W(p,p').
The orthonormal basis set will consist then of the vectors
iopegy A (q)
VL by 5
P .
Y (2.14)

WP
P

FE

where the coeficients upq are the same in both cases.
The task of orthonormalization is reduced then to the diagonaliza-

-

tion of W(p,p'). (Note that &(p,p') contains half the number of rows

and columns as the overlap matrix)

Call [];j the transformation matri; such that

Uz‘n‘*’(h:h')v;a'j = ¥ é;:j . . (2.15) )

Then in (2.494)

Urq

¥ -
Pa =
Yaq

The Hamiltonian Matrix Elemenis
We note from (1.8) that the eigenvalue problem is reduced to the

solution of



o

.

H. ¢ =E¢ - C(2.16)

where
6 [ (2.17)

with g and f defined in (1.6), and )

r

. &3 ;

Hoshetig))d_ o #c\imx/'+mc2§ - 2¢? (2.18)

dr > . r g o

. { ..

where the G&'s are the standard Pauli spin matrices.

Again, the variational problem of finding the wavefunctions that

will make a variation of <§ ]Fﬂ_l?>’ stationary is equivalent to the

diagonalization of Hr in the Hilbert space spanned by the variational

basis set,

Calling : s

C L) (i)
5?5 = V if j=i; i= 0,71,2,¢ee,N
(2.19)
(§ (i} -
¢ i = l)</ if j=i+N; iz 041,2,...HN

where N is the maximum value of p in (2.11), the problem is reduced to

the diagonalization of

(PO [H. 182 .

Using now (2.11). and (2.18) we obtain
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-15- .

A‘”) _[-———-—-i-mcz) 7(P)7cp) dr =

VIN(P.P) N (P P")

<l}“”| H

{ - .
= W [ me2 Np.p) - Ze“ N(p.p-4) ] -
. .‘\\\‘

-

a a)4"£g(P5'P9 l '
In the same way
GO 0lpp) [ometozéh | oay
¥+ L(ptp) |
A CP) ®y ik 47"« ‘P')] _
<LU’ l‘4'(f 'ZfVGEF;S;E;T_S[‘d = + - (; ar =
ke | ANG.P) + (v+p4K) NG pg)] -
INGP)N(p'p) J
= hewppP)N j -4 + 2(¥+p'tK) } =
] 2 ¥+ p+p
—FC@(PF)A (P~ P+3K) _ (2.20¢)

2,3’4- P+ P!
e note that

>~

/
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’

{uwrPIH] 64> _ P-P+2k (2.204)
(BPIH| P BEEX:

In atomic units, equations (2.20) become:

A (P A (P AZ
T T A R e e
N
A CP) (P) _ ) }_,1_' B P .7
® ¢en " Alp-PiaK)
<L0J£MIH’ J£M> w{f?'-f’) 28+ p+p s (2.2jc)
where
wip.p) - [(2¥+p+p'+4) 2.10)
[f’(M’MPH)!"(zauzpu)]z
)\ and ¥ are non-linear variation iparamefers. ¢
For 3"was used the exact val
‘ )
y = \K? -2 2 (2.22)

which is independent of the energy eigenvalues and defined for a given
value of I{; as the basis set is. We would then expect this value of X
to be & minimizing one.

The exact value for }\ is:

-



|7

Y .
Nexact :D‘i [,1-0(_“52] , - (2.23a)
with
. , ~{ .
o ) .
oHE” = J,{ + _ {x2) ' ) ) (2.23b)
] (n-1kl + [K2-x222]72) ,
Then, if X\ is used for A in a case in which n<¢ N, we will

exact

expect, after the diagonalization of the hamiltonian, the n-~th level

to appear exactly. ) '



//”CHAPTER IIT
e

.- . THE VARIATIONAL ENERGY SPECTRUM
{ - .

After the calculation of the matrix elements of Hp in the last chap-
ter, we discuss in detail the behaviour of the spectrum of solutions
under the variation of thé non-linear parameters, and tﬁe requirements
for‘the positive-energy solutions to be upper bounds to the exact éigen-
values., It is also seen that half of the eigenvalues will always be ne-‘
gative and lower bounds to -mca. (The set of negative eneréy elgenvalues
formsAa discrete representation of the negative continuum which extends

from ~mc2 to -e. In the same way, the positive energy eigenvalues with

E)mc2 cover the scattering continuum)

The Variational Eigenvalues

The diagonalization of
A1 H$0>

with @D defired in (2.19), yields a discrete spectrum of positive and

-~

\C\Qigative eigenvalues. The number of positive energy eiéenvalues equals
,;>the number of negative energy eigenvalues, and equals half the dimension
of the variational Hilbert spacelzkéb.
This spectrum pro;ides a discreté synthetic representation of the
bound states and both the positive and negative energy continuum spectra
for an hydrogenic potential. In other words, it will be shown that for

-the Green's operator

vd 1% 5<% /lléx%;/ o
(H E) -.‘0<ZE,,(n7cl En_Eo i 2 E_Ea )g AE " (3.1)

gEome

N, :
L ‘ 18-
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TU><E|

Eeme E-E, €

+

JE

the variational basis set provides a complete representdation in the sense

2N
-1 " ) '
(H—E;)(;‘,Z{ IBOI 2y
e E—n:Eo -

where & can be made as small as desired by increasing the dimension N.

Pigure 1 ghows schematically the way in which the Sy eigenvaiues
for 4=92 appear for progressively larger basis sets. The exponential
parameter used is ,X = 65.2, corresponding to a generating level (value
of n in A, equation (2.23)) n=1.5.

In Tables 1,2, and 3 we list as an example, the generated spectra
for:the Eﬁ’ pﬁ, and p5/2 series for 7=20, The generating level is 1.5,
and the number of basis vectors is 28 (twice 14).

Ve noté th? appearance of an extra ”1pﬁ" level. The reason is that
the relativistic wavefunctions for the K> 0 states use the same value
qf ¥ as the K<C)counterparts, l.e., unlike the non-relativistic case,
the behaviour at the origin is determined by [K/ and then the Sy and
Pﬁ states have the same behaviour for small r. If N-1 is the maximum vaq:
lue of p in (2.711), then the number of positive eigeniflues is N f?r the
K< 0 series and N-1 for the K> O series. In the case K >Othere remains
then an extra eigenvector. This extra wavefunction oscillates rapidly
and does not eontribute to the sum in (3.2). In ocur following calcula-
tions for sum rules and two-photon emission, no diféerence could be re-

corded by the inclusion or omission of this state.
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FIGURE 1. Distribution of the sy variational eigenvalues for %=92 and
A =65.2 as a function of the size of the basis set.




Variational Eigenvalues for

-

21—

TABLE 1

v

s};e States, Z4=20

- mc

]

+

20 <0
(A.U.) (A.U.)
variational exact
1 -0,201076522879 (3) -0.201076522879 (3) -0.155917638725 (2)
2 «0.565365941134 (2) -0.503365941134 (2) ~0.241306210983 (2)
3 -0.223417619749 (2)  -0.223417722492 (2) -0, 350040200717 (2)
L -0,124913235190 (2} -0.125545908749 (2) -0.492970541954 (2)
5 -0.610976904075 (1)  -0.802922220132 (15 -0.684505397592 (2)
6 0.340585067711 (1) -0.557295585063 (1) -0.946686869299 (2)
7 0.18%992299978 (2) ~0..131556174467 (3)
8 0.420549907474 (2) -0.185386801949 (3)
9 0.798622511631 (2) =0,267913573141 (3)
10 0.144336153673 (3) -Q»405338475903 (3)
19 0.265568155242 (3) ~0.648541819690 (3)
12 0.531641038391 (3) ~0.116296582007 (&)
13 0.129206090124 (4) -0.255780018668 (4)
T 0.502510433758 (4) (&)

-0.903208014914
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TABLE 2

Variational Eigenvalues for Py States for Z=20

n E>0 - me ELO + mc2
(A.U.) - (A.U.)
variational exact

1+ -0.200373891927 (3) -0.155797434299 (2)
2 -0.503365941135 (2) ~0.50336594113% (2) " =0.241104558076 (2)
3 -0.223417619807 (2) -0.223417722492 (2) -0. 349735460857 (2)
L -0.124913452996 (2} -0.125545908749 Ea) -0.492537653681 (2}
5 .-0.611014175393 (1) -o.80é922220132 (1) -0.683919831523 (2)
6 0, 340452409501 (1) -0.557295585065 (1)} -04945931623895 (2)
i 0.184959423017 (2) -0.131464058743 (3)
8 - 0.420475752169 (2) ~0.185282774138 (3)
9 0.798460526717 . (2) -0.267809877795 (3)
10 0.144301721498 (3) -0.1:032584:87955 (3)
11 0.265498653030 (3) -0.648321081717 (3)
12 0.531513072364 (3) -0.116304495720 (4)
13 0.129185562712 (L) -0.255800556805 (&)
14 0,502482805509 (4) éﬁ? -0.903239677427 (&)
. P
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TABLE 3

Variational Ejgenvalues for B3 /5 States for Z=20

>0

- me

(AU.)

" 2
h(O + me
(A.U.)

AS]

o wm = ot

10
11

12

14

variational

A
- exact

-0.500667419965 (2)

-0,222617798539 (2)
-0.125021318862 (2)
-0.698958132118 (1)
0.319004585220
0.116295091923 (2)
0.285155790780 (2)
0.538622437029 (2)
0.931429211756 (2)
0.157464462038 (3)
0.271976841397 (3)
0.503586456928 (3)
0.108122272357 (&)

0325070921350 (4)

~0.500667419965 (2)
-0.222617808531 (2)
-0.125208596566 (2)
-0.801196016511 (1)
-0.556297035513 (1)

-0.149711757537 (2)
-0.230012102970 (2)
-0.331183818986 (2)
-0,462613848691 (2)
~0.656347396802 (2)
-0.870352061440 (2)
-0.119527977170 (2)
~0.165360189901 (3)
~0.233905463750 (3)
-o.§42245450284 (3)
-0.528452405652 (3)
~0.890803787763 (3)
-0.175398039572 (4)
-0.481521678555 (4)
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- Bounds

A rigordus proof that the positive variational spéétrum provides an
upper bound on the lowest positive eigenvalue and that the negative vari-
ational‘specfrum provides a lower bound to -mc2 has geen found by Drake10
for the case N=1. In this section we analyze the numerical results for‘
N >1, in order to generalize this result to any value of N,

As describgd in Figure 1 schematically, and a$ shown in Table 4, it
was found that the positive energy eigenvalues provide upper bﬁunds to
the bound-state energies in the hydrogenic problem. As can be seen in
Table 4, the larger the dimension of the basis set, the closer the vari-
ational eigenvalues converge to the exact eigenvalues always from above.

It is interesting to note that this situation is true only for the
case in which the subspaces spanned by the functions g or f in (2.17) ére
identical. It was found that if the number of powers of r in ?(?) for
the upper and loweg components in (2.4) was different, then the variatio-

nal spectrum would not provide upper bounds to the positive energies.

In other words, it was found that a trial function of the form

._}J" {i Z ZQ.\LH J2 9]
%}a Qn O +Z bn}"h (-QEM
i )

n=go

will yield an upper bound for the ground state only in the case N1=N2.

In Fipure 2 we can observe the behaviour of the positive energy

<
levels as a funcition of the number of independent lower component vectors.

In this case 7=50, N,|=11+, and 2&1\125_14
The set has been found to provide upper bounds also under a varia-

tion of the non~linear parameters Y and A .

