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❈❊❘❚■❋■❈❆✿ ◗✉❡ ❧❛ ♣r❡s❡♥t❡ ♠❡♠♦r✐❛✱ ✏❆♣♣❧✐❝❛t✐♦♥s ♦❢ r❡❣✉❧❛r ✈❛✲
r✐❛t✐♦♥ ❛♥❞ ♣r♦①✐♠❛t❡ ♦r❞❡rs t♦ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s✱ ❛s②♠♣t♦t✐❝ ❡①✲
♣❛♥s✐♦♥s ❛♥❞ ♠✉❧t✐s✉♠♠❛❜✐❧✐t②✑✱ ❤❛ s✐❞♦ r❡❛❧✐③❛❞❛ ❜❛❥♦ s✉ ❞✐r❡❝❝✐ó♥ ❡♥ ❡❧
❉❡♣❛rt❛♠❡♥t♦ ❞❡ ➪❧❣❡❜r❛✱ ❆♥á❧✐s✐s ▼❛t❡♠át✐❝♦✱ ●❡♦♠❡trí❛ ② ❚♦♣♦❧♦❣í❛✱
♣♦r ❉✳ ❏❛✈✐❡r ❏✐♠é♥❡③ ●❛rr✐❞♦✱ ② ❝♦♥st✐t✉②❡ s✉ ❚❡s✐s ♣❛r❛ ♦♣t❛r ❛❧ ❣r❛❞♦
❞❡ ❉♦❝t♦r ❡♥ ▼❛t❡♠át✐❝❛s✳

◗✉❡ ❧❡ ❝♦♥st❛ q✉❡ ❡❧ tr❛❜❛❥♦ ❡s ♦r✐❣✐♥❛❧ ❡ ✐♥é❞✐t♦✱ ② q✉❡ ❛✉t♦r✐③❛ s✉
♣r❡s❡♥t❛❝✐ó♥✳

❨ ♣❛r❛ q✉❡ ❝♦♥st❡ ❛ ❧♦s ❡❢❡❝t♦s ♦♣♦rt✉♥♦s✱ ✜r♠❛ ❧❛ ♣r❡s❡♥t❡ ❡♥ ❱❛❧❧❛✲
❞♦❧✐❞ ❛ q✉✐♥❝❡ ❞❡ ❞✐❝✐❡♠❜r❡ ❞❡ ❞♦s ♠✐❧ ❞✐❡❝✐s✐❡t❡✳

❋❞♦✳✿ ❏❛✈✐❡r ❙❛♥③ ●✐❧
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✴❆❣r❛❞❡❝✐♠✐❡♥t♦s

❊♥ ❡st❛s ❧í♥❡❛s ♠❡ ❣✉st❛rí❛ ❡①♣r❡s❛r ♠✐ ♠ás ♣r♦❢✉♥❞♦ ❛❣r❛❞❡❝✐♠✐❡♥t♦ ❛ t♦❞❛s ❧❛s ♣❡rs♦♥❛s ❝♦♥ ❧❛s
q✉❡ ❤❡ ❝♦♠♣❛rt✐❞♦ ❡st♦s ú❧t✐♠♦s ❝✉❛tr♦ ❛ñ♦s ② q✉❡ ♠❡ ❤❛♥ ❛②✉❞❛❞♦ ❛ ♠❛♥t❡♥❡r♠❡ ❡♥ ❡q✉✐❧✐❜r✐♦
s♦❜r❡ ❡❧ ✜♥♦ ❛❧❛♠❜r❡ q✉❡ s❡♣❛r❛ ❧❛ ❧✉❝✐❞❡③ ❞❡ ❧❛ ❧♦❝✉r❛✳ P❛r❛ ❡✈✐t❛r ❡❧ ❛❣r❛✈✐♦ ❞❡ q✉✐❡♥❡s ♥♦
s♦♥ ♥♦♠❜r❛❞♦s ♦ ❞❡ q✉✐❡♥❡s s✐é♥❞♦❧♦ ❞✐s❝r❡♣❛♥ ❞❡ ❧♦s tér♠✐♥♦s ❡♥ q✉❡ s❡ ❤❛❝❡✱ ❧❛s ♥♦r♠❛s ♥♦
❡s❝r✐t❛s ♠❛r❝❛♥ tr❡s ♣❛✉t❛s✿ ❜r❡✈❡❞❛❞✱ ❛♠❜✐❣ü❡❞❛❞ ② ❝♦rr❡❝❝✐ó♥ ♣♦❧ít✐❝❛✳ ❙✐♥ ✐♥t❡♥❝✐ó♥ ❛❧❣✉♥❛ ❞❡
♠❡♥♦s❝❛❜❛r ❧❛ s♦❧❡♠♥✐❞❛❞ ❞❡❧ t❡①t♦ q✉❡ s❡ ♣r❡s❡♥t❛✱ ♣❡r♠ít❛♥♠❡ ❛♣r♦✈❡❝❤❛r ❧❛ ❧✐❜❡rt❛❞✱ ❢✉❡r❛ ❞❡❧
r✐❣♦r ♠❛t❡♠át✐❝♦✱ q✉❡ ♠❡ ❜r✐♥❞❛ ❡st❡ ❡s♣❛❝✐♦✱ ❡①❝❡❞✐❡♥❞♦ ❧♦ ♣r♦t♦❝♦❧❛r✐♦ ❡♥ ❧♦♥❣✐t✉❞✱ ❝♦♥❝r❡❝✐ó♥
② ❢r❛♥q✉❡③❛✳

◆♦ ❝❛❜❡ ❞✉❞❛ ❞❡ q✉❡ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ ❡st❛ t❡s✐s ♥♦ ❤❛❜rí❛ s✐❞♦ ♣♦s✐❜❧❡ s✐♥ ❧❛ ✐♥t❛❝❤❛❜❧❡
❞✐r❡❝❝✐ó♥ ❞❡ ❏❛✈✐❡r ❙❛♥③ ❞✉r❛♥t❡ ❡st♦s ❝✐♥❝♦ ❛ñ♦s✱ ✐♥❝❧✉②♦ ❛q✉í✱ ♣✉❡st♦ q✉❡ ❡❧ P❖❉ ❧♦ ❤❛❝❡
s♦♠❡r❛♠❡♥t❡✱ s✉ ❧❛❜♦r ❞✉r❛♥t❡ ❡❧ ❚❋▼ q✉❡ s✉♣♦♥❡ ❡❧ ♦r✐❣❡♥ ❞❡ ❡st♦s r❡s✉❧t❛❞♦s✳ ▼❡ s✐❡♥t♦ ♣r♦✲
❢✉♥❞❛♠❡♥t❡ ❤♦♥r❛❞♦ ❞❡ q✉❡ ♠❡ ❤❛②❛ ♣❡r♠✐t✐❞♦ tr❛❜❛❥❛r ❥✉♥t♦ ❛ é❧ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧♦s ❞❡s❛rr♦✲
❧❧♦s ❛s✐♥tót✐❝♦s ② ❧❛s s❡r✐❡s ❞✐✈❡r❣❡♥t❡s ❝♦♥t❛❣✐á♥❞♦♠❡ s✉ ❡♥t✉s✐❛s♠♦ ♣♦r ❡❧ ❛♥á❧✐s✐s ♠❛t❡♠át✐❝♦✳
◗✉✐❡r♦ ❞❡st❛❝❛r q✉❡✱ ♣❡s❡ ❛ s✉s ♠ú❧t✐♣❧❡s t❛r❡❛s ② ♦❜❧✐❣❛❝✐♦♥❡s✱ ❝♦♠♦ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❞❡♣❛rt❛✲
♠❡♥t♦✱ s✐❡♠♣r❡ ❤❛ ❝✉♠♣❧✐❞♦ ❝♦♥ s✉s ❝♦♠♣r♦♠✐s♦s ❤❛❝✐❡♥❞♦ ❣❛❧❛ ❞❡ ✉♥ ❝♦♥t♦rs✐♦♥✐s♠♦ ❞✐❣♥♦ ❞❡❧
❈✐r❝♦ ❞❡❧ ❙♦❧ ② s❛❝❛♥❞♦ s✐❡♠♣r❡ s✉ ♠❡❥♦r ✈❡rs✐ó♥✱ ❝♦♠♦ ❧♦s ❣r❛♥❞❡s tr✐♣❧✐st❛s✱ ❝✉❛♥❞♦ s✉❡♥❛ ❧❛
❜♦❝✐♥❛✳ P❡r♦ s♦❜r❡ t♦❞♦ ❛❣r❛❞❡③❝♦ ② ❛❞♠✐r♦ q✉❡ ♥✐ ♣♦r ✉♥ ✐♥st❛♥t❡ ❤❛②❛ ♣❡r❞✐❞♦ ✉♥ á♣✐❝❡ ❞❡ s✉
❛♠❛❜✐❧✐❞❛❞✱ ❞❡❞✐❝❛❝✐ó♥ ② ❡s❢✉❡r③♦✳

❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à ❛❞r❡ss❡r ♠❡s r❡♠❡r❝✐❡♠❡♥ts ❧❡s ♣❧✉s s✐♥❝èr❡s ❛✉ ♣r♦❢❡ss❡✉r ❉❛✈✐❞ ❙❛✉③✐♥
♣♦✉r s♦♥ ❝❤❛❧❡✉r❡✉① ❛❝❝✉❡✐❧ ❡t s♦♥ ❡♥❝❛❞r❡♠❡♥t ♣❡♥❞❛♥t ❧❡s tr♦✐s ♠♦✐s ❞❡ sé❥♦✉r ❞❡ r❡❝❤❡r❝❤❡ à
P✐s❛✳ ❙❡s ❧❡ss♦♥s ♠❛❣✐str❛❧❡s s✉r ❧❡s s②stè♠❡s ❞②♥❛♠✐q✉❡s✱ ❧❡s ♣r♦❜❧è♠❡s ❛s②♠♣t♦t✐q✉❡s ❡♥ ♠é✲
❝❛♥✐q✉❡ ❤❛♠✐❧t♦♥✐❡♥♥❡✱ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ r❡s✉r❣❡♥❝❡ ❡t ❧❡ ❝❛❧❝✉❧ ♠♦✉❧✐❡♥ ♦♥t ✉♥❡ ✈❛❧❡✉r ✐♥❡st✐♠❛❜❧❡
❛✐♥s✐ q✉❡ s❡s ❝♦♥s❡✐❧s ❡t ❧❡s ❞✐s❝✉ss✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❡✉✱ ❧❡s q✉❡❧❧❡s ❥❡ s♦✉❤❛✐t❡ ❛♣♣r♦❢♦♥❞✐r✳

◆♦ ♣✉❡❞❡♥ ❢❛❧t❛r ✉♥❛s ♣❛❧❛❜r❛s ♣❛r❛ ❧♦s ✐♥✈❡st✐❣❛❞♦r❡s ❝♦♥ ❧♦s q✉❡ ❤❡ t❡♥✐❞♦ ❡❧ ❧✉❥♦ ❞❡
❝♦❧❛❜♦r❛r ❡str❡❝❤❛♠❡♥t❡✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ♣❛r❛ ❡❧ q✉❡ ❡s♣❡r❡♠♦s s❡❛ ♠✐ ❤❡r♠❛♥♦ ♠❛②♦r ❡♥
❡❧ ▼❛t❤❡♠❛t✐❝s ●❡♥❡❛❧♦❣② Pr♦❥❡❝t✱ ❆❧❜❡rt♦ ▲❛str❛✱ q✉❡ ❞✉r❛♥t❡ ❡st❡ t✐❡♠♣♦ s❡ ❤❛ ❝♦♠♣♦rt❛❞♦
❝♦♠♦ t❛❧ ② ❛❧ q✉❡ ❞♦② ❧❛s ❣r❛❝✐❛s ♣♦r s✉s ❡①❝❡❧❡♥t❡s ❝♦♥s❡❥♦s q✉❡ ♠❡ ❤❛♥ ♣❡r♠✐t✐❞♦ ♦r✐❡♥t❛r♠❡
❛❝❛❞é♠✐❝❛♠❡♥t❡ ② ❜✉r♦❝rát✐❝❛♠❡♥t❡ ❡♥ ❡❧ ♣r♦❝❡s♦ ❞♦❝t♦r❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❧❛❝❡✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦
t❤❛♥❦ ♣r♦❢❡ss♦r ❙❤✐♥❣♦ ❑❛♠✐♠♦t♦ ✇❤♦ ■ ♠❡t ✐♥ ✷✵✶✺ ✐♥ ❇❡❞❧❡✇♦ ✇❤❡r❡ ✐t st❛rt❡❞ ♦✉r ❝♦❧❧❛❜♦r❛t✐♦♥
✇❤✐❝❤ ❛♠♦✉♥t❡❞ t♦ s♦♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s s♦❧✈❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✳ ❍✐s ❜r♦❛❞ ❦♥♦✇❧❡❞❣❡ ♦❢
✈❡r② ❞✐✛❡r❡♥t ❛r❡❛s ✐♥ ♠❛t❤❡♠❛t✐❝s ♠❛❞❡ ♦✉r ❞✐s❝✉ss✐♦♥s r❡❛❧❧② ♣❧❡❛s❛♥t ❛♥❞ t❤♦✉❣❤t ♣r♦✈♦❦✐♥❣✳
❋✐♥❛❧❧②✱ t❤❡ ♠♦st ♥♦t♦r✐♦✉s ♠❡♠❜❡r ♦❢ ♠② (lc)2 r❡s❡❛r❝❤ t❡❛♠✱ ●❡r❤❛r❞ ❙❝❤✐♥❞❧✱ ✇❤♦ ■ ❤❛✈❡ t❤❡
♦♣♣♦rt✉♥✐t② t♦ ✇♦r❦ ✇✐t❤ ❞✉r✐♥❣ t❤❡ ❧❛st t✇♦ ②❡❛rs✳ P❛rt ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s t❤❡s✐s
✐s t❤❡ r❡s✉❧t ♦❢ ♦✉r ✇❡❡❦❧② ❛♥❞ ❢r✉✐t❢✉❧ ❝♦♥✈❡rs❛t✐♦♥s✳

❆ ❧♦ ❧❛r❣♦ ❞❡ ♠✐ ✈✐❞❛ ❤❡ t❡♥✐❞♦ ❞✐✈❡rs♦s ♣r♦❢❡s♦r❡s✱ ♣❡s❡ ❛ ❤❛❜❡r ♦❧✈✐❞❛❞♦ s✉s ♥♦♠❜r❡s✱ ❞❡
❧❛ ♠❛②♦rí❛ ❣✉❛r❞♦ ✉♥ ❣r❛t♦ r❡❝✉❡r❞♦✳ ❊♥ ❡st❡ ❛♣❛rt❛❞♦ q✉✐❡r♦ ❛❣r❛❞❡❝❡r ❡❧ ❛s❡s♦r❛♠✐❡♥t♦ ❞❡ ❧♦s
♣r♦❢❡s♦r❡s ❞❡❧ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ➪❧❣❡❜r❛✱ ❆♥á❧✐s✐s ▼❛t❡♠át✐❝♦✱ ●❡♦♠❡trí❛ ② ❚♦♣♦❧♦❣í❛ ❝♦♥ ❧♦s q✉❡
❤❡ ❝♦♠♣❛rt✐❞♦ t❛r❡❛s ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ② ❞♦❝❡♥❝✐❛✳ ❆✉♥q✉❡ s❡ ❡s❝❛♣❡ ❞❡❧ ♠❛r❝♦ t❡♠♣♦r❛❧ ❞❡ ❡st❡
❞♦❝t♦r❛❞♦✱ ❤❡ ❞❡❝✐❞✐❞♦ ❤❛❝❡r ✉♥❛ ♣❡q✉❡ñ❛ r❡s❡ñ❛ ❞❡ ✉♥❛ ♣r♦❢❡s♦r❛✱ ✐♥t❡r✐♥❛ ❡♥ ❛q✉❡❧ ♠♦♠❡♥t♦✱
q✉❡ t✉✈❡ ❞✉r❛♥t❡ ❡❧ s❡❣✉♥❞♦ ❝✉rs♦ ❞❡ ❧❛ ❊❞✉❝❛❝✐ó♥ ❙❡❝✉♥❞❛r✐❛✱ ❘❛q✉❡❧ ❆❧♦♥s♦ ●❛❧✈á♥✳ ▲❡ ❞♦②
❧❛s ❣r❛❝✐❛s ♣♦r ✐♥✈✐t❛r♠❡ ❛ ❞❡s❛✜❛r ♠✐s ❝❛♣❛❝✐❞❛❞❡s ❛♣✉♥tá♥❞♦♠❡ ❛ ❧❛ ♦❧✐♠♣✐❛❞❛ ②✱ ❛✉♥q✉❡ ❡❧
♣❡r✐♣❧♦ ♥♦ ❢✉❡ ♠✉② ❡①✐t♦s♦✱ ♠❡ ♣❡r♠✐t✐ó ❝♦♥♦❝❡r ❧❛s ♠❛t❡♠át✐❝❛s ♠ás ❛❧❧á ❞❡ ❧♦s ❡stá♥❞❛r❡s q✉❡
♠❛r❝❛♥ ❧♦s ❧✐❜r♦s ❞❡ t❡①t♦✳

▼✐ ❣r❛t✐t✉❞ ❡s t❛♠❜✐é♥ ♣❛r❛ ❧❛s ✐♥st✐t✉❝✐♦♥❡s q✉❡ ❤❛♥ ✜♥❛♥❝✐❛❞♦ ❡st❛ ✐♥✈❡st✐❣❛❝✐ó♥✿ ❡❧ ▼✐✲
♥✐st❡r✐♦ ❞❡ ❊❝♦♥♦♠í❛ ② ❈♦♠♣❡t✐t✐✈✐❞❛❞ ♠❡❞✐❛♥t❡ ❧♦s ♣r♦②❡❝t♦s ▼❚▼✷✵✶✷✲✸✶✹✸✾ ② ▼❚▼✷✵✶✻✲
✼✼✻✹✷✲❈✷✲✶✲P❀ ② ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞ ❛ tr❛✈és ❞❡ ❧❛ ❝♦♥✈♦❝❛t♦r✐❛ ❞❡❧ ❛ñ♦ ✷✵✶✸ ❞❡ ❝♦♥tr❛t♦s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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♣r❡❞♦❝t♦r❛❧❡s ❝♦✲✜♥❛♥❝✐❛❞♦s ♣♦r ❡❧ ❇❛♥❝♦ ❞❡ ❙❛♥t❛♥❞❡r✱ ❧❛s ❛②✉❞❛s ♣❛r❛ ❛s✐st❡♥❝✐❛s ❛ ❝✉rs♦s✱
❝♦♥❣r❡s♦s ② ❥♦r♥❛❞❛s r❡❧❡✈❛♥t❡s ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ t❡s✐s ❞♦❝t♦r❛❧❡s ✭❝♦♥✈♦❝❛t♦r✐❛ ✷✵✶✺✮ ② ♣❛r❛
❡st❛♥❝✐❛s ❜r❡✈❡s ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ t❡s✐s ❞♦❝t♦r❛❧❡s ✭❝♦♥✈♦❝❛t♦r✐❛ ✷✵✶✼✮✳ ❱♦rr❡✐ ❛♥❝❤❡ r✐♥❣r❛③✐❛r❡
✐❧ ❈❡♥tr♦ ❞✐ ❘✐❝❡r❝❛ ▼❛t❡♠❛t✐❝❛ ❊♥♥✐♦ ❉❡ ●✐♦r❣✐ ✭❙❝✉♦❧❛ ◆♦r♠❛❧❡ ❙✉♣❡r✐♦r❡ ❞✐ P✐s❛✱ ■t❛❧✐❛✮ ❞♦✈❡
s♦♥♦ st❛t♦ ♦tt❡♥✉t✐ ❛❧❝✉♥✐ r✐s✉❧t❛t✐ ❞✐ q✉❡st❛ t❡s✐ ♣❡r ✐❧ ❣r❛♥❞✐ss✐♠♦ s✉♣♣♦rt♦ ❝❤❡ ❤♦ r✐❝❡✈✉t♦
❞✉r❛♥t❡ ✐❧ ♠✐♦ s♦❣❣✐♦r♥♦✳

◆♦ q✉❡rrí❛ ♦❧✈✐❞❛r♠❡ ❞❡ ❧♦s ❞♦❝t♦r❛♥❞♦s ② ❧♦s ♣♦st❞♦❝t♦r❛♥❞♦s ❞❡ ❧❛ ❆✶✸✷✱ ❖③✐❡❧✱ ❏❡sús✱
❨♦❧❛♥❞❛✱ ▲✉❝✐✈❛♥✐♦✱ ❆③✉❝❡♥❛✱ ❘♦❞r✐❣♦✱ ▼❛➪♥❣❡❧❡s ② ▼✐❣✉❡❧ ❝♦♥ ❧♦s q✉❡ ❤❡ ❝♦♠♣❛rt✐❞♦ t❛♥t♦s
t✉♣♣❡rs✱ ❝❛❢és ② ❞❡s❛❤♦❣♦s✱ ❡s❡♥❝✐❛❧❡s ❡♥ ❧❛ r✉t✐♥❛ ✐♥✈❡st✐❣❛❞♦r❛✳ ❯♥❛ ♠❡♥❝✐ó♥ ❡s♣❡❝✐❛❧ s❡ ♠❡r❡❝❡
♠✐ ❝♦rr❡❧✐❣✐♦♥❛r✐♦ ❞❡ s❡r✐❡s ❞✐✈❡r❣❡♥t❡s✱ ❆▼❈ ② ❍❇❖✱ ❙❡r❣✐♦✱ ♣♦r ❡st❛r s✐❡♠♣r❡ ❞✐s♣✉❡st♦ ❛ ❡❝❤❛r
✉♥❛ ❝✉❡♥t✐❝❛ ② ♣♦r ❞❡❥❛rs❡ s♣♦✐❧❡❛r ❛❝❡r❝❛ ❞❡❧ ❝♦♥t❡♥✐❞♦ ❞❡ ❡st❛ ♠❡♠♦r✐❛ ♠❡❞✐❛♥t❡ ❧♦s s✉❝❡s✐✈♦s
❜♦rr❛❞♦r❡s✱ ❝✉②❛s ❝♦rr❡❝✐♦♥❡s ❤❛♥ s✐❞♦ ❞❡ ✉♥❛ ✐♥❡st✐♠❛❜❧❡ ✈❛❧í❛✳ ■ ❤❛✈❡ ❛❧s♦ ❡♥❥♦②❡❞ t❤❡ ❝♦♠♣❛♥②
♦❢ ▲✐ ❨♦♥❣ tr②✐♥❣ t♦ ✉♥❞❡rst❛♥❞ ❊❝❛❧❧❡✬s ✇♦r❦s ❢r♦♠ ♠♦♥❞❛② t♦ ❢r✐❞❛② ❛♥❞ ❞✐s❝♦✈❡r✐♥❣ ❚✉s❝❛♥②
♦♥ ✇❡❡❦❡♥❞s✳ ❋✐♥❛❧♠❡♥t❡✱ ♠✐ ❛❣r❛❞❡❝✐♠✐❡♥t♦ ❛ ❧❛s ❞♦s ♠❛t❡♠át✐❝❛s ❞❡ ❧❛ ♣❡❞❛♥í❛ ♠✉r❝✐❛♥❛ ❞❡
❆❧✐❝❛♥t❡ ♠ás ❝❛st❡❧❧❛♥❛s q✉❡ ❝♦♥♦③❝♦✿ ❛ ▼❛r✐♥❛✱ ♣♦r ❤❛❝❡r ❧♦ q✉❡ ♥♦ ❡stá ❡s❝r✐t♦ ♣♦r ❝♦♥❡①✐♦♥❛r
❛❧ ❣r✉♣♦✱ ② ❛ ❇❡❛tr✐③✱ ♣♦r ❞❛r♥♦s t❡♠❛s ❞❡ ❝♦♥✈❡rs❛❝✐ó♥ t❛♥ ✐♥❣❡♥✐♦s♦s ❛❝❡r❝❛ ❞❡ s✉s ♣óst❡r❡s✳

❆ ♣❡s❛r ❞❡ ♥♦ ❤❛❜❡r❧❡s ♣♦❞✐❞♦ ❞❡❞✐❝❛r t♦❞♦ ❡❧ t✐❡♠♣♦ q✉❡ ♠❡ ❤✉❜✐❡r❛ ❣✉st❛❞♦ ❡♥ ❡st♦s
❝✉❛tr♦ ❛ñ♦s✱ s♦♥ ❧❛ ❜❛s❡ ❛♥í♠✐❝❛ q✉❡ s✉st❡♥t❛ ❡st❛ t❡s✐s ② q✉❡ ♠❡ r❡❝✉❡r❞❛✱ ❝✉❛♥❞♦ ❡❧ t✐❡♠♣♦
② ❧❛ ❞✐st❛♥❝✐❛ ❧♦ ♣❡r♠✐t❡♥✱ ❧♦ q✉❡ ✈❡r❞❛❞❡r❛♠❡♥t❡ ✐♠♣♦rt❛✳ ■♥❝❧✉②♦ ❛q✉í ❛ ❛q✉❡❧❧❛s ♣❡rs♦♥❛s
q✉❡✱ ❛✉♥q✉❡ ♥♦ ❧♦ s❡♣❛♥✱ ❡♥ ❛❧❣ú♥ q✉❡ ♦tr♦ ♠♦♠❡♥t♦ ❞❡ ❞❡❜✐❧✐❞❛❞ ♠❡ ❤❛♥ ❛❧❡♥t❛❞♦ ❝♦♥ s✉s
♣❛❧❛❜r❛s ❛ s❡❣✉✐r ❛❞❡❧❛♥t❡✳ ●r❛❝✐❛s ❛ ❧♦s ♣❛rq✉❡s♦❧❡ñ♦s ✭❝♦♥ ❛❧❣✉♥❛ ❛❞♦♣❝✐ó♥✮ q✉❡ s✐❡♠♣r❡ ❤❡
♣♦❞✐❞♦ ❡♥❝♦♥tr❛r ✉♥ ✈✐❡r♥❡s ❡♥ ❡❧ ❉❡❧❜❛r✬s✿ ▲♦r❡♥❛✱ ❏✉❛♥ ❈❛r❧♦s✱ ❋r❛♥✱ ❏✐♠♠②✱ P❡❧✉✱ ❆❧❢r❡❞♦✱
❙❛♥s✐✱ ▼❡r❝r❡✱ ❆♥❞r❡❛✱ ■♥❡✱ ❆♥❛✱ ❊s❝✉✱ ◆❛✈❛rr♦✱ ❏♦sé✱ ▼♦s✐ ② ▼❛rtí♥❀ ❛ ❧❛ ❵♠✉❝❤❛❝❤❛✉❞❛✬
❞✐s♣♦♥✐❜❧❡ ♣❛r❛ ❧❛ ❝♦♥t✐❡♥❞❛ ② ❧❛ ❥❛r❛♥❛✿ ❆♥❛✱ ▼✐❣✉❡❧✱ ❆♥❣é❧✐❝❛✱ ❇❧❛♥❝❛✱ ❏♦sé ❆♥t♦♥✐♦✱ ●❛s♣❛r✱
❆♥❞rés✱ ▲❛✉r❛✱ ▼❛r✐♥❛✱ ❊❞✉❛r❞♦✱ ■♥♠❛❝✉❧❛❞❛✱ ◆❛❞✐❛✱ ❇❡♥✐✱ ●♦♥③❛❧♦✱ ▼✐♥❡r✈❛ ② ➪❧✈❛r♦❀ ❛ ❧♦s
♠❛t❡♠át✐❝♦s✿ ❊❞✉✱ ▲✉❝❛s ② ❆♥❛✳ ❙❛♥ ❇♦✉r❜❛❦✐ ❞❡r✐✈❛ ♣r♦ ❡✐s✳

▼❡ s✐❡♥t♦ ❛❢♦rt✉♥❛❞♦ ❞❡ t❡♥❡r tr❡s ❢❛♠✐❧✐❛s ❏✐♠é♥❡③✱ ●❛rr✐❞♦ ② ❙❛♥❝❤♦ ♥♦ ♣♦r ❡❧ ❤❡❝❤♦ ❞❡
s❡r tr❡s s✐♥♦ ♣♦r ♠✐s tí❛s✱ tí♦s✱ ♣r✐♠♦s ② ♣r✐♠❛s q✉❡ s✐❡♠♣r❡ ♠❡ ❤❛♥ ❛rr♦♣❛❞♦ ❡♥ t♦❞♦ ❧♦ q✉❡ ❤❡
❡♠♣r❡♥❞✐❞♦✳ ❊st❡ ✈✐❛❥❡ ♥♦ ❤❛❜rí❛ s✐❞♦ ♣♦s✐❜❧❡ s✐♥ s✉ ❛♣♦②♦✳

❍❡ q✉❡r✐❞♦ ❞❡❥❛r ♣❛r❛ ❡❧ ✜♥❛❧ ❧♦s ❛❣r❛❞❡❝✐♠✐❡♥t♦s ❛ ❧❛s ♣❡rs♦♥❛s ❝♦♥ ❧❛s q✉❡ ❤❡ ❝♦♠♣❛rt✐❞♦ ❡❧
❞í❛ ❛ ❞í❛✳ ❆ P❡❞r♦ ♣♦r tr❛♥s♠✐t✐r♠❡ s✉ ♣❛s✐ó♥ ♣♦r ❧❛ ❝✐❡♥❝✐❛ ② ♣♦r ❙❛❧❛♠❛♥❝❛✳ ❆ ♠✐ ❤❡r♠❛♥♦ ❞❡❧
♥♦rt❡ ❞❡ ❈❛♥❛❞á✱ ●♦♥③❛❧♦✱ ② ❛ ♠✐ ❤❡r♠❛♥❛ ❞❡❧ s✉r ❞❡ ❧❛ ■♥❞✐❛✱ ❚❡r❡s❛✱ q✉❡ ❤❛st❛ ❡♥ ❧❛ ♣❡♦r ❞❡
❧❛s ❡t❛♣❛s ♠❡ ❤❛♥ s❛❝❛❞♦ ✉♥❛ s♦♥r✐s❛ ❝♦♥ s✉s ❧♦❝✉r❛s ♣r♦❞✉❝t♦ ❞❡ ✉♥❛ ✐♠❛❣✐♥❛❝✐ó♥ ❞❡s❜♦r❞❛♥t❡
q✉❡ ❡s♣❡r♦ s✐❣❛♥ ❡❥❡r❝✐t❛♥❞♦✳ ❆ ♠✐ ♠❛❞r❡✱ ◆✐❡✈❡s✱ ♣♦r s❡r ❞✉r❛♥t❡ ♠✉❝❤♦s ❛ñ♦s ♠❛❞r❡✱ ❛♠✐❣❛
② ❤❡r♠❛♥❛✱ ♣♦r ♣❡r♠✐t✐r♠❡ ❝♦♠❡t❡r ❧❛ ❤❡r❡❥í❛ ❞❡ ♥♦ s❡❣✉✐r s✉s ♣❛s♦s ❡♥ ❧❛ ❢ís✐❝❛✱ ♣♦r ❞❡❥❛r q✉❡
♠❡ ❡q✉✐✈♦q✉❡ ② ♣♦r s✉ ❣✉í❛✱ ✈✐t❛❧✐❞❛❞ ② ❝❛r✐ñ♦✳ P♦r ú❧t✐♠♦✱ ❣r❛❝✐❛s ❛ ❧❛ ♣❡rs♦♥❛ q✉❡ ♥♦ ♠❡
❤❛ ❞❡❥❛❞♦ ❜❛❥❛r ❧♦s ❜r❛③♦s✱ ✈✐❣✐❧❛♥t❡ ❞❡s❞❡ ❧❛ ❆t❛❧❛②❛ ❞❡ ♣❡q✉❡ñ❛s ♣✐❡③❛s✱ ❤❡r♦í♥❛ ❡♥ ❧❛s ❛✉❧❛s✱
❣✉❛r❞✐❛♥❛ ❞❡ ❧❛s ❝✉❡♥❝❛s ♠✐♥❡r❛s ❞❡❧ ♥♦rt❡✱ ❝♦♠♣❛ñ❡r❛ ❞❡ r✉t❛ ② r❡s♣♦♥s❛❜❧❡ ❞❡ ❣r❛♥ ♣❛rt❡ ❞❡
♠✐s ❛❧❡❣rí❛s✱ ▲✐❞✐❛✳

▼✉❝❤♦s✱ ② s❡❣✉r❛♠❡♥t❡ ✐♥s✉✜❝✐❡♥t❡s✱ ❛❣r❛❞❡❝✐♠✐❡♥t♦s ② ✉♥❛ ❞❡❞✐❝❛t♦r✐❛ ❛ ●♦♥③❛❧❛ ❞❡❧ P♦③♦✱
■s❛❜❡❧ ▲ó♣❡③✱ ❏❡sús ❏✐♠é♥❡③ ② ▼❛r❝❡❧✐♥♦ ●❛rr✐❞♦❀ ❛✉♥q✉❡ ♥♦ ♠❡ ❤❛②❛♥ ♣♦❞✐❞♦ ❛❝♦♠♣❛ñ❛r ❡♥
❡st❛ ❛✈❡♥t✉r❛✱ s♦② ❞❡ ❧♦s ♣❡q✉❡ñ♦s ❞❡ ❝❡r❝❛ ❞❡ ✉♥❛ tr❡✐♥t❡♥❛ ❞❡ ♥✐❡t♦s✱ s✉ ❛❢❡❝t♦✱ ❡❥❡♠♣❧♦ ②
❝✉✐❞❛❞♦ s♦♥ ❧❛s r❛í❝❡s ❞❡❧ ár❜♦❧ ❝✉②♦ ❢r✉t♦ ❛q✉í s❡ ♠✉❡str❛✳
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❏❛✈✐❡r ❏✐♠é♥❡③ ●❛rr✐❞♦

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❊❧ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ ♠❡♠♦r✐❛ ❡s ❞❛r r❡s♣✉❡st❛ ❛ ✈❛r✐❛s ♣r❡❣✉♥t❛s ❛❜✐❡rt❛s r❡❧❛t✐✈❛s ❛
❧❛s ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ❞❡ t✐♣♦ ❈❛r❧❡♠❛♥✲❘♦✉♠✐❡✉ ❞❡ ❢✉♥❝✐♦♥❡s✱ ❞❡✜♥✐❞❛s ❡♥ s❡❝t♦r❡s ❞❡ ❧❛
s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❞❡❧ ❧♦❣❛r✐t♠♦ ♠❡❞✐❛♥t❡ r❡str✐❝❝✐♦♥❡s ♣❛r❛ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡ s✉s ❞❡r✐✈❛❞❛s
❞❛❞❛s ❡♥ tér♠✐♥♦s ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s✳ ▲❛ ♠♦t✐✈❛❝✐ó♥ ❞❡ ❡st♦s ♣r♦❜❧❡♠❛s
s✉r❣❡ ❞❡❧ ❡st✉❞✐♦ ❞❡ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ ❛♣❛r❡❝❡♥ ❛ ❧❛ ❤♦r❛ ❞❡ tr❛❜❛❥❛r ❝♦♥ ✉♥ ♣r♦❝❡s♦ ❞❡
s✉♠❛❜✐❧✐❞❛❞ ❞❡ s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧❡s ❡♥ ❡st❡ ❝♦♥t❡①t♦ ② ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ♥✉❡✈❛
❤❡rr❛♠✐❡♥t❛ ❞❡ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ▲❛ s♦❧✉❝✐ó♥ q✉❡ s❡ ♣r❡s❡♥t❛ ❛q✉í ❞❡♣❡♥❞❡
❢✉❡rt❡♠❡♥t❡ ❞❡ ❧❛s t❡♦rí❛s ❝❧ás✐❝❛s ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ② ❞❡ ór❞❡♥❡s ❛♣r♦①✐♠❛❞♦s✱ q✉❡ ❡stá♥
❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s✳ ❊♥ ❧♦s s✐❣✉✐❡♥t❡s ♣árr❛❢♦s s❡ ❞❡s❝r✐❜❡ ❡❧ ♦r✐❣❡♥ ② ❞❡s❛rr♦❧❧♦ ❞❡ ❡st♦s
✐♥❣r❡❞✐❡♥t❡s ❡s❡♥❝✐❛❧❡s✳

❊❧ ♣r✐♠❡r t❡♠❛ ❜ás✐❝♦ q✉❡ ♥♦s ✐♥t❡r❡s❛ ❡s ❡❧ ❡st✉❞✐♦ ❞❡ s❡r✐❡s ❞✐✈❡r❣❡♥t❡s ❛ tr❛✈és ❞❡ ❧♦s ❞❡✲
s❛rr♦❧❧♦s ❛s✐♥tót✐❝♦s✳ ❊❧ ❝♦♠✐❡♥③♦ ❞❡ ❧❛ ♠❛♥✐♣✉❧❛❝✐ó♥ s✐st❡♠át✐❝❛ ❞❡ s❡r✐❡s ❞✐✈❡r❣❡♥t❡s✱ ❛tr✐❜✉✐❞♦
♥♦r♠❛❧♠❡♥t❡ ❛ ▲✳ ❊✉❧❡r✱ ❞❛t❛ ❞❡❧ s✐❣❧♦ ❳❱■■■✳ ▲❛s ❡♠♣❧❡ó ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥
❞❡ ❝♦♥st❛♥t❡s ❝♦♠♦ e ② π✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞✉r❛♥t❡ ❡❧ s✐❣❧♦ ❳■❳ ❧❛s s❡r✐❡s ❞✐✈❡r❣❡♥t❡s ❢✉❡r♦♥✱ ❛
❣r❛♥❞❡s r❛s❣♦s✱ ❡①❝❧✉✐❞❛s ❞❡ ❧❛s ♠❛t❡♠át✐❝❛s✳ ▲❛ ❝❛✉s❛ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❡ ❤❡❝❤♦ ❢✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥
r✐❣✉r♦s❛ ② ❣❡♥❡r❛❧ ❞❡ ❧❛ s✉♠❛ ❞❡ ✉♥❛ s❡r✐❡ ✭❝♦♥✈❡r❣❡♥t❡✮ ♣r♦♣♦r❝✐♦♥❛❞❛ ♣♦r ❆✳ ▲✳ ❈❛✉❝❤②✱ q✉❡
rá♣✐❞❛♠❡♥t❡ s❡ ❝♦♥✈✐rt✐ó ❡♥ ❧❛ ❡stá♥❞❛r✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ♣♦❞❡♠♦s ❝✐t❛r ❛ ●✳ ❍✳ ❍❛r❞② q✉✐❡♥✱ ❡♥
s✉ ❧✐❜r♦ ❬✸✺✱ ♣✳ ✺❪ ❞❡ ✶✾✹✾✱ ❝✉❛♥❞♦ ❡stá ❞❡❜❛t✐❡♥❞♦ ❛❝❡r❝❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♣r♦♣✐❛❞❛ ❞❡ ❧❛ s✉♠❛
❞❡ ✉♥❛ s❡r✐❡ ❞✐✈❡r❣❡♥t❡✱ ❛♣✉♥t❛ ❧♦ s✐❣✉✐❡♥t❡✿

✏✐t ❞♦❡s ♥♦t ♦❝❝✉r t♦ ❛ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝✐❛♥ t❤❛t ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧
s②♠❜♦❧s s❤♦✉❧❞ ❤❛✈❡ ❛ ❵♠❡❛♥✐♥❣✬ ✉♥t✐❧ ♦♥❡ ❤❛s ❜❡❡♥ ❛ss✐❣♥❡❞ t♦ ✐t ❜② ❞❡✜♥✐t✐♦♥✳ ■t
✇❛s ♥♦t ❛ tr✐✈✐❛❧✐t② ❡✈❡♥ t♦ t❤❡ ❣r❡❛t❡st ♠❛t❤❡♠❛t✐❝✐❛♥s ♦❢ t❤❡ ❡✐❣❤t❡❡♥t❤ ❝❡♥t✉r②✳
❚❤❡② ❤❛❞ ♥♦t t❤❡ ❤❛❜✐t ♦❢ ❞❡✜♥✐t✐♦♥✿ ✐t ✇❛s ♥♦t ♥❛t✉r❛❧ t♦ t❤❡♠ t♦ s❛②✱ ✐♥ s♦ ♠❛♥②
✇♦r❞s✱ ❵❜② ❳ ✇❡ ♠❡❛♥ ❨✬✳ ❚❤❡r❡ ❛r❡ r❡s❡r✈❛t✐♦♥s t♦ ❜❡ ♠❛❞❡✱ ❜✉t ✐t ✐s ❜r♦❛❞❧② tr✉❡ t♦
s❛② t❤❛t ♠❛t❤❡♠❛t✐❝✐❛♥s ❜❡❢♦r❡ ❈❛✉❝❤② ❛s❦❡❞ ♥♦t ❵❍♦✇ s❤❛❧❧ ✇❡ ❞❡✜♥❡ 1−1+1− ...❄✬
❜✉t ❵❲❤❛t ✐s 1− 1 + 1− ...❄✬ ❛♥❞ t❤❛t t❤✐s ❤❛❜✐t ♦❢ ♠✐♥❞ ❧❡❞ t❤❡♠ ✐♥t♦ ✉♥♥❡❝❡ss❛r②
♣❡r♣❧❡①✐t✐❡s ❛♥❞ ❝♦♥tr♦✈❡rs✐❡s ✇❤✐❝❤ ✇❡r❡ ♦❢t❡♥ r❡❛❧❧② ✈❡r❜❛❧✳✑

❊♥ ✶✽✽✻✱ ❍✳ P♦✐♥❝❛ré r❡♥♦✈ó ❡❧ ✐♥t❡rés ♠❛t❡♠át✐❝♦ ❡♥ ❡❧ ✉s♦ ❞❡ s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧❡s
✭♥♦r♠❛❧♠❡♥t❡ ❞✐✈❡r❣❡♥t❡s✮ ✐♥tr♦❞✉❝✐❡♥❞♦ ❧❛ ♥♦❝✐ó♥ ❞❡ ❞❡s❛rr♦❧❧♦ ❛s✐♥tót✐❝♦ ♣❛r❛ r❡s♦❧✈❡r ❞✐✈❡rs♦s
♣r♦❜❧❡♠❛s ❞❡ ❢ís✐❝❛ ♠❛t❡♠át✐❝❛ ② ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝❡❧❡st❡✳ ▲♦s ❞❡s❛rr♦❧❧♦s ❛s✐♥tót✐❝♦s✱ ❡♥ ❡❧ s❡♥t✐❞♦
❞❡ P♦✐♥❝❛ré✱ s♦♥ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ❞❡s❛rr♦❧❧♦ ❞❡ ❚❛②❧♦r q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❛♣r♦①✐♠❛❝✐♦♥❡s s✉❝❡s✐✈❛s✿
✉♥❛ ❢✉♥❝✐ó♥ f ❝♦♠♣❧❡❥❛ ② ❤♦❧♦♠♦r❢❛ ❡♥ ✉♥ s❡❝t♦r S = {z ∈ C; 0 < |z| < r, a < arg(z) < b}✱
❛❞♠✐t❡ ❛ ❧❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❝♦♠♣❧❡❥♦s f̂ =

∑∞
p=0 apz

p ❝♦♠♦ s✉ ❞❡s❛rr♦❧❧♦
❛s✐♥tót✐❝♦ ✭✉♥✐❢♦r♠❡✮ ❡♥ ❡❧ ♦r✐❣❡♥ s✐ ♣❛r❛ t♦❞♦ p ∈ N0 = N ∪ {0} ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛
Cp t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ z ∈ S s❡ t✐❡♥❡ q✉❡

∣∣f(z)−
p−1∑

n=0

anz
n
∣∣ ≤ Cp|z|p, ✭✶✮
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❡♥ ❝✉②♦ ❝❛s♦ ❡s❝r✐❜✐♠♦s f ∈ Ã(S)✳ ❊♥ ❡st❡ ❝♦♥t❡①t♦✱ ❡s ♥❛t✉r❛❧ ❝♦♥s✐❞❡r❛r ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧
❛s✐♥tót✐❝❛ B̃ : Ã(S) → C[[z]] q✉❡ ❡♥✈í❛ ❝❛❞❛ ❢✉♥❝✐ó♥ f ❡♥ s✉ ❞❡s❛rr♦❧❧♦ ❛s✐♥tót✐❝♦ f̂ ✳

❊♥ ✶✾✶✻ ❏✳ ❋✳ ❘✐tt ♠♦stró q✉❡ ❡st❛ ❛♣❧✐❝❛❝✐ó♥ ❡s s♦❜r❡②❡❝t✐✈❛ ♣❛r❛ t♦❞♦ s❡❝t♦r S✱ ♠✐❡♥tr❛s q✉❡
♥♦ ❡s ♥✉♥❝❛ ✐♥②❡❝t✐✈❛ ✭❞❛❞♦ ✉♥ s❡❝t♦r ❜✐s❡❝❛❞♦ ♣♦r ❧❛ ❞✐r❡❝❝✐ó♥ 0 ❧❛ ❡①♣♦♥❡♥❝✐❛❧ exp(−z−α)✱ ♣❛r❛
✉♥❛ ❡❧❡❝❝✐ó♥ ❛❞❡❝✉❛❞❛ ❞❡ α > 0✱ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♣❧❛♥❛✱ ✐✳❡✳✱ ❛s✐♥tót✐❝❛♠❡♥t❡ ♥✉❧❛✱ ② ♥♦ tr✐✈✐❛❧✮✳
P♦r t❛♥t♦✱ ❞❛❞❛ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧ f̂ ② ✉♥ s❡❝t♦r S ❡s ❡♥ ❣❡♥❡r❛❧ ✐♥út✐❧ ✐♥t❡♥t❛r
❛s✐❣♥❛r❧❡ ✉♥❛ s✉♠❛ ❞❡ ✉♥❛ ❢♦r♠❛ ❝♦rr❡❝t❛✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ q✉❡ ♥♦ ❤❛② ✉♥❛ ú♥✐❝❛ ❢✉♥❝✐ó♥ ❡♥ S
❛s✐♥tót✐❝❛ ❛ f̂ ✳

❉✉r❛♥t❡ ❧♦s ❛ñ♦s ✶✾✼✵ s❡ ♣r♦❞✉❥❡r♦♥ ❞❡t❡r♠✐♥❛♥t❡s ② ♦r✐❣✐♥❛❧❡s ❛✈❛♥❝❡s✱ ❡♥ ❡st❡ s❡♥t✐❞♦✱ ❝♦♥
❧♦s tr❛❜❛❥♦s ❞❡ ❏✳ P✳ ❘❛♠✐s✱ ❡♥ ❧♦s ❝✉❛❧❡s s❡ ♦❜s❡r✈❛ q✉❡✱ ❛✉♥q✉❡ ❧❛s s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧❡s
s♦♥ ❛ ♠❡♥✉❞♦ ❞✐✈❡r❣❡♥t❡s✱ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❜❛st❛♥t❡ ❣❡♥❡r❛❧❡s ❡❧ r✐t♠♦ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❞❡ s✉s
❝♦❡✜❝✐❡♥t❡s ♥♦ ❡s ❛r❜✐tr❛r✐♦✳ ❉❡ ❤❡❝❤♦✱ ✉♥ r❡s✉❧t❛❞♦ ♥♦t♦r✐♦ ❞❡ ❊✳ ▼❛✐❧❧❡t ❬✻✻❪ ❞❡ ✶✾✵✸ ❡st❛❜❧❡❝❡
q✉❡ ♣❛r❛ t♦❞❛ s♦❧✉❝✐ó♥ f̂ =

∑
p≥0 apz

p ❞❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❛♥❛❧ít✐❝❛ ❡①✐st❡♥ C,A, k > 0

t❛❧❡s q✉❡ |ap| ≤ CAp(p!)1/k ♣❛r❛ t♦❞♦ p ∈ N0✳ ■♥s♣✐r❛❞♦ ♣♦r ❡st♦✱ ❏✳ P✳ ❘❛♠✐s ✐♥tr♦❞✉❥♦ ❧❛ ♥♦❝✐ó♥
② ❧♦s r✉❞✐♠❡♥t♦s ❞❡ ❧❛ k−s✉♠❛❜✐❧✐❞❛❞✱ q✉❡ s❡ ❛♣♦②❛ ❡♥ r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s ❞❡ ●✳ ◆✳ ❲❛ts♦♥ ②
❘✳ ◆❡✈❛♥♥❧✐♥❛ ② ❣❡♥❡r❛❧✐③❛ ❡❧ ♠ét♦❞♦ ❞❡ s✉♠❛❜✐❧✐❞❛❞ ❞❡ ❇♦r❡❧✳ ❙✉s ❞❡s❛rr♦❧❧♦s s❡ ❜❛s❛♥ ❡♥
✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ❞❡s❛rr♦❧❧♦s ❞❡ P♦✐♥❝❛ré ❞♦♥❞❡ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❧❛ ❝♦♥st❛♥t❡ Cp ❡♥ ✭✶✮
s❡ ❡①♣r❡s❛ ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❝♦♠♦ Cp = CAp(p!)1/k ♣❛r❛ ❝✐❡rt❛s ❝♦♥st❛♥t❡s A,C > 0✱ ❧♦ q✉❡
❝♦♥❧❧❡✈❛ ❡st✐♠❛❝✐♦♥❡s ❞❡❧ ♠✐s♠♦ t✐♣♦ ♣❛r❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ap ❞❡ f̂ ✳ ▲❛ s✉❝❡s✐ó♥M1/k = (p!1/k)p∈N0

