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API?UCATIONOFRADIAL—~ CONDITIONToAxIAL-lmow

ccMeREssoRANDTURBINEm!maq

ByChung-EuaWuandLincolnWol.fenstein

I
Bastegeneralequationsgoverningthethreedimensionalcompres-

sibleflowofgasthrougha mmpressor.ora turbinearegivenin
tezmsofvelooitycomponents,totalenthalpy,andentropy.These
equationsareusedtoMxnmIinetheradial.motionofgasthroughan
axial-flowounpressorora turbineandthecorrespondingeffeoton
the@al variationsofthestateofes betweensuccessiveblade
rowsintheeaseofsteady,axiallysymmetricalflow.Theaspect
ratioofthebladerowisfoundtobeanimportantfaotorintheoal-
oulstionwhentheeffeetofradialmotionisinoluded.Theusual
methcd,whiohnegleotstheeffectofIMialmotion,isshowntobe
goodonlyforthelimitingeaseofzeroblade-rowaspectratio,that
isfortheeasewheretheaxiallengthofthebladerowismuoh
largerthantheradiallengthofthebladerow.A sinusoidalradlal-
flowpathisfoundtogivetheeffeotofradialmotiononthemdial
variationofgasstatebetwwenbladerowsassrmllaslikelywithout
anydiscontinuityInthecurvatureofthestreamlineandissug-
gestedfm useindesigncalculations.

Theequationsareappliedtoinvestigatethemximm oompatlble
numberoftheradialvariationsofthegaspropertiesbetween
suooessivebladerms thata designerisfreetospecify.Thevari-
ouswaysoftakingupthesedegreesoffreedcroandthedifferent
typesofdesignobtainedarediscussed.A generalprooedureisgiven
tooaloulatetheohsmoteristiosofa compressororturbineofany
givent~ ofdesign,taktngintoaooounttheeffectoftiial
motionofgas.Nunwrioaloaloulationsmadefortwot-s ofom-
pressorandonetypeofturbineshowthatevenintheeaseofnon-
taperedpassage,thereisappwoiableradialmutionandthatthe
correspondingeffeotsareofsignifio.axrtmagnitudeandshouldbe
IxMn intoaooountindesign.
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INmmJcmoN .

Thedesignofa compressorora turMnehereinafteroalleda
turbcmaohinemaybedividedintotwophases.Thefirstphaseoon-
cernsthetypeofdesigntobeusedorthedeterminationofthe
mostdesirablevariationsofvelooityandthermodynamicproperties
ofthegasinplanesnormltotheaxisofthemaohinebetween
successivebladerows.Thesecoxxlphaseconoernsthedesignof
bladesthatwillgivethedesiredvariationsofvelooityandother
ProPefi~sof@s h tk- P1.aReS.Illthsfirstphase,theuondi.
tionofradialequilibrium,thatis,theradialcomponentofthe
equationofmotion,mustbeused.Theflowofgasina turbo-
machineisCmvilinear;itiSourvednotonlybythewhirlx
motionofgas,btialsobytheraMalmotionofthegas.Theequa-
tionofmotionthenspeoif’iestheradial~ssure @ent required
toprovidethecentrlpetalforoetomintiinthe~a flow.

b figurel(a),a curvedstreamsurfaoeoverfourstagesofa
multistageturbcmwhineisshownandinfiguresl(b)andl(c)are
shownitsintersectionswithplanesnomaltoandcontainingthe
axiscd?themaohine,respectively.Theradialpressuregmadient
duetothewhirlingmotionofgasisalwayspositive,whereasthat
duetothe-1 motianc&gas-y beeitherpositiveornegative
dependingonwhethertheourvaturecausedbythemotioniseither
inwardoroutwardfromtheaxisofthemaohineatthepointaf
oonsidemtion.H thegasl@ngana normalplanebe~en two
bladerows,suohasstation1 infigure2(a),isconsidered,the
equationcd!motiongives(neglectingsmallterms)

“,

wherep and p arethepressure~ thedensityofthegas
particle,respectively,r and z arethe=al distanoefrom
andthedistanoealongtheaxisofthegasparticle,respeotlvely,

I ~ Vr> Vg> and Vz aretheradial,tangential,andaxial
componentsofthevelooityofthegas~rtlcle,respectively.
FromthisequationitisseenthattheeffectC@thetwomotions
onthe-1 pressuregradientisquitesimilar.Theeffectsof
thetwomotionsarebothproportionaltotheproducofthesquare

i& thevelocityandthecurvature(l/rand d2r/dz, respec-
tive=)inmlveaoEvenwhentheradialmotioninvolvedissmall,
Iftheaxialvelocityishighandtheblade-rowas~ctratiois ,:
la~e,theseoondtem k theequationieof

r
~ble magnitude

tothefirstandshouldbeticludedinthecalculation.Inthe
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NACA~ NO. 1795

past,however,theradialmot@nanditseffectwereusually
neglected(references1to3).(Suchmethodsofcalculationwill
hereinafterberefe-d toasthe“shplified-miial-equil.ibrium
approximation.n) Inraference1,a genemlfom oftheEuler
equationispesentedbutisnotusedlateroninthethrough-flow
analysisbecausethesb@dfibd-radial-equilfbtia considemtion
maybeexpectedtoholdsufficientlyfardow.ustr-ofa singlerow
afbladeswheretheradialvelocity& thegasbecomessmall.For
thisreason,thisappro-tionisadequatetopredictmostofthe
experhentalresultsavailableontheradialvariationofthegas
statefardownstreamofa singlerowofblades(references1
and3). Nosatisfactorydataortheoryexktforthe.genemlcase
d a bladerowwithina closelySpeedseriesofbladerows,asin
a multistagecompessororturbinewheretheaffectofradial
motionmaybequitesigdficent.Inthepesent~per,theeffect
aftheradialmotionofgasisconsideredinapplyingtheradial-
equili.briumoonditiontoturbomaohtiedesign.

h theANALYSIS,thegeneralequationsgoverningtheflowC@
gas in axial-flowturbomachinesaredeveloped@marilyforthe
caseofsteadyaxiallysymmetricalflow,whichcorrespondstothe
klmiting-e ofaninfinitenmberatblades.Thebladesare
replacedinthecalculatimbyanapprop-teforcefield.A
methodofsolutioninvolvingtheuseC&thebasicequationsin
finite-differencefonuisdiscussed.Eqmessionsaredeveloped
fortheusetia -e numberofsuccessiveaxialstationsandfor
theuseofthreestationsfora stageinwhichanappropriate
radial-flowpathisassuned.

Theequationsareappliedtoinvestigatethemaximumnumberof
-1 etium ofthevelocitiesandotherpropertiesofthegas
thata designerisfreetospecifyinany~rticulardesign.The
variouswaysofusfngthesedegreesoffreedaandthedifferent
typesofdesignobtainedarediscussed.

InthelastpartC&thisreport,a genemlprocedureofcal-
culationforanytypeofdesignisgiven.Itisusedtocalculate
twotypesaPcompressorandme typeofturbinewiththepurpose
afinvestigatingtheeffectofmdialmotionondesigncalculations.

Thisinvestigation,conduotedattheNACAClevelandlabo=tory,
wascompletedinApril1948.

,
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Thefollowingqmbolsareusedinthisreport:

()rt-rhaspectzatioofblade‘row,~

velocityofsound.

liftcoefficient

specificheat& gasatconstantpressure

specificheatofgasatconstantvolume

differentiationtithrespecttotinefollowQmotionofgas

forceactingongasparticlesbybladesperunitmassofgas

-al C=2-nt ~ ~

axialcmponentof X’

formof&lial-fl&@th

massflowperunitflow&ma perpendiculartoaxisof
turbmacti

foxzaofradial-displacementdistribution

()
$totalenthalpy~erunitJMMSofgas, h +~

enthalpyperunitmss of&as,
()
u+~

P

constant

axdallengthofblaii& (fig.2)

Machnumberofgas

IIElssar gas

d

.4”.

“
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po~~pic eqnx=t & actualeqiw orocmrpression
prooessaPgas

staticpressure

externalheattmnsfemedtogas~icle alongits~th of
motionperunitmassperunitthe

gasconstant

mdiusmeasuredfmm axisd turbomachine

meanradius& zwlial-flowpath(fig.2(a))

r
rt-~

entropyperunitmss d gas

simplified-radial-equilibriumappzxxclmation

absolutestreamtemperatureofgas

the

magnituded Yj

veotorvelocityd rotor

internalenezgyperunit
ba8etemperature

magnitudeof T

absolutevectorvelocity

radialoomponentof T

tangentialcomponentcf

axdalcomponentof T

magnitudecd?~

bladesatradius

=SS of @S with

ofgas

T

r

0°absoluteas

*

vectorvelocityd gasrelativetorotorblade
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tangentialcmponentof W

maximumradialdisplacementoverbladeheight

distanoealongaxisofturbmnchine

amglebetweenrelativevelooltyofgasenteringrotorand
a#s ofturbmachine

anglebetweenabsolutevelocityofgasenteringstatorand
=S afturbmachine

ratio& specificheats,(#J

mdialdisplamentaorossrotor,

E241()dimensionlessturning,—r.U._
\

small-stageorpolytmpic

angulardistancemeasured

viscosityofgas

(rz - q)

efficiency

fromsomefixed*al llne

kinematic! viscosityofgas, (v/P)

~ m~~t~ aboutz axisperunitmassC&gas,
(rVg)

massdensity

bladesolidity

dissipationofenergyduetoviscosityperunitvolumeof
gasperunittjme

function

angularvelocityofrotor

Subscripts:

1 infrontofxwtor

2 be= rotorandinfrontofstator

.

ij

.

T
.\
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Satisfyingcontinuityequat$on

satisfyingradial-equilibriumand

athub
.

anystation

stationshort

anystation in

13niting value

anystationin

distancedownstream

frontaProtor

frontd stator

total-enthalpyequations

ofstationi

usedwith r toindicatemeannadius

usedwith r toindicateradiuswheremaximumradial
aisplaoement Oocurs

simplified-radial-equilibria

attip

Thestateofgasin

ANAHsIs

approximateion

BasicEquaticuls.

three-~ensional~otioniscompletely
v, oritsthreeccm-specifiedbyitsabsolutevectorvelocity

pOIl@ltSVrj Vej and Vz ,referredtocyltioal coordinatesr,
e, a Z, respectively,andtwothermodynamicpropetiies.These
lasttwopropertiesareusuallyohosenasthestatic~essurep
andthestaticdensityP, buthereinitismoreconvenienttouse
thetotalenthalpyperunitmass H andentropyperunitmass s,
whioharedefbaiby “

F’H=h+~ (1)

-— .-.—. - . ..— — ——.——-,,,.- ,,



8 I?ACATN~Oo 1795

Td.s=du+p @-l (2)

Fortherangeoftemperatureandpressureencounteredincompressors
anaturbines;p, p, and T areaccuatelyrelatedbythefol-
lowingequationofstate

P = pRT (3)
.

TheNavier-Stokesequationofmotionfora realfluidis
given,invectorform,by

Im=~
[ 1

-Avp+g V2Y+*V(V”V)
Dt P

Theenergyequationfora realfluidisgivenby (refer-
ences4 and5)

or

Thecontinuityequationcanbewrittenas

V“T+& logep ~ o

(4)

(5)

(6)

(6a)

Whentheprecedingequationaarecombined,thefollowingfour
genemlequationsue obtatied(forderivation,seeappendixA):

[
VH=~+TVs+?X(VX~)-~ + vV%+ 1*V(V”7) (7)

(8)

(9)

P

●

v

c

— . . ... . .-—T ——. - ---- —-
— . . . . —— —-—-——
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(lo)

Equation(7)givesthegradientd totalenthalpyintezmsofblade
force,viscousforoes,velooity,andotherpropertiesofthegas.
Thisvectorequationgivesthreesoalarequationsinthreedimen-
sions● Equation(8)givestherateal?ohangeoftotalenthalpyaP
gasslanga streamlineh termsofrate& beatadtiti~,nte &
workdonebybladeandviscousforoes,andsoforth.Equatim(9)
givestherateatohangeofentropyalonga streamlineintermsof
mte ofexternalheatadditionand@ dissi~tionofenergydueto
tiscosity.Equaticm(10)givestheoontlnuityrelationintemns
aPvelocity,tqrature,- entropyofgas. Itshouldbenoted
thatofthesixsoalarequationsgivenbyequations(7)to (10)
onlyfiveareindependent,becawetheyarederivedfromequa-
tions(4)to (6),amongwhichequation(4)yieldsthreesd.ar
equations,givihga totalaffiveindependentequatims.(The
energyrebtion.isusedh thederivationafbothequations(8)
and.(9).)

steady

Axials~etry,that

Axially Symmetrio

issymmetryabout

Flow

theaxisofrotation,
oanbeassumedtoe&t sufficiently-fardownstreamofanyblade-
rowandistrueeverywherefortheitiitingcaseofanI&nite
numberofblades.Thisasswnptionisusuallymadetosimplify
theamlysis.Thebladesarethenreplacedbya volumedistribu-
tionofforoes,themagnit@eofwhiohisobtainedbymaintaining
oonstanttheproduotofthenwnberofbladesandtheresultant
forceatanypointonthebladeasthenumberofbladesis
ticreased.(Theresultantforoeisthedifferencebetweenthe
forcesonthetwosidesaPtheblade.) Thatis,theresultant
foroeactingonthegasbya bladeelementatanyradiusiscon-
sideredtobeevenlyd3stributedoverthestreamsheetbetween
twobladesatthatmdius. Reference1 shuwsthatforincompress-
ibleandfrictionlessflowthevaluethusobtainedgivesanaver-
agevaluewithrespecttothecoordinatee. Beoausethenumber
ofbladesisusuallylarge,thisassumption’isconsideredreasm-
ableforsteadyoperationofturbmaohines,andparticularlyfor
thisinvestigation.Thusallpartialderivativesofgasprop-
ertiestithrespecttothe andangularposition(3willbe
takenasequaltozero.Thestate& gasisconsideredasa
functionof r and z only,thatis,theproblaisreducedto
a two-tiensionaltreatment.Withthissimplificationandby

—:. . .. . .-—. — . -..—. . . ..— .”------- -- .,. -— .=— -.. ..— —.—. .
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10 NAOA~ MO.

tmnsfomllngv2T into [v(v*Y)- w (Vx v)], theream

obtainedtheradial,tangential,andtial cmponentaofequa-
tion(7):

+V
~ a2(rvr)4 a(r~r) ~ a%z

1

a%r
—— -— .—

.3r ar2 3g7+3a~z+~

1795

(7a)

-1

(7b)

1.