~

Figures 3 and & show the ¥-dependence of the Zsﬁ and 2p3/2 levels
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TABLE &4

sy2 Variational Levels for Different

Basis Sets for 4 = 92

LEVEL £ - me” (AU.)

N =1 N =2 N=3 N =k N =6
14
15
12
11
10 .
9
8
7 .
6 9.7546 (3)
5 é.1914 (3)
4 3.6050 (3) - 2.034%3 (2)
3 5.9822 (2) -2.1019 (2) -5.1098 (2)
2 -1.0779 (3)  -1.2460 (5) -1.2568 (3} -1.2574 (3)
17 -1,5569 (3) -4.8375 (3) -4.8600 (3) =4.8611 (3)  -h.8612 (3)
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Table 4 continued

LEVEL By - me” (AL0L)
N =28 N =10 N =12 N = 14 5§i§£s

" . 3.7885 (4)>'

13 1.6206 (4) *

12 5.0686 (4) 8.5535 (3)

11 1.2372 (4) 4.8955 (3)

10 2.3494 (4)  6.1241 (3) g.8817 (3)

9 8.6915 (3)  '3.23%0 (3) 1.6739 (3)

8  1.6489 (&)  3,868% (3)  1.6925 (3) ""9.0751 (2)

7 5.2486 (3) 1.7399 (3) 7.9625 (2) Lokl (2) )

6 1.8580 (3) 6.5481 (2) 2.4983 (2) 7.0173 (2)  -1.2709 (2)

5 4.6739 (2) 6.0316 (1) -8.519%4 (1)  -1.4484 (2)  -1.8549 (2)¢

b -1.7810 (2)  -2.6656 (2)  -2.8894 (2)  -2.9409 (2) -2.9526 (2)

5 -5.3699 (2)  -5.3898 (2)  -5.3909 (2) -5.3909 (2) -5.3909 (2)

2 -1.2574 (3)  -1.257h (3)  ~1.257h (3) 1257k (3)  -1.257h (3)
L1 k8612 (3) -4.8612 (3)  -k.8612 (3)  -Lk.8612 (3)‘ -4.8612 (3)
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TABLE 5

% Negative Variational Levels for Different

Basis Sets for 4 = 92

LEVEL E,q £ me (AJU.) .
N o= 1 N=2 N =3 N = b =6
1 21,1630 (&)  ~h.1302 (3)  -2.3802 (3) -1.6455 (3) -9.9248 (2)
2 ~2.2328 (k)  -7.2122 (3)  ~3.9589 (3) ~1.9488 (3) .
3 —3.3854 (4) =1.0582 (&)  -3.7133 (3)
4 ~.5838 (&)  -7.5001 (3)
5 | ~1.7992 (%)
6 . ~7.0493 (4)
7
8
9
10
11 J
12
13
14

“\\/,/k



Table 5 continued

28~

LEVEL

%o
N=38 N = 10 N =12 N = 1k
1 =7.0018 (2) -5.3656 (2) -4.3276 2) ~3.6138 (2)
2 -1.2472 (3)  -9.0066 (2) ~6.9721 (2)  -5.6466 (2) '
5. -2.0965 (3)  ~1.4155 (3)  -1.0497 (3)  -8.2466 (2)
b5 23,5116 (3)  =2.1966 (3)  =1.5355 (3)  -1.1669 (3)
5 =6.0911 (3)  -3.3525 (3) -2.222h (3) -1.6248 (3)
6 -1.1696 (4)  =5.2811 (3) . =3.2251 (3) -2.2493 (3)
7 -2.5987 (&) -8.7344 (3)  -4.7530 (3) _73._1216 (3)
B -9.5595 (&) -1.5819 (4)  =7.2250 (3)  ~L.3803 (3)
9 - =3.4331 (4)  -1,1585 (4)  -6.2774 (3) .
10 -1.2090 (5) \-2.0375 (4)  =9.3117 (3)
1, -b.2892 (4)  ~1.4596 (4)
12 ~1.4633 (5)  -2.5096 (4)
13 =5.1593 (4)
14 -1.7183 (5)




-29-

respectively for 2 = 50 using a 6-dimensional (twice) basis set. In both °
cases a non-minimizing value.of M\ was used. |

As .expected, the value of 8’?hét wili minimize any level is the
exact one, The reason is that the variational vector space.&%}is cons-

tructed -far a given value of K, i.e., K is the same for all the levels., -

Since gﬁp is a subspace of 36; and since ¥ is the same for all the vec-

A
tors in ‘;‘g, ¥ must equal Xexact in % too. £
Tables © and 7 show the )\-depenﬁenge of the Bbﬁ and 2p3/2 levels
respectively for Z=50 for a 6-dimensional {twice) and a 14-dimensional
(twice) basis set.‘
With regard to the variational negative energy eigenvalues, as we can

see in Table 5, they are a lower bound to fmca, with each level

approaching the —mqa value from below as the dimension of the basis set
v\

is increased.
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The 2p, State as a Function of

‘the Exponential Parameter

~30-

TABLE 6

A ? E - me® (AU.) £ - mc> (A.U.) E - me® (AU.)
| ”/ﬁ‘ﬁ\LhEE\z 6) (N = 14) (exact)
J\\I |

10 -315.,503 -326,4940 -326.494799458
20 5264946398 _526.494799458

30 T =3526,494797 ~326.494799458

4o 526,14553 5264914799458

50 325, 2k 32649479883

60 | ~326. 49467
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TABLE 7

The 2p3/2 State as a Function of

- the Exponential Parameter

E - mct (A.U.) E - me> (AJU.) E - meS (AJU.)
T (= 6) (N = 1) (exact)

10 -313.139745 ~315, 144299 -515. 144353993

20 ~315., 144353501 ~315. 144353993

30 31514355048 ~315.144353993

Lo -315.141768 =315 144353995

50 ~514.98771 315, 144353923

60 ~313.71855 ~315. 144334
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FIGURE 2. Behaviour cof the variational positive energy eigenvalues as a
function of the number of independent lower component vectors.



24 .46

)

.

31.50—

—
—_—
e

E~mc2 (A U

130

6-dimensional {twice) basis set. The dotted line shows
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¥
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FIGURE 4 (bottom). ¥-dependence of the 2p energy level for Z=50 using
a 6-dimensional (twice) basis set, The dotted line

shows
= Vexact‘



CHAPTER IV

SUM RULES

Non-Relativistic Sum Rules

In non-relativistic Quantum Mechanics, sum rules of the type

-

SEPACENIRIL) "

-

where 4E denotes sums over discrete levels and integration over the con-
tinuum, can be calculated exactly.and yield for hydrogenic ion§11'12 in

A,U,:

57 hivlny (o2

3
1 V)

(Thomas-Reiche-Kuhn sum rule) (4.2b)

5"
5 2| (e-ny| ¢ (422¢)
53 =O—Zf—<7}[ (v2v)| 4> . (4.24)

The right hand side\;ﬁ“sq§§tions (4.2) is knowm exactly, 'so, by
performing the sumations in (4,1) explicitly using the variational wave-
functions, we can test the completeness of the basis set, or the validi-
ty of the proposition that the expectation wvalue of

(H—w)k- y 14> (€, - )" (4.3.)

n=

T
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can be made arbitrarily small by increasing the dimension N of the varia-

tional basis set. .
In the relativistic case, however, the sums (%4.1) and (4.3) will
!
include the negative energy states.'F

We note that while S0 tests the validity of

l(‘ PAISSAIS *

higher order sum rules will test how well the basis seot synthesizes the
information. contained in the higher energy continuum states.

Because the variational exponential parameter will allways be close
to the value of an exponential parameter corresponéing to an exact bound
state (of finite energy}, it is to be expected that the higher the order

+» of the sum rule, the poorer the agreement will be with the ekact vaiue
for a basis set of a given dimension. However, if the set is complete
for N+, we will still expect the condition &-+0 to be satisfied
as the dimension Nfis increased.

For later comparison we migﬁf specialize the sum rules (L4.2) for the
cése in which '%6 is the non-relativistic wave-funciion of the ground
state for hydrogenic ions. In A.U,

: 23\ -z»
%mz =(_7T—) &

(4.5a)

)

) o (4olb)




/
. ~36-
rFE) = ; -' T (ko)
< V>o = <‘—f->o =-Z° -- | (4.4&)
{8, = (—ii) ’ (e
we obtain for the ground state:
S:R: j_a _ | ' -(‘Q-Sa)
5" :%- (4u50)
y = 2* (.50

R
55 :0234,' ' (%.5d)

Relativistic Sum Rules Without Retardation

We would like now to find the relativistic equivalents of (4.1),

that is:

S, = £ (&) [kl 3>

v

+/ L (E-Eu)b]%/!:/";‘ﬁ)zdf - (4.6

where PE is the density of states. (e.g., the discrete sum is the spe-—

cié.l case PE =Zn 'S (E-—En).)
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N

In this section we.will find the exact solutions for sums of the
type (k.6) and in Chapter V we will compare these results wi£h those
obtained by direct evaluation using the variatiqggl basis set.

All the evaluations will Be done in atomic units, and to a;oid con-
fusion we will sometimes use ¢ = 1/¢ instead of the fine structure o
which can be mistaken for o .

We will denote by ?;, ?%, the members of a complete set of solu-

tions to the Dirac Hamiltonian. We will use the notation
Ax B | -
; LA LB, N CR)
and by

Zs- p(Es) g (345) \

where f and g are arbitrary functions of the argumenté} we mean the sum
over discrete states and the integration over positive and negative con-

tinua. For example:

| él%x%hZ 1E><] + / [%><% | p. JE =1/‘/(3.8)

O<E(me {Ef>mc?
S ’
v ,af’,

USing (5.8), the first sum ruie So is obtained:

f)o:qé,li:.(é <t 1) Fly> =< ivy 1> (£.9)
°

\

as in the non-relativistic case, with the difference that now %% is a

bispinor solution to the Dirac equation.
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We shall use now the explicit form of the Dirac Hamiltonian for a

Static radial potential: va

H:-z’c'é't'.v +/303+V(r) ' - (L.10)
and the identities 7
[F:H] =-iC[E;.lVJ.: z'(.’;, (‘4,11)‘

([FH]xF]=ic[asF]-0, o
5, =/ (EE)HIFIRS <A IFI %> -
L HIFH]145-Ch | F 19> -
<7 TG pllF H] 1=
I[P HIxF] (4> =0

kS
<

where we used (4.72). From the last equation

5;:’)Z(EH~EO) /<§£/F/%>/Z=0 : (4a13)

We note that the sum over gative energy states exactly cancels

* the positive energy contribution.13 If we limit the sum in (4.93) to the
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positive energy levels, we will then obtain the relativistic correction
to the Thomas-Reiche-Kuhn sum rule (4.2b).

