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Abstract: The paper presents an application of High Dimensional Model Representation (HDMR) to
reliability assessment of a single pile subjected to lateral load. The purpose is to compare HDMR
with some classical method based on response surface technique.

First 3D numerical model of the problem for finite elements computations in the ABAQUS
STANDARD program has been presented. The soil model is assumed to be linear elastic. However,
contacts between the sidewall and the foundation of the pile and the soil are modelled as Coulomb
one with friction and cohesion.

Next the Response Surface Method is briefly reviewed in conjunction with reliability approach.
Then the High Dimensional Model Representation approach is presented. In our approach the

HDMR algorithm is based on polynomial of the second degree. Finally the numerical studies have
been carried out. The first series of computations demonstrate the efficiency of HDMR in compari-
son to neural network approach. The second series allows comparison of reliability indices resulting
from three different approaches, namely neural network response surface, first-order HDMR and
second-order HDMR. It has been observed that for increasing values of the length of the pile reli-
ability indices reach similar values regardless of the method response surface applied.

1. INTRODUCTION

Many numerical procedures have been developed in order to deal with probabilis-
tic analysis concerning geotechnical problems. One of the widest applicable methods
is the Response Surface Method. This method, in general, consists in approximating
an unknown function by the known function chosen appropriately. From the view-
point of reliability the Response Surface Method (RSM) serves well problems where
probabilistic evaluations are associated with Finite Element Computations. However,
the most important drawback of the RSM is that in the case where four or more ran-
dom variables are present the computational effort increases rapidly. A recent new
approach to reliability computation relies on applying the High Dimensional Model
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Representation (HDMR). The HDMR seems to be quite efficient and powerful
method. The method has been developed by researchers in applied mathematics and
chemistry. The most important papers were given by Rabitz and Omer [31], Sobol
[38], Demiralp [7], Kaya and Kaplana [19], Shorter, Ip and Rabitz [36], Li and Wang
[20]. Recently some applications to civil engineering problems have appeared (e.g.,
[27], [28], [33], [34], [37]). Chowdhury and Rao ([5], [6]) were the first to apply
HDMR to geotechnical problems, however their suggestions are limited to slope sta-
bility problems. By now no applications to probabilistic assessments in other impor-
tant branches of geotechnical engineering have been reported.

In the present paper the authors developed a numerical algorithm that solves one of the
reliability problems associated with laterally loaded foundation piles by means of HDMR.
Efficiency of the proposed algorithm will be examined by comparison with response sur-
face obtained by neural networks (Bauer and Puła [1]). The geotechnical problem under
consideration is generally complex and needs FEM analyses to be solved. Therefore, an
efficient algorithm to carry out the reliability computations is strongly required. The soil
model is assumed to be linear elastic. However, contacts between the sidewall and the
foundation of the pile and the soil are modeled as Coulomb one with friction and cohe-
sion. On the basis of the numerical pile-soil model and FEM analyses the HDMR re-
sponse surface is built, which allows efficient conjunction with the well-established meth-
ods of reliability measures evaluation, like FORM/SORM ([17], [39]) or Monte Carlo
simulations [22]. At the final stage of the paper a comparison between HDMR response
surface and the response surface utilising neural network is carried out.

2. FORMULATION OF THE PROBLEM

A single pile subjected to lateral load applied in the pile’s head is embedded in
a soil layer, as presented in Fig. 1.

Fig. 1. Graphical scheme of the problem
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If the pile is not perfectly rigid then usually two requirements are essential from
a designer point of view. Namely, the constraints state that the horizontal displacement
at the pile head from transverse loading as well as the maximum bending moment
must not exceed allowable values umax Mmax. If the problem is considered as determi-
nistic, one of the classical methods described in the monograph of Reese and Van Impe
[35] or paper of Fan and Long [10] can be adopted. It is worth mentioning that in order to
get relatively realistic evaluations the problem should be treated as 3-dimensional one. In
probabilistic approach soil properties and loads are treated as random variables. Conse-
quently, the head displacement as well as the bending moments are random responses as
well. This leads to reliability problem where the probabilities of exceeding the maximal
values umax Mmax have to be evaluated. In the framework of the present study only the
first requirement, namely the exceeding of value umax is analysed.