❡s ❧❛ s✉❝❡s✐ó♥ ●❡✈r❡② ❞❡ ♦r❞❡♥ 1/k✱ ❞❡❝✐♠♦s q✉❡ f ❡s ❛s✐♥tót✐❝❛ 1/k−●❡✈r❡② ❛ f̂ ✭❞❡♥♦t❛❞♦
f ∈ ÃM1/k

(S)✮ ② ✱ ❞❡❜✐❞♦ ❛ ❧❛s ❡st✐♠❛❝✐♦♥❡s q✉❡ s❛t✐s❢❛❝❡♥ s✉s ❝♦❡✜❝✐❡♥t❡s✱ s❡ ❞✐❝❡ q✉❡ f̂ ❡s ✉♥❛

s❡r✐❡ 1/k−●❡✈r❡② ✭f̂ ∈ C[[z]]M1/k
✮✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧✱ ❞❡✜♥✐❞❛ ❡♥ ❡st❡ ❝❛s♦ ❞❡ ÃM1/k

(S) ❛
C[[z]]M1/k

✱ ❡s s♦❜r❡②❡❝t✐✈❛ s✐ ② só❧♦ s✐ ❧❛ ❛♣❡rt✉r❛ ❞❡❧ s❡❝t♦r S ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ π/k ✭❚❡♦r❡♠❛
❞❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡②✮✱ ② ❡s ✐♥②❡❝t✐✈❛ s✐ ② só❧♦ s✐ ❧❛ ❛♣❡rt✉r❛ ❡s ♠❛②♦r q✉❡ π/k ✭▲❡♠❛ ❞❡ ❲❛ts♦♥✮✱
✈❡r ❙❡❝❝✐ó♥ ✸✳✷✳

❊st❡ ú❧t✐♠♦ ❤❡❝❤♦ ♣❡r♠✐t❡ ❞❛r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧ k−s✉♠❛❜❧❡ ❡♥
✉♥❛ ❞✐r❡❝❝✐ó♥ d ❝♦♠♦ ❛q✉❡❧❧❛ ❡♥ ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ♣❛r❛ ✉♥ s❡❝t♦r S s✉✜❝✐❡♥t❡✲
♠❡♥t❡ ❛♠♣❧✐♦ ② ❜✐s❡❝❛❞♦ ♣♦r ❧❛ ❞✐r❡❝❝✐ó♥ d✱ ❛ ❧❛ ❝✉❛❧ s❡ ❧❡ ♣✉❡❞❡ ❛s✐❣♥❛r ✉♥❛ k−s✉♠❛ ✭❧❛ ú♥✐❝❛
❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ ❡♥ S ❛s✐♥tót✐❝❛ ❛ ❡❧❧❛✮✳ ❏✳ P✳ ❘❛♠✐s ♣r♦❜ó✱ ❞❡ ❢♦r♠❛ ♣✉r❛♠❡♥t❡ t❡ór✐❝❛ ✭♥♦
❡①♣❧í❝✐t❛✮✱ q✉❡ t♦❞❛ s♦❧✉❝✐ó♥ ❢♦r♠❛❧ ❡♥ ✉♥ ♣✉♥t♦ s✐♥❣✉❧❛r ✐rr❡❣✉❧❛r ❞❡ ✉♥ s✐st❡♠❛ ❧✐♥❡❛❧ ❞❡ ❡❝✉❛✲
❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ♠❡r♦♠♦r❢♦ ❡♥ ❡❧ ❞♦♠✐♥✐♦ ❝♦♠♣❧❡❥♦ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❝♦♠♦ ❝✐❡rt❛s
❢✉♥❝✐♦♥❡s ❝♦♥♦❝✐❞❛s ♠✉❧t✐♣❧✐❝❛❞❛s ♣♦r ✉♥ ♣r♦❞✉❝t♦ ❞❡ s❡r✐❡s ❢♦r♠❛❧❡s✱ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝✉❛❧❡s
❡s k−s✉♠❛❜❧❡ ✭✐✳❡✳✱ k−s✉♠❛❜❧❡ ❡♥ t♦❞❛ ❞✐r❡❝❝✐ó♥ ❡①❝❡♣t♦ ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❧❛s✮ ♣❛r❛ ❛❧❣ú♥
♥✐✈❡❧ k q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛ s❡r✐❡✳ ❊❧ ❝❛rá❝t❡r ♥♦ ❝♦♥str✉❝t✐✈♦ ❞❡ ❧❛ ♣r✉❡❜❛ ❢✉❡ s♦❧✈❡♥t❛❞♦ ♠❡✲
❞✐❛♥t❡ ❡❧ ✉s♦ ❞❡ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♠ás ♣♦t❡♥t❡✱ ❧❛ ❛❝❡❧❡r♦s✉♠❛❜✐❧✐❞❛❞✱ ✐♥tr♦❞✉❝✐❞❛ ♣♦r ❏✳ ❊❝❛❧❧❡
❬✷✼❪ ② q✉❡✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✐♥✈♦❧✉❝r❛r s♦❧❛♠❡♥t❡ ❛ ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♥✐✈❡❧❡s ●❡✈r❡②✱ s❡ ❞❡♥♦♠✐♥❛
♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ✭❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✐t❡r❛❝✐ó♥ ❞❡ ♣r♦❝❡s♦s ❡❧❡♠❡♥t❛❧❡s ❞❡ k−s✉♠❛❜✐❧✐❞❛❞✮✳ ❉❡
❤❡❝❤♦✱ ❡♥ ✶✾✾✶ ❲✳ ❇❛❧s❡r✱ ❇✳ ▲✳ ❏✳ ❇r❛❛❦s♠❛✱ ❏✳ P✳ ❘❛♠✐s ❛♥❞ ❨✳ ❙✐❜✉②❛ ❬✾❪ ✭✈❡r t❛♠❜✐é♥ ❬✼✱ ✼✸❪✮
♣r♦❜❛r♦♥ ❧❛ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢♦r♠❛❧❡s ❡♥ ✉♥ ♣✉♥t♦ s✐♥❣✉❧❛r ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s ❧✐♥❡❛❧❡s ♠❡r♦♠♦r❢❛s ② ❇✳ ▲✳ ❏✳ ❇r❛❛❦s♠❛ ❬✶✾❪ ✭❞✐✈❡rs❛s ♣r✉❡❜❛s s❡ ♣✉❡❞❡♥ ❝♦♥s✉❧t❛r
❡♥ ❬✻✱ ✽✺❪✮ ❡①t❡♥❞✐ó ❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❡❝✉❛❝✐♦♥❡s ♥♦ ❧✐♥❡❛❧❡s ❡♥ ✶✾✾✷✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ❡♥ ❝❛❞❛
❝❛s♦ ❝❛❧❝✉❧❛r s♦❧✉❝✐♦♥❡s ❝♦♥❝r❡t❛s ❛ ♣❛rt✐r ❞❡ ❧❛s ❢♦r♠❛❧❡s✳ ❙❡ ❤❛ ♠♦str❛❞♦ q✉❡ ❡st❛ té❝♥✐❝❛
s❡ ❛♣❧✐❝❛ ❝♦♥ é①✐t♦ ❛ ♠✉❧t✐t✉❞ ❞❡ s✐t✉❛❝✐♦♥❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❡❧ ❡st✉❞✐♦ ❞❡ s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s
❢♦r♠❛❧❡s q✉❡ s♦♥ s♦❧✉❝✐ó♥ ❡♥ ✉♥ ♣✉♥t♦ s✐♥❣✉❧❛r ❞❡ ❡❝✉❛❝✐♦♥❡s ❡♥ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✱ ❛sí ❝♦♠♦
♣r♦❜❧❡♠❛s ❞❡ ♣❡rt✉r❜❛❝✐ó♥ s✐♥❣✉❧❛r ✭✈❡r ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡❧ ❈❛♣ít✉❧♦ ✹ ♣❛r❛ ♠ás ❞❡t❛❧❧❡s✮✳

◆♦ ♦❜st❛♥t❡✱ ♣✉❡❞❡♥ ❛♣❛r❡❝❡r s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧❡s q✉❡ ♥♦ s♦♥ ●❡✈r❡② ❡♥ ❞✐❢❡r❡♥✲
t❡s t✐♣♦s ❞❡ ❡❝✉❛❝✐♦♥❡s q✉❡ ♥♦ ♣✉❡❞❡♥ s❡r ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ✭❛ t❡♥♦r ❞❡❧ r❡s✉❧t❛❞♦ ❞❡

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✶✶

❇✳ ▲✳ ❏✳ ❇r❛❛❦s♠❛✮✳ P♦r ❡❥❡♠♣❧♦✱ ❱✳ ❚❤✐❧❧✐❡③ ❤❛ ♣r♦❜❛❞♦ ❝✐❡rt♦s r❡s✉❧t❛❞♦s ❡♥ ❡st❛s ❝❧❛s❡s ♠ás
❣❡♥❡r❛❧❡s ♣❛r❛ s♦❧✉❝✐♦♥❡s ❢♦r♠❛❧❡s ❞❡ ❡❝✉❛❝✐♦♥❡s ❛❧❣❡❜r❛✐❝❛s ❡♥ ❬✾✼❪✳ ❆sí ♠✐s♠♦✱ ●✳ ❑✳ ■♠♠✐♥❦
❡♥ ❬✹✵✱ ✹✶❪ ❤❛ ♦❜t❡♥✐❞♦ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❡ s✉♠❛❜✐❧✐❞❛❞ ♣❛r❛ s♦❧✉❝✐♦♥❡s ❢♦r♠❛❧❡s ❞❡ ❡❝✉❛❝✐♦♥❡s
❡♥ ❞✐❢❡r❡♥❝✐❛s ❝✉②♦s ❝♦❡✜❝✐❡♥t❡s ❝r❡❝❡♥ ❛❧ r✐t♠♦ ♠❛r❝❛❞♦ ♣♦r ❧❛ s✉❝❡s✐ó♥ (p! log(p + e)−p)p∈N0 ✱
♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ❧❧❛♠❛❞♦ ♥✐✈❡❧ 1+✳ ▼ás r❡❝✐❡♥t❡♠❡♥t❡✱ ❙✳ ▼❛❧❡❦ ❬✼✵❪ ❤❛ ❡st✉❞✐❛❞♦ ❝✐❡rt❛s ❡❝✉❛✲
❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s✲❡♥ ❞✐❢❡r❡♥❝✐❛s ♥♦ ❧✐♥❡❛❧❡s s✐♥❣✉❧❛r♠❡♥t❡ ♣❡rt✉r❜❛❞❛s ❞❡ ♣❛s♦ ♣❡q✉❡ñ♦ ❝✉②❛s
s♦❧✉❝✐♦♥❡s ❢♦r♠❛❧❡s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣❛rá♠❡tr♦ ❞❡ ♣❡rt✉r❜❛❝✐ó♥ ♣✉❡❞❡♥ ❞❡s❝♦♠♣♦♥❡rs❡ ❝♦♠♦ ❧❛
s✉♠❛ ❞❡ ❞♦s s❡r✐❡s ❢♦r♠❛❧❡s✱ ✉♥❛ ●❡✈r❡② ❞❡ ♦r❞❡♥ 1 ② ❧❛ ♦tr❛ ❞❡ ♥✐✈❡❧ 1+✱ ✉♥ ❢❡♥ó♠❡♥♦ q✉❡ ②❛
s❡ ❤❛❜í❛ ♦❜s❡r✈❛❞♦ ♣❛r❛ ❡❝✉❛❝✐♦♥❡s ❡♥ ❞✐❢❡r❡♥❝✐❛s ❬✷✵❪✳

❚♦❞♦s ❡st♦s ❡❥❡♠♣❧♦s ♠✉❡str❛♥ q✉❡ ❡s ✐♥t❡r❡s❛♥t❡ ♣r♦♣♦r❝✐♦♥❛r ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ✉♥
tr❛t❛♠✐❡♥t♦ ❣❡♥❡r❛❧ ❞❡ ❧❛ s✉♠❛❜✐❧✐❞❛❞ q✉❡ ❡①t✐❡♥❞❛ ❧❛s ♣♦t❡♥t❡s t❡♦rí❛s ❞❡ k−s✉♠❛❜✐❧✐❞❛❞ ②
♠✉❧t✐s✉♠❛❜✐❧❞❛❞✱ ② q✉❡ ♥♦s ♣❡r♠✐t❛ tr❛❜❛❥❛r ❝♦♥ ❞❡s❛rr♦❧❧♦s ❛s✐♥tót✐❝♦s ❞♦♥❞❡ ❧❛s ❡st✐♠❛❝✐♦♥❡s
❡♥ ✭✶✮ ❡sté♥ ❞❛❞❛s ♣♦r ✉♥❛ ❝♦♥st❛♥t❡ Cp ❞❡ ❧❛ ❢♦r♠❛ Cp = CApMp ♣❛r❛ ❝✐❡rt♦s A,C > 0
② ♣❛r❛ ✉♥❛ s✉❝❡s✐ó♥ M = (Mp)p∈N0 ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s ❛♣r♦♣✐❛❞❛✳ ❘❡s✉❧t❛ q✉❡ ❧♦s
❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ s❡r✐❡ ❢♦r♠❛❧ ❝✉②❛s s✉♠❛s ♣❛r❝✐❛❧❡s ❛♣❛r❡❝❡♥ ❡♥ ✭✶✮✱ ♣❛r❛ ❡st❛ ❡❧❡❝❝✐ó♥ ❞❡
Cp✱ ❡stá♥ ❝♦♥tr♦❧❛❞♦s ♣♦r M ❞❡❧ ♠✐s♠♦ ♠♦❞♦✳ ▲❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❝❧❛s❡ ❞❡ s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s
❢♦r♠❛❧❡s s❡ ❞❡♥♦t❛rá ♣♦r C[[z]]M✳

❊st❛ t❛r❡❛✱ ❡❧ tr❛t❛♠✐❡♥t♦ ❝♦♠ú♥ ❞❡ ❧❛ s✉♠❛❜✐❧✐❞❛❞✱ r❡q✉✐❡r❡ ❞❡ ❞♦s t✐♣♦s ❞❡ r❡s✉❧t❛❞♦s ♦
té❝♥✐❝❛s✿

✭✐✮ ❊❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ ✐♥②❡❝t✐✈✐❞❛❞ ② ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ❡♥ ❡st❡
❝♦♥t❡①t♦ ❣❡♥❡r❛❧✳ ❖❜sér✈❡s❡ q✉❡ ✉♥❛ ✈❡rs✐ó♥ ❛♥á❧♦❣❛ ❞❡❧ ▲❡♠❛ ❞❡ ❲❛ts♦♥ ❞❡❜❡rí❛ ♦❜t❡♥❡rs❡
♣❛r❛ t❡♥❡r ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❛❞❡❝✉❛❞❛ ❞❡ s✉♠❛❜✐❧✐❞❛❞✳

✭✐✐✮ ▲❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ♥ú❝❧❡♦s ✐♥t❡❣r❛❧❡s q✉❡ ♥♦s ♣❡r♠✐t❛♥ ❣❡♥❡r❛❧✐③❛r ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡
▲❛♣❧❛❝❡ ② ❇♦r❡❧ ✭❛♥❛❧ít✐❝❛s ② ❢♦r♠❛❧❡s✮✱ ♠❡❞✐❛♥t❡ ❧❛s q✉❡ ♣♦❞❡r ❞❛r ✉♥❛ ❡①♣r❡s✐ó♥ ❡①♣❧í❝✐t❛
❞❡ ❧❛ s✉♠❛ ❞❡ ✉♥❛ s❡r✐❡ M−s✉♠❛❜❧❡ ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥✳ ❆❞❡♠ás✱ ❞✐❢❡r❡♥t❡s ♥✐✈❡❧❡s ❝♦✲
rr❡s♣♦♥❞✐❡♥t❡s ❛ s✉❝❡s✐♦♥❡s ❞✐st✐♥t❛s ❞❡❜❡rí❛♥ ♣♦❞❡r ❝♦♠❜✐♥❛rs❡✱ ❞❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ❧♦s
❞✐st✐♥t♦s ♠ét♦❞♦s ❞❡ k−s✉♠❛❜✐❧✐❞❛❞ ♣r♦❞✉❝❡♥ ❧❛ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞✳ ❊st♦ ♥♦s ❝♦♥❞✉❝❡ ❛
s❡r ❝❛♣❛❝❡s ❞❡ tr❛❜❛❥❛r ❝♦♥ ♥ú❝❧❡♦s ❞❡ ❝♦♥✈♦❧✉❝✐ó♥ ② ❛❝❡❧❡r❛❝✐ó♥✱ ❝♦♠♦ ❧♦s ❞❡s❛rr♦❧❧❛❞♦s
♣♦r ❲✳ ❇❛❧s❡r ❡♥ ❬✼❪✳

❈♦♠♦ s❡ ❡①♣❧✐❝❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❛❧❣✉♥❛s ♣❛rt❡s ❞❡❧ ♣❧❛♥t❡❛♠✐❡♥t♦ ♣r❡✈✐♦ ❤❛❜í❛♥ s✐❞♦ r❡s✉❡❧t❛s
❝✉❛♥❞♦ ♠❡ ✐♥❝♦r♣♦ré ❛❧ ❣r✉♣♦ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❡♥ ❡❧ q✉❡ ❤❡ r❡❛❧✐③❛❞♦ ♠✐ ❞♦❝t♦r❛❞♦✱ ♦tr❛s s❡
❞❡s❛rr♦❧❧❛rá♥ ❡♥ ❡st❛ ♠❡♠♦r✐❛ ② ❡❧ r❡st♦ ❡s tr❛❜❛❥♦ ❡♥ ❝✉rs♦ q✉❡ s❡rá ❝♦♠❡♥t❛❞♦ ❤❛st❛ ❝✐❡rt♦
♣✉♥t♦ ❡♥ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s✳

P❛r❛ ❛❜♦r❞❛r ❡❧ ♣r✐♠❡r ♣r♦❜❧❡♠❛✱ ❞❡❜❡♠♦s ❡♥❢❛t✐③❛r q✉❡ ♣✉❡❞❡♥ ❝♦♥s✐❞❡r❛rs❡ tr❡s ❝❧❛s❡s
✉❧tr❛❤♦❧♦♠♦r❢❛s ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ ✉♥ s❡❝t♦r S ❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❞❡❧ ❧♦❣❛r✐t♠♦ ② q✉❡ ❡stá♥
í♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s✿ ❧❛ ❝❧❛s❡ Ãu

M(S) ❞❡ ❢✉♥❝✐♦♥❡s ❤♦❧♦♠♦r❢❛s ❝♦♥ ❞❡s❛rr♦❧❧♦ ✉♥✐❢♦r♠❡ ❡♥ S✱
✈❡r✐✜❝❛♥❞♦ ✭✶✮ ♣❛r❛ ❧❛ ❡❧❡❝❝✐ó♥ ♣r❡✈✐❛ ❞❡ Cp❀ ❧❛ ❝❧❛s❡ ÃM(S) ❢♦r♠❛❞❛ ♣♦r ❧❛s ❢✉♥❝✐♦♥❡s ❤♦❧♦♠♦r❢❛s
❝♦♥ ❞❡s❛rr♦❧❧♦ ♥♦ ✉♥✐❢♦r♠❡ ❡♥ S✱ ❧♦ q✉❡ q✉✐❡r❡ ❞❡❝✐r q✉❡ ✭✶✮ s❡ ✈❡r✐✜❝❛ ♣❛r❛ Cp(T ) = CTA

p
TMp

❡♥ t♦❞♦ s✉❜s❡❝t♦r ♣r♦♣✐♦ ② ❛❝♦t❛❞♦ T ❞❡ S ✭❡♥ ❧✉❣❛r ❞❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ S✮✱ ❞♦♥❞❡ CT , AT > 0
❞❡♣❡♥❞❡♥ ❞❡❧ s✉❜s❡❝t♦r❀ ②✱ ✜♥❛❧♠❡♥t❡✱ ❧❛ ❝❧❛s❡ AM(S) ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥ ❞❡r✐✈❛❞❛s ❛❝♦t❛❞❛s✱ ♣❛r❛
❧❛s ❝✉❛❧❡s ❡①✐st❡ A = A(f) > 0 t❛❧ q✉❡

sup
z∈S, p∈N0

|f (p)(z)|
App!Mp

<∞.

❆♥t❡r✐♦r ❛❧ ❡st✉❞✐♦ ❞❡ ❧❛s ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ❡s ❡❧ ❞❡ ❧❛s ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡s✱ q✉❡ ♣r❡s❡♥t❛♠♦s
s❡❣✉✐❞❛♠❡♥t❡✳ ❙❡ tr❛t❛ ❞❡ ✉♥ ❤❡❝❤♦ ♥♦t♦r✐♦ q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ f : [a, b] → C ❡s r❡❛❧ ❛♥❛❧ít✐❝❛ s✐ ②

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✷ ■◆❚❘❖❉❯❈❈■Ó◆

só❧♦ s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ A > 0 t❛❧ q✉❡

sup
x∈[a,b], p∈N0

|f (p)(x)|
App!

<∞.

▼ás ❛ú♥✱ ✉♥❛ ❢✉♥❝✐ó♥ r❡❛❧ ❛♥❛❧ít✐❝❛ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❡❧ ✈❛❧♦r ❞❡ s✉s ❞❡r✐✈❛❞❛s ❡♥ ✉♥ ♣✉♥t♦
❞❡❧ ✐♥t❡r✈❛❧♦✳ ❊♥ ✶✾✵✶✱ ➱✳ ❇♦r❡❧ ♠♦stró ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❝❧❛s❡s ❞❡ ❢✉♥❝✐♦♥❡s ✐♥❞❡✜♥✐❞❛♠❡♥t❡
❞❡r✐✈❛❜❧❡s ✭♥♦ ❛♥❛❧ít✐❝❛s✮✱ ✐✳❡✳✱ ❝♦♥t❡♥✐❞❛s ❡♥ C∞([a, b])✱ q✉❡ ❤❡r❡❞❛♥ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ✉♥✐❝✐❞❛❞✱
② ❛ ❧❛s q✉❡ é❧ ❧❧❛♠ó ❝❧❛s❡s ❝❛s✐❛♥❛❧ít✐❝❛s✳ ❊♥ ✶✾✶✷✱ ❡♥ ✉♥ ✐♥t❡♥t♦ ♣♦r ❢♦r♠❛❧✐③❛r ❡st❡ ❡st✉❞✐♦
❡ ✐♥s♣✐r❛❞♦ ♣♦r ✉♥ tr❛❜❛❥♦ ❞❡ ❊✳ ❍♦❧♠❣r❡♥ s♦❜r❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ❝❛❧♦r✱ ❏✳ ❍❛❞❛♠❛r❞ ♣r♦♣✉s♦
❝♦♥s✐❞❡r❛r ❧❛s ❝❧❛s❡s EM([a, b]) ❞❡ ❢✉♥❝✐♦♥❡s ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❞❡r✐✈❛❜❧❡s ❡♥ [a, b] t❛❧❡s q✉❡ ❡①✐st❡
A > 0 ♣❛r❛ ❡❧ ❝✉❛❧ s❡ t✐❡♥❡ q✉❡

sup
x∈[a,b], p∈N0

|f (p)(x)|
App!Mp

<∞. ✭✷✮

❯♥❛ ❞❡ ❡st❛s ❝❧❛s❡s EM([a, b]) ❡s ❝❛s✐❛♥❛❧ít✐❝❛ s✐ ② só❧♦ s✐ s✐❡♠♣r❡ q✉❡ ✉♥ ❡❧❡♠❡♥t♦ f ❞❡ ❧❛
❝❧❛s❡ ✈❡r✐✜❝❛ q✉❡ f (p)(x0) = 0 ♣❛r❛ t♦❞♦ p ∈ N0 ② ♣❛r❛ ❛❧❣ú♥ x0 ∈ [a, b]✱ s❡ t✐❡♥❡ q✉❡ f ❡s
✐❞é♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♥ [a, b] ✭❛✈✐s❛♠♦s ❛❧ ❧❡❝t♦r q✉❡ ❧❛s ♥♦t❛❝✐♦♥❡s ❛q✉í ♣r❡s❡♥t❡s ❞✐✜❡r❡♥ ❞❡ ❧❛s
✉t✐❧✐③❛❞❛s ❡♥ ❧♦s tr❛❜❛❥♦s ❝❧ás✐❝♦s ❛ ❧♦s q✉❡ ♥♦s r❡❢❡r✐♠♦s✱ ✈❡r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✶✮✳ ❈♦♥ ❡st❡
❝♦♥✈❡♥✐♦✱ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❡s ♠ás s❡♥❝✐❧❧❛✿ ➽♣❛r❛ q✉é s✉❝❡s✐♦♥❡s M ❧❛ ❝❧❛s❡ EM([a, b])
❡s ❝❛s✐❛♥❛❧ít✐❝❛❄ ❊st❛s ❝❧❛s❡s ♣❛r❛ ❧❛ s✉❝❡s✐ó♥ (p!1/k)p∈N0 ❛♣❛r❡❝❡♥ ❡♥ ✉♥ tr❛❜❛❥♦ ❞❡ ▼✳ ●❡✈r❡②
❞❡ ✶✾✶✽✱ ❞❡ ❛❤í s✉ ♥♦♠❜r❡✳ ❊♥ ✶✾✷✶ ❆✳ ❉❡♥❥♦② ♣r❡s❡♥tó ✉♥❛ ❝♦♥❞✐❝✐ó♥ s✉✜❝✐❡♥t❡ ② ❚✳ ❈❛r❧❡♠❛♥
❞✐ó ✉♥❛ s♦❧✉❝✐ó♥ ❝♦♠♣❧❡t❛ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❝❛s✐❛♥❛❧✐t✐❝✐❞❛❞ ❡♥ ✶✾✷✸✳ P♦r t❛♥t♦✱ ❡st❡ r❡s✉❧t❛❞♦ s❡
❝♦♥♦❝❡ ❤♦② ❡♥ ❞í❛ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❉❡♥❥♦②✲❈❛r❧❡♠❛♥ ✭✈é❛s❡ ❬✸✽✱ ❚❤✳ ✶✳✸✳✽❪✮✱ ② ❧❛s ❝❧❛s❡s EM✱
q✉❡ s❡ ❞❡♥♦♠✐♥❛♥ ❛ ♠❡♥✉❞♦ ❝❧❛s❡s ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡s ❞❡ ❈❛r❧❡♠❛♥✱ s❡ s✐tú❛♥ ❡♥tr❡ ❧❛ ❝❧❛s❡ ❞❡
❢✉♥❝✐♦♥❡s r❡❛❧❡s ❛♥❛❧ít✐❝❛s ② ❧❛ ❝❧❛s❡ ❞❡ ❢✉♥❝✐♦♥❡s ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s s✐❡♠♣r❡ q✉❡ ❧❛
s✉❝❡s✐ó♥ M ✈❡r✐✜q✉❡ infp∈N0(Mp)

1/p > 0✳ ❆❞❡♠ás✱ s✐ ❧❛ s✉❝❡s✐ó♥ (p!Mp)p∈N0 ❡s ❧♦❣❛rít♠✐❝❛♠❡♥t❡
❝♦♥✈❡①❛ ✭✐✳❡✳✱ ❧❛ ❣rá✜❝❛ ❞❡ ❧❛ ♣♦❧✐❣♦♥❛❧ q✉❡ ✉♥❡ ❧♦s ♣✉♥t♦s (p, log(p!Mp)) ❡s ❝♦♥✈❡①❛✮✱ ❡❧ t❡♦r❡♠❛
❡st❛❜❧❡❝❡ q✉❡ EM([a, b]) ❡s ❝❛s✐❛♥❛❧ít✐❝❛ s✐ ② s♦❧♦ s✐

∞∑

p=0

Mp

(p+ 1)Mp+1
= ∞.

❱❛❧❡ ❧❛ ♣❡♥❛ ♠❡♥❝✐♦♥❛r q✉❡✱ ❡♥ ✶✾✹✵✱ ❆✳ ●♦r♥② ② ❍✳ ❈❛rt❛♥ ♠♦str❛r♦♥ q✉❡ ❧❛ ❤✐♣ót❡s✐s s♦❜r❡
❧❛ ❝♦♥✈❡①✐❞❛❞ ❧♦❣❛rít♠✐❝❛ ♥♦ ❡s r❡str✐❝t✐✈❛✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛s ❝❧❛s❡s ●❡✈r❡② s♦♥ ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛s
♣❛r❛ t♦❞♦ k > 0 ✭✈é❛s❡ ❡❧ tr❛❜❛❥♦ ♣❛♥♦rá♠✐❝♦ ❞❡ ❱✳ ❚❤✐❧❧✐❡③ ❬✾✹❪ s♦❜r❡ ❝❛s✐❛♥❛❧✐t✐❝✐❞❛❞✮✳

▲❛s ❝❧❛s❡s ❝❛s✐❛♥❛❧ít✐❝❛s ② ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛s ❤❛♥ s✐❞♦ ❛♠♣❧✐❛♠❡♥t❡ ❡①❛♠✐♥❛❞❛s ❡♥ ❧❛s ú❧t✐♠❛s
❞é❝❛❞❛s❀ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❧❛s ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛s r❡s✐❞❡ ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s✉ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❡s
♠ás ❣r❛♥❞❡ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❞✐str✐❜✉❝✐♦♥❡s✱ ❛sí q✉❡ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r s♦❧✉❝✐♦♥❡s ♠ás ❞é❜✐❧❡s
❞❡ ❝✐❡rt❛s ❝❧❛s❡s ❞❡ ❡❝✉❛❝✐♦♥❡s ❡♥ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳ ❈♦♥ r❡s♣❡❝t♦ ❛ s✉ t♦♣♦❧♦❣í❛ ♥❛t✉r❛❧
❧♦s ❡s♣❛❝✐♦s ❛♥t❡r✐♦r❡s✱ ❞❡♥♦♠✐♥❛❞♦s ❞❡ t✐♣♦ ❘♦✉♠✐❡✉✱ s♦♥ ❡s♣❛❝✐♦s ❞❡ ❍❛✉s❞♦r✛ ✭▲❇✮✱ ❧í♠✐t❡
✐♥❞✉❝t✐✈♦ ❞❡ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✱ ♠✐❡♥tr❛s q✉❡ s✐ s❡ ♣✐❞❡ q✉❡ ✭✷✮ s❡ ❝✉♠♣❧❛ ♣❛r❛ t♦❞♦ A > 0
t❡♥❡♠♦s ❧♦s ❡s♣❛❝✐♦s ❞❡ t✐♣♦ ❇❡✉r❧✐♥❣ ❝✉②❛ t♦♣♦❧♦❣í❛ ❡s ♠ás ♠❛♥❡❥❛❜❧❡ ❛❧ tr❛t❛rs❡ ❞❡ ❡s♣❛❝✐♦s
❞❡ ❋ré❝❤❡t✳

◆❛t✉r❛❧♠❡♥t❡✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❡♥ ❡st❡ ❝♦♥t❡①t♦✱ ❡♥✈✐❛♥❞♦ ❛ ✉♥❛
❢✉♥❝✐ó♥ f ∈ C∞([−1, 1]) ❡♥ ❧❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧ ❝♦♥str✉✐❞❛ ❛ ♣❛rt✐r ❞❡ s✉ s✉❝❡s✐ó♥ ❞❡
❞❡r✐✈❛❞❛s ❡♥ ❝❡r♦✱

∑∞
p=0(f

(p)(0)/p!)zp ∈ C[[z]]✳ ❊♥ ✶✽✾✺✱ ➱✳ ❇♦r❡❧ ♣r♦❜ó q✉❡ ❡st❛ ❛♣❧✐❝❛❝✐ó♥ ❡s
s✐❡♠♣r❡ s♦❜r❡②❡❝t✐✈❛✱ ♣♦r ❧♦ q✉❡ t✐❡♥❡ s❡♥t✐❞♦ ♣r❡❣✉♥t❛rs❡ ❛❝❡r❝❛ ❞❡ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡ ❡st❛

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❛♣❧✐❝❛❝✐ó♥ ❝✉❛♥❞♦ ♥♦s r❡str✐♥❣✐♠♦s ❛ ✉♥❛ ❝❧❛s❡ ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡✱ B : EM([a, b]) → C[[z]]M✳ ❚r❛s
❚✳ ❈❛r❧❡♠❛♥✱ q✉✐❡♥ ♠♦stró ❡♥ ✶✾✷✸ q✉❡ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ♥♦ s❡ ❞❛ ♣❛r❛ ❝❧❛s❡s ❝❛s✐❛♥❛❧ít✐❝❛s q✉❡
❝♦♥t✐❡♥❡♥ ❡str✐❝t❛♠❡♥t❡ ❛ ❧❛ ❝❧❛s❡ ❞❡ ❢✉♥❝✐♦♥❡s ❛♥❛❧ít✐❝❛s✱ ❧❛ r❡s♣✉❡st❛ ❝♦♠♣❧❡t❛ ❢✉❡ ♦❜t❡♥✐❞❛ ♣♦r
❍✳✲❏✳P❡t③s❝❤❡ ❡♥ ✶✾✽✽ ✭❝♦♥ ❛❧❣✉♥❛s ✐♠♣r❡❝✐s✐♦♥❡s ❝♦rr❡❣✐❞❛s ❡♥ ❏✳ ❙❝❤♠❡ts ❛♥❞ ▼✳ ❱❛❧❞✐✈✐❛ ❬✾✶❪
❡♥ ✷✵✵✵✮✿ ❙✐ (p!Mp)p∈N0 ❡s ❧♦❣❛rít♠✐❝❛♠❡♥t❡ ❝♦♥✈❡①❛✱ ❡♥t♦♥❝❡s B : EM([a, b]) → C[[z]]M ❡s
s♦❜r❡②❡❝t✐✈❛ s✐ ② s♦❧♦ s✐ M ❡s ❢✉❡rt❡♠❡♥t❡ ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛✱ ❡s ❞❡❝✐r✱ ❡①✐st❡ B > 0 t❛❧ q✉❡

∞∑

q=p

Mq

(q + 1)Mq+1
≤ B

Mp

Mp+1
, p ∈ N0.

❊♥ r❡s✉♠❡♥✱ ♠✐❡♥tr❛s q✉❡ s❡ ❤❛♥ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❝♦♠♣❧❡t♦ ❧❛ ✐♥②❡❝t✐✈✐❞❛❞ ② ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞
❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ♣❛r❛ ❝❧❛s❡s ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡s✱ ❡❧ ♣r♦❜❧❡♠❛ ♣❛r❛ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s✱
❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥ ❧♦ q✉❡ s❡ r❡✜❡r❡ ❛ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞✱ ❞✐st❛ ♠✉❝❤♦ ❞❡ ❡st❛r r❡s✉❡❧t♦ í♥t❡❣r❛♠❡♥t❡✳

▲❛ ✐♥②❡❝t✐✈✐❞❛❞ ♣❛r❛ ❧❛s ❝❧❛s❡s Ãu
M(S) ② AM(S) ❢✉❡ ❝♦♠♣❧❡t❛♠❡♥t❡ r❡s✉❡❧t♦ ♣♦r ❙✳ ▼❛♥❞❡❧✲

❜r♦❥t ② ❇✳ ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s ❡♥ ❧♦s ❛ñ♦s ✶✾✺✵ ✭✈é❛s❡ ❧❛ ❙❡❝❝✐ó♥ ✸✳✷✮✳

❊♥ ❧♦ r❡❧❛t✐✈♦ ❛ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ só❧♦ ❤❛❜í❛ ❞✐s♣♦♥✐❜❧❡s ✐♥❢♦r♠❛❝✐♦♥❡s ♣❛r❝✐❛❧❡s✳ ❆♣❛rt❡ ❞❡❧
❛♥t❡r✐♦r♠❡♥t❡ ♠❡♥❝✐♦♥❛❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡② ❞❡ ✶✾✼✽✱ ② ♠❡❞✐❛♥t❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡
té❝♥✐❝❛s ❞❡❧ ♠❛r❝♦ ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡✱ ❱✳ ❚❤✐❧❧✐❡③ ♣r♦❜ó ❡♥ ✶✾✾✺ ♣❛r❛ ❧❛ ❝❧❛s❡ ●❡✈r❡② AMα(S)
q✉❡ s❡ t✐❡♥❡ s♦❜r❡②❡❝t✐✈✐❞❛❞ s✐ ② só❧♦ s✐ ❧❛ ❛♣❡rt✉r❛ ❞❡❧ s❡❝t♦r ❡s ❡str✐❝t❛♠❡♥t❡ ♠❡♥♦r q✉❡ πα✳
❊♥ ❡❧ ❛ñ♦ ✷✵✵✵✱ ❏✳ ❙❝❤♠❡ts ② ▼✳ ❱❛❧❞✐✈✐❛ ❞✐❡r♦♥ ❧♦s ♣r✐♠❡r♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♥❛ s✉❝❡s✐ó♥ ♣❡s♦

M✱ ❡s ❞❡❝✐r✱ ❧♦❣❛rít♠✐❝❛♠❡♥t❡ ❝♦♥✈❡①❛ t❛❧ q✉❡ s✉ s✉❝❡s✐ó♥ ❞❡ ❝♦❝✐❡♥t❡s ❞❡ tér♠✐♥♦s ❝♦♥s❡❝✉t✐✈♦s
♠ = (mp = Mp+1/Mp)p∈N0 t✐❡♥❞❡ ❛ ✐♥✜♥✐t♦✳ ❙✉ ❡♥❢♦q✉❡ s❡ ❜❛s❛ ❡♥ ❧❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ❞❡ ❝✐❡rt❛s
❝❧❛s❡s ❞❡ ❢✉♥❝✐♦♥❡s ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡s ♥♦ ❝❛♥ó♥✐❝❛s ② ♦❜t✐❡♥❡♥✱ ♣❛r❛ s✉❝❡s✐♦♥❡s ♣❡s♦ ✈❡r✐✜❝❛♥❞♦
❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ s❡r ❝❡rr❛❞❛ ♣♦r ❞❡r✐✈❛❝✐ó♥✱ ❡st♦ ❡s✱ ❡①✐st❡ A > 0 t❛❧ q✉❡ Mp+1 ≤ Ap+1Mp

♣❛r❛ t♦❞♦ p ∈ N0✱ ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❡①t❡♥s✐ó♥ ❧✐♥❡❛❧❡s ②
❝♦♥t✐♥✉♦s ❞❡ C[[z]]M ❡♥ AM(S) ♣❛r❛ ❝✉❛❧q✉✐❡r s❡❝t♦r S✱ ❧♦ q✉❡ ❡s ♠✉❝❤♦ ♠ás ❡①✐❣❡♥t❡ q✉❡
❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞✱ ❛sí q✉❡ ❞❡ s✉s r❡s✉❧t❛❞♦s só❧♦ ♣✉❡❞❡♥ ❞❡❞✉❝✐rs❡ ✐♥❢♦r♠❛❝✐♦♥❡s ♣❛r❝✐❛❧❡s✳ ❊♥
✷✵✵✸✱ ❱✳ ❚❤✐❧❧✐❡③ ❞❡✜♥❡ ❧❛ ♥♦❝✐ó♥ ❞❡ s✉❝❡s✐ó♥ ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r✱ ✐✳❡✳✱ ❧♦❣❛rít♠✐❝❛♠❡♥t❡ ❝♦♥✈❡①❛✱
❢✉❡rt❡♠❡♥t❡ ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛ q✉❡✱ ❛❞❡♠ás✱ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ♠♦❞❡r❛❞♦✱ ❡s
❞❡❝✐r✱ q✉❡ ❡①✐st❡ A > 0 t❛❧ q✉❡ Mp+q ≤ Ap+qMpMq ♣❛r❛ t♦❞♦s p, q ∈ N0✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱
✐♥tr♦❞✉❝❡ ❡❧ í♥❞✐❝❡ γ(M) ② ♣r✉❡❜❛ q✉❡ s✐ ❧❛ ❛♠♣❧✐t✉❞ ❞❡❧ s❡❝t♦r ❡s ❡str✐❝t❛♠❡♥t❡ ♠ás ♣❡q✉❡ñ❛
q✉❡ πγ(M) ❡♥t♦♥❝❡s B̃ : AM(S) → C[[z]]M ❡s s♦❜r❡②❡❝t✐✈❛ ② ♥♦ ✐♥②❡❝t✐✈❛ ✭✈é❛s❡ ❧❛ ❙❡❝t✐♦♥ ✸✳✸
♣❛r❛ ♠ás ❞❡t❛❧❧❡s ② r❡❢❡r❡♥❝✐❛s✮✳ ❙✐♥ ❡♠❜❛r❣♦✱ ✐♥❝❧✉s♦ ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s ❧♦s
r❡s✉❧t❛❞♦s ♣r❡❝❡❞❡♥t❡s ♣❛r❛ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ♥♦ s♦♥ ❡♥t❡r❛♠❡♥t❡ s❛t✐s❢❛❝t♦r✐♦s✱ ❞❛❞♦ q✉❡
❧❛s ❡q✉✐✈❛❧❡♥❝✐❛s ❡st❛❜❧❡❝✐❞❛s ❡♥ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡② ② ❡♥ ❡❧ ▲❡♠❛ ❞❡ ❲❛ts♦♥ ♣❛r❛
❡❧ ❝❛s♦ ●❡✈r❡② só❧♦ s♦♥ ❛❤♦r❛ ✐♠♣❧✐❝❛❝✐♦♥❡s ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥✳

▲♦s r❡s✉❧t❛❞♦s ❞❡ ❙✳ ▼❛♥❞❡❧❜r♦❥t ② ❇✳ ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s s✉❣✐❡r❡♥ ❧❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ❞❡ ✉♥
í♥❞✐❝❡ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ω(M)✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ♣♦r ❏✳ ❙❛♥③ ❬✽✽❪ ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡
r❡❣✉❧❛r❡s✱ q✉❡ s❡♣❛r❛ ❧❛s ❛♠♣❧✐t✉❞❡s ♣❛r❛ ❧❛s ❝✉❛❧❡s ❧❛s tr❡s ❝❧❛s❡s ❛♥t❡s ♠❡♥❝✐♦♥❛❞❛s s♦♥ ♦ ♥♦
s♦♥ ❝❛s✐❛♥❛❧ít✐❝❛s✳ ◆♦ ♦❜st❛♥t❡✱ q✉❡❞❛❜❛ ❛❜✐❡rt❛ ❡♥ ❣❡♥❡r❛❧ ❧❛ ❝❛s✐❛♥❛❧ít✐❝✐❞❛❞ ❞❡ ❧❛ ❝❧❛s❡ ÃM(S)
♣❛r❛ s❡❝t♦r❡s ❞❡ ❛♠♣❧✐t✉❞ πω(M)✳

▲❛ ♣r✐♠❡r❛ s♦❧✉❝✐ó♥✱ ❛✉♥q✉❡ ♣❛r❝✐❛❧✱ ❛ ❡st❛ s✐t✉❛❝✐ó♥ ❞❡♣❡♥❞❡ ❞❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦r❞❡♥ ❛♣r♦①✐✲
♠❛❞♦✱ ❞✐s♣♦♥✐❜❧❡ ❞❡s❞❡ ❧♦s ❛ñ♦s ✶✾✷✵ ② ❡①tr❡♠❛❞❛♠❡♥t❡ út✐❧ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❢✉♥✲
❝✐♦♥❡s ❡♥t❡r❛s✱ ② ❞❡ ❝✐❡rt♦s r❡s✉❧t❛❞♦ ❞❡ ▲✳ ❙✳ ▼❛❡r❣♦✐③ ❬✻✺❪ ❞❡ ✷✵✵✶ r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❡❧ ♠✐s♠♦✿
s✐ ❞❡✜♥✐♠♦s ❧❛s ❢✉♥❝✐♦♥❡s ❛✉①✐❧✐❛r❡s ωM(t) = supp∈N0

log(tp/Mp) ② dM(t) := log(ωM(t))/ log(t)
❛s♦❝✐❛❞❛s ❛ M✱ s❡ ♠♦stró ❡♥ ❬✽✽❪ q✉❡✱ s✐❡♠♣r❡ q✉❡ dM(t) s❡❛ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✱
s❡ ♣✉❡❞❡♥ ❝♦♥str✉✐r ❢✉♥❝✐♦♥❡s ♣❧❛♥❛s ♥♦ tr✐✈✐❛❧❡s ❡♥ s❡❝t♦r❡s ❞❡ ❛♠♣❧✐t✉❞ ó♣t✐♠❛ ② ❛❞❡♠ás s❡
♣✉❡❞❡♥ ❞❛r ✈❡rs✐♦♥❡s ❣❡♥❡r❛❧✐③❛❞❛s ❞❡❧ ▲❡♠❛ ❞❡ ❲❛ts♦♥ ② ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡②✳ ▲❛

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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♣r✉❡❜❛ ❞❡ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ s❡ ❜❛s❛ ❡♥ ❡❧ ✉s♦ ❞❡ ✉♥❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ tr✉♥❝❛❞❛ ❝✉②♦s
♥ú❝❧❡♦s ❡stá♥ ❞❛❞♦s ♣♦r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ▼❛❡r❣♦✐③ ✭✈é❛s❡ ❧❛ ❙✉❜s❡❝❝✐ó♥ ✶✳✷✳✷✮ s♦❜r❡ ❡①✐st❡♥❝✐❛ ❞❡
❢✉♥❝✐♦♥❡s ❛♥❛❧ít✐❝❛s ❡♥ s❡❝t♦r❡s ❝✉②♦ ❝r❡❝✐♠✐❡♥t♦ ❡♥ ❧❛ ♣❛rt❡ ❝❡♥tr❛❧ ❞❡❧ s❡❝t♦r s❡ ♣✉❡❞❡ ♣r❡❝✐s❛r
❡♥ tér♠✐♥♦s ❞❡ ωM(t)✳ ❙❡ ❤❛ ♦❜s❡r✈❛❞♦ q✉❡ ♣❛r❛ q✉❡ ❧♦s ❛r❣✉♠❡♥t♦s ❛♥t❡r✐♦r❡s ❢✉♥❝✐♦♥❡♥✱ ♥♦ ❡s
♥❡❝❡s❛r✐♦ q✉❡ dM s❡❛ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ s✐♥♦ q✉❡ ❜❛st❛ ❝♦♥ q✉❡ ❡sté s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛ ❞❡
✉♥♦ ρ(t)✱ ❧♦ q✉❡ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❡①✐st❡♥ ❝♦♥st❛♥t❡s A,B > 0 t❛❧❡s q✉❡

A ≤ log(t)
(
dM(t)− ρ(t)

)
≤ B ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ✭✸✮

❊st❛ ♣r♦♣✐❡❞❛❞ s❡ r❡❢♦r♠✉❧❛rá ❞✐❝✐❡♥❞♦ q✉❡ M ❛❞♠✐t❡ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✳

❊♥ ❧♦ q✉❡ r❡s♣❡❝t❛ ❛❧ ❡❧❡♠❡♥t♦ ✭✐✐✮ ❞❡❧ ♣❧❛♥ ❡st❛❜❧❡❝✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ② s✐❣✉✐❡♥❞♦ ❧♦s
♠ét♦❞♦s ❞❡ s✉♠❛❜✐❧✐❞❛❞ ❞❡ ♠♦♠❡♥t♦s ❞❡s❛rr♦❧❧❛❞♦s ♣♦r ❲✳ ❇❛❧s❡r ❬✼❪ ❡♥ ❡❧ ❝❛s♦ ●❡✈r❡②✱ ❆✳
▲❛str❛✱ ❙✳ ▼❛❧❡❦ ❛♥❞ ❏✳ ❙❛♥③ ❬✻✵❪ ❤❛♥ ❞❡s❝r✐t♦ r❡❝✐❡♥t❡♠❡♥t❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ t❡♦rí❛ ❞❡
M−s✉♠❛❜✐❧✐❞❛❞✳ ▲❛ ♣✐❡③❛ ❝❧❛✈❡ ❡s ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧♦s ♥ú❝❧❡♦s ❞❡ M−s✉♠❛❜✐❧✐❞❛❞✱ ❝♦♥ s✉s
r❡s♣❡❝t✐✈❛s tr❛♥s❢♦r♠❛❞❛s ❛♥❛❧ít✐❝❛s ② ❢♦r♠❛❧❡s✱ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ❝✉❛❧❡s s❡ ♣✉❡❞❡ r❡❝♦♥str✉✐r ❧❛
M−s✉♠❛ ❞❡ ✉♥❛ s❡r✐❡ ❢♦r♠❛❧ ❞❡ ♣♦t❡♥❝✐❛s M−s✉♠❛❜❧❡ ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ✭✈é❛s❡ ❧❛ ❙❡❝❝✐ó♥ ✹✳✶✮✳
▲❛ ❡①✐st❡♥❝✐❛ ❞❡ ❡st♦s ♥ú❝❧❡♦s✱ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❜❛st❛♥t❡ s❡♥❝✐❧❧❛s✱ ❡stá ❞❡ ♥✉❡✈♦ ❣❛r❛♥t✐③❛❞❛
♣♦r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ▲✳ ❙✳ ▼❛❡r❣♦✐③ ②✱ ♣♦r t❛♥t♦✱ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛s♦❝✐❛r ❛ M ✉♥
♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❧♦s ♠ét♦❞♦s ❞❡ s✉♠❛❜✐❧✐❞❛❞ ❞❡ ♠♦♠❡♥t♦s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ s✉❝❡s✐♦♥❡s ❞✐❢❡r❡♥t❡s ✭♥♦ ❡q✉✐✈❛❧❡♥t❡s ♣❡r♦ ❝♦♠♣❛r❛❜❧❡s✱ ❝♦♠♦ s❡ ❡①♣❧✐❝❛rá ❛
❝♦♥t✐♥✉❛❝✐ó♥✮ ❡r❛ ✉♥❛ t❛r❡❛ ♣❡♥❞✐❡♥t❡✳

❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❛❧ ✐♥✐❝✐❛rs❡ ❡st❛ ✐♥✈❡st✐❣❛❝✐ó♥ s❡ ♣r❡t❡♥❞í❛ r❡s♦❧✈❡r ❧♦s s✐❣✉✐❡♥t❡s ♣r♦❜❧❡✲
♠❛s✿

✭❛✮ ❈❛r❛❝t❡r✐③❛r ❧❛s s✉❝❡s✐♦♥❡s M t❛❧❡s q✉❡ dM ❡s ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✳

✭❜✮ ❈❛r❛❝t❡r✐③❛r ❧❛s s✉❝❡s✐♦♥❡s M q✉❡ ❛❞♠✐t❡♥ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✳ P❛r❛ ❡st❛s
s✉❝❡s✐♦♥❡s✱ ❡❧ ♠ét♦❞♦ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞ ❡stá ❞✐s♣♦♥✐❜❧❡✳

✭❝✮ ❉❡t❡r♠✐♥❛r s✐ ❧♦s í♥❞✐❝❡s γ(M) ② ω(M) ❝♦✐♥❝✐❞❡♥ s✐❡♠♣r❡ ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡
r❡❣✉❧❛r❡s✱ ❝♦♠♦ ❡s ❡❧ ❝❛s♦ ♣❛r❛ ❧❛s s✉❝❡s✐♦♥❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s✳

✭❞✮ ❉❡❝✐❞✐r s✐ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ❡s ♦ ♥♦ ✐♥②❡❝t✐✈❛ ❡♥ ❡❧ ❝❛s♦ q✉❡ q✉❡❞❛ ♣♦r r❡s♦❧✈❡r✱ ❡s
❞❡❝✐r✱ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦ ÃM(S) ② ♣❛r❛ ✉♥ s❡❝t♦r S ❞❡ ❛♠♣❧✐t✉❞ πω(M) ❝✉❛♥❞♦ M ♥♦ ❛❞♠✐t❡
✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✳

✭❡✮ ▼❡❥♦r❛r ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❛❝❡r❝❛ ❞❡ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ❡♥ ❝❧❛s❡s
✉❧tr❛❤♦❧♦♠♦r❢❛s✳ ❙✐ γ(M) ② ω(M) ♥♦ s♦♥ s✐❡♠♣r❡ ❝♦✐♥❝✐❞❡♥t❡s✱ s❡rá ❡s♣❡❝✐❛❧♠❡♥t❡ ✐♥t❡r❡✲
s❛♥t❡ ❞❡t❡r♠✐♥❛r ❝✉á❧ ❞❡ ❧♦s ❞♦s s❡♣❛r❛ ❧❛s ❛♠♣❧✐t✉❞❡s ❞❡ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡ ❧❛s ❞❡ ♥♦
s♦❜r❡②❡❝t✐✈✐❞❛❞✱ ❞❛❞♦ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ❝♦♥♦❝✐❞♦s ♣r❡✈✐❛♠❡♥t❡ ♥♦ ♣❡r♠✐t❡♥ ❧❧❡❣❛r ❛ ✉♥❛
❝♦♥❝❧✉s✐ó♥✳

✭❢✮ ▲❧❡❣❛r✱ t❛♥ ❧❡❥♦s ❝♦♠♦ s❡❛ ♣♦s✐❜❧❡✱ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ❡♥ ❡st❡ ❝♦♥t❡①t♦
❣❡♥❡r❛❧✳ ❆♣❧✐❝❛r ❡st❛s té❝♥✐❝❛s ❛❧ ❡st✉❞✐♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢♦r♠❛❧❡s ❞❡ ❡❝✉❛❝✐♦♥❡s ❡♥ ❞✐❢❡✲
r❡♥❝✐❛s ❝♦♠♦ ❧❛s ❡st✉❞✐❛❞❛s ♣♦r ●✳ ❑✳ ■♠♠✐♥❦✱ ✉ ♦tr♦ t✐♣♦ ❞❡ ❡❝✉❛❝✐♦♥❡s✳

❊♥ ❡st❡ ♣✉♥t♦✱ ❝♦♠❡♥③❛r❡♠♦s ❛ ❞❡s❝r✐❜✐r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡st❛ ♠❡♠♦r✐❛ ② s✉
♦r❣❛♥✐③❛❝✐ó♥✳

❊❧ ❈❛♣ít✉❧♦ ✶✱ ❞❡ ♥❛t✉r❛❧❡③❛ ♣r❡♣❛r❛t♦r✐❛✱ ❝♦♥t✐❡♥❡ ❡♥ s✉ ♣r✐♠❡r❛ s❡❝❝✐ó♥ t♦❞❛s ❧❛s ❞❡✜♥✐✲
❝✐♦♥❡s ♣r❡❧✐♠✐♥❛r❡s ♥❡❝❡s❛r✐❛s ② ✉♥ ❜r❡✈❡ r❡s✉♠❡♥ s♦❜r❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s s✉❝❡s✐♦♥❡s q✉❡
❛♣❛r❡❝❡♥ ❝✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛♥ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ② ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡s✳ ❙❡ ♣r❡s❡♥t❛rá♥ t❛♠✲
❜✐é♥ ❞❡t❛❧❧❛❞❛♠❡♥t❡ ❧❛ ❢✉♥❝✐ó♥ ❛s♦❝✐❛❞❛ ωM ② ❧♦s í♥❞✐❝❡s ❞❡ ❝r❡❝✐♠✐❡♥t♦ γ(M) ② ω(M)✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✶✺

▼✐❡♥tr❛s s❡ ✐♥t❡♥t❛❜❛ ❞❛r r❡s♣✉❡st❛ ❛ ❧♦s tr❡s ♣r✐♠❡r♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❧✐st❛ ❛♥t❡r✐♦r✱ s❡ ♦❜✲
s❡r✈ó q✉❡ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ② s✉s ❡①t❡♥s✐♦♥❡s ❛♣❛r❡❝í❛♥ ✉♥❛ ② ♦tr❛ ✈❡③ r❡❧❛❝✐♦♥❛❞♦s
❝♦♥ ♥✉❡str♦s ♣r♦❜❧❡♠❛s✳ ❈♦♠♦ s❡ ❞❡❞✉❝✐rá ❞❡ ❧♦s ❞❡s❛rr♦❧❧♦s ♣r❡s❡♥t❛❞♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s s❡❣✉♥❞♦
② t❡r❝❡r♦✱ r❡s✉❧t❛♥ s❡r ❞❡ ❤❡❝❤♦ ❢✉♥❞❛♠❡♥t❛❧❡s ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧♦s ♠✐s♠♦s✳

❊♥ ✶✾✸✵ ❏✳ ❑❛r❛♠❛t❛ ✐♥✐❝✐ó ❧❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ② ❧❛ ❛♣❧✐❝ó ❛ ♣r♦❜❧❡♠❛s
t❛✉❜❡r✐❛♥♦s✱ ❝♦♠♦ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❑❛r❛♠❛t❛✳ ❙✉s ✐❞❡❛s ❢✉❡r♦♥ ❞❡s❛rr♦❧❧❛❞❛s
♣♦r s✉s ❝♦❧❛❜♦r❛❞♦r❡s ② ❛❧✉♠♥♦s ❞❡ ❧❛ ❵❊s❝✉❡❧❛ ❨✉❣♦s❧❛✈❛✬ ❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❞é❝❛❞❛s✳ ❯♥❛ ❢✉♥❝✐ó♥
♠❡❞✐❜❧❡ f : [a,∞) → (0,∞)✱ ❝♦♥ a ≥ 0✱ ❡s ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r s✐

lim
x→∞

f(λx)

f(x)
= g(λ) ∈ (0,∞) ✭✹✮

♣❛r❛ t♦❞♦ λ ∈ (0,∞)✳ ▲❛ t❡♦rí❛ ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❣❛r❛♥t✐③❛ q✉❡ ❡①✐st❡ ρ ∈ R t❛❧ q✉❡ g(λ) = λρ

② ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❡s ✉♥✐❢♦r♠❡ ♣❛r❛ λ ❡♥ ❧♦s ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ (0,∞) ✭✈é❛s❡ ❧❛ ❙❡❝❝✐ó♥ ✶✳✷✮✳
❊st❛ ❞✐s❝✐♣❧✐♥❛ s❡ ♣♦♣✉❧❛r✐③ó ❡♥ ❧♦s ❛ñ♦s ✶✾✼✵ ❣r❛❝✐❛s ❛ s✉ ✉s♦ ❡♥ t❡♦rí❛ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞✱ ✐♠✲
♣✉❧s❛❞♦ ♣♦r ❧♦s tr❛❜❛❥♦s ❞❡ ❲✳ ❋❡❧❧❡r ② ▲✳ ❞❡ ❍❛❛♥✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦s♦tr♦s ❡st❛♠♦s ❡s♣❡❝✐❛❧♠❡♥t❡
✐♥t❡r❡s❛❞♦s ❡♥ s✉ ❛♣❧✐❝❛❝✐ó♥ ❛❧ ❛♥á❧✐s✐s ❝♦♠♣❧❡❥♦✱ ❞♦♥❞❡ ❛♣❛r❡❝❡ ❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥
❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ q✉❡ ♣r♦✈✐❡♥❡ ❞❡❧ ❡st✉❞✐♦ ❞❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥t❡r❛s✳

❊♥ ❛❧❣✉♥❛s ♦❝❛s✐♦♥❡s ❡st❛ t❡♦rí❛ ♣✉❡❞❡ s❡r ♠✉② r❡str✐❝t✐✈❛ ② s❡ ❤❛♥ ❞❛❞♦ ❞✐✈❡rs❛s ❣❡♥❡r❛❧✐✲
③❛❝✐♦♥❡s ❞❡ ❧❛ ♠✐s♠❛✳ ❊♥ ❡st❛ ♠❡♠♦r✐❛✱ ❛❞❡♠ás ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✱ s❡ ❝♦♥s✐❞❡r❛rá ❧❛ ❧❧❛♠❛❞❛
❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❞♦♥❞❡ ❡❧ lim ❡♥ ✭✹✮ s❡ s✉st✐t✉②❡ ♣♦r ❞♦s ❝♦♥❞✐❝✐♦♥❡s ❝♦♥ lim sup ② lim inf ❡♥
s✉ ❧✉❣❛r✳ ❊st❛ ♥♦❝✐ó♥ ②❛ ❢✉❡ ❝♦♥s✐❞❡r❛❞❛ ♣♦r ❑❛r❛♠❛t❛✱ ♣❡r♦ ❢✉❡ ❞✐❢✉♥❞✐❞❛ ❣r❛❝✐❛s ❛ ❲✳ ▼❛✲
t✉s③❡✇s❦❛ q✉❡ ❡st❛❜❧❡❝✐ó s✉ ❝♦♥❡①✐ó♥ ❝♦♥ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❖r❧✐❝③ ❡♥ ✶✾✻✹✳ ❆❞❡♠ás✱ ❝❛r❛❝t❡r✐③ó ❡st❛
♥♦❝✐ó♥ ❡♥ tér♠✐♥♦s ❞❡ ❞♦s í♥❞✐❝❡s✱ ❝♦♥♦❝✐❞♦s ❤♦② ❡♥ ❞í❛ ❝♦♠♦ í♥❞✐❝❡s ❞❡ ▼❛t✉s③❡✇s❦❛✳ ❉❡❜✐❞♦
❛ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡st❛♠♦s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡s❛❞♦s ❡♥ ❧❛s ✈❡rs✐♦♥❡s ❞✐s❝r❡t❛s ❞❡
❡st♦s ❝♦♥❝❡♣t♦s✳ ▲❛ ❡①t❡♥s✐ó♥ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ♣❛r❛ s✉❝❡s✐♦♥❡s ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s
❢✉❡ ❧❧❡✈❛❞❛ ❛ ❝❛❜♦ ♣♦r ❘✳ ❇♦❥❛♥✐➣ ② ❊✳ ❙❡♥❡t❛ ❡♥ ✶✾✼✸✱ ② ❧❛ ❞❡ ❧❛ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❤❛ s✐❞♦
♣r♦♣♦r❝✐♦♥❛❞❛ ♣♦r ❉✳ ❉❥✉r↔✐➣ ② ❱✳ ❇♦➸✐♥ ❡♥ ✶✾✾✼✳ ❊♥ ❧❛ s❡❣✉♥❞❛ s❡❝❝✐ó♥ ❞❡ ❡st❡ ♣r✐♠❡r ❝❛♣í✲
t✉❧♦ s❡ r❡s✉♠✐rá♥ ❞❡ ❢♦r♠❛ ❝♦♥❝✐s❛ ♣❡r♦ ❝♦♠♣❧❡t❛ ❡st♦s ❡❧❡♠❡♥t♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❡ ❧❛ t❡♦rí❛ ❞❡
❑❛r❛♠❛t❛✳

❊❧ ♣r♦♣ós✐t♦ ♣r✐♥❝✐♣❛❧ ❞❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❡s ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❡①✐st❡♥t❡s ❡♥tr❡
❧❛s ♥♦❝✐♦♥❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡❧ ♣r✐♠❡r♦✳ ▲❛ ♣r✐♠❡r❛ s❡❝❝✐ó♥ s❡ ❝❡♥tr❛ ❡♥ ❧❛ ♥♦❝✐ó♥ ❞❡ ❖✲✈❛r✐❛❝✐ó♥
r❡❣✉❧❛r✳ ❈✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ❝♦♠♦ s♦♥ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ♠♦❞❡r❛❞♦ ♦ ❧❛ ♥♦ ❝❛s✐❛♥❛❧✐t✐❝✐❞❛❞ ❢✉❡rt❡✱
q✉❡ s❡ ❛s✉♠❡♥ ❛ ♠❡♥✉❞♦ ♣❛r❛ ❧❛ s✉❝❡s✐ó♥ M ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ q✉❡ ❧❛ ❝❧❛s❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡
t❡♥❣❛ ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s✱ ♣✉❡❞❡♥ r❡❢♦r♠✉❧❛rs❡ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✳ ▼❡r❡❝❡
s❡r ♠❡♥❝✐♦♥❛❞♦ q✉❡ ❡❧ í♥❞✐❝❡ ❞❡ ❚❤✐❧❧✐❡③ γ(M) ② ❡❧ í♥❞✐❝❡ ❞❡ ❙❛♥③ ω(M)✱ ✐♥tr♦❞✉❝✐❞♦s ❞❡ ❢♦r♠❛
✐♥❞❡♣❡♥❞✐❡♥t❡✱ r❡s✉❧t❛♥ t❡♥❡r ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❛❞❡❝✉❛❞❛ ❡♥ ❡st♦s tér♠✐♥♦s✳ P❛r❛ ❡st❛❜❧❡❝❡r ❧❛
❝♦♥❡①✐ó♥ ❝♦♥ ❧❛s s✉❝❡s✐♦♥❡s ❧♦❣❛rít♠✐❝❛♠❡♥t❡ ❝♦♥✈❡①❛s✱ s❡rá ♥❡❝❡s❛r✐♦ ❡①♣r❡s❛r ❡st❛s ❝♦♥❞✐❝✐♦♥❡s
♣♦r ♠❡❞✐♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❝❛s✐♠♦♥♦t♦♥í❛ ② ❝♦♥s✐❞❡r❛r ❧♦s ór❞❡♥❡s µ(♠) ② ρ(♠) ② ❧♦s í♥❞✐❝❡s
❞❡ ▼❛t✉s③❡✇s❦❛ β(♠) ② α(♠) ♣❛r❛ s✉ s✉❝❡s✐ó♥ ❞❡ ❝♦❝✐❡♥t❡s ♠ = (mp−1)p∈N✳ ❊st❛ r❡❧❛❝✐ó♥
q✉❡❞❛ r❡✢❡❥❛❞❛ ❡♥ ❧♦s ❞♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s ✭❚❡♦r❡♠❛ ✷✳✶✳✶✻ ② Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✶✽✮✳

❚❡♦r❡♠❛✳ ❙❡❛M ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s ❝♦♥ s✉❝❡s✐ó♥ ❞❡ ❝♦❝✐❡♥t❡s♠✳ ❊♥t♦♥❝❡s

γ(M) = β(♠), ω(M) = µ(♠).

Pr♦♣♦s✐❝✐ó♥✳ ❙❡❛ M ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s ❝♦♥ s✉❝❡s✐ó♥ ❞❡ ❝♦❝✐❡♥t❡s ♠✳
❙✉♣♦♥❣❛♠♦s q✉❡ (p!Mp)p∈N0 ✐s ❧♦❣❛rít♠✐❝❛♠❡♥t❡ ❝♦♥✈❡①❛✱ ❡♥t♦♥❝❡s

✭✐✮ M t✐❡♥❡ ❝r❡❝✐♠✐❡♥t♦ ♠♦❞❡r❛❞♦ s✐ ② só❧♦ s✐ α(♠) < ∞ s✐ ② só❧♦ s✐ ♠ ❡s ❞❡ ❖✲✈❛r✐❛❝✐ó♥
r❡❣✉❧❛r✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✻ ■◆❚❘❖❉❯❈❈■Ó◆

✭✐✐✮ M ❡s ❢✉❡rt❡♠❡♥t❡ ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛ s✐ ② só❧♦ s✐ β(♠) > 0✳

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡①✐st❡ ✉♥❛ ❝♦♥❡①✐ó♥ ❡str❡❝❤❛ ❡♥tr❡ ❧❛ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❞❡ ♠ ② ❧❛ r❡✲
❣✉❧❛r✐❞❛❞ ❢✉❡rt❡ ❞❡ M✳ ❈♦♠♦ r❡s✉❧t❛❞♦ ❝♦❧❛t❡r❛❧✱ s❡ ♦❜t❡♥❞rá♥ ✈❛r✐❛s ❞❡✜♥✐❝✐♦♥❡s ❡q✉✐✈❛❧❡♥t❡s
❞❡ ❡st♦s í♥❞✐❝❡s ② ór❞❡♥❡s✱ q✉❡ s❡ ❡♠♣❧❡❛rá♥ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ❛❧ ❧✐❞✐❛r ❝♦♥ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞
❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧✱ ❧❛ ❝✉❛❧ ♠♦t✐✈ó ❡st❡ ❡st✉❞✐♦✳ ❙❡ ♣r♦♣♦r❝✐♦♥❛rá ✉♥ ❣r❛♥ ♥ú♠❡r♦ ❞❡
❞❡t❛❧❧❡s✱ ♠ás ❞❡ ❧♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ s♦❜r❡②❡❝t✐✈✐❞❛❞✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❞❛r ✉♥❛
✈✐s✐ó♥ ❝♦♠♣❧❡t❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ❊♥ ♣❛rt✐❝✉❧❛r ✈❡r❡♠♦s q✉❡ γ(M) ≤ ω(M) ✭❧♦ q✉❡ ②❛ s❡ s❛❜í❛
❝♦♥ ❛♥t❡r✐♦r✐❞❛❞✮✱ ♣❡r♦ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ♠ás r❡❧❡✈❛♥t❡ ❞❡❞✉❝✐❞❛ ❞❡ ❧❛ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❡s q✉❡
❡♥ ❣❡♥❡r❛❧ ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s ❡st♦s í♥❞✐❝❡s s♦♥ ❞✐st✐♥t♦s✳ ❊st♦ ♥♦ ❤❛ s✐❞♦
s❡♥❝✐❧❧♦ ❞❡ ♠♦str❛r✱ ❞❛❞♦ q✉❡ ❧❛ ♠❛②♦rí❛ ❞❡ ❧❛s s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s q✉❡ ❛♣❛r❡❝❡♥
❡♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❛❞♠✐t❡♥ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✱ q✉❡ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♠✉❝❤♦ ♠ás
❢✉❡rt❡ q✉❡ ✐♠♣❧✐❝❛✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ q✉❡ ω(M) = γ(M)✳ ❊❧ ❊❥❡♠♣❧♦ ✷✳✷✳✷✻✱ ❛❧ ✜♥❛❧ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✱
♠✉❡str❛ ❝ó♠♦ s❡ ♣✉❡❞❡♥ ❝♦♥str✉✐r s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s ❝♦♥ ✈❛❧♦r❡s ❛r❜✐tr❛r✐♦s ❞❡
❡st♦s í♥❞✐❝❡s✱ 0 < γ(M) < ω(M) <∞✳ P♦r t❛♥t♦✱ ❡❧ ♣r♦❜❧❡♠❛ ✭❝✮ ❡stá r❡s✉❡❧t♦✳

P❛r❛ t❡r♠✐♥❛r ❧❛ s❡❝❝✐ó♥✱ s❡ ❡①♣❧✐❝❛ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❡st❛s ♥♦❝✐♦♥❡s ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❛s♦❝✐❛❞❛ ωM

② ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♥t❡♦ ν♠ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✳✸✵ ② ❡♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✸✽✱ ❞❡ ❞♦♥❞❡ s❡ ❞❡❞✉❝❡
❧❛ ❝♦♥str✉❝✐ó♥ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❞✉❛❧✳

❊♥ ❧❛ s❡❣✉♥❞❛ s❡❝❝✐ó♥ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✱ ❡❧ ♣❛♣❡❧ ♣r♦t❛❣♦♥✐st❛ ❧♦ t✐❡♥❡♥ ❧♦s ór❞❡♥❡s ❛♣r♦①✐✲
♠❛❞♦s✳ ❙❡ ❡①♣❧♦r❛ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✱ ❧♦s ór❞❡♥❡s ❛♣r♦①✐♠❛❞♦s ② ❧❛s s✉❝❡✲
s✐♦♥❡s ♣❡s♦✱ ❧♦ q✉❡✱ ❝♦♠♦ s❡ ♠❡♥❝✐♦♥ó ❛♥t❡r✐♦r♠❡♥t❡✱ ❡s ❝r✉❝✐❛❧ ♣❛r❛ ❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞ ❞❡ ❧❛
t❡♦rí❛ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞✳ ❙❡ ♦❜t❡♥❞rá ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s s✉❝❡s✐♦♥❡s ♣❛r❛ ❧❛s ❝✉❛❧❡s
dM = log(ωM(t))/ log(t) ❡s ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✱ q✉❡ ❡r❛ ❧❛ ♣r❡❣✉♥t❛ ❛❜✐❡rt❛ ✭❛✮ s❛t✐s✲
❢❛❝t♦r✐❛♠❡♥t❡ r❡s♣♦♥❞✐❞❛ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✻ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❞❡♠✱ r❡s✉♠✐❞❛
❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

❚❡♦r❡♠❛✳ ❙❡❛ M ✉♥❛ s✉❝❡s✐ó♥ ♣❡s♦✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ dM(t) ❡s ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ❝♦♥ limt→∞ dM(t) ∈ (0,∞)✱

✭✐✐✮ ♠ ❡s ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❝♦♥ í♥❞✐❝❡ ♣♦s✐t✐✈♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ ❝✉❛❧q✉✐❡r❛ ❞❡ ❡st♦s s✉♣✉❡st♦s s❡ ✈❡r✐✜q✉❡✱ ❡❧ ✈❛❧♦r ❞❡❧ í♥❞✐❝❡ ❡♥ ✭✐✐✮ ❡s ω(M) ②
❡❧ ✈❛❧♦r ❞❡❧ ❧í♠✐t❡ ❡♥ ✭✐✮ ❡s 1/ω(M)✳

P❛r❛ s✉❝❡s✐♦♥❡s q✉❡ ❛❞♠✐t❡♥ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✸✮✱ s❡ ♦❜t❡♥❞rá ✉♥❛ ❢ór✲
♠✉❧❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ q✉❡ s♦❧✉❝✐♦♥❛ ❡❧ ♣r♦❜❧❡♠❛ ❡♥ ✭❜✮✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ❞❛❞♦ q✉❡ s✉❝❡s✐♦♥❡s
❡q✉✐✈❛❧❡♥t❡s ❞❡✜♥❡♥ ❧❛s ♠✐s♠❛s ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s✱ r❡s✉❧t❛ q✉❡ ❧❛ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ✉♥ ♦r❞❡♥
❛♣r♦①✐♠❛❞♦ ♣♦r ♣❛rt❡ ❞❡ M ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♥❛t✉r❛❧ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛
❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ L ❡q✉✐✈❛❧❡♥t❡ ❛ M ② t❛❧ q✉❡ dL ❡s ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✳ ▲❛
♣r✉❡❜❛ ❞❡ ❡st♦s r❡s✉❧t❛❞♦s s❡ ❡st❛❜❧❡❝❡ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✾ q✉❡ s✐❣✉❡✿

❚❡♦r❡♠❛✳ ❙❡❛ M ✉♥❛ s✉❝❡s✐ó♥ ♣❡s♦✱ ❡♥t♦♥❝❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ♣❡s♦ L ❡q✉✐✈❛❧❡♥t❡ ❛ M ✭✐✳❡✳✱ ❡①✐st❡♥ ❝♦♥st❛♥t❡s A,B > 0 t❛❧❡s q✉❡
ApLp ≤Mp ≤ BpLp ♣❛r❛ t♦❞♦ p ∈ N0✮ t❛❧ q✉❡ dL(t) ❡s ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✱

✭✐✐✮ M ❛❞♠✐t❡ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✱

✭✐✐✐✮ ❡①✐st❡♥ ω ∈ (0,∞) ② s✉❝❡s✐♦♥❡s ❛❝♦t❛❞❛s ❞❡ ♥ú♠❡r♦s r❡❛❧❡s (bp)p∈N✱ (ηp)p∈N t❛❧❡s q✉❡
(ηp)p∈N ❝♦♥✈❡r❣❡ ❤❛❝✐❛ ω ② ♣♦❞❡♠♦s ❡s❝r✐❜✐r

mp = exp


bp+1 +

p+1∑

j=1

ηj
j


 , p ∈ N0.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✶✼

❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧♦s ❛♥t❡r✐♦r❡s s❡❛ ✈á❧✐❞♦✱ limt→∞ dL(t) = 1/ω = 1/ω(M)✳

❆❞❡♠ás s❡ ♦❜t❡♥❞rá ✉♥❛ ♥✉❡✈❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s s✉❝❡s✐♦♥❡s ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❡♥ ❧❛
Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✸ ② s❡ ♠♦str❛rá ❝ó♠♦ s❡ ♣✉❡❞❡♥ ❝♦♥str✉✐r s✉❝❡s✐♦♥❡s ❝♦♥ ❜✉❡♥ ❝♦♠♣♦rt❛♠✐❡♥t♦
❛ ♣❛rt✐r ❞❡ ❧♦s ór❞❡♥❡s ❛♣r♦①✐♠❛❞♦s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✹✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ ❙✉❜s❡❝❝✐ó♥ ✷✳✷✳✺
② ❣r❛❝✐❛s ❛ ✉♥❛ ♠❡❥♦r ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ✐♥✈♦❧✉❝r❛❞❛s✱ s❡ ♣r❡s❡♥t❛rá♥ ✈❛r✐♦s ❡❥❡♠✲
♣❧♦s q✉❡ ❡①❤✐❜❡♥ ❞✐❢❡r❡♥t❡s ❝♦♠♣♦rt❛♠✐❡♥t♦s ♣❛t♦❧ó❣✐❝♦s✱ ✐♥❝❧✉②❡♥❞♦ ❡❧ ❊❥❡♠♣❧♦ ✷✳✷✳✷✻ ❛♥t❡s
♠❡♥❝✐♦♥❛❞♦✳

❙✐✱ ❡♥ ❧✉❣❛r ❞❡ ❧❛ ❛❞♠✐s✐❜✐❧✐❞❛❞ ❞❡ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ s❡ ♣✐❞❡♥ ❝♦♥❞✐❝✐♦♥❡s ♠ás ❞é❜✐❧❡s
♣❛r❛ ❧❛ s✉❝❡s✐ó♥ M✱ ♣♦r ❡❥❡♠♣❧♦ ② ❝♦♥ ❧❛ ♥♦t❛❝✐ó♥ ❞❡ ❧❛ ❢ór♠✉❧❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❛rr✐❜❛✱ s✐
(ηp)p∈N ❡s s♦❧❛♠❡♥t❡ ❛❝♦t❛❞❛✱ ❧♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ❞❡❝✐r q✉❡ ♠ ❡s ❞❡ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✱ ♥♦ s❡ s❛❜❡
❝ó♠♦ ♣✉❡❞❡ s❡r r❡♣r♦❞✉❝✐❞♦ ❡❧ ♠ét♦❞♦ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞✳ ◆♦ ♦❜st❛♥t❡✱ ② ❡st❡ ❡s ❡❧ ♣r♦❜❧❡♠❛
q✉❡ s❡ ♣❧❛♥t❡❛ ❡♥ ✭❞✮ ② ✭❡✮✱ ❡s ♥❛t✉r❛❧ ♣r❡❣✉♥t❛rs❡ s♦❜r❡ ❧❛ ✐♥②❡❝t✐✈✐❞❛❞ ② ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡
❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧✳ ❊❧ t❡r❝❡r ❝❛♣ít✉❧♦ ❡stá ❞❡❞✐❝❛❞♦ ❛❧ ❡st✉❞✐♦ ❞❡ ❡st❛s ❝✉❡st✐♦♥❡s ♣❛r❛ ❧❛s tr❡s
❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s q✉❡ ❝♦♠❡♥t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❚r❛s ✐♥tr♦❞✉❝✐r ❧❛ ♥♦t❛❝✐ó♥ ❜ás✐❝❛ ❡♥ ❧❛
♣r✐♠❡r❛ s❡❝❝✐ó♥✱ s❡ ❡①❛♠✐♥❛rá ❧❛ ✐♥②❡❝t✐✈✐❞❛❞ ♣❛r❛ ❧❛ ❝✉❛❧✱ ❝♦♠♦ s❡ ❤❛ ❡①♣✉❡st♦ ❛♥t❡s✱ ❝❛s✐ t♦❞❛
❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❡r❛ ❝♦♥♦❝✐❞❛✳ ❘❡s✉❧t❛ q✉❡ ❧♦s ór❞❡♥❡s ❛♣r♦①✐♠❛❞♦s ♥♦s ♣r♦♣♦r❝✐♦♥❛♥ ✉♥❛ s♦❧✉❝✐ó♥
❞❡✜♥✐t✐✈❛ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ✐♥②❡❝t✐✈✐❞❛❞✿ ✐♥❝❧✉s♦ s✐ M ♥♦ ❛❞♠✐t❡ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ s✐❡♠♣r❡
♣♦❞❡♠♦s ❝♦♥tr♦❧❛r ❧❛ ❢✉♥❝✐ó♥ dM ♣♦r ❛rr✐❜❛ ♣♦r ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ ② ✉♥ ✉s♦ ❛❞❡❝✉❛❞♦ ❞❡ ❧❛
✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ▼❛❡r❣♦✐③ ❛s♦❝✐❛❞❛s ❛ ❡st❡ ♦r❞❡♥ ♣❡r♠✐t❡ ❝♦♥str✉✐r ❢✉♥❝✐♦♥❡s
♣❧❛♥❛s ❡♥ s❡❝t♦r❡s ❞❡ ❛♠♣❧✐t✉❞ ó♣t✐♠❛✳ P♦r t❛♥t♦✱ ❧❛ ❝✉❡st✐ó♥ ❡♥ ✭❞✮ q✉❡❞❛ r❡s♣♦♥❞✐❞❛✱ ✈❡r
❚❡♦r❡♠❛ ✸✳✷✳✶✺✳ ❆q✉í ❡❧ í♥❞✐❝❡ ω(M) ♠✉❡str❛ s✉ ❝❛rá❝t❡r ❞✐✈✐s♦r✐♦✳ ❊st❛ s❡❝❝✐ó♥ t❡r♠✐♥❛✱
❛②✉❞❛❞♦s ♣♦r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❝❛s✐❛♥❛❧✐t✐❝✐❞❛❞✱ ❝♦♥ ❧❛ ♣r✉❡❜❛ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✷✳✶✻ ❞❡ q✉❡ ❧❛
❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ♥♦ ❡s ♥✉♥❝❛ ❜✐②❡❝t✐✈❛✳

▲❛ ú❧t✐♠❛ s❡❝❝✐ó♥ s❡ ❝❡♥tr❛ ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞✳ ❙❡ ♦❜t❡♥❞rá♥ r❡s✉❧t❛❞♦s
♣❛r❝✐❛❧❡s ♣❛r❛ s✉❝❡s✐♦♥❡s ♣❡s♦✱ ♣♦r ❡❥❡♠♣❧♦ s❡ ♠♦str❛rá q✉❡ s✐ ❤❛② s♦❜r❡②❡❝t✐✈✐❞❛❞ ♣❛r❛ ❝✉❛❧q✉✐❡r
❛♠♣❧✐t✉❞ ❡♥t♦♥❝❡s γ(M) > 0 ♦✱ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ M ❞❡❜❡ s❡r ❢✉❡rt❡♠❡♥t❡ ♥♦ ❝❛s✐❛♥❛❧ít✐❝❛✳ ❙✐♥
❡♠❜❛r❣♦✱ ❧♦s ♣r✐♥❝✐♣❛❧❡s ❛✈❛♥❝❡s s❡ ❤❛♥ ♣r♦❞✉❝✐❞♦ ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s✳ ❊♥ ❡❧
❈♦r♦❧❛r✐♦ ✸✳✸✳✶✽✱ s✐ Sγ ❡s ❡❧ s❡❝t♦r ♥♦ ❛❝♦t❛❞♦ ❞❡ ❛♠♣❧✐t✉❞ πγ ② ❜✐s❡❝❛❞♦ ♣♦r ❧❛ ❞✐r❡❝❝✐ó♥ d = 0
❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❞❡❧ ❧♦❣❛r✐t♠♦✱ s❡ ♣r♦❜❛rá ❧♦ s✐❣✉✐❡♥t❡✿

❈♦r♦❧❛r✐♦✳ ❙❡❛ M ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r ② t ∈ R✱ t > 0✳ ❈❛❞❛ ✉♥❛ ❞❡ ❡st❛s ❛✜r♠❛❝✐♦♥❡s ✐♠♣❧✐❝❛
❧❛ s✐❣✉✐❡♥t❡✿

✭✐✮ t < γ(M)✱

✭✐✐✮ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ B̃ : AM(St) → C[[z]]M ❡s s♦❜r❡②❡❝t✐✈❛✱

✭✐✐✐✮ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ B̃ : Ãu
M(St) → C[[z]]M ❡s s♦❜r❡②❡❝t✐✈❛✱

✭✐✈✮ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ B̃ : ÃM(St) → C[[z]]M ❡s s♦❜r❡②❡❝t✐✈❛✱

✭✈✮ ♣❛r❛ t♦❞♦ ξ ∈ I ❝♦♥ ξ < t✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ B̃ : ÃM(Sξ) → C[[z]]M ❡s s♦❜r❡②❡❝t✐✈❛✱

✭✈✐✮ t ≤ γ(M)✳

P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ γ(M) s❡ ♠✉❡str❛ ❝♦♠♦ ❡❧ ✈❛❧♦r ❧í♠✐t❡ ❛❞❡❝✉❛❞♦ ♣❛r❛ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞✱ ❧♦
q✉❡ r❡s♣♦♥❞❡ ❛ ❧❛ ♣r❡❣✉♥t❛ ✭❡✮✳ P♦r ú❧t✐♠♦✱ s❡ ❞❛♥ ❝✐❡rt❛s ✐♥❢♦r♠❛❝✐♦♥❡s ❡♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ M

s❡❛ t♦❞❛✈í❛ ♠ás r❡❣✉❧❛r✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✹ ✈♦❧✈❡♠♦s ❛ ♥✉❡str♦ ú❧t✐♠♦ ♣r♦❜❧❡♠❛ ✭❢✮ ❞❡ ❧❛ ❧✐st❛✳ ❖❜sér✈❡s❡ q✉❡ ❛❤♦r❛
②❛ ❝♦♥♦❝❡♠♦s ♣❛r❛ q✉é s✉❝❡s✐♦♥❡s ❡❧ ♠ét♦❞♦ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞ ❡stá ❞✐s♣♦♥✐❜❧❡✳ ❊♥ ❧❛ ♣r✐♠❡r❛

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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s❡❝❝✐ó♥ s❡ r❡❝✉❡r❞❛♥ ❧♦s ❡❧❡♠❡♥t♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❡ ❡st❛ t❡♦rí❛ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞✳ ❆❤♦r❛ ❡st❛✲
♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ ❧❛ ❡①t❡♥s✐ó♥ ❞❡ ❧❛ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ❛ ❡st❡ ❝♦♥t❡①t♦ ❣❡♥❡r❛❧✳ ❈♦♠❡♥③❛r❡♠♦s
❝♦♥ ✉♥❛ ❞✐s❝✉s✐ó♥ ❞❡ ❝❛rá❝t❡r ♣r❡❧✐♠✐♥❛r q✉❡ ❛❢❡❝t❛ ❛ ❧❛ ♥❡❝❡s✐❞❛❞✱ ♣❛r❛ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ t❡♥❣❛
s❡♥t✐❞♦✱ ❞❡ q✉❡ ❧❛s s✉❝❡s✐♦♥❡s✱ q✉❡ ❞❡✜♥❡♥ ❧♦s ♠ét♦❞♦s ❞❡ s✉♠❛❜✐❧✐❞❛❞ q✉❡ ✈❛♥ ❛ ❝♦♠❜✐♥❛rs❡✱
s❡❛♥ ❝♦♠♣❛r❛❜❧❡s ② ♥♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❧♦ q✉❡ s❡ ❡st✉❞✐❛rá ❡♥ ❧❛ ❙✉❜s❡❝❝✐ó♥ ✹✳✷✳✶✳ ❚r❛s ❡st❛❜❧❡❝❡r
❧❛s ♣r♦♣✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡ ❧❛s s✉❝❡s✐♦♥❡s ♣r♦❞✉❝t♦ ② ❝♦❝✐❡♥t❡ ❞❡ ❞♦s s✉❝❡s✐♦♥❡s ♣❡s♦✱ s❡ ♦❜t❡♥❞rá
❡❧ ❚❡♦r❡♠❛ ❚❛✉❜❡r✐❛♥♦ ✹✳✷✳✶✹✿

❚❡♦r❡♠❛✳ ❙❡❛♥ L ② M s✉❝❡s✐♦♥❡s ♣❡s♦ t❛❧❡s q✉❡ L ❛❞♠✐t❡ ✉♥ ♦r❞❡♥ ♥♦ ♥✉❧♦ ❛♣r♦①✐♠❛❞♦✱ M/L
❡s ❧♦❣❛rít♠✐❝❛♠❡♥t❡ ❝♦♥✈❡①❛ ② ω(L) < ω(M)✳ ❙✐ f̂ ∈ C[[z]]L ② f̂ ❡s M−s✉♠❛❜❧❡ ❡♥ t♦❞❛s ❧❛s
❞✐r❡❝❝✐♦♥❡s s❛❧✈♦ ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ✭♠♦❞ 2π✮✱ ❡♥t♦♥❝❡s f̂ ❡s ❝♦♥✈❡r❣❡♥t❡✳

●r❛❝✐❛s ❛ ❡st❡ r❡s✉❧t❛❞♦✱ ❡s ♣♦s✐❜❧❡ ❞❛r ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❝♦♥s✐st❡♥t❡ ❞❡ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞✿ ✉♥❛
s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧ s❡ ❞✐rá ♠✉❧t✐s✉♠❛❜❧❡ s✐ s❡ ♣✉❡❞❡ ❞✐✈✐❞✐r ❡♥ ✉♥❛ s✉♠❛ ✜♥✐t❛ ❞❡ s❡r✐❡s
❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧❡s f̂j ✱ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝✉❛❧❡s ❡s s✉♠❛❜❧❡ ♣❛r❛ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ s✉❝❡s✐ó♥
Mj q✉❡ ❛❞♠✐t❡ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✳ ◆✉❡str♦ ♦❜❥❡t✐✈♦ ❡s ❞❡t❡r♠✐♥❛r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣❛r❛
r❡❝♦♥str✉✐r ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ s✉ s✉♠❛✳ ❊♥ ❧♦s ❚❡♦r❡♠❛s ✹✳✸✳✷✶ ② ✹✳✸✳✷✺✱ s❡ ❝♦♥str✉✐rá♥ ❧♦s
♥ú❝❧❡♦s ❞❡ s✉♠❛❜✐❧✐❞❛❞ ♣❛r❛ ❧❛s s✉❝❡s✐♦♥❡s ❝♦❝✐❡♥t❡ ② ♣r♦❞✉❝t♦✱ ❝♦♥ ❡❧❧♦s s❡ ♣♦❞rá r❡❝♦♥str✉✐r ❧❛
♠✉❧t✐s✉♠❛ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✸✳✸✶✳ ❉❡❜❡♠♦s ♠❡♥❝✐♦♥❛r q✉❡ ❡st❡ ❡st✉❞✐♦ ♥♦ s❡ ❤❛
❝♦♠♣❧❡t❛❞♦ ❛ú♥✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥ ❧♦ q✉❡ r❡s♣❡❝t❛ ❛ ❧❛s ♣♦s✐❜❧❡s ❛♣❧✐❝❛❝✐♦♥❡s✱ ♣❡r♦ ♣♦s♣♦♥❡♠♦s
❡st♦s ❝♦♠❡♥t❛r✐♦s s♦❜r❡ ❡st❡ tr❛❜❛❥♦ ❡♥ ❝✉rs♦ ♣❛r❛ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s✳

❊❧ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❞❡ ❡st❛ ♠❡♠♦r✐❛ ♥♦ ❡st❛❜❛ ✐♥✐❝✐❛❧♠❡♥t❡ ♣r♦❣r❛♠❛❞♦✱ ♣❡r♦ s✉ ✐♥❝❧✉s✐ó♥
❡s ♥❛t✉r❛❧ ✉♥❛ ✈❡③ q✉❡ ❧❛s té❝♥✐❝❛s ❞❡ ❧♦s ór❞❡♥❡s ❛♣r♦①✐♠❛❞♦s ② ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r s❡ ❤❛♥
✐♥❝♦r♣♦r❛❞♦✳ ❊♥ é❧ s❡ tr❛t❛ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ❧❛s ❡st✐♠❛❝✐♦♥❡s M−❛s✐♥tót✐❝❛s ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥
❞❡ ❢✉♥❝✐♦♥❡s✱ ❤♦❧♦♠♦r❢❛s ② ❛s✐♥tót✐❝❛♠❡♥t❡ ❛❝♦t❛❞❛s✱ ❛ t♦❞❛ ✉♥❛ r❡❣✐ó♥ s❡❝t♦r✐❛❧✱ ❞♦♥❞❡M ❡s ✉♥❛
s✉❝❡s✐ó♥ ♣❡s♦ q✉❡ ❛❞♠✐t❡ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦✳ ❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❡s ❡❧ s✐❣✉✐❡♥t❡✱
❚❡♦r❡♠❛ ✺✳✸✳✶✿

❚❡♦r❡♠❛✳ ❉❛❞♦ γ > 0✱ s✉♣♦♥❣❛♠♦s q✉❡ f ❡s ❤♦❧♦♠♦r❢❛ ❡♥ ✉♥❛ r❡❣✐ó♥ s❡❝t♦r✐❛❧ G ❞❡ ❛♠♣❧✐t✉❞
πγ ② ❜✐s❡❝❛❞❛ ♣♦r ❧❛ ❞✐r❡❝❝✐ó♥ 0✱ f ❡stá ❛❝♦t❛❞❛ ❡♥ t♦❞♦ s✉❜s❡❝t♦r T ♣r♦♣✐♦ ② ❛❝♦t❛❞♦ ❞❡ G✱
② ❛❞♠✐t❡ ❛ f̂ ∈ C[[z]] ❝♦♠♦ s✉ M−❞❡s❛rr♦❧❧♦ ❛s✐♥tót✐❝♦ ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ θ ∈ (−πγ/2, πγ/2)✳
❊♥t♦♥❝❡s✱ f ∈ ÃM(G) ② f ❛❞♠✐t❡ ❛ f̂ ❝♦♠♦ s✉ M−❞❡s❛rr♦❧❧♦ ❛s✐♥tót✐❝♦ ❡♥ G✳

❊st❡ t❡♦r❡♠❛ ❣❡♥❡r❛❧✐③❛ ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❆✳ ❋r✉❝❤❛r❞ ② ❈✳ ❩❤❛♥❣ ❬✷✾❪ ❞❡ ✶✾✾✾ ♣❛r❛ ❞❡s❛rr♦❧❧♦s
●❡✈r❡②✳ ❈♦♠♦ ❡♥ ❡❧ ❝❛s♦ ●❡✈r❡②✱ ❧❛s ♣r✉❡❜❛s ❞❡ ❡st♦s r❡s✉❧t❛❞♦s ❞❡♣❡♥❞❡♥✱ ♣♦r ✉♥ ❧❛❞♦✱ ❞❡ ✉♥❛
✈❡rs✐ó♥ ❛❞❡❝✉❛❞❛ ❞❡❧ ❝❧ás✐❝♦ ❚❡♦r❡♠❛ ❞❡ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ ✱ ✈❡r ▲❡♠❛ ✺✳✶✳✻✱ ② ♣♦r ♦tr♦ ❧❛❞♦✱ ❞❡
❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞ ❞❡ ✈❡rs✐♦♥❡s ❛♣r♦♣✐❛❞❛s ❞❡❧ ▲❡♠❛ ❞❡ ❲❛ts♦♥ ② ❡❧ ❚❡♦r❡♠❛ ❞❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡②✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s t♦ ❛♥s✇❡r s❡✈❡r❛❧ ♦♣❡♥ q✉❡st✐♦♥s r❡❧❛t❡❞ t♦ ❈❛r❧❡♠❛♥✲
❘♦✉♠✐❡✉ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s✱ ❞❡✜♥❡❞ ✐♥ s❡❝t♦rs ♦❢ t❤❡ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢
t❤❡ ❧♦❣❛r✐t❤♠ ❜② ✐♠♣♦s✐♥❣ ❝♦♥str❛✐♥ts ❢♦r t❤❡✐r ❞❡r✐✈❛t✐✈❡s✬ ❣r♦✇t❤ ✐♥ t❡r♠s ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢
♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡s❡ ♣r♦❜❧❡♠s ✇❡r❡ ♠♦t✐✈❛t❡❞ ❜② t❤❡ st✉❞② ♦❢ s♦♠❡ ♣r♦♣❡rt✐❡s ✐♥✈♦❧✈❡❞
✐♥ t❤❡ ✇♦r❦ ✇✐t❤ ❛ s✉♠♠❛❜✐❧✐t② ♣r♦❝❡❞✉r❡ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✐♥ t❤✐s ❝♦♥t❡①t✱ ❛♥❞ ❜② t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❡✇ t♦♦❧ ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t②✳ ❚❤❡ s♦❧✉t✐♦♥s ♣r♦✈✐❞❡❞ ❤❡r❡
✇✐❧❧ ❤❡❛✈✐❧② r❡st ♦♥ t❤❡ ❝❧❛ss✐❝❛❧✱ ❛♥❞ ❝❧♦s❡❧② r❡❧❛t❡❞✱ t❤❡♦r✐❡s ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ♣r♦①✐♠❛t❡
♦r❞❡rs✳ ❚❤❡ ❢♦✉♥❞❛t✐♦♥s ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡s❡ ❞✐✈❡rs❡ ❡ss❡♥t✐❛❧ ✐♥❣r❡❞✐❡♥ts ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤s✳