To obtain Sa, we write, using (4.11): '

1L G IIFIg S -/ Ul - I HIE >-

N . —
=B (EeTV 4> = 3¢, |
\ .
Therefore _. | "y
“jz = 3¢, . (4.16)

Using the results for S1 and S2 we can obtain other second order

sum Tules ;iké:
5:.;4 (%) }41,%!?/9?,)/-2:53 +2E,5, = 3¢°. (4.17)
VWie obtain now the third order sum rule SB. We note first that:
O W LK, FIT 15 Y | H3 -2 HEH P 3> =

= (En—E;)2<%IFI;Z,,> ) | _ (4.18)

Then,

9, :Z (E,,-Eo)gl@,zm@/*-:

f_<;t [ HI > - <%J[H [H, r]] %> =
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= <%IA3I¢O> s . . (4.19a)

where

-

Ay =L IFH] ¥ [1.IHF]T]. o)

-y

Using (4.10) and_(#;%ﬁ), the second term in the commutator in AB'iS
[H,[Haxj]]= ic[dj,HJ:z'c][ ,(—lCc( V}f-f.'z[ ,ﬁ]]

< 4, T3, + il ]

where /,.//_)
3 ,
=— |
B Xy, -
Using
[ Z_,,?zé,,,m G, (k.20a)

where fnjk is the Levi-Civita tensor and
G, o©
D
6. = o %, (4.20)

I J!ﬂ}:"(dﬁ /80( =0, {4,20c)

we obtain

[H, [Hx]] =4 2ic’C, C) 3 t it B (k.21)



)

1=

We use from now on in this section, unless otherwise stated, .the
convention that a sum is carried over an index that appears twice in a
product or a function, i.e.,

aibinziaibi; f..--z.f...

In (4.19b), we obtain

IA, = lica, 2ic, 29, )+ Licw, ,Qic&j}a]?
=-2 ¢ e 021es 9, - aetlay o 8] -

=-2c3[ Gm]éjkh 3 ~Letay, ) B

Using now

T 02)=2i60 0 (h

rY)Jn

and

!azj.,uh] =;3'§jh | . (&.22b)

we can write

A =_,,zac3(5mm cn O Jp — 648

3ince

Ccﬂ-_bc 6¢Lc‘e = ‘Séd éc.s' -ébe éc*c.l s (k.22¢)

A, =250l e, 6%



/

e

-~

e

=4 q.7- 664)5 .

| Usitig (%.10)

)602 = H + Z'Q;.V—V.

Therefore

A,=-2i’q.V-6ctH +6ctl/ .

tle note that .

\

[H I"V]“ZCO( [5,2,9,) + [l;%k- IE

:"Z.CC(J' [%‘,Y,J@k + xk [\r/, Qk] =

- -ieq.v-7.vy),

/_\/_\ay{ that in the case V = V(r)

-icu.V =[H, . V] +‘r-‘j—v

Using now all these results in (4.19a)

6 =70%<Y, [/—/ r*l7]/3ﬁ>+aZc'2<¢/f' /?)

-6c3<§é,/Hl;§> +6c7

CEIVIED .

T(4.23)

(4.24)

- (h.25)
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But

n,Evlig> =0
Since ;{, is an eigenvector of H, Then, finally: . : /j,
O, = -6k, +7c2<?éll//%>%}2.'c‘;<% 'f'rfj—,,‘il ¢> w3e)

In the case of an electron in a Coulomb potential v, = - —é— and

(4.26) becomes:
O,=-6c*E, +4c2hlylL> . e

L

Using (4.18) we can now proceed to obtain SE:

5 =2 (E,-€) kil IF105]

=2 CHIBALH, FTTI L, 0. FTT 1>
=<%IAL> ) | | ) (i:.28a)
ALBABBA)

where



Using (4.21): -
; 2A4={(2£c2£jkn(rjgh+Jic3q'JP) (.ZLBZ(EJPM . +‘Z£colp)}

=-4etE £ ic'h D)aa '8c55 {G::dﬂg} % "

Skn“itm
~4c® [orj}s,c(jp} . 3 (4.29)
Using now | ' ( )
’Gf,c,:} =£é,,,,, : | (4. 50%)

-

——

[Gn ,ce_,f%} { ]/8 g/oé,,jp (4.300)
[‘?"iﬁ"’(jﬁ"} {""5:“’1] | : (.50c)

where

o 4 ‘ ; ..
P = (4 0') - (4.304)
and

61‘5'#2 éjh =0,

we obtain

2A4=_4C#(ékfénm CS )'Zé 9,1 -4t {JJ J}

=-46 ctV° + 24 C°, | (.31)
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Finally in (4.28a):
O =~ 8L VLY + 425 (5.32)

We proceed now to obtain 85. Using (4.10) and (4.21), we calculate

first: ‘.
[H[H, [Hxﬁ]km&[%@-knc: Skl +2ic®[H, %] =
':agcz’[u,,,,(r}](fjkn 9,,,9&.* zzc*[,s, G Sy, O +
+2i1V,9,J6,, 02 + 2 [ 8] 9 +

raic’lp ap].

Using
[O‘m', (7,,3] =2ié,,., %4 (4.33a) -
[/5:5?] =0 ‘ (i+.33b)

[“m,djﬁ] :[q’m,dj}ﬁ =a2csmj‘/6 _ (4.33c)
[)B,c(-,/B] = - . (k.33d)

we obtain

(K14, [H,2,]]]= 4%, 77 - 4 X7 7) 3 -
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- -Zz'c'zd’jhh G;..:D li/k + 4C€8 aJ' - 46‘050(‘5 . (4-34)

We can write the fifth sum rule in the following way:

S = L (- EX [ IF IR = Gl As 1y > (h.350)

wifh _
2A5=“H,[H-,?’]]:*[H.[H.[H.F']]]. Ty (hasso)

We now .calculate the operator A5 using (4.21) and (4.34).

24, = "EC?[[’:’D:“'k‘jbn 0V 86 o], 333+

FhclsRa, 621, 1€, £t 8icl00 Bl 3 54
+é’c’?[(7,,3,§j](f‘,-kn I = ?Céfaj-/a, aj] A
+8ct [“ﬁ'ﬁ“,a’;] I I +465[°’j,3,0,,3]c‘m Ve +

+ éic?[ofjﬁ,/&] I gct [%-/B,Q’J-].

Using

and equations (4,33),

j,qu-gaggc"(&'. V) V“z+ 4046;36;,3 ng (&&e énm‘éhm 5ne) -



b

'«?zCé:,,,,s J+32:ca\7+320ﬁ‘72

. 5= . —-‘-
{67 a.(Vl/)ﬁ +46 lch-V"43C“fjg
N
We use now
Gn:bC'ma ':Jnm + z‘dnm& G'AD
and obtain

T

] ]
Cn G = 3ve

G,,"Gf %9, =—H¢m cm} 9,9, = V¢, (4.35)
and A
[H.LH,V]] = -c2 (2 V)-2ic Enie Vs -
~2ic’B vV - (4.37)’
© Caliing

Kﬁ(w L+ﬁ) = (¢ > -

&s[?‘r

1

we note that

[HK]=0

and
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5 ] =

Jmn n1 n

[Ve 3 nﬂ’ K] = -z[/s\/hé) A da.

G 6V 9 i bnjh 61 Y Vg % -

But

Cir €22, Vg =& (CFx(WV) =0 tor V=V,

Nk Yn 70
Therefore

[Via,, KT =16, 62V,

[ Ok . (4.38)

R

Using these results:
2A5= 34 c"(—g’c&'.vﬂygcz)v‘z - 488 (ied. V+/6c2)%
+é’c4[K ,6(17\/ V] - ?cz[H [Hv]] (4.39)

Then, finally:

5 = 16 <Y J6,-ITH Y, > -24“G (VIS . i)

We note that for ;Ld belonging to states with K=1 the term

<_¢DI V Vzl ¢O> diverges.

Ve obtain  then, for the relativistic case, the following sum rules:

5,=KUIr2 > o)
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5,=0 (413) |
S, =3¢’ o ._ . (4.16)
5, = -4t <Y |ENI%> -6 Ipig> (4.25)
S, = —S’bé<;é,192/;é>+{2 cé (4.32)

O, 7 46c4 <Y (E,~v) 7R U> =245 | (€LY (n.no)

For a Coulomb potential, 85 reduces to

. = 3 <
(63)610:;] T 6 ¢ Ea + 40 <%{ téc:n.-[ J Z/c > . . (&'-27)
. In the next chapter we will use theseresults to test the complete-

ness requirements of the variational basis set.



CHAPTER V

-
TESTS OF THE BARIS SET

Results for the Relativistic Sum Riles

In order to test the assumption (4.3) for the basis set, i.e.,

’ N . ‘
k -ar trar M '
(H-w) Z{ 14> <Y (g W =€ (5.1a)
J=
with
- E—o0, -~ (5.70)

we will specialize the results obtained in the last section for the rela-
tivistic sum rules, to the case in which 3Lo is the wavefunction for the
ground state (15ﬁ) of a one-electron atom. Then, we will perform expli-
citly the sums in the sum rules, we will compare the results with the e-
xact ones, and under a variation of the dimension of the basis set we
shall check assumption 65776).

The wave function for an electron in a s, state is pgiven in A.U.
- i~

15

by
[l4+¥) ‘/2 Y Lr
3% ravD 2x | (dir) e (5.2a)
and
ﬁ {_;y fa
=" ity . (5.2b)

‘fe shall use the integral

-50-



-51-

(5.3a)

A= [a:a'mr" dr

with a and b being real numbers satisfying the conditions 2> 0 and b S <1,

The result for A 1516

A "_iT ['(b+4) .

(5.3b)
a

With the aid of A we find

I-[¥ oy ridr e

ol

(235"
- ' - 22X agan dr =
(2y+4) le "

~h J¥+n+4
= (24) ¢ ) - (5.4
[T (28+4) _

|

ﬁhere the value of 2¥ lies between 2§ =1.9999 for Z=1 and 2¢ =1.0169

for Z2=118. 4s a consequence, ‘the highest value of 4 that will satisfy

the conditions for the use of (5.3) in the case I, 1is 4=1184

We note.that Io yields the normalization condition IO=1.

Using for the ground state

)\=3, X:LJ-(O‘E)Q and Eo

k4

x2 "’

we obtain
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o L =(azy” LGeeneg) . (5.5)
‘ [T(2¥+4)
anﬁ then,
S =TI, =2 (yig)lay+d). (5.6
. f) .‘ 2 oZ}_z‘z ( +‘{)( ) . 5

O,=-6 [ -427T .4 (6E, +42°)+
xR 4 of < . d ’

3 0(2,~ 4

- A gy 4(1-¥2)
&

Finally,

2 2
- (y+?) : _ e
To obtain Sq, welfirst derive an expression for
Vi he)), (9@] (V20) Yoo + 2 (7B) (7Y ) + b 72
Using

(Vhe). (vy (ae) =0

and

2
L )ém :—‘[7'2%”): f(f:’() }ém ..

F2



—

e

we obtain
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72 [ Y (00 = (V3h) Yim = B L240) 3y, (5.8)
| Fa

In our case

i V) Qe i £(£+4) 3, 2
vy = | - | ,
-v’-(i,-)ijM -E(fu)% QLigm | (5.9)

then, for the g;;-ound state:
. 2 :
<EIgle» =fj 14 (-g—)r’c}r* * ﬂvz(?p_) rdr -a?/?:z Jr . (5.10)

But

25@)]:{ J[zg;,_,é L |
v [ r p2 dr rJF-(’F) “F?zg;(ré{‘- -L)-Fj_,_ (5.11)

znd in the case

J’l(f") = e_arrb

e use
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In our case, for h denoting either g or f, (5.11) becomes

Vé(%)=[32 25 a’(a’-;{)];, . (5.12)
Using now (5.4) in (5.10): <5

R
P
e,

<%,] Vz/}é) =32;Za’3]_4 +a(e-4) ], 1L(*H)I-z -

ezl -

where we used (5.2) in the form

£

ANEY) (-9 (1%, 92) o (5.14)

2

Then, using (5.5) we obtain for (5.13):

[1 260 ] 222)

_ 2
<5(0/l72/§é>—-3 ¥ @i 1T Tvize-a) (5.15)
Finally,
: 54:.-_£. j_ﬂﬁ)__f_ ,{206;:
" &y (25-1)
- ,{ (3)2 1)(5'} ‘2) n /faz ‘ (5.16)
L6 ¥ (2¥-4) |

/e can now summarize the results obtained:
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S . L (pid)2ss1),

272

52 0r-2)

(5;_ 4 },2 (y21)(¥-2) .3

3 T w6 ¥(26-4)

Variational Calculation of the Sum Rules

(4.13)

(4.16)

(5.7)

(5.16)

We shall now calculate the sum rules by the direct evaluation of

5, =25 £ KEIFIROF,

(5.17)

where the sum runs over all the variational eigenvectors with J-values

allowed by the transition.