One of the important contributions to addressing a reliability problem of pile sub-
jected to lateral loading in conjunction with the probabilistic approach was presented
in the paper by Tandjiria et al [40]. In this paper, the probabilistic analysis of the risk
that pile head displacements as well as the maximum bending moments have not ex-
ceeded allowable values was made. To enable the computation, of probability meas-
ures the response surface method based on the wide-spread p–y curve analysis [25],
[26] was applied. In the evaluation, the effect of possible changes in soil properties
“with depth” was incorporated. The probability distributions of pile head displace-
ments and of the greatest bending moment have been estimated by means of the
Monte Carlo simulation. However, the solutions given by these authors are restricted
to a two-dimensional approach and normal distributions of soil properties.

In the paper by Haldar and Sivakumar Babu [14], the properties of soil surrounding
the pile have been characterized by non-Gaussian random fields according to the sug-
gestions of Fenton and Griffiths [12], [13]. This approach allows incorporating the spa-
tial variability of soil parameters into reliability computations. The numerical analysis
utilises the finite difference method. The probability distributions of pile head displace-
ments as well as the maximal bending moment were evaluated by applying the Monte
Carlo method. In this case, solutions were restricted to two dimensions.

In the paper by Chan and Low [4], an analysis in the context of reliability computa-
tions was carried out. The procedure presented involves nonlinear pile flexural rigidity
with nonlinear p-y curve analysis. The paper investigates two modes of failure: deflec-
tion and bending moment. The reliability computations incorporate the FORM [8]
approach and use a spreadsheet based numerical procedure. In addition, the response
surface method was applied as an alternative supporting the reliability computations.

3. NUMERICAL MODEL

A single pile is modelled in three-dimensional space using the ABAQUS
STANDARD (GENERAL STATIC) program. Creating the finite element model, the
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existing symmetry plane (Fig. 1) regarding loading and boundary conditions (Fig. 2)
is taken into account. Hence, the model consists of two identical half cylinders
(Fig. 3). The length of the pile was varied in successive tasks of the problem, namely
as L = {4.0, 8.0, 12.0}T m. The diameter of the circular cross section of the pile has
been kept constant as D = 0.50 m.

Fig. 2. Numerical model. Symmetry plane cross-section

The width of the model is 40.0 m, the height of the layer in which the pile corre-
sponds to its length L = {4.0, 8.0, 12.0}T, where the thickness of the layer under the
foundation of the pile is 4.0 m.

Fig. 3. Numerical model in Finite Elements

The soil is modelled as linear elastic material. The pile head displacements were calcu-
lated for the following Young’s modulus E = {10, 20, 30, 40, 50}T MPa and a constant Pois-
son’s ratio of ν = 0.30. The pile is made of concrete, with Young’s modulus Ec = 35 GPa.
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The contacts between the sidewall and the foundation of the pile and the soil are mod-
eled as Coulomb one with friction and cohesion. The coefficient of friction equal to the
tangent of friction angle was assumed to be μ = 0.3. The layer in the contact has the rigid-
ity described with the factors Knn = Kss = Ktt = 30 MPa, whilst the separation of the surface
occurs upon the exceeding of the tension strength related to the cohesion value c = 20 kPa.

The calculation is carried out in five steps by the ABAQUS STANDARD
(GENERAL STATIC) program, with neglecting geometric non-linearity. Loads are
implemented to the head of the pile parallel to the surface successively with resultant
five values F = {40, 55, 70, 85, 100}T kN. The forces were applied to the horizontal
head surface as uniformly distributed loads.

The boundary conditions expressed in displacement take into account the symmetry
plane and imply constrains on the side of the model and its bottom. Reduced integration
elements – C3D8R were used in the pile with technique to relieve shear locking. These
elements use fewer integration points and will often decrease shear locking in certain
classes of problems because some terms in the Gauss integration are eliminated. Solution
times for these elements are also reduced. In ABAQUS, only the hexahedral elements can
use reduced integration [16]. FEM elements are applied to model of soils C3D8 fully inte-
grated linear hexahedral three integration points in each coordinate direction. Therefore,
fully integrated linear hexahedral elements have eight integration points. Visually, these
points make a smaller cube within the element. The dimensions of the elements are cho-
sen in such a way as to allow a quick calculation for the contact. The nodes adjacent to
each part of the model and size of the elements are mutually corresponding. The model
consists of about 7500 finite elements. Infinite elements are not used on the sides of the
model, as decided by preliminary calculations to check the accuracy of calculation.