.

& as avr avZ ‘e
%= Fz+Tx+vrx--vrs+ve =

[

4 a2(mr)4 a%z a%r a%z
+V

3r a~z ‘—- 1 (7C)——+3az2
XZ+~

~ theradialequillbrimequation(7a),therelativeimpor-
tanceofthevarioustezmsdeyendsmainlyonthetypeofdesign.
Themdialforceexertedbythebladedependsonthetwistandthe
taperofthebladeintheradialdirection.5e @al variation
ofentnpydependsontheradialvariations& externalheatsub-
tractionandd dissi~tionofenergydueto”viscouseffect.In
ordinarycompressorsandturbines,theamount& heattransferis
smallperunitmassofgasflow,anditseffectontheradialvar-
iation& entropyisnegligible.Butintwbineswithbladecool-
ing,theheattmnsfermaybequiteUmgeanditmaygivea signif-
imt mdialvariationofentropy,whichmustbetakenintoconsid-
eration.Theincreaseofentropyduetodissipationofenergyby

.

--:,—.., —,—.. ..——.—— ——— . —~...r --,.-.-–- ,...— —— -..—-- —--
...“.., .,. ,.--” ,-’..” .,. “.‘.,.,”‘,- ,/



NACATNNo.1795 11

,

viscosityissmllandmaybeassumedtobethesameatallmmiii
overthemainportionafgasoutsidetheboundarylayersatthe
rotordrumW theinnerwalloftheoutercasing.Thethirdterm
ontheright-handsideoftheequationisequaltozeroforfree-
vortextne ofdesign,inwhiohrve iSsetco~~t atall~~i~
andhasa nonzerovalueinothertypesofdesign.StiilX@Y,the
fourthtermmayhavea nonzerovalueM oonstantaxialvelocityat
allradiiisnotspectiiedindesign.

Thefifthtem representstheeffectofradialmotiononthe
zadial-equilibriumcondition.U thegapbetweentwobladerows
itisproportionaltotheproductd thesquareofaxialvelocity
andthecurvatureaftheflowpathinthe-al planeandisvery
stiilartotheeffectofwhirlingmotionrepresentedby Ve2/r.
E thecurvaturecausedbymdialmotionispositive,theeffect
istodecreasethe-al gradientoftotalenthalpyorpressure
causedbythewhirlingmotionatthegas. E thecurvatureisnega-
tive,theeffeotistointens~ythismlialgzadient.Fordesign
tithlargebladeheight,shortaxialbladelength,highwhirl,
andhighaxialvelocities,itwillbeshownthattheeffect&
mdialmotionislargeandshouldbeconsideredinthecalculations.

●

TheWst fourternsinthebmcketareusuallyofthesame
ordercdmagnitudeastheprecedingvelocityderivativesand
becausetheyaremultipliedby u, vhiohismuchsmallerthan
othermultipliers(Vz or Ve), thewholeproductismuchsmaller
thantheotherte?.msintheequationandmaybeneglected.The
sameargumentappliestosimilartermsinequations(7b)and(70).
Henceequations(7a),(i%),and(7c)maybes@lifiedto

Vra(rVe) bve
O=Fe-Y~-Vz~

(7d)

(7e)

yJ as ‘r-v~ %

az
=Fz+T_+Vr _

az az ‘br+veb
(7f)

,.
.

----- -. —— —--- - –.—- ---- z ..-—— - -,—-------- -,——— —. .-— — v .-—-------—
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Amongthetezmmontleright-handside@ equation(8),other
thanthefirstterm(thetia_rtanceofwhichdeyendsonwhether
thereisbladecooling),V-l?isthepredominatingtexminpassing
throughtherotor.Whereasinpassimgthroughtheatator,allthe
teznmontheright-handsideareofthesameorderM magnitude.
However,bytheuseoftheequationofmotion,theenergyequation
forsteadyflow,andtheassqtionthattheheatgenemtedfrom
thefrictio~lworkr-ins inthestream,Dl@t cm beexpressed
forst~ayaxiallysymmetricalflowina moreusefulforminterms

D(rVg)
OfonlyQ, m, ‘r

(seea~end.ix

IIE D(rVe)
—= Q+Lo—
Dt Dt

A):

(8a)

M equation(9),thetwotermsareofccmrpa=blemagnitudes
inordinarycompressorsorturbines.Withbladecoollng,thefirst
termispre~te. Fortheaxiallysymmetricalflow,Itreduces

Foraxiallyspnetricalflow,equation(10)reducestothe
following

(ma)

Amongtheprecedingsixequations,equations7d to (lOa,
[1onlyfiveare-pendant,becausebothequations8a and(%1

zwpresenttheenergyrelation.Fornonviscousflow,thereisan

.

-,,

.- .- ---— ..< ---- —-.,,.,..-::. .. .... “ ...-----.:.:.;. ---
‘.. , ,..



In
N-Jo
1+

#

NACATNNO.1795

additionalrelationinthattheblade
faoeofthebladeandconsequentlyis
velocityofthegas,thatis,

Thenequation(8a)oanbeobtainedby
equationsandequation(11).
eitherequation(8a)or(11)
additionalrelation,giving,
(equations(7d),(7e)y(7f)j
Forsuohflow,equation(9a)

Forviscous
foroeexertedby

13

forceisnomaltothesur-
Wrpentiouhrtotherelative

=0 (11)

usingthemotionandenergy
(Seea~pti A.) Consequently,‘-
oanbeconsidered.asrepresentingthis
inall,sixindependentequations
(9a),(lCla),andeither(Sa)or(n)).
reduoestosimply

Da Q

5%=3! (9b)

flow,equation(11)isnolongertruebecausethe
thebladeisnowinclinedfromthedirectionper-

pendiculartotherelativevelooityofthegasbyanamounttobe
determinedfromtheshearingstressesofthegasadjacenttothe
bladesurface.Underthepresentoonsidemtionofaxially
symmetricalflowitisfounddesimbletoretainequation(8a)as
theenergyequationandtoobtaintheentropyohangefromH, V,
andthepolytropice~nent n oftheaot~lcompressionor
expansionprocess:

P P-n= Oonstant (12)

Thentherateofch@e & entropyalongthestreamlineis(see
appendixA)

(1..3)

Inequation(1.3)n isconsideredasknown.Ina givenmaohine,
n maybeobtaineddireotlyfrommeasuredpressureandtemperature
data, ~ a newdesign,n maybeobtainedfromtheassumedpoly-
tropioefficiencyued indesigncalculations:

Fortheoom~essor

.---— -— ——. .—. —. -. -—-T -.-z— -=. . ,,, . . . . . ..— —— . .._ —.
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.

Becausethechangein s isusuallysmallcompred
in Hand V, theprecedingmethodofdetermining

withthechanges
s seemstobe

adequatetoa~count~orvisc&seffectincalcula%gthepressure
anddensitychangealongthestreamlineforthepresentpzmblem.

MethodofSolution

E eqwtions(1),(2),and(3)areconsideredastherelations
toexpressp, p, and T Internsof H and s, thenequa-
tions(7d),(7e-),(7f),(8a),(9b),and(lCka)aresixindependent
equationsinthecaseofnonviscousflow,andequations(7d),(7e),
(7f),(8a),(lOa),and(1.3)aresixindependent’equationsh the
caseofviscousflowbothinvolvingeightvariablesVrY V8$ VZ2

H, S2 Fr, Fe, _ ~z. ‘Inthedirectproblem?inwhichthe
shapeofthebladeprofile,theshapeoftheinnerandouterwall
& thegaspassage,therotorspeed,thepowerinput,andthe
enteringandexitconditionsofthegasaregiven,itistheoret-
icallypossibletodeterminethevariationsofthesequantities
throughoutthemacklne.Intheinverseproblem,inwhichthe
desimblevariationsoftwoofthegaspropertiesarepre-
scribed,itisalsotheoretimllypossibletodeteminethevaria-
tionsaftheotherpropertiesM thegasandthebladeforce
necessarytoachievetheprescribedvariationatgasconditions.
However,itseemsthatnogeneralanalfiicalsolutionofthese
equationsispossibleineitherPoblem.Twonumericalmqthodsof
solutionarethereforesuggested.Inthefirstmethod,the
previousequationsareexpressedinfinite-differenceformand
appliedtosuccessiwaxialstaticmsthatarea shortdistance
apaxt.= thesecondmethod,@y three“stationsareusedfor
~ch s~~ h which= approp~tential-flow@h iSas~ed ●

Methodoffinitedifferenceforsuccessiveaxialstations.
Ateachstation,If rVe isdenotedby ~,equations(7d),(7e),
and(7f)canbewrittenas

—,—
. .-.:... ; “.,’”~”-.’.; ,“ ., —,- .-— —

--, .,. .



NACATNNO.1795 15

aH
x “.+’%+’4%-3+$%

(7g)

(7h)

(?i)

Between$mytwosuooessivestaticmsi - J thatarea
shortdistanoeapart(fig.3),theohangeintotalenthalpyis .
givenbyequation(8a)

where(r) 3ndioatesthatthegaspropertiesata ~icular sta-
tionarea funotionofthemdialpositionofthegasparticlein
thatstation:@t shouldbenotedthatduetomdialmotionthe
*1 positionata gas~icle atanystationj isdifferent
fromits?.wlialpositionatthepreviousstationi.)Inpassing
throughthestator,u =0 andthereisnoohangeofH along
eaohstreamlineexoeptfromheattifeot.

Theentropyohangebetweenthetwostationsisobki.nedfrom
equation(13)(seeappendixA):

Insteadof
betweenthetwo
flowatthetwo

Hi-— ;

integmt~ equaticm(lOa),thecontinuityrelation
stationsisreadilyobtainedbyequatingthemass
Stati(nls.

.
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Byexpressing
appenddxA):

EACA~ NO● 1795

Gin H, V,mds, equation(14)becomes(see

1

(m)

Equations(7g),(7h),(7i),(8b),(13a),and(14a)arenowsix
independentequatimsrelatingthegaspnpertieeandbladeforces
atthetwostations.b theseequations,theheat-tmnsfertermis
negligibleinordinaryturbomachinesandcanbeestimatedinthe
caseofcooledblades;thetaqeratureT isa Icnownfunction@ H
and V; and rj isobtainedfrmri and Vr,l.Hencethere
axeonlyeightudmownsti Hj2 ‘j) ‘r,j$‘e,j>‘z,j)‘r,j~

F’ejY ~ ‘z,j (thoseatthefirststationi areconsidered

as’known).Fora givenbladeopemtingata givenspeed,two
additionalrelationsarelmownamongthevelocityccnnponentsfrom
thetang~tplanetothebladesurfaceatthe@nt (rj,zj)
becausetheflow& gashastoconformtotheshapeaPtheblades.
Rora newdesign,thedesirablevariationoftwo& theeight
variables@ally oneofthetwois Ve)canbespecifiedandthe
remhtngfivedeterminedfrm theprecedingequations.Itisto
benoted,however,that,inpmctice,theradialbladeforceis
notessentiallyan-pendent variabletobespec~iedbythe
designer,butisrmin.lydeteminedbytheactualconstructionof“
thebladetomeettheaerodynamicaswellasthemechanical-
strengthrequirementsatdMferentmdii. Thedesignerhastosee
toit,& course,thattheradialforcetobeobtainedfromthe
bladeactuallyconstructedisconsistentwiththatusedinor
obtainedfmm thedesigncalculations.Theprocedureofcalcula-
tionforthisstep-by-stepmethodvarieswiththetypeofdesign,
theconditionsgiven,m thetwogaspropertiesprescribed.The
calculationisquitelaboriousandseemstobejustifiedonlyin
thepees ofaotualdesign.

Inordertoobtainanover+llpictureoftheradialmotion
ina turbomachineanditseffectondesignconsiderations,thefol-
lowingmthodofusingonlythreestationsforeachstagewithpre-
scribed~-f lowpathmaybeused.

.

.. —.——. . ...- ... _ \—.-. .,- ,T— ---- .—-— — ——. -—
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Method& presoribedmdlal-flow~th. - Ina turbomauhine,
the~dlalmotionofthegasisoausedbythreefautors:

(1) Tape- af
outerwallgivesthe
whiohis,ofcourse,
taperedmufaoe.

theannularpassageeitherattheinneror
flowa mdialdisplacementaorossthestage,
greatestintheimmediateneighbtioodofthe

(2)Evenwitha
acmsathestagemay
distributionofspeoificmassflowovertheb-deheight.

=*perea passage,a radialdisplacement
beoalledforbeoauseofa variationinthe

(3)EvenIfthereisnoradial~splammentaaossthestage
(thatis,thesamepartioleoooupiesthesameradialpsitionat
thefirststatianat’eaohsuccessivestage),therewill,in
geneml,beradialdisplacementofflowwithinthestage.!l?hla
z.twii61flowwillthenbeoscillatoryin=ture,a radialdieplaoe-
mentintherotorbeingfolloweabyanequalandoppositezadial
displaoamntintheatator.Thismdialflowarisesbeoauseof
thedifferencebetwemthemdialvariationd thespeotiicmass
fluuwithinthestageandthoseattheent-oe andexitstations
ofthestage.(Thismiialdisplaoemantoanonlybeemideaby
specifyingzeroorthesameradialvariationofspeoifiomassflow
atallstatcbmsofthestageh thedesign.)