❚❤❡ ✜rst ❛♥❞ ❜❛s✐❝ t♦♣✐❝ ✇❤✐❝❤ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐s t❤❡ st✉❞② ♦❢ ❞✐✈❡r❣❡♥t s❡r✐❡s t❤r♦✉❣❤
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✳ ▲✳ ❊✉❧❡r ✐s ❝♦♠♠♦♥❧② ❝r❡❞✐t❡❞ ✇✐t❤ st❛rt✐♥❣ t❤❡ s②st❡♠❛t✐❝ ♠❛♥✐♣✉❧❛t✐♦♥
♦❢ ❞✐✈❡r❣❡♥t s❡r✐❡s ✐♥ t❤❡ ✶✽t❤ ❝❡♥t✉r②✳ ❍❡ ✇❛s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ ❢♦r t❤❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ ❝♦♥st❛♥ts s✉❝❤ ❛s e ❛♥❞ π✳ ❍♦✇❡✈❡r✱ ❞✉r✐♥❣ t❤❡ ✶✾t❤ ❝❡♥t✉r② ❛♥❞ ❢♦r
s♦♠❡ t✐♠❡ ❛❢t❡r t❤✐s✱ ❞✐✈❡r❣❡♥t s❡r✐❡s ✇❡r❡✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❡①❝❧✉❞❡❞ ❢r♦♠ ♠❛t❤❡♠❛t✐❝s✳ ❚❤✐s
✇❛s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❆✳ ▲✳ ❈❛✉❝❤② ❣❛✈❡ ❛ r✐❣♦r♦✉s ❛♥❞ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s✉♠
♦❢ ❛ ✭❝♦♥✈❡r❣❡♥t✮ s❡r✐❡s ✇❤✐❝❤ q✉✐❝❦❧② ❜❡❝❛♠❡ t❤❡ st❛♥❞❛r❞ ♦♥❡✳ ■♥ t❤✐s s❡♥s❡✱ ✇❡ ♠❛② ❝✐t❡ ●✳
❍✳ ❍❛r❞② t❤❛t✱ ✐♥ ❤✐s ❜♦♦❦ ❬✸✺✱ ♣✳ ✺❪ ✐♥ ✶✾✹✾✱ ✇❤❡♥ ❞✐s❝✉ss✐♥❣ ❛❜♦✉t t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ s✉♠ ♦❢ ❛ ❞✐✈❡r❣❡♥t s❡r✐❡s✱ ♥♦t❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✏✐t ❞♦❡s ♥♦t ♦❝❝✉r t♦ ❛ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝✐❛♥ t❤❛t ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧
s②♠❜♦❧s s❤♦✉❧❞ ❤❛✈❡ ❛ ❵♠❡❛♥✐♥❣✬ ✉♥t✐❧ ♦♥❡ ❤❛s ❜❡❡♥ ❛ss✐❣♥❡❞ t♦ ✐t ❜② ❞❡✜♥✐t✐♦♥✳ ■t
✇❛s ♥♦t ❛ tr✐✈✐❛❧✐t② ❡✈❡♥ t♦ t❤❡ ❣r❡❛t❡st ♠❛t❤❡♠❛t✐❝✐❛♥s ♦❢ t❤❡ ❡✐❣❤t❡❡♥t❤ ❝❡♥t✉r②✳
❚❤❡② ❤❛❞ ♥♦t t❤❡ ❤❛❜✐t ♦❢ ❞❡✜♥✐t✐♦♥✿ ✐t ✇❛s ♥♦t ♥❛t✉r❛❧ t♦ t❤❡♠ t♦ s❛②✱ ✐♥ s♦ ♠❛♥②
✇♦r❞s✱ ❵❜② ❳ ✇❡ ♠❡❛♥ ❨✬✳ ❚❤❡r❡ ❛r❡ r❡s❡r✈❛t✐♦♥s t♦ ❜❡ ♠❛❞❡✱ ❜✉t ✐t ✐s ❜r♦❛❞❧② tr✉❡ t♦
s❛② t❤❛t ♠❛t❤❡♠❛t✐❝✐❛♥s ❜❡❢♦r❡ ❈❛✉❝❤② ❛s❦❡❞ ♥♦t ❵❍♦✇ s❤❛❧❧ ✇❡ ❞❡✜♥❡ 1−1+1− ...❄✬
❜✉t ❵❲❤❛t ✐s 1− 1 + 1− ...❄✬ ❛♥❞ t❤❛t t❤✐s ❤❛❜✐t ♦❢ ♠✐♥❞ ❧❡❞ t❤❡♠ ✐♥t♦ ✉♥♥❡❝❡ss❛r②
♣❡r♣❧❡①✐t✐❡s ❛♥❞ ❝♦♥tr♦✈❡rs✐❡s ✇❤✐❝❤ ✇❡r❡ ♦❢t❡♥ r❡❛❧❧② ✈❡r❜❛❧✳✑

■♥ ✶✽✽✻✱ ❍✳ P♦✐♥❝❛ré ❜♦♦st❡❞ ❛❣❛✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r❡st ✐♥ ❢♦r♠❛❧ ✭✉s✉❛❧❧② ❞✐✈❡r❣❡♥t✮
♣♦✇❡r s❡r✐❡s ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ s❡✈❡r❛❧ ♣r♦❜❧❡♠s
♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ❝❡❧❡st✐❛❧ ♠❡❝❤❛♥✐❝s✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✱ ✐♥ t❤❡ s❡♥s❡ ♦❢
P♦✐♥❝❛ré✱ ❛r❡ ❦✐♥❞ ♦❢ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ✇❤✐❝❤ ♣r♦✈✐❞❡ s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s✿ ❛ ❝♦♠♣❧❡①
❢✉♥❝t✐♦♥ f ✱ ❤♦❧♦♠♦r♣❤✐❝ ♦♥ ❛ s❡❝t♦r S = {z ∈ C; 0 < |z| < r, a < arg(z) < b}✱ ❛❞♠✐ts t❤❡
❝♦♠♣❧❡① ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂ =

∑∞
p=0 apz

p ❛s ✐ts ✭✉♥✐❢♦r♠✮ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❛t t❤❡ ♦r✐❣✐♥
✐❢ ❢♦r ❡✈❡r② p ∈ N0 = N ∪ {0} t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Cp s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ S ♦♥❡
❤❛s

∣∣f(z)−
p−1∑

n=0

anz
n
∣∣ ≤ Cp|z|p, ✭✶✮
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❛♥❞ ✇❡ ✇r✐t❡ f ∈ Ã(S)✳ ■♥ t❤✐s ❝♦♥t❡①t ✐t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣
B̃ : Ã(S) → C[[z]] s❡♥❞✐♥❣ ❛ ❢✉♥❝t✐♦♥ f ✐♥t♦ ✐ts ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ ✳

■♥ ✶✾✶✻✱ ❏✳ ❋✳ ❘✐tt s❤♦✇❡❞ t❤❛t t❤✐s ♠❛♣ ✐s s✉r❥❡❝t✐✈❡ ❢♦r ❛♥② s❡❝t♦r S✱ ✇❤✐❧❡ ✐t ✐s ♥❡✈❡r ✐♥❥❡❝t✐✈❡
✭❣✐✈❡♥ ❛ s❡❝t♦r ❜✐s❡❝t❡❞ ❜② ❞✐r❡❝t✐♦♥ ✵✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ exp(−z−α)✱ α > 0✱ ✐s ❛ ♥♦♥tr✐✈✐❛❧ ✢❛t✱
✐✳❡✳✱ ❛s②♠♣t♦t✐❝❛❧❧② ♥✉❧❧✱ ❢✉♥❝t✐♦♥ ❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ α✮✳ ❍❡♥❝❡✱ ❣✐✈❡♥ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s
f̂ ❛♥❞ ❛ s❡❝t♦r S✱ ✐t ✐s ✐♥ ❣❡♥❡r❛❧ ❤♦♣❡❧❡ss t♦ tr② t♦ ❛ss✐❣♥ ❛ ✇❡❧❧✲❞❡✜♥❡❞ s✉♠ t♦ ✐t✱ ✐♥ t❤❡ s❡♥s❡
t❤❛t t❤❡r❡ ✐s ♥♦t ❛ ✉♥✐q✉❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ S ❛s②♠♣t♦t✐❝ t♦ f̂ ✳

❈r✉❝✐❛❧ ❛♥❞ ♦r✐❣✐♥❛❧ ❛❞✈❛♥❝❡s ✇❡r❡ ♣r♦❞✉❝❡❞ ✐♥ t❤✐s s❡♥s❡ ❞✉r✐♥❣ t❤❡ ✶✾✼✵✬s ✇✐t❤ t❤❡ ✇♦r❦s ♦❢
❏✳ P✳ ❘❛♠✐s✳ ❍❡ ♥♦t❡❞ t❤❛t✱ ❛❧t❤♦✉❣❤ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s t♦ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
❛r❡ ❢r❡q✉❡♥t❧② ❞✐✈❡r❣❡♥t✱ ✉♥❞❡r ❢❛✐r❧② ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s t❤❡ r❛t❡ ♦❢ ❣r♦✇t❤ ♦❢ t❤❡✐r ❝♦❡✣❝✐❡♥ts
✐s ♥♦t ❛r❜✐tr❛r②✳ ■♥❞❡❡❞✱ ❛ r❡♠❛r❦❛❜❧❡ r❡s✉❧t ♦❢ ❊✳ ▼❛✐❧❧❡t ❬✻✻❪ ✐♥ ✶✾✵✸ st❛t❡s t❤❛t ❢♦r ❛♥②
s♦❧✉t✐♦♥ f̂ =

∑
p≥0 apz

p ♦❢ ❛♥ ❛♥❛❧②t✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❡r❡ ✇✐❧❧ ❡①✐st C,A, k > 0 s✉❝❤ t❤❛t

|ap| ≤ CAp(p!)1/k ❢♦r ❡✈❡r② p ∈ N0✳ ■♥s♣✐r❡❞ ❜② t❤✐s ❢❛❝t✱ ❘❛♠✐s ✐♥tr♦❞✉❝❡s ❛♥❞ str✉❝t✉r❡s t❤❡
♥♦t✐♦♥ ♦❢ k−s✉♠♠❛❜✐❧✐t②✱ t❤❛t r❡sts ♦♥ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❜② ●✳ ◆✳ ❲❛ts♦♥ ❛♥❞ ❘✳ ◆❡✈❛♥♥❧✐♥❛
❛♥❞ ❣❡♥❡r❛❧✐③❡s ❇♦r❡❧✬s s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞✳ ❍✐s ❞❡✈❡❧♦♣♠❡♥ts ❛r❡ ❜❛s❡❞ ♦♥ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢
P♦✐♥❝❛ré✬s ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✇❤❡r❡ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❝♦♥st❛♥t Cp ✐♥ ✭✶✮ ✐s ♠❛❞❡ ❡①♣❧✐❝✐t
✐♥ t❤❡ ❢♦r♠ Cp = CAp(p!)1/k ❢♦r s♦♠❡ A,C > 0✱ ✇❤❛t ❡♥t❛✐❧s t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ❡st✐♠❛t❡s ❢♦r
t❤❡ ❝♦❡✣❝✐❡♥ts ap ✐♥ f̂ ✳ ❚❤❡ s❡q✉❡♥❝❡ M1/k = (p!1/k)p∈N0 ✐s t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r 1/k✱

f ✐s s❛✐❞ t♦ ❜❡ 1/k−●❡✈r❡② ❛s②♠♣t♦t✐❝ t♦ f̂ ✭❞❡♥♦t❡❞ ❜② f ∈ ÃM1/k
(S)✮✱ ❛♥❞ f̂ ✱ ❜❡❝❛✉s❡ ♦❢

t❤❡ ❡st✐♠❛t❡s s❛t✐s✜❡❞ ❜② ✐ts ❝♦❡✣❝✐❡♥ts✱ ✐s s❛✐❞ t♦ ❜❡ ❛ 1/k−●❡✈r❡② s❡r✐❡s ✭f̂ ∈ C[[z]]M1/k
✮✳

❚❤❡ ❇♦r❡❧ ♠❛♣✱ ❞❡✜♥❡❞ ✐♥ t❤✐s ❝❛s❡ ❢r♦♠ ÃM1/k
(S) t♦ C[[z]]M1/k

✱ ✐s s✉r❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r S ✐s s♠❛❧❧❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ π/k ✭❇♦r❡❧✲❘✐tt✲●❡✈r❡② ❚❤❡♦r❡♠✮✱ ❛♥❞ ✐t ✐s
✐♥❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦♣❡♥✐♥❣ ✐s ❣r❡❛t❡r t❤❛♥ π/k ✭❲❛ts♦♥✬s ▲❡♠♠❛✮✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳

❚❤✐s ❧❛st ❢❛❝t ❡♥❛❜❧❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ k−s✉♠♠❛❜❧❡ ♣♦✇❡r s❡r✐❡s ✐♥ ❛ ❞✐r❡❝t✐♦♥ d ❛s t❤♦s❡ ✐♥
t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ❢♦r ❛ ✇✐❞❡ ❡♥♦✉❣❤ s❡❝t♦r S ❜✐s❡❝t❡❞ ❜② d✱ t♦ ✇❤✐❝❤ ❛ k−s✉♠ ✭t❤❡
✉♥✐q✉❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ S ❛s②♠♣t♦t✐❝ t♦ ✐t✮ ✐s ❛ss✐❣♥❡❞✳ ❏✳ P✳ ❘❛♠✐s ♣r♦✈❡❞✱ ❜② ❛ ♣✉r❡❧②
t❤❡♦r❡t✐❝❛❧ ✭♥♦t ❡①♣❧✐❝✐t✮ ♠❡t❤♦❞✱ t❤❛t ❡✈❡r② ❢♦r♠❛❧ s♦❧✉t✐♦♥ t♦ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ♠❡r♦♠♦r♣❤✐❝
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝♦♠♣❧❡① ❞♦♠❛✐♥ ❛t ❛♥ ✐rr❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s s♦♠❡ ❦♥♦✇♥ ❢✉♥❝t✐♦♥s t✐♠❡s ❛ ✜♥✐t❡ ♣r♦❞✉❝t ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤
✐s k−s✉♠♠❛❜❧❡ ✭✐✳❡✳✱ k−s✉♠♠❛❜❧❡ ✐♥ ❡✈❡r② ❞✐r❡❝t✐♦♥ ❡①❝❡♣t ❢♦r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❤❡♠✮ ❢♦r
s♦♠❡ ❧❡✈❡❧ k ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡r✐❡s✳ ❚❤❡ ♥♦♥✲❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ♣r♦♦❢ ✇❛s s♦❧✈❡❞
❜② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♠♦r❡ ♣♦✇❡r❢✉❧ t♦♦❧✱ ❛❝❝❡❧❡r♦s✉♠♠❛❜✐❧✐t②✱ ❞✉❡ t♦ ❏✳ ❊❝❛❧❧❡ ❬✷✼❪ ❛♥❞
✇❤✐❝❤✱ ✐♥ t❤❡ ❝❛s❡ ✐♥✈♦❧✈✐♥❣ ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ●❡✈r❡② ❧❡✈❡❧s✱ ✐s ♥❛♠❡❞ ♠✉❧t✐s✉♠♠❛❜✐❧✐t②
✭✐♥ ❛ s❡♥s❡✱ ❛♥ ✐t❡r❛t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② k−s✉♠♠❛❜✐❧✐t② ♣r♦❝❡❞✉r❡s✮✳ ■♥❞❡❡❞✱ ✐♥ ✶✾✾✶ ❲✳ ❇❛❧s❡r✱
❇✳ ▲✳ ❏✳ ❇r❛❛❦s♠❛✱ ❏✳ P✳ ❘❛♠✐s ❛♥❞ ❨✳ ❙✐❜✉②❛ ❬✾❪ ✭s❡❡ ❛❧s♦ ❬✼✱ ✼✸❪✮ ♣r♦✈❡❞ t❤❡ ♠✉❧t✐s✉♠♠❛❜✐❧✐t②
♦❢ t❤❡ ❢♦r♠❛❧ s♦❧✉t✐♦♥s ♦❢ ❧✐♥❡❛r ♠❡r♦♠♦r♣❤✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛t ❛ s✐♥❣✉❧❛r ♣♦✐♥t✱ ❛♥❞
❇✳ ▲✳ ❏✳ ❇r❛❛❦s♠❛ ❬✶✾❪ ✭❢♦r ❞✐✛❡r❡♥t ♣r♦♦❢s✱ s❡❡ ❬✻✱ ✽✺❪✮ ❡①t❡♥❞❡❞ t❤✐s r❡s✉❧t ❢♦r ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s
✐♥ ✶✾✾✷✱ ✇❤✐❝❤ ❛❧❧♦✇s ✐♥ ❡✈❡r② ❝❛s❡ t♦ ❝♦♠♣✉t❡ ❛❝t✉❛❧ s♦❧✉t✐♦♥s ❢r♦♠ ❢♦r♠❛❧ ♦♥❡s✳ ❚❤✐s t❡❝❤♥✐q✉❡
❤❛s ❛❧s♦ ❜❡❡♥ ♣r♦✈❡♥ t♦ ❛♣♣❧② s✉❝❝❡ss❢✉❧❧② t♦ ❛ ♣❧❡t❤♦r❛ ♦❢ s✐t✉❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ st✉❞② ♦❢
❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s ❛t ❛ s✐♥❣✉❧❛r ♣♦✐♥t ❢♦r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s ❢♦r
s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ♣r♦❜❧❡♠s ✭s❡❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❈❤❛♣t❡r ✹ ❢♦r ❢✉rt❤❡r r❡❢❡r❡♥❝❡s✮✳

❍♦✇❡✈❡r✱ ♥♦♥●❡✈r❡② ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s ♠❛② ❛♣♣❡❛r ❢♦r ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❡q✉❛t✐♦♥s✱
✇❤✐❝❤ ♠✉st ♥♦t ❜❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ r❡s✉❧t ❜②
❇✳ ▲✳ ❏✳ ❇r❛❛❦s♠❛✮✳ ❋♦r ❡①❛♠♣❧❡✱ ❱✳ ❚❤✐❧❧✐❡③ ❤❛s ♣r♦✈❡♥ s♦♠❡ r❡s✉❧ts ♦♥ ❢♦r♠❛❧ s♦❧✉t✐♦♥s
✇✐t❤✐♥ t❤❡s❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss❡s ❢♦r ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ✐♥ ❬✾✼❪✳ ❆❧s♦✱ ●✳ ❑✳ ■♠♠✐♥❦ ✐♥ ❬✹✵✱ ✹✶❪
❤❛s ♦❜t❛✐♥❡❞ s♦♠❡ r❡s✉❧ts ♦♥ s✉♠♠❛❜✐❧✐t② ❢♦r ❢♦r♠❛❧ s♦❧✉t✐♦♥s ♦❢ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ✇❤♦s❡
❝♦❡✣❝✐❡♥ts ❣r♦✇ ❛t t❤❡ r❛t❡ s♣❡❝✐✜❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ (p! log(p + e)−p)p∈N0 ✱ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✷✶

s♦✲❝❛❧❧❡❞ ❧❡✈❡❧ 1+✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❙✳ ▼❛❧❡❦ ❬✼✵❪ ❤❛s st✉❞✐❡❞ s♦♠❡ s✐♥❣✉❧❛r❧② ♣❡rt✉r❜❡❞ s♠❛❧❧
st❡♣ s✐③❡ ❞✐✛❡r❡♥❝❡✲❞✐✛❡r❡♥t✐❛❧ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇❤♦s❡ ❢♦r♠❛❧ s♦❧✉t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s s✉♠s ♦❢ t✇♦ ❢♦r♠❛❧ s❡r✐❡s✱ ♦♥❡ ✇✐t❤ ●❡✈r❡② ♦r❞❡r
1✱ t❤❡ ♦t❤❡r ♦❢ 1+ ❧❡✈❡❧✱ ❛ ♣❤❡♥♦♠❡♥♦♥ ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ❢♦r ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ❬✷✵❪✳

❆❧❧ t❤❡s❡ ❡①❛♠♣❧❡s ♠❛❞❡ ✐t ✐♥t❡r❡st✐♥❣ t♦ ♣r♦✈✐❞❡ t❤❡ t♦♦❧s ❢♦r ❛ ❣❡♥❡r❛❧✱ ❝♦♠♠♦♥ tr❡❛t♠❡♥t ♦❢
s✉♠♠❛❜✐❧✐t②✱ ❡①t❡♥❞✐♥❣ t❤❡ ♣♦✇❡r❢✉❧ t❤❡♦r② ♦❢ k−s✉♠♠❛❜✐❧✐t② ❛♥❞ ♠✉❧t✐s✉♠♠❛❜✐❧✐t②✱ ❛♥❞ ✇❤✐❝❤
✇❡r❡ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ✇❤♦s❡ ❡st✐♠❛t❡s ✐♥ ✭✶✮ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❝♦♥st❛♥t
Cp ♦❢ t❤❡ ❢♦r♠ Cp = CApMp ❢♦r s♦♠❡ A,C > 0 ❢♦r ❛ s✉✐t❛❜❧❡ s❡q✉❡♥❝❡ M = (Mp)p∈N0 ♦❢ ♣♦s✐t✐✈❡
r❡❛❧ ♥✉♠❜❡rs✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✇❤♦s❡ ♣❛rt✐❛❧ s✉♠s
❛♣♣❡❛r ✐♥ ✭✶✮ ❢♦r t❤✐s ❝❤♦✐❝❡ ♦❢ Cp ❛r❡ ❛❧s♦ ❝♦♥tr♦❧❧❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❜② M✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝❧❛ss ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✐s ❞❡♥♦t❡❞ ❜② C[[z]]M✳

❚❤✐s t❛s❦✱ t❤❡ ❝♦♠♠♦♥ tr❡❛t♠❡♥t ♦❢ s✉♠♠❛❜✐❧✐t②✱ r❡q✉✐r❡s t✇♦ ♠❛✐♥ t②♣❡s ♦❢ r❡s✉❧ts ♦r
t❡❝❤♥✐q✉❡s✿

✭✐✮ ❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② r❡s✉❧ts ❢♦r t❤❡ ❇♦r❡❧ ♠❛♣ ✐♥ t❤✐s ❣❡♥❡r❛❧
❝♦♥t❡①t✳ ❖❜s❡r✈❡ t❤❛t ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ❲❛ts♦♥✬s ▲❡♠♠❛ s❤♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❛ ♣r♦♣❡r
❞❡✜♥✐t✐♦♥ ♦❢ s✉♠♠❛❜✐❧✐t②✳

✭✐✐✮ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐♥t❡❣r❛❧ ❦❡r♥❡❧s ❢♦r ❣❡♥❡r❛❧✐③❡❞ ▲❛♣❧❛❝❡ ❛♥❞ ❇♦r❡❧ ✭❜♦t❤ ❢♦r♠❛❧ ❛♥❞
❛♥❛❧②t✐❝✮ tr❛♥s❢♦r♠s ✇❤✐❝❤ ❛❧❧♦✇ ♦♥❡ t♦ ♦❜t❛✐♥ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s✉♠ ♦❢ ❛♥
M−s✉♠♠❛❜❧❡ s❡r✐❡s ✐♥ ❛ ❞✐r❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❞✐✛❡r❡♥t ❧❡✈❡❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐st✐♥❝t s❡✲
q✉❡♥❝❡s s❤♦✉❧❞ ❜❡ ❝♦♠❜✐♥❡❞✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❞✐✛❡r❡♥t k−s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s ♣r♦❞✉❝❡
♠✉❧t✐s✉♠♠❛❜✐❧✐t②✳ ❚❤✐s ❛♠♦✉♥ts t♦ ❜❡✐♥❣ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❝♦♥✈♦❧✉t✐♦♥ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥
❦❡r♥❡❧s✱ ❛s ❞❡✈❡❧♦♣❡❞ ❜② ❲✳ ❇❛❧s❡r ✐♥ ❬✼❪✳

❆s ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ♥♦✇✱ s♦♠❡ ♣❛rts ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦❣r❛♠ ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ❛❝❤✐❡✈❡❞ ✇❤❡♥
■ ❥♦✐♥❡❞ t❤❡ r❡s❡❛r❝❤ t❡❛♠ ✐♥ ✇❤✐❝❤ ♠② P❤❉ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✱ s♦♠❡ ♦t❤❡r ♣❛rts ✇✐❧❧ ❜❡ ❝❛rr✐❡❞
♦✉t ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ❛♥❞ t❤❡ r❡st ❛r❡ ✇♦r❦ ✐♥ ♣r♦❣r❡ss ❛♥❞ ✇✐❧❧ ❜❡ ❝♦♠♠❡♥t❡❞ ♦♥ t♦ s♦♠❡
❡①t❡♥t ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s✳

■♥ ♦r❞❡r t♦ t❛❝❦❧❡ t❤❡ ✜rst ♣r♦❜❧❡♠✱ ♦♥❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ♦♥❡ ♠❛② ❝♦♥s✐❞❡r t❤r❡❡ ❝❧♦s❡❧②
r❡❧❛t❡❞✱ s♦✲❝❛❧❧❡❞ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ✐♥ ❛ s❡❝t♦r S ♦❢ t❤❡ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢
t❤❡ ❧♦❣❛r✐t❤♠✿ t❤❡ ❝❧❛ss Ãu

M(S) ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✇✐t❤ ✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥
S✱ s❛t✐s❢②✐♥❣ ✭✶✮ ❢♦r t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ Cp❀ t❤❡ ❝❧❛ss ÃM(S) ❝♦♥s✐st✐♥❣ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s
✇✐t❤ ♥♦♥✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ S✱ ♠❡❛♥✐♥❣ t❤❛t ✭✶✮ ❤♦❧❞s ❢♦r Cp(T ) = CTA

p
TMp ♦♥

❡✈❡r② ♣r♦♣❡r ❜♦✉♥❞❡❞ s✉❜s❡❝t♦r T ♦❢ S ✭✐♥st❡❛❞ ♦❢ ✉♥✐❢♦r♠❧② ♦♥ S✮✱ ✇❤❡r❡ CT , AT > 0 ❞❡♣❡♥❞
♦♥ t❤❡ s✉❜s❡❝t♦r❀ ❛♥❞✱ ✜♥❛❧❧②✱ t❤❡ ❝❧❛ss AM(S) ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ❢♦r
✇❤✐❝❤ t❤❡r❡ ❡①✐sts A = A(f) > 0 s✉❝❤ t❤❛t

sup
z∈S, p∈N0

|f (p)(z)|
App!Mp

<∞.

▼✉❝❤ ♦❧❞❡r t❤❛♥ t❤❡ st✉❞② ♦❢ t❤❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ✐s t❤❛t ♦❢ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥❡s✱
✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦✇✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ❛ ❢✉♥❝t✐♦♥ f : [a, b] → C ✐s r❡❛❧ ❛♥❛❧②t✐❝ ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t A > 0 s✉❝❤ t❤❛t

sup
x∈[a,b], p∈N0

|f (p)(x)|
App!

<∞.

▼♦r❡♦✈❡r✱ ❛ r❡❛❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡s ❛t ❛ ♣♦✐♥t ♦❢ t❤❡
✐♥t❡r✈❛❧✳ ■♥ ✶✾✵✶✱ ➱✳ ❇♦r❡❧ s❤♦✇❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❧❛ss❡s ♦❢ ✭♥♦♥❛♥❛❧②t✐❝✮ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✱

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✐✳❡✳✱ ❝♦♥t❛✐♥❡❞ ✐♥ C∞([a, b])✱ ✇❤✐❝❤ ✐♥❤❡r✐t t❤❛t ✉♥✐q✉❡♥❡ss ♣r♦♣❡rt②✱ ✇❤❛t ❤❡ ❝❛❧❧❡❞ q✉❛s✐❛♥❛❧②t✐❝

❝❧❛ss❡s✳ ■♥ ✶✾✶✷✱ ✐♥ ♦r❞❡r t♦ ❢♦r♠❛❧✐③❡ t❤✐s st✉❞② ❛♥❞ ✐♥s♣✐r❡❞ ❜② ❛ ✇♦r❦ ♦❢ ❊✳ ❍♦❧♠❣r❡♥ ❢♦r
t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✱ ❏✳ ❍❛❞❛♠❛r❞ ♣r♦♣♦s❡❞ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss❡s EM([a, b]) ♦❢ s♠♦♦t❤
❢✉♥❝t✐♦♥s ✐♥ [a, b] s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts A > 0 ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡

sup
x∈[a,b], p∈N0

|f (p)(x)|
App!Mp

<∞. ✭✷✮

❙✉❝❤ ❛ ❝❧❛ss EM([a, b]) ✐s s❛✐❞ t♦ ❜❡ q✉❛s✐❛♥❛❧②t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✇❤❡♥❡✈❡r ❛♥ ❡❧❡♠❡♥t f ✐♥ t❤✐s
❝❧❛ss s❛t✐s✜❡s f (p)(x0) = 0 ❢♦r ❛❧❧ p ∈ N0 ❛♥❞ ❢♦r s♦♠❡ x0 ∈ [a, b]✱ t❤❡♥ f ✐❞❡♥t✐❝❛❧❧② ✈❛♥✐s❤❡s
♦♥ [a, b] ✭✇❡ ✇❛r♥ t❤❡ r❡❛❞❡r t❤❛t ♦✉r ♥♦t❛t✐♦♥s ❞✐✛❡r ❢r♦♠ t❤♦s❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦s✱ s❡❡
❘❡♠❛r❦ ✸✳✶✳✶✶✮✳ ❲✐t❤ t❤✐s ❝♦♥✈❡♥t✐♦♥s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❜❡❝❛♠❡ s✐♠♣❧❡✿ ❢♦r ✇❤✐❝❤
s❡q✉❡♥❝❡s M t❤❡ ❝❧❛ss EM([a, b]) ✐s q✉❛s✐❛♥❛❧②t✐❝❄ ❚❤❡s❡ ❝❧❛ss❡s ❢♦r t❤❡ s❡q✉❡♥❝❡ (p!1/k)p∈N0

❛♣♣❡❛r ✐♥ ❛ ✇♦r❦ ♦❢ ▼✳ ●❡✈r❡② ✐♥ ✶✾✶✽✱ ❤❡♥❝❡ t❤❡✐r ♥❛♠❡✳ ■♥ ✶✾✷✶ ❆✳ ❉❡♥❥♦② ♣r❡s❡♥t❡❞ ❛
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✱ ❛♥❞ ❚✳ ❈❛r❧❡♠❛♥ ❣❛✈❡ ❛ ❝♦♠♣❧❡t❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ q✉❛s✐❛♥❛❧②t✐❝✐t②
✐♥ ✶✾✷✸✳ ❍❡♥❝❡✱ t❤✐s r❡s✉❧t ✐s ♥♦✇❛❞❛②s ❝❛❧❧❡❞ ❉❡♥❥♦②✲❈❛r❧❡♠❛♥ ❚❤❡♦r❡♠ ✭s❡❡ ❬✸✽✱ ❚❤✳ ✶✳✸✳✽❪✮✱
❛♥❞ t❤❡ ❝❧❛ss❡s EM ❛r❡ ❢r❡q✉❡♥t❧② ♥❛♠❡❞ ❈❛r❧❡♠❛♥ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s✱ ❧②✐♥❣ ❜❡t✇❡❡♥ t❤❡
❝❧❛ss❡s ♦❢ r❡❛❧ ❛♥❛❧②t✐❝ ❛♥❞ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❛s s♦♦♥ ❛s t❤❡ s❡q✉❡♥❝❡ M ✐s ❛ss✉♠❡❞ t♦ s❛t✐s❢②
infp∈N0(Mp)

1/p > 0✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ t❤❡ s❡q✉❡♥❝❡ (p!Mp)p∈N0 ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ✭✐✳❡✳✱ t❤❡
❣r❛♣❤ ♦❢ t❤❡ ♣♦❧②❣♦♥❛❧ ❝✉r✈❡ ❥♦✐♥✐♥❣ t❤❡ ♣♦✐♥ts (p, log(p!Mp)) ✐s ❝♦♥✈❡①✮✱ t❤❡ t❤❡♦r❡♠ st❛t❡s t❤❛t
EM([a, b]) ✐s q✉❛s✐❛♥❛❧②t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∞∑

p=0

Mp

(p+ 1)Mp+1
= ∞.

■t ✐s ✇♦rt❤② t♦ ♠❡♥t✐♦♥ t❤❛t✱ ✐♥ ✶✾✹✵✱ ❆✳ ●♦r♥② ❛♥❞ ❍✳ ❈❛rt❛♥ s❤♦✇❡❞ t❤❛t t❤❡ ❧♦❣❛r✐t❤♠✐❝
❝♦♥✈❡①✐t② ❛ss✉♠♣t✐♦♥ ✐s ♥♦t r❡str✐❝t✐✈❡✳ ❋♦r ❡①❛♠♣❧❡✱ ●❡✈r❡② ❝❧❛ss❡s ❛r❡ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ ❢♦r ❛❧❧
k > 0 ✭s❡❡ t❤❡ ♣❛♥♦r❛♠✐❝ ✇♦r❦ ❛❜♦✉t q✉❛s✐❛♥❛❧②t✐❝ ❝❧❛ss❡s ♦❢ ❱✳ ❚❤✐❧❧✐❡③ ❬✾✹❪✮✳

◗✉❛s✐❛♥❛❧②t✐❝ ❛♥❞ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ ❝❧❛ss❡s ❤❛✈❡ ❜❡❡♥ ❜r♦❛❞❧② ❛♥❛❧②③❡❞ ✐♥ t❤❡ ♣❛st ❞❡❝❛❞❡s❀
t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ ❝❧❛ss❡s ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡✐r t♦♣♦❧♦❣✐❝❛❧ ❞✉❛❧ ✐s ❜✐❣❣❡r
t❤❛♥ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✱ s♦ ♦♥❡ ♠❛② ♦❜t❛✐♥ ❵✇❡❛❦❡r✬ s♦❧✉t✐♦♥s ❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❘❡❣❛r❞✐♥❣ t❤❡✐r ♥❛t✉r❛❧ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡✱ t❤❡ ❢♦r♠❡r s♣❛❝❡s✱ ❝❛❧❧❡❞
♦❢ ❘♦✉♠✐❡✉ t②♣❡✱ ❛r❡ ❍❛✉s❞♦r✛ ✭▲❇✮✲s♣❛❝❡s✱ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s✱ ✇❤❡r❡❛s ✐❢ ✇❡
r❡q✉✐r❡ t❤❛t ✭✷✮ ❤♦❧❞s ❢♦r ❡✈❡r② A > 0 ✇❡ ✇✐❧❧ ❤❛✈❡ ❇❡✉r❧✐♥❣ t②♣❡ s♣❛❝❡s ✇❤♦s❡ t♦♣♦❧♦❣② ✐s ♥✐❝❡r✱
t❤❡② ❛r❡ ❋ré❝❤❡t s♣❛❝❡s✳

❖❢ ❝♦✉rs❡✱ ♦♥❡ ♠❛② ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❇♦r❡❧ ♠❛♣ ✐♥ t❤✐s ❝♦♥t❡①t✱ s❡♥❞✐♥❣ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥
f ∈ C∞([−1, 1]) ✐♥t♦ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ❝♦♥str✉❝t❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡s ❛t
③❡r♦✱

∑∞
p=0(f

(p)(0)/p!)zp ∈ C[[z]]✳ ■♥ ✶✽✾✺✱ ➱✳ ❇♦r❡❧ ♣r♦✈❡❞ t❤❛t t❤✐s ♠❛♣ ✐s s✉r❥❡❝t✐✈❡✱ ❛♥❞
✐t ♠❛❦❡s s❡♥s❡ t♦ ✇♦♥❞❡r ❛❜♦✉t t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ ✐ts r❡str✐❝t✐♦♥ t♦ ❛♥ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss✱
B : EM([a, b]) → C[[z]]M✳ ❆❢t❡r ❚✳ ❈❛r❧❡♠❛♥✱ ✇❤♦ s❤♦✇❡❞ ✐♥ ✶✾✷✸ t❤❛t s✉r❥❡❝t✐✈✐t② ✐s ♥❡✈❡r
t❤❡ ❝❛s❡ ❢♦r q✉❛s✐❛♥❛❧②t✐❝ ❝❧❛ss❡s str✐❝t❧② ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝❧❛ss ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s✱ t❤❡ ❝♦♠♣❧❡t❡
❛♥s✇❡r ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❍✳✲❏✳P❡t③s❝❤❡ ✐♥ ✶✾✽✽ ✭✇✐t❤ s♦♠❡ ✐♥❛❝❝✉r❛t❡ st❛t❡♠❡♥ts ❝♦rr❡❝t❡❞ ❜②
❏✳ ❙❝❤♠❡ts ❛♥❞ ▼✳ ❱❛❧❞✐✈✐❛ ❬✾✶❪ ✐♥ ✷✵✵✵✮✿ ✐❢ (p!Mp)p∈N0 ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ t❤❡♥ B :
EM([a, b]) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s str♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✱ t❤❛t ✐s✱ t❤❡r❡
❡①✐sts B > 0 s✉❝❤ t❤❛t

∞∑

q=p

Mq

(q + 1)Mq+1
≤ B

Mp

Mp+1
, p ∈ N0.

❙✉♠♠✐♥❣ ✉♣✱ ✇❤✐❧❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ❢♦r ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s
❤❛✈❡ ❜❡❡♥ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞✱ t❤❡ ♣r♦❜❧❡♠ ❢♦r ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s✱ s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❝❛s❡ ♦❢
s✉r❥❡❝t✐✈✐t②✱ ✇❛s ❢❛r ❢r♦♠ ❜❡✐♥❣ ❝♦♠♣❧❡t❡❧② s♦❧✈❡❞✳
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❚❤❡ ✐♥❥❡❝t✐✈✐t② ❢♦r t❤❡ ❝❧❛ss❡s Ãu
M(S) ❛♥❞ AM(S) ✇❛s ❝♦♠♣❧❡t❡❧② s♦❧✈❡❞ ❜② ❙✳ ▼❛♥❞❡❧❜r♦❥t

❛♥❞ ❇✳ ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s ✐♥ t❤❡ ✶✾✺✵✬s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✳

❋♦r t❤❡ s✉r❥❡❝t✐✈✐t② ♦♥❧② ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥s ✇❡r❡ ❛✈❛✐❧❛❜❧❡✳ ❆❢t❡r t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❇♦r❡❧✲
❘✐tt✲●❡✈r❡② ❚❤❡♦r❡♠ ✐♥ ✶✾✼✽✱ ❛♥❞ ❜② ❛♣♣❧②✐♥❣ t❡❝❤♥✐q✉❡s ❢r♦♠ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s❡tt✐♥❣✱
❱✳ ❚❤✐❧❧✐❡③ ♣r♦✈❡❞ ✐♥ ✶✾✾✺ t❤❛t ❢♦r t❤❡ ●❡✈r❡② ❝❧❛ss AMα(S) ♦♥❡ ❤❛s s✉r❥❡❝t✐✈✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ πα✳ ■♥ ✷✵✵✵ ❏✳ ❙❝❤♠❡ts ❛♥❞ ▼✳ ❱❛❧❞✐✈✐❛ ❣❛✈❡
t❤❡ ✜rst r❡s✉❧ts ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ t❤❛t ✐s✱ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ✐ts
s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ ❝♦♥s❡❝✉t✐✈❡ t❡r♠s ♠ = (mp = Mp+1/Mp)p∈N0 t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡✐r
❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ s♦♠❡ ♥♦♥❝❧❛ss✐❝❛❧ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s✱ ❛♥❞ t❤❡②
♦❜t❛✐♥❡❞✱ ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt② ❞❡r✐✈❛t✐♦♥ ❝❧♦s❡❞♥❡ss✱ ♥❛♠❡❧② t❤❡r❡ ❡①✐sts
A > 0 s✉❝❤ t❤❛t Mp+1 ≤ Ap+1Mp ❢♦r ❡✈❡r② p ∈ N0✱ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧✐♥❡❛r
❛♥❞ ❝♦♥t✐♥✉♦✉s ❣❧♦❜❛❧ ❡①t❡♥s✐♦♥ ❢r♦♠ C[[z]]M t♦ AM(S) ❢♦r ❛♥② s❡❝t♦r S✱ ✇❤✐❝❤ ✐s ♠✉❝❤ ♠♦r❡
❞❡♠❛♥❞✐♥❣ t❤❛♥ s✉r❥❡❝t✐✈✐t②✱ s♦ ♦♥❧② ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡✐r r❡s✉❧ts✳ ■♥
✷✵✵✸✱ ❱✳ ❚❤✐❧❧✐❡③ ❞❡✜♥❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱ ✐✳❡✳✱ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱
str♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ s❡q✉❡♥❝❡s t❤❛t✱ ✐♥ ❛❞❞✐t✐♦♥✱ s❛t✐s❢② t❤❡ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥✱
t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t Mp+q ≤ Ap+qMpMq ❢♦r ❡✈❡r② p, q ∈ N0✳ ▼♦r❡♦✈❡r✱ ❤❡
✐♥tr♦❞✉❝❡❞ t❤❡ ✐♥❞❡① γ(M) ❛♥❞ s❤♦✇❡❞ t❤❛t ✐❢ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥
πγ(M) t❤❡♥ B̃ : AM(S) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ ♥♦t ✐♥❥❡❝t✐✈❡ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✸ ❢♦r ❢✉rt❤❡r
❞❡t❛✐❧s ❛♥❞ r❡❢❡r❡♥❝❡s✮✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s t❤❡ ♣r❡❝❡❞✐♥❣ r❡s✉❧ts ❢♦r
✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ❛r❡ ♥♦t ❢✉❧❧② s❛t✐s❢❛❝t♦r②✱ s✐♥❝❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s st❛t❡❞ ✐♥ ❇♦r❡❧✲❘✐tt✲
●❡✈r❡② ❚❤❡♦r❡♠ ❛♥❞ ❲❛ts♦♥✬s ▲❡♠♠❛ ❢♦r t❤❡ ●❡✈r❡② ❝❛s❡ ❛r❡ ♥♦✇ ♦♥❧② ♦♥❡✲s✐❞❡ ✐♠♣❧✐❝❛t✐♦♥s✳

❚❤❡ r❡s✉❧ts ♦❢ ❙✳ ▼❛♥❞❡❧❜r♦❥t ❛♥❞ ❇✳ ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s s✉❣❣❡st❡❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛
❣r♦✇t❤ ✐♥❞❡① ω(M)✱ ✐♥✐t✐❛❧❧② ❣✐✈❡♥ ❜② ❏✳ ❙❛♥③ ❬✽✽❪ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s M✱ ✇❤✐❝❤ ♣✉ts
❛♣❛rt t❤❡ ♦♣❡♥✐♥❣s ♦❢ q✉❛s✐❛♥❛❧②t✐❝✐t② ❢r♦♠ t❤♦s❡ ♦❢ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❢♦r t❤❡ t❤r❡❡ ✉❧tr❛❤♦❧♦✲
♠♦r♣❤✐❝ ❝❧❛ss❡s ❝♦♥s✐❞❡r❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ❣❡♥❡r❛❧ ✐t r❡♠❛✐♥❡❞ ♦♣❡♥ t❤❡ q✉❛s✐❛♥❛❧②t✐❝✐t② ♦❢ t❤❡
❝❧❛ss ÃM(S) ❢♦r s❡❝t♦rs ♦❢ ♦♣❡♥✐♥❣ πω(M)✳

❆ ✜rst ❛♥❞ ♣❛rt✐❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s s✐t✉❛t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❛✈❛✐❧❛❜❧❡
s✐♥❝❡ t❤❡ ✶✾✷✵s ❛♥❞ ❡①tr❡♠❡❧② ✉s❡❢✉❧ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❣r♦✇t❤ ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ♦♥ s♦♠❡
r❡❧❛t❡❞ r❡s✉❧ts ♦❢ ▲✳ ❙✳ ▼❛❡r❣♦✐③ ❬✻✺❪ ✐♥ ✷✵✵✶✿ ✐❢ ✇❡ ❞❡✜♥❡ t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s ωM(t) =
supp∈N0

log(tp/Mp) ❛♥❞ dM(t) := log(ωM(t))/ log(t) ❛ss♦❝✐❛t❡❞ ✇✐t❤ M✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬✽✽❪ t❤❛t✱
✇❤❡♥❡✈❡r dM(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ♦♥❡ ✐s ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✐♥
s❡❝t♦rs ♦❢ ♦♣t✐♠❛❧ ♦♣❡♥✐♥❣✱ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥s ♦❢ ❲❛ts♦♥✬s ▲❡♠♠❛ ❛♥❞ ❇♦r❡❧✲❘✐tt✲●❡✈r❡②
❚❤❡♦r❡♠ ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② r❡sts ♦♥ ❛ tr✉♥❝❛t❡❞ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠
t❡❝❤♥✐q✉❡ ✇✐t❤ ❦❡r♥❡❧s ♣r♦✈✐❞❡❞ ❜② t❤❡ r❡s✉❧ts ♦❢ ▼❛❡r❣♦✐③ ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✶✳✷✳✷✮ ♦♥ t❤❡ ❡①✐st❡♥❝❡
♦❢ s✉✐t❛❜❧❡ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥ s❡❝t♦rs ✇❤♦s❡ ❣r♦✇t❤ ✐♥ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ s❡❝t♦r ✐s ❛❝❝✉r❛t❡❧②
❣✐✈❡♥ ❜② ωM(t)✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ♠❛② ♥♦t❡ t❤❛t✱ ❢♦r t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts t♦ ✇♦r❦✱ dM ♥❡❡❞ ♥♦t
❜❡ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❜✉t r❛t❤❡r ❜❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t) ✐♥ t❤❡ s❡♥s❡ t❤❛t
t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts A,B > 0 s✉❝❤ t❤❛t

A ≤ log(t)
(
dM(t)− ρ(t)

)
≤ B ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳ ✭✸✮

❚❤✐s ❢❛❝t ✇✐❧❧ ❜❡ r❡♣❤r❛s❡❞ ❜② s❛②✐♥❣ t❤❛t M ❛❞♠✐ts ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

❘❡❣❛r❞✐♥❣ t❤❡ ♣r♦❣r❛♠ ✐♥ ✭✐✐✮ ❛❜♦✈❡✱ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ t❡❝❤♥✐q✉❡ ♦❢ ♠♦♠❡♥t s✉♠♠❛❜✐❧✐t②
♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❜② ❲✳ ❇❛❧s❡r ❬✼❪ ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡✱ ❆✳ ▲❛str❛✱ ❙✳ ▼❛❧❡❦ ❛♥❞ ❏✳ ❙❛♥③ ❬✻✵❪
❤❛✈❡ r❡❝❡♥t❧② ♣✉t ❢♦r✇❛r❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ M−s✉♠♠❛❜✐❧✐t② t❤❡♦r②✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❦❡r♥❡❧s ♦❢ M−s✉♠♠❛❜✐❧✐t②✱ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❢♦r♠❛❧ ❛♥❞ ❛♥❛❧②t✐❝ tr❛♥s❢♦r♠s✱ ✐♥
t❡r♠s ♦❢ ✇❤✐❝❤ t♦ r❡❝♦♥str✉❝t t❤❡ s✉♠s ♦❢ M−s✉♠♠❛❜❧❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✐♥ ❛ ❞✐r❡❝t✐♦♥ ✭s❡❡
❙❡❝t✐♦♥ ✹✳✶✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❦❡r♥❡❧s✱ ✉♥❞❡r ❢❛✐r❧② ♠✐❧❞ ❛ss✉♠♣t✐♦♥s✱ ✐s ❛❣❛✐♥ ❣✉❛r❛♥t❡❡❞
❜② t❤❡ r❡s✉❧ts ♦❢ ▲✳ ❙✳ ▼❛❡r❣♦✐③ ❛♥❞ s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ss♦❝✐❛t✐♥❣ M ✇✐t❤ ❛

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t
✭♥♦♥❡q✉✐✈❛❧❡♥t ❜✉t ❝♦♠♣❛r❛❜❧❡✱ ❛s ✐t ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❧❛t❡r✮ s❡q✉❡♥❝❡s ✇❛s ❧❡❢t ❛s ❛ ♣❡♥❞✐♥❣
t❛s❦✳

❙♦✱ t❤❡ ♣r♦❜❧❡♠s ✇❡ ❤❛❞ ✐♥ ♠✐♥❞ ✇❤❡♥ t❤✐s r❡s❡❛r❝❤ ✇❛s ✐♥✐t✐❛t❡❞ ✇❡r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ ❈❤❛r❛❝t❡r✐③❡ t❤❡ s❡q✉❡♥❝❡s M s✉❝❤ t❤❛t dM ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

✭❜✮ ❈❤❛r❛❝t❡r✐③❡ t❤❡ s❡q✉❡♥❝❡s M t❤❛t ❛❞♠✐t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❋♦r t❤❡s❡ s❡q✉❡♥❝❡s✱
t❤❡ M−s✉♠♠❛❜✐❧✐t② t❡❝❤♥✐q✉❡ ✐s ❛✈❛✐❧❛❜❧❡✳

✭❝✮ ❉❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ ✐♥❞✐❝❡s γ(M) ❛♥❞ ω(M) ❛r❡ ❛❧✇❛②s ❡q✉❛❧ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡✲
q✉❡♥❝❡s✱ ❛s ✐t ❤❛♣♣❡♥❡❞ t♦ ❜❡ t❤❡ ❝❛s❡ ❢♦r t❤❡ s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳

✭❞✮ ❉❡❝✐❞❡ ❛❜♦✉t t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ✐♥ t❤❡ ♦♥❧② ✉♥s♦❧✈❡❞ ❝❛s❡✱ t❤❡ s♣❛❝❡ ÃM(S)
❢♦r ❛ s❡❝t♦r S ♦❢ ♦♣❡♥✐♥❣ πω(M) ✐♥ ❝❛s❡ M ❞♦❡s ♥♦t ❛❞♠✐t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

✭❡✮ ■♠♣r♦✈❡ ♦✉r ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ✐♥ ❣❡♥❡r❛❧ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝
❝❧❛ss❡s✳ ■♥ ❝❛s❡ γ(M) ❛♥❞ ω(M) ❛r❡ ♥♦t ❛❧✇❛②s ❡q✉❛❧✱ ✐t ✐s s♣❡❝✐❛❧❧② ✐♥t❡r❡st✐♥❣ t♦ ❞❡t❡r♠✐♥❡
✇❤✐❝❤ ♦❢ t❤❡♠ ♣✉ts ❛♣❛rt t❤❡ ✈❛❧✉❡s ♦❢ s✉r❥❡❝t✐✈✐t② ❢r♦♠ t❤♦s❡ ♦❢ ♥♦♥s✉r❥❡❝t✐✈✐t②✱ s✐♥❝❡
♣r❡✈✐♦✉s❧② ❦♥♦✇♥ r❡s✉❧ts ❞♦ ♥♦t ❧❡❛❞ t♦ ❛ ❝♦♥❝❧✉s✐♦♥✳

✭❢✮ Pr♦❝❡❡❞✱ ❛s ❢❛r ❛s ♣♦ss✐❜❧❡✱ ✐♥ t❤❡ st✉❞② ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ✐♥ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t✳ ■❢
r❡❛s♦♥❛❜❧❡✱ ❛♣♣❧② t❤❡ t❡❝❤♥✐q✉❡ t♦ t❤❡ ❢♦r♠❛❧ s♦❧✉t✐♦♥s ♦❢ s♦♠❡ ❝❧❛ss ♦❢ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s✱
❛s t❤♦s❡ st✉❞✐❡❞ ❜② ●✳ ❑✳ ■♠♠✐♥❦✱ ♦r ♦t❤❡r t②♣❡s ♦❢ ❡q✉❛t✐♦♥s✳

❆t t❤✐s ♣♦✐♥t ✇❡ st❛rt ❞❡s❝r✐❜✐♥❣ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❛♥❞ ❤♦✇ t❤❡② ❛r❡
♦r❣❛♥✐③❡❞✳

❈❤❛♣t❡r ✶✱ ♦❢ ❛ ♣r❡♣❛r❛t♦r② ♥❛t✉r❡✱ ❝♦♥t❛✐♥s ✐♥ ✐ts ✜rst s❡❝t✐♦♥ ❛❧❧ t❤❡ ♣r❡❧✐♠✐♥❛r② ❞❡✜♥✐t✐♦♥s
♥❡❡❞❡❞ ❛♥❞ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥ ♣r♦♣❡rt✐❡s ❢♦r s❡q✉❡♥❝❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM

❛♥❞ t❤❡ ❣r♦✇t❤ ✐♥❞✐❝❡s γ(M) ❛♥❞ ω(M) ✇✐❧❧ ❛❧s♦ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧✳

❲❤✐❧❡ ♣r❡♣❛r✐♥❣ ❢♦r ❛❞❞r❡ss✐♥❣ t❤❡ ✜rst t❤r❡❡ ✐t❡♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❧✐st✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡
❝♦♥❝❡♣t ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s ❛♣♣❡❛r❡❞ ♦♥❝❡ ❛♥❞ ❛❣❛✐♥ r❡❧❛t❡❞ t♦ ♦✉r ♣r♦❜❧❡♠s✳
❆s ✐t ✇✐❧❧ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❞❡✈❡❧♦♣♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝❤❛♣t❡r✱ ✐t ❡♥t❡rs
❝r✉❝✐❛❧❧② ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s✳

❚❤❡ s✉❜❥❡❝t ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✇❛s ✐♥✐t✐❛t❡❞ ❜② ❏✳ ❑❛r❛♠❛t❛ ✐♥ ✶✾✸✵✱ ✇❤♦ ♠❛❞❡ ✉s❡ ♦❢ ✐t
✐♥ ❚❛✉❜❡r✐❛♥ ❚❤❡♦r❡♠s✱ ❧✐❦❡ t❤❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❑❛r❛♠❛t❛ ❚❤❡♦r❡♠✳ ❍✐s ✐❞❡❛s ✇❡r❡ ❞❡✈❡❧✲
♦♣❡❞ ❜② ❤✐s ❝♦❧❧❛❜♦r❛t♦rs ❛♥❞ ♣✉♣✐❧s ❢r♦♠ t❤❡ ❵❨✉❣♦s❧❛✈✐❛♥ ❙❝❤♦♦❧✬ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝❛❞❡s✳ ❆
♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢

lim
x→∞

f(λx)

f(x)
= g(λ) ∈ (0,∞) ✭✹✮

❢♦r ❡✈❡r② λ ∈ (0,∞)✳ ❚❤❡ t❤❡♦r② ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡r❡ ❡①✐sts ρ ∈ R s✉❝❤ t❤❛t
g(λ) = λρ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✉♥✐❢♦r♠ ❢♦r λ ✐♥ t❤❡ ❝♦♠♣❛❝t s❡ts ♦❢ (0,∞) ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✷✮✳
❚❤✐s s✉❜❥❡❝t ✇❛s ♣♦♣✉❧❛r✐③❡❞ ✐♥ t❤❡ ✶✾✼✵✬s ❜② ✐ts ❛♣♣❧✐❝❛t✐♦♥s t♦ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✱ st✐♠✉❧❛t❡❞
❜② t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❲✳ ❋❡❧❧❡r ❛♥❞ ▲✳ ❞❡ ❍❛❛♥✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❜❡ s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ ✐ts
❛♣♣❧✐❝❛t✐♦♥ t♦ ❝♦♠♣❧❡① ❛♥❛❧②s✐s✱ ✇❤❡r❡ ✐t ❛♣♣❡❛rs t✐❣❤t❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦①✐♠❛t❡
♦r❞❡r ✇❤♦s❡ ❞❡✜♥✐t✐♦♥ ✇❛s ♠♦t✐✈❛t❡❞ ❜② t❤❡ st✉❞② ♦❢ t❤❡ ❣r♦✇t❤ ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s✳

■♥ s♦♠❡ ♦❝❝❛s✐♦♥s t❤✐s t❤❡♦r② ✐s t♦♦ ❧✐♠✐t❡❞ ❛♥❞ s❡✈❡r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈✐❞❡❞✳
■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ❛♣❛rt ❢r♦♠ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ ❖✲r❡❣✉❧❛r

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✷✺

✈❛r✐❛t✐♦♥✱ ✇❤❡r❡ t❤❡ lim ✐♥ ✭✹✮ ✐s s✉❜st✐t✉t❡❞ ❜② t✇♦ ❝♦♥❞✐t✐♦♥s ✇✐t❤ lim sup ❛♥❞ lim inf ✐♥st❡❛❞✳
❚❤✐s ♥♦t✐♦♥ ✇❛s ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❜② ❏✳ ❑❛r❛♠❛t❛✱ ❜✉t ✐t ✇❛s s♣r❡❛❞ ❜② ❲✳ ▼❛t✉s③❡✇s❦❛ t❤❛♥❦s
t♦ ✐ts r❡❧❛t✐♦♥ ✇✐t❤ ❖r❧✐❝③ s♣❛❝❡s ✐♥ ✶✾✻✹✳ ❙❤❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐t ✐♥ t❡r♠s ♦❢ t✇♦ ✐♥❞✐❝❡s ❝♦♠♠♦♥❧②
❦♥♦✇♥ ❛s ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✳ ■♥ ✈✐rt✉❡ ♦❢ t❤❡ ♥❛t✉r❡ ♦❢ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ❜❡ s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞
✐♥ t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥s ♦❢ t❤❡s❡ ❝♦♥❝❡♣ts✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r s❡q✉❡♥❝❡s ♦❢
♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇❛s ❝❛rr✐❡❞ ♦✉t ❜② ❘✳ ❇♦❥❛♥✐➣ ❛♥❞ ❊✳ ❙❡♥❡t❛ ✐♥ ✶✾✼✸✱ ❛♥❞ t❤❡ ❖✲r❡❣✉❧❛r❧②
✈❛r②✐♥❣ ✈❡rs✐♦♥ ✇❛s ♣r♦✈✐❞❡❞ ❜② ❉✳ ❉❥✉r↔✐➣ ❛♥❞ ❱✳ ❇♦➸✐♥ ✐♥ ✶✾✾✼✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♦❢
t❤❡ ✜rst ❝❤❛♣t❡r t❤❡ ❡❧❡♠❡♥t❛r② ❢❡❛t✉r❡s ♦❢ ❑❛r❛♠❛t❛ t❤❡♦r② ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❛ ❝♦♥❝✐s❡ ❜✉t
❝♦♠♣❧❡t❡ ❢♦r♠✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ✐s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡①✐st✐♥❣ r❡❧❛t✐♦♥s ❛♠♦♥❣ t❤❡
♥♦t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✜rst ♦♥❡✳ ❚❤❡ ✜rst s❡❝t✐♦♥ ✐s ❝❡♥t❡r❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐✲
❛t✐♦♥✳ ❙♦♠❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡✱ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ❛♥❞ str♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t②✱
❢r❡q✉❡♥t❧② ❛ss✉♠❡❞ ❢♦r t❤❡ s❡q✉❡♥❝❡ M ✐♥ ♦r❞❡r t♦ ❤❛✈❡ s✉✐t❛❜❧❡ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❝❧❛ss✱ ❝❛♥ ❜❡ r❡st❛t❡❞ ✐♥ t❡r♠s ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ■t ❞❡s❡r✈❡s ❛ s♣❡❝✐✜❝ ♠❡♥t✐♦♥ t❤❛t
❚❤✐❧❧✐❡③✬s ✐♥❞❡① γ(M) ❛♥❞ ❙❛♥③✬s ✐♥❞❡① ω(M)✱ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥tr♦❞✉❝❡❞✱ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ t♦ ❤❛✈❡
❛♥ ❛❞❡q✉❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤
✐ts ❝♦♥♥❡❝t✐♦♥ t♦ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡s✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❡①♣r❡ss t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❜②
♠❡❛♥s ♦❢ ❛❧♠♦st ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s✱ ❛♥❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♦r❞❡rs µ(♠) ❛♥❞ ρ(♠) ❛♥❞ t❤❡
▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s β(♠) ❛♥❞ α(♠) ❢♦r ✐ts s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts♠ = (mp−1)p∈N✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ r❡s✉❧ts ✭❚❤❡♦r❡♠ ✷✳✶✳✶✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✮ ✐❧❧✉str❛t❡ t❤✐s r❡❧❛t✐♦♥✳

❚❤❡♦r❡♠✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠✳ ❚❤❡♥

γ(M) = β(♠), ω(M) = µ(♠).

Pr♦♣♦s✐t✐♦♥✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠✳
❆ss✉♠❡ t❤❛t (p!Mp)p∈N0 ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ t❤❡♥

✭✐✮ M ❤❛s ♠♦❞❡r❛t❡ ❣r♦✇t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(♠) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠ ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

✭✐✐✮ M ✐s str♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(♠) > 0✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ✐s ❛ t✐❣❤t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ♠ ❛♥❞ t❤❡
str♦♥❣ r❡❣✉❧❛r✐t② ♦❢ M✳ ❆s ❛ ❜②✲♣r♦❞✉❝t✱ ❡q✉✐✈❛❧❡♥t ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤♦s❡ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs ❛r❡
♦❜t❛✐♥❡❞✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞ ✐♥ ❈❤❛♣t❡r ✸ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧
♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐♥❞❡❡❞ ♠♦t✐✈❛t❡❞ t❤❡ st✉❞②✳ ❆ ❝♦♥s✐❞❡r❛❜❧❡ ♥✉♠❜❡r ♦❢ ❞❡t❛✐❧s✱ ♠♦r❡ t❤❛♥ ♥❡❡❞❡❞
❢♦r t❤❡ s✉r❥❡❝t✐✈✐t② ✐ss✉❡✱ ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞ ✐♥ ♦r❞❡r t♦ ❡①❤✐❜✐t ❛ ❝♦♠♣❧❡t❡ ✈✐s✐♦♥ ♦❢ t❤❡ s✉❜❥❡❝t✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ❛❧✇❛②s ❤❛✈❡ t❤❛t γ(M) ≤ ω(M) ✭❛s ✐t ✇❛s ❛❧r❡❛❞② ❦♥♦✇♥ ❜❡❢♦r❡ ♥♦t✐♥❣ t❤✐s ❧✐♥❦✮✱
❜✉t t❤❡ ♠♦st r❡✈❡❛❧✐♥❣ ❢❡❛t✉r❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✇✐❧❧ ❜❡ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡②
❛r❡ ❞✐st✐♥❝t ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✳ ❚❤✐s ❤❛s ❜❡❡♥ ♥♦t ❡❛s② t♦ s❤♦✇✱ s✐♥❝❡ ♠♦st ♦❢ t❤❡
str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❛❞♠✐t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✇❤✐❝❤
✐s ❛ str♦♥❣❡r ❝♦♥❞✐t✐♦♥ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r ✐♠♣❧✐❡s t❤❛t ω(M) = γ(M)✳ ❊①❛♠♣❧❡ ✷✳✷✳✷✻✱ ❛t t❤❡ ❡♥❞
♦❢ t❤❡ ❝❤❛♣t❡r✱ s❤♦✇s ❤♦✇ t♦ ❝♦♥str✉❝t ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ✇✐t❤ ❛r❜✐tr❛r✐❧② ♣r❡s❝r✐❜❡❞
✈❛❧✉❡s ♦❢ t❤❡s❡ t✇♦ ✐♥❞✐❝❡s✱ 0 < γ(M) < ω(M) <∞✳ ❍❡♥❝❡✱ ♣r♦❜❧❡♠ ✭❝✮ ✐s s♦❧✈❡❞✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ❧✐♥❦ ♦❢ t❤❡s❡ ♥♦t✐♦♥s ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM ❛♥❞ t❤❡
❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ν♠ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳✸✵ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✽✱ ❢r♦♠ ✇❤✐❝❤ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❞✉❛❧ s❡q✉❡♥❝❡ ✐s ❞❡r✐✈❡❞✳

■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❧❡❛❞✐♥❣ r♦❧❡ ✐s ♣❧❛②❡❞ ❜② ♣r♦①✐♠❛t❡ ♦r❞❡rs✳ ❚❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✱ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✐s ❡①♣❧♦r❡❞✱
✇❤✐❝❤✱ ❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡ M−s✉♠♠❛❜✐❧✐t② t❤❡♦r②✳ ❲❡ ✇✐❧❧

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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♦❜t❛✐♥ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ dM = log(ωM(t))/ log(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐✲
♠❛t❡ ♦r❞❡r✱ ✇❤✐❝❤ ✇❛s t❤❡ ♦♣❡♥ q✉❡st✐♦♥ ✭❛✮ ❛♥❞ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♥s✇❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻
✐♥ t❡r♠s ♦❢ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ♠✱ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ dM(t) ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤ limt→∞ dM(t) ∈ (0,∞)✱

✭✐✐✮ ♠ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳

■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡s❡ st❛t❡♠❡♥ts ❤♦❧❞s✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥❞❡① ♠❡♥t✐♦♥❡❞ ✐♥ ✭✐✐✮ ✐s ω(M) ❛♥❞ t❤❡
❧✐♠✐t ✐♥ ✭✐✮ ✐s 1/ω(M)✳

❘❡❣❛r❞✐♥❣ t❤❡ s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✭✸✮✱ ✇❡ ✇✐❧❧ ❣❡t
❛ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡♠ s♦ s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✐♥ ✭❜✮✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ❡q✉✐✈❛❧❡♥t
s❡q✉❡♥❝❡s ❞❡✜♥❡ t❤❡ s❛♠❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s✱ ✐t ✇✐❧❧ t✉r♥ ♦✉t t❤❛t t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ ❛
♣r♦①✐♠❛t❡ ♦r❞❡r ❜② M ✐s ❛ ♥❛t✉r❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ s❡q✉❡♥❝❡ L ❡q✉✐✈❛❧❡♥t t♦ M ❛♥❞ s✉❝❤ t❤❛t dL ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡s❡
❢❛❝ts ✐s ♣r❡s❡♥t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✾✱ t❤❛t st❛t❡s✿

❚❤❡♦r❡♠✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ L ❡q✉✐✈❛❧❡♥t t♦ M ✭✐✳❡✳✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts A,B > 0 s✉❝❤
t❤❛t ApLp ≤Mp ≤ BpLp ❢♦r ❛❧❧ p ∈ N0✮ s✉❝❤ t❤❛t dL(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭✐✐✮ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭✐✐✐✮ ❚❤❡r❡ ❡①✐st ω ∈ (0,∞) ❛♥❞ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs (bp)p∈N✱ (ηp)p∈N s✉❝❤ t❤❛t
(ηp)p∈N ❝♦♥✈❡r❣❡s t♦ ω ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡

mp = exp


bp+1 +

p+1∑

j=1

ηj
j


 , p ∈ N0.

■♥ ❝❛s❡ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s✱ limt→∞ dL(t) = 1/ω = 1/ω(M)✳

■♥ ❛❞❞✐t✐♦♥✱ ❛ ♥❡✇ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ Pr♦♣♦✲
s✐t✐♦♥ ✷✳✷✳✸ ❛♥❞ ✐t ✇✐❧❧ ❛❧s♦ ❜❡ s❤♦✇♥ ❤♦✇ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ✇❡❧❧✲❜❡❤❛✈❡❞ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❢r♦♠
♣r♦①✐♠❛t❡ ♦r❞❡rs ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✹✳ ❋✐♥❛❧❧②✱ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✺ ❛♥❞ t❤❛♥❦s t♦ ♦✉r ✐♠♣r♦✈❡❞
✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ✐♥✈♦❧✈❡❞✱ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞ ❡①❤✐❜✐t✐♥❣ ❞✐✛❡r❡♥t
♣❛t❤♦❧♦❣✐❝❛❧ ❜❡❤❛✈✐♦rs✱ ✐♥❝❧✉❞✐♥❣ ❊①❛♠♣❧❡ ✷✳✷✳✷✻ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✳

■❢✱ ✐♥st❡❛❞ ♦❢ ❛❞♠✐tt✐♥❣ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥s ❛r❡ ❛s❦❡❞ ❢♦r M✱ ❢♦r ✐♥st❛♥❝❡
❛♥❞ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛✱ ✐❢ (ηp)p∈N ✐s ♦♥❧② ❜♦✉♥❞❡❞✱ ✇❤✐❝❤
✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ♠✱ ✐t ✐s ♥♦t ❦♥♦✇♥ ❤♦✇ t❤❡ M−s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞
❝❛♥ ❜❡ r❡♣❧✐❝❛t❡❞✳ ❍♦✇❡✈❡r✱ ❛♥❞ t❤✐s ✇❛s t❤❡ ♣r♦❜❧❡♠ ♣♦s❡❞ ✐♥ ✭❞✮ ❛♥❞ ✭❡✮✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛s❦
♦♥❡s❡❧❢ ❛❜♦✉t t❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣✳ ❚❤❡ t❤✐r❞ ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞
t♦ t❤❡ st✉❞② ♦❢ t❤❡s❡ q✉❡st✐♦♥s ✐♥ t❤❡ t❤r❡❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ♣r❡✈✐♦✉s❧②
❝♦♥s✐❞❡r❡❞✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❜❛s✐❝ ♥♦t❛t✐♦♥ ✐♥ t❤❡ ✜rst s❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ✐♥❥❡❝t✐✈✐t②
❢♦r ✇❤✐❝❤✱ ❛s ❝♦♠♠❡♥t❡❞ ❛❜♦✈❡✱ ♥❡❛r❧② ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✇❛s ❛❧r❡❛❞② ❦♥♦✇♥✳ ■t t✉r♥s ♦✉t t❤❛t
♣r♦①✐♠❛t❡ ♦r❞❡rs ❛❣❛✐♥ ♣r♦✈✐❞❡ t❤❡ ❞❡✜♥✐t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✐♥❥❡❝t✐✈✐t② ♣r♦❜❧❡♠✿ ❡✈❡♥ ✐❢ M ❞♦❡s
♥♦t ❛❞♠✐t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ♦♥❡ ❝❛♥ ❛❧✇❛②s ❝♦♥tr♦❧ dM ❜② ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r
❢r♦♠ ❛❜♦✈❡✱ ❛♥❞ ❛ s✉✐t❛❜❧❡ ✉s❡ ♦❢ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ ▼❛❡r❣♦✐③ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤✐s ♣r♦①✐♠❛t❡ ♦r❞❡r ❛❧❧♦✇s ♦♥❡ t♦ ❝♦♥str✉❝t ✢❛t ❢✉♥❝t✐♦♥s ✐♥ s❡❝t♦rs ♦❢ ♦♣t✐♠❛❧ ♦♣❡♥✐♥❣✳
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❙♦✱ t❤❡ q✉❡st✐♦♥ ✐♥ ✭❞✮ ✐s ❛♥s✇❡r❡❞✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✷✳✶✺✳ ❍❡r❡ t❤❡ ✐♥❞❡① ω(M) s❤♦✇s ✐ts ❞✐✈✐❞✐♥❣
❝❤❛r❛❝t❡r✳ ❚❤✐s s❡❝t✐♦♥ ❡♥❞s✱ ❤❡❧♣❡❞ ❜② t❤❡ q✉❛s✐❛♥❛❧②t✐❝✐t② r❡s✉❧ts✱ s❤♦✇✐♥❣ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✶✻
t❤❛t t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥❡✈❡r ❜✐❥❡❝t✐✈❡✳

❚❤❡ ❧❛st s❡❝t✐♦♥ ✐s ❝❡♥t❡r❡❞ ♦♥ t❤❡ s✉r❥❡❝t✐✈✐t② ♣r♦❜❧❡♠✳ ❙♦♠❡ ♣❛rt✐❛❧ r❡s✉❧ts ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞
❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ❢♦r ❡①❛♠♣❧❡ ✐t ✐s s❤♦✇♥ t❤❛t ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ s✉r❥❡❝t✐✈✐t②
❢♦r ❛♥② ♦♣❡♥✐♥❣ r❡q✉✐r❡s γ(M) > 0 ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ M ❤❛s t♦ ❜❡ str♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✳
❍♦✇❡✈❡r✱ t❤❡ ♠❛✐♥ ❛❞✈❛♥❝❡s ❛r❡ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✳ ■♥ ❈♦r♦❧❧❛r② ✸✳✸✳✶✽✱ ✐❢ Sγ ✐s t❤❡
✉♥❜♦✉♥❞❡❞ s❡❝t♦r ♦❢ ♦♣❡♥✐♥❣ πγ ❛♥❞ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ d = 0 ♦❢ t❤❡ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢ t❤❡
❧♦❣❛r✐t❤♠✱ ✐t ✇✐❧❧ ❜❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦r♦❧❧❛r②✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱ ❛♥❞ ❧❡t t ∈ R✱ t > 0✳ ❊❛❝❤ ❛ss❡rt✐♦♥ ✐♠♣❧✐❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

✭✐✮ t < γ(M)✱

✭✐✐✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : AM(St) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✐✐✐✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : Ãu
M(St) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✐✈✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : ÃM(St) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✈✮ ❢♦r ❡✈❡r② ξ ∈ I ✇✐t❤ ξ < t✱ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : ÃM(Sξ) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✈✐✮ t ≤ γ(M)✳

❍❡♥❝❡✱ γ(M) ✐s s❤♦✇♥ t♦ ❜❡ t❤❡ s✉✐t❛❜❧❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ ❢♦r s✉r❥❡❝t✐✈✐t② ❛♥❞ t❤✐s ❛♥s✇❡rs t❤❡
♣r❡✈✐♦✉s q✉❡st✐♦♥ ✭❡✮✳ ❋✐♥❛❧❧②✱ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐s s♣❡❝✐✜❡❞ ✐♥ ❝❛s❡ t❤❡ s❡q✉❡♥❝❡ ✐s ❡✈❡♥ ♠♦r❡
r❡❣✉❧❛r✳

■♥ ❈❤❛♣t❡r ✹ ✇❡ t✉r♥ t♦ ❧❛st ♣r♦❜❧❡♠✱ ✭❢✮✱ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❧✐st✳ ❖❜s❡r✈❡ t❤❛t ✇❡ ❦♥♦✇
♥♦✇ ❢♦r ✇❤✐❝❤ s❡q✉❡♥❝❡s t❤❡ M−s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞ ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ✜rst s❡❝t✐♦♥ r❡❝❛❧❧s t❤❡
♠♦st ✐♠♣♦rt ❢❡❛t✉r❡s ♦❢ M−s✉♠♠❛❜✐❧✐t② t❤❡♦r②✳ ❙♦✱ ✇❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①t❡♥s✐♦♥
♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② t♦ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t✳ ❆ ♣r❡❧✐♠✐♥❛r② ❞✐s❝✉ss✐♦♥ ❝♦♥❝❡r♥s t❤❡ ♥❡❝❡ss✐t②✱
❢♦r t❤❡ ♣r♦❜❧❡♠ t♦ ♠❛❦❡ s❡♥s❡✱ t❤❛t t❤❡ s❡q✉❡♥❝❡s✱ ✇❤✐❝❤ ❞❡✜♥❡ t❤❡ s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s t♦
❜❡ ♠❡r❣❡❞✱ ❛r❡ ❝♦♠♣❛r❛❜❧❡ ❛♥❞ ♥♦♥❡q✉✐✈❛❧❡♥t✱ ✇❤❛t ✇✐❧❧ ❜❡ st✉❞✐❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✷✳✶✳ ❆❢t❡r
❡st❛❜❧✐s❤✐♥❣ t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ q✉♦t✐❡♥t ❛♥❞ ♣r♦❞✉❝t s❡q✉❡♥❝❡s ♦❢ t✇♦ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱
t❤❡ ❚❛✉❜❡r✐❛♥ ❚❤❡♦r❡♠ ✹✳✷✳✶✹ ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞✿

❚❤❡♦r❡♠✳ ▲❡t L ❛♥❞ M ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s s✉❝❤ t❤❛t L ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱
M/L ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ❛♥❞ ω(L) < ω(M)✳ ■❢ f̂ ∈ C[[z]]L ❛♥❞ f̂ ✐s M−s✉♠♠❛❜❧❡ ✐♥ ❛❧❧
❞✐r❡❝t✐♦♥s ❡①❝❡♣t ❛ ✜♥✐t❡ s❡t ✭♠♦❞ 2π✮✱ t❤❡♥ f̂ ✐s ❝♦♥✈❡r❣❡♥t✳

❚❤❛♥❦s t♦ t❤✐s r❡s✉❧t✱ ❛ ❝♦♥s✐st❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ❝❛♥ ❜❡ ❣✐✈❡♥✿ ❛ ❢♦r♠❛❧
♣♦✇❡r s❡r✐❡s ✇✐❧❧ ❜❡ s❛✐❞ t♦ ❜❡ ♠✉❧t✐s✉♠♠❛❜❧❡ ✐❢ ✐t ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t❤❡ s✉♠ ♦❢ ✜♥✐t❡❧② ♠❛♥②
❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂j ✱ ❡❛❝❤ ♦❢ t❤❡♠ s✉♠♠❛❜❧❡ ❢♦r ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ Mj ❛❞♠✐tt✐♥❣ ❛
♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡✈✐s❡ ❛ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❡①♣❧✐❝✐t r❡❝♦♥str✉❝t✐♦♥
♦❢ ✐ts s✉♠✳ ■♥ ❚❤❡♦r❡♠s ✹✳✸✳✷✶ ❛♥❞ ✹✳✸✳✷✺✱ t❤❡ s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s ❢♦r t❤❡ q✉♦t✐❡♥t ❛♥❞ ♣r♦❞✉❝t
s❡q✉❡♥❝❡s ♦❢ t✇♦ s❡q✉❡♥❝❡s ✇✐❧❧ ❜❡ ❜✉✐❧t✱ ✇✐t❤ t❤❡♠ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t t❤❡ ♠✉❧t✐s✉♠
❛s ✐t ✐s s❤♦✇♥ ✐♥ ❚❤❡♦r❡♠ ✹✳✸✳✸✶✳ ❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t t❤❡ st✉❞② ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ❤❛s
♥♦t ❜❡❡♥ ❝♦♠♣❧❡t❡❞✱ s♣❡❝✐❛❧❧② ✇❤❛t ♣❡rt❛✐♥s t♦ s♦♠❡ ♦❢ ✐ts ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ❜✉t ✇❡ ✇✐❧❧
♣♦st♣♦♥❡ t❤❡ ❝♦♠♠❡♥ts ♦♥ t❤✐s ✇♦r❦ ✐♥ ♣r♦❣r❡ss t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥s✳

❚❤❡ ❧❛st ❝❤❛♣t❡r ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❛s ♥♦t ✐♥✐t✐❛❧❧② s❝❤❡❞✉❧❡❞✱ ❜✉t ✐ts ✐♥❝❧✉s✐♦♥ ✐s ♥❛t✉✲
r❛❧ ♦♥❝❡ t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ✐♥❝♦r♣♦r❛t❡❞✳ ■t

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❞❡❛❧s ✇✐t❤ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ M−❛s②♠♣t♦t✐❝s ✐♥ ❛ ❞✐r❡❝t✐♦♥ ❢♦r ❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ ❛s②♠♣t♦t✐✲
❝❛❧❧② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s t♦ t❤❡ ✇❤♦❧❡ s❡❝t♦r✐❛❧ r❡❣✐♦♥✱ ✇❤❡r❡ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ❛
♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❚❤❡♦r❡♠ ✺✳✸✳✶✿

❚❤❡♦r❡♠✳ ●✐✈❡♥ γ > 0✱ s✉♣♣♦s❡ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G ♦❢ ♦♣❡♥✐♥❣ πγ ❛♥❞
❜✐s❡❝t❡❞ ❜② ❞✐r❡❝t✐♦♥ 0✱ f ✐s ❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② ♣r♦♣❡r ❛♥❞ ❜♦✉♥❞❡❞ s✉❜s❡❝t♦r T ♦❢ G ❛♥❞ ✐t ❛❞♠✐ts
f̂ ∈ C[[z]] ❛s ✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥ θ ∈ (−πγ/2, πγ/2)✳ ❚❤❡♥✱ f ∈ ÃM(G)
❛♥❞ f ❛❞♠✐ts f̂ ❛s ✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G✳

❚❤✐s ❣❡♥❡r❛❧✐③❡s ❛ r❡s✉❧t ❜② ❆✳ ❋r✉❝❤❛r❞ ❛♥❞ ❈✳ ❩❤❛♥❣ ❬✷✾❪ ✐♥ ✶✾✾✾ ❢♦r ●❡✈r❡② ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥s✳ ❆s ✐♥ t❤❡ ●❡✈r❡② ✈❡rs✐♦♥✱ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts r❡st✱ ♦♥ ♦♥❡ ❤❛♥❞✱ ♦♥ ❛ s✉✐t❛❜❧❡
✈❡rs✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ ❚❤❡♦r❡♠✱ ▲❡♠♠❛ ✺✳✶✳✻✱ ❤❡r❡ ♦❜t❛✐♥❡❞ ❢♦r ❢✉♥❝t✐♦♥s
✇❤♦s❡ ❣r♦✇t❤ ✐♥ ❛ s❡❝t♦r ✐s s♣❡❝✐✜❡❞ ❜② ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r❀ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥
t❤❡ ❛✈❛✐❧❛❜❧❡ ✈❡rs✐♦♥s ♦❢ t❤❡ ❲❛ts♦♥ ▲❡♠♠❛ ❛♥❞ ❇♦r❡❧✲❘✐tt✲●❡✈r❡② ❚❤❡♦r❡♠✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✷✾

❈❤❛♣t❡r ✶

Pr❡❧✐♠✐♥❛r✐❡s

✶✳✶ ▲♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡s

❚❤❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❛r❡ ❞❡✜♥❡❞ ❜②
❣r♦✇t❤ r❡str✐❝t✐♦♥s ♦❢ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ♦r ♦❢ t❤❡✐r ❝♦❡✣❝✐❡♥ts✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ r❡str✐❝t✐♦♥s
✇✐❧❧ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs t❤❛t ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t♦ s❛t✐s❢②
s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✜rst s❡❝t✐♦♥✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡✐r
✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ▼♦st ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧
✇♦r❦s ♦❢ ❙✳ ▼❛♥❞❡❧❜r♦❥t ❬✼✷❪ ❛♥❞ ❍✳ ❑♦♠❛ts✉ ❬✺✷❪✱ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳

✶✳✶✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ M = (Mp)p∈N0 ❛❧✇❛②s st❛♥❞s ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱ ❛♥❞ ✇❡
❛❧✇❛②s ✐♠♣♦s❡ t❤❛t M0 = 1✱ ✇❤❡r❡ N0 = {0, 1, 2, . . . } = N ∪ {0}✳ ❚❤❡ ♥❛♠❡s ♦❢ t❤❡ ❝♦♥❞✐✲
t✐♦♥s ❣✐✈❡♥ ❜② ❱✳ ❚❤✐❧❧✐❡③ ❛♥❞✱ ❢♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s❝r✐♣t✐✈❡
❛❝r♦♥②♠s ❡♠♣❧♦②❡❞ ❜② ●✳ ❙❝❤✐♥❞❧ ❬✾✵❪ ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳ ❲❡ s❛② t❤❛t✿

✭✐✮ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ✭❢♦r s❤♦rt✱ ✭❧❝✮✮ ✐❢

M2
p ≤Mp−1Mp+1, p ∈ N.

✭✐✐✮ M ✐s ♦❢ ♦r ❤❛s ♠♦❞❡r❛t❡ ❣r♦✇t❤ ✭❜r✐❡✢②✱ ✭♠❣✮✮ ✇❤❡♥❡✈❡r t❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t

Mp+q ≤ Ap+qMpMq, p, q ∈ N0.

✭✐✐✐✮ M s❛t✐s✜❡s t❤❡ str♦♥❣ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❝♦♥❞✐t✐♦♥ ✭❢♦r s❤♦rt✱ ✭s♥q✮✮ ✐❢ t❤❡r❡ ❡①✐sts B > 0
s✉❝❤ t❤❛t

∞∑

q=p

Mq

(q + 1)Mq+1
≤ B

Mp

Mp+1
, p ∈ N0.

❆❝❝♦r❞✐♥❣ t♦ ❱✳ ❚❤✐❧❧✐❡③ ❬✾✺❪✱ ✐❢ M ✐s ✭❧❝✮✱ ❤❛s ✭♠❣✮ ❛♥❞ s❛t✐s✜❡s ✭s♥q✮✱ ✇❡ s❛② t❤❛t M ✐s ❛ str♦♥❣❧②

r❡❣✉❧❛r s❡q✉❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✳ ❋♦r ❛ s❡q✉❡♥❝❡ M ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠ = (mp)p∈N0 ❜②

mp :=
Mp+1

Mp
p ∈ N0.
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❘❡♠❛r❦ ✶✳✶✳✸✳ ❚❤❡ ♣r♦♣❡rt✐❡s ✭❧❝✮ ❛♥❞ ✭s♥q✮ ❝❛♥ ❜❡ ❡❛s✐❧② st❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢
q✉♦t✐❡♥ts ❛♥❞✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ▲❡♠♠❛s ✶✳✶✳✾ ❛♥❞ ✷✳✶✳✸✱ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r ✭♠❣✮✳ ▼♦r❡♦✈❡r✱
♦❜s❡r✈❡ t❤❛t ❢♦r ❡✈❡r② p ∈ N ♦♥❡ ❤❛s

Mp =
Mp

Mp−1

Mp−1

Mp−2
. . .

M2

M1

M1

M0
= mp−1mp−2 · · ·m1m0. ✭✶✳✶✮

❙♦✱ ♦♥❡ ♠❛② r❡❝♦✈❡r t❤❡ s❡q✉❡♥❝❡ M ✭✇✐t❤ M0 = 1✮ ♦♥❝❡ ♠ ✐s ❦♥♦✇♥✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❦♥♦✇❧❡❞❣❡
♦❢ ♦♥❡ ♦❢ t❤❡ s❡q✉❡♥❝❡s ❛♠♦✉♥ts t♦ t❤❛t ♦❢ t❤❡ ♦t❤❡r✳ ❙❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts ♦❢ s❡q✉❡♥❝❡s M✱ L✱
❡t❝✳ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ❧♦✇❡r❝❛s❡ ❧❡tt❡rs ♠✱ l ❛♥❞ s♦ ♦♥✳ ❲❤❡♥❡✈❡r s♦♠❡ st❛t❡♠❡♥t r❡❢❡rs t♦ ❛
s❡q✉❡♥❝❡ ❞❡♥♦t❡❞ ❜② ❛ ❧♦✇❡r❝❛s❡ ❧❡tt❡r s✉❝❤ ❛s ♠✱ ✐t ✇✐❧❧ ❜❡ ✉♥❞❡rst♦♦❞ t❤❛t ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤
❛ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ✭♦❢ t❤❡ s❡q✉❡♥❝❡ M ❣✐✈❡♥ ❜② ✭✶✳✶✮✮✳

❊①❛♠♣❧❡ ✶✳✶✳✹✳ ❲❡ ♠❡♥t✐♦♥ s♦♠❡ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤♦s❡ ✐♥ ✭✐✮ ❛♥❞ ✭✐✐✐✮
❛♣♣❡❛r ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s✉♠♠❛❜✐❧✐t② t❤❡♦r② t♦ t❤❡ st✉❞② ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s
❢♦r ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❡q✉❛t✐♦♥s✳

✭✐✮ ❚❤❡ s❡q✉❡♥❝❡s Mα,β :=
(
p!α
∏p

m=0 log
β(e+m)

)
p∈N0

✱ ✇❤❡r❡ α > 0 ❛♥❞ β ∈ R✱ ❛r❡ str♦♥❣❧②
r❡❣✉❧❛r ✭✐♥ ❝❛s❡ β < 0✱ t❤❡ ✜rst t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ ❤❛✈❡ t♦ ❜❡ s✉✐t❛❜❧② ♠♦❞✐✜❡❞ ✐♥ ♦r❞❡r
t♦ ❡♥s✉r❡ ✭❧❝✮✱ s❡❡ ❘❡♠❛r❦ ✶✳✶✳✶✾✮✳ ■♥ ❝❛s❡ β = 0✱ ✇❡ ❤❛✈❡ t❤❡ ❜❡st ❦♥♦✇♥ ❡①❛♠♣❧❡ ♦❢
str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱ Mα := Mα,0 = (p!α)p∈N0 ✱ ❝❛❧❧❡❞ t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r α✳

✭✐✐✮ ❚❤❡ s❡q✉❡♥❝❡ M0,β := (
∏p

m=0 log
β(e +m))p∈N0 ✱ ✇✐t❤ β > 0✱ ✐s ✭❧❝✮✱ ✭♠❣✮ ❛♥❞ ♠ t❡♥❞s t♦

✐♥✜♥✐t②✱ ❜✉t ✭s♥q✮ ✐s ♥♦t s❛t✐s✜❡❞✳

✭✐✐✐✮ ❋♦r q > 1✱ Mq := (qp
2
)p∈N0 ✐s ✭❧❝✮ ❛♥❞ ✭s♥q✮✱ ❜✉t ♥♦t ✭♠❣✮✳

❙♦♠❡ r❡s✉❧ts r❡♠❛✐♥ ✈❛❧✐❞✱ ❤♦✇❡✈❡r✱ ✇❤❡♥ ✭♠❣✮ ❛♥❞ ✭s♥q✮ ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦❡r
❝♦♥❞✐t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡✱ ✇❡ s❛② t❤❛t

✭✐✮ M ✐s st❛❜❧❡ ✉♥❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦r s❛t✐s✜❡s ❞❡r✐✈❛t✐♦♥ ❝❧♦s❡❞♥❡ss ❝♦♥❞✐t✐♦♥ ✭❜r✐❡✢②✱
✭❞❝✮✮ ✐❢ t❤❡r❡ ❡①✐sts D > 0 s✉❝❤ t❤❛t

Mp+1 ≤ Dp+1Mp, p ∈ N0.

✭✐✐✮ M ✐s ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ ✭❢♦r s❤♦rt✱ ✭♥q✮✮ ✐❢

∞∑

k=0

Mk

(k + 1)Mk+1
<∞.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❡❛s② ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s✳

▲❡♠♠❛ ✶✳✶✳✻✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ M ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ■❢ M ❤❛s ♠♦❞❡r❛t❡ ❣r♦✇t❤ t❤❡♥ M ✐s st❛❜❧❡ ✉♥❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳

✭✐✐✮ ■❢ M ✐s str♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝ t❤❡♥ M ✐s ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✳

▲❡♠♠❛ ✶✳✶✳✼✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ M t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✐✮ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✐✮ ■❢ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ❛♥❞ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✱ t❤❡♥ limp→∞mp = ∞✳

✭✐✐✐✮ ■❢ limp→∞mp = ∞✱ t❤❡♥ ✐t ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t Mp ≤Mp+1 ❢♦r ❡✈❡r② p ≥ p0✳

✭✐✈✮ ■❢ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ t❤❡♥ MpMl ≤Mp+l ❢♦r ❡✈❡r② p, l ∈ N0✳

✭✈✮ ■❢ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ t❤❡♥ (Mp)
1/p ≤ mp−1 ❢♦r ❡✈❡r② p ∈ N✳

✭✈✐✮ ■❢ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ t❤❡♥ ((Mp)
1/p)p∈N ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳

✭✈✐✐✮ ■❢ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ limp→∞(Mp)
1/p = ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ limp→∞mp = ∞✳

Pr♦♦❢✳ ✭✐✮ ◆♦t❡ t❤❛t M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢Mp/Mp−1 ≤Mp+1/Mp ❢♦r ❡✈❡r②
p ∈ N✳ ❙✐♥❝❡ mp = Mp+1/Mp✱ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢ mp−1 ≤ mp ❢♦r
❡✈❡r② p ∈ N✳

✭✐✐✮ ❙✐♥❝❡ M ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭❜② ✭✐✮✮✳ ■❢ ✇❡ s✉♣♣♦s❡ t❤❛t ♠ ✐s
❜♦✉♥❞❡❞✱ ✐✳❡✳✱ ✐t ❡①✐sts C > 0 s✉❝❤ t❤❛t mp ≤ C ❢♦r ❡✈❡r② p ∈ N✱ ✇❡ s❡❡ t❤❛t

∞∑

l=0

Ml

(l + 1)Ml+1
=

∞∑

l=0

1

(l + 1)ml
≥
∞∑

l=0

1

(l + 1)C
= ∞.

❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ✐❢ M ✐s ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✱ s♦ ♠ ✐s ✉♥❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t limp→∞mp = ∞✳

✭✐✐✐✮ ■❢ limp→∞mp = ∞✱ ✐t ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t mp ≥ 1 ❢♦r ❡✈❡r② p ≥ p0 t❤❛t ✐♠♣❧✐❡s
Mp+1 ≥Mp ❢♦r ❡✈❡r② p ≥ p0✳

✭✐✈✮ ❲❡ ✜① p ∈ N0 ❛♥❞ ❛♣♣❧② ❛♥ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t ♦♥ ℓ✳ ❚❤❡ st❛t❡♠❡♥t ❤♦❧❞s ❢♦r ℓ = 0✱
❜❡❝❛✉s❡M0 = 1✳ ❆ss✉♠❡ t❤❛t ✐t ✐s ✈❛❧✐❞ ❢♦r s♦♠❡ ✈❛❧✉❡ ♦❢ ℓ✱ ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s
❛♥❞ t❤❛t ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭❜② ✭✐✮✮ ✇❡ ❤❛✈❡

MpMℓ+1 =MpMℓ
Mℓ+1

Mℓ
≤Mp+ℓmℓ ≤Mp+ℓmp+ℓ =Mp+ℓ+1.

✭✈✮ ❲❡ ♦❜s❡r✈❡ t❤❛tMp = m0m1 · · ·mp−2mp−1 ❛♥❞✱ s✐♥❝❡♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭❜② ✭✐✮✮✱ ✇❡ ❤❛✈❡
Mp ≤ (mp−1)

p ❢♦r ❡✈❡r② p ∈ N✳

✭✈✐✮ ❇② ✭✈✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

M (p+1)/p
p =Mp(Mp)

1/p ≤Mpmp−1 ≤Mpmp =Mp+1, p ∈ N.

✭✈✐✐✮ ❇② ✭✈✮✱ ✐❢ limp→∞(Mp)
1/p = ∞✱ t❤❡♥ limp→∞mp = ∞✳ ■❢ limp→∞mp = ∞✱ s✐♥❝❡

lim
p→∞

log(Mp+1)− log(Mp)

(p+ 1)− p
= lim

p→∞
log(mp) = ∞,

✇❡ ❞❡❞✉❝❡ ❜② t❤❡ ❙t♦❧③✬s ❝r✐t❡r✐♦♥ t❤❛t limp→∞(Mp)
1/p = ∞✳

�

❆❧♦♥❣ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ ♠❛② ✉s❡ t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛st ❧❡♠♠❛✱ s♣❡❝✐❛❧❧② ✭✐✮ ❛♥❞
✭✐✐✮✱ ✇✐t❤♦✉t ♠❡♥t✐♦♥✐♥❣✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❉❡✜♥✐t✐♦♥ ✶✳✶✳✽✳ ❲❡ s❛② t❤❛t ❛ s❡q✉❡♥❝❡ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✐❢ ✐t ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①
❛♥❞ limp→∞(Mp)

1/p = ∞ ♦r✱ ❡q✉✐✈❛❧❡♥t❧② ❜② t❤❡ ❧❡♠♠❛ ❛❜♦✈❡✱ ✐❢ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞
limp→∞mp = ∞✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ❍✳✲❏✳ P❡t③s❝❤❡ ❛♥❞ ❉✳ ❱♦❣t ❣❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥ ✐♥ t❡r♠s ♦❢ ♠✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t② ❛♥❞
❝♦♠♣❧❡t❡♥❡ss✱ s✐♥❝❡ t❤❡r❡ ✐s ❛♥ ✐♥❞❡① s❤✐❢t ✐♥ t❤❡✐r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ q✉♦t✐❡♥t s❡q✉❡♥❝❡✱ t❤❡ ♣r♦♦❢
❤❛s ❜❡❡♥ ✐♥❝❧✉❞❡❞✳

▲❡♠♠❛ ✶✳✶✳✾ ✭❬✼✽❪✱ ▲❡♠♠❛ ✺✳✸✮✳ ▲❡t M ❜❡ ❛ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡✳ ❚❤❡♥ t❤❡
❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ❤❛s ♠♦❞❡r❛t❡ ❣r♦✇t❤✱

✭✐✐✮ supp∈N(mp/M
1/p
p ) <∞✱

✭✐✐✐✮ supp∈N(m2p/mp) <∞✱

✭✐✈✮ supp∈N
(
M2p/M

2
p

)1/p
<∞✳

Pr♦♦❢✳ ✭✐✮⇒ ✭✐✐✮ ❋r♦♠ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t②✱ ✇❡ ❦♥♦✇ t❤❛t ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ❢♦r ❛❧❧
p ∈ N✱ ✇❡ ❤❛✈❡

(mp)
p ≤ mpmp+1 . . .m2p−1 =

M2p

Mp
,

❛♥❞✱ ❛♣♣❧②✐♥❣ t❤❡ ✭♠❣✮ ❝♦♥❞✐t✐♦♥ ✇✐t❤ p = l✱ ✇❡ s❤♦✇ t❤❛t ✐t ❡①✐sts A > 1 s✉❝❤ t❤❛t (mp)
p ≤

M2p/Mp ≤ A2pMp ❢♦r ❛❧❧ p ∈ N✳
✭✐✐✮ ⇒ ✭✐✐✐✮ ❇② t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t②✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ✭✐✐✮ ✐s tr✉❡✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts
H > 0 s✉❝❤ t❤❛t

m2p
2p ≤ H2pM2p = H2pm0m1 . . .m2p−1 ≤ H2p(mp)

p(m2p)
p, p ∈ N.

✭✐✐✐✮⇒ ✭✐✈✮ ❋✐rst✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

sup
p∈N

(m2p/mp−1) <∞. ✭✶✳✷✮

❯s✐♥❣ ✭✐✐✐✮✱ ✇❡ s❡❡ t❤❛t ✐t ❡①✐sts H > 1 s✉❝❤ t❤❛t

m2p

mp−1
=
m2p

mp

mp

mp−1
≤ H

mp

mp−1
, p ∈ N.

❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r p ≥ 2✱ ✇❡ ❤❛✈❡ 2p − 2 ≥ p✳ ❯s✐♥❣ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ❛♥❞ ❛♣♣❧②✐♥❣
✭✐✐✐✮ ❛❣❛✐♥✱ ✇❡ s❤♦✇ t❤❛t

m2p

mp−1
≤ H

mp

mp−1
≤ H

m2p−2

mp−1
≤ H2, p ≥ 2.

