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Textile dyes are untreated discharge into the environment which results in a significant increase in water pollution levels
worldwide. Due to the continuous addition of toxic organic dyes, a necessary strategic model is required for the complete
degradation of dyes in textile effluent. (is paper considers the possibility of biological synthesis of silver and iron nano-
particles and their use in photocatalytic degradation. (e immediate change of silver nitrate solution occurring from colorless
to brown is observed after the addition of the aqueous leaf extract, indicating the successive reduction of Ag+ ions to the Ag
nanoparticles. (ese formed Ag nanoparticles were subjected to examine the photocatalytic activity under the solar radiation
for the degradation of methyl orange. Green synthesized Ag nanoparticles were found to successfully degrade methyl orange up
to 95% between 70 hours than the initial exposure time.(e absorbance of methyl orange was measured at 465 nm.(e present
paper is focused on fractional mathematical modelling of dye degradation in textile effluents using the Caputo–Fabrizio
fractional derivative without the singular kernel. (e iterative Laplace transform method is employed to obtain an analytic
solution for the absorption transport equation. (e obtained experimental results showing significant removal of dyes from
textile wastewater are compared using modelling results. (e innovative approach is in outstanding agreement with the
findings of the experiment. (e mathematical modelling for the dye removal process helps to design suitable environmental
management studies to reduce the adverse effect caused by toxic wastewater. Model validation has been shown by comparing
analytical simulated solutions with experimental results for photocatalytic degradation using silver and iron nanoparticles as
eco-friendly and low-cost agents.

1. Introduction

Dyes are the most important type of synthetic organic ma-
terials utilized in various industries such as textiles, food, and
pharmaceuticals. (e basic strategy for the remediation of
these dye compounds from manufacturing effluents has been
accompanied by the use of chemical reagents, physical as-
pects, and biological processes. However, these methods are
laborious and inefficient and have issues with disposal as well.

Recently, in [1], photocatalytic activity by metal nanoparticles
sought significant attention due to the fact that it has the
characteristic properties of degrading organic compounds
under solar light illumination in the case of metal catalysts.
Compared to traditional approaches, this process is low cost
and does not produce toxic goods. Nanotechnology allows the
development of nanoparticles with regulated size, design, and
variance of materials at the nanometer scale length, with the
aim of using them to enhance human health. Metal
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nanoparticles, among all nanoparticles, have a broad variety
of applications in areas such as bioimaging, sensor growth,
and data processing and novel applications in the biomedical
research sector. (e late application of metallic silver and
silver nanoparticles as antimicrobial operators in various
products started, for example, powder and paint, animal feed,
covering of the catheter tube, wound patch dressingmaterials,
and water purifying treatments [2], with a negligible danger of
toxification in human beings. (e green methodology of
nanoparticles prepared from natural substances is gaining
incredible popularity because it is more environmentally
friendly, less harmful, and less time consuming; at present,
plant materials are utilized for nanoparticles’ formation be-
cause they are more perfect than the microorganism-medi-
ated nanoparticles’ procedure since they are difficult to
handle.

Plant extract-based synthesis of nanoparticles is having
tremendous success due to its compatibility, environmentally-
friendly, and least time consuming properties [3–5]. In a
recent study, silver nanoparticles were effectively fabricated
using the Cordia dichotoma (common name: gonda) leaf
extract, and the silver and iron nanoparticles synthesized were
used in the degradation of dyes. A flowering plant Cordia
dichotoma is species from the family of borage, and it is
boraginaceous which is native to the regions of western
Melanesia, northern Australia, and Indomalayan realm.
Common vernacular names include Indian cherry, bird lime
tree, pink pearl, glue berry, anonang, cumming cordia, snotty
gobbles, fragrant manjack, and lasoda (gunda), respectively.
Cordia dichotoma is a deciduous tree with a short bole and a
spreading crown that grows to be small to intermediate in
height. (e stem bark is greyish brown in color and can be
smooth or wrinkled over its base. (e flowers are short
stalked, whitish, and open only at night. (e fruit is smooth,
green-yellow, or pink-yellow globose that becomes black after
ripening, and the pulp becomes viscid. Figure 1 depicts plants
and their leaves found in tropical and subtropical regions. It
can be found in a variety of forests, from the dry deciduous
forests of Rajasthan to the wet deciduous forests of the
Western Ghats and the coastal forests of Myanmar. Fabri-
cated silver nanoparticles under exposure to sunlight have
been exposed to dye degradation operation. (ough a lot of
work has been done to measure the performance of many
adsorbents for dye degradation from industries, yet very little
work has been done to model the dye degradation process to
evaluate the effect of various parameters on the dye degra-
dation process. In [6], modelling enables the future prediction
and indicates the importance of various factors in the real
system. (e numerical iterative Laplace transform method is
employed to simulate the degradation process of dyes from
wastewater. (e findings achieved by the proposed model
could help to refine the wastewater management strategy.