Ingeneml,themdial flowofgasthereforeoonsistsofa
~a~l, generallymonotone,ml motionduetofactors(1)and
(2)withanosoil.latorymotionofperiodequaltothestagelength
&uetofactor(3)s~erimposeaonit. Theradialflow~~ed by
thesethreefactorswillbe.similartothatshowninfigure1.
Theeffect@ the~dlalmotiona theoaloulationsarisesohiefly
throughthetemnbVr.z Intheradial-equilibriumequation(7g).
Thistezniseqeotedtobesignificantmainlybeoauseofthe
oscillatorymotion,whichmy req- si@fimt oqes h Vr
withina singlerowofbides. Theeased osoillatoqmotion
withina stagewithnoover-all-al displacementacrossthe
stagewillthereforebeconsiiiereilfirst.Thatis,thegaspassage
isnontapereaandtheradialMstributionofgas~erties atthe
entmoe ad eritstationsafthestageisthesame.

Beoaueethereisnobladefo- actingonthegasandthereis
littletimeavailableforthegastomix,thegasflowingthrough
thegapbetweentwobladesisundera constantpressure~dient
andmnsequentlytendstomovewiththesamecurvatureitacquires
whileleavixthefIrstblade.Forstnightpassages,the~
andminimumpointsoftheradial-flowpatharelikelytobe

,

—. .–-—-——— —- —————- .—.. --—. —.. . z—.-—— —--y ..- ——- .—. -—— ..— . . .
.,, ->>,.:. -, . .
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mmwherenearthemiddleofthegap. (Theintersectingcurved a
streamsurfacewithanaxialplaneishaeinred?emedtoas“the
mdial-flow@h. “ Becauseofml symmetry,the-1-flow
pathisthesameinanyaxialplane.) Thestationsbetueenblade
rowsaremostconvenientlychosenatthesepoints.Thestations“
infrontoftherotor,betweentherotorendthestator,andbehind
thestatoraredenotedbysubscripts1,2,and3,respe~tlvely.
(Seefig.2(a).)
oftheflowpath
tively,thenthe
iS@Veilby

)X ro-and L ‘repz%s~tthemean~dial&stance
andtheaxiallength& thebladerow,respec-
radialdistanceafthegasparticleatpositionz

rz- rl
r-ro =-—

2 (L)
f~ ‘

atstations1,2,and3

(1.5)

:=0’1’2
f(o)=f(2)= 1,f(1)= -1

)
(J6)

f’(o)=f’(l)=f’(z)= o )

wheref isa functiongivingthefozzn& thenadial-flowpathand
theprhe indicatesdifferentiationwithrespectto z~. Itfol-
10WSthat .

atstation1, 2=0,

Vr,j =o

avr() ‘2- ‘1
-— Vz,l> f“(o)m~= 2

(17)

(18)

tismuchas Wz/bz ispmcticallYzeroinPSSQ throughthegap.
Similarly,atstation2, z =L,

.. -., ., !:-. --, >,,.,.. . . . ..– ——— —--, r. -.. -. —--—..-
,, . .,. ,.. ..-. ... ”:, ,.
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V*,Z= o

.()&r r2-%v
z2=-~

~ f“(1)
2,2~2

(18a)

Becausef“ (z/L)detemines~Vr/& ortheeffeotofradial
motionontheradial-equilibriaoondition,itisdeshablethat
itvaryconttiuously;thiscmditiontogetherwiththoseofequa-
tion(18)suggests

()f~
()

=COSYC3
L L

Then

f“(o)=-%,f“(l)=YC2

andequations(lS),(18),and(I-8a)become,re~ctively,

r2- rl
r-ro =-— 2 cosx~

L

()Wr r2- rzxz

7E1=n— —L2Vz,l

(19)

(20)

(20a)

M’orthesimsoidalformof”f(z@), theundmumabsolute
valueof f“(z~) occurs“atz = 0,L,and 2L, d isequal
to x2. I&vanM f“(z~) isass~edcons-t betweenz = O and
z L/2,thusminimizingthemaximumabsolutevalueof f“ in
th~interval,theabsolutevalueof f” equals8. ‘Ibisassumption,
however,necessitatesa discontinuityin f” at z = L/2.The
valuesof fi2fortheabsolutevaluesof f“(0)andf”(1)canbe
thereforeconsideredassmallasislikely.Thesmoothvariation
of f“(z/L)and.the_ization oftheabsolutevalueof f“(z~)

—. .- .-—.- . .. -.-—--- -—— —---- .—. ——---—— , ..— — —.. .—— —-—
.-. . .-
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atthestationsarereasaableassumptionsprovidedthatthenxlial
forceexerted.bythebladeremainsrelativelysmall.~ suchcase,
thesinusoidalcurveisbelievedtorepresentthemajorharmonicd
theactualmdial-flow~th,andthemajoreffectoftheradial
motionmy beobtatiedthroughtheuse& thisshplecurve.

The’radtal-equilibriumequation(7g)maybewritteninteams
of(rz-rl) byuseofequation(20)

(21)

where

i=l,2,3
ri

()
lhen ri isreplacedbythedimensionlessmriableri’= —rt-~)

thedependenceofthisequationontheblade-rowaspectmtio A is
seentobe

()

% ~i 1 ~i d ~i—= Ti~+— —et f
ri’

2rt-~~rt-~

dVz~
+~z,i &i’ + (-l)i# (rz’- rl’)X2A%z,i2 (Zla),

Thisformofthemlial-equili.briumequationisseentocontaina
termdirectlyproportio=ltotheradialdisplacement,tothe ~
squareoftheaxialvelocity,md tothesq-e oftheblade-row
aspectxatio.E theblade-rowaspectratioislargeortheaxial
velocityishigh,theeffectofmdialmotionmaybelargeeven
thoughthereisonlya smllamoynt& radialdisplacementaczvss
thebladerow.

Thismethodisreadilyextenledtothecasewherethereisan
over-all*1 displacementacrossthestageduetotaperingof
thepassageorduetovariatiminthedesignfromstagetosbe.
Infigure2(b),the-al positionofa gas~icle originally

.

g,

., .,-,- ,,-, .,, ~, -—-—— .—--,+.-c...- ,,...”... . ..-, ,,.
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at rz instation1 isat r3 instation3. Fortheoscillatory
motionrequiredwithinthestage,r2 isnotgenemllyequalto
.

$(a+r3)” Forthe-e reasonst@edinthepreviousease,it

isdeshbletohavethe~dial-flow~th consistingofa sinusoidal
curvesupe~osed.onthelinepassingthrough(21,~) W

(z3,r3); thatiS

r= ‘3-rlz “

(
rl+~~+~ r2-+)(, - .Osy) (22,

Them

z[++;(r2 -9):.4 (231Vr=gvz=v

avr

() ( )

‘1 + ‘3 Y(2
- =i=(-l)

‘.lr2— _
2 — Vz,i~2

~smuoh as ?)Vz.zispmcticallyzeroinpassingthroughthe-p.
Withthisvalueof ~r~z, theradial-equilibriumequation(7g)
beocmes

‘% % ~i dfi+v dvzi ( )rl.+r3 # 2—— +(-l)i+ q-~— = Ti~ ‘ri2&i
&i Z,i art ~ Vz,i

(24)

where .

i=l,2,3

Thisequationissimilartoequation(21).(E r3= rl, it
reduoestoequation(21).) A similarequationindimensionlessri’
oanalsobeobtainedforthiscasebydivid@ ri by (rt - rh)i.

Atanypoimt(z,r) withinthebladeregion,themgnitude ‘
consistentwiththissinusoidalradial-flowpathisobtained

~-%quations(7g)and(23):

-.
., -- “-- ‘-’---=-. ..— ——— - -— ——.
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1( )(r1+r3 ~ ~zavz

‘lZr2— — 2 ~vz Vz: Cos~ +S%TW )
(25)

Degreesd I&eedomInIk3sign

Beforestartingtoaesigna turbcm!achineitis
aeciclehowthevelocityad otherpropertiesofthe

necessaryto
@s shouldvary

radiallyatsuccessive-tial stationstogivethebesttypeof
aesignfortheparticularapp~mtion.ItiSthereforeneces~ry
forthedesignertoknowbeforehandthemaximum
ofsuchvariationsthatcanbespecified.

_tible number

Inthediscussionentitled“l@thod& finitedHferencefor
successive*1 stations”itisseenthattheoretically?atl.al
variationd twogaspropertiescanbespecifiedbytheaesigner
ateachaxialstaticmwithinthebideregionwiththebladeforces
detendnedacconiingly.Inthefree~ce betweenblaaerows,the
propertiesd gasremainconstantalongthestreamlineandno
arbitrarychangecanbespecffiea.Incurrentaesignpractice,
theusualprocedureistospecifythedesi=blegasconditionsmily
atstationsbetweenbkaeruws(aswellasbeforethefirstand
afterthelastblaaeM) andtheneithertoselectsomestandafi ‘
bladesectionsortodesignthemonthebasisofpresctibeaveloc-
itydistributiontoachievetheaesirdcha.ugeofgasstateacross
theblaaerow.Ineitherway,onedegreeoffreedomattheseccmd
suchstationistakenupingoingfmm thefirststationtothe
secondstation.Theclesigneristhereforefreetospecifyonlyone
conditionateachstationthroughout.themachine,withtheexception
ofonestation,usuallytheentmncestatimtothefirststage.

Ways& specifyingaegreesoffreedom.- ~ thisdiSCUSSiOIl
thefollowingtwofundamentalequationstillbeUses:

Inthestationsbetweenbladerows,ifthemdialvariationof
entropyisnegligible,theradial-equilibriumequation(7$)reduces
to

(26)

—-—-..:.:--.—:—:- . .-.. . .. . ..-. “.-.”...-’
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Equation(8b)isa~lied
fortheeasewher6there
entiatedwithrespectto

23

tothreesuccessivestationsof~ stage
isnegligibleheattransferandisdMfer-
rl

The”followimgwaysoftakingupthedegreesoffreedomat
thesestationsbetweensuooessivebladerowsarediscussed.

(1)Constantworkperunitmassofgasflowovertheblade
height.Thisconditionisusuallyspecifiedinthedesignofa
turbomachin.e.Itrelates~ aftertherotortoitsvaluebefore
therotorinthefollowingmanner

(28)

or

Constantworkoverthebladeheightgivesoonstanttotal-
enthalpychangeoverthebladeheight.IXthevelocityatthe
exitofa stageisequaltothatattheentmnce,thiscondition
alsogivesconstantstatic-enthalpych@e overthebladeheight.

Undertheconditional?constantwork,equation(27)reduces
to

% %*2 %5&3 -
~.=~q=~q

(27a)

(2)Const&ttotalenthalpyoverthebladeheight:

(29)

.- —.. .—______ ..__ .__— —=___ __ —- -- ——,— —._ .._. ..—. .. .
.,,
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Thisrenditionholtiforthefirststageofa compressorandwill
holdforallsucceedingstagesifconstantworkperunitmassover
thebladeheightisemployed.E a nonzerovalueof dH1/~ is
riesired,= initialprepantorystagemustbespeciallydesigndto
obtainthisvalue. Inthelaststage,however,itisusually
desirablethat~/& benearlyzero.

(3)

or

Free-vortex-typedistributionoftangentialvelocity:

Thiscondition
incompressible

isconmmnlyusesinturbines@ compressors.
flow,inadditiontothiscondition,constant

(30)

(3m)

For
total

enthalpyandcons~taxialvelocityoverthebladeheightcanbe
speclfiea.Butforccm~esslblefl&, radialmotione&ts and
onlYme ofthetwoadditi-1conditionscanbeobtainedincon-
@n~tionwithequation(30).

(4)S~etricalvelocity

=r‘1 2=ry
thesymmetrical

%,1

or

Cl

(SeeNUMERICALEXAMPLEANDDISCUSSIOII?.)

D3f’ferentiatingwithreqectto r yields:

(31)

(31a)

(31b)

If r1#r2 or VZ,I # vz,2~thesymmetricalvelocityMa@ams

maybedefinedby

tl(rl)+5~ (r2)=ur12 (32)

. . .. .. . . . . . .---— .— — -- ~———. ___ .
‘, .,. ..-,
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Then

~ ve,3=%jl) ~vz,3 =VZ,2=%,1) the

25

(32a)

symmetricalvelocitydia-

P gives~eq s~i~r fluws-t-u&therotorandthestator,
experiencingthesameturning.Thechangeinstaticpzwsureor
enthal~isthesam inpassingthroughtherotororthestator
andthestageisthereforeoftenreferredtoasthe“50-percent
reactionstage●“ Reference6 showsthattheblade-mrofile10SS
isa mhimun-withthesymmetricalvelocityMagram‘Mthedrag-

ratioisconstant.

(5)constant

Atv=y lowspeed.
massflowisalso
isnoradialflow

tial velocityoverthebladeheight:

(33)

d?gasflowwithnochangetidensity,thespecific
constantoverthebladeheight;therefore,there
acrossthebladerowandequation(26)reducesto

(34)

Antih case

&
I%F=0

then

Theequivalencecd?equations(33)and(34)breaksdown,however,
forcurrentairctitapplications,inwhichcasesthespeedofgas
flowiShigh.

Ifequation(34)ismibstitutedintotheradial-equilibrium
equation(26),thereisobtained

.—-— ——. ...— —. - . . . . . .. —— ----- ———,. ———
.,, ,, . —
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(34a)

Theleft-handside~ equation(34a)isthetangentialcomponentof
fluidrotationV X V; thusequaticm(34)isa conditionfor
potentialflowb thefrees~cebetweenbladerows.