The matrix elements G{J l rk[ §L0> can be calculated directly in'

terms of the basis vectors

5 o 7" (S:ijﬂa

fau =N(F:f’) r o)
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| A (e ) ) O
w}jH = - 4 ?'P ( (2.11)
Npp) - |2,
with M
(P “Ar
-7, =€ r“)’t'o' s P=0,1,2,e00,N -

N(f’f) - [ (28+p+p’ +i)

Af.z‘hp +pivdly

After the diagonalization of the Hamiltonian, fthe eigenvectors can
. ?
be expressed in terms of the basis vectors by linear combinations of

the type

% Z[ ) 1)

p) A (P)
+ b o } - (5.18)

et

and then, noting that

LKl FIe>=0, | (5.19)
we ha&e

](TIL;:T"" 3Lu?u>, *Z ” (e (p)< A (P 1= 1;}4>

PIJ
PP' -EM

PO te) 4¢P 7

‘ é — a4 (P lz 4
8 b, chMJrluqu>]

. (5.20)

As a direct consequence of definitions (2.11) we obtain:
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' | = A {P) = A (P) -. (P) ‘
' < DJ:.F'H" ! " l UJ:zH > - <w,£,H,, £M> (5.21)
.
Then, calling A -
‘ \
Daisgpey==L/ ¢59 (6 mﬂ
gqu,PJ 3_3 2 < JP M '-I;H .“H' QL !' (5022)

we can rewrite (5.20) as

iZkf“F mﬂzzymmMWDOme

ol o ggpp
o

(@) l
' L? (g) (P)E(p):)(jj . Q‘*) " |
FePp . H

I q) (C})Lf!"i’(ﬂ_f- L{ga)b(g) ) fﬂ] D (i's; £ £ ﬂ)]

% %5, % 0 % &, aerp (5.23)
where we used
DG ey ) = D(J;, '!M) (5.24)
93Pp TePP |

The last equality is obtained if we write (5;22) as a product of radial

and angular contributions,

- In (5.23) we éummed over fhe final, and averaged over the initial

degenerate magnetic 5ubstates.

+

Wle will calculate now D ataptp {5 3,12 21 11). Using (2.11) and

, poa

-
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e .
= 4'7T fu
Y, r"\i_g__ ARG |

in (5.22j; we obtain

¥¢ [ :
D (JJJE f'?!) P PPP Q(J"j; 14’!,5.’,'6,') ’

- k K, R,'l(,

where
o
: ‘3'3 Q) (9,)
;aﬂx = ;i' ;i ~ Jf’
2 NK,(g"J‘i) Nk($u€)
and
Dy g )= AT k .
Q(J-Ug: 44'¢) = q #Z (4) <S2:£’M yg]Qi’!,’M'>.'

. 1
Using (1.15) we have:2

“Tq

(5.25)

(5.26)

(5.27)

(5.28)

Q(HMM 47722 f)< _aVz/(z]jM><{'ﬁ‘5',%/lej'ﬂ>}>“

kR m my
MM M m,

Eme Yy |15 Lo,y ) My -

b Dt Ol o =~



h _
7T.Z MZ,,, (-1 <fzm;//1!m><fzm Yo o 1I'M7>
H m’ m!‘ '

a7a)

< gu’m"/z/.l"lj"M‘> <‘€Jma J/&-/‘. I ].M ) <£z’mz"{ -k I'Fz m-?.>
Lam ARE SN Y SNV <

ALy g <y > S (5.29)
Writing
v
(-4)"‘<az k> = 0 o 1k
(2¢/+4)%

and using‘the notation
[id,] =z ) (2, +4)

we can perform the sums in (5.29) graphically18to obtain

o -4,
SR INALET
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. y 4 EZJ ¥ '/2 I'A
. V5 £4f. 2 ¢ - j
=[ille, 275 e {% i j”ﬂ. ) J; :

, 1% W0 44, PzJ 4 £ &
:["I-‘ ] [f;,i,] (“f)i ? ,4/2 J.r J ;[ (5.30)

4 {1

. ;
Then, finally, using 7

o

0 00

RN BANS =[—4% (2 0,+4)Jvz(-4)4-€' (i . fl) (5.3‘1)-

we obtain

48, 0,\[4 & L [ 4 ¢ E,’} | ) '
(o o) o) AN o . (5.32)

In the case f/o describes the ground state, we will have the follo-

wing specializations.of @:

Bt 1010) = 2/9
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O (3/2%,1010) =4/9
B (3/21/2, 212 1) = 4/9 .

For the radial contribution in (5.26) and for use in later c¢alcula-

tioné, it is convenient to.define the generalized overlap integral

224 ‘ < +A + N,
- Btnen - L / N P S
Ny(ng,n,) N, (n.,n,) ' o

Using (5.3) we obtain.

7
2,4 nrdntd . 2P+2neq ]
B e ) L@ haa et

(3 1h)7 Femnaed

F(a’m‘?z*{) é(g,,g) ,

(5.34a)
(7 (26, -4) [(22,-4)] % "
with .
ém ne (¥ +a’z+n+nz) (4 +¥ +n,+n,-4)
© [@evan)areant {)] [(25’+2n+.2p-.z)(28+2n+2p-—3)]"‘5
AL U AL ) (5.34b)
[y 2n)(ayzr2n)]% [(22-4)(2¢,-4)]%
where . | ‘ !

| I -
n' = max(nq,na)

n

mlp(n1,n2)

n' - n

P



;ﬁgn

. | - 3 -y !
. 5 = 81 if n1_n

- 11— 3 = l_
X1 32 if n2 n

Formula (5.34b) describes the way in which B2'1(n2,n{) was calcula-
ted in order to avoid loss in numerical accufhcy‘dueto the large values
1 and na.

Using (5.34), the radial contribution (5.27) becomas :

of the gamﬁa functions for high values of n

&4

. R

-‘lk‘p

(2,4) '
{verdirprpad) g oy (5.35)
('\1+x2)

Numerical Evaluation of the Sum Rules

If assumption (5.1) were true, then for N-+e we should obtain the .
exact values for the sum rules reé;rdless of the exponential parameter
used to generate ;éf On the other hand, for finite values of N we would
expect the error é. in (5.7) to be a function of the exponential parame-

ter A . If we define as plateau the continuous set of, values of A for

which

Jd¥%
d A®

b

e
dA

then we would expect the interval of values of A satisfying (5.36) to

become larger as we increase the dimension N, with the limiting condition

4
1

dé -0 ¥ A (5.37)
A New -

If we aefine by [}N the interval of values of A\ for a given N for

vhich (5.36) is satisfied, then the basis set must satisfy the following

[}



‘two conditions:

jpweaué d A . 0 (5.38)
A N—weo .
N
and
{ 0. _ | (5.380)
Ay N=e e

Conditions (5.38) imply {5.37), although conditions (5.37) and
(5.38b) do not imply (5.38a). (i.e., the numerical sum could converge
o the wrong value.)

‘As we see the selection of the plateau reglon can be qulte arb:.trary.
This is the reason that both constraints. (5 38) must be satisfied in order
to show completeness of the basis set. ‘

As a criterion to define a plateau, one could choose the region for

which either one of the following criteria {or both) are satisfied

e

- -éA . (0_)
o ‘ | 539_

I(S l 5?8 | (5.40)

_where (f can be either the absolute or‘ the relative error.

If the éxact value of the sum is not knowm, then the conditions

6

J.;/af'ﬂq,u 5‘?‘ d A e constant , l (S.41a)
Dy

N—>oo



and

4 .
A T 0 ¢ | (5.41b)

are necessary although not sufficient for completeness. In tlis case, &
must be substituted by Sk in (5.39) and (5.4@).

. As an examplé of the sitﬁations &escribed by (5.38) and (5.41),
Figure 5 displays a plot of the error in Sqas a function of the exponen-
tial parameter A\ and Figure 6 displays the positive energy co;tribution
to S,| as a fﬁnction éf X . At.first inspection we can see from the graphs
that conditions (5.38) in the first case, and conditions (5.41) in the
second, are satisfied., 4 moré rigorous way to checlt if éonditiégs (?.58)

or (5.41) are satisfied by the basis set, is to fit to the data curves

of the type \
a .

= 4 {

éN = (‘F) J: (W) - a>»0, f(O):constant;éO . (5.42a)
and

4[4\ 0y

ZK_ =y k 6;?) . b >0, h(Q)=constantf0 | (5.42b)

N

Once the fitted gqurves are found, one can galculate the correlation coe-
fficients between those curves and the actual data, and then, the levels
of confidence for the rejection of the hypotﬁesis of zero correlatién.
For each sum rule, the dependence & (M) was numerically calculated
for the case Z = 50, for values of A\ ranging from 10 to 160 in jump; of

B
3\ = 10. The plateau was defined as the region for which
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d 5,(0 ' -
TBA < cutols

{(5.43a)
5i624¢+ & ‘
except for S1 for which
_m < cutolf (5.43b)
d A B ’
was used,

The avérage error in the plateau was calculated as

: Ya
E? = [-ﬁ?-z; C;z +':§ (6;: +t€:) }
where the sum runs over the n points inside the plateﬁu and £m and £M
are the extreme interpolated values for A = 5 in the reéions where con-
dition (5.43) is first (last) satisfied. This region is then defined as
the complete plateau AN"

The‘following results were obtained for basis sets with N = 7, 8, 10,
12 and 14. To siﬁplify the notation we, will use: x=1/N, L.C.= level of
confidence and C= cutoff.
For So:

E =3 / (k3487 - 214.5728 x ) , C=10"7, L.C.=100%:
N x“L*/ (=4.418285 (-3) + 8.73251 x ) , L.C.299.1%.

For 51:

€ = % *2/(5.56065 (5) - 2.83333 (6) % ), C=2 (-8), L.C.=99.99%3
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A2 %2/ (~2.59749 (<4) + 1.34951 (=2) x ), LaCe=99.97%,

For 82:

E = x°/ (482654 « 1978.67 x ) , C = 3 (=6), LuCo= $9.97%5;

A= x / (7.94748 = 341,456 x5 ) L.Cuz 99.65%.

—~

For S_:
2

E = x1'5/ (692,557 - 2.26111 (&) © ) , C =5 (~6), LCu= 99.9995;

+

‘A_1= i (0,177528 - 3.95261 x2 ) 4 L.Cu= 99.2%.

For.qu

E = x (232515 (-2) + 0.172006 ), C= b (~5), L.C.= $9.755;

A= /(29,3632 - 1619.65 x° ) ,L.Cez 93.99%.
A number betweeﬁ parenthesis following a numeric constant denotes powers
of ten. o

The 1a§t results strongly suggest the completeness of ihe basis set.
That is, that the basis set can provide a complete discrete representationf
of ‘the Dirac-Green's .function.