To calculate the response surface, 75 computing cycles were performed. The
model and the results of calculations in the ABAQUS program are stored in a database
format. The access to information can be done from different levels. A script in the
Python language is used in this study. The script is responsible for the change of mate-
rial features, model and forces, control calculations and after receiving a set of results,
it carries out transfer of results to the TXT file report.

Calculations were performed in ABAQUS 6.9-1, based on the grant of the Wro-
cław Centre for Networking Supercomputing (wcss.wroc.pl).

4. THE RESPONSE SURFACE METHOD

4.1. LIMIT STATE FUNCTION

A typical question within the framework of serviceability limit states of pile can be
formulated as follows. What is the chance of exceeding a given threshold value umax

by the head displacement of a pile. The value of umax can be given for same special
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requirements of a structures a whole or can be postulated by codes. If we assume that
some subsoil parameters are random variables, then as a measure of reliability the
following probability can be considered

))...,,,(( max21 uxxxUPp NF >= , (1)

where )()...,,,( 21 xUxxxU N =  is the horizontal displacement of a pile head affected
by a set of random parameters x1, x2, ..., xN like subsoil model parameters, loads, geo-
metrical properties, etc., as well as some other properties considered as deterministic.
The values of U are usually given by means of some numerical procedures as FEM,
for example. The function U is called the limit state function. The probability (1) is
known as probability of failure. In engineering computation usually alternative meas-
ure of reliability (namely the reliability index β is utilized). The beta index is associ-
ated with probability pf by the relationship

)( β−Φ=Fp (2)

where Φ is the standard normal cumulative distribution function. Suggestions regard-
ing values of beta in various situations are given by ISO code [18].

4.2. RESPONSE SURFACE

Examining the head displacement of a pile the explicit form of the function U is
rarely known. The values of U are usually given by means of some numerical proce-
dures as FEM, for example. To enable further reliability computations of FEM results
the Response Surface Method (RSM) can be adopted.

The RSM applied to numerous fields of knowledge is exhaustively described in
a number of monographs, e.g., Box and Draper ([29], [2]). In general, this method
consists in approximating an unknown function by the known function chosen appro-
priately. This approximation can be based on the results of experiments and also on
the results of numerical computations, e.g., results obtained by means of the FEM. In
the case of numerical computations, a relationship between the model parameters x1,
x2, ..., xN, which are introduced as input data, and the values obtained as output data
y = f (x1, x2, ..., xN) is defined. Roughly establishing such a relationship allows us to
replace a troublesome numerical procedure with a simple analytical relationship,
which helps to forecast a response of the model being analysed in the input set.

The RSM was adapted to the reliability analyses of engineering structures in the
1980s by Rackwitz ([32], [9]) and Faravelli [11]. In order to simplify reliability com-
putations, rather simple functions such as polynomials of the second degree are often
used [3]. An efficient algorithm for the purpose of settlement analysis has been proposed
by Bauer and Pula [1]. Numerical procedures of approximation of unknown function U
are diverse. In any case algorithms based on regression models may be used.
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4.3. NON-LINEAR REGRESSION METHOD
IN RESPONSE SURFACE MODELLING

Generally speaking, the form of the function U can be described by the following
non-linear regression model

errfU += )()E( bx, , (3)

where E(U) is an expected value of U; x is a vector of N independent variables
(number of parameter in equation (1)), b is a vector of k unknown parameters of
regression model f and err is a random variable describing the error of estimation
of function U.

The components of vector b are determined by the process of minimizing the sum
of the squares of differences between given quantities Ui and predicted quantities

∑ −=Ψ
n

i
ii UU 2)ˆ( (4)

for the set of n data: (Ui, xil), i = 1, 2, ..., n, l = 1, 2, ..., N.
Random variable err of the estimation error takes the zero expected value and its

standard deviation is equal to

kn
serr −

Ψ
= min . (5)

There exist two classic methods of finding the minimum of function Ψ, namely the
linearization method and the steepest gradient method [23], [24].