E itisdes~d tocorrectfortheet’feetoftheboundary
layersattheinnerandouterwallsofthegaspassage,imsteadof
equation(33)anappropriateaxial-velocityvariationcloseto
theactualonemaybeprescribedindesign:

(33a)

(6)
O* to
flow,it
Uonstant
flUW

Constantspecificmassflowoverthebladeheight.In
avoidradialmovementacnssthebladenw inmupmssible
hasbeensuggested(forexample,inreference7)that
* velocityberepbcedbymnstantspecifiomass

Radialdisplacamntcanalsobepreventedbytheuseoftwocondi-
tionsinstead& three

%%?%

F=F=F (36)

FordesignsUS* eitherofthesetwoconditions,thesimplified-
radial-equilibriumcalculationIsmorecorrect.Designsemploying
noradialflowhavetheadvantigethatthecalctitiondoesnot
involveanyradialdisplacementacrossthebladerowandthatthe
two~ensional-cascadedatacanbe-otly applied.lb equa-
tionsfortangential-andaxial-velocitydistributionsderived
frwntheseequations(equations(35)and(36))’,however,am
difficulttosolveandtheconditionsm tnmmpatibl.ewithtaperea
passageina multistageturbmachine.

(7)ConstantMachnumberrelativetoblade.Fora ftiedratio
ofexittoentrancevelocityre~tivetotheblade,thetemperature
orpnssureohengeofgasacrossthebladerowatanyradiusis
pp~ioti tothesquareoftheetiranceMachnumberofgas

.,

,——,— .: .,,. -.-,. .—.– —,.. .——. ----- -.. . . . . . —.. . ..— _
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relativetothebladeatthatradius.Itmightthereforebe
desimbletoreachtheMaoh-numberlimitationatallmdii. That
is,fortherotor,

%2

where% isthe

ferentiatingwith

VZ,12+koq-Ve,l)z

( vz12+%,12
(7-1)H1- ‘ z

)

(37)

limithginletI&ohnumberfortheblade.Dii?-

respectto rl gives

(37a)

I’orstator - ,

V22 VZ,22+ ve,22
%2=—=

a22

(
(7-1)H2-

Vz22+ Vo22

2 ‘)

Differentiatingyields

(38)

. .

( )l+ql# & @z,22 + VG,22) (38a)

Equations(37a)and(38a)maybecombinedwithequation(26)to
elhimte H.

(8)Cons-beatturning.Ifthemaximumworkfora givensizeis
desirable,thelimitingturningvaluemaybereachedatallradii,
whichwillgive,aPcourse,a ~dialgratienth totalenthalpy
sfterthefirstbladerow.Thisgradientmaynotbeseriousina
single-ortwo-stageunit,butitmy notbedesimbletouseit
forallstagesofaneight-ornine-stageunit.Forcompressors,
thelimitingturningmaybeeqressedby (reference2)

..-. . ...—.------ _____. . . —.— ~... —. .—. —_,.. .—... —.— — —
,., ., ,,-,
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(39)

or

~e,l ‘~(o) ‘z$l‘9,2=
(39a)

whereo isthesolidityofthebladeel.mentatradiusr. Dif-
ferentbtingyfelds

(9)Inmultistagemachines,shilarvariation
gentialvelooity,axialvelocity,orsmcificmass
specifiedatthesimilarstationsofeachstage

or

‘% %5%
—-=%5

‘%

Stagesofmultistagemachinesaesi~a forsimilar

- (38b)

ineithertan-
flowmaybe

(40)

(41)

(42)

variationsof
gas-pro~ertiesfM stagetostagearetermed“typicalstages.”

Typesofdesign.-A largenumberofdifferentt~esofdesign
my beobtainedbydifferentcombinaticmsofthoseconditions
spectiiedinequations(26)to (42).Thesedesignsmaybeconven-
ientlydividedintotwoPUPS. = thefirstgroup,thecondition
ofconstantworkatall=dii isspecifiedh thedesign.Thatis,
equatian(28)isspecified,whichgives:

,-:. - -.—....-.. ,..- - . ,. .,,., “...--,’- .-. ,., ,,
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(43)

Incaseswherethesymmetricalvelocitydiagramisalsospecified,
equations(32a)and(43)give

(44)

Inthesecondgroup,thecmditionofconstantworkisnotspectiied.

Thefollowingtablespresenta fewtypestidesignineachof
thetwogroups.Thewayinwhichthedegreesd freedamaretaken-
upateachstationand.theknowncharacteristicsofeachtypeare
given.Inthetables,subscripti refemtoanystationinthe
machine;k referstoanystationinfrontofrotor,thatis,
Stationa1,3,5,* . .;and 2 referetoanystationinfrontof
stator,thatis,stations2,4,6, . . .. A typicalstagemaybe
consideredascomposedofeitherstations1,2,and3 orstations2,
3,and4.

. ..— — ----——. .- . . —— —— ----- —--- - ...——— — .—
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GENERALMEI!HOD(Yl?CALCULATION

FORGIVENTYPECM’IIESIGN

Ihtheprevioussection,examplesaregiventoshowhowthe
~erent typesofdesignare& tainedbyspecifyingdifferentcon-
ditionsccxnpatiblewiththedegreesoffreedomavailable.Inthe
calculationofthevariationofthegasstatethrougha turbomachine
ofanygiventype@ design,theeffectaP-1 motionhastobe
ticluded,ingeneral,togeta moreaccumtevalue.Thefollowing
procedureaCcalculationissuggested:

Thefirststepc#thecalculationistoobtainanapproximate
solutionbyassumingthatthegasflowsoncylindricalandconical
surfacesforstraightandtaperedpassages,respectively,andby
neglectingtheeffectofradialmotionontheradial-equilibria
equation.ThismethodIstheusuals@ltiied-mUal-eqtilibfim
calculationad givesanapproximatesolutionforthecaseofvery
smallblade-rowaspectratio.

Thesecondstepistoobtainthesolutionforthetwoextreme
Wuitingcasesofzeroandinfiniteblade-rowaspectratio.E the
diffenncebetweenthetwocasesisnotlarge,thesolutionforthe
caseofa certainfiniteblade-rowaspect=tiomaybeestimated.
fromthetwoextremes.E?thedifll?erenceisfoundtobelm?ge,
calculationhastobemadeforthefiniteaspectzatio.

Inthecalculationforthecaseoffimiteaspectntio,the
methddevelopedusinga sinusoidalcurvegivese~ctresultsIf
suchcurveisprescribedinthedesignandisbelievedtogivegood
approximateresultsincaseswhereitisnotprescribedinthedesign.
Evenwiththissimplification,a seriesofsuccessiveapproximtipns
isrequired.

Inthis

IIIthecaseof
equation(26a)

Shplified-Radial-EquilibriwnCalculation

appro-tion,equation(26)becomes

(26a)

nontaperedlpssage,Vr= O> %L=r2=r3=r~ W
isequivalentto

.

.— -.-— .——. ___ ———---.7 —— ---.-— — —— . . . -—. ..— .__,_.
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()viz% ‘T v~ f
—n— +

‘ii m r

Whenequation(26a)ismmbinedwithequation(27)

(26b)

dvz2

arl

Fortheease& constantworkandnontapered~ssage,
reduoesto

equation(27b)

The-al variationatdensityandpressureisobtainedfram

equations(26a),(AS),and(A8)(appendixA)fortheease
$=0:

&
7 -~ dpi v~~z avr~%,i pi y ~ = r;

P*,# - ‘r,i dri (45)

(46)

Inthesetwoequations,thelasttezmisverysmalloomparedwith
thenexttolasttea andmy beneglected.Itbecomeszerofor
theeased nontaperedpmage andtheresultingequationsoanbe
moredireotlyderived,asisusuallydone,bytakingtheapproxi-
matiainvolvedastheuseof

—.. . —.- — — ,—,- .,. . ,.
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fortheradialcmponentofequaticmofmotioninplace

Fora giventype@ designandgivendesignvalues
IWh numberandlimitingturning,thevariationsofgas
anyinletstationofthestageare_. BY insertti

of

C&limiting
velocityat
themdial

vafitionoftangentialvelo~ityintoequati%(45)~ (46),the
rad3alvariationsofpwssurepl(rl)anddensitypl(rl)are

detemined.Byoombiningthevariationofdensitywiththev&ia-
tionufaxialvelooity,thevariationofspecifiomassflow Gl(rl)
isObtainea.Thetotalmassflowacrossstation1 isthengiven
by

r

l,t
2Yrr1Gldrl

%,h

Thevariationofgaspopertiesatthenextstation(forexample,
statian2)mustbesuohthatthecontinuityeqwtlonissatisfied

srz,t T

l,t
211r2G’2arz= 2Jrr~q ar~

‘2,h ‘l)h

Byassumingthevalueofa gasvelocity,forexzmple,Vz,z atthe
hub,thevelooityanddensityvariationsatstation2 oanbedetem
minedina similarmaxmer,andtotalmassflowoanbeobtained.
Thecorrectdistributiaof Vz,z,andsoforth,whichgivesthe
oorrectvalueoftotalmss flow,oanbeobtainedintwoorthree
trials●

Whentherbsultsobtainedam substitutedintotheconttiity
equation(B5)(appendixB),overa ptiionoftheannulusa.certain
amoudofradialdisplauemntaorossthebladerowsuitediffe~nt
franthatas-d h-theoaloulationisobtal.nea.h rewt
deteminedbythissimplified--l-equilibrimoonsiaerationis

,.— . . . ... ..-_ _____ ______ ~,--..—. --—- —— -z. . . ._ .— . . ..- ______

. ..’,. ,:
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onlycloset-othecaseof
willbeconsidendinthe

NACATNNO.1795

zeroaspectratioofthebladerow,whioh
netisection.Thiscalculationcanthere-

forebeusedonlyasa firstapproximationtothezero-aspmt-ratio
eased alsotogivea startingvalueforthecalculationofa
finiteaspeotratio.InappendixC,formulasare~ven indimen-
sionlessf-s forthiscalculationfortwocommontypesofdesign.

●

Zero-Aspect-RatioCalculaticm

Thecontinuityequationinitsintegnalfozm(equatim(IX))
deteminesonlythefUnctim r2 (~) @ ~t ~lues~ ~Vr@z●

Twolimitingcaseswillnowbediscussedforwhichtheevaluation
ofthetezm~r~z isunneces~. H thebkde rowhas~
axiallengthsufficiently@eatrelativetothebladeheight(that
is,iftheblade--aspectratioissufficientlysmall),thetezzu
(~Vr~z)iwillbenegU@ble~ spiteof~ ~~1 ~sP~cem~t “
requiredacrossthebladerow.Thisexlmemesituationisdesignated
thezero-aspect-ratiocaseanddiffersfrcmthesimplified-radial-
equilibriumappro~tioninthatthemdialdisplacementacross
thebladerowisproperlydeteminedanditseffectonthestateof
gasisincludedinthecalculation.Fora constant-areagaspresage
withouttaperorwithslighttaper,thiseffectissmall;conse-
quently,a successiveappro-tionprocdurestartingwiththe
resultal?thesimp13fied-n~l-eqtiMbrimcalcul.atimcanbeused.
Thisprocedwemaybeoutlinedasfollows:

1.using

Vz,l$VZ,2J

2.I’ina

obtainedfrm

thesimplified-mdial-equilibriumapprotiation,fm
cl, 52, Hl~ H22 %> and G2 asfunctionsof rle

r2 (~) bYeq~tion(~)~us@ the~lue of % (rl)
step1.

3.Substitutethesevaluesof r2 (~) fitoeq~tions(26)

ad (27)withthe (~r@z) tem equaltozero,togeta second
sduti~ for Vz,1> VZ,2,Cl,
r.1

4.Repeatsteps2 and3 if
fromstep3.

Instep1 ofeachpocess,
calculationhastobefollowed.

tz, Hl,and H2 asfunctionsof

necessary,usingthe=lue of G2 (rl)

thesameprocedureasinthepreviohs
mt is,thevariationofgas

. . . ..——-—..” - “-’. . --, .. . . . ,,“, . ..’.’ . ..., .,’
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m
!2
r-l

cotitionsatstation2 issuchthatitgivesthesamemass
thatinstation1. W thecasewherethereisconsiderable

flowas
taper

atthepassagewalls,itisbettertoassumer2(rl)
thetapertostartthecalculationratherthantouse

accoti to

steps1 and2.

Infinite-&pect-RatioCalculation

Theotherlimitingcasecorrespondstoa bladerowwithaxial
lengthnegligibleascomparedwiththebladeheight;thiscaseis
designatedtheinfinite-aspect-ratiocase.Thenegligibleaxial
lengthdoesnot~rotidespaceforanya~~reciablemdialdisplace-
ment,hencefora nontaperedpxwge r2 my betakenasequalto
rl, or

%=% (47)

andfora taperedpassage,a relstionsimilartotheonethatfol-
lows my beused:

%=%
%,t2 - ‘l,h2

r2,t2- r~,h2
(47a)

Becausethechamgeinaxialle@h fora verysmallchangein Vr
isaleoverysmall,(aVrfiz)idoesnotvanish.Althoughits
absolutevaluedoesnotaffecttheHd.ialmotionbecauseofthe
negligibleblade-rowaxtallength,therelativevalueof bVr~z
infnnt ofandbehinda bladerowisneededtodeteminecompletely
thedistributionofgaspropertiesatthesestations.Iftheload-
ingofthebladeisrelatinlysymmetricalorisdesignedtogivea
sinusoidalradial-flowpath,thecurvaturesofthendial-flow
pathatthetwostatimsareequalInmgnltudeandoppositein
sense.Then

(3,=-(32 (48)

Inordertoccmbinethisrelation
manner,itmaybeassumedthat

withequation(26)b a simple

(49) “

. . . - --. —.. -...——— -=-—- --. .— —.-.—. -—–----- .—. . . ..— ——— ..— —— —. —--
,. ;,,.:.
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Thencmbiningequation(49)withequation(26)at

NACATN~0.1795

stations1and2

Fora t~icalstageofa givendesign,equation(47)or (47a)
togetherwitheitherequation(48)orequation(49)willcompletely
deteminethevariationd?gaspzwpertiesatthetwostations.H
thevariationcd?gaspropertiesiscmpletelygivenatonestation,
equation(47)or(47a)alonecompletelydeteminesthegasstateat
theotherstation.