An in%eresiing feature of the basis set is the Z-dependence of the,
error and the piateau size in the sums. For each sum, this dependence is
shovn in Figures 7 teo 11. lie note that both the plateau and the error_
tend to be larger for higher values of'Z, although the behaviour of &(A)

tends -to be independent of % outside the platezu region. That is, although
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" the stabillity is betéér for higher 2, the convergence is slower, A reason
for this behaﬁiour is the energy region cove;ed by the variational eigen-
values, In units of the ionizatién energy, the maximum value for E)o-mca.
for s, states is 75.81 for Z=1 and 13.5 for 2=92. For 8, +mc® the maxi-
mum values in units of the ionization energy are 105.3 for Z=1 and 51.2
for Z=92. Ve see that the variational representation of the high energy
continuum gets poorer for higher Z; This gives rise to a larger error in
the sum rules as the value of Z is increased. For the same reason, this
Qifference in errors between low and high Z will become larger ?he higher
the-order of the sum rule becomes. This happens because the contribution
of the high energy states becomes more impértaﬁt as the order of the sum
rule is increased. | ; | "

. As a final remark in this section, we note that it is very simple
in a finite basis set to obtain specific contributions to the total sum.
In particular, we list in Tables 8 to 12 thé_cdntributibn of the inter-
med:i.ate\_'o}é and p3/2 levelé for positive gnd negative energy states in
each of the sum rules.

In conclusion, the results of this section provide strong evidence.
that the varigtional representatidn tends to a complete description of
the exact set of solutions to‘the Dirac 'equation for an electron_in-tﬂe
presence, of & Coulomb potential, as the dimension of the basis set is

eﬁlarged.

The Contribution of the Positive Energy States

The exact sums Si are functionally dependent only on %, 1aCay

Sizsi(Z). In the non-relativistic case, this dependence is obtained noti-

-

cing that
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E, o« z? | (5.443)

and

CFIE)iy o 4, (5.46b)
z

Using (5.44), ?ne obtains that the non-relativistic sum rules will be,

for the ground state, of the form

‘ 2(i-4)
S = a; 2 » (5.45)

Z
where the constants'ai are listed in (4.5).

In the relativistic case, the Z dependence of the positive energy
states and the dipole matrix elements is more complicated than in (4.44).
In this case, (4.45) can, in general, be writien as

55:>

—— = b, @=7) (5.46)

with the functions bi obeying the limiting condition

b, — a; . (5.472)
oF >0
The a;'s are defined in (5.45), and S; denotes the sum over positive
energy states only. .
We note that in the non-relativistic case, the sum 84 diverges for

the ground state., This implies

/\9
—



-

=81~
6# —_ e w0 = (5.47b)
-~ I I .

In Table 13 we list the relativistic values of the sums over positi-

ve.energy levels. To show that conditions (5.47) are satisfied, we obtai-

ned a functional approximation to~bi(&xZ)2) in (5.46), by in}erpolating

the values of b, at Z = 1, 5, 10, 20, and 92,
“
The results obtained are:

(za/BJs; =1 = 0,830 () + 0.12 (az)”

ya® Y- 4
(a/g)s1 =1 = 0.82 («4)° + 0,98 (x2)
(/8983 2 1 - @8)2/(0.355 + bu55(az)? = 3.1 (zy)
-(1/(2.7}*))52 = 1 = (a2)%/(0.011286 + 2.43(az))

201> :
(1/z )8, = ~10.2 ~ 11,15 1n(«2)

A linear regression was made between the bi's and the interpolated

values. For every sum the level of confidence for the rejection of the

hypothesis of zero correlation was better than 99.999%%. This result

strongly suggests that conditions (5.47) are satisfied.
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CHAPTER VI

APPLICGATIONS
4

Dipole Polarizability
The physical definition of polarizability arises when we consider

an electron bound in an atom placed in a weak static external electric

field1’18.

“

Without loss of geherality we assume the external field to be in the

z~direction, i.e.,
- i .
E=€Z, (6.1)

" Let the atom be in a state l?%) in the absence of the external
field, and let }¢>> be the corresponding eigenvector in the presence of

the external field.!¢> will then satisfy the limiting condition:

1>

E-»0

l%o> . ) | - (6.2)

Applying bound state perturbation theory, we obtain to first order:

/%) =/;Lo> 4_52 [ny<nlzl B> , (6.3)

n £,-E, :
where the sum runs over a.cémplete set of eiéenvectqrs of the unperfurbed
Hamiltonian excluding y%. ( We note that if I?%) is a state of defipite
parity, then <9%] z | }Lo> = 0.)

Using (G.3) we can calculate %he perturbed dipole moment to first

order: ‘

_83;
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. f?,'}(fZ f Elzlnd<AIPIEL)> . <L AIFIn>Ln Iz Y >

, &kt
" E”—Eo . En"Eo ve-
= P+ E XN | | o (6.5)

The last term in (6.5) represents the induced dipole moment. & is
called the polarizability. - . -

Only the c-tomponent in ¥ contributes to (6.4), then,

—
X =

a1 ES
~
[0}

L ]

O~
—r
‘C

with

-o( = ‘QZ /<%>/f/”>/2 ) i

(6.7)

We obtained the relativistic wvalues of the polarizability for the

grouﬁd state of hydrogenic ions using .
« =2 5, =2/ KlITlo>]* L (6.8)
2 3 E.-E, o

In Table 14 we list the results obtained for ZQ.Gf , with the detai-

.

led contribution of the positive and negative 199 and P35 states. These

results were obtained with a fourteen vector (twice).basis set.,
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In the non relativistic case, it can be shown that:

LY

o -4
o‘nnn-u{ = 4'5 z ’ . (609)

Using the values listed in Table 14, we can find the relativistic

correction to «

. . ) . _ o
non-rel by Poljnomlal interpolation. We obtained:
4 14 2 e ok )
4 o = }+-5 - 3 (C\’fs Z) + 0.5)98) (afs 4,) ' . (0.10)

where by Ao We denote the fine structure constant. The error in the in-

terpolated values ranges between 5(-9) for Z=1 and 6(-4) for 2=100.

Two = Photon Decay

In this section we present the results for the decay rates from the
251/2 metastable sta?e in one electron atoms. e obtain a general expres-
sion which allows oﬁe to calculate the relativistic decay rates by means
of the.variational set, when each of the two photons can be of any elec-
tric or magnetic n-pole type. Calculations are then carried out for the
case in wvhich the transitions are of all combinations of E1, E2, M1, and
M2 types.

Calculations of the two-E1 decay rate have been performed in the

19

non-relativistic © as well as in the relativistic case.7 A comparison

t‘.
between our results and the relativistic results obtained by Johnson7 is
then presented.

Theory. The scattering matrix for the emission of two photons is
heory g I

) 8
given by
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| 5 hﬁzﬁ’b f (')A 561'.,12)A gl(r JOERE),

' | | - 'y
/A A m) ‘

tE,-2,E,
(%%)A % (%) F E)} | (6.11)

+
S
=
J

where

t

&) '
CZ.,x;) -_-_/ HU('I" ?.L)Z ;L(r)/u(r) (6.12)

Ey+e

is the electron propagator, and
A - :
A =é/~Aﬂ=-iﬁcx.A +2/5A,, . o (6.13)

For photon states of definite momentum and polarization (plane waves)

the vector potential is

A - vy ; > 2 wl) k r- wf)
A:f [—-q.(“q&)e(k +6é ] (6.1%)
Vo

where € is the polarization vector.
For photon states of definite angular momentum and parity(spherical

5
waves), the vector potential is for electric L-pole transitions:

Aol p L3.(3006 2056 8] 8 o

and for magnetic L-pole transitions:

A * - = rla lf
ALH:%]/%ﬁa.ai; e (6.16)



where

) am [u&} Vi
. a:v_n = }L&r{] u: "')y:_ﬂ‘ﬂ FYRY j -E“ir >/'L".{H]

and t
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a-flBh T e, bl e, Jor

—_

e | - L.
a ’_zj(cf‘)){l_”4n' gg-m: ) JL_XH"MT

In (6.17) the jl are the spherical Bessel i‘unctions:’i

J(p) = (%,)Vz oy P

17

he ¥(n) are the vector spherical harmonics:

+. () =Z KdmdpliM (A
Xﬂm ™ 2| >%m h)

(6.1fa5

(6.1%0)

(6.17¢)

(6.18)

(6.19)

In (6.14) and (6.15) G is the gauge variable., It is shown in Appendix

B that the results are independent of G, so without loss of generélity

we could proceed now using G:O. Later on, we shall check the gauge inva-

rianc

e of the results obtained with the Yariational basis set by adding

a gauge dependent term to the transvergt electric field.

Substituting (6.12) and (6.14) in (6.11), we obtain

i f’ J” J‘”
- ? ,
Oeim £ ot e 4o
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E, +w

(6.20)

where the sum includes integration over the positive and negative con-
tinua.
Using

[~ -]

jaﬁwd%=2ﬂééﬂ o s " - (6.21)

—o

- we obtain

5. tmet Z/o’fd

aﬂao)é

;EF DT
FlE. g e P ny<nld. e e T
j - 3 (EF+a¢4a0§(€~a%+aﬂ+
E,-, + @ ;
L o ikLF v ik T
AR A TV A A TN QS(EF+ML.,_@)§(E!._UFW) =
E,+ @ ‘
23 2 o "I - — = lE
_dri {(Flcx.e;e IR EEN Ty
(w; we )™ E Eo-Ep +e :

(6.22)
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Calling
D= -ami VS (Ei-E-w;-w) (6.23)
the probability of emission of two vhotons with momeﬁta E: and Eé is gi-
ven by |
Ve -2 .
dag =2 U §(E; -, -, -wy) SRR (6.2)
ha / (2m® o
where
oW
T c
and
ne 2 —
dk = k'Jkd <2,
\.
Inteprating (6.24) over dwa we obtain
e W CR)E é.eqb“' ]"D(”f‘; ee 15:-;0
d%,wz :_'_.'?'_ Z +
dw, grdc2 | n E,-Ej+wy
-r-. - 2'
L <HEE St ms g Ty | |
JdQ, do, | (s.25)
E,,—E;««-a)‘z ’ 2

Using now a spherical wave expansion:

é'"’éig'::gé’ [ %’)/m(b)] (kr") . (6.26)
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wvhere
—»a} —_ . e - .
Y () = Y, (8 L -k L) (6.262)
o [L(z+e4)77
7 (1) (u) '
y (R) = ~1 lz X (h) - (6.26p)
(~!) ; . o . .
>/ kY () | (6.26¢)

x(A\ (A) : . o
/y X 7 ‘Su' éHM‘ ‘S,\;" y _ (6.26d)

L)

and the e(J) are independent polariszation vectors satisfying

»(5)* i - {3) v
€ L éﬂU):: éjf ; e = k. ' N

Using the last relations, the time indepqufft.part_of the operator

¥

A .
A in (6.14) has the partial wave expansion

)Z "ﬁ) )1_/:: 'e).j W::“(”) : ' ’ (6.27)
A LM
o 2% - :

with
<

A (8 - -a-.‘

%H = O'L(M“ 3 A=o0,4, (6.282)
/

/

/o

C S
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-v(-ﬂ [¢ -»z—x) f; ] '
=G » | (6.28b)
7 Replacing (6.27) in (6.25) and summing over polarizations, we obtain