2. Experimental

In order to assess the validity of the numerical modelling for
the analysis of wastewater dye degradation, the simulated
findings are compared with the results of the experimental

studies. In the laboratory test, the following materials and
methods were followed.

2.1. Preparation of the Plant Extract. Leaves of Cordia
dichotoma (common name: gonda) were collected from the
JIET campus. 10 g of fresh leaves were sliced into thin pieces
and washed vigorously with double-distilled water. (e
leaves’ content was added with 100mL of double-distilled
water and kept for boiling at 60°C for 10min. (en, the
filtrate was obtained by passing the boiled mixture through
Whatman No. 1 filter paper and kept in a clean container at
4°C for further nanoparticle synthesis process.

2.2. Biosynthesis of Silver Nanoparticles. About 1 millimolar
silver nitrate aqueous salt solution was prepared in double-
distilled water that was procured from Sigma-Aldrich grade
salt. Appropriately, 5mL of the freshly prepared leaf extract
was mixed with 45mL of aqueous silver nitrate salt solution.
For the method of reducing the silver ion to silver nano-
particles, the mixture was held for incubation at room
temperature. (e formation of silver NPs was identified
visibly as the solution turns colorless to brown and later
identified using the UV-vis spectrum analysis. (e variation
in pH of the leaf extract was altered to examine the effect of
the production of silver nanoparticles (Figure 2).(eUV-vis
spectrophotometer measured the formation of silver
nanoparticles at a wide range of wavelengths. (e method
followed is described in the earlier work published by Dave
[7].

2.3. Biosynthesis of IronNanoparticles. Aqueous salt solution
of ferrous sulphate was formulated using double-distilled
water at a concentration of 1mM of 5mL of the newly
developed leaf extract which was applied to 45mL of
aqueous salt solution of ferrous sulphate and stored at room
temperature for the reduction of Fe nanoparticles (Figure 3).

2.4. Characterization of Biosynthesized Silver Nanoparticles
UsingUV-Vis Spectroscopy. (e purified silver nanoparticles
were obtained using repeated centrifugation method at
7000 rpm for 15min followed by drying at 100°C. (e
successive reduction of silver nitrate into silver NPs was
subjected to the double-beamUV-vis spectrophotometer for
measuring the spectrum at a differential wavelength from
360 nm to 700 nm, respectively.

2.5. Photocatalytic Degradation of Dye

2.5.1. Using Silver Nanoparticles. From the biosynthesized
silver nanoparticles, 5mg Ag NPs was added to the test flask
containing 50mL of methyl orange dye solution.(e control
test bottle was also preserved without the inclusion of silver
nanoparticles. Until exposure to sunlight irradiation, the
reaction suspension was thoroughly combined with mag-
netic stirring for 30min to clearly align the operating test
solution. Subsequently, the dispersed solution was put under
sunlight and monitored for color change significant to the
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production of Ag NPs. At specific time intervals, aliquots of
2-3mL from the suspension were screened and used to
analyze the photocatalytic degradation activities of the dye
using the UV-vis spectrophotometer at various frequencies.
(e degrading (Figure 4) concentration of the dye during the
degradation operation was determined by observing the
suspension solution value at 660 nm.