InappendixD,fomulasaregivenindimensionlessformsfor
twocomontypesafdesigtocalculatethevariatimsofgasprop-
ertiesforthetwopreced3nglimitingcases.Theresultsso
obtainedwillgivetheUmitsofthevariationd thegasproperties
alongthebladeheight.H thedifferenceislarge,itIsworth-
whileb makethefollowbgcalculationfora finitebhde--
aspectratio.

Finite-Upect-RatioCalwlation

Theresultspreciouslyobtainedfora sinusoidalradial-flow
pathisused.hasmuchasthereisnogenemlanalytf=lsolution
ofequations(13a),(14a),(24),and(27)thatispossibleevenfor
simplet~s ofdesi~,themethodofsuccessiveapproximationis
used.

Theproce~ C@thiscalmlationissomewhatsimilartOthat
usedInthecaseofzem aspectmtio. Inthecasewherea tapered
passageordlfferenoeindesigncallsforan r3 =er~t f-
~, firstestimatethemdial~siticms& gasparticlesatsta-
tions2 emd3, ‘2 - %> respectively,asfunctionsof rl.
Thencalculatethevariationofgas

r
pertiesatstations1,2,

and3 byeqwations(13a),(24),and 27),suohthatthetotalmass
flowisthesameatthethreestations.Usingthisresult,fN
r2(rl)and ~(~) bytheconttiuityequation(B5)andseeif
theychecktheassumedvalues.Byinterpolatingr2(@ and

~(~) oh-a ~tera fewtrialsatdifferent~, thevalue
obtainedbythenexttrywillbeclosetotheoorrectvalue.

ForthegeneralcaseWhereHl, ~~ f~, and t2 aredeter-
minedbydesignasfunctimsd ~, a roughapproximatesolution
gives(seeappendixE)

,--- -~—. - - .. . . ——-
-,. . .. . .,.. - ,, ,,,.,, ,.
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(50)

This valuecanbeusedasa steztingvalueformoreexactcalcula-
tionormaybeusedasthefinalvalueforapproximatecalculation.
ThisapproximatevalueaPradialdisplacementacrosstherotoris
obtainedinthefollowiugmanner:

Firsttakeastwosepamtefuncticms

Ae(rl)thefunction(r2- rl) of rl satisfyingradial-
equilibriumandtotal-enthalpy-changeeqwations(26)
and(27),respectively,fora givendistributionofthe
othervariables

AC (~) thefuuction(r2- rl) of rl satisf@ngcOnt&ti*Y
equation(14)fora givendistributionofothervariables

Itisassumedinthismethodthattheradialgmadientsin Vz ami

I
dependprimmdlyonthema@tude oftheradialdisplacement
r2- rl) andnotonitsexactUstributicm.ACCO~~ Ae (~)

issetequalto

Ae(q)=Yg 8(q) (51)

whereye isthemaximumvalueof Ae ~ g (rl)isa plausible
fozznforthedistributionof Ae satisfyingtheboundaryconditions:

for (52)

8‘(rl,n)‘0J43(~,n)=1)
H Ac iscalculatedfora coupleofvaluesd Ae, itispossible
toplot yc, themaxhumvalue& AC) againstye. A fairlygood

approximatesolutionmightbeexpectedtocorrespond.tothe~oint
Yc= Y~* zhisprmesscanbefurtherreftidbyvw@w drl) from
thefunctionoriginallyasswmdintheUrectionofthecalculated
functionAc/yc.

.— .-. — . . ..— .—— — -—— — ,. ..- —,.—— ———. . . ...,,.,
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Distributionsofgaspropertiescalculatedfrm r2 (~) given
bytheappro-te relation(equation(50))hasbeanfoundtoagree
muchbetterwiththevalueobtainedbythepreviouslydesoribed
methodofsuccessiveappro~tionthanthatcalculatedunder
simplified-equilibriumapprcxdmations.

mMERlcALEwfE’LEANDmscussIol’i

Themethod@ calculationoutlinedintheprevioussectionsis
applieatothetyyicalstagesd a compressormployingsyrmnetrical
velocitydiagmmandconstanttotalenthalpy,anda compressorand
a turb~ mployingfree-vortexandconstant-total-enthalpydesign.
Thecalculationisrendemadhensionlessbyexpressingallveloc-

itiesh terms& Ut, totalenthalpyintermsof %2, and r in
termsof rt. Becausethemainpurpose& calculationistodeter-
minethemagnitudeoftheoscillatoryradialmotionand.itstieoton
distributionofgasproperties,a nontapereiiconstant-areapassageis
uses.Heatttier isassumed.tobezem inthecalculationandthe
entropyisassumedtobeconstantateachstatiau.Thechangeof
entropyacrossthebladesatallzadiiistakeneq=ltothatobtained
fromthepolytropicefficiencyassumedatthemeanzadius.Itthen
givesa radialvariationofpol.ytropicefficiencydecreasingfrom
tiptohub.Thisvariationseemstobeinthesamedirectionandof
ccmpmblemagnitudewiththoseobtainedfromeqerimentaldata.
Thiscalculationdoesnottaketitoaccounttheboundarylayersat
therotordrumandtheoutercasing,andisconsequentlygoodonly
forthemainportionofgasflowingbetweenthem.

h thecomparisontiUferentblade-w aspectratiosin
eachdesign,inadditiatothesameaerodynamiclimitations,the
sameaxialvelocityatthemeenradiusisused.Thecomparison
betweenWferentcasestillbeslightlydifferentifanotherbasis
ofcomprisonisused.

(1)Symnetricalvelocitydiagramandconstanttotalenthalpyo-
Becausethedifferencebetweenzero-andinHnite-aspect-ratiocases
isfoundtobelargeinthisdesign,calculationis-maaefora
blade-rowaspectratioof2. ThedesignconstantsUse&forall
casesare:

—------ “’-- ..>-.—-------- -–, ~—.--——– ---,,. .,. .-
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Hub-tipm%tio. . . . . . . . . . . . . . . . . . . . . . ...0.6
IdmitingMachnmberrelativetorotorblade . . . . . . . . .0.8

‘e,2
-tx valued

-v~~

Vz,l ””””””””””””” ““”00”7

Polytropicefficiencyatmeanradius. . . . . . . . . . . . .0.9
Vz,l,mfit. . . . . . . . . . . . . . . . . . . . . . . ...0.772

(ThelastValueresultsfmm theused? Vz,~,h/Ut= 0.8 inthe
stiplified-zadial-equilibriumcalculation,andisusedforall
cases.) Theresultsofthecalculationareshowninfigure4.

Figure4(a)showsthedistributionofspecificmassflowin
frontofandbehindtherotorfortheclifferentoasesconsidered.
ItmaybeseenthatinallcasesexcepttheMinite-aspect-ratio
case,thespecflicmassflow G/~ inureasestowardthehubfaster
behindtherotorthaninfrontoftherotor;inotherwords,
passingthroughtherotorthegasmovestowardtheaxisofthe
machine. Themagnitudeofthisdisplacementisob~inedfromthe
continuityrelationandisshowninfigure4(b).Inthesimplified-
zadial-equilibriumcdculatim,itisassumedthatthereisno
radialmotion,butwhenthedistributionofspecificmassflowis
substitutedinthecontinuityequation(B5),quitelargeradial
displacementacrossthebladeisobtained.Thisldndofcalcula-
tionistheraforenota goodone.Inothercalculations,thedis-
tributionsofgas’propertiesarecalculatedfromassumed.radial
displacementsthataretobecheckedwiththedisplacementsrequired
fromthecontinuityrelationwiththesedistributions,andare
thereforeconsistentinthemselves.Theradialdisplacementtobe
usedintheapproximatecalculationfor A = 2 Isobtainedbythe
approximateformula(equation(50))andisabout25percentlower
thanthecorrectvalue.

Thevariationd axialvelocitiesispresentedinfigure4(c),
whichshuwsthattheaxialvelocitiesincreasetowardthehubh
allcasesbutatdifferentmtes. Thehighvalueofaxialvelocity
atthehubbeforetherootallowstheuseofhigherturnings
throughoutthebladeheightwithoutexceedingthelimitingvalue
of (Ve,z- Ve1)/Vz1 or O% atthehub. Italsohelpsto
givea more~fom kch numberrelativetotherotorbladeover
thebladeheight.Asa result,thistypeofdesigngivesa higher
pressureriseanda higherspecificmassfluw‘&ana free-vxmtex
typeofdesignusingthesamedesignlimitations.Inorderto
utilizethisadvantagefully,thevariationcd?axialvelocity
shouldbeoorrectlydetemdned.

.
.,. .—. .—. . _.. . . ... . -.-..-—.-—.——-. ..-. ——... . . . . . . . ... . . . . —....... .. . .. . . .. ----- ------- .-–
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Thecalculatimofaxialvelocitybaaedonsimplifiedradial
equilibriumgivesa resultclosetothezero-aspect-ratiocase,
whichisalsotrueinthedistributionofotherpropertiesinthis
calculation,becauseinthecaseal?zeroaspectzatio,thecurva-
turecausedbyradialmotionisnegligibleandthedifferencein
gaspropertiescausedbytheradialdisplacementisverysmallin
thecaseofa nontaperedpassage.

Thevariation& tangentialvelocitiesisshowninfigure4(d).
Thesevelocitiesindifferentcasesvaryina stiil.armanner~a
theclifferenceofmagaitudebetweenthemismainlyduetothedif-
ferentvalueof at determinedbythedifferentvaluesat

‘z,l,h% fithevariouscases.

Figure4(e)showsthevariationofairmglesenteringthe
rotorandstatorblades.Thedifferencebetweenthesimplified-
radial-equilibriumcalculationandthecaseofaspectratioof2
issigdficantthroughoutthewholebladeheight.Thesimplified-
mdial-equilibriumcalculationgivesanerrorofabout-3°atthe
tipoftherotorbladeandatthehubcd’thestatorblades.This
differenceresultsinanerrorintheangleofattackatthedesign
yointbythatamountandtherangeofopezationisalsoreduced.-

ThevariationofMachnumberrelativetotherotorbladesis
shownh figure4(f).Thesimplified-radial-equi13briumcalculat-
ion givesa nearlyconstantvaluewhereasthemorecorrectcalcu-
lationshowsthatMachnumberactuallydecreasesmorethan10per-
centtowardthetipforthecaseaPblade-rowaspectratioequal
to2. (Thisvariationisonlyabouthalfofthatofa similar
free-vortexcompressor.)

Figure4(g)showsthepressuredistributionsinfrontofand
behindtherotorandthepressureriseacross”therotoratdif-
ferentradii.Thedifferenceinpressuredistributionsmayexplain
toa oertainextentthedifferencefoundbetweenmeasurementand
simp13fied-m3ial-equilibria calculation.Thepressureriseacross
therotorisfairlyunifozminthecaseofanaspect=tio of2
andisa des=blefeature.

ThevelocitydiagramsatthreeradiiforaspectratiosofO,
2,and ~ areshowninfigure4(h).Ifthisstageisdsedasthe
firststageofa compressor,thepermissibletiprotorspeedof
thisdesignatstandardsea-levelconditionsisequalto868and
826feetpersecondfor A = O and A = 2, respectively.The,

!
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syecificmassflowperunitannulusareacorrectedtostandardsea-
levelconditionsisequalto41.5and40.0poundspersquarefoot
persecond.for A = O and A = 2,respectively.

(2)Free-vofiexandconstant-total-enthalpycompressor.-The
designconstantsusedarethesameasinthepreviouEcalculation.
Inaddition,Ve,l and Ve,2 areconsideredtobeequalto We,2

~ We,l}respectively,atthemesamdius. ~ thistypeof
design,thesimplified-radial-equilibriaapproximationIsequivalent
tothezero-aspect-mtiocase,becauseaxialvelocityisalsocon-
stantoverthebladeheightduetotheconstantH andconstant~
withrespecttotheradiusandthenegligiblecurvatureeffect
causedbyzadialmotion.TWt is,thesamevaluesof Hl, H2,

tl) Lz) ~z,l)- VZ,2 occurinbothcasesandtheentirecal-

culationisthesame.(Seealsoequation(E6).)

Becausetheradialmotioninvolved‘inthistypeofdesignis
dueonlytothecompressibilityofgas,thedifferencebetweenthe
zero-andi&inite-aspect-zwbiocasesisnotlarge;hencethecal-
culationfora finite-aspect-mtiocaseisnotmade.

Thedistributicmd specificmassflowinfrontaE’~ behind
therotorispresentedinfigure5(a).Eveninthezero-aspect-
ratioorsimplified-radial-equilibriumcasewitha constanttial-
velocitydistribution,thereisconsiderablechangeindensity,
whichrequiresanappreciableamountofoutwardmdialmotionto
obtainthegivendesignconditionsbehindtherotor.Althoughthe
amountofthisradialmotionissmall(fig.5(b)),itseffecton
thevariationd?@s propertiesisnotentirelynegligible.Its
effectcanbeseeninthecurvesoffigures5(c)to5(g),which
aresomewhatsimilartothesy?mnetrical-velocity-diagramand
constant-total-enthalpydesigninnaturebutofsmallermqpitudes.

Ifthisstageisusedasthefirststageata compressor,the
pezmlssibletiprotorspeedatstandmiisea-levelconditionsis
equalto758feetpersecondfor A = O. Thistipspeedisabout
13percentluwerthanthatofthecorrespondingcaseufthepre-
viouEdesign.Thespecificmassflowcorrected.tostandatisea-
levelconditionsisequalto38.6poundspersquarefootcd?
annularareapersecondfor A = O, whichis7 percentlowerthan
thatofthecorrespondingcasecfthepreviousdesign.

. —.. ._. - .—. ——. —
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●

(3)free-vortexand~tit-totil-mtilpytmb~. -~e design

canstmtsusedh thecalculationare:~<1, Ut/a~,t= 0.5,

‘6,1,h/al,t= 008,‘z,l,m/al,t= ‘*4JV6,2= ‘> ti Qolytropic

efficiencyatmeanzadiusequalto0.87.Forthestipllfied-mUal-
equilibriumapproximationorzeroaspectratio~ Vz,lbt isconstant
and.sois Vz2/ut,whichisfoundbythecontinuityrelationtohe
equalto0.87$.Thesamevelooityatstation2 isused.forthecase
ofinfiniteaspectmtio,thusma-kingtheonlydifferenceatsta-
tion1. Theresultsofthecalculationareshowninfigure6.