é_%.uz LY Z Z Z f[@'(z,—() +9'(£,2)} [@Ez,{) +0U, 2)]}
d, 87r°c= 4 N ;ﬁ; :‘\:E ‘

i[é( “")fa(k Wew. i) 1da,
y Z (627, “c'l )&, }:’:)m)*] d,, (6.29)

where

o g
@(s,) - Z H_ @unrfdins<nt &, (v¥)iiy (6.30)

%) =
‘%A- Ez' + wle
e )

Since the 'é(‘]) form an orthonormal set of vectors, then for any two

vectors K and g it follows that

Z(é""A)(”"" B) -A&. (6.31)

S

Using (6.26) and (6.31) we obtain

- (8} "(a\'). ¥
sy N - +(8) vy | -~
Jas, Z (. Jim)en 7 %) -

Oy "(ia*
,: fd Qk’ XH(E) ZM(E) ) éf\k’ él.:_' ‘SHM‘ . ¢ (6.32)
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Integrating over angles in (6.,29) amd‘k using (6.32) we obtain finally

7 Joes +oun/’
dwr /@fu) +®(4,2)/. . (6.33)
dw, rict :""i:l

e

Using for the matrix elements appearing in @ the notation and rem
sults obtained by Grantao, and summing over final states and averaging

over initial states, equ—a_{',ion (6.33) becomes

dof | W o ZZ[Z

ded T @m3cR (gj44) :"?i;,e R

1

L3
{Gl RALASCN "*”’|1>

En,~ €} v,

2
cw ) ,
+<Pla lnx><nxla 1;>z (6.34)

En‘_g‘i+wa ]

where J = 1 + 12, and 1 is the orbital angular morentum quantum number of
the intermediate states. By the subscrlpts 1 and £ we denote the initial

and final states respectively. The general matrix element is siven by

g L] _ ‘zjﬂ-mc{_& Sy Avd-) 4?!' yz R 7/
lal, ip> = " ) Liaint™

-

kLo (J Lo v .
e Momg JNY O 'Zz)~M°‘/B_(Z"\Jw) - (6.35)
where . \
7
Mall 00) L. (K ”() I () | (6.56a)




T

w /] + & .§%~ | i
M«ﬁ({”{' fd) :[ILTI] [(K*-Kﬁ)IH{ +(L41) l*i] T

I/z

) [ L:i] [(K-" Kﬁ) I:-{ - L I;_-.f J (6.36b‘)

/‘7]‘*8(1, -4, w) = G [(.2[4{) J'U-)%..

+ (K, ’(ﬁ)(L,i I ) ZI +(z+f)I ] (6.36¢)

In (6.36¢c) G is the gauge variable, and the following notatiog/xéé/:;;d:

I(w) /‘(gdﬁ_ 31‘3 j(_)a/r (6.37a)

»

J-(A’(w) :l(ﬂq 3F+fd!3ﬁ) JL(E"-.’,-.)Jr (6.37b)

with g and f denoting the radial parts of the large and small components
respectively as defined in (1.14).

W/e introduce now the following notation

JF L“ 3' )( J Lq_ Jl‘. )
h) _ v ( Mpamgs
Q(s,a) = (27+4) é cmp My m I\ My ) D) (6.38)

[3,5:, 5] %r( Ly 4 )(J Lo -3; ) '
5 - Tk i -
4 h)- [La,0]% \% O -4/\% 0% 63
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S <
5 (s, a)=240 (b a) Z_ MFh(L&:)‘b ‘Ja) Mm (Lo, e, (-Ja.)

(6.40)
E° - tn + "Jﬂ.

Using definitions (6.38), (6.39) and (6.40), we can rewrite (6.34)
in the following way:

o | _woi ] ]
dwda 3 a2fy0 Laty Jak
Wa amP @) g ]

, |
Jé [Qx(é,a)53(6fa)+93(a,¢)53(a.6)}} . (6ul1)

Using the sum rules

H

Z Q(b a»)Q(b a) = é”,

"’IFm

' (64220
H“Mb .

‘ 3 ‘a" ' . Larl #+R3 & J;' Za:! J
’"Zm.' Flea)o’(at)=c)™ " [37] {ip [ 7] (62
Mo, F1y,

L]

the final expression for the decay rate is

des L Doy Z I(f)(ea) (5(0.5)
d, : FYR YR

CZN)3C2C-2J;+1) L

£
3 .

+ . é [(-:)quu.'ﬂ [3, J-]‘&{J L. I,Xsqu)j(q 5)}}:(6.43)



98- ' /

Equation (6:43) gives the decay rate summed over polarizations’for

-

transitions from an initial state i to a final state f by the emission

of ™ two photons,- expénded over photon states of definite angular momenta
\ ‘ ) .
“and parity. T S ' : v

The‘sums occurring in SJ(a,b) can be peri‘or’med e);plicitiy, uéin'g';
the variational set of eigenvectors for the intermediate'n,J states.

Results., Calculations were m‘ade' for transit'ionérbetween the 25)2 and
1s)é.states:

Cons;Ldering that

E:“yg, - E:sv; ~ (.3(,5_:)1(,1 .

c."‘,

for the range 0<Z <100, the integrals (6.37) were calculated us:'Lngq6

fa o]
fe-'“r-"'%z J:’-W;, (%J-r')dr' =

o

L+}y

3 .
. (zex)  [lyeLe) Falrd ¥ilid pa3 . ‘d)z]
) > > 7 e (TC_ (G 4h)

With the notation introduced in (2.11), and calling
b} = 61 + 3)2 + ﬁ( + f.)z

>~.=)\4+)\2

2

Ae) ._-_f_ (y+L)(¥+1-4) ... (¥) 5 L 20

,
Vo . { - W,
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5

we obtain for the overlap integrals involving the spherical Bessel

functions:

)

g (2,4) B (¥)
/Z, J,_Zpid'" :zﬁ (Tac)_)L 6r-2(z)+ 33)

/_—[ ¥2L+{ *'.&02“2 ;£+3/2,--(T“;_)2]

-

. (6.45)

7

We express the differential decay rate in the form

h —

q‘f‘zl azm) }L(g z) % | (6.1@‘

+

where ¥ is the fraction of the energy carried by one of the photons, i.e.,

ey

g - W, + Gy ’

In table 15, we list the results for yb(y,z) for two-£1 transitions
to intermediate p étates; and for the combined decéy to s,p and d intér—
mediate states through electric dipole, electric quadrupole, magnetic
dipole an§ magnetic gquadrupole transitions. Tables 16 and 17 iist in de~
tail thos; contributions for the cases %=1 and %=92, aﬁd F;gure 12 dis-
plays }L(y,Z) for Z=1 and Z=92. In Table'1s we list the detailed conéri-
bution to the integrated decay rates of the itransitions to intermediate
ﬁ,p, and 4 states, for a number of h¥drogenic ions. Iinally, Table 19
displays the total integrated decay ratés and the-contribution of two-Ef

transitions, for a wide selection of vaiues of 4.

The results obtained for two-E1l transitions disagree with those
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TABLE 15

Frequency Distribution for Total and two-E1 Decay Rates

of the 253é Metastable State in Hygrogenic.loqs

Z =0

L. 85heh

Z =1 4= 20
/

R ¥ om ¥total Pori - trora Yom1  Prota
0.0625 2.03239  2.05239  1.94486  1.94467  1.71445 1.71463
0.1250 3.15792 3.15792 3.,08514  3,08515 2.87780  2.87508
0.1875 3.84452  5.8k452 3.78626  5.78628 3.61504 3.61538
0.2500 | 4.28435  4.28435 4,23829  4,23831 4.100%9 k;10084

 0.3125 4,56958  4.56958 4.53305 %.53308 '-4.42237 L 42273
0.3750 b 74855 4.7h855  L,71882  L.71885 | k.62785  h.62821
0.4375 L, 8k732  4,84732 4.,82166  4.82168 L7k260 L,74297
0.5000 4,87802  4.87892  4.85461 L.77954  4,77590

& The function 3/(y,2) is defined in equation (6.46).



Table ‘:15 ‘continued

=101~

Z =60 z = 80 Z2 =92

y aE1. totar 2E1 total 21 total
0.0625 141771 L4842 1.12350 1412509 0.963201 0.96367
0.1250 }2.5663§ 2.56769 2.18844  2.19190 194249 1,94784
0.1875 3.34165  3.34325 . 2.97876 2.98340  2.72075 2.72839
0.2500 ‘ 3.87329 3.87404 3.55198  3.55733 3.31064  3.31977
0.3125 -+ 4,23419 423602 3.95891 5.96468- 3_f7!+221 3475229
0.5750 k47001  4.47188  4.23158 423760 4,03739  4.04805
0.4575 4.60350  4.60539  4.38873 7 4.30488  L4.20972- 4,22070
0,500 h.GM676  4.64B66  LAKOTO  Luik629  4.266k2 - 4.27750
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FIGUSE 12. Frequency distribution of the differential decay rate for Z=1

and Z=92. The areas under the curves are normalized to one.
The function ¥ (y,Z) is defined by equation (6.46).
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f"""‘\_.‘
TﬁgLE 19
Total and twoj‘zl Integrated Decay Rates
of the 2s, letaééable state in Hydrogenic Ions

B
hY
L

4 T Vam Ytotal
(sec™) (sec™)
1 \§;$291 ) ?.2291
2.  5.2661 (2) 542661 (%)
3 G 50973 (3) 5.9973 (3)
A 5.3689 (1) L 3.3659 (4)
5 1.2847 (5). 0 1.2847 (3)
6 3.8347 (5) 3.8347(5)
7 9.665k (5) 9.6654 (5)
3 2.1525 (6) - 2.1525-(6)
9 L3612 (6) 4.3612 (6)
10 8.2010 (6) S.aoio (6)
11 1.4518 (7) 1.4518 (7)
12 2.4451 (7)- 24451 (7)
13 5.9691 () 59501 (7)
14 6.1547 (7) 6.1547 (7)
15 9.3017 (7) ~ 9.3017 (7)
16 1.3686 (8) . 1.3686 (8)
17 1.9668 (8) 1.9668 (8)
18 2.7682 (8) O 2.7682 (8)
19 3.02L2 (8) 3.8242 (8)

20 5.1956 (8) 5.1956 (8)
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Table 19 continued

& YoE1 Ytotal

(sec™) (sec™)

21 6.9530 (8) 6.9530 (8)
22 9.1785 (8) 9.1785 (8)
23 1.1966 (9) 1.1966 (9)
2k 1.5423 (9) 1.5423 (9)
25 1.9672 (9) 1.9672 (9)
26 " 2.4850 (9) 2.4850 (9)
27 © 53,1111 (9) 3.1111 (9)
28 - 5.8627 (9) 3.8628 (9)
29 4.7591 (9) ba.7592 (9)
30 5.8215 (9) 5.8217 (9)
32 8.5%02 (9) 8.5405 (9) -
3k 1.2235(10), 1;2g3é (10 -
36 1.7164 (10) - 17164 (10)
4O 3.1988 (10) 3.1990 (10)
bp L,2647 (10) 4.2651 (10)
ks 6.399% (10) 6.4003 (10)
50 1.1867 (11), 1.1869 (11)
56 2.2972 (11) 2.2980.(11)
60 3.4267 (11) 5;4282'(11)
65 5.4353 (11) 5.4387 (1)
70 8.3070 (11) 8.3139 (11)
74 1.1392 (12) 1.140% (12)
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Table 19 continued

Wop1

(secqq)

Yiotal

(sec™ V)

80
85
30
92
100

110

1.7676 (12)
2.4778 (12)

- 3.3939 (12)

3.8259 (12)
5.98%4 (12)
9,7564 (12)

1.7701 (12)
2.4824 (12)
3.4021 (12)
3.8361 (12)
6.0045 (12)
9.8152 (12)

w
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found by Johnson7. The difference between the results becomes larger for

.larger values of Z. The reason for this difference is that Johnson's re-

sults are calculated in the long-wavelength approximation, i.e., taking
N :

'}y into account only the contributién of the jL-1 term in (6:1?). The method

.-

used by Johnson is described in Appeﬁdix C. Eliminating from-(6.17) the

contribution of the jL and jL+1 terms in our calculations, we could re-

-pfoduce Johnson's results. A comparison between the exact values of the
total decay rate. for two-E1 transitions and those obtained in the long-
wavelength approximation is presented in Table 20.