4.4. NEURAL NETWORK AS RSM

As an alternative approach utilising neural network can be adopted. Here a neural
network with a hyperbolical activation function is suggested. If a continuous function
is approximated then the three-layered neural network with one hidden layer contain-
ing necessary number of neurons could give a satisfactory result. Neural networks
allow approximation in cases of large variability intervals of independent variables
preserving sufficient accuracy. To get required accuracy, according to Kolmogorov’s
theorem, the number of neurons in the hidden layer is increased. In examples pre-
sented in the next section a three-layered neural network of three inputs in the first
layer representing three independent random variables will be used. The hidden layer
consists of two neurons with hyperbolic tangent as the activation functions [15]. The
summation layer has a hyperplane expression as an additional term. The architecture
of the applied network is presented in Fig. 4.
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Fig. 4. The architecture of the neural network applied.
The network consists of three layers. Two neurons are in the hidden layer

As a consequence of the applied neural network the following response surface
will be obtained
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(6)

In the above equation, x1 corresponds to the loading of the pile head F, x2 is the length
of the pile L and E stands for Young’s modulus. The above network includes fourteen
weights that have to be found in the learning process. Instead of classical method
of learning a network by the algorithm of backwards error propagation the weights
b1 ... b14 were evaluated in the iteration process of non-linear regression method based
on Marquartd algorithm [23].

4.5. HIGH DIMENSIONAL MODEL REPRESENTATION AS RSM

The guiding idea of application of High Dimensional Model Representation
(HDMR) method to function not being an explicit one, is reduction of necessary nu-
merical calculations, indispensable in designating its values with simultaneous main-
tenance of the quality of the fit. HDMR allows describing the model with numerous
variables, which has already been proved on functions tested by the authors. The
method for three chosen independent variables N = 3 has been applied in this paper.
HDMR is featured by a significant reduction of the number of computations in rela-
tion to classical approximations of classified functions with several variables, which is
going to be explained further. The HDMR method is based on unknown function de-
velopment, also presented as a surface response function of the structure in the task:
g(x), where x = {x1, x2, ..., xN}T represents vector of N variables. Function g(x) can be
expanded according to the following equations ([6])
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where:
• g0 is the value of function g, at the central point c being already defined at the

start, e.g., coordinates of x may be expected values of random variables in our task.
The term g0 is called the zeroth-order or the mean response.

• )( ii xg  is single variable function, where solely xi changes and the other coordi-
nates remain constant and equal to the ones of a central point. The total of all compo-
nents following and including g0 are called the first order expansion.

• ),(
2121 iiii xxg  is a function of acting variables 

1ix  and 
2ix  only. Both are varied.

Other coordinates are equal to corresponding coordinates of central point. The first
three components in equation (7) constitute the second-order expansion.

• )...,,,(
2121 kk iiiiii xxxg  describes the cooperative effects of increasing numbers of

input variables. They are the subsequence of k elements from all variables. The first
k + 1 components in equation (7) create the kth-order expansion.

• The last element of equation (7) stands for any residual dependence of all input
variables equal g(x) minus the kth-order.

In the following study we have applied an algorithm for choosing particular ranges
of variable that cover (interesting in the task) area. Additionally, we have selected the
reference point in equation c = {c1, c2, ..., cN}T. Equations describing the first three
components are
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As a result, the first-order and second-order expansions are
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where Θ2 and Θ3 are residual errors. After some mathematical transformations one
gets
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Hence, taking into account equations (13) and (14), the first order approximation is
given by
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and the second order by

).()2)(1(
2
1),()2()),,(()(~

11 21

21
2121

cx gNNcxgNcxxgg
N

i

i
ii

Nii

ii
iiii ∑∑

=≤<≤

−−+−−=  (16)

The comparison of approximate function values of (13) and (15) gives us residual
error θ2, and of (14) and (16) θ3.

The first step consists in estimating value g(c). Subsequently, all values in cross-
sections g(xi, ci) need to be calculated. The calculation points, xj, j = 1, ..., n, should be
spread out regularly and symmetrically with respect to the central point c. Therefore,
coordinates of calculation points can be given by

,))min()(max()min(
n

xxjxx ii
i

j
i

−
+=     j = 1, ..., n. (17)

We have to remember that our goal is to find an approximate form of the implicit
function g(x). Within this study polynomials of the second degree are utilised as ap-
proximate explicit function, however, other forms of explicit function can be used
alternatively (some examples are given in Osada [30]).