2.5.2. Using Iron Nanoparticles. For reactions similar to
Fenton oxidation, iron nanoparticles were prepared using
ferrous sulphate as a precursor, and 1ml of colloidal iron
nanoparticles along with 1ml of 3% H2O2 was added to 9ml
of 50 ppm methyl orange in a test tube. Five replicates were
prepared for each sample. A new blank (control) was also
included in each round of dye degradation, containing the
same volume of the dye and H2O2 but without colloidal
water replacing the colloidal nanoparticles. (e concen-
tration was measured using a UV-vis spectrophotometer.
(e percentage of dye degradation was calculated using the
preceding formula where the initial concentration of dye

solution and concentration of dye solution are present after
photocatalytic degradation (Figure 5).

3. Mathematical Modelling Using the
Caputo–Fabrizio Fractional
Derivative without the Singular Kernel

In this article, we based on a fractional-order mathematical
model to investigate the transport of relevant textile industry
effluents by using the Caputo–Fabrizio fractional derivative
without the singular kernel (see also [8]). (e concentration
of analytical solution is obtained by the iterative Laplace
transform technique, and the concentration is plotted for
different input parameters. For more modern fractional-
order mathematical model developments, the reader can
refer to [9–16].

(e transport equation due to Doulati Ardejani et al. [17]
for the absorption process is given as

R
zC

dt
� −KSρd, (1)

where

C: the concentration of solution

S: the quantity of absorbed mass on the surface

R: the retardation factor

K: the delay constant

ρd: the bulk density of the medium

(e relationship between C and S due to the Langmuir
isotherm [18] is given as

Figure 1: (e plant and its leaf.

Figure 2: Synthesis of silver nanoparticles.

Figure 3: Synthesis of iron nanoparticles.

Figure 4: Dye degradation using silver nanoparticles.
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S �
Q0KLC

1 + KLC
, (2)

where

Q0: the maximum absorption capacity

KL: the Langmuir constant

Using (1) and (2), we have

R
zC

dt
� −

KKLQ0ρdC

1 + KLC
, (3)

with C(0) � C0.
Let L(a, b) � f: f ∈ L2(a, b) andf′ ∈ L2(a, b){ }, where

L2(a, b) is the space of square-integrable functions on in-
terval (a, b). Furthermore, H(0, b) � f: f ∈ L2(0, b) and{
f′ ∈ L2(0, b)}, with b> 0.

Definition 1. Let 0< α< 1; the fractional Caputo–Fabrizio
[19, 20] derivative of order α for a function f(t) ∈ H(0, b)
with b> 0 is given by
CF
D

α

tf(t) �
(2 − α)M(α)

2(1 − α)
∫t
0
f′(x)exp

−α

1 − α
(t − x)[ ]dx,
t≥ 0,

(4)

where M(α) is the normalization function.

Definition 2. Let 0< α< 1; the fractional integral of order α
for a function f is defined as

CF
J

α
f(t) �

2(1 − α)

(2 − α)M(α)
f(t)

+
2α

(2 − α)M(α)
∫t
0
f(x)dx, t≥ 0.

(5)

Remark 1. Note that, from the definition in equation (5), the
fractional integral of the Caputo–Fabrizio type of function f
of order 0< α≤ 1 is a mean between the function f and its
integral of order one, which means

2(1 − α)

(2 − α)M(α)
+

2α

(2 − α)M(α)
� 1, (6)

and therefore,

M(α) �
2

2 − α
, 0< α≤ 1. (7)

(e advantage of the Caputo–Fabrizio operator over
classical Caputo is that there is no singularity for t � s.

Definition 3. Due to Caputo and Mauro [19], the Laplace
transform for the Caputo–Fabrizio fractional derivative
operator of order 0< α≤ 1, M ∈ N, is given by

L
CF
D
M+α

t f(t)( )(s) � 1

1 − α
L f(M+1)(t)( )L exp

−α

1 − α
t( )( )

�
sM+1L(f(t)) − sMf(0) − SM− 1f′(0) + · · · + fM(0)

s + α(1 − s)
.