-

In the range 12 % <92, the Z dependence of the total decay raté 1s

approximated by . ' i /,//

@ ‘ '

) 4 78 v, | (s™") = 8.22043 L1 + 3.9u48 (@7)2 = 2,050 (wz)“]
= otal >
. ' [1 + 4.6019 («2)° 7

2"6 w231(5“1) = 8,22043 [1 + 4,27970 (rxz)2 - 2.240 («2)4]

11 + b.9346 (x2)°]

In both cases, the averapge standard deviation in the approximation, is

1.7 10‘4.

In the range 1< 2% 20, an interpolation yields

778 w(s™My = 8.22937 L1 + 0.61898 (@2)°]
[4 + 1.27116 (x2)°]

5

with an average standart deviation in Z—éw of 1.3 10" ~.

Finally, concerning the gauge invariance of the results, we found

that the difference in the differential decay rate for G=0 and G:(E)}2

h

-
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TABLE 20

. .
Comparison Between theé Long Wavelength Approximation
and the-Exact Values of the two=E1 Total Decay Rates
7 L. V.’ _ EXACT RELATTVE
3-6 w(281) Z_G w(2E1) ERROR
1 8.2290 8.2291 0.001 35
20 8.0825 8.1181 O.4h <
50 : 73713 7.5949 - 3.0 %%
92 5.6287 643097 1155 T
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-

was less than 1072 for 7 = 1 and less than 5x107° % for % = 92. e found

that the'differences between the G=0"and G=2ﬁ‘values would become smaller
as the size of the basis set was increased. As an example, in Fipure 13
wve plot 3L(0.5.92) as a'function of N-ﬁ, where N is the dimension of the
basis set. Ve nofé that the valués-fpr G=2}é convergé much faster than
those for G=0. ﬁue to this fast convergence, all the results présented
were obtained with Gzaﬁ and with a basis set that consisted of fourieen

{(twice) basis vectors.

Helativistic Sum Over Oscillator Strenpgths

We calculate in this section the positive energy contribution to
the relativistic dipole oscillator strengih sum rule with retardation,
for the ground state of hydrogenic ions.

This sum has ?een previously.éstimated to be.approximately between
0.82 and 0.87 for lead 2. According to our results, this value should
be 0.7193. |

" gring the notation in (6.35), the oscillator strength sum rule can

¢

be written as

5-_1 Z c? Zc—»)“<0*’;l8’nﬁaqn,><n,1a‘;&yom (6.47)
27{j,d + 4) g..:‘rw) Wo, M ,
m.-mr_

where ¢, = &, -£, .
T 3

The summation over H,mi and m.e gives

A 2
5.4 L c? /_\”/M (1,4 w, )/ (6.48)
27 (25,+4) Ep>0 u)”: on, T ‘ }

'

where
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4.267—

92)

- 4.2667—

Y05

4.265—

| ]
4.264 0.25 0.30 5.35

1//N

FIGURE 13. Dependence of the differential decay rate on the size of the
basis set for two different values of the gauge parameter G.

P
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LJ jo L J
N° = 4 (2330 ( . ) . (6.49)
(2L41) Voo 0 -2 :

In the following we will deal oniy with electric.dipole transitions

from the ground state. We note thatao </
My (44,0,,) = — /z'(—’) <olring, (6.50)
1 D,/ ¢
. ”.r/c -0
therefore
o -2/ Qat) o J<olrings[* =g, Gusny
Orfewo D3 Tnp 6 v

We can rewrite (6.48) as

6;;4(23‘4“2‘&" :Z/f;n (6.52)

6 Ty J Iy d

where Ens is- the oscillator strength given by

2| :
o, =S~ ] Mo (4,4,8,) /

,-; ga),,I l{olr}n,>l2. (6.53)
ny q’y/g -0

dle perform the integrals occurring in (6.53) in two different ways.

For Yy £ 0.5 we use, as in (6.44);

c
/IG_AT'PG)J-L (-2—)-,*-) le":

I

=

=J; (a“-))L [7(&).;-/.+£) F[‘WHH!: a"+£4.2-‘ﬁ+ijh(w)1].
<

i arresd F(L+3/2) i 2 7 Ya
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For &y y 0.5, we use
c .

U Peo)

= 75
LN e (o) ‘
with
wy = s (8¢)
‘ : 2 3 o
. a}; - (440 sin[(a(’—fi)?’] - Cog (6’?)
xG
w _3 (4+62) sin[(¥-2)¢] - sin (a/ff) -
LT e (va) (9-2) 2]
E{%Uz)'&
- 2L s [r-1)¢]
v (¥-4)
where
C .«
AL
?9:2 a;c 43 & .

The overlap integrals:

NI A AR
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~

are given by (6.,45) for %? < 0.5, and by

s B@d) w
¥ ¢ (4 +52)%3

for %g > 0.5, where we follow the notation used in (6.45).

In Table 21 we present the results obtained for S for a selected num-
ber of‘ﬁalues 6f Z and we compare them with the values obtained without
~retardation, Both sets of values were obtained with a fourteen vector
basis set (twice). The rétarded values were obtained for thelmore rapidly
convergent case G:Eﬁ. In tﬂe saﬁe table we list some values obtained using
G=0.

In Table 22 we list the results obtained for the "weighted" oscilla-

—

* tor strengths E for transitions up to nJ=7. These results differ also
3

from those obtained by Levinger. et alllp, because of the omission in their
work of higher order terms in the dipole operator.
In Figure 14 we plot S(4) with and without retardation.

4n interpolation oflthe retarded values yields
- N2 4
S =1 - 0.963782 («4)™ + 0.75474 («3)

for 1

-
]

£ 50, and

S =1 - 0.921526 (aZ)2 + 0.39331 (qz)h

for 1 £ % £100.

Applications to scattering. If we denote by Cgbs(h)) the absorption

cross-section and by G;(g) the stimulated emission cross section for a
OeTe
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TABLE 21

Relativistic Dipole Osecillator Strength Sums

_ with and.without Retardation

Z S (ret) 'S (ret) 8 (no ret,)
¢e (2 G =0

1 0.9999485 0.9999485 0.9999556
10 0.99490 0.99489 0.99562
20 0.9798 0.9797 0.9530
30 0.9554 0.9633
L C.9236 0.9375
50 0.8849 0.88L45 0.9065
60 0.8397 0,8710
70 o.?832 0.8314

" 80 6.7315 0.7878
82 0.7193 0.7176 0.7784
90 0.669 0.7399
100 0.60 0.69

a

G is the gauge parameter.
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TABLE 22

Retarded Values of the Oscillator Strengths for Z = 82

=]

%

.
3/2

TOTAL

\H

[ox)
4

1.1938916(=1)
1.9576715(=2)
6.7419487(-3)

3.1322687(-3)

1.7150052(-3)

1.0426654(=3)

1.9332478(~1)
4.0164378(-2)
1.4974975(-2)
702287299(-3)
L OL64573(~3)
2.4954748(-3)

3.1271594(=1)
5.9741093(-2)
2.1716921(=-2)
1.0360998(-2)
5.7614605(-3)
5-5581§88(~5)
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\
. S ; ~__classical
0.9~
relativistic
without
retardation

2/3 3 (En~Eo) €O | Tl n)|% (A.U)

with
o retardation
A
W
0.8~
0.7
| ! | I J ]
0 30 e0 S0
' Z

FIGURE 1%, Z-dependence of the oscillator strength sum rule
with and without retardation. b
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n

hydrogenic system exposed to electromagnetic radiation, in the dipole

approximation after summing over polariza%ions,.oae obtains1
oo ) .
[[G‘ @) - Go]dw =27 .
PARRCIN s.e. . . (6-55)

In the non relativistic case, 8§ = 1. In the relativistic case, the
corrections to (6.55) aré given by (6.54).

The straight oscillator strength sum rulé can also be uséd for-cal~
culations involving the photoelectric effect. The photoelectric effect

. 11
cross section can be expressed as: . P

C(e) = g mia S :

(6..56)

where

' ij(ff) = 2?5. ﬁ-CE) .\:

with T defined in (6.52).
Denoting by df(E) the average oscillator strength between energy
values E ahd E + 4 E, and by d 7 = AE/TI the enerpgy step AE in units

of the ionization energy I, we can approximate (6.56) by

L 4

4 -
2 dp 2y -
Gly) - 2T - 2T a¢p) (6.57)
I dn I .
This approximation, known as Stieltjes imaging™ ™ allows one to cal-

culate (6.56) for a set of different enerpies E_ (sing the variational

%4

hasis set.
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With these definitions, the Stieltjes value for the oscillator

strength density g in (6.57) is given by

5 =
3(5.) - 3'(&*&-”)
a ?k ?hu-.?k'

(6.58a)

with

4 .
kT (7, f?m)- -  (6.58b)
In Figure 15 we plot Eﬁ(?k); EB/Z(?R) and Etotal(gk) for lead. From

Figure 15, the value of [ obtained for the ionization limit 2’:1 is

Etotalcq) = 0.61. This value lies half the way between g(1) = 0.69 obtai-

ned by Payne and Levinger by extrapolatibn from the discrete energy le-

vels'” and (1) = 0.56.obtained by Hulme by extrapolation from the con-

tinuum.aJ
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CHAPTER VII

DISCUSSTON

A variational discrete représentatién of the relativistic enerpgy
spectrum of an electroﬁ in a Coulomb field has been constructed. We have
shown that by a proper choice of the v;riational basis set, the energy
spectrum obtained by the diagonalizatiqn of the Dirac Hamiliocnian with
a Coulomb potential yields a discrete representation of the hydrogenie
'spectrum}including both the positive and negative eontinua.

- e could see that to require the maximum-power of r in the'iarge and
small components to be the same is a necessary coﬁdition for the positive
energy solutions to be upper bounds to the ground state, and for the nega-
tive ené&gy solutions to be lower, bounds to —mca. If we denote by q thé

ratio\bétween the rédial functioné of_the largeland small componeﬂ£s, le€ay

g= g/f, then this requirement is equivalent to asking q and q_1'tb be

regular for - and for r — O, which are conditions satisfied by the

exact solutions. That is, asking the number of povers of r in the large

and small components to be the same, is equivalent to asking the varia-

tional eigenvectors to satisfy the boundary conditions

.