❋✐♥❛❧❧②✱ t❛❦✐♥❣ C := max(H2,m2/m0)✱ ✇❡ s❡❡ t❤❛t supp∈N(m2p/mp−1) ≤ C✳ ◆♦✇✱ ✉s✐♥❣ t❤❡
❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t②✱ ✇❡ ❤❛✈❡ t❤❛t

M2p = m0m1 . . .m2p−2m2p−1 ≤ m0m
2
2m

2
4 . . .m

2
2(p−1)m

2
2p

1

m2p
, p ∈ N.

❆♣♣❧②✐♥❣ ✭✶✳✷✮ ❛♥❞ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ❛❣❛✐♥✱ ✇❡ ♦❜t❛✐♥

M2p ≤ C2pm2
0m

2
1m

2
2 . . .m

2
p−2m

2
p−1

m0

m2p
≤ C2pM2

p , p ∈ N.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✈✮ ⇒ ✭✐✮ ❲❡ ✜① p, ℓ ∈ N0✳ ❋✐rst❧②✱ ✐❢ ♦♥❡ ♦r ❜♦t❤ ♦❢ t❤❡♠ ❛r❡ ❡q✉❛❧ t♦ 0✱ s✐♥❝❡M0 = 1✱ ❝♦♥❞✐t✐♦♥
✭♠❣✮ ❤♦❧❞s ❢♦r A = 1✳ ❙❡❝♦♥❞❧②✱ ✐❢ p+ ℓ = 2k ✇✐t❤ k ∈ N✱ ❜② ✭✐✈✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐t ❡①✐sts H > 1
s✉❝❤ t❤❛t

Mp+ℓ =M2k ≤ HkM2
k =

(√
H
)2k

MpMℓ
Mk

Mp

Mk

Mℓ
.

❲❡ s✉♣♣♦s❡ p ≤ k ≤ ℓ ✭t❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ✐❢ ℓ < k < p✮✳ ❚❤❡♥✱ ❜② t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t②✱
✇❡ s❡❡ t❤❛t

Mk

Mp

Mk

Mℓ
= mpmp+1 . . .mk−1

1

mkmk+1 . . .mℓ−1
≤ mk−p

k

mℓ−k
k

= m0
k = 1.

❋✐♥❛❧❧②✱ ✐❢ p+ ℓ = 2k − 1 ✇✐t❤ k ≥ 2✱ t❤❡♥ ♦♥❡ ♦❢ t❤❡ ✈❛❧✉❡s ℓ ♦r p ✐s ♦❞❞ ❛♥❞ t❤❡ ♦t❤❡r ✐s ❡✈❡♥✳
❲✐t❤♦✉t ❧♦st ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ s✉♣♣♦s❡ ℓ ✐s ♦❞❞ ❛♥❞ s♦ p ≥ 2✳ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt② ▲❡♠♠❛ ✶✳✶✳✼✳✭✐✈✮
❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❧❛st st❛t❡♠❡♥t ❢♦r p ❛♥❞ ℓ+ 1✱ ✇❡ s❡❡ t❤❛t ✐t ❡①✐sts A > 1 s✉❝❤ t❤❛t

M2k−1 ≤
M2k

M1
≤ A2kMpMℓ+1

M1
.

❆♣♣❧②✐♥❣ ❛❣❛✐♥ t❤❡ ✜rst ♣❛rt ❢♦r 1 ❛♥❞ ℓ✱ ✇❤♦s❡ s✉♠ ℓ+1 ✐s ❡✈❡♥✱ ✇❡ s❡❡ t❤❛tMℓ+1 ≤ Aℓ+1MℓM1✳
❙♦ ✇❡ ❤❛✈❡

Mp+ℓ =M2k−1 ≤ Aℓ+p+1MpA
ℓ+1Mℓ ≤ (A2)ℓ+pMpMℓ.

�

❘❡♠❛r❦ ✶✳✶✳✶✵✳ ❇② ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤✐s ♣r♦♦❢✱ ❣✐✈❡♥ k ∈ N✱ k ≥ 2✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ❤❛s ♠♦❞❡r❛t❡ ❣r♦✇t❤✱

✭✐✐✮ supp∈N(mkp/mp) <∞✱

✭✐✐✐✮ supp∈N
(
Mkp/M

k
p

)1/p
<∞✳

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✳✶✳✼✳✭✈✮ ❛♥❞ ▲❡♠♠❛ ✶✳✶✳✾✳✭✐✐✮✱ ❱✳ ❚❤✐❧❧✐❡③ ❣❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✶✳✶✳✶✶ ✭❬✾✺❪✮✳ ▲❡t M = (Mp)p∈N0 ❜❡ ❛ ✭❧❝✮ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭♠❣✮ ❝♦♥❞✐t✐♦♥ ❢♦r ❛
❝♦♥st❛♥t A > 0 ❛♣♣❡❛r✐♥❣ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳✭✐✐✮✳ ❚❤❡♥✱

mp ≤ A2M1/p
p ≤ A2mp ❢♦r ❡✈❡r② p ∈ N. ✭✶✳✸✮

✶✳✶✳✷ ❊q✉✐✈❛❧❡♥t ❛♥❞ ❝♦♠♣❛r❛❜❧❡ s❡q✉❡♥❝❡s

❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ s❡q✉❡♥❝❡s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✶✮ ❧❡❛❞s ✉s t♦
❝♦♥s✐❞❡r t❤❡ ♥♦t✐♦♥s ♦❢ ❡q✉✐✈❛❧❡♥t ❛♥❞ ❝♦♠♣❛r❛❜❧❡ s❡q✉❡♥❝❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✷✳ ▲❡t M ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s✱ ✇❡ s❛② t❤❛t M ✐s s♠❛❧❧❡r t❤❛♥ L ✐❢ ✐t ❡①✐sts
C > 0 s✉❝❤ t❤❛t

Mp ≤ CpLp, p ∈ N0,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

sup
p∈N

(
Mp

Lp

)1/p

<∞,

❛♥❞ ✇❡ ✇r✐t❡ M - L✳ ❲❡ ❝❛❧❧ M ❛♥❞ L ❝♦♠♣❛r❛❜❧❡ ✐❢ M - L ♦r L - M ❤♦❧❞s✳ ■❢ ❜♦t❤ ❝♦♥❞✐t✐♦♥s
❤♦❧❞✱ ✇❡ s❛② t❤❛t M ✐s ❡q✉✐✈❛❧❡♥t t♦ L✱ ❛♥❞ ✇❡ ✇r✐t❡ M ≈ L✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❋r♦♠ ✭✶✳✸✮ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ M ✐s ❛ ✭❧❝✮ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭♠❣✮ ❝♦♥❞✐t✐♦♥✱ t❤❡♥ M ❛♥❞
(mp

p)p∈N0 ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❘❡♠❛r❦ ✶✳✶✳✶✸✳ ❙✐♥❝❡ ❡q✉✐✈❛❧❡♥t s❡q✉❡♥❝❡s ✇✐❧❧ t✉r♥ ♦✉t t♦ ❞❡✜♥❡ t❤❡ s❛♠❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s
♦r s❡r✐❡s ✭s❡❡ ❘❡♠❛r❦s ✸✳✶✳✹ ❛♥❞ ✸✳✶✳✼✮✱ ✇❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ ❝♦♠♣❛r❛❜❧❡ ❜✉t ♥♦t
❡q✉✐✈❛❧❡♥t s❡q✉❡♥❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M - L ❛♥❞ M 6≈ L✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

inf
p∈N

(
Mp

Lp

)1/p

= 0 ❛♥❞ sup
p∈N

(
Mp

Lp

)1/p

<∞,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

lim inf
p→∞

(
Mp

Lp

)1/p

= 0 ❛♥❞ lim sup
p→∞

(
Mp

Lp

)1/p

<∞.

❈♦♥s❡q✉❡♥t❧②✱ M ❛♥❞ L ❛r❡ ♥♦♥❝♦♠♣❛r❛❜❧❡ ✐❢

inf
p∈N

(
Mp

Lp

)1/p

= 0 ❛♥❞ sup
p∈N

(
Mp

Lp

)1/p

= ∞,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

lim inf
p→∞

(
Mp

Lp

)1/p

= 0 ❛♥❞ lim sup
p→∞

(
Mp

Lp

)1/p

= ∞.

■♥ t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥✈❡♥t✐♦♥s ❛❞♦♣t❡❞ ✐♥ ❘❡✲
♠❛r❦ ✶✳✶✳✸✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✹✳ ▲❡t♠ ❛♥❞ ℓ ❜❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱ ✇❡ s❛② t❤❛t♠ ✐s ❜♦✉♥❞❡❞

❢r♦♠ ❛❜♦✈❡ ❜② ℓ ✐❢ ✐t ❡①✐sts c > 0 s✉❝❤ t❤❛t

mp ≤ c ℓp, p ∈ N0,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

sup
p∈N0

mp

ℓp
<∞,

❛♥❞ ✇❡ ✇r✐t❡ ♠ � ℓ✳ ❚❤❡ s❡q✉❡♥❝❡ ♠ ✐s s❛✐❞ t♦ ❜❡ s✐♠✐❧❛r t♦ ℓ ✐❢ ♠ � ℓ ❛♥❞ ℓ � ♠ ❛♥❞ ✇❡
✇r✐t❡ ♠ ≃ ℓ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✺✳ ▲❡t M ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s✱ ♠ ❛♥❞ ℓ t❤❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts ❛ss♦❝✐❛t❡❞
✇✐t❤ M ❛♥❞ L✱ r❡s♣❡❝t✐✈❡❧②✳ ■❢ ♠ � ℓ✱ t❤❡♥ M - L✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ♠ ≃ ℓ t❤❡♥ M ≈ L✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t mp ≤ c ℓp ❢♦r ❡✈❡r② p ∈ N0✳ ❲r✐t✐♥❣ Mp = m0m1 . . .mp−1

❛♥❞ Lp = ℓ0ℓ1 . . . ℓp−1✱ ✇❡ s❡❡ t❤❛t

Mp = m0m1 . . .mp−2mp−1 ≤ cℓ0cℓ1 . . . cℓp−2cℓp−1 = cpLp,

❢♦r ❡✈❡r② p ∈ N0✱ t❤❡♥ M - L✳ �

❚❤❡ ❧❛st ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♠♣❛r❛❜✐❧✐t② ❢♦r t❤❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts
✐s str♦♥❣❡r t❤❛♥ t❤❡ ❢♦r♠❡r ♦♥❡✳ ❯♥❞❡r s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✻✳ ▲❡t M ❛♥❞ L ❜❡ ✭❧❝✮ s❡q✉❡♥❝❡s✱ ♠ ❛♥❞ ℓ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡s ♦❢
q✉♦t✐❡♥ts✳ ❲❡ s✉♣♣♦s❡ t❤❛t M ❤❛s ♠♦❞❡r❛t❡ ❣r♦✇t❤✳ ■❢ M - L✱ t❤❡♥ ♠ � ℓ✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✶✳✶✳✼✳✭✈✮✱ ✇❡ s❡❡ t❤❛t (Lp)
1/p ≤ ℓp ❛♥❞✱ ❜② ▲❡♠♠❛ ✶✳✶✳✾✳✭✐✐✮✱ mp ≤ A2(Mp)

1/p

❢♦r s♦♠❡ A > 0 ❛♥❞ ❢♦r ❡✈❡r② p ∈ N✳ ■❢ ♦♥❡ ❤❛s M - L✱ t❤❡♥ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t
Mp ≤ CpLp ❢♦r ❡✈❡r② p ∈ N0 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

mp ≤ A2(Mp)
1/p ≤ A2C(Lp)

1/p ≤ A2Cℓp,

❢♦r ❡✈❡r② p ∈ N✱ t❤❡♥ ♠ � ℓ✳ �

❲❡ st✉❞② t❤❡ st❛❜✐❧✐t② ✉♥❞❡r ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✼✳ ▲❡t M ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s✳ ■❢ M ≈ L ❛♥❞ M ❤❛s ✭♠❣✮✱ t❤❡♥ L ❛❧s♦ ❤❛s
✭♠❣✮✳

Pr♦♦❢✳ ❙✐♥❝❡ L ≈ M✱ t❤❡r❡ ❡①✐sts C > 1 s✉❝❤ t❤❛t C−pLp ≤Mp ≤ CpLp ❢♦r ❡✈❡r② p ∈ N0✳ ❯s✐♥❣
t❤❡ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ♦❢ M✱ ✇❡ s❡❡ t❤❛t

Lp+q ≤ Cq+pMq+p ≤ (AC)q+pMpMq ≤ (AC)q+pCpCqLqLp = (AC2)p+qLqLp,

❢♦r ❡✈❡r② p, q ∈ N0✱ t❤❡♥ L s❛t✐s✜❡s ✭♠❣✮ ❝♦♥❞✐t✐♦♥✳ �

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✽✳ ▲❡t M ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s✳ ■❢ ♠ ≃ ℓ ❛♥❞ M ✐s ✭s♥q✮✱ t❤❡♥ L ❛❧s♦ ✐s ✭s♥q✮✳

Pr♦♦❢✳ ❙✐♥❝❡ ℓ ≃ ♠✱ t❤❡r❡ ❡①✐sts c > 1 s✉❝❤ t❤❛t c−1 ℓp ≤ mp ≤ c ℓp ❢♦r ❡✈❡r② p ∈ N0✳ ❯s✐♥❣ t❤❡
str♦♥❣ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ♦❢ M✱ ✇❡ ❤❛✈❡

∞∑

k=p

Lk

(k + 1)Lk+1
≤ c

∞∑

k=p

Mk

(k + 1)Mk+1
≤ cB

Mp

Mp+1
≤ c2B

Lp

Lp+1
,

❢♦r ❡✈❡r② p ∈ N0✱ t❤❡♥ L ❛❧s♦ s❛t✐s✜❡s ✭s♥q✮ ❝♦♥❞✐t✐♦♥✳ �

❘❡♠❛r❦ ✶✳✶✳✶✾✳ ■❢ M ✐s ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t (mp)p≥p0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❢♦r s♦♠❡ p0 ∈ N✱
✐✳❡✳✱ ♠ ✐s ❡✈❡♥t✉❛❧❧② ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❞❡✜♥❡ ℓp = mp0 ❢♦r p < p0 ❛♥❞ ℓp = mp ❢♦r p ≥ p0✱
t❤❡♥ ℓ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭L ✐s ✭❧❝✮✮ ❛♥❞ ℓ ≃ ♠✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥❡✈❡r M ✐s ✭♠❣✮ ♦r ✭s♥q✮✱ ❜②
Pr♦♣♦s✐t✐♦♥s ✶✳✶✳✶✺✱ ✶✳✶✳✶✼ ❛♥❞ ✶✳✶✳✶✽ ✇❡ ❤❛✈❡ t❤❛t L ✐s ❛❧s♦ ✭♠❣✮ ♦r ✭s♥q✮✳

❯s✐♥❣ t❤❡ Pr♦♣♦s✐t✐♦♥s ✶✳✶✳✶✻✱ ✶✳✶✳✶✼ ❛♥❞ ✶✳✶✳✶✽✱ ❛❜♦✈❡ ✇❡ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t✿

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵✳ ▲❡t M ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s✱ ♠ ❛♥❞ ℓ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡s ♦❢
q✉♦t✐❡♥ts✳ ❲❡ s✉♣♣♦s❡ t❤❛t M ❛♥❞ L ❛r❡ ✭❧❝✮ ❛♥❞ ♦♥❡ ♦❢ t❤❡♠ ❤❛s ✭♠❣✮✳ ■❢ M ≈ L✱ t❤❡♥ ♠ ≃ ℓ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ✐s str♦♥❣❧② r❡❣✉❧❛r ❛♥❞ L ✐s ✭❧❝✮✱ t❤❡♥ ♠ � ℓ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M - L✱ ❛♥❞
♠ ≃ ℓ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ≈ L✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ M ≈ L✱ t❤❡♥ L ✐s ❛❧s♦ str♦♥❣❧② r❡❣✉❧❛r✳

❘❡♠❛r❦ ✶✳✶✳✷✶✳ ▲♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ✐s ♥♦t st❛❜❧❡ ❢♦r ❡✐t❤❡r ≈ ♦r ≃✳ ❘❡❣❛r❞✐♥❣ ✭s♥q✮✱ ❛♣❛rt
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✽✱ ♦♥❡ ♠❛② ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ✭s♥q✮ ✐s st❛❜❧❡ ❢♦r ≈ ❜②
✉s✐♥❣ ❬✼✼✱ ❚❤✳ ✸✳✹❪✱ r❡st❛t❡❞ ✇✐t❤ ♦✉r ♥♦t❛t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳✹✳ ■♥ t❤✐s r❡s✉❧t ♦❢ ❍✳✲❏✳ P❡ts③❝❤❡✱
t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ (γ1) ❢♦r ≈ ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✷✸ ❢♦r t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ (γ1) ❛♥❞
✭s♥q✮✮ ✐s ✐♥❞✐r❡❝t❧② ❞❡❞✉❝❡❞✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡r❡ ✐s ♥♦ ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✶✳✶✳✸ ❆ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s

■♥ t❤❡ ❝❧❛ss✐❝❛❧ st✉❞② ♦❢ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱
❢♦r ✐♥st❛♥❝❡ s❡❡ ❙✳ ▼❛♥❞❡❧❜r♦❥t ❬✼✷❪ ❛♥❞ ❍✳ ❑♦♠❛ts✉ ❬✺✷❪✱ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ωM(t)
❛♥❞ hM(t) ❝♦♥s✐❞❡r❡❞ ❜❡❧♦✇ ❤❛s ❜❡❡♥ ✐❧❧✉str❛t❡❞✳

❋♦r ❛♥② s❡q✉❡♥❝❡ M ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ ωM : [0,∞) → R✱ ❞❡✜♥❡❞ ❜②

ωM(t) := sup
p∈N0

log
( tp
Mp

)
, t > 0; ωM(0) = 0. ✭✶✳✹✮

■❢ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ✐✳❡✳✱ ✭❧❝✮ ❛♥❞ s✉❝❤ t❤❛t ♠ t❡♥❞s t♦ ✐♥✜♥✐t②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ωM ✐s ❛
♥♦♥❞❡❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ♠❛♣ ✐♥ [0,∞) ✇✐t❤ limt→∞ ωM(t) = ∞✳ ■♥❞❡❡❞✱

ωM(t) =

{
p log t− log(Mp) ✐❢ t ∈ [mp−1,mp), p = 1, 2, . . . ,

0 ✐❢ t ∈ [0,m0).
✭✶✳✺✮

❛♥❞ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ωM ✐s ❝♦♥✈❡① ✐♥ log t✱ ✐✳❡✳✱ t❤❡ ♠❛♣ t 7→ ωM(et) ✐s ❝♦♥✈❡① ✐♥ R✳ ❲❡
❛❧s♦ ♦❜s❡r✈❡ t❤❛t

ωM(mp) = log

(
mp

p

Mp

)
, p ∈ N0. ✭✶✳✻✮

❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ hM : [0,∞) → R✱ ❣✐✈❡♥ ❜②

hM(t) := inf
p∈N0

Mpt
p = exp

(
− ωM(1/t)

)
, t > 0; hM(0) = 0,

✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡✱ ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ♠❛♣ ✐♥ [0,∞) ♦♥t♦
[0, 1]✳ ■♥ ❢❛❝t✱

hM(t) =

{
Mpt

p ✐❢ t ∈
[

1
mp
, 1
mp−1

)
, p = 1, 2, . . . ,

1 ✐❢ t ≥ 1/m0.

■❢ L ✐s ❛♥♦t❤❡r ✇❡✐❣❤t s❡q✉❡♥❝❡ s✉❝❤ t❤❛t L ≈ M✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡r❡
❡①✐st A,B > 0 s✉❝❤ t❤❛t

ωM(At) ≤ ωL(t) ≤ ωM(Bt), t ≥ 0, ✭✶✳✼✮

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ H,L > 0 s✉❝❤ t❤❛t

hM(Lt) ≤ hL(t) ≤ hM(Ht), t ≥ 0.

❊①❛♠♣❧❡ ✶✳✶✳✷✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM(t) ❢♦r
t❤❡ s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣ ✐♥ ❊①❛♠♣❧❡ ✶✳✶✳✹ ❝❛♥ ❜❡ ❣✐✈❡♥✳

✭✐✮ ❲❡ r❡❝❛❧❧ t❤❛t Mα,β =
(
p!α
∏p

m=0 log
β(e +m)

)
p∈N0

❛♥❞ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡
❝♦♥st❛♥ts A,B s✉❝❤ t❤❛t✿

At1/α log(t)β/α ≤ ωMα,β
(t) ≤ Bt1/α log(t)β/α, t ❧❛r❣❡ ❡♥♦✉❣❤

✭s❡❡ ❬✾✽✱ ❊①❛♠♣❧❡ ✶✳✷✳✷❪✮✳ ■♥ ❝❛s❡ β = 0✱ ✐✳❡✳✱ ❢♦r t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r α✱ At1/α ≤
ωMα(t) ≤ Bt1/α ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳

✭✐✐✮ ❋♦r q > 1✱ Mq = (qp
2
)p∈N0 ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A,B s✉❝❤ t❤❛t✿

A log(t)2 ≤ ωMq(t) ≤ B log(t)2, t ❧❛r❣❡ ❡♥♦✉❣❤

✭s❡❡ ❬✶✼✱ ❊①❛♠♣❧❡ ✷✶❪✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❖♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ♠✐♥♦r❛♥t s❡q✉❡♥❝❡ M(lc) ♦❢ ❛ s❡q✉❡♥❝❡ M✱ t❤❛t
✐s✱ t❤❡ ✭❧❝✮ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t M (lc)

p ≤ Mp ❢♦r ❛❧❧ p ∈ N0✱ ❛♥❞ ❢♦r ❡✈❡r② ♦t❤❡r ✭❧❝✮ s❡q✉❡♥❝❡ L

✇✐t❤ Lp ≤Mp ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ❤❛✈❡ t❤❛t Lp ≤M
(lc)
p ❢♦r ❛❧❧ p ∈ N0✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥

✐s r❡❧❛t❡❞ t♦ t❤✐s ♠✐♥♦r❛♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✸ ✭❬✼✷❪ ♣✳ ✶✼ ❛♥❞ ❬✺✷❪ Pr♦♣✳ ✸✳✷✳✮✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ✇✐t❤ lim infM
1/p
p > 0✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❛t M (lc)
p = supt>0 t

p/eωM(t) ❢♦r ❛❧❧ p ∈ N0✳ ❈♦♥s❡q✉❡♥t❧②✱ M ✐s ✭❧❝✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

Mp = sup
t>0

tp

eωM(t)
= sup

t>0
tphM(1/t), p ∈ N0.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s✳

❙♦♠❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r s❡q✉❡♥❝❡s ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✶ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛ss♦✲
❝✐❛t❡❞ ❢✉♥❝t✐♦♥✱ s❡❡ ❙✉❜s❡❝t✐♦♥ ✷✳✶✳✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❡①t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✭♠❣✮ ❝♦♥❞✐t✐♦♥
♣❧❛②s ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ ♠❛♥② ♦❢ ♦✉r ❛r❣✉♠❡♥ts✱ ✐t ❛❧r❡❛❞② ❛♣♣❡❛rs ✐♥ t❤❡ ✇♦r❦ ♦❢ ❍✳ ❑♦✲
♠❛ts✉ ❬✺✷✱ Pr♦♣✳ ✸✳✻❪ ❛♥❞ ♦❢ ❱✳ ❚❤✐❧❧✐❡③ ❬✾✺❪✳

▲❡♠♠❛ ✶✳✶✳✷✹✳ ▲❡t M = (Mp)p∈N0 ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ❤❛s ✭♠❣✮✱

✭✐✐✮ ❋♦r ❡✈❡r② r❡❛❧ ♥✉♠❜❡r ✇✐t❤ s ≥ 1✱ t❤❡r❡ ❡①✐sts ρ(s) ≥ 1 ✭♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ s ❛♥❞ M✮ s✉❝❤
t❤❛t

hM(t) ≤ (hM(ρ(s)t))s ❢♦r t ≥ 0,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t
sωM(t) ≤ ωM(ρ(s)t) ❢♦r t ≥ 0. ✭✶✳✽✮

✭✐✐✐✮ ❚❤❡r❡ ❡①✐st H ≥ 1 ❛♥❞ t0 > 0 ✭♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ M✮ s✉❝❤ t❤❛t

hM(t) ≤ (hM(Ht))2 ❢♦r t ≤ 1/t0,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t
2ωM(t) ≤ ωM(Ht) ❢♦r t ≥ t0.

Pr♦♦❢✳ ✭✐✮ ⇒ ✭✐✐✮ ●✐✈❡♥ s ≥ 1 ✇❡ t❛❦❡ k ∈ N s✉❝❤ t❤❛t k > s✳ ❇② ✭♠❣✮ ❝♦♥❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts
A > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥ k ❛♥❞ M ✭s❡❡ ❘❡♠❛r❦ ✶✳✶✳✶✵✮✱ s✉❝❤ t❤❛t Mkp ≤ AkpMk

p ❢♦r ❡✈❡r② p ∈ N0✳
❲❡ ❞❡❞✉❝❡ t❤❛t

hM(t) = inf
p∈N0

tpMp ≤ inf
p∈N0

tkpMkp ≤ inf
p∈N0

(tA)kpMk
p = (hM(At))k,

❢♦r ❡✈❡r② t ≥ 0✳ ❙✐♥❝❡ hM(t) ∈ [0, 1]✱ (hM(At))k ≤ (hM(At))s ❢♦r ❛❧❧ t ≥ 0✱ t❤❡♥ ✭✐✐✮ ✐s s❛t✐s✜❡❞
✇✐t❤ ρ(s) = A✳
✭✐✐✮ ⇒ ✭✐✐✐✮ ■♠♠❡❞✐❛t❡✳
✭✐✐✐✮ ⇒ ✭✐✮ ❙✐♥❝❡ M ✐s ✭❧❝✮✱ ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✸✱ ✇❡ s❡❡ t❤❛t Mp = supt>0 (t

phM(1/t)) ❢♦r
❛❧❧ p ∈ N0✳ ❇② ✭✐✐✐✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

M2p =sup
t>0

t2phM(1/t) = max( sup
0<t<t0

(t2phM(1/t)), sup
t≥t0

(t2phM(1/t)))

≤max(t2p0 , sup
t≥t0

(t2phM(H/t)2)) ≤ max(t2p0 , H
2pM2

p )

❢♦r ❛❧❧ p ∈ N0✳ ❙✐♥❝❡ Mp ≥ 1✱ ❢♦r p ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ A ≥ 1 s✉❝❤ t❤❛t M2p ≤ A2pM2
p

❢♦r ❡✈❡r② p ∈ N0✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✶✳✶✳✾✱ ✇❡ ❞❡❞✉❝❡ t❤❛t M s❛t✐s✜❡s ✭♠❣✮✳
�

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✶✳✶✳✹ ●r♦✇t❤ ✐♥❞✐❝❡s γ(M) ❛♥❞ ω(M)

❚❤❡ ❣r♦✇t❤ ✐♥❞❡① γ(M) ✇❛s ❞❡✜♥❡❞ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ❜② ❱✳ ❚❤✐❧❧✐❡③ ❬✾✺✱ ❙❡❝t✳ ✶✳✸❪ ✐♥ t❤❡ st✉❞②
♦❢ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ✇❛s ❣✐✈❡♥ ❢♦r str♦♥❣❧② r❡❣✉❧❛r
s❡q✉❡♥❝❡s ❛♥❞ γ > 0✱ ❜✉t ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ✐t ❢♦r ❛♥② s❡q✉❡♥❝❡ M ❛♥❞ γ ∈ R✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✺✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ❛♥❞ γ ∈ R✳ ❲❡ s❛② M s❛t✐s✜❡s ♣r♦♣❡rt② (Pγ) ✐❢ t❤❡r❡
❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ℓ = (ℓp)p∈N0 s✉❝❤ t❤❛t✿

✭✐✮ ♠ ≃ ℓ✱ t❤❛t ✐s✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t a ≥ 1 s✉❝❤ t❤❛t a−1mp ≤ ℓp ≤ amp✱ ❢♦r ❛❧❧ p ∈ N0✱

✭✐✐✮ ((p+ 1)−γℓp)p∈N0
✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳

■❢ (Pγ) ✐s s❛t✐s✜❡❞✱ t❤❡♥ (Pγ′) ✐s s❛t✐s✜❡❞ ❢♦r γ′ ≤ γ✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r ✐ts ❣r♦✇t❤ ✐♥❞❡①

γ(M) ❞❡✜♥❡❞ ❜②
γ(M) := sup{γ ∈ R : (Pγ) ✐s ❢✉❧✜❧❧❡❞}.

❘❡♠❛r❦ ✶✳✶✳✷✻✳ ❚❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt② ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧
❝♦♥✈❡♥t✐♦♥s inf ∅ = supR = ∞ ❛♥❞ inf R = sup ∅ = −∞✳

❋♦r t❤❡ st✉❞② ♦❢ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷ ❢♦r ❢✉rt❤❡r
❞❡t❛✐❧s✮✱ ❏✳ ❙❛♥③ ❬✽✽❪ ❞❡✜♥❡❞ t❤❡ ❣r♦✇t❤ ✐♥❞❡① ω(M)✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✼✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡✳ ❲❡ ❞❡✜♥❡ ✐ts ✐♥❞❡① ω(M) ❜②

ω(M) := lim inf
p→∞

logmp

log p
.

❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ✈❛❧✉❡ ♦❢ γ(M) ❛♥❞ ♦❢ ω(M) ✐s st❛❜❧❡ ❢♦r ≃✳ ❋♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤
✭♠❣✮✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ t❤❡s❡ ✈❛❧✉❡s ❛r❡ ❛❧s♦ st❛❜❧❡ ❢♦r ≈✱ t❤❛♥❦s t♦
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ≈ ❛♥❞ ≃ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵✮✳ ■♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ✇✐❧❧ ❡✈❡♥t✉❛❧❧②
s❤♦✇ t❤❡ st❛❜✐❧✐t② ✉♥❞❡r ≈ ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡s✳

❘❡❣❛r❞✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ω(M) ❛♥❞ γ(M)✱ ❏✳ ❙❛♥③ ❬✽✽✱ Pr♦♣✳ ✸✳✼❪✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ γ(M) ❞❡s❝r✐❜❡❞ ✐♥ ❬✾✺✱ ❙❡❝t✳ ✶✳✸❪✱ st❛t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱
✇❤✐❝❤ ❛❧s♦ ❤♦❧❞s ❢♦r ❛♥② s❡q✉❡♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✽✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ M ♦♥❡ ❤❛s γ(M) ≤ ω(M)✳

Pr♦♦❢✳ ■❢ γ < γ(M)✱ t❤❡♥ M s❛t✐s✜❡s (Pγ)✳ ❇② (Pγ)✱ ❢♦r ❡✈❡r② p ∈ N0✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

m0 ≤ aℓ0 ≤ a
ℓp

(p+ 1)γ
≤ a2

mp

(p+ 1)γ
.

❈♦♥s❡q✉❡♥t❧②✱ a−2m0(p+ 1)γ ≤ mp ❢♦r ❡✈❡r② p ∈ N0 ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

ω(M) = lim inf
p→∞

logmp

log p
≥ lim inf

p→∞

log(a−2m0(p+ 1)γ)

log p
= γ,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t γ(M) ≤ ω(M)✳ �

❚❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s❡q✉❡♥❝❡ ❡♥t❛✐❧s ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞✐❝❡s✳

▲❡♠♠❛ ✶✳✶✳✷✾✳ ■❢ M ✐s ✭❧❝✮✱ t❤❡♥ γ(M), ω(M) ∈ [0,∞]✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Pr♦♦❢✳ ❙✐♥❝❡ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ (P0) ✐s s❛t✐s✜❡❞ t❤❡♥ γ(M) ≥ 0 ❛♥❞ ✇❡ ❛❧s♦ ❤❛✈❡

logmp

log p
≥ logm1

log p

❢♦r ❛❧❧ p ∈ N t❤❡♥ ω(M) ≥ 0✳ �

❋r♦♠ t❤✐s ❧❛st ❧❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ ❛❧s♦ t❤❛t ❢♦r ✭❧❝✮ s❡q✉❡♥❝❡s t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ γ(M)
❣✐✈❡♥ ❜② ❱✳ ❚❤✐❧❧✐❡③✱ ✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦♥❧② ❢♦r γ > 0✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❣❡♥❡r❛❧
♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳ ■♥ ❬✽✽✱ ✾✺❪✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ✐❢ M ✐s str♦♥❣❧② r❡❣✉❧❛r
t❤❡♥ γ(M), ω(M) ∈ (0,∞) ✭s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✷✳✶✳✶✾✮✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s❡q✉❡♥❝❡s t❤❛t ❛r❡ ♥♦t
str♦♥❣❧② r❡❣✉❧❛r s✉❝❤ t❤❛t γ(M), ω(M) ∈ (0,∞) ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✷✼✮✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
✐♥❞✐❝❡s ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❤❡r❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s
❛♥❞ ✭❧❝✮ s❡q✉❡♥❝❡s ✐s ♣r❡s❡♥t❡❞✱ ❛s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✶✻✳

❊①❛♠♣❧❡ ✶✳✶✳✸✵✳ ❋♦r t❤❡ s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣ ✐♥ ❊①❛♠♣❧❡ ✶✳✶✳✹✱ ♦♥❡ ♠❛② ♣r♦✈❡ ✭s❡❡ ❊①❛♠✲
♣❧❡ ✷✳✶✳✷✵✮ t❤❛t

✭✐✮ ❋♦r α > 0 ❛♥❞ β ∈ R ♦r α = 0 ❛♥❞ β > 0 ✇❡ ❤❛✈❡ t❤❛t γ(Mα,β) = ω(Mα,β) = α✳

✭✐✐✮ ❋♦r (qp
2
)p∈N0 ✇✐t❤ q > 1✱ γ((qp

2
)p∈N0) = ω((qp

2
)p∈N0) = ∞✳

▼♦st ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s s❛t✐s❢② t❤❛t ω(M) = γ(M)✳
▼♦r❡♦✈❡r✱ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥❞✐❝❡s ❝♦✐♥❝✐❞❡ ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢
s❡q✉❡♥❝❡s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡s
❛r❡ ❞✐✛❡r❡♥t✱ ❛r❜✐tr❛r✐❧② ❝❤♦s❡♥✱ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✻✮✳

✶✳✷ ❘❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ♣r♦①✐♠❛t❡ ♦r❞❡rs

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s❡q✉❡♥❝❡s✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ♥♦t✐♦♥s
♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ♣r♦①✐♠❛t❡ ♦r❞❡rs ✇✐❧❧ ❜❡ st✉❞✐❡❞✳ ❚❤✐s s❡❝t✐♦♥ ✐s
❞❡✈♦t❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥❝❡♣ts ❛♥❞ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✳

✶✳✷✳✶ ❘❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s

❋✐rst✱ ✇❡ ✇✐❧❧ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✾✸✵ ❜② ❏✳ ❑❛r❛♠❛t❛ ✭❬✹✾✱ ✺✵❪✮✱
❛❧t❤♦✉❣❤ ♣❛rt✐❛❧ tr❡❛t♠❡♥ts ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ✇♦r❦s ♦❢ ❊✳ ▲❛♥❞❛✉ ❬✺✻❪✱ ●✳ ❱❛❧✐r♦♥ ❬✶✵✷❪✱ ●✳
Pó❧②❛ ❬✼✾❪ ❛♥❞ ♦t❤❡rs ✭s❡❡ t❤❡ ❤✐st♦r✐❝❛❧ s✉r✈❡② ❬✶✹❪✮✳ ❙❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❝♦♥❝❡♣t ❤❛✈❡
❜❡❡♥ s❤♦✇♥ ✐♥ ❛♥❛❧②t✐❝ ♥✉♠❜❡r t❤❡♦r②✱ ❝♦♠♣❧❡① ❛♥❛❧②s✐s ❛♥❞✱ s♣❡❝✐❛❧❧②✱ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ ♣r♦♦❢s
♦❢ ♠♦st ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❛r❡ ❣❛t❤❡r❡❞ ✐♥ t❤❡ ❜♦♦❦s ♦❢ ❊✳ ❙❡♥❡t❛ ❬✾✷❪ ❛♥❞ ◆✳ ❍✳
❇✐♥❣❤❛♠✱ ❈✳ ▼✳ ●♦❧❞✐❡ ❛♥❞ ❏✳ ▲✳ ❚❡✉❣❡❧s ❬✶✸❪✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❆ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣

✐❢

lim
x→∞

f(λx)

f(x)
= g(λ) ∈ (0,∞), ✭✶✳✾✮

❢♦r ❡✈❡r② λ ∈ (0,∞)✳

❚❤❡r❡ ❛r❡ t❤r❡❡ ♠❛✐♥ r❡s✉❧ts r❡❣❛r❞✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ t❤❡ ❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥
♦❢ t❤❡s❡ r❡s✉❧ts ✐s ❞✉❡ t♦ ❏✳ ❑❛r❛♠❛t❛ ❬✹✾❪ ❛♥❞ t❤❡ ♠❡❛s✉r❛❜❧❡ ♦♥❡ ✇❛s ❣✐✈❡♥ ❜② ❏✳ ❑♦r❡✈❛❛r✱
❚✳ ✈❛♥ ❆❛r❞❡♥♥❡✲❊❤r❡♥❢❡st ❛♥❞ ◆✳●✳ ❞❡ ❇r✉✐❥♥ ❬✺✺❪✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤❡♦r❡♠ ✶✳✷✳✷ ✭❬✶✸❪✱ ❚❤✳ ✶✳✹✳✶✱ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡♦r❡♠✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤
a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ■❢ f ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ t❤❡♥ t❤❡r❡ ❡①✐sts ρ ∈ R s✉❝❤ t❤❛t t❤❡
❢✉♥❝t✐♦♥ g(λ) ✐♥ ✭✶✳✾✮ ✐s ❡q✉❛❧ t♦ λρ✳

■♥ t❤✐s ❝❛s❡✱ ρ ✐s ❝❛❧❧❡❞ t❤❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ f ✱ ✇❡ ✇r✐t❡ f ∈ Rρ ❛♥❞RV := ∪ρ>0Rρ✳
■❢ ρ = 0✱ t❤❡♥ f ✐s s❛✐❞ t♦ ❜❡ s❧♦✇❧② ✈❛r②✐♥❣✳ ❲❡ ❤❛✈❡ t❤❛t f ∈ Rρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f(x) = xρℓ(x)

❢♦r s♦♠❡ ℓ ∈ R0✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ ❛t∞ ✐s ✐♥ s♦♠❡ s❡♥s❡ s✐♠✐❧❛r t♦ t❤❡
❜❡❤❛✈✐♦r ♦❢ ❛ ♣♦✇❡r✲❧✐❦❡ ❢✉♥❝t✐♦♥✳ ❋♦r n ∈ N✱ logn x ❞❡♥♦t❡s t❤❡ n−t❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳
●✐✈❡♥ ni ∈ N ❛♥❞ αi ∈ R ❢♦r i = 0, 1 . . . , k✱ t❤❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥
✐s

f(x) = xα0(logn1
x)α1(logn2

x)α2 · · · (lognk
x)αk .

❚❤❡♦r❡♠ ✶✳✷✳✸ ✭❬✶✸❪✱ ❚❤✳ ✶✳✺✳✷✱ ❯♥✐❢♦r♠ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤
a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ■❢ f ∈ Rρ✱ t❤❡♥ ❢♦r ❡✈❡r② b1, b2 ∈ (0,∞) ✇✐t❤ b1 ≤ b2 ✇❡ ❤❛✈❡
t❤❛t

lim
x→∞

f(λx)

f(x)
= λρ

✉♥✐❢♦r♠❧② ❢♦r λ ∈ [b1, b2]✳

❚❤❡♦r❡♠ ✶✳✷✳✹ ✭❬✶✸❪✱ ❚❤✳ ✶✳✸✳✶ ❛♥❞ ❚❤✳ ✶✳✹✳✶✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠✮✳ ▲❡t f : [a,∞) →
(0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ f ∈ Rρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st A ≥ a
❛♥❞ ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s c, η : [A,∞) → R ✇✐t❤ limx→∞ c(x) = c ∈ R ❛♥❞
limx→∞ η(x) = ρ ∈ R s✉❝❤ t❤❛t

f(x) = exp

(
c(x) +

∫ x

A
η(u)

du

u

)
x ≥ A.

❚❤❡ ✈❛❧✉❡ ♦❢ A ✐s ✉♥✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ f ✱ c ❛♥❞ η ❝❛♥ ❜❡ r❡❞❡✜♥❡❞ ✐♥ ✜♥✐t❡ ✐♥t❡r✈❛❧s ♣r❡s❡r✈✐♥❣
t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ t❤❡♥ A ❝❛♥ ❜❡ ❝❤♦s❡♥ ❡q✉❛❧ t♦ 0✱ 1 ♦r a ❛s ❛♣♣r♦♣r✐❛t❡✳ ▼♦r❡♦✈❡r✱ t❤✐s
r❡♣r❡s❡♥t❛t✐♦♥ ✐s ♥♦t ✉♥✐q✉❡ ❜❡❝❛✉s❡✱ ❢♦r ✐♥st❛♥❝❡✱ ♦♥❡ ♠❛② t❛❦❡

c̃(x) = c(x) +
1

x
− 1

A
, η̃(x) = η(x) +

1

x
.

❘❡♠❛r❦ ✶✳✷✳✺✳ ❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠✱ ✐❢ f ∈ Rρ ✇❡
❞❡❞✉❝❡ t❤❛t

ρ = lim
x→∞

η(x) = lim
x→∞

log f(x)

log x
.

❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ s❡❡ t❤❛t r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s ♣r❡s❡r✈❡❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳

❘❡♠❛r❦ ✶✳✷✳✻✳ ▲❡t f, g : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❆ss✉♠❡ t❤❛t
f ❛♥❞ g ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✱ ❛t ∞✱ t❤❛t ✐s✱

lim
x→∞

f(x)

g(x)
= 1,

✇❡ ✇r✐t❡ f ∼ g✳ ■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t f ∈ Rρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ∈ Rρ✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✶✳✷✳✷ Pr♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ s♠♦♦t❤ ✈❛r✐❛t✐♦♥

■♥ ♦r❞❡r t♦ st✉❞② q✉❛s✐❛♥❛❧②t✐❝✐t② ♦❢ t❤❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮ ❛♥❞ t♦ ❝♦♥✲
str✉❝t ❦❡r♥❡❧s ♦❢ s✉♠♠❛❜✐❧✐t② ✐♥ t❤✐s ❝♦♥t❡①t ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✶✮ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥
♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❣r♦✇t❤ ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❞❡✈❡❧♦♣❡❞✱ ❛♠♦♥❣
♦t❤❡rs✱ ❜② ●✳ ❱❛❧✐r♦♥ ❬✶✵✸❪✱ ❇✳ ❏❛✳ ▲❡✈✐♥ ❬✻✸❪ ❛♥❞ ❆✳ ❆✳ ●♦❧❞❜❡r❣ ❛♥❞ ■✳ ❱✳ ❖str♦s✈❦✐✐ ❬✸✷❪✳ ■♥
t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ❛ ♣r♦♠✐♥❡♥t r♦❧❡ ✐s ♣❧❛②❡❞ ❜② t❤❡ r❡s✉❧ts ♦❢ ▲✳ ❙✳ ▼❛❡r❣♦✐③ ❬✻✺❪✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢
♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✐ts ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s✱ ✐ts r❡❧❛t✐♦♥ t♦ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ♠❛✐♥ r❡s✉❧ts
♦❢ ▲✳ ❙✳ ▼❛❡r❣♦✐③ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✼✳ ❲❡ s❛② ❛ r❡❛❧ ❢✉♥❝t✐♦♥ ρ(t)✱ ❞❡✜♥❡❞ ♦♥ (c,∞) ❢♦r s♦♠❡ c ≥ 0✱ ✐s ❛ ♣r♦①✐♠❛t❡

♦r❞❡r✱ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✭❆✮ ρ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (c,∞) ✭♠❡❛♥✐♥❣ t❤❛t ✐t ✐s ❞✐❢✲
❢❡r❡♥t✐❛❜❧❡ ❡①❝❡♣t ♣♦ss✐❜❧② ❛t ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts✱ t❡♥❞✐♥❣ t♦ ✐♥✜♥✐t②✱ ❛t ❛♥② ♦❢ ✇❤✐❝❤ ✐t ✐s
❝♦♥t✐♥✉♦✉s ❛♥❞ ❤❛s ✜♥✐t❡ ❜✉t ❞✐st✐♥❝t ❧❛t❡r❛❧ ❞❡r✐✈❛t✐✈❡s✮✱

✭❇✮ ρ(t) ≥ 0 ❢♦r ❡✈❡r② t > c✱

✭❈✮ limt→∞ ρ(t) = ρ <∞✱

✭❉✮ limt→∞ tρ
′(t) log t = 0✳

■♥ ❝❛s❡ t❤❡ ✈❛❧✉❡ ρ ✐♥ ✭❈✮ ✐s ♣♦s✐t✐✈❡ ✭r❡s♣❡❝t✐✈❡❧②✱ ✐s ✵✮✱ ✇❡ s❛② ρ(t) ✐s ❛ ♥♦♥③❡r♦ ✭r❡s♣✳ ③❡r♦✮
♣r♦①✐♠❛t❡ ♦r❞❡r✳

❘❡♠❛r❦ ✶✳✷✳✽✳ ■❢ ρ(t) ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤ ❧✐♠✐t ρ ❛t ✐♥✜♥✐t②✱ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts
tε > 1 s✉❝❤ t❤❛t

tρ−ε < tρ(t) < tρ+ε, t > tε.

❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✳ ❚✇♦ ♣r♦①✐♠❛t❡ ♦r❞❡rs ρ1(t) ❛♥❞ ρ2(t) ❛r❡ s❛✐❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t ✐❢

lim
t→∞

[ρ1(t)− ρ2(t)] log t = 0.

❋♦r t❤❡ ❢✉♥❝t✐♦♥s V1(t) = tρ1(t) ❛♥❞ V2(t) = tρ2(t)✱ t❤✐s ♣r❡❝✐s❡❧② ♠❡❛♥s t❤❛t

lim
t→∞

V1(t)

V2(t)
= lim

t→∞

tρ1(t)

tρ2(t)
= 1,

t❤❛t ✐s✱ V1 ∼ V2✳

❘❡♠❛r❦ ✶✳✷✳✶✵✳ ■❢ ρ1(t) ❛♥❞ ρ2(t) ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ limt→∞ ρ1(t) = ρ✱ t❤❡♥

lim
t→∞

ρ2(t) = ρ.

❊①❛♠♣❧❡ ✶✳✷✳✶✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡①❛♠♣❧❡s ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs✱ ❞❡✜♥❡❞ ✐♥ s✉✐t❛❜❧❡ ✐♥t❡r✈❛❧s
(c,∞)✿

✭✐✮ ρα,β(t) =
1

α
− β

α

log(log t)

log t
✱ α > 0✱ β ∈ R✳

✭✐✐✮ ρ(t) = ρ+
1

tγ
✱ ρ ≥ 0✱ γ > 0✳

✭✐✐✐✮ ρ(t) = ρ+
1

logγ(t)
✱ ρ ≥ 0✱ γ > 0✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ✈❡r✐❢②✐♥❣ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ❡①❝❡♣t ✭❉✮ ✐s ρ(t) = ρ+ sin(t)/t✳

❚❤❡r❡ ✐s ❛ ❜❛s✐❝ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ♣r♦①✐♠❛t❡ ♦r❞❡rs✳

▲❡♠♠❛ ✶✳✷✳✶✷ ✭❬✻✸❪✱ ❙❡❝t✳ ■✳✶✷✱ ♣✳✸✷✮✳ ▲❡t ρ(t) ❜❡ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤ limt→∞ ρ(t) = ρ✳
❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ V (t) = tρ(t) ∈ Rρ✳

❚❤❡ r❡❧❛t✐♦♥ ✐s ❡✈❡♥ str♦♥❣❡r✱ t❤❛t ✐s✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❣♦ ❢r♦♠ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s
♦❢ ♣♦s✐t✐✈❡ ✐♥❞❡① t♦ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡rs✳ ❊✈❡♥ ♠♦r❡ ❣❡♥❡r❛❧✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ✇✐t❤ ❛
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝❧❛ss ❞❡✜♥❡❞ ❜❡❧♦✇ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ❜② ❆✳
❆✳ ❇❛❧❦❡♠❛✱ ❏✳ ▲✳ ●❡❧✉❦ ❛♥❞ ▲✳ ❞❡ ❍❛❛♥ ❬✹❪✳ ❙❡✈❡r❛❧ ♦❢ t❤❡ ♥❡①t r❡s✉❧ts ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ✐♥ t❤❡
❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥s ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✐♥❝❧✉❞❡❞ t♦ ♠❛❦❡ t❤❡ r❡❛❞❡r ❛✇❛r❡ ♦❢ t❤❡ ❞❡❡♣ ❝♦♥♥❡❝t✐♦♥
❜❡t✇❡❡♥ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✸✳ ❆ ❢✉♥❝t✐♦♥ f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ✈❛r✐❡s s♠♦♦t❤❧② ✇✐t❤ ✐♥❞❡①

ρ ∈ R✱ ✐❢ f ∈ C∞((a,∞)) ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ h(x) = log(f(ex)) s❛t✐s✜❡s

lim
x→∞

h′(x) = ρ, lim
x→∞

h(n)(x) = 0, n ≥ 2. ✭✶✳✶✵✮

■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇r✐t❡ f ∈ SRρ✳

■❢ f ∈ SRρ✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ❢✉♥❝t✐♦♥ η(x) := h′(log(x)) = xf ′(x)/f(x) t❡♥❞s t♦ ρ ❛s x
t❡♥❞ t♦ ∞ ❛♥❞

f(x) = exp

(
log(f(a)) +

∫ x

a
η(u)

du

u

)
,

❛♥❞ ❜② t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✶✳✷✳✹✱ ✇❡ ❞❡❞✉❝❡ t❤❛t f ∈ Rρ✱ ✐✳❡✳✱ SRρ ⊆ Rρ✳ ❋✉rt❤❡r♠♦r❡✱
♦♥❡ ♠❛② ❝❤❡❝❦ ✭s❡❡ ❬✹✱ ▲❡♠♠❛ ✾❪✮ t❤❛t ✭✶✳✶✵✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t

lim
x→∞

xnf (n)(x)

f(x)
= ρ(ρ− 1) . . . (ρ− n+ 1), n ∈ N.