(8)

If M � 0, we get

L
CF
D

α

tf(t)( )(s) � sL(f(t))

s + α(1 − s)
. (9)

(e fractional form of equation (3) is given as

CF
D

α

tC +
KKLQ0ρdC

R 1 +KLC( ) � 0. (10)

4. Iterative Laplace Transform

(e nonhomogeneous Caputo–Fabrizio fractional differ-
ential equation is given as

CF
D
M+α

t f(x, t) � u(x, t) + ϕ(f(x, t)) + ψ(f(x, t)),

M − 1< α≤M,M ∈ N,
(11)

Figure 5: Dye degradation using iron nanoparticles.
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with the given condition

D
K
t (x, 0) � θK(x), K � 0, 1, 2, . . . ,M − 1, (12)

where u(x, t) is a known term, ϕ is the linear operator, and ψ
is the nonlinear operator.

Applying Laplace transform (8) to both sides of equation
(11) yields

L(f(x, t)) � λ(x, s) +
s + α(1 − s)

sn+1
( )L(ϕf(x, t)

+ ψf(x, t)),

(13)

where

λ(x, s) �
1

sn+1
snθ0(x) + s

n− 1θ1(x) + · · · + θn(x)( ) + s + α(1 − s)

sn+1
u(x, s),

f(x, t) � λ(x, t) + L
− 1 s + α(1 − s)

sn+1
( )L(ϕf(x, t) + ψf(x, t))[ ].

(14)

Now, applying the new iterative method [21] yields the
solution as an infinite series:

f(x, t) �∑∞
j�0

fj(x, t). (15)

Here, linear function ϕ is given as

ϕ ∑∞
j�0

fj(x, t)  �∑∞
j�0

ϕ fj(x, t)( ). (16)

Furthermore, nonlinear ψ is decomposed as

ψ ∑∞
j�0

fj(x, t)  � ψ f0(x, t)( )
+∑∞
j�1

ψ ∑j
i�0

fi(x, t)  − ψ ∑j−1
i�0

fi(x, t)  .
(17)

In view of equations (15)–(17), equation (14) is equiv-
alent to

∑∞
j�0

fj(x, t) � λ(x, t) + L
− 1 s + α(1 − s)

sn+1
( )L ∑∞

j�0

ϕfj(x, t)  

+ L
− 1 s + α(1 − s)

sn+1
( )L ψ f0(x, t)( ) +∑∞

j�1

ψ ∑j
i�0

fi(x, t)  − ψ ∑j−1
i�0

fi(x, t)    .
(18)
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(e recurrence relation is given as

f0(x, t) � λ(x, t),

f1(x, t) � L
− 1 s + α(1 − s)

sn+1
( )L ϕ f0(x, t)( ) + ψ f0(x, t)( )( )[ ],

fp+1(x, t) � L
− 1 s + α(1 − s)

sn+1
( )L ϕ fr(x, t)( ) + ψ ∑p

i�0

fi(x, t)  − ψ ∑p−1
i�0

fi(x, t)    .
(19)

(e p-term approximate solution is given as

f � f0 + f1 + f2 + · · · + fp−1. (20)

5. Results and Discussion

5.1.OpticalObservation. In the beginning, by adding the leaf
extract to 1mm silver solution, color of the solution turned
brown, indicating the immediate and rapid formation of
silver nanoparticles. (is transformation of color occurs due
to the excitation of SPR (surface plasmon resonance) of the
silver nanoparticles. Similar results were obtained in an
experiment using the root extract of Curculigo orchioides by
Dave and Das [6], and the color change observed was
brownish yellow to dark brown.

5.2. UV-Vis Spectrophotometer. At the preliminary state, the
degradation was identified by color change. (e catalytic
activity of silver nanoparticles on the degradation of dyes
was confirmed using methyl orange as a sample dye. In solar
light, silver nanoparticles were used for the degradation of
methyl orange, and the amount of dye left was measured at
different time intervals. Initially, color of the dye shows deep
orange color which changed into light yellow after one hour
of incubation along with silver nanoparticles.(e absorption
spectrum recorded has shown a decrease in the peak at
varied time intervals. Calculation shows that the percentage
of degradation efficiency of silver nanoparticles was 95.8% at
70 h (Table 1). When the exposure time of the dye and silver
nanoparticle complex placed in sunlight was increased, the
absorption peak also had a decrease.(e absorption peak for
methyl orange was canter at 660 nm in the visible region
which was reduced, and at last, it disappeared when the
reaction time was increased. (e whole process was com-
pleted after 70 hours of incubation and was recognized by
the change of reaction mixture color to colorless (Table 2).