Thedistributionofspecific=ss flowinfzwntofandbehbi
therotorisshowninf@me 6(a).Becauseoftheconstantml
exitvelocity,thespecific~SS flw iSc~~t be~ therotor●
EXceptforthecaseofinfiniteaspectratio,thereisaninward
radialmotionofgasinPssingthroughtherotor(fig.6(b)),the
_tude ofwlhichisabouttwoandone-halfttiesthatinthe
previousfree-votiexcmpressor(fig.5(b)).

Thevariationofaxialvelocityinfront@ therotorisshown
infigure6(u).AnincreasingaxialvelocitytowardthehubaP
about15percentwouldberequiredforanaspectmtioof2.

Figure6(d)showstheradialvariationofgasanglesentering
rotorblades.The~ferenceisonlyimportantatthehub. ~ the
actualcaseofanaspectratioof2,thestip~iedcalculation
wouldgiveanangleofattack3°to4°toohighatthehub.

TheabsoluteandrelativeMachnwnbersd gasInfrontofthe
rotorareshmninfigure6(e).b theactualcaseofanaspect
ntio of2,theMachnumberatthehubisabout3 ~rcenthigher
thanthes@lifieilcalculation.

Figure6(f)showsthepressuredistributioninfrontd the
rotor.Foranaspectratioof2,thepressuresatthetipandat
thehubareabout2 percenthigherand3 percentlowerthanthe
simp~iedcalculation,respectively.

Thevelocityd@3ramsatthreeradiiforthezen andimflnite
aspectmtiosareshownh figure6(g).“

.— .. . . . -.- ~,,... ,$
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SUMMARYOFANALYSISANDCAICUIATIONS

Inaxial-flowturbomachines,mdialmotionofgasoccurs
becauseofthetaperingd’thepassageandthevariationofgas
conditionsqGrOSSbladerOWSs~oifiedinthedesi~. Thedirec-
tionandthemagnitudeofthismiialflowd6pendonthet~e of -
design,thetaperingofthe@sSage,thehub-tipratio,theblade-
rowas~ectratio,andthespeed& gasflow.Eveninthecaseat
free-vortextypeofdesignemployinga nontapendpassageand
requir~nochangeinvelocitydistributionsfromstagetostage,
thereisanappreciableamountafoscillatoryradialmotionwithin
thestage.

Thisradialmotiongivesanadditionaltezmtotheordinary
mdial-equilibriumequation.Inthefreespcebetweenbladerows,
thisadditionaltermisverynearlyequaltotheproductal?the
squareofaxialvelocityandthecurvaturecausedbythendialflow.
Dependingonwhetherthecurvatureispositiveornegative,the
radial-pressuregmiientcausedbythewhirlingmotionofgasis
decreasedorincreased,respectively,bythisadditionalterm.

Thedeterminationofthisradial-flowpathrequiresa long
processofstep-by-stepcalculation.Itisfound,huwever,tliat
a stiusoidalradial-flow~th givesaneffectontheradialvaria-
tionofgasconditicmbetweenbladezwwsassmallaspossible
withoutdiscontinuityy inthecurvatureofthestreamline.Inasmuch
asitrepresentsthemajorhamonicoftherad3al-flowpaththat
mayefistinanydesigninwhichtheradialbladeforceiseffec-
tivelysmall,thecalculationbasedonthissimple-al-flow
pathgivesgod approximateresults.Itprobablyunderestimates
theeffectbecauseoftheneglect& higherharmonics.

Theanalysismadeofthemadmumcompatiblenumberofthe
degreesoffreedomtispecH@ngtheradialvariationsofgas
propertiesinstationsbetweensuccessivebladerowsofa turbo-
machineshowsthatundertheconventionaldesignprocedurethe
designerisfreetospecifytwoconditionsatanyonestationand
oneconditionateachd theremainingstations.Thevariousways
touseupthesedegreesd freedcmandtheresultantt~es of
designobtainedaretiscumed.

Theusualmethod@ calculation,whichneglectsthendial
motion,givesresultscloseonlytothecaseinwhichtheaxial

45

lengthofthebladerowismuch
andisnotgoodforthecaseof

largerthanitsmdiallength,
a finiteblade-rowaspectxatio.

,
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Thedif5?erenceI&weentheresultsobtaindbytheusualmethodand
themethodsuggestedhereinisfound.tobequitelargeina design
employingconstanttotalenthalpyandsymmetricalvelocitydiagram.
Calculationmadeforthistypeal?compressorusingthesamelimiting
Machnmber,-e limi$ingturning,saneaxialvelocityatthemean
radius,andfor.a blade-rowaspeotratioaf2 givesthefollcndng
differencesbetweentheUSUR1andthesuggestedmethod:

1.The~dialvariati~ofaxialvelocityinfrontofthe
rotoris13percentfortheusualmethodand28peroentforthe
suggestedmethod,andthem?uiialvariationofaxialvelocitybehind
thezmtoris53percentfortheformerand40p6rcentforthelatter
(allexyresserlk ternsoftheirvaluesatthem- radius).

2.Theairanglesclifferfrom1°to3°atthehubandatthe
tip.

0

3.ThemadialvariationofWch numberrelativetotherotor
bladeinthefoxmeris9 percentlowerthanthatinthelatter.

4.Themdialvariationinstatio-pressureriseaorossthe
rotor.is13percentforthefomerandonly2 prcentforthe
latter.

5.Themassflowinthe fozmer
inthelatter.

6.Thepermissiblezmtorspeed.
higherthanthatinthelatter.-

LewisFl&ht~UISiOIllabo?xato~,

is4 percenthigherthanthat

intheformeris5percent

.

Nati=l Ad.-tisoryCcmmitteeforAeronautics,
Cleveland.,Ohio,Ootober14,1948.

.

.. . ,.. -.— ————z —— ...— ..:- -—- -,.......
.,. ., .-, ,. ,-., ,- -.,i.... ~~ .:
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DERIVATIONOFlQUNI’IONSIM

lhxnequation(3),thedefinitionof

&u= CvdT

thereisobtained

R=c -Cv
P

y= h
Cv

()~=2-d2
P

mm equations(1)and(A4)

w

ANALYSIS

h, andtherelations

‘ (Al)

(A2)

(A3)

~a equation(2)andthedefinitionof h

Q
Tds=dh-p

Usingequation(A4)

I?!romequtlone(2)and(3)

(A4)

(AS)

(A6)

(A7)

-.. — —- —.—— . . ... —— ..—~._ __ _ —- - —-—- -. ——.
.,. ~. .,.

. . .
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() lq-~ @‘: ‘qp 7-1p

()
=fid l-$

()
Ad loge#-d(loge P)

= y-l

Franequations(4)andthefollowingrelations

D? a~
fi=~+fi”v)~

(?”v)Y =; W2-7X(V X7)

thereisobtained

-7 X(VXT)+$’AF+P +: V%+$V(V”7)

equations(A5)emd(A?)

;W2+; VP

Copbtitionwithequation

VH=~+TVs+~X(V

()*V; +;vp.VH - -

=VH -TVS

(AIO)yields

Fromequations(1)A (A6)

(A8)

(A9)

/’

(Ale)

(7,)

-— --— ----->- .-” ., :.;’ .“ ..-,
,.. ,,,, ,
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Bycombhingtithequation(4)

Whenequation(All)iscombinedwithequations(2)and(5)

~=Q+ g+:*+ v.{F+:[v%+*v(v*T)]}

Fmm equations(2)and(5)

T Ds 1—=Q+PDt

or

Ds
:+R—=. 1!

Dt P

(All)

(8)

(9)

Fromequations(6a),(3),and(A9),thefollowingformofcontinuity
relationisobtained:

(lo)

Equation(8a)isobtainedbyapplyingmotionandene~yequa-
tionstoe masssystmwitha fixedcontrolsurfaceasshownbythe
solidlinesinfigure3. tier steadyaxiallysyumetrim’1flow,
themassMlow dmi b the dt iSequaltothe~SS outflowtij
inthe dt, thestateofgaswithinthecontrolsurfaceisnot
changed,and.the
withrespectto
bladeforceand.
Sill’rom gas

stateofgasatstationsi and ~ isconstant
e. Byequation(A1O),thesumofthetangential
thetangentialviscousgasforcesexertedbythe
particlesonthesystemisequalto

—-.. ..-—-...-. :—— .— ~.— —.. ~ —.---———— —.. — --——,- ,.,’ ..’, . . .
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Thetorqueaboutthez-axisexerted.bythesetangentialforceson

thesystemis

thesystemby

thereforesimply

thesetangential

D(rVe)
— am~mat=Dt

b passingf- stationi to

D(rVo)

Dt
dmi andtheworkinp@to

forcesintimedt isequalto

stationj, besidereceivingthis
workinput,thegasparticlesaredoingworkagainsttheaxialand
zadialviscousforcesexeri%dbythesurroundinggasparticles.
However,thisnegativeworkis&ually-11, *-
that theheatg~e~ted
thegasstreamthenthe
andtheenergyequation

or

(HJ-Hi)dmi=
L

fromthisfrictional-work
heatadditioncancelsthe
forsteadyflowgives

if it isassumed
isadded.backto
negativework,

‘t.!

whereQ denotestherateperunitmassatwhich

,.

(&)

thegasstream
sheetisreceivingheatf= etiernalsourcethroughbladesor
otherpassagewalls.

ItMy benotedthatforsteadynonviscousflow,equation(8a)
mn beobtainedbyusingequation(11).’Forsuchflow,equation(8)
becomes

DH—=Q+~c~Dt

Fromequation_(n)itcanbeseenthat~ c~ isequalto F ● 6.
However,~:U isequalto FeU or Fer@ and F@ is,byeq~- .

“D(rVe)
tion(7h),equalto ~. Hencetheprecedingequationbecomes

*

—. . . . -.— ------- ‘— T—.7C=,,. . .—=.
. > . .,..,,-.’ . . . . ;-

,.. . . .
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m D(rVe)
—= Q+(I)Y.
Dt (8a)

Whenequation(12)isgiven,theentropychangecanbeobtainea
inthefolluwingmanner.Fiomequation(A9)and(3)

Butbyequations(12)and(3)

lD
Q1 ——~ %p=n-l~l~eT

Substitutionintoequation

t Forsteadyaxially

Ds ~—=
Dt

=R

(Al-2)gives

(++)%logeT

symmetricalflow,equation(A13)reducesto

(A12)

(AM)

Rorsuccessive@al stationsi and j a shortdistance
aprt,equation(A13)gives

S~(rj)-‘i “i)=R* P“ge‘$‘rJ)- 10ge‘i 4

(A14)

~smuch asthetemperaturechangebetweenthetwosuccessivesta-
tionsismall,thetemperatureratiocanbeconsiderdequalto
theenthalpyratio:

\

.

—-. . ~.+ .— —.. —- —...—- -. —-----. —-. . --—-——.— .-.— -— -.—. - -- —-- -———,---
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Substitution& equation(AI,5)intoequation(AI.4)gives

13J(rj)-Si(ri)=R
*

Hj-~
loge

%

Thedensity=tiobetweenthetwostations
equations(A9)and(3)

Combinationwithequation(AI.5)yields

P-J -
—=e

‘i

Substitutionintoequation(14)gives

Vz,j (Hj e ‘j‘q=%,i

V.2

vi2
-—

2

(A15)

1s”obtainedfrom

(A16)

(14a)

P
8
CJl

‘i

‘R-ri
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FBOMCONTINUITYEQUATION

Equation(X4)my bewrittenasa lineardifferentialequation

for r22
- a -tion ‘f ‘1’ ptidsd G2(r1)isknown

1
‘l,t

~ (rl)
r22= - 2r1drl+ r2,t2

~
(mj

whendividedby r2,t2

.

r2

()

2

‘Z,t
=1 r)

2
1,2

‘2,t

r‘l,t

2
rl.
rl,t

. dr~

rl,t

Thevalueof

flowatstations1 and2 isthesame

(m)

~,t/~,t~S fo~dbytheccmditionthattoti IIBSS

————.—-— — .—_ . .. . ..,T_ ..—. .— —.. .—.n. .-. — —. —.+ _______ —— ..__
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2zs2%’-()r2,t G2,t

E&me

2

1-
(,)
‘2,h
r2t

)t ~ (rl)

()

%,t Z>a

rl,t
-% )

rl,t

%,t q

,

.

(B!5)

.

—._....-.,.:.-- .-~ ----
.—.“ ._.’ ..:. ..... .— .——————— ,-.-”, -,,-

. .. . .. . . . ,. -., -. -.. ,
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SIWMFTED—RAMAIt—Wm3BRIWEQIMTIOMS

~ Equationstocalculatedistributionsofgaspropertiesunder
thesimplified-radial-equilibriumapproximationfora fewtypesof
designaregiven.

FreeVortexandConstmtTotalEnthalpy

Forthisdesign

fromequation(26a)inthesectionentitled“Simplified-Radial-
EquilibriumCalculation,”

all
Z,i

dri =0

(cl)

(C2)

Thevariationintangentialvelocityis,byequation(Cl),

r*“
=‘e,i,t ri%,i (C3)

Ateachstation,byusingequations(46)and(C3),

Whenthepreceding

Pt
Y—.7

* . (V6t rt)2

& *3
Pt A.

equationisintegratedfromr to rt, and
therelation

isused,thereisobtained

t

..-.
,., -,

.’ .,, .,-
----

,
. ..- ,.