❚❤❡ ✐♥t❡r❡st ♦❢ s♠♦♦t❤❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ✐s t❤❛t ❡✈❡r② ❢✉♥❝t✐♦♥ ✐♥ Rρ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞
❜② ❛ ❢✉♥❝t✐♦♥ ✐♥ SRρ✳

❚❤❡♦r❡♠ ✶✳✷✳✶✹ ✭❬✶✸❪✱ ❚❤✳ ✶✳✽✳✷✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥✳ ■❢ f ∈ Rρ✱ t❤❡♥ t❤❡r❡ ❡①✐st f1, f2 ∈ SRρ ✇✐t❤ f1 ∼ f2✱ ❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✱
s✉❝❤ t❤❛t f1(x) ≤ f(x) ≤ f2(x) ❢♦r x ❧❛r❣❡ ❡♥♦✉❣❤✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f ∈ Rρ t❤❡r❡ ❡①✐sts g ∈ SRρ

s✉❝❤ t❤❛t g ∼ f ✳

❲❡ ♦❜s❡r✈❡ t❤❛t ✐❢ f ∈ SRρ✱ ❞❡✜♥✐♥❣ ρf (x) := log(f(x))/ log(x) ∈ C∞ ❢♦r x ❧❛r❣❡ ❡♥♦✉❣❤
❛♥❞✱ s✐♥❝❡ f ∈ Rρ✱ ❜② ❘❡♠❛r❦ ✶✳✷✳✺✱ ✇❡ ❤❛✈❡ t❤❛t limx→∞ ρf (x) = ρ✳ ❋✐♥❛❧❧②✱ ✇❡ ♥♦t✐❝❡ t❤❛t

lim
x→∞

xρ′f (x) log(x) = lim
x→∞

(
xf ′(x)

f(x)
− ρf (x)

)
= 0.

❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ρ > 0✱ ρf (x) ✐s ❛❧s♦ ♣♦s✐t✐✈❡ ❢♦r x ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t ρf (x) ✐s ❛
♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ❛♥❞ t❤✐s ❝♦♥str✉❝t✐♦♥✱ ♦♥❡
♠❛② ❛❧s♦ ❛♣♣r♦①✐♠❛t❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ❜② ♣r♦①✐♠❛t❡ ♦r❞❡rs✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✺ ✭❬✶✸❪✱ Pr♦♣✳ ✼✳✹✳✶✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥ ❛♥❞ ρ > 0✳ ❚❤❡♥ f ∈ Rρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(x) ✇✐t❤
limt→∞ ρ(t) = ρ s✉❝❤ t❤❛t f(x) ∼ xρ(x)✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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■❢ ❝♦♥❞✐t✐♦♥ ✭❇✮ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ✐s ✈❛❧✐❞
❢♦r ρ ∈ R✳ ❚❤❡♥✱ ❛s ✐t ✇❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❬✶✸✱ ♣✳ ✸✶✶❪✱ ✏✐t ✐s ❛ ♠❛tt❡r ♦❢ ✐♥❞✐✛❡r❡♥❝❡ ✇❤❡t❤❡r ♦♥❡
✉s❡s t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦r ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs✳ ■♥❝✐❞❡♥t❛❧❧②✱ ❢r♦♠ ❛♥ ❤✐st♦r✐❝❛❧
♣♦✐♥t ♦❢ ✈✐❡✇ ✐t s❡❡♠s t❤❛t ❱❛❧✐r♦♥ ♠❛② ✇❡❧❧ ❜❡ ❝r❡❞✐t❡❞ ✇✐t❤ ✐♥✐t✐❛t✐♥❣ t❤❡ s✉❜❥❡❝t ♦❢ r❡❣✉❧❛r
✈❛r✐❛t✐♦♥✳✑

▼♦r❡♦✈❡r✱ ❝♦♥❞✐t✐♦♥ ✭❆✮ ✐s ✐♠♣♦s❡❞ ❢♦r ❡ss❡♥t✐❛❧❧② tr❛❞✐t✐♦♥❛❧ r❡❛s♦♥s✱ ❜❡❝❛✉s❡ ▲❡♠♠❛ ✶✳✷✳✶✷
❛♥❞ ❚❤❡♦r❡♠ ✶✳✷✳✶✹ s❤♦✇✱ ✉♣ t♦ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥❝❡✱ t❤❛t s♠♦♦t❤♥❡ss ❢♦r ρ(x) ❝❛♥ ❜❡ ❛s✲
s✉♠❡❞✳ ■♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ ♦♥❡ ♠❛② st✉❞② ✐❢ str♦♥❣❡r r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ρ(x) ❝♦✉❧❞ ❜❡
❣✉❛r❛♥t❡❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ●✳ ❱❛❧✐r♦♥ ❬✶✵✷❪ s❤♦✇❡❞ t❤❛t✱ ❛❧✇❛②s ✉♣ t♦ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥❝❡✱
t❤❡ ❢✉♥❝t✐♦♥ xρ(x) ❤❛s ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t♦ ❛ s❡❝t♦r ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ t❤❡
♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s ✭s❡❡ ❬✶✸✱ ❚❤✳ ✼✳✹✳✸❪✮✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❡①t❡♥s✐♦♥ ❝♦♥str✉❝t❡❞
❜② ▲✳❙✳ ▼❛❡r❣♦✐③ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✶✻ ❜❡❧♦✇✳ ❋♦r ❛♥ ❛r❜✐tr❛r② s❡❝t♦r ❜✐s❡❝t❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ r❡❛❧
❛①✐s✱ ✐t ♣r♦✈✐❞❡s ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ (0,∞) ✐s r❡❛❧✱ ❤❛s ❛ ❣r♦✇t❤ ❛t ✐♥✜♥✐t②
s♣❡❝✐✜❡❞ ❜② ❛ ♣r❡s❝r✐❜❡❞ ♣r♦①✐♠❛t❡ ❛♥❞ s❛t✐s✜❡s s❡✈❡r❛❧ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s✳

■♥ ♦r❞❡r t♦ st❛t❡ t❤✐s r❡s✉❧t✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ✉♥❜♦✉♥❞❡❞ s❡❝t♦rs ♦❢ t❤❡ ❘✐❡♠❛♥♥ s✉r❢❛❝❡
♦❢ t❤❡ ❧♦❣❛r✐t❤♠ R

S(d, γ) := {z ∈ R : |❛r❣(z)− d| < γ π

2
},

✇✐t❤ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ d ∈ R ❛♥❞ ♦♣❡♥✐♥❣ γ π ✭γ > 0✮✳ ■❢ d = 0✱ ✇❡ ✇r✐t❡ Sγ := S(0, γ)✳

❚❤❡♦r❡♠ ✶✳✷✳✶✻ ✭❬✻✺❪✱ ❚❤✳ ✷✳✹✮✳ ▲❡t ρ(t) ❜❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞ ρ = limt→∞ ρ(t)✳
❋♦r ❡✈❡r② γ > 0 t❤❡r❡ ❡①✐sts ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ V (z) ✐♥ Sγ s✉❝❤ t❤❛t✿

✭■✮ ❋♦r ❡✈❡r② z ∈ Sγ ✱

lim
t→∞

V (zt)

V (t)
= zρ,

✉♥✐❢♦r♠❧② ✐♥ t❤❡ ❝♦♠♣❛❝t s❡ts ♦❢ Sγ ✳

✭■■✮ V (z) = V (z) ❢♦r ❡✈❡r② z ∈ Sγ ✭✇❤❡r❡✱ ❢♦r z = (|z|, arg(z))✱ ✇❡ ♣✉t z = (|z|,− arg(z))✮✳

✭■■■✮ V (t) ✐s ♣♦s✐t✐✈❡ ✐♥ (0,∞)✱ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ limt→0 V (t) = 0✳

✭■❱✮ ❚❤❡ ❢✉♥❝t✐♦♥ r ∈ R 7→ V (er) ✐s str✐❝t❧② ❝♦♥✈❡① ✭✐✳❡✳ V ✐s str✐❝t❧② ❝♦♥✈❡① r❡❧❛t✐✈❡ t♦ log(r)✮✳

✭❱✮ ❚❤❡ ❢✉♥❝t✐♦♥ log(V (t)) ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ (0,∞)✳

✭❱■✮ ❚❤❡ ❢✉♥❝t✐♦♥ ρV (t) := log(V (t))/ log(t)✱ t > 0✱ ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ❡q✉✐✈❛❧❡♥t t♦ ρ(t)✱
t❤❛t ✐s✱

lim
t→∞

V (t)/tρ(t) = lim
t→∞

tρV (t)/tρ(t) = 1.

❚❤✐s r❡s✉❧t ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✼✳ ●✐✈❡♥ γ > 0 ❛♥❞ ρ(t) ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱MF (γ, ρ(t)) ❞❡♥♦t❡s t❤❡ s❡t
♦❢ ▼❛❡r❣♦✐③ ❢✉♥❝t✐♦♥s V ❞❡✜♥❡❞ ✐♥ Sγ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✭■✮✲✭❱■✮ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✶✻✳

❘❡♠❛r❦ ✶✳✷✳✶✽✳ ❙✉♣♣♦s❡ ρ(t) (t ≥ c ≥ 0) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥
V (t) = tρ(t) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢♦r t > R✱ ✇❤❡r❡ R ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t =
U(s)✱ ❞❡✜♥❡❞ ❢♦r ❡✈❡r② s > V (R)✱ ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ρ∗(s) := log(U(s))/ log(s)
✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞ ρ∗(s) t❡♥❞s t♦ 1/ρ ❛s s t❡♥❞s t♦ ∞ ✭s❡❡ ❬✻✺✱ Pr♦♣❡rt② ✶✳✽❪✮✳ ❚❤✐s ρ∗(s)
✐s ❝❛❧❧❡❞ t❤❡ ♣r♦①✐♠❛t❡ ♦r❞❡r ❝♦♥❥✉❣❛t❡ t♦ ρ(t)✳ ◆♦t❡ t❤❛t✱ ❜② ▲❡♠♠❛ ✶✳✷✳✶✷✱ t❤❡ ❢✉♥❝t✐♦♥ U ✐s
r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤✐s ❝♦♥❥✉❣❛t❡ ♣r♦①✐♠❛t❡ ♦r❞❡r ❝❛♥ ❜❡ ❛❧s♦ ❡①t❡♥❞❡❞✱ ✉♣ t♦ ❡q✉✐✈❛❧❡♥❝❡✱ t♦ ❛♥ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✷✳✶✾ ✭❬✻✺❪✱ ❚❤✳ ✷✳✻✮✳ ▲❡t ρ(t) ❜❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ γ > 0 ❛♥❞ V ∈
MF (γ, ρ(t))✳ ▲❡t t = U(s)✱ ❞❡✜♥❡❞ ❢♦r ❛❧❧ s > 0✱ ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ✐♥✈❡rs❡ t♦ s = V (t)✱ ❢♦r
❡✈❡r② t ∈ (0,∞)✱ ❛♥❞ ❧❡t ρ∗(s) ❜❡ t❤❡ ♣r♦①✐♠❛t❡ ♦r❞❡r ❝♦♥❥✉❣❛t❡ t♦ ρ(t)✳ ❚❤❡♥ lnU(s)/ ln s ✐s
❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ❡q✉✐✈❛❧❡♥t t♦ ρ∗(s)✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ U(s) ❛❞♠✐ts ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥
t♦ ❛ ❢✉♥❝t✐♦♥ U(W ) ✐♥ ❛ ❞♦♠❛✐♥ T ⊆ Sργ s②♠❡tr✐❝ r❡❧❛t✐✈❡ t♦ t❤❡ r❡❛❧ ❛①✐s ❛♥❞ s✉❝❤ t❤❛t ❢♦r
β < γ t❤❡r❡ ❡①✐sts Rβ > 0 s✉❝❤ t❤❛t t❤❡ ❞♦♠❛✐♥ T ❝♦♥t❛✐♥s Sρβ ∩ {|z| > Rβ}✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❢✉♥❝t✐♦♥ U ✈❡r✐✜❡s✱ ✐♥ ✐ts ❞♦♠❛✐♥✱ t❤❡ ♣r♦♣❡rt✐❡s ✭■✮✲✭❱■✮ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✶✻ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ❝❧❛ss MF (ργ, ρ∗(s))✳

■♥ ❙❡❝t✐♦♥ ✷✳✷✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r✱ ❝♦♥s❡q✉❡♥t❧② ❛❧s♦ ❛ ▼❛❡r❣♦✐③ ❢✉♥❝t✐♦♥✱ ✐s ❝❤❛r❛❝t❡r✐③❡❞✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ t❤❡
st✉❞② ♦❢ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛r❡ ❛♥ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢ t❤❡ ❛s②♠♣t♦t✐❝
♣r♦❜❧❡♠s ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❋♦r t❤❡ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠ t❤❛t ♠♦t✐✈❛t❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
t❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ t❤❛t ✐s✱ t❤❡ st✉❞② ♦❢ t❤❡ ❣r♦✇t❤ ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s✱ t❤❡ r❡❛❞❡r ✐s
r❡❢❡rr❡❞ t♦ ❬✻✸✱ ❙❡❝t✳ ■✳✶✷❪✱ ❬✸✷✱ ❙❡❝t✐♦♥ ✷✳✷❪ ❛♥❞ ❬✶✸✱ ❙❡❝t✳ ✼✳✹❪✱ ✐♥ t❤❡ ❧❛st ♦♥❡ t❤❡ s♦❧✉t✐♦♥ ✐s
st❛t❡❞ t❤r♦✉❣❤ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✭s❡❡ ❛❧s♦ ❚❤❡♦r❡♠ ✸✳✷✳✶✷✮✳

✶✳✷✳✸ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s

❋♦r s♦♠❡ ♦❢ ♦✉r ♣✉r♣♦s❡s✱ t❤❡ t❤❡♦r② ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s t♦♦ r❡str✐❝t✐✈❡ ❛♥❞ ♦♥❡ ♠❛② ❛s❦
✇❤❛t r❡♠❛✐♥s ✈❛❧✐❞ ✐❢ ✇❡ r❡♣❧❛❝❡ lim ❜② lim sup ❛♥❞ lim inf ✐♥ ✭✶✳✾✮✳ ❚❤✐s ❡①t❡♥s✐♦♥ ♦❢ t❤❡
❝❧❛ss ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s✱ ✇❛s ❞❡✜♥❡❞ ❜② ❏✳ ❑❛r❛♠❛t❛ ❬✺✶❪✱ ❱✳ ●✳ ❆✈❛❦✉♠♦✈✐➣ ❬✸❪
❛♥❞ ❝♦♥s✐❞❡r❡❞ ❜② ❲✳ ▼❛t✉s③❡✇s❦❛ ❬✼✹❪ ❛♥❞ ❲✳ ❋❡❧❧❡r ❬✷✽❪✳ ❆❧t❤♦✉❣❤ ✇❡ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢
◆✳ ❍✳ ❇✐♥❣❤❛♠✱ ❈✳ ▼✳ ●♦❧❞✐❡✱ ❛♥❞ ❏✳ ▲✳ ❚❡✉❣❡❧s ❬✶✸❪ ❢♦r t❤❡ ♣r♦♦❢s✱ t❤❡ ✜rst ❝♦♠♣❧❡t❡ st✉❞② ✇❛s
❞♦♥❡ ❜② ❙✳ ❆❧❥❛♥↔✐➣ ❛♥❞ ■✳ ❉✳ ❆r❛♥❞❥❡❧♦✈✐➣ ❬✶❪ ✐♥ ✶✾✼✼✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤✐s
✇❡❛❦❡r ♥♦t✐♦♥ ♣r❡s❡r✈❡s s❡✈❡r❛❧ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✵✳ ❆ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ✐s ❖✲r❡❣✉❧❛r❧②

✈❛r②✐♥❣ ✐❢

0 < f❧♦✇(λ) := lim inf
x→∞

f(λx)

f(x)
≤ f✉♣(λ) := lim sup

x→∞

f(λx)

f(x)
<∞ ✭✶✳✶✶✮

❢♦r ❡✈❡r② λ ≥ 1✱ ❛♥❞ ✇❡ ✇r✐t❡ f ∈ ORV ✳

❘❡♠❛r❦ ✶✳✷✳✷✶✳ ❲❡ ♦❜s❡r✈❡ t❤❛t f❧♦✇(λ) = 1/f✉♣(1/λ) ❢♦r ❡✈❡r② λ ≥ 1✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢
f ∈ ORV ✱ t❤❡♥ ✭✶✳✶✶✮ ❤♦❧❞s ❢♦r ❡✈❡r② λ ∈ (0,∞) ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t RV ⊆ ORV ✳ ▼♦r❡♦✈❡r✱
f ∈ ORV ✐❢ ❛♥❞ ♦♥❧② ✐❢

f✉♣(λ) = lim sup
x→∞

f(λx)

f(x)
<∞

❢♦r ❡✈❡r② λ ∈ (0,∞)✳

■♥ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ t❤❡ ✐♥❞❡① ρ ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s s♣❧✐t ✐♥t♦ t✇♦ ✈❛❧✉❡s✱ t❤❡ ▼❛✲
t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✱ ❞❡✜♥❡❞ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✷✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ✐ts ✉♣♣❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡①

α(f) ✐s ❞❡✜♥❡❞ ❜②

α(f) := inf

{
α ∈ R; ∃Cα > 0 s✳t✳ ∀Λ > 1, lim sup

x→∞
sup

λ∈[1,Λ]

f(λx)

λαf(x)
≤ Cα

}

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❛♥❞ ✐ts ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① β(f) ❜②

β(f) := sup

{
β ∈ R; ∃Dβ > 0 s✳t✳ ∀Λ > 1, lim inf

x→∞
inf

λ∈[1,Λ]

f(λx)

λβf(x)
≥ Dβ ,

}

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s ✐♥ ❘❡♠❛r❦ ✶✳✶✳✷✻✳

❲❡ ❛❧✇❛②s ❤❛✈❡ t❤❛t β(f) ≤ α(f)✳ ❚❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡s❡ ✐♥❞✐❝❡s ❝❤❛r❛❝t❡r✐③❡s ❖✲r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ t❤r❡❡ ♠❛✐♥ t❤❡♦r❡♠s ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✳

❚❤❡♦r❡♠ ✶✳✷✳✷✸ ✭❬✶✸❪✱ ❚❤✳ ✷✳✶✳✼✱ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r ❖❘❱✮✳ ▲❡t f : [a,∞) → (0,∞)✱
✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥

f ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(f) > −∞ ❛♥❞ α(f) <∞✳

❚❤❡♦r❡♠ ✶✳✷✳✷✹ ✭❬✶✸❪✱ ❚❤✳ ✷✳✵✳✼✱ ❯♥✐❢♦r♠ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ❢♦r ❖❘❱✮✳ ▲❡t f : [a,∞) →
(0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ■❢ f ∈ ORV ✱ t❤❡♥ ❢♦r ❡✈❡r② Λ > 1 ✇❡ ❤❛✈❡ t❤❛t

0 < lim inf
x→∞

inf
λ∈[1,Λ]

f(λx)

f(x)
≤ lim sup

x→∞
sup

λ∈[1,Λ]

f(λx)

f(x)
<∞.

❚❤❡♦r❡♠ ✶✳✷✳✷✺ ✭❬✶✸❪✱ ❚❤✳ ✷✳✷✳✼✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r ❖❘❱✮✳ ▲❡t f : [a,∞) → (0,∞)✱
✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ f ∈ ORV ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st A ≥ a ❛♥❞
♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s d, ξ : [A,∞) → R s✉❝❤ t❤❛t

f(x) = exp

(
d(x) +

∫ x

A
ξ(u)

du

u

)
, x ≥ A. ✭✶✳✶✷✮

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ♥♦t ✉♥✐q✉❡ ❛♥❞ ❢♦r ❡✈❡r② α, β s❛t✐s❢②✐♥❣ β < β(f) ≤ α(f) < α✱ r❡♣r❡s❡♥✲
t❛t✐♦♥s ❡①✐st ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ ξ t❛❦✐♥❣ ✈❛❧✉❡s ♦♥❧② ✐♥ [β, α]✳

❲❡ ❝❛♥ ❣✐✈❡ s❡✈❡r❛❧ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✐♥❞✐❝❡s α(f) ❛♥❞ β(f)✳

❚❤❡♦r❡♠ ✶✳✷✳✷✻ ✭❬✶✸❪✱ ❚❤✳ ✷✳✶✳✺ ✱ ❈♦r♦✳ ✷✳✶✳✻ ❛♥❞ ❚❤✳ ✷✳✶✳✼✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤
a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ■❢ β(f) > −∞ ♦r α(f) <∞✱ t❤❡♥

α(f) = lim
λ→∞

log f✉♣(λ)

log λ
= inf

λ>1

log f✉♣(λ)

log λ
,

β(f) = lim
λ→∞

log f❧♦✇(λ)

log λ
= sup

λ>1

log f❧♦✇(λ)

log λ
.

P❧❡❛s❡ ♥♦t❡ t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❧❛st t❤❡♦r❡♠ st❛t❡s t❤❛t ✐❢ β(f) > −∞ t❤❡ ❢♦r♠✉❧❛ ❢♦r α(f)
❤♦❧❞s✱ ❛♥❞ t❤❡ ♦♥❡ ❢♦r β(f) ✐s ✈❛❧✐❞ ✐❢ α(f) < ∞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ f ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ β(f) ≥ 0
❛♥❞ ❜♦t❤ ❢♦r♠✉❧❛s ❤♦❧❞✳

❚❤❡ s❡❝♦♥❞ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ✐s ❛ ❝♦♥❝✐s❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣
❛♥❞ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ♣r♦♣❡rt✐❡s ❛♥❞ ✐t ✐s ✈❛❧✐❞ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✼✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ❢✉♥❝t✐♦♥✳ ❲❡ s❛② t❤❛t f ✐s ❛❧♠♦st

✐♥❝r❡❛s✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t

f(x) ≤Mf(y), y ≥ x ≥ a,

❛♥❞ f ✐s s❛✐❞ t♦ ❜❡ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts m > 0 s✉❝❤ t❤❛t

f(x) ≥ mf(y), y ≥ x ≥ a.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤❡♦r❡♠ ✶✳✷✳✷✽ ✭❬✶✸❪✱ ❚❤✳ ✷✳✷✳✷✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ❢✉♥❝t✐♦♥✳ ❚❤❡♥

α(f) = inf{α ∈ R; x−αf(x) ❛❧♠♦st ❞❡❝r❡❛s✐♥❣},

β(f) = sup{β ∈ R; x−βf(x) ❛❧♠♦st ✐♥❝r❡❛s✐♥❣}.
❋✐♥❛❧❧②✱ t❤❡ t❤✐r❞ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r

❖❘❱✳

❚❤❡♦r❡♠ ✶✳✷✳✷✾ ✭❬✶❪✱ ❚❤✳ ✸✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳
■❢ f ∈ ORV ✱ t❤❡♥

α(f) = inf
ξ
{lim sup

x→∞
ξ(x)},

β(f) = sup
ξ
{lim inf

x→∞
ξ(x)}.

✇❤❡r❡ t❤❡ sup ❛♥❞ inf ❛r❡ t❛❦❡♥ ♦✈❡r ❛❧❧ ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ξ ❢♦r ✇❤✐❝❤ t❤❡r❡
❡①✐sts d ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ s✉❝❤ t❤❛t ✭✶✳✶✷✮ ❤♦❧❞s✳

❖t❤❡r ❞❡✜♥✐t✐♦♥s ♦❢ α ❛♥❞ β ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐❢ ♦♥❡ ❛ss✉♠❡s t❤❛t f ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞
❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ♦♥ [a,∞) ✭s❡❡ ❬✶❪✮✳

❚❤❡s❡ ✐♥❞✐❝❡s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♦r❞❡r ♦❢ ❛ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✵✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ✐ts ✉♣♣❡r ♦r❞❡r ρ(f) ✭♦❢t❡♥
s❤♦rt❡❞ t♦ ♦r❞❡r✮ ❛♥❞ ❧♦✇❡r ♦r❞❡r µ(f) ❛r❡ ❞❡✜♥❡❞ ❜②

µ(f) := lim inf
x→∞

log f(x)

log x
, ρ(f) := lim sup

x→∞

log f(x)

log x
.

■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s✱ t❤❛t ❝♦♥t❛✐♥s ❖❘❱✱ ❛tt❡♥❞✐♥❣ t♦ t❤❡ ✜♥✐t❡♥❡ss ♦❢
t❤❡s❡ ♦r❞❡rs✳ ■♥ t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ▼✳ ❈❛❞❡♥❛✱ ▼✳ ❑r❛t③ ❛♥❞ ❊✳ ❖♠❡② ❬✷✶❪✱ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
t❤❡ ♠❛✐♥ t❤❡♦r❡♠s ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❤❛s ❜❡❡♥ s❤♦✇♥ ❢♦r t❤✐s ❝❧❛ss✳

❙✐♠✐❧❛r❧② t♦ ❘❡♠❛r❦ ✶✳✷✳✻✱ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❤❛s s♦♠❡ st❛❜✐❧✐t② ♣r♦♣❡rt②✳

❘❡♠❛r❦ ✶✳✷✳✸✶✳ ■❢ f, g : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❛r❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤

0 < lim inf
x→∞

f(x)

g(x)
≤ lim sup

x→∞

f(x)

g(x)
<∞, ✭✶✳✶✸✮

✐t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t β(f) = β(g)✱ µ(f) = µ(g)✱ ρ(f) = ρ(g) ❛♥❞ α(f) = α(g)✳ ❈♦♥s❡q✉❡♥t❧②✱
f ∈ ORV ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ∈ ORV ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f ∈ RV t❤❡♥ g ∈ ORV ❛♥❞ β(g) = µ(g) =
ρ(g) = α(g)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✷ ✭❬✶✸❪✱ Pr♦♣✳ ✷✳✷✳✺✮✳ ▲❡t f : [a,∞) → (0,∞)✱ ✇✐t❤ a ≥ 0✱ ❜❡ ❛ ❢✉♥❝t✐♦♥✳
❚❤❡ ♦r❞❡rs ❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ♦❢ f ❛r❡ r❡❧❛t❡❞ ❜②

β(f) ≤ µ(f) ≤ ρ(f) ≤ α(f).

❆s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✶✳✷✳✹✱ ✐❢ f ∈ Rρ✱ t❤❡♥ β(f) = µ(f) =
ρ(f) = α(f) = ρ✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡ ❛s ✐t s❤♦✇s t❤❡ ♥❡①t ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✶✳✷✳✸✸ ✭❬✶✸❪✱ Pr♦♣✳ ✷✳✷✳✽✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ f : [1,∞) → (0,∞) ❣✐✈❡♥ ❜②

f(x) =

{
f(e2

j
) exp((log(x)− 2j)1/2) ✐❢ x ∈ (e2

j
, e2

j+1
], j = 0, 1, 2, . . . ,

1 ✐❢ x ∈ [1, e].

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✮ f ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s✱

✭✐✐✮ 1 ≤ f❧♦✇(λ) ≤ f✉♣(λ) = exp((log(λ))1/2) ❢♦r ❡✈❡r② λ > 1✱

✭✐✐✐✮ f ∈ ORV ❛♥❞ β(f) = µ(f) = ρ(f) = α(f) = 0✱

✭✐✈✮ ❚❤❡r❡ ❞♦ ♥♦t ❡①✐st A ≥ a ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s d, ξ : [A,∞) → R ✇✐t❤
limx→∞ ξ(x) = 0 s✉❝❤ t❤❛t

f(x) = exp

(
d(x) +

∫ x

A
ξ(u)

du

u

)
, x ≥ A.

❈♦♥s❡q✉❡♥t❧②✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✹✱ f ✐s ♥♦t RV ❛♥❞ ✐t ❞♦❡s ♥♦t ❡①✐sts g ∈ RV s✉❝❤ t❤❛t
✭✶✳✶✸✮ ❤♦❧❞s✳ ❘❡❣❛r❞✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✷✺ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✷✳✷✾ ✐t s❤♦✇s t❤❛t ♥❡✐t❤❡r β(f) ♥♦r
α(f) ✐s ✐♥ ❣❡♥❡r❛❧ ❛tt❛✐♥❛❜❧❡ ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳

❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ❝✐t❡❞ ♣r♦♣♦s✐t✐♦♥ ❢♦r t❤❡ ♣r♦♦❢✳

■♥ ❙❡❝t✐♦♥ ✷✳✶✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♦r❞❡rs✱ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥
✇✐t❤ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ❢♦r s❡q✉❡♥❝❡s ✐s st✉❞✐❡❞✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤✐s ✜♥❛❧ r❡s✉❧t✱ ❝♦♠♣❛r✐♥❣
t❤❡ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡✱ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝♦♥♥❡❝t t❤❡ ❛ss♦❝✐❛t❡❞
❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✷✳✶✳✹✮✳

❚❤❡♦r❡♠ ✶✳✷✳✸✹ ✭❬✶✸❪✱ ❚❤✳ ✷✳✻✳✶✱ ❈♦r♦✳ ✷✳✻✳✷✮✳ ▲❡t f : [X,∞) → (0,∞) ❜❡ ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡
❢✉♥❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ F (x) :=

∫ x
X f(t)/tdt✳ ❚❤❡♥✱

✭✐✮ ✐❢ α(f) <∞✱ t❤❡♥ lim supx→∞ f(x)/F (x) <∞✳

✭✐✐✮ ✐❢ β(f) > 0✱ t❤❡♥ lim infx→∞ f(x)/F (x) > 0✳

✭✐✐✐✮ ✇❡ ❤❛✈❡ t❤❛t α(F ) ≤ lim supx→∞ f(x)/F (x)✳

✭✐✈✮ ✇❡ ❤❛✈❡ t❤❛t β(F ) ≥ lim infx→∞ f(x)/F (x)✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t

0 < lim inf
x→∞

f(x)

F (x)
≤ lim sup

x→∞

f(x)

F (x)
<∞.

✐❢ ❛♥❞ ♦♥❧② ✐❢ α(f) <∞ ❛♥❞ β(f) > 0✳ ■♥ t❤✐s ❝❛s❡✱ α(F ) = α(f) ❛♥❞ β(F ) = β(f)✳

✶✳✷✳✹ ❘❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s

■♥ ✶✾✼✸✱ ❘✳ ❇♦❥❛♥✐➣ ❛♥❞ ❊✳ ❙❡♥❡t❛ ❬✶✻❪ s❤♦✇ t❤❛t✱ ✉♥❞❡r ❛ s✉✐t❛❜❧❡ ❛❞❛♣t❛t✐♦♥✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s t♦ t❤❡ ♦♥❡s ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s✳
❊✈❡♥ ✐❢ ❛❧❧ t❤❡ r❡s✉❧ts ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ❡①❝❡♣t t❤❡ ❧❛st ♦♥❡✱ ✇❡r❡ s❤♦✇♥ ❜② ❘✳ ❇♦❥❛♥✐➣ ❛♥❞
❊✳ ❙❡♥❡t❛✱ ✇❡ r❡❢❡r t♦ ❬✶✸❪ ❢♦r t❤❡ ♣r♦♦❢s✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱
t❤✐s ♥♦t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤♦s❡ s❡q✉❡♥❝❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛tt❛❝❤❡❞ t♦ ❛ ♣r♦①✐♠❛t❡
♦r❞❡r✳ ❚❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠ = (mp−1)p∈N
♦❢ M✱ t❤❡♥ t❤❡ ♥♦t❛t✐♦♥ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥
❘❡♠❛r❦ ✶✳✶✳✸✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✺✳ ❆ s❡q✉❡♥❝❡ a = (ap)p∈N ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✐s s❛✐❞ t♦ ❜❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣

✐❢
lim
p→∞

a⌊λp⌋

ap
= g(λ) ∈ (0,∞), ✭✶✳✶✹✮

❢♦r ❡✈❡r② λ ∈ (0,∞)✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤❡♦r❡♠ ✶✳✷✳✸✻ ✭❬✶✸❪✱ ❚❤✳ ✶✳✾✳✺✱ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✮✳
▲❡t a = (ap)p∈N ❜❡ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ρ ∈ R

s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ g(λ) ✐♥ ✭✶✳✶✹✮ ✐s ❡q✉❛❧ t♦ λρ✳
■♥ t❤✐s ❝❛s❡✱ ρ ✐s ❝❛❧❧❡❞ t❤❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ a✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ♠❛❦❡s ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ❛❜♦✉t t❤❡ t❤❡♦r② ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣
❢✉♥❝t✐♦♥s t♦ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✳

❚❤❡♦r❡♠ ✶✳✷✳✸✼ ✭❬✶✸❪✱ ❚❤✳ ✶✳✾✳✺✮✳ ▲❡t a = (ap)p∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡
s❡q✉❡♥❝❡ a ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢✉♥❝t✐♦♥ fa(x) = a⌊x⌋ ❢♦r x ≥ 1 ✐s r❡❣✉❧❛r❧②
✈❛r②✐♥❣✳

❋r♦♠ t❤✐s ❡♠❜❡❞❞✐♥❣ r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧✐♠✐t ✐♥ ✭✶✳✶✹✮ ✐s ✉♥✐❢♦r♠
✐♥ t❤❡ ❝♦♠♣❛❝t s❡ts ♦❢ (0,∞) ❛♥❞ ✇❡ s❡❡ t❤❛t r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ❛❧s♦ ❛❞♠✐t ❛ ✈❡r②
❝♦♥✈❡♥✐❡♥t r❡♣r❡s❡♥t❛t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✷✳✸✽ ✭❬✶✸❪✱ ❚❤✳ ✶✳✾✳✼✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✮✳
▲❡t a = (ap)p∈N ❜❡ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ♦❢ ✐♥❞❡① ρ✳ ❚❤❡r❡ ❡①✐st
s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs (cp)p∈N ❛♥❞ (ηp)p∈N✱ ❝♦♥✈❡r❣✐♥❣ t♦ c ∈ R ❛♥❞ ρ✱ r❡s♣❡❝t✐✈❡❧②✱ s✉❝❤
t❤❛t

ap = exp


cp +

p∑

j=1

ηj
j


 , p ∈ N.

❈♦♥✈❡rs❡❧②✱ s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ s❡q✉❡♥❝❡ (ap)p∈N ✐♠♣❧✐❡s t❤❛t ✐t ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢
✐♥❞❡① ρ✳

❆s ✐t ❤❛♣♣❡♥s ❢♦r ❢✉♥❝t✐♦♥s✱ t❤✐s ♥♦t✐♦♥ ✐s st❛❜❧❡ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✳

❘❡♠❛r❦ ✶✳✷✳✸✾✳ ▲❡t a = (ap)p∈N ❛♥❞ b = (bp)p∈N ❜❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❆ss✉♠❡
t❤❛t a ❛♥❞ b ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡ ✱ t❤❛t ✐s✱

lim
p→∞

ap
bp

= 1,

✇❡ ✇r✐t❡ a ∼ b✳ ■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t a ✐s ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡① ρ ✐❢ ❛♥❞ ♦♥❧②
✐❢ b ❛❧s♦ ✐s✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✐❢ a ∼ b✱ t❤❡♥ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t c−1bp ≤ ap ≤ cbp ❢♦r
❡✈❡r② p ∈ N✱ t❤❛t ✐s✱ a ≃ b✳

■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❢♦r p ∈ N0✳ ❆s ✐t ✐s s❤♦✇♥ ❜❡❧♦✇✱
t❤❡r❡ ✐s ♥♦ ♣r♦❜❧❡♠ ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ s✐♥❝❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s st❛❜❧❡ ❢♦r ✐♥❞❡① s❤✐❢ts✳

▲❡♠♠❛ ✶✳✷✳✹✵ ✭❬✶✸❪✱ ▲❡♠♠❛ ✶✳✾✳✻✳✮✳ ■❢ a = (ap)p∈N ✐s ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡✱ t❤❡♥

lim
p→∞

ap+1/ap = 1.

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ s❡q✉❡♥❝❡ a ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❤✐❢t❡❞ s❡q✉❡♥❝❡
sa := (sp = ap+1)p∈N ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ρ✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ✐s t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✺✳ ❲❡ ❝♦♥str✉❝t ❛ ❵s♠♦♦t❤✬
s❡q✉❡♥❝❡ b = (bp)p∈N ❢r♦♠ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ a = (ap)p∈N✱ ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥
limx→∞ xf

′(x)/f(x) = ρ ✐s r❡♣❧❛❝❡❞ ❜②

lim
p→∞

p(bp+1 − bp)

bp
= ρ.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✶✳✷✳ ❘❊●❯▲❆❘ ❱❆❘■❆❚■❖◆✱ ❖✲❘❊●❯▲❆❘ ❱❆❘■❆❚■❖◆ ❆◆❉ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙ ✹✾

❚❤❡♦r❡♠ ✶✳✷✳✹✶ ✭❬✶✸❪✱ ❚❤✳ ✶✳✾✳✽✮✳ ▲❡t ρ ∈ R ❜❡ ❣✐✈❡♥✳ ❆ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs
a = (ap)p∈N ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇✐t❤ ✐♥❞❡① ρ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧
♥✉♠❜❡rs b = (bp)p∈N s✉❝❤ t❤❛t

✭✐✮ limp→∞ bp/ap = 1✱ ✐✳❡✳✱ a ∼ b✳

✭✐✐✮
bp+1

bp
= 1 +

ω

p
+ o

(
1

p

)
❛s p→ ∞, ✭✶✳✶✺✮

❛♥❞ ✇❡ ❦♥♦✇ ❜② ❘❡♠❛r❦ ✶✳✷✳✸✾ t❤❛t b ✐s ❛❧s♦ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡① ρ✳

❊①❛♠♣❧❡ ✷✳✷✳✷✶ ❛t t❤❡ ❡♥❞ ♦❢ ❈❤❛♣t❡r ✷ s❤♦✇s t❤❛t ✭✶✳✶✺✮ ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ❣❡♥❡r❛❧ ❢♦r r❡❣✉❧❛r❧②
✈❛r②✐♥❣ s❡q✉❡♥❝❡s✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t t❤❡ t❤❡♦r② ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ❜❡❝♦♠❡s ♠✉❝❤
s✐♠♣❧❡r ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs ♦♥❧② ♠♦♥♦t♦♥❡ s❡q✉❡♥❝❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦❢ ▲✳ ❞❡ ❍❛❛♥ ❬✸✸❪
s❤♦✇s t❤❛t ✐❢ ✇❡ ❤❛✈❡ ♠♦♥♦t♦♥✐❝✐t②✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ ✭✶✳✶✹✮ ❢♦r t✇♦ s✉✐t❛❜❧❡ ✐♥t❡❣❡r ✈❛❧✉❡s
♦❢ λ✳

❚❤❡♦r❡♠ ✶✳✷✳✹✷ ✭❬✸✸❪✱ ❚❤✳ ✶✳✶✳✷✮✳ ❆ ♠♦♥♦t♦♥❡ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs (ap)p∈N0 ✐s
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ℓ1, ℓ2 ≥ 2 ✇✐t❤ log(ℓ1)/ log(ℓ2) ✐rr❛t✐♦♥❛❧ s✉❝❤
t❤❛t ❢♦r s♦♠❡ r❡❛❧ ♥✉♠❜❡r ρ✱

lim
p→∞

aℓjp

ap
= ℓρj , j = 1, 2.

❚❤✐s ♣r♦♣❡rt② ✐s ♥♦t tr✉❡ ✐❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❤②♣♦t❤❡s✐s ✐s r❡♠♦✈❡❞ ❛s ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❜②
❏✳ ●❛❧❛♠❜♦s ❛♥❞ ❊✳ ❙❡♥❡t❛ ❬✸✵❪✳ ❆s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ t❤✐s ✐s s♣❡❝✐❛❧❧② ✉s❡❢✉❧ ✇❤❡♥
❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ q✉♦t✐❡♥t s❡q✉❡♥❝❡ ♠ ♦❢ ❛ ✭❧❝✮ s❡q✉❡♥❝❡ M✳

✶✳✷✳✺ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s

❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r s❡q✉❡♥❝❡s ✇❛s st❛t❡❞ ❜② ❙✳ ❆❧❥❛♥↔✐➣ ❬✷❪
❛♥❞ ❞❡t❛✐❧❡❞ ❜② ❉✳ ❉❥✉r↔✐➣ ❛♥❞ ❱✳ ❇♦➸✐♥ ❬✷✺❪ ✐♥ ✶✾✾✼✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛s✐❝ ❡❧❡♠❡♥ts ♦❢ t❤✐s
❝♦♥❝❡♣t t❤❛t ✇✐❧❧ ❜❡ r❡q✉✐r❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ❋♦r t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ❣✐✈❡♥ ✐♥ ❘❡♠❛r❦ ✶✳✷✳✷✶ ❤❛s ❜❡❡♥ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✹✸✳ ❆ s❡q✉❡♥❝❡ a = (ap)p∈N ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✐s s❛✐❞ t♦ ❜❡ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣

✐❢
lim sup
p→∞

a⌊λp⌋

ap
<∞,

❢♦r ❡✈❡r② λ ∈ (0,∞)✳

◆♦t❡ t❤❛t ✐❢ a = (ap)p∈N ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ t❤❡♥ ✐t ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳ ❆s ❢♦r r❡❣✉❧❛r
✈❛r✐❛t✐♦♥✱ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ❛r❡ ❡♠❜❡❞❞❛❜❧❡ ❛s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ st❡♣ ❢✉♥❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✷✳✹✹ ✭❬✷✺❪✱ ❚❤✳ ✶✮✳ ▲❡t a = (ap)p∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡ s❡q✉❡♥❝❡
a ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢✉♥❝t✐♦♥ fa(x) = a⌊x⌋ ❢♦r x ≥ 1 ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

❋r♦♠ t❤✐s r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❯♥✐❢♦r♠ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✶✳✷✳✹✺ ✭❬✷✺❪✱ ❚❤✳ ✷✱ ❯♥✐❢♦r♠ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ❢♦r ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✮✳
▲❡t a = (ap)p∈N ❜❡ ❛♥ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❛♥❞ a, b ∈ (0,∞) ✇✐t❤
a ≤ b✳ ❚❤❡♥

lim sup
p→∞

sup
λ∈[a,b]

a⌊λp⌋

ap
<∞.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤❡♦r❡♠ ✶✳✷✳✹✻ ✭❬✷✺❪✱ ❚❤✳ ✸✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✮✳ ▲❡t
a = (ap)p∈N ❜❡ ❛♥ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❜♦✉♥❞❡❞
s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs (dp)p∈N ❛♥❞ (ξp)p∈N s✉❝❤ t❤❛t

ap = exp


dp +

p∑

j=1

ξj
j


 , p ∈ N.

❈♦♥✈❡rs❡❧②✱ s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ s❡q✉❡♥❝❡ (ap)p∈N ✐♠♣❧✐❡s t❤❛t ✐t ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

■♥ ❙❡❝t✐♦♥ ✷✳✶✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❛♥❞ ❖❘❱ s❡q✉❡♥❝❡s ✐s ❡st❛❜❧✐s❤❡❞✳ ■♥
t❤❛t ❝♦♥t❡①t✱ t❤✐s ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✇✐❧❧ ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♣❛t❤♦❧♦❣✐❝❛❧
❡①❛♠♣❧❡s ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✻✮✳

❖♥❡ ♠❛② ♥♦t✐❝❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r s❡q✉❡♥❝❡s ✉♥❞❡r ≃✳

❘❡♠❛r❦ ✶✳✷✳✹✼✳ ▲❡t a = (ap)p∈N ❛♥❞ b = (bp)p∈N ❜❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✇✐t❤ a ≃ b✳
■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t a ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ b ❛❧s♦ ✐s✳

❋✐♥❛❧❧②✱ ✐t ♥❛t✉r❛❧❧② ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ❛❜♦✉t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ▼❛t✉s③❡✇s❦❛
✐♥❞✐❝❡s ❛♥❞ t❤❡ ♦r❞❡rs ❢♦r s❡q✉❡♥❝❡s✳ ❚❤✐s q✉❡st✐♦♥ ✇❛s ♥♦t ♣♦s❡❞ ❜② ❉✳ ❉❥✉r↔✐➣ ❛♥❞ ❱✳ ❇♦➸✐♥
❛♥❞ ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ ❙✉❜s❡❝t✐♦♥ ✷✳✶✳✷✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✺✶

❈❤❛♣t❡r ✷

▲♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡s✱

❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ♥♦♥③❡r♦

♣r♦①✐♠❛t❡ ♦r❞❡rs

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛♥❞
t❤❡ ♥♦t✐♦♥s ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs✱ r❡❣✉❧❛r ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥✱ ✐t ✇✐❧❧ ❜❡
s❤♦✇♥ t❤❛t t❤❡ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ❛♥❞ ✐♥❞✐❝❡s ♦❢ ❙❡❝t✐♦♥ ✶✳✶ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ✉♣♣❡r
❛♥❞ ❧♦✇❡r ♦r❞❡rs ❛♥❞ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ r❡str✐❝t t♦ t❤❡
st✉❞② ♦❢ t❤♦s❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇❤✐❝❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛ss♦❝✐❛t❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤✱
❝❤❛r❛❝t❡r✐③✐♥❣ t❤✐s ❝r✉❝✐❛❧ ♣♦✐♥t ❢♦r t❤❡ s✉❝❝❡ss ✐♥ ♣✉tt✐♥❣ ❢♦r✇❛r❞ ❛ s❛t✐s❢❛❝t♦r② s✉♠♠❛❜✐❧✐t②
t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t✳

✷✳✶ ▲♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡s ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥

❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❜❡❧♦✇ r❡✈♦❧✈❡ ❛r♦✉♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ❋✐rst✱ ❜❛s✐❝ ♣r♦♣✲
❡rt✐❡s ♦❢ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ t❡r♠s ♦❢ ❛❧♠♦st ♠♦♥♦✲
t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ❢r♦♠ ✇❤✐❝❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s ✐♥❢❡rr❡❞✳ ❙✐♠✉❧t❛♥❡✲
♦✉s❧② ✐♥ t❤❡ s❡❝♦♥❞ s✉❜s❡❝t✐♦♥✱ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✱ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♦r❞❡rs ❢♦r s❡q✉❡♥❝❡s ❛r❡
❢♦r♠❛❧✐③❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ s♦♠❡ ❞✐st✐♥❝t✐✈❡ ❢❡❛t✉r❡s✳ ■♥ t❤✐r❞ ♣❧❛❝❡✱ t❤❡ ✐♥❣r❡❞✐❡♥ts
♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s ✇✐❧❧ ❜❡ ❝♦♠❜✐♥❡❞✱ st❛t✐♥❣ t❤✐s ✇❛② q✉❛❧✐t❛t✐✈❡ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ✐♥
t❡r♠s ♦❢ q✉❛♥t✐t❛t✐✈❡ ✈❛❧✉❡s✱ ♦r❞❡rs ❛♥❞ ✐♥❞✐❝❡s✱ ✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ✭✐♥❞❡♣❡♥❞❡♥t❧② ❞❡✜♥❡❞✮
✐♥❞✐❝❡s γ(M) ❛♥❞ ω(M) ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✶✳✶✳✹✮✱ ♠❡❛s✉r✐♥❣ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ r❡❣✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡
❇♦r❡❧ ♠❛♣ ✐s s✉r❥❡❝t✐✈❡ ♦r ✐♥❥❡❝t✐✈❡✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❈❤❛♣t❡r ✸✮✳ ■♥ s✉❜s❡❝t✐♦♥ ❢♦✉r✱ t❤❡ ✐♥t❡r❛❝✲
t✐♦♥ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ❝♦♥❝❡♣ts ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM✱ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✶✳✶✳✸✱
✐s ✐❧❧✉str❛t❡❞✳ ❋✐♥❛❧❧②✱ ❞✉❛❧ ❛♥❞ ❜✐❞✉❛❧ s❡q✉❡♥❝❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❣✐✈✐♥❣ ❛ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥
❢♦r s♦♠❡ ♦♣❡♥ q✉❡st✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❡ss❡♥❝❡ ♦❢ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs✳

✷✳✶✳✶ ❙tr♦♥❣❧② ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❛♥❞ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s

❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ♣r✐♠❛r✐❧② ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✭s♥q✮ ❛♥❞ ✭♠❣✮ ❝♦♥❞✐t✐♦♥s✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s
♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ♠❡r❣✐♥❣ s❧✐❣❤t❧② ✐♠♣r♦✈❡❞ ✈❡rs✐♦♥s ♦❢ s♦♠❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts
❧❡❛❞✐♥❣✱ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s✉❜s❡❝t✐♦♥s✱ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱
✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ❝♦♥❝❡♣ts ❢♦r s❡q✉❡♥❝❡s✱ ❛♥❛❧♦❣♦✉s
t♦ t❤❡ ♦♥❡s ❢♦r ❢✉♥❝t✐♦♥s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✼✮✳
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❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ▲❡t a = (ap)p∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❲❡ s❛② t❤❛t a ✐s ❛❧♠♦st

✐♥❝r❡❛s✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t

ap ≤Maq, ❢♦r ❛❧❧ p, q ∈ N ✇✐t❤ q ≥ p ≥ 1,

❛♥❞ a ✐s s❛✐❞ t♦ ❜❡ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts m > 0 s✉❝❤ t❤❛t

ap ≥ maq, ❢♦r ❛❧❧ p, q ∈ N ✇✐t❤ q ≥ p ≥ 1.