The first-order components for cross-section i are

),,(Φ),( iii
i

i xcxg α≈ (18)

where the functions Φi are fitted by means of the least square method
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In this equation, α i are coefficients of approximate polynominals of degree p (in
our case p = 2). In consequence, the first-order approximate function with respect to
equation (15) is defined by
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In the case of involving two variables approximate functions ),,(
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of the form (see equation (16))
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In most of the cases we have considered the approximation of the second-order
only due to high fit precision.

5. COMPARISON OF THE METHODS

In the previous section we described the numerical model and based on it we made
calculations. We used the RSM in the three cases: the neural network and HDMR with
the first and second-order.

In the case of three dimensional models, if the response surface incorporating neu-
ral network has to be established, it is necessary to carry out 75 runs of FEM compu-
tations. With increasing number of random variables the quantity of computing cycles
increases exponentially. In complicated tasks this is a serious obstacle in the descrip-
tion of the phenomenon.

For determining the elements of HDMR method it is necessary to designate 13 points
by numerical calculations in the case of first-order fitting and 61 points in the case of
second-order fitting. The difference in the number of necessary calculations increases
with increasing dimension of the task, in favour of the HDMR method. The increase,
however, is not as rapid as in the neural network case. The results of comparative cal-
culations are summarized in Table 1.

T a b l e  1

Comparison of the quality adjustment methods presented in the article

Method of response
surface determination

Number of
necessary points

Standard
deviation serr (4)

R2 [%] determination
coefficient

Neural networks (6) 75 0.334 99.6
HDMR first-order (HD_3) 11 1.550 92.1
HDMR second-order (21) 43 0.269 99.8
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High efficiency of HDMR of the second-order is observed. For almost double the
smaller number, in relation to the neural network approximation, the data needed for
calculations of the numerical experiment we get a better quality match. It should be
noted that both the standard deviation and coefficient of determination were estab-
lished with the use of all the 75 points obtained from FEM.

T a b l e  2

Summary of distributions of parameter values for reliability calculations

Variable Type of
distribution Mean value μ Standard deviation σ

Young’s modulus E lognormal 30 MPa 1.5 MPa
Force F normal 70 kN 7 kN

Fig. 5. Influence of the pile’s length on reliability index β value.
Other variables take values: E = 30 MPa, F = 70 kN.

Ordinates denote the pile’s length. The graph is created for three methods:
neural networks, first-order HDMR and second-order HDMR

For the task described the probability of failure has been evaluated according to
equation (1) and reliability index β by means of equation (2), using the three above-
described adjustment and probabilistic assumptions depicted in Table 2.

Computations were carried out using Monte Carlo procedure with sample size
equal to 106. The results are shown in Fig. 5. It is worth noting that for increasing val-
ues of the length of the pile reliability indices reach similar values regardless of the
method response surface applied.

length of pile [m]
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6. CONCLUSIONS

This paper presents an application of HDMR numerical method to evaluate the
reliability of pile subjected to horizontal loads and comparison with classical the Re-
sponse Surface Method based of neural network technique. It has be shown that
HDMR can successfully replace the classical method. This modification gives a much
greater efficiency than traditionally used algorithms of approximation of response
surface, e.g., using artificial neural networks. Particularly valuable is the ability to
include greater number of random variables than in classical approach.

When geotechnical task is solved by finite element method, the number of calcula-
tions needed may make it very difficult or even impossible to estimate the reliability
index. Therefore, improving the computational efficiency gained by using HDMR
method is important. As a result of the calculations a good coincidence of reliability
indices for the first-order and the second-order HDMR is demonstrated. In the case of
the problem under consideration, the first-order HDMR the computational effort,
when only 11 points are used, gives the similar values of reliability index as more
accurate, but more laborious, the mapping of the second-order.

The task under consideration has required to build a three-dimensional numerical
model. For this purpose it was necessary to develop computational algorithms and
perform their testing and comparison with the methods previously used by the
authors.

Calculations were made using the Python programming language which ensures
coherence in the program code ABAQUS where FEM calculations are carried out.
This solution allows us to parameterise, analyse and compile the results in a single
development environment. The results highlight the possibility of using HDMR
method in other problems associated with the estimation of measures reliability in
geotechnics.
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