,-.—---— -— -- ..—. .._. .—— — . .. —-....,, ,. .,.
. .
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1
2 3

() ]}
%-1
F (M)

Thisequationholdsforallstations,providedtheappropriate
valuesof (Ve,t/~)areused.Itfollowsfromequation,(C2)

thatateachstation

(C5)

Theradial.positionofgasatstation2 or3 isthenobtained
bynumericallyinte~tingequation(B5)usingdistributionsof
specificmassflowgivenbyequation(C3). Analternatemethodis
toexpandtheright-handsideofeqyation(C4)intoa binominal

series.Because~ ~S (~~ - ~ isusuallylessthan

O.I.5,threetermswillbesufficient.Let ~r representthe

averagedensityintheannulusbetweenr and rt, then

1‘t

2fiprdr

fi(rt2- =) pt

..
.-,’

,..
,.

‘. ..-.

,,’ -~.’.. ...,,...,
., ~-:.-.,.. .,.,--- .’.. ,.~:,‘ .,.,.’..,..>. rr2,t. . .,-,..,:.“........-*.,‘<... .+-:.,,.. . .LL_.v-lar. = 21nx

.... .. . .. .,
,...,.,. . .. ..

., .:,:. . . . c.

. . ... . -..:.., ...”.. . . . ,, .,, .

(C6)
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SIWLIHEWR41KAL—IB2UIUBRIWEQUATIOMS
+

Equationstocalculatedistributionsofgaspropertiesunder
thesimplified-radial-equilibriumapproximationfora fewt~esof
designaregiven.

FreeVortexandConstantTotalEnthalpy

Forthisdesign

5=0 dfi=o
‘q

(cl)
‘i

fromequation(26a)inthesectionentitled“Simplified-Radial-
EquilibriumCalculation,n

(C2)

Thevariationintangentialvelocityis,byequation(Cl),

r~“
%,i =Ve,i,t ri

Ateachstation,byusingequations(46)and(C3),

Whentheprecedingequationisintegratedfromr
therelation

(C3)

to rt, and

isused,thereisobtained

#

-. —.. — — —- - —y —— ————— -- ——-. .. ..—. —.. —
,.,.. .,
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Thisequationholdsforallstations,providedtheappropriate
valuesof (Ve,t/~) arewed. Itfolkmsfromequation(C2)

thatateachstation

G L
~=pt

(C5)

.

Theradialpositionofgasatstation2 or3 isthenobtained
bynumericallyintegratingeqution(B3)usingdistributionsof
specificmassflowgivenbyequation(C3). Analternatemethodis
toexpandtheright-handsideofequation(C4)intoa binominal

0.15,threetermswillbesufficient.Let

averagedensityintheannulusbetweenr

&—=
Pt

rrt

isusuallylessthan

Zr representthe

and rt, then

J 2fiprdr

x(rt2-l’’qpt

andinasmuchas

f

rl,t

1

r2,t

2n2r,l‘z,l‘1 = 2flPr,2‘z,2drz

rl 2

(C6)

—
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or

‘r,l‘z,l(r1,t2- r12)‘;r,2‘z,2(r2,t2- r22)

r2) V26rlklt2- 1 ‘h 1 ‘rl*2 - ‘~h2).x=
;r,z(r2,t2- r22) ‘z,l ;h,z(r2,t2- ‘2,h2)

Thechangeoftotalenthalpyacrosstherotoris

Then

Forcomprebor

% ‘1hvz,l,h—=1+~
% ‘ljt‘l,t

where
,

&v
‘1.h 8,2,h-%,l,h

Vz,l,h

Z&
‘ljh e,2,h-‘e,l,hthequantity

v istobeassignedbythe
z,l,h

aesignerebasmuchas
.

—.—.. . .. . .—__.__—. _____ _ -.—,- --_.——__ __, _ __ ___ ..__.,.,. ,.
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%

%,t2

‘1 t2hl,t+ ;

2
%,t

alt2

r

2
1 Z,l,t + Ve,l,t2

= (Y-1)U1,22
‘z

%,t2 %,t2)

where~ isthelimitinglkchnumbertobechosenbythedesigner;

%
— =1+
%

‘2,hv
.9,2,h- ‘e,l,h

‘l,h‘z,l,h‘l,h

rlt % t ‘zlh

,,-:)%2biY+(’-vY: fi:$k::r’G::r]

(C8)

Thepressuredistributionateachstationisobtainedbyrais-
ingitsdensitydistribution(eqpation(C4))tothepower7. The
pressurechangesbetweenthestationsatdifferentradiiare
obtainedbycombiningthesepressuredistributionswiththepres-
surechangeacrosstherotorattheradiuswherethevalueofthe
polytropicexponentislmownorassumed.Theanglethatthegas
velocitymakeswiththe
obtainedfromtheknown

axisofthemachineat&y radiusis
tangentialandaxialvelocities.
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SymmetricalVelocityDiagramandConstantTotalEnthalpy

Forthecaseofnontaperedpassage,rl= r2= r andfrm

equations(28)and(32)

dL!l ’352
2ii?=-aF=or

or

Ve,l 1=—
%,t 2

%2 1-=—
‘l,t 2

Bysubstitutingequation(C1O)

r % >—-.
rl,t 2 r

r % ‘l,t

‘+Z r‘1,t I

intoequation(46),

(C9)

(Clo)

Pt y-2~ u2r % %jtz 1
Y-y P =~% Zr

( )

21

Pt & ‘z ‘ljt% ‘l,t ~

wheretheminussignisusedforstation
station2. Integrationfromr to rt

1 andtheplussignfor
yields

fi,~ (Pt’-l- p7-1)=$ (rt2- r2]* ‘t~yt 10$e>

b .

or

())2A5- * bl,t ~t!Jl,t rt2

.

-. —__ —- —----- -—. — -–——... -,. ,., . ,. ,.-
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.5,2(*737’’]}* (ml]

wheretheplussignisusedforstation1and.theminussigufor
station2.

Thevaria~ionofmdalvelocityisobtainedfromequation(26a):

dVz
;*2

‘zx=-— r .,

(

(or

)

‘l,t % ‘l,t= -6)y+ 2r

= - Ul,tz
(’4) (cl.2)

Integrationfrom

()

v= 2

ul,t

wheretheplussigninthe
minussignforstation2.

m Z,2
VZ,2 *

lasttermisusedforstation1 andthe
Equation(C12)alsogives

(iv btu~t2
-Vz,l :’1 = r ‘ (C14)

~ thecaseofa taperedpassage,thegasisassumedtoflow
inconicalsurfaces,whichgivesthevalueof r2 asa function‘

of rl. Eqyations(28)and(32)givethedistributionsof ~ and

Ve asshownbyequations(D6)~ (D7),respectively,givenin

appendixD. Thedistributionsofaxialvelooityanddensityat
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station2 arethesameas
Afterthesedistributions
maSS flow G iSknown
equation(E!5).

Incompressorsof

thosegivenby
areknown,the

61

equations(D8)and(15).
distributionofspecific

andtheradialdisplacementisfoundfrom

thisdesign,themaximumvalueof

2L!?V
6,2-%,1‘l,h isusually
“zjl

setbythede”signer.l!hen

atthehub. ItsvaluethereIstobe

Z2V
rl h. e,2,h- %,l,h

vz,l,h

‘z,l,h

%,t

and

22QV - %,l,h ‘
‘z,l,h‘l,h

e,2,h
bt=abh=>

%,t
(Cls)

‘‘l)t ‘l,t vz,l,h

Inthistypeofdesign,thelimitingMch numberisusuallyat
thehub. Hencethedenominatorofthelasttermofequation(C8)
shouldbereplacedby

!l%erestofthec~c~tion iStheSEUEas~ thepreviousdesi==

SyimnetricalVelocityDiagramandContitiononAxialVelocity

Forconstantworkoverthebladeheightandnontaperedpassage,
equations(C9)to(Cll)stillhold.If dVz,2/drequalsO,equa-
tion(27C)underSimplifiedRadial-EquilibriumCalculationgives

.—. ---- —.—--—— .7. — --.,— — ..— — —--—- -. ~--— -—---- ——-—
—- —--

,., ,
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(
1/2

vZ,l = 1+ 2% %,t2 r
vZ,lyt vz,l,t2

loge~
)

Theenthalpyvariationforthis
tions(26a),(27a),and(C9)

%-H ~
—= —.
%,t2

4

caseisobtainedbyusingequa-

(C16)

rz( )1

rt
l-— +; btloge;

‘l,t
—

(C17)

~z,l ~Ontheotherhandif
dr=

av 26
Z,2

‘2,2 dr
= - %,t t

r

VZ,2

(

1/2

=1-
2% %,t2

vz,2,t )
z log ~

e rt
(C18)

vz,2,t

Inordertomakethedistributionof H independent

compromisecondition

~z,l dVzz
Vz,l * t VZ,2 # = o

of bt, the
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.

maybeused.Whenthisrelationisconibinedwithequation(27c),
thereisobtained

Vz>l (
l/2

= ~ + % ‘l,t
v

)

loge:
Z,l,t Vz,l,tz t

(
1/2

Q_ . 1 5t‘1 t

)

. –—~ log A
7z,2,t VZ,2,J e ‘t

(C20)

(C21)

Whenequation(26a)isappliedtostations1 and2,andthetwo
resultingequationsareadded

aH Utz ~
—=— —
dr2 rt2

Then

Iftherequirementofconstantworkoverthebladeheightis
abandoned,itispossibletorequirenochangeintheaxial-
velocitydistributionacrossthebladerows,whichistheincom-
pressibleformoftheconditionofnoradialdisplacement

%,1 ‘3VZ,2‘VZ,3
= dr2 = dr3

=0
‘1

(C23)

Wheneqyation(C23)iscouibinedwithequation(27b)forthecaseof
nontaperedpassage

(C24)

Bysubstitutingthesymmetryconditions(equations(31a)and(31b))
intoequation(C24)

-.. ...—— .—— .-. _ _ -.——. .,:.. —.-—. - .———. ——,.-
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Simplificationyields

or

Ve,l _ r

Ve,l,t ‘l,t

Fromequations(32)and(C25)

E2r2

~=
()rl,t

ve,2

()

‘2tr.~ —
‘e,2,t rl,t rl,t

(C25j

(25a)

(C26)

(C26a)

‘Ihswheel-typerotationexistsbothinfrontofandbehindthe
rotor.Byequation(27),

=+ (tz,t-tl,t)
rl, t

()=Wl,t % &,
Y

(C27)

whichmeansthattheworkdoneisproportionaltothesquareofthe
radius.
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METHODOFCA?lXIATIONFORZER3ANDINFINIIIZEASPECTRATIOS

Themethodofcalculationsisgivenforthetwotypesofdesign
inthenumericalexamples..

IRreeVortex

Zeroaspectratio.-
ratiocaseisthesameas
approximation.

andConstantTotalEnthalpy

h thistypeofdesign,thezero-aspect-
thatofthesimplified-radial-equilibrium

?hflniteaspectratio.-Byequations(47)and(A17)

1

v P~Z,2=—=
vZ,l P2 (,---$)

!231- (Ve,lz+vz,~2)

(Dl)
~ - (v~,#+vz,22)

AnadditionalrelationbetweenVz,l and VZ,2 isnecessary

inordertosolvetheequation.Inthe-sectionentitled“Infinite-
Aspect-RatioCalculation”twoequations.aresuggested.Forthis
desi~,equation(48)gives

or

vz ~ + VZ,2= constant
>

(D2)

*

\
.—...—- .— —. — -— --— - ——.- ——.. .- —.—.
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andequation(49).gives
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dVz1 dVzz
Vz,l dr +VZ,2 & ‘o

or

v 12+ VZ,22
z)

Alsofromequaticms(E4)&d (E5),

Vz,lVZ,2=

Thethreeprecedingequationsgive

= constant (D3)

negieotingthesquaretermin Ae

constant (D4)

practicallythesameresults.

A convenientprocedureofcalculationisasfollows:

(1)h ordertocomparetheresultwithothercases,thesame
valueof Vz,l,mmaybeused.Emmequation(Dl),Vz,2,mis

detenmlned.

(2)Insertthesevaluesineitherequation(D2),(D3),or(D4)
toobtaintheconstanth theequaticm.

(3)Assumea numberofvaluesof Vz,l;obtainVZ,2 bythe
sameequaticm.Thenusethefollou3ngequation,whichisobtained
fromequations(Dl)and(C3),tosolvefor r/rt #

( J-

S2-S1

2-e 2

‘$)2= ~E1~~;~$-l]~F:~’~~)2-(vz,2)2

(4)PlotVz,~ ~a Vz,2 againstr/rt,md obtaintheti
valuesatthevaluesof r/rt destied.

.
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Whenthedistributionofaxialvelocityisknown,thedensity
Variatiaatanystationisobtainedbyapplyingequation(A17)at— —
thestaticm

P~= (D5)

ThepressurevariationateachstationIsobtainedbyraisingequa-
tion(D5)tothe y power.Thepressurechangesacrossthestage
atdiffezwntradiiaudtheairanglesereobtainedintheseine
mannerasinthesimplified-radial-equilibriumcalculation.

SymmetricalVelocityDiagramPlusConstantTotalEnthalpy

Zeroaspectratio.-Withradialdisplacementnotequalto
zero,theequationsfortangentialvelocitieseredifferentfrom
theexpressionsofequation(C1O).Fromequations(28)and(32)

ve,2 E, r~

( )]

+rl,t% ~

%,t = r2 Ul,t= 2r1,t 2r1 ~

(D7)

-————. -— .._—.—.——— .— ~–—.— —. -— —— -- —
.,-



68 NACATN~Oo 1795

Fromequation(26)withthelasttermnegligibleforthiscase,
tiasmuchas r2-rl ismuchlessthanL,

Forstation1,fromequatim(D6)

dVz~

(

2
1 ‘1

)

‘l,t% ‘l,t

(

21 rl %
Vzjl# =-~~- 2

@rl.-ul,t –—-—
1 rl 2 rl,t

2 2r1)

Inte~ationfrcmrh to rl yields

whichisthesameasequation(C13).Forstation2,

dVzz 1

(

(or12rl,t% ul,t
VZ,2 & = -77+ 2

)
@r]

2 r2

rl
VZ,2dvz,2= 2 2 + btUl,t-~((orl 2)dr~

2r2.

r12 2

[)

rl ‘t d= -~%,t —+—
2 (r2) rl,t rl

rl,t

dq

‘2

()

‘1

rl,t

Integrationtromrl,hto rl fields
rl

rl,t

whichdiffersfromequation(C13).