‘3_ _— Oonsa"a.rﬂl’ # 0-"
[ )
F a0

satisfied by the exact solutions. ' . =
We saw also that the calculation of sum rules by means of the varia-
tional set yields accurate results; the accuracy-being in direct relation
£ ]

to the size of the basis set. This result implies that the variational

. - ) J . , .
basis set can be used to represent the Dirac Green's function with an -

<

_125;
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incregsing accuracy as the dimension of the basis set is inéreased. That
is, that the variational space 1s complete,

With the requiremen£s of bounéness and coﬁpleteness satisfied, the
basis set prov1des a good framework for relativistic calculatlons 1nvol—
ving summatlons (and 1ntegrat10ns) over 1ntermed1ate states of hydrogenit
systems. Wie note that if only a sum over p051t1ve states is rqiylred
then we 51mply omit the negative energy varlatlonal elrenvectors.

i We used this technique-to obtaln relativistic resultsffar electric /
dipole polarizabilities and two-photon emission, calculations ihaé Fe-z:>-
quire summations over the complete spectrum, and to obtain results for
the straisht cscillator strencth sum rule by summing over nositive states
only.

The method is very useful in the sense that it simplif}es conside-
rably.otherwise very complicat;d calculations. It is then a péwerful
technique for the relativistic calculati?n of atomic properties and scat-
tering cross-sections and provides a natural frameyer for Q.E.D. caicula-

tions. The results obtained in this work, provide a basis for the deve-

lopment of this method to include systems of two or more electrons.



APPENDIX A

o
. Integral Properties of Hydrogenic Bound State

Let }L be an eigenfunction

Eigenfunctions

LY S2504\
= N (A.'l)
-t QjEH_
where g and f satisfy
() P £} —
gr‘ " oo 0 » FC) o 0 ) (A.a)
0 F—o
)+_§3_(ng+¥4§_)¢:0 l(A.BEl)
P"——,’i—-p +(ﬁ;+°i§-%)3 =0 {(A.3b)
and
f(a‘z+ ﬁz) dr =4 (4.3c)
ﬁultiplying_(A.Ba) by g and (A.3b) by f, we obtain
! K Z . fgg -4 =
33 +‘F3 (aE+,r)ﬁ3 dfj ) (A.la)
! 1% z z —
FE -kt # («E+ 22 g Ly =0 oy

127~
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Integrating the sum of equations (A.%) and using the boundary con-

ditions (A.2), we have
dr fo2. (2 g ' |
— (j -F) =%fﬁg dr. . (8.5

Hultiplying (A.3a) by £ and (A.3b) by g, we obtain

3? +_'r(__gf—(Eoc +%)£2-é -0 , (A.6a)

F%——- f% (Eo:+°‘z)a --j %’2 =0, (A.60)
Integgating the sun of equations (A,6) and using (4.2) and (A.3c)

qu(gz_ﬁz)dr+gg/%5(gz_pz) =:f~— -. -
Using (A.5), (A.7) becomes

P Ef(gl-f-’z)'dr+ﬁfﬁﬂ dr 2?1" : ()

K _

Multiplying (A.3) by 2r and using

,Zr%a’ = (r—ﬂaj" - ﬂ'z

we obtain

(;-32) 9 .;.ng 2(«Fr+o(2)[§ f'pg o (A;9a)
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4 - o~
(PFZ) _ Fl_.ZKr'z.;-‘,Q, (o( i‘:r--}o(E) Fg - é rfg\'_fo, (A.9b)
The integration of the sum and difference of equations (A.é) yields

—éfr-ﬁgch- +;u</(gz—l:’2)ch~ =4 (4.10)

273

1

-ﬁgz-fz)dr +2k-4d£fr[gcfr~4dszg dr=0 (A.11)
Using (A.10) into (A.11) we obtain

| —[(ﬁ*’— Fz)c‘r* v 2K+ ot -7 Kd"'E/(g‘?—F")c/f‘-*ﬁdffﬁg dr=0.
Using (A.8), the last equation resu:;ts in

f(gz- Vdr = 2E | (4.12)

which together with

/(ghﬂ")ar- =4 (he30)
yields _ :
32 dr = .zi (4 + a"’E) (A.13a)

fpzdr =z{(4—d25 , (4.43b)
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Using (A.13), (A.8) becomes

_[fg dr - X [4- f«lE)'z\}//

20X

With these results, (A4.10) and (A:6) become

ffcj Fdr =_Z‘_[,ZIKQ’2£-.~{]

f%*l(af-“% L [4-ty]

ol

Noting that
Le=utp
¥

equation (A.16) can be rewritten as

(Aa1h)

(A.15)

(A.16)

1



APPENDIX B

Gauge Invariance in Relativistic

N

Two-~Photon Emission Processes

Let the transition operators be of the form

;’i‘a _:/555,44(5;,.;) N qq(_é&'. (v4.6.9) *fﬁ(ﬁf)); -

=ﬁ§f'Aq.+qu:; ' (B.1)

where

G is the gauge variable, and f’is an arbitrafy scalar functien of k

-

.
angd re.

Wie note first the zauge invariance for a one-photon transition, izprT‘gh\\

P v
) = Li Ef :

FOTND =-%<£] W i> +<Flgli> =

1)

ZKHIH @lli> + <Rleli >

-_-[4__i’i] Flgli>=0 (B.2)

cw
3

r/’/%‘%\ ~151=~
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where we used
-icd. (V) =[H,¢] . (8.3)

In the remainder of this appendix, we will alternatively use the

following notation _
<SHA GG, 2) iy = Afay - (B.4)

We are interested in the gauge invariance of the sum

: A, A, ) A .
6 = é Ar-g'rﬂ Ani(‘i + AFHH‘ Af’i(z) ]

‘ (B.5)
En-Ei+wl En‘Eﬁ"'a)l
with
EE“EF W= W,y . (B.6)
We can rewrite (B.5) as
2] e 2 - 1-3
5=5+§45 +G,5 +4'1615 . (B.7)
Consider now the contrib'ution to S linear in G1:
R - )
5%, Z}Ac£2><ni(—2°g—,?f“1)lz> L A g
? En -E; + & En- Eyt+e),

LT GO A @ g0 b
En =~ Ef -ty S
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e Z{ Ald il ([0, o] + W, ) V13 >
a) n .

En-Ei‘-f' L{.)i

. <FI(IH, qf;a)]m,c@m)mm (z)}
Ep-Ep -

{ . ]
ETAL LA IS

4

The same applies to Sa, then, in (B.7) we have
{ 2.
S7=9%= 0, - (5.8)

Using (B.3), we can write the term in S quadratic in the gauge va-

riables as

84 Z j(ﬂ[”, Gy <ni{IHgwl e )it

+
fd,a)z n E;-;-E‘,:-,l-c._\1
v B <nl(TH @l w gen) i s
En-Ei + w,
. <k {H etk a)iny <nll4, ‘I

g E;—-C&)i

¢ w, < G@hwigin)ins %
En "Efl "'Cd_i
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S ;(E}-_Enwz)ygnfz)%,.m -

W, "N

~(Ey-Er 4 @) %,,(gm,.m} _

But

4<H§6(2)ln><n’%(4)/i> = <”%&)%(4)/2’> =

= SEHAOGOIES =/ LGl @i

then, (B.9) can be written as

g% - 4 I(H[H,?f,_(z)]ln><n}<@(mz'>—

f

4
W, &y
- {C[%H)In><n][H,%(2)1;5>1 =

4 . ‘
=-———w'% <HHH,%(2)], glg(i)]/w =0
where we used (B.3)..

Then, using (B.8) and (B.11) in (B.7) we obtain finally

£

5=5"

(B.9)

(B.10)

(B.11)

(B.12)
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-

Equation (B.12) shows that the sum S is independent of the gauge

)

parameters. S -

In the same way, gauge invariance can be demonstrated for any two-

photon processes involving emission or absorption of electromagnetic

radiation.



APPENDIX C
Electric Dipole Two-Photon Emission

in the Long Wavelength Approximation.

From (6.33) and (6.29), we have in the case of two-E1 emission:

2

dw & W / @)+ O] e

du, §r3c2 MM, ' ‘
with ’

2. I P -~ ~¥h - )
® (4.2) =Z <Fld.ay, (RpF)[i><ole aa, (ke P (C.2)
" En"E;'+ &y

where 2., = 3(1) is given i;‘(6 17a)

M 7 M g y .

Usihg17’1

¢ ( & c“\)-(—)m ' +(—L )7 (c.3)
o 4 JL(C ,.)Zur- 2L -{L+i X,Li{,M 2L+ Jt-{ X'L-"HH : ’

C
we can rewrite (6.17a) as :

. /3 2oy : -
> — L4} 2L+{ Lt . A
aLn =-t (_L')Uc V?{M + ( L ) Z JLH(?") X,M,,,' 4, (C.4)

where

g’é” = ,'zJ-L (_ca_)"') )/L,M 4T, - (C.s)

¥

In the long wavelength approximation, we can neglect the second

-136= &
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term in (C.4), remaining for the electric dipole case:
. B L K]

-~
a, z-zﬁ_&%, 1752!”- | (C.6)
Using now o (

ciea™(v) - [H, 4]

we obtain in (C.1)

0, [0+ 00.2)] - ZI(E‘ ENEED (g Ao In>énl gl i +

E - Eﬁ ‘q)‘

E'—n n~ —3 |
¢ (B-E)(E-R) <p/,4,£z>/n><n1;z£,dmu>z.-

Eh‘Ei + ey

- ; {- (E,,-E,-)é.g_i);f,j(z) +(E-E) G e g, a) -

"_‘:)(E;‘_ f!pn()gf (z) +M¢{é)ff (4)f
E,- Ee- o), E,-E;+4),

¢ [[H,de], ;5(41]/0 ZHU Erind) | oy } >/(z)+

En-Eiveo, E,, Er+t)

@, (En-Ep-w,y)
+

W Wy ]54"(2) Bo: (1) .

+
En-Be-0a By Bp-w,
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-

Then, in the long wavelength approximation, we have

F@)in ¢ > L&Y Ins¢n|gh, (4N
oc, {)+@({ 2) Z ’( #,1 n nld,,(x)h <Ff¢l~‘ Ins¢n dn i . (6.6)
I, En-E; +wy En—€‘+q) :

An outline of the method used by Johnrson'7 to deal with the matrix -

elements in (C.6), is the following., If ¥¥ is defined by the linear

combination

,V(w,D L In™> <n’!5{(&)lz>

(C.7)
-E + W, '
E then, in (C.6)
o Z o>+ 1 @ o
O, )+ B(1,2) = I(Hé@ﬂ%mm +<Fig, ¢ Py, (C.8)
Applying the Dirac Hamiltonian to (C;b), we obtain
— J : .
(/.;_tz.jaa),)/;z(a&»:'ém/o. (C.9)
Ve use the notation
S
L3 2
/;}I) - , | _ (C.10)
T+ 5:252r1

Using (C.9), the radial functions in (C.10) -obey the coupled

equations:



—r

1

(_«.{_ +,V.. EZ +(¢)‘) 51—;‘{.(%—%)7; :J;‘g%)r) gi(r) . (Ce11a)

*

| é’(x%—.*L) SJ "(Tf;‘z'\/" £ - ') 7_3 i Jlm,(%}r) P‘. ). - (40‘.1.“’)

After factoring out the Eingular matrix elements.in (C.1), only the

H

radial contribution is needed. A numerical integration of system (C.11) .

yields S ‘and T ;e Then, another numerical integration in (C.8) with 85

- and TJ known, yields the radial contribution to @(2,’1)_ + @(1,2).

o

o
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