5.3. Photocatalytic Degradation of Dye

5.3.1. Visual Observation. Photocatalytic degradation of
methyl orange was carried out by using green synthesized

silver nanoparticles under solar light. Dye oxidation was
initially detected by a shift of hue. Initially, color of the
pigment reveals deep orange color modified to light yellow
after 1 h of incubation with silver nanoparticles when ex-
posed to sunlight. (en, the hue changed from bright yellow
to pale yellow, and the solution gradually became colorless.
Finally, the degradation process was completed at 70 h and
was recognized by the change of reaction mixture color to
colorless.

6. Modelling

From equation (10), the fractional-order transport equation
for the absorption process is given as

CF
D

α

tC +
KKLQ0ρdC

R 1 +KLC( ) � 0, (21)

withC0 � c0e
− βt, β is a constant which depends on initial dye

concentration.
(e second-term approximate solution is given as

C(t) � c0e
− βt

−
Pc0
λ

(1 − α) 1 +
eβt

λ
( )− 1 + 2αt + 2α

β
loge

λ + 1

λ + eβt
( ) ,

(22)
where

λ � c0KL,

P �
KKLQ0ρd

R
,

eβt

λ

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣< 1.

(23)

Figure 6 gives simulated results of solution (22), with
parameters Q0 � 10.718, KL � 0.308, R

2 � 0.9762, K � 0.1,
R � 0.4035 × 1020, ρd � 0.001, and c0 � 1.7 × 10

4.
We conclude that concentration decays exponentially

with faster rates for initial time and takes long time to reduce
for higher initial values.

6 Journal of Mathematics



7. Conclusion

Green synthesis of silver and iron nanoparticles has been
carried out using the plant extract of a locally available plant
Cordia dichotoma (common name: gonda). Photocatalytic
degradation of the dyes using these silver and iron metallic
nanoparticles was successfully carried out in the laboratory.
(e exposure time of the amount of degradation of dye using
iron nanoparticles and Fenton-like oxidation was tested, and
it was found that it is much lesser with iron nanoparticles
compared to the amount of degradation of dye using silver
nanoparticles. A numerical fractional model for the trans-
port equation for the concentration process involving
Caputo–Fabrizio fractional-order derivatives has been de-
veloped to simulate the dye degradation from industry ef-
fluents. Iterative Laplace transform method is deployed to
solve the model. Model validation has been shown by
comparing the analytical simulated solution with experi-
mental results using photocatalytic degradation using silver
and iron nanoparticles as eco-friendly and low-cost ad-
sorbents. (e simulated results of the model are in good
agreement with the experimental results. It is observed that
the adsorption process by iron nanoparticles could be well
described by the fractional model (Figures 6 and 7). Fur-
thermore, it is clear that the rate of degradation of dye is very
sensitive to the initial concentration of dye. From the present
study, it is found that iron nanoparticles can be used ef-
fectively as low-cost and eco-friendly material for developing
large-scale water treatment strategies to remove the toxic
dyes in the effluent.

Data Availability

No data were used to support this study.

Table 1: Exposure time of the amount of degradation of dye (%)
using silver nanoparticles.

Exposure time
(hrs.)

Amount of degradation of dye (%) using silver
nanoparticles

1 2.5± 0.15
2 4.7± 0.45
3 7.3± 0.55
4 15.5± 0.47
10 19.5± 0.15
21 25.3± 0.14
22 39.5± 0.65
24 44.2± 0.34
41 47.9± 0.21
42 55.2± 0.22
44 65.2± 0.45
45 75.5± 0.65
46 83.2± 0.37
48 88.9± 0.18
65 89.1± 0.23
66 93.6± 0.88
70 95.8± 0.67

Table 2: Exposure time of the amount of degradation of dye (%)
using iron nanoparticles and Fenton-like oxidation.

Exposure time
(hrs.)

Amount of degradation of dye (%) using iron
nanoparticles and Fenton-like oxidation

1 55± 0.35
2 78± 0.15
3 88.3± 0.25
4 95.2± 0.15
10 99
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Figure 6: Comparison of numerical results with experimental
results using iron nanoparticles and Fenton-like oxidation.
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