.
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Thedensitydistributionat
simplifiedradialapproximation,
obtainedbyusingequation(D!5).

69

station 1 is the sameas the
whereasthatatstation2 is
Thesolutimofthiscaseisa

processofsuccessiveapproximations.Valuesof rz(rl)obtained
inthesimplifiedradialapproximationcanbeusedhereasthe
startingvalues.!l!henthedistributionsof ve2) Vz,2~P2~
and

?
4are‘calculatedfromtheprecedingequaions,andnewvalues

of r2rl) areccmputedfromequation(B5).Usually,onlytwoor
threecyclesarenecessarytoobtainthecorrectvalue,asthe
differencebetweenthiscaseandthesimplified-radial-equilibrium
approximationofthistypeofdesignissmall.

lhftiiteaspectratio.~ Thefirstequationforthecondition
~=G2 isthesameasequation(Dl).Thesecondequation
necessarytosolvethiscaseisa littlemorecanplicatedthanthat

‘+0. Ifequation(49a)intheprevioustypeofdesignbecause~

isused

Then

.

or

v 2+VZ,22=-@2r2+ CmtmtZ,l

v la Vz22
L+ r2 ~= -— + constant
Uta Utz rt2

(D1O)

.
In order to compayethe resul’t ofthiscasewithothercases,the
S- valueOf Vz,l,mmaybeused.Thenfromequation(Dl),

Vz,2.m~isfound,andtheconstant”inequation(D1O)isevaluated
by’u~ingthissetof Vz,l,m~d Vz,2*m.A fewvaluesof Vz,l
areassumedatanyother-givenradius”~th conespondingvaluee
of VZ,2 obtainedfromequation(DIO\.Thecorrectvaluesof
Vz,land VZ,2thatwillsatisfyequation(Dl)ar%obtainedby
Interpolation.

,

.—. —-. . .... . . __. .___ ._ ..__ ..... . . _.,. —.. -—,. .—— .
.. ‘.

—— –.-. —
.,
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Afterthedistributionofaxialvelocityisknown,thedensity
distributionsareobtainedfromequations(Cll)and(D5),andthe
pressuredistributive,totalenthalpy
obtainedinthesamemannerasbefme.

change, andairtiglesare

Po
$!
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APPENDIXE

71

APPROXIMATEVALUEOFRADIALDISPLACEMENTACROSSBLADEROW

AREDEMZWND BYDESIGNASFUNCTIONSOF rl

InthelatterpartofappendixD,distributionofaxialveloc-
ityisexpressedintermsofknownH, ~> rl) ~d r2(r1).
Alternatively,thisdistributioncanbeexpressedintermsofradial
displacementanditsvaluedeteminedbythestiplified-radial-
equilibriumcalculation,forwhichAe= O. Forthecaseof
nontaperedpassage,itisseenframequation(21)

dVz~ dvzla Aefi2
Vz,l &l ‘%,s drl ()‘T z Vz,12 (El)

.,

Bysubstitut~

binomialseries,

equation(E2)becomes
. .

(E2)

()
-2

(rl+ Ae) for r2, expanding1 +~ ina

()

Ae2
andneglectingtermsofgreaterorderthan ~’

(E3)

. -—— --- ..-. ... ,—. —-_ . . —.— , .,—..s —
. .

.,. , ,.
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l..

If Ae (q) iB known, equaticms

!.
equatians In Tz, 12 and VZ,22,

,1

:’!
‘j
‘“l..
;’

Zr

of

g AeAr
VZ,12= e L rm

(El)and (E3)maybesolvedasllne&flret-orAerdifferential
4m

respectively,@ving(Ornl%tl%tieSubaorlpt1 on r)

[J

~2r
r

OJ
--

( )

Aedr
‘V 28L ‘m~r Z,l,8 dr+ VZ,1,m2

‘m 1
at-la

:1

() {J[
-f2cp(r) ‘Lv z

E2,:,.. 2Ae a 2 3(Ae)2 d ]()
~ q(r)

VZ,22 = e —.
~ 2,2, s + r3 * !2 -—#22e M + ‘Z,2,m2,,,

., , r~,,

.’,, ‘m )
1“

(E4)

‘.,1 (E5)
:

‘(r)=pedr+*{(Q2-[-d’]

‘m

and .wbeoript” m may here refer to w radius between hub and tSp.

I
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Forthelhniklngcaseofzeroaspectratio,thelasttermin
equation(El)approacheszero,so Vz,l= V 1 s, whereasVZ,2
isobtainedbyintegratingequation(E3)wi;~<hethirdterm
neglected.

VZ>22= VZ,2,62- @z,2, s,m2 -vz,2,m2) +2 ~3[&t29ar

[

r(Ae)2
3— r4
Jr

m
(d“z

Whenequation (E4)isintegrated

replacedby ye g(r) asinequation

()~
2

Vz,12=Vz,l,s2+e L Ye~l (r)

byPartsand Ae (rl)is

(51),thereisobtained

(‘z,l,m2-‘z,l,m,s2)

(E6)

YT2() r~Yew(r) r IT2()--
L Ye~l (r)

-e VZ,1,S2 & e dr

J rm

inwhich

f

r

T1 (r)= g(r)~

rm

—_.. .—._———. ~ .- ..——— _ 7-——— -—- —-—-—-. —---- —
,, ., ,,
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If itisdesiredtocompare
basisofthesameVz,l,m~

NACA~ NO● 1795

thegeneralcasewithothercasesonthe
then-Vz,l,m= Vz,l,m,s” Bytheuseof

theprecedingequationthemeanvaluetheoremofintegralcalculus,
~ bewrittenas

Yr2()~ Ye%(r)—

Vz,12-VZ,1,82L - e Vz,1,82
-1

[.

2

()
~

Ye~ (r)
= VZ,l,B2 f3

L 1-1 (E7)

2 i~a me~ =lue of Vz,l,s2whereVZ,l,B betweenr and rmz

themeandepend-onthechoiceofthefunctiong (r).Ifthe
approximationi’smadetilettingVz,2jm= ‘z,2,mjs}equati~(E5)
maybewrittenas

-VZ,22- VZ,2,S2= VZ,2,S2

Y’(2()e-z YeV2 (r)

-1

1 +Ye~3 (r)

L

- Ye2~4 (r) (E8j

where
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!l!heohmgein

given g (r)

~) @

the dietmibutiona of Vzjl and VZ,2 w4th the maxhun dieplaoement ye for a

ie now detmmined by differentiating equationa (E7) and (E8), amming that rmj F

Q
g

=2 me Indepemient of ye

2

()

:

Zd VZ,1,S2 Z2

()

f’ Ye~ (r) q

— We ‘zjl “
dye

~ PI (r) e
Vz,12

(I&3) &

– ~~’eq2(r)(-+,e{[,(42- km]])%,2,62 ~2’ e-r~ 1- VZ,2 = -
2 Qe ()VZ,22 L

, ~(r)
—+
TZ,22

By .wbtraotlng equation (E1O) frcm

ye ~(r) ~4(r) “’Ye2 d~4(r)
—— - 2Ye —- ——
YZ,22 ‘e VZ,22 VZ,22 ‘ye

(Elo)

(IS) and neglecting three EIIMll tenm oontiining ye/Vz2
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Theequaticmofcontinuity,equation(14),maybewrittenas

(E12)

byreplacingr2 with .1+ ycg (r).Itisherebeingassumed
thatthedisplacementAc forthecontinuityequati~nhasthesame
fozmas,butmaydifferinmagnitudefrom,Ae. lYthevariation
of P1/P2(r)‘wtthyc isneglected,thatis,thedensitydistribu-
tionisassumedtobedeterminedprimarilybythetangentialveloc-
itydistribution,differentiationwithrespectto yc fora
giveng (r) gives .

v &
+lOG%= &d.)

VZ,2 *+l+yc$ g(r)
(E13)

o

Ifthesamedistributionof Vz,l and VZ,2 satisfiesboththe

continuityandequilibriumequations,yc isa f~cti~ of ye
determinedbythedift’erentialequation,whichisobtainedby
ditidingequation(En)byequation(E13):

2=b#Q&-
.

- + l+yc+ [$(r)]

(—.2
Vz,1,82() Yg ‘?1(r) VZ,2,S2

f12
ez ()e-i YeW2 (.)

+
Vz,12 VZ,22

{ }

1+ ye ‘g(r)]~j(~(rm)J2- 93(;) )(E14)

()
VZ,22~ ql (.)

.

.
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b ordertoevaluateequation(E14),theformof g(r),whichis
implicitintheequationsused,mustbefound.Anorder-of-magnitude
resultmaybeobtained,however,

3
y equatingtheright-handsideof

equation(E14)toa constant-K ~ ‘dete-ingthevalueof

theconstantfromtheboundaryconditionson g(r).Becausethis
assumptioninvolvessettingdyC/dyeequaltoa uonetant,itis

equivalenttotheassumptionalreadystatedthatfortheselected
~e= ye g(r)}thecmrespondingAc differsonlyinamplitude.
h ordertpobtaintheorder-of-magnituderesult,theright-hand
sideofequation(E14)issimplifiedby

(a)

(b)

(c)

SettingthefirsttwotermsInthebracketequalto2

Consideringthetezmsinvolvlngyc and ye negli@ble
whentheyarecomparedwithunity

Ignoringthelastterminthebracketbecauseitoontaine
2

()
vz,#’: Inthedenominator.(Ifequation(E14)is

yrltten intermsuf2r/rtinsteadof r, theterm
2

()
~

()

mt
L beoomes~ , whichisabout250for.A = 2

r
euld~ = 0.6.)’

Asa resultofthissimplification,equation(E14)becomes

RewritQ equation(E15)gives

()
X2

-z
b

Whenequation(E16)is

(E15)

(E16)

differentiatedwithrespeotto r andthe

relation ~~1 (r)= g(r) isused,

_.— ---“—.‘——— —------. — —=— — ——. — —.-———–—a .—-. —.—— .._-
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Thisequation
andargument
determinedby

WA !!!IJEOO1795

gives g(r)asaBesselfunctionofthefirstorder
(fi/LK).Thevalueof (fi/LK)andthusof K, iS

theboundaryconditionsg(~~ = g(rt)= O. Inorder
that g(r) have a singlemaximum,thefir-tieigen~lueofthis
bound--valueproblemmustbetaken.A satisfactoryapproximation
tothissolution may beobtainedwithoutfivolvingBesselfunotionsby
replacingg(r)/r Inequation(E16)by g(r)/rm,differentiating,
andsolving:

r.—’

g(r)= e ‘im(K1cos2r+%

where

The boundaryconditionsdetemine,usingthe
fm K,

l-t

K=rt-rh

sln 2r)

-%- r-~
g(r)=K3e m sin—art-~

firsteigenmlue

.

9

(E17)

andtherefore,

(Thisa~roximteequalityiscorrectwithin1 percentfor
(~/rt)s 0.5.) SubstitutingthisresultInequatim(E15)gives

b

@c =-& rt -~()
2

~ ‘- L ‘-
A’ (E18)

lh thisveryroughapproximation dy~dye iS themf~e ewal to

minus the smmre oftheaspectratio.Byintegratingequation(E18)

‘1

.

.

.
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andbylettingYc,a equalthevalueof yc 0orre8P0nd@Jto

Ye= O (sinrpllfied-radial-equilibriumapproximation):

Y. = Yu,e - A2ye (E19)

A solutioncorresp~sto YC = ye = Yj w~chwh~ substituted
intoequation(E18)gives

Y~ s
Y=

1+A2

or
A

A
C,s=

1+A2
(50)
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(a) Stream surface over four stages of multistage

turbo machine.

o

.

(b) intersection of

stream surface with

(c~ Intersection of stream

surface with axial plane.

plane normai to axis.

=5=

Figure i. - Stream surface over four stages of multistage

turbomachine and its intersection with planes normai to

and containing axis of machine.
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.6 .7 .8 .9 I .0
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(f) variationof Mach number relative to rotor blades.

Figure 4. - Continued. Symmetr ical-ve]ocity-diag ram and constant-

total-enthalpy compressor.
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total-enthalpy compressor.
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●nthalpy compressor.
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compressor.

.



r

f

I

‘.1

1!,

.i
.!
,

i

I

A- 0 or s.r. e.

A!12h
%

Vz, t %’,t

V,t W,t

l+
Ut

APm %

v2,m ‘2,m

‘1 m ‘I,m

‘2,m Uf,m

4.8h
ah

‘2,h
‘1 h ‘I, h

Uh
Uh

Figure 5. - Cone

At tip

A-en

Li!l!h
t

Vz,t
“I,t

%,
Wl,t

Ut

L+

At mean radius

APm %

‘2,m ‘2,m

‘1 m ‘1 ,m

lJ2,1n
‘I, m

A$lh

‘J2,
‘f h

h

‘I, h

Uh Uh ,

At hub

91 Veloclty diagrams at different radii.

uded. Free-vortex and constant-total-entha)py compressor.



96

I ●o

we
w

.9

.8

.025

.020

.015
m x
L L

I I
. #
L L

.010

.005

0

NACA TN No. 1795\

(a) Distribution of specific mass flow.
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(b] Radial displacement across rotor.
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Figure 6. - Free-vortex and constant-total-enthalpy turbine.
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~ -- -· ··- --effect on the radial variations of the gas state between successive blade rows in the case of steady 
-axially symmetrical flow. The maximum compatible number of the radial variations of the gas 
properties between successive blade rows that a designer ts free to specify and the possible types 

J" '1:J"o~"Obtatned~by!dU'l~rent,·eways-of using up these degrees of freedom are discussed. A general procedure 
is gtven to calculate tbe characteristics of a compressor or turbine of any given type of design, taking 
into account the effect of radlal motion of gas. 
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