❲❡ ❞✐r❡❝t❧② s❡❡ t❤❛t ✐❢ a = (ap)p∈N ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ♥♦♥✐♥❝r❡❛s✐♥❣✮ t❤❡♥ ✐t ✐s ❛❧♠♦st
✐♥❝r❡❛s✐♥❣ ✭r❡s♣✳ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✮ ✇✐t❤ M = 1 ✭r❡s♣✳ m = 1✮✳ ■t ✐s ❛❧s♦ ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t
t❤❡s❡ ♥♦t✐♦♥s ❛r❡ st❛❜❧❡ ❢♦r ≃✳

❚❤❡ ✜rst r❡s✉❧t ❝❤❛r❛❝t❡r✐③❡s ✭s♥q✮ ♣r♦♣❡rt② ✐♥ ✜✈❡ ❞✐✛❡r❡♥t ❢♦r♠s✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♠✲
❜✐♥❛t✐♦♥ ♦❢ r❡s✉❧ts ♦❢ ❘✳ ▼❡✐s❡ ❛♥❞ ❇✳ ❆✳ ❚❛②❧♦r ❬✼✺✱ Pr♦♣✳ ✶✳✸❪✱ ❑✳ ◆✳ ❇❛r✐ ❛♥❞ ❙✳ ❇✳ ❙t❡↔❦✐♥ ❬✶✷✱
▲❡♠♠❛ ✷❪✱ ❍✳✲❏✳ P❡ts③❝❤❡ ❬✼✼✱ Pr♦♣✳ ✶✳✶✱ ❈♦r♦✳ ✶✳✸✳✭❛✮❪ ❛♥❞ ❙✳ ❚✐❦❤♦♥♦✈ ❬✾✾✱ ▲❡♠♠❛ ✹✳✺❪✳ ❚❤❡
♣r♦♦❢ ✐s ✐♥❝❧✉❞❡❞ ❜❡❝❛✉s❡ s♦♠❡ ✐♠♣❧✐❝❛t✐♦♥s ❛r❡ ♥♦t ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡✐r t❤❡♦r❡♠s✱ ❢♦r
✐♥st❛♥❝❡ s♦♠❡ ♦❢ t❤❡♠ ✇❡r❡ ♣r♦✈❡❞ ❢♦r ❢✉♥❝t✐♦♥s ❛♥❞ ✐♥ ♦t❤❡rs ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ s❡q✉❡♥❝❡
M ✐s ✭❧❝✮✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r②✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ M̂✱ ❣✐✈❡♥ ❜② M̂p := p!Mp✱
p ∈ N0✱ ✐s ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ t❤❡ s❡q✉❡♥❝❡ M s❛t✐s✜❡s ✭s♥q✮✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts B > 0 s✉❝❤ t❤❛t

∞∑

ℓ=p

1

(ℓ+ 1)mℓ
≤ B

mp
, p ∈ N0,

✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡ H s✉❝❤ t❤❛t ❤ ≃ ♠ ❛♥❞

inf
p≥1

h2p
hp

> 1,

✭✐✐✐✮ ✇❡ ❤❛✈❡ t❤❛t lim
k→∞

lim inf
p→∞

mkp

mp
= ∞,

✭✐✈✮ t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t

lim inf
p→∞

mkp

mp
> 1, ✭✷✳✶✮

✭✈✮ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t (mp/p
ε)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✱

✭✈✐✮ ❢♦r ❡✈❡r② θ ∈ (0, 1) t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N ✇❡ ❤❛✈❡ t❤❛t
mp ≤ θmkp✳

Pr♦♦❢✳ ✭✐✮⇒✭✐✐✮ ❋♦r ❡✈❡r② p ∈ N0✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡

tp :=
1

mp
+
∑

ℓ≥p

1

(ℓ+ 1)mℓ
.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✷✳✶✳ ▲❖●✲❈❖◆❱❊❳ ❙❊◗❯❊◆❈❊❙ ❆◆❉ ❖✲❘❊●❯▲❆❘ ❱❆❘■❆❚■❖◆ ✺✸

❙✐♥❝❡ ♠̂ = (m̂p = (p+ 1)mp)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭s❡❡ ▲❡♠♠❛ ✶✳✶✳✼✳✭✐✮✮✱ t❤❡ s❡q✉❡♥❝❡ (tp)p∈N0

✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ❜❡❝❛✉s❡

tp =
1

mp
+

1

(p+ 1)mp
+

∞∑

ℓ=p+1

1

(ℓ+ 1)mℓ
=
p+ 2

m̂p
+

∞∑

ℓ=p+1

1

(ℓ+ 1)mℓ

≥ p+ 2

m̂p+1
+

∞∑

ℓ=p+1

1

(ℓ+ 1)mℓ
= tp+1, ❢♦r ❛❧❧ p ∈ N0.

❯s✐♥❣ t❤❛t M s❛t✐s✜❡s ✭✐✮✱ ✐✳❡✳✱ ✭s♥q✮✱ ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ♦❜s❡r✈❡ t❤❛t

mptp = 1 +mp

∞∑

ℓ=p

1

(ℓ+ 1)mℓ
≤ 1 +B,

mptp = 1 +mp

∞∑

ℓ=p

1

(ℓ+ 1)mℓ
≥ 1 + 0.

❍❡♥❝❡ t❤❡r❡ ❡①✐sts C := 1 + B > 1 s✉❝❤ t❤❛t C−1mp ≤ (tp)
−1 ≤ mp ❢♦r ❡❛❝❤ p ∈ N0 ❛♥❞ ✇❡

❞❡✜♥❡ bp := 1/tp ❢♦r ❡✈❡r② p ∈ N0✳ ❲✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s ✐♥ ❘❡♠❛r❦ ✶✳✶✳✸✱ ✇❡ ❤❛✈❡ t❤❛t b ≃♠✱
t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✽✱ B s❛t✐s✜❡s ✭s♥q✮ ❛♥❞✱ s✐♥❝❡ (tp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇❡ ❤❛✈❡ t❤❛t
B ✐s ✭❧❝✮✳ ❋♦r ❡✈❡r② p ∈ N0✱ ✇❡ ❝♦♥s✐❞❡r

sp :=
1

bp
+
∞∑

ℓ=p

1

(ℓ+ 1)bℓ
.

❙✐♥❝❡ B ✐s ✭❧❝✮✱ ✇❡ ❤❛✈❡ t❤❛t b̂ = (̂bp := (p + 1)bp)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❛s ❛❜♦✈❡✱ ✇❡ s❡❡
t❤❛t (sp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✳ ❲❡ ❞❡✜♥❡ hp := 1/sp ❢♦r ❡✈❡r② p ∈ N0✱ t❤❡♥ H ✐s ✭❧❝✮✳ ❙✐♥❝❡ B

s❛t✐s✜❡s ✭s♥q✮✱ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✱ ✇❡ s❡❡ t❤❛t h ≃ b ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ h ≃ ♠✳ ▼♦r❡♦✈❡r✱
s✐♥❝❡ b ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❡✈❡r② p ∈ N ✇❡ ♦❜s❡r✈❡ t❤❛t

h2p
hp

=
1/s2p
1/sp

=
(1/bp) +

∑
ℓ≥p(1/(ℓ+ 1)bℓ)

(1/b2p) +
∑

ℓ≥2p(1/(ℓ+ 1)bℓ)
≥ 1 +

∑2p−1
ℓ=p (1/(ℓ+ 1)bℓ)

(1/b2p) +
∑

ℓ≥2p(1/(ℓ+ 1)bℓ)
.

❆♣♣❧②✐♥❣ ❛❣❛✐♥ t❤❛t b ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❡✈❡r② p ∈ N ✇❡ s❡❡ t❤❛t

h2p
hp

≥ 1 +
p/(2pb2p)

s2p
= 1 +

1

2b2ps2p
.

❙✐♥❝❡ B s❛t✐s✜❡s ✭s♥q✮✱ ❛s ✇❡ ♣r❡✈✐♦✉s❧② ❞✐❞✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts D > 0 s✉❝❤ t❤❛t ❢♦r
❡✈❡r② p ∈ N ✇❡ ❤❛✈❡ bpsp ≤ D ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

h2p
hp

≥ 1 +
1

2D
.

✭✐✐✮⇒✭✐✐✐✮ ❋✐rst ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

lim
k→∞

lim inf
p→∞

hkp
hp

= ∞. ✭✷✳✷✮

❇② ✭✐✐✮✱ t❤❡r❡ ❡①✐sts γ > 1 s✉❝❤ t❤❛t h2p/hp > γ ❢♦r ❛❧❧ p ∈ N ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t h2np/hp > γn

❢♦r ❡✈❡r② p, n ∈ N✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② n ∈ N ✇❡ ❤❛✈❡ t❤❛t

lim inf
p→∞

h2np
hp

≥ γn.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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●✐✈❡♥ M > 0✱ t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t γn0 > M ✳ ❯s✐♥❣ t❤❛t H ✐s ✭❧❝✮ ✭❜② ✭✐✐✮✮✱ ❢♦r ❡✈❡r②
k ≥ 2n0 ✇❡ s❡❡ t❤❛t hkp ≥ h2n0p ❢♦r ❡✈❡r② p ∈ N ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

lim inf
p→∞

hkp
hp

≥ lim inf
p→∞

h2n0p

hp
≥ γn0 > M,

✐✳❡✳✱ ✭✷✳✷✮ ✐s ✈❛❧✐❞✳ ❇② ✭✐✐✮✱ ❤ ≃ ♠✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts c > 1 s✉❝❤ t❤❛t c−1hp ≤ mp ≤ chp ❢♦r
❡✈❡r② p ∈ N0✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② k, p ∈ N ✇❡ ❤❛✈❡ t❤❛t

hkp
c2 hp

≤ mkp

mp
.

❙✐♥❝❡ ✭✷✳✷✮ ❤♦❧❞s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

lim
k→∞

lim inf
p→∞

mkp

mp
= ∞.

✭✐✐✐✮⇒✭✐✈✮ ■♠♠❡❞✐❛t❡✳
✭✐✈✮⇒✭✈✮ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✐✈✮ t❤❛t t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t

lim inf
p→∞

mkp/mp > kε.

❚❤❡♥✱ t❤❡r❡ ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t mkp/k
ε > mp ❢♦r ❡✈❡r② p ≥ p0✳ ❋♦r ❡✈❡r② q, ℓ ∈ N ✇✐t❤

q ≥ ℓ ≥ p0 t❤❡r❡ ❡①✐sts n ∈ N0 s✉❝❤ t❤❛t knℓ ≤ q < kn+1ℓ✱ s♦ ✇❡ ❤❛✈❡ t❤❛t

mℓ

ℓε
≤ mkℓ

(kℓ)ε
≤ mknℓ

(knℓ)ε
.

❙✐♥❝❡ ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r q ≥ ℓ ≥ p0 ✇✐t❤ knℓ ≤ q < kn+1ℓ ✇❡ ❞❡❞✉❝❡ t❤❛t

mℓ

ℓε
≤ mknℓ

(knℓ)ε
≤ (q + 1)mq

(knℓ+ 1)(knℓ)ε
=
mq

qε
(q + 1)qε

(knℓ+ 1)(knℓ)ε
≤ mq

qε
kεk.

❲❡ ❞❡♥♦t❡ ❜②

A := max
1≤ℓ≤q≤p0

mℓ

mq

qε

ℓε
> 1, C := Akεk.

■❢ q ≥ ℓ ≥ p0 ♦r ✐❢ ℓ ≤ q ≤ p0✱ ✇❡ s❡❡ t❤❛t mℓq
ε ≤ Cmqℓ

ε✱ ❛♥❞ ✐❢ ℓ ≤ p0 ≤ q ✇❡ ♦❜s❡r✈❡ t❤❛t

mℓ

ℓε
≤ A

mp0

pε0
≤ C

mq

qε
,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (mp/p
ε)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✳

✭✈✮⇒✭✈✐✮ ❙✐♥❝❡ (mp/p
ε)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✱ t❤❡r❡ ❡①✐sts C > 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② q, p ∈ N

✇✐t❤ q ≥ p ✇❡ ❤❛✈❡ t❤❛t
mp

pε
≤ C

mq

qε
.

❲❡ ✜① θ ∈ (0, 1)✱ ✇❡ t❛❦❡ k ∈ N s✉❝❤ t❤❛t k > (C/θ)1/ε ✇✐t❤ k ≥ 2 ❛♥❞ ❢♦r ❡✈❡r② p ∈ N ✇❡ ❤❛✈❡
t❤❛t

mp ≤ C
mkp

kε
< θmkp.

✭✈✐✮⇒ ✭✐✮ ❋♦r θ = 1/2 t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t 2mp ≤ mkp ❢♦r ❡✈❡r② n, p ∈ N ✇❡
❞❡❞✉❝❡ t❤❛t

2nmp ≤ mknp. ✭✷✳✸✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❙✐♥❝❡ ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❡✈❡r② p ∈ N ✇❡ ❤❛✈❡ t❤❛t

∞∑

ℓ=p

1

(ℓ+ 1)mℓ
=
∞∑

n=0

kn+1p−1∑

ℓ=knp

1

(ℓ+ 1)mℓ
≤
∞∑

n=0

knp(k − 1)

(knp+ 1)mknp
≤ (k − 1)

∞∑

n=0

1

mknp
.

❆♣♣❧②✐♥❣ ✭✷✳✸✮✱ ❢♦r ❛❧❧ p ∈ N ✇❡ ❞❡❞✉❝❡ t❤❛t
∞∑

ℓ=p

1

(ℓ+ 1)mℓ
≤ k − 1

mp

∞∑

n=0

1

2n
=

2(k − 1)

mp
.

■t ♦♥❧② r❡♠❛✐♥s t❤❡ ❝❛s❡ p = 0✱ ❜② t❛❦✐♥❣ B = max(2(k−1), 1+2(k−1)m0/m1)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
∞∑

ℓ=p

1

(ℓ+ 1)mℓ
≤ B

mp

❢♦r ❡✈❡r② p ∈ N0✳ �

■❢ M ✐s ✭❧❝✮✱ M̂ = (p!Mp)p∈N0 ✐s ❛❧s♦ ✭❧❝✮✳ ❍♦✇❡✈❡r✱ t❤❡ ♦♣♣♦s✐t❡ ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡
✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❛r❡ ❢r❡q✉❡♥t❧② ❞❡✜♥❡❞ ♦♥❧② ❛ss✉♠✐♥❣ t❤❛t M̂ ✐s ✭❧❝✮✱ ❢♦r
❢✉rt❤❡r ❞❡t❛✐❧s s❡❡ ❘❡♠❛r❦ ✸✳✶✳✶✶✳ ❚❤✐s ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥ ❢♦r M ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛❧♦♥❣ t❤✐s
❞✐ss❡rt❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❜r✐♥❣ ♦✉r r❡s✉❧ts ❛♥❞ t❤❡ ♦♥❡s ✐♥ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s❡tt✐♥❣
t♦❣❡t❤❡r✳

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✳✶✳✾✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✭♠❣✮ ❝♦♥❞✐t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡
s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ ❛ s❡q✉❡♥❝❡ M s✉❝❤ t❤❛t M̂ ✐s ✭❧❝✮✳

▲❡♠♠❛ ✷✳✶✳✸✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ M̂ ✐s ✭❧❝✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ❤❛s ✭♠❣✮✱

✭✐✐✮ sup
p∈N0

m2p

mp
<∞,

✭✐✐✐✮ t❤❡r❡ ❡①✐sts γ > 0 ❛♥❞ k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t

lim sup
p→∞

mkp

mp
< kγ . ✭✷✳✹✮

Pr♦♦❢✳ ✭✐✮⇒✭✐✐✮ ❙✐♥❝❡ M ❤❛s ✭♠❣✮ ❛♥❞ (p+ q)! ≤ 2p+qp!q! ❢♦r ❛❧❧ p, q ∈ N0 ✇❡ ♦❜s❡r✈❡ t❤❛t

M̂p+q = (p+ q)!Mp+q ≤ 2p+qp!q!Ap+qMpMq = (2A)p+qM̂qM̂p,

t❤❛t ✐s✱ M̂ ❛❧s♦ ✐s ✭♠❣✮✳ ❯s✐♥❣ t❤❛t M̂ ✐s ✭❧❝✮ ❛♥❞ ▲❡♠♠❛ ✶✳✶✳✾✱ ✇❡ ♦❜t❛✐♥ t❤❛t supp∈N0
m̂2p/m̂p

✐s ✜♥✐t❡ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

sup
p∈N0

m2p

mp
= sup

p∈N0

m̂2p

m̂p

p+ 1

2p+ 1
≤ sup

p∈N0

m̂2p

m̂p
<∞.

✭✐✐✮⇒✭✐✐✐✮ ■♠♠❡❞✐❛t❡✱ t❛❦✐♥❣ k = 2 ❛♥❞ γ > log(supp∈N0
(m2p/mp))/ log(2)✳

✭✐✐✐✮⇒✭✐✮ ❋r♦♠ ✭✐✐✐✮✱ ✐t ❢♦❧❧♦✇s t❤❛t supp∈N0
(mkp/mp) ✐s ✜♥✐t❡✳ ❙✐♥❝❡ M̂ ✐s ✭❧❝✮✱ ✇❡ s❡❡ t❤❛t

sup
p∈N0

m̂2p

m̂p
≤ sup

p∈N0

m̂kp

m̂p
= sup

p∈N0

mkp

mp

kp+ 1

p+ 1
<∞.

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✶✳✶✳✾ t♦ t❤❡ ✭❧❝✮ s❡q✉❡♥❝❡ M̂ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t M̂ ❤❛s ✭♠❣✮✳ ❙✐♥❝❡
(p+ q)! ≥ p!q! ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t M ❤❛s ❛❧s♦ ✭♠❣✮✳

�

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ✐♥ ❑✳ ◆✳ ❇❛r✐ ❛♥❞ ❙✳ ❇✳ ❙t❡↔❦✐♥ ❬✶✷✱ ▲❡♠♠❛ ✸❪✱ ✇❡ ❝❛♥ ❣✐✈❡ ✜✈❡ ❡q✉✐✈❛❧❡♥t
❝♦♥❞✐t✐♦♥s✱ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦♥❡s ❢♦r ✭s♥q✮ t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛st ❧❡♠♠❛ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮✱
❛r❡ t✐❣❤t❧② ❝♦♥♥❡❝t❡❞ t♦ ✭♠❣✮✳ ❚❤❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ −1 ❛♣♣❡❛rs ❜❡❝❛✉s❡ M̂ ✐s ✭❧❝✮✱ ✉♥❞❡r ✇❡❛❦❡r
❝♦♥❞✐t✐♦♥s ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ t❤✐s r❡s✉❧t ♠✐❣❤t ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡
❛✉①✐❧✐❛r② ▲❡♠♠❛ ✷✳✶✳✷✶ t❤❛t ❡①t❡♥❞s Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ M̂ ✐s ✭❧❝✮✳ ❋♦r ❡✈❡r② γ > −1✱
t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ t❤❡r❡ ❡①✐sts B > 0 s✉❝❤ t❤❛t

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
≤ B(p+ 1)γ

mp
❢♦r ❛❧❧ p ∈ N0,

✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ H s✉❝❤ t❤❛t ((p+ 1)−γhp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✱ ❤ ≃ ♠ ❛♥❞

sup
p≥1

h2p
hp

< 2γ , ✭✷✳✺✮

✭✐✐✐✮ ✇❡ ❤❛✈❡ t❤❛t lim
k→∞

lim sup
p→∞

mkp

kγmp
= 0,

✭✐✈✮ t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t

lim sup
p→∞

mkp

mp
< kγ ,

✭✈✮ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t (mp/p
γ−ε)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✱

✭✈✐✮ ❋♦r ❡✈❡r② θ ∈ (0, 1) t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N ✇❡ ❤❛✈❡ t❤❛t
mkp < θkγ mp✳

Pr♦♦❢✳ ✭✐✮⇒✭✐✐✮ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② s❡q✉❡♥❝❡ (αp)p∈N0 ❣✐✈❡♥ ❜②

αp :=
(p+ 2)γ+1 − (p+ 1)γ+1

(p+ 2)γ
, p ∈ N0.

❲❡ ♦❜s❡r✈❡ t❤❛t limp→∞ αp = γ + 1 > 0✱ ✇❡ t❛❦❡ D > max(2γ+1(γ + 1)/(2γ+1 − 1), supp∈N αp)
❛♥❞ ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡

tp :=
1

(p+ 1)γ

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
− 1

Dmp
.

❯s✐♥❣ t❤❛t ♠ s❛t✐s✜❡s ✭✐✮✱ ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ❤❛✈❡ t❤❛t

mptp =
mp

(p+ 1)γ

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
− 1

D
≤ B,

❛♥❞✱ s✐♥❝❡ ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ γ > −1✱ ❢♦r ❡✈❡r② p ∈ N ✇❡ s❡❡ t❤❛t

mptp ≥
1

(p+ 1)γ+1

p∑

ℓ=0

(ℓ+ 1)γ − 1

D
≥ 1

(p+ 1)γ+1

∫ p+1

1
xγdx− 1

D

≥ 1

(γ + 1)
− 1

(γ + 1)(p+ 1)γ+1
− 1

D
≥ D(2γ+1 − 1)− (γ + 1)2γ+1

(γ + 1)2γ+1D
> 0.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❈♦♥s❡q✉❡♥t❧②✱ ✐❢ bp := 1/tp ❢♦r ❡✈❡r② p ∈ N0✱ ✇❡ ❤❛✈❡ t❤❛t b ≃♠✳ ■t ❢♦❧❧♦✇s t❤❛t b ❛❧s♦ s❛t✐s✜❡s
✭✐✮ ❢♦r ❛ ❝♦♥st❛♥t C ≥ B✳ ❲❡ ✇✐❧❧ ✈❡r✐❢② t❤❛t ((p+1)−γbp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱
t❤❛t ((p+ 1)γtp)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❙✐♥❝❡ ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❛❧❧ p ∈ N0

(p+ 1)γtp =

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
− (p+ 1)γ

Dmp
≤

p+1∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
− (p+ 2)γ

(p+ 2)mp+1
− (p+ 1)γ(p+ 1)

D(p+ 2)mp+1
.

❋♦r ❛❧❧ p ∈ N0✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ D✱ D ≥ αp ✇❤✐❝❤ ❧❡❛❞s t♦ (p+2)γD+(p+1)γ+1 ≥ (p+2)γ+1

❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

(p+ 1)γtp ≤
p+1∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
− (p+ 2)γD + (p+ 1)γ+1

D(p+ 2)mp+1
≤ (p+ 2)γtp+1,

❛s ❞❡s✐r❡❞✳ ❋r♦♠ t❤❡ s❡q✉❡♥❝❡ b✱ ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ❝♦♥str✉❝t

sp :=
1

(p+ 1)γ

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)bℓ
+

1

bp
.

❙✐♥❝❡ b ❛❧s♦ s❛t✐s✜❡s ✭✐✮✱ ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ♦❜s❡r✈❡ t❤❛t

1 ≤ bpsp = 1 +
bp

(p+ 1)γ

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)bℓ
≤ 1 + C,

t❤❡♥ ✐❢ hp := 1/sp ❢♦r ❡✈❡r② p ∈ N0✱ ✇❡ ❤❛✈❡ t❤❛t h ≃ b ≃ ♠✳ ❯s✐♥❣ t❤❛t ((p + 1)−γbp)p∈N0 ✐s
♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇❡ ♥♦t✐❝❡ t❤❛t

(p+ 1)γsp =

p+1∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)bℓ
− (p+ 2)γ

(p+ 2)bp+1
+

(p+ 1)γ

bp

≤
p+1∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)bℓ
+

(p+ 2)γ

bp+1

(p+ 1)

p+ 2
≤ (p+ 2)γsp+1, p ∈ N0

❍❡♥❝❡ ((p + 1)−γhp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✳ ❋✐♥❛❧❧②✱ ✇❡ ✈❡r✐❢② t❤❛t h s❛t✐s✜❡s ✭✷✳✺✮✳ ❆♣♣❧②✐♥❣
❛❣❛✐♥ t❤❛t ((p+ 1)−γbp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇❡ s❡❡ t❤❛t

h2p
hp

=
1/s2p
1/sp

=
(p+ 1)−γ

∑p
ℓ=0(ℓ+ 1)γ−1(bℓ)

−1 + (bp)
−1

(2p+ 1)−γ
∑2p

ℓ=0(ℓ+ 1)γ−1(bℓ)−1 + (b2p)−1

≤(2p+ 1)γ

(p+ 1)γ

(
1−

∑2p
ℓ=p+1(ℓ+ 1)γ−1(bℓ)

−1

∑2p
ℓ=0(ℓ+ 1)γ−1(bℓ)−1 + (2p+ 1)γ(b2p)−1

)
.

❖♥❝❡ ♠♦r❡✱ s✐♥❝❡ ((p+ 1)−γbp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✱ ❢♦r ❡✈❡r② p ∈ N ✇❡ ❤❛✈❡ t❤❛t

2p∑

ℓ=p+1

(ℓ+ 1)−1

(ℓ+ 1)−γ(bℓ)
≥ (2p+ 1)−1p

(p+ 1)−γ(bp)
,

❛♥❞✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s2p✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

h2p
hp

≤ (2p+ 1)γ

(p+ 1)γ

(
1− (p+ 1)γp

bps2p(2p+ 1)γ+1

)
≤ E

(
1− 1

(bp/b2p)b2ps2p3E

)
.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✇❤❡r❡ E = max(1, 2γ)✳ ❯s✐♥❣ t❤❛t b ≃ ♠ ❛♥❞ t❤❛t ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t a ≥ 1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ p ∈ N

bp
b2p

≤ a2
mp

m2p
≤ a2

2p+ 1

p+ 1
≤ 2a2.

❋✐♥❛❧❧②✱ s✐♥❝❡ bpsp ≤ 1 + C ❢♦r ❡✈❡r② p ∈ N ❛♥❞ 3E > 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

h2p
hp

≤ E

(
1− 1

2a2(1 + C)3E

)
< E.

✭✐✐✮⇒✭✐✐✐✮ ❋✐rst✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

lim
k→∞

lim sup
p→∞

hkp
kγhp

= 0. ✭✷✳✻✮

❇② ✭✐✐✮✱ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t h2p/hp < 2γ−ε✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t h2np/hp < 2(γ−ε)n ❢♦r
❡✈❡r② p, n ∈ N✳ ❍❡♥❝❡ ❢♦r ❡✈❡r② n ∈ N ✇❡ ❤❛✈❡ t❤❛t

lim sup
p→∞

h2np
hp

≤ 2n(γ−ε).

●✐✈❡♥ δ > 0✱ t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t (2−ε)n0 max(2−γ , 2γ) < δ✳ ❲❡ t❛❦❡ k ∈ N✱ k ≥ 2n0 ✱
t❤❡r❡ ❡①✐sts n ≥ n0 s✉❝❤ t❤❛t 2n ≤ k < 2n+1✳ ❯s✐♥❣ t❤❛t ((p+ 1)−γhp)p∈N0 ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇❡
s❡❡ t❤❛t

hkp
kγhp

≤ h2np(kp+ 1)γ

kγhp(2np+ 1)γ
≤ h2np

2nγhp
max(2−γ , 2γ).

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

lim sup
p→∞

hkp
kγhp

≤ lim sup
p→∞

h2np
2nγhp

max(2−γ , 2γ) < δ, k ≥ 2n0 ,

s♦ ✭✷✳✻✮ ✐s ✈❛❧✐❞✳ ❇② ✭✐✐✮✱ ❤ ≃♠✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts c > 1 s✉❝❤ t❤❛t c−1hp ≤ mp ≤ chp ❢♦r ❡✈❡r②
p ∈ N0✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② k, p ∈ N ✇❡ ❤❛✈❡ t❤❛t

mkp

kγmp
≤ c2 hkp

kγhp
.

❙✐♥❝❡ ✭✷✳✻✮ ❤♦❧❞s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t limk→∞ lim supp→∞mkp/(k
γmp) = 0.

✭✐✐✐✮⇒✭✐✈✮ ■♠♠❡❞✐❛t❡✳
✭✐✈✮⇒✭✈✮ ❚❤❡r❡ ❡①✐sts p0 ∈ N ❛♥❞ ε > 0 s✉❝❤ t❤❛t mkp < kγ−εmp ❢♦r ❡✈❡r② p ≥ p0✳ ❇② ✐t❡r❛t✐♥❣
t❤✐s ✐♥❡q✉❛❧✐t②✱ ❢♦r ❡✈❡r② j ∈ N ✇❡ ♦❜t❛✐♥ t❤❛t

mkjp

mp
< kj(γ−ε), p ≥ p0.

❋♦r q ≥ p ≥ p0✱ t❤❡r❡ ❡①✐sts j ∈ N0 s✉❝❤ t❤❛t kjp ≤ q < kj+1p ❛♥❞✱ ✉s✐♥❣ t❤❛t ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱
✇❡ s❡❡ t❤❛t

mq

qγ−ε
≤ mkj+1p(k

j+1p+ 1)

qγ−ε(q + 1)
≤ k(j+1)(γ−ε)

qγ−ε
(kj+1p+ 1)

(q + 1)
mp ≤ max(kγ−ε, 1)k

mp

pγ−ε
.

❲❡ ❞❡✜♥❡ D := sup1≤p≤q≤p0{mqp
γ−ε(qγ−εmp)

−1} ≥ 1 ❛♥❞ E := Dkmax(kγ−ε, 1)✱ ✐t ❢♦❧❧♦✇s t❤❛t

mq

qγ−ε
≤ E

mp

pγ−ε
, q ≥ p ≥ 1.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✈✮⇒✭✈✐✮ ❙✐♥❝❡ (mp/p
γ−ε)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✱ t❤❡r❡ ❡①✐sts E > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② k, p ∈ N

✇❡ ❤❛✈❡ t❤❛t
mkp

(kp)γ−ε
≤ E

mp

pγ−ε
.

❚❤❡♥ ❢♦r ❡✈❡r② θ ∈ (0, 1) ✇❡ t❛❦❡ k ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t E < θkε✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❡✈❡r②
p ∈ N ✇❡ s❡❡ t❤❛t

mkp ≤
E

kε
kγmp < θkγmp.

✭✈✐✮⇒✭✐✮ ❋♦r θ ∈ (0, 1) t❤❡r❡ ❡①✐sts k ∈ N ✇✐t❤ k ≥ 2 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② q ∈ N ✇❡ ❤❛✈❡ t❤❛t
mkq < θkγ mq✳ ❚❤❡♥ ❢♦r ❛♥② s, j ∈ N0 ✇✐t❤ s ≥ j ✇❡ s❡❡ t❤❛t

mks+1 < (θkγ)s+1−jmkj . ✭✷✳✼✮

❋♦r ❛❧❧ p ∈ N t❤❡r❡ ❡①✐sts s ∈ N0 s✉❝❤ t❤❛t ks ≤ p < ks+1✳ ❙✐♥❝❡ ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❛❧❧
p ∈ N ✇❡ ❤❛✈❡ t❤❛t

p∑

ℓ=1

(ℓ+ 1)γ

(ℓ+ 1)mℓ
≤

ks+1−1∑

ℓ=1

(ℓ+ 1)γ

(ℓ+ 1)mℓ
=

s∑

j=0

kj+1−1∑

ℓ=kj

(ℓ+ 1)γ

(ℓ+ 1)mℓ

≤
s∑

j=0

1

(kj + 1)mkj

kj+1−1∑

ℓ=kj

(ℓ+ 1)γ ≤
s∑

j=0

kj(k − 1)(kj)γ max(1, kγ)

(kj + 1)mkj
.

❚❤❡♥ ❜② ✭✷✳✼✮✱ ❢♦r ❡✈❡r② p ∈ N ✇❡ ❣❡t

p∑

ℓ=1

(ℓ+ 1)γ

(ℓ+ 1)mℓ
≤ max(1, kγ)(k − 1)

s∑

j=0

kjγ(θkγ)s+1−j

mks+1

≤ (k − 1)max(1, kγ)k(s+1)γ

mks+1

s∑

j=0

θs+1−j .

❙✐♥❝❡ ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ks ≤ p < ks+1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

p∑

ℓ=1

(ℓ+ 1)γ

(ℓ+ 1)mℓ
≤ (k − 1)max(1, k2γ)(p+ 1)γ

(1− θ)mp

(ks+1 + 1)

(p+ 1)
≤ C

(p+ 1)γ

mp
.

✇✐t❤ C := (k − 1)max(1, k2γ)k(1 − θ)−1✳ ❲❡ ♥❡❡❞ t♦ ❛❞❞ t❤❡ t❡r♠ ❢♦r ℓ = 0✳ ❇② ✭✷✳✼✮✱ ✇❡
s❡❡ t❤❛t mks+1 < kγ(s+1)m1 ❢♦r ❛❧❧ s ∈ N0✳ ❆s ❜❡❢♦r❡✱ ✉s✐♥❣ t❤❛t ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❡✈❡r②
ks ≤ p < ks+1 ✇❡ ♦❜t❛✐♥ t❤❛t

1

m1
≤ kγ(s+1)

mks+1

≤ kγ(s+1)k

mp
≤ kmax(1, kγ)

(p+ 1)γ

mp
.

❚❛❦✐♥❣ M = max{kmax(1, kγ), C}✱ ❢♦r ❛❧❧ p ∈ N ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

p∑

ℓ=0

(ℓ+ 1)γ

(ℓ+ 1)mℓ
≤ 1

m0
+M

(p+ 1)γ

mp
≤
(
m1

m0
+ 1

)
M

(p+ 1)γ

mp
.

❙✐♥❝❡ ❢♦r p = 0 ✭✐✮ tr✐✈✐❛❧❧② ❤♦❧❞s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✭✐✮ ✐s ✈❛❧✐❞ ❢♦r ❡✈❡r② p ∈ N0✳ �

❘❡♠❛r❦ ✷✳✶✳✺✳ ■❢ ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹ ❤♦❧❞s ❢♦r s♦♠❡ γ > −1 t❤❡♥ ✐t ❡①✐sts
−1 < γ′ < γ s✉❝❤ t❤❛t ✭✐✈✮ ✐s ❛❧s♦ tr✉❡ ❢♦r γ′✳ ❚❤❡♥ ❝♦♥❞✐t✐♦♥s ✭✐✮✲✭✈✐✮ ❛r❡ ❛❧s♦ ✈❛❧✐❞ ❢♦r γ′ ❛♥❞
t❤❡ s❡t ♦❢ γ > −1 s✉❝❤ t❤❛t ❛♥② ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐s s❛t✐s✜❡❞ ✐s ♦♣❡♥✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❆ss✉♠❡ t❤❛t ✭✷✳✹✮ ✐s s❛t✐s✜❡❞ ❢♦r s♦♠❡ k0 ∈ N✳ ❚❤❡♥ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ ✭✷✳✹✮ ✐s
❛❧s♦ s❛t✐s✜❡❞✱ s✉✐t❛❜❧② ❡♥❧❛r❣✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ γ✱ ❢♦r ❛❧❧ k ≥ k0 ❛♣♣❧②✐♥❣ t❤❡ tr✐✈✐❛❧ ❡st✐♠❛t✐♦♥
❞❡❞✉❝❡❞ ❢♦r kn0 ✱ ✇✐t❤ n ∈ N s✉❝❤ t❤❛t kn0 ≥ k✳ ❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❝❛♥ ❛❧s♦
❜❡ ❛♣♣❧✐❡❞ t♦ ❛ ✭❧❝✮ s❡q✉❡♥❝❡ M✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ str♦♥❣ r❡❣✉❧❛r✐t② ♦❢ ❛ s❡q✉❡♥❝❡ M

✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ✉s✐♥❣ ✭✷✳✶✮ ❛♥❞ ✭✷✳✹✮✳

❈♦r♦❧❧❛r② ✷✳✶✳✻✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✇✐t❤ M0 = 1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱

✭✐✐✮ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t

1 < lim inf
p→∞

mkp

mp
≤ lim sup

p→∞

mkp

mp
<∞.

❚❤✐s ❝♦r♦❧❧❛r② ♣♦✐♥ts ♦✉t t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✵ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✹✸✮✳ ❚❤❡ st✉❞② ♦❢ t❤✐s r❡❧❛t✐♦♥ ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥
❛✐♠ ♦❢ t❤❡ s✉❜s❡q✉❡♥t s✉❜s❡❝t✐♦♥s✳

❘❡♠❛r❦ ✷✳✶✳✼✳ ▼♦r❡♦✈❡r✱ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❡❛s✐❧② ✈❡r✐❢② ✐❢ ❛ s❡q✉❡♥❝❡ ✐s ♦r ♥♦t
str♦♥❣❧② r❡❣✉❧❛r✳ ❋♦r ❡①❛♠♣❧❡✿

✭✐✮ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s Mα,β = (p!αΠp
m=0 log

β(e +m))p∈N0 ✱ ✇❤❡r❡ α > 0 ❛♥❞ β ∈ R✳
❙✐♥❝❡ ♠ = ((p+1)α logβ(e+ p+1))p∈N0 ❢♦r β ≥ 0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ Mα,β ✐s ✭❧❝✮✳ ❋♦r β < 0
s✐♥❝❡ mp = (p + 1)α logβ(e + p + 1) ✐s ❡✈❡♥t✉❛❧❧② ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❝❛♥ ♠♦❞✐❢② t❤❡ ✜rst
t❡r♠s ❛❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✶✳✶✳✶✾ ❛♥❞ ❝❤❛♥❣❡ t❤❡ s❡q✉❡♥❝❡ ❢♦r ❛ ✭❧❝✮ ♦♥❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

lim
p→∞

m2p

mp
= 2α.

❇② ▲❡♠♠❛ ✶✳✶✳✾✱ ✇❡ ❞❡❞✉❝❡ t❤❛t Mα,β ❤❛s ✭♠❣✮ ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ ❤❛✈❡ t❤❛t
Mα,β ✐s ✭s♥q✮✳

✭✐✐✮ ❋♦r t❤❡ s❡q✉❡♥❝❡ M0,β = (Πp
m=0 log

β(e +m))p∈N0 ✇✐t❤ β > 0✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t ✐t ✐s ✭❧❝✮
❛♥❞ ✇❡ s❡❡ t❤❛t

lim
p→∞

mkp

mp
= 1 ❢♦r ❛❧❧ k ∈ N, k ≥ 2.

❇② ▲❡♠♠❛ ✶✳✶✳✾ ✇❡ ❞❡❞✉❝❡ t❤❛t M0,β ❤❛s ✭♠❣✮ ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ ❤❛✈❡ t❤❛t
M0,β ❞♦❡s ♥♦t s❛t✐s❢② ✭s♥q✮✳

✭✐✐✐✮ ❋✐♥❛❧❧②✱ M = (qp
2
)p∈N0 ✇✐t❤ q > 1 ✐s ✭❧❝✮ ❜❡❝❛✉s❡ ♠ = (q2p+1)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❲❡

❤❛✈❡ t❤❛t

lim
p→∞

mkp

mp
= lim

p→∞
q2p(k−1) = ∞, ❢♦r ❡✈❡r② k ∈ N, k ≥ 2.

❇② ▲❡♠♠❛ ✶✳✶✳✾ ✇❡ ❞❡❞✉❝❡ t❤❛t M ❤❛s ♥♦t ✭♠❣✮ ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ ❤❛✈❡ t❤❛t
M ✐s ✭s♥q✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✷✳✶✳✷ ❖r❞❡rs ❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❢♦r s❡q✉❡♥❝❡s

❚❤❡ ✇♦r❦ ♦❢ ❉✳ ❉❥✉r↔✐➣ ❛♥❞ ❱✳ ❇♦➸✐♥ ❬✷✺❪ ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡✲
q✉❡♥❝❡s ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠s ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✶✳✷✳✺✮✳ ❊✈❡♥ ✐❢ s♦♠❡ ✐♥❢♦r✲
♠❛t✐♦♥ ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡✐r ♣❛♣❡r✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♥♦t✐♦♥s ♦❢ ♦r❞❡rs
❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❢♦r s❡q✉❡♥❝❡s ❤❛✈❡ ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ❛ ♣♦ss✐✲
❜❧❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥❝❡♣ts ✐s ♣r♦♣♦s❡❞✱ ♣r♦✈✐❞✐♥❣ ❛ s✐♠♣❧❡ ❞❡s❝r✐♣t✐♦♥✱ ❛♥❛❧②③✐♥❣ t❤❡✐r
❜❡❤❛✈✐♦r ✉♥❞❡r ❡❧❡♠❡♥t❛r② s❡q✉❡♥❝❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ s❤♦✇✐♥❣ s♦♠❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳

❚❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ❛ s❡q✉❡♥❝❡ a = (ap)p∈N ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fa(x) = a⌊x⌋
✇❤✐❝❤ s✉❣❣❡sts t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✽✳ ▲❡t a = (ap)p∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❲❡ ❞❡✜♥❡ ✐ts ✉♣♣❡r

▼❛t✉s③❡✇s❦❛ ✐♥❞❡① α(a)✱ ✐ts ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① β(a)✱ ✐ts ✉♣♣❡r ♦r❞❡r ρ(a) ❛♥❞ ✐ts ❧♦✇❡r

♦r❞❡r µ(a) ❜②

α(a) := α(fa), β(a) := β(fa), ρ(a) := ρ(fa), µ(a) := µ(fa),

✇❤❡r❡ fa(x) = a⌊x⌋ ❢♦r ❛❧❧ x ≥ 1✳

❘❡♠❛r❦ ✷✳✶✳✾✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✷ ✱ ✐t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t

β(a) ≤ µ(a) ≤ ρ(a) ≤ α(a).

❛♥❞✱ ✉s✐♥❣ ❚❤❡♦r❡♠s ✶✳✷✳✷✸ ❛♥❞ ✶✳✷✳✹✹✱ ✇❡ s❡❡ t❤❛t a ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢
β(a) > −∞ ❛♥❞ α(a) <∞✳

❚❤❛♥❦s t♦ t❤❡ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ♥♦t✐♦♥s ❢♦r s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❦✐♣ t❤❡ st❡♣ ❢✉♥❝t✐♦♥ fa ❛♥❞ ❣✐✈❡ ❛ s✐♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ t❤❡s❡ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs ♦♥❧② ✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ a✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✳ ▲❡t a = (ap)p∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❲❡ ❤❛✈❡ t❤❛t

α(a) = inf{α ∈ R; (ap/p
α)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣},

β(a) = sup{β ∈ R; (ap/p
β)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣},

ρ(a) = lim sup
p→∞

log(ap)

log(p)
, µ(a) = lim inf

p→∞

log(ap)

log(p)
.

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✷✽✱ ✇❡ ❤❛✈❡ t❤❛t

α(a) = α(fa) = inf{α ∈ R; x−αa⌊x⌋ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣},

β(a) = β(fa) = sup{β ∈ R; x−βa⌊x⌋ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣}.
■❢ x−γa⌊x⌋ ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ♦r ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✱ ✐t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t (p−γap)p∈N ✐s ❛❧✲
♠♦st ❞❡❝r❡❛s✐♥❣ ♦r ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ (p−γap)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣
♦r ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ❛♥❞ ✇❡ t❛❦❡ ❛♥② y ≥ x ≥ 1✱ t❤❡♥ ⌊y⌋ ≥ ⌊x⌋ ≥ 1 ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

a⌊x⌋

xγ
=

(⌊x⌋)γ
xγ

a⌊x⌋

(⌊x⌋)γ ≥ m
(⌊x⌋)γ
xγ

a⌊y⌋

(⌊y⌋)γ ≥ m

2

a⌊y⌋

yγ
,

a⌊x⌋

xγ
≤

a⌊x⌋

(⌊x⌋)γ ≤M
a⌊y⌋

(⌊y⌋)γ =M
yγ

(⌊y⌋)γ
a⌊y⌋

yγ
≤ 2M

a⌊y⌋

yγ
,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✇❤❡r❡ M ❛♥❞ m ❛r❡ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ♦❢ t❤❡ ❛❧♠♦st ♠♦♥♦t♦♥✐❝✐t② ♦❢ (p−γap)p∈N✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ t❤❡ ❡q✉❛❧✐t② ❢♦r t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❤♦❧❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ t❤❛t

log(a⌊x⌋)

log(x)
≤

log(a⌊x⌋)

log(⌊x⌋) ≤ log(x)

log(⌊x⌋)
log(a⌊x⌋)

log(x)
, x ≥ 1.

❙✐♥❝❡ limx→∞ log(x)/ log(⌊x⌋) = 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

ρ(a) = lim sup
x→∞

log(a⌊x⌋)

log(x)
= lim sup

x→∞

log(a⌊x⌋)

log(⌊x⌋) = lim sup
p→∞

log(ap)

log(p)
,

µ(a) = lim inf
x→∞

log(a⌊x⌋)

log(x)
= lim inf

x→∞

log(a⌊x⌋)

log(⌊x⌋) = lim inf
p→∞

log(ap)

log(p)
.

�

❲❤❡♥ ❛♣♣❧②✐♥❣ r❛♠✐✜❝❛t✐♦♥ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❣✐✈❡♥
s❡q✉❡♥❝❡M✱ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢M ✇✐❧❧ ❛♣♣❡❛r✳ ❯s✐♥❣ t❤✐s ❧❛st ❝❤❛r❛❝t❡r✐③❛t✐♦♥ r❡s✉❧t✱ t❤❡ ✐♥❞✐❝❡s
❢♦r t❤❡ tr❛♥s❢♦r♠s ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ s❡q✉❡♥❝❡ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ❛s ✐♥❞✐❝❛t❡❞ ❜❡❧♦✇✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✳ ▲❡t a = (ap)p∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❋♦r ❛♥② r ∈ R\{0}✱
✇❡ ❤❛✈❡ t❤❛t

α(ar) = rα(a), β(ar) = rβ(a), ρ(ar) = rρ(a), µ(ar) = rµ(a),

✇❤❡r❡ ar := (arp)p∈N ❛♥❞ ✇❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t

α(gr · a) = r + α(a), β(gr · a) = r + β(a), ρ(gr · a) = r + ρ(a), µ(gr · a) = r + µ(a),

✇❤❡r❡ gr := (pr)p∈N ❛♥❞ gr · a = (prap)p∈N✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② α ∈ R✱ ✇❡ ♦❜s❡r✈❡ t❤❛t (app
−γ)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ❛❧♠♦st ✐♥✲

❝r❡❛s✐♥❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (arpp
−γr)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✮✳ ❇② Pr♦♣♦s✐✲

t✐♦♥ ✷✳✶✳✶✵✱ ✇❡ ❞❡❞✉❝❡ t❤❛t α(ar) = rα(a) ❛♥❞ β(ar) = rβ(a)✳ ❙✐♠✐❧❛r❧②✱ (app−γ)p∈N ✐s ❛❧♠♦st
❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (prapp−γ−r)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳
❛❧♠♦st ✐♥❝r❡❛s✐♥❣✮✱ t❤❡♥ α(gr · a) = r + α(a) ❛♥❞ β(gr · a) = r + β(a)✳

❊♠♣❧♦②✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵ ♦❢ µ ❛♥❞ ρ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

ρ(ar) = lim sup
p→∞

r log(ap)

log p
= rρ(a), ρ(gr · a) = lim sup

p→∞

r log(p) + log(ap)

log p
= r + ρ(a),

µ(ar) = lim inf
p→∞

r log(ap)

log p
= rµ(a), µ(gr · a) = lim inf

p→∞

r log(p) + log(ap)

log p
= r + µ(a).

�

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s✱ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ s✇✐t❝❤ M ❢♦r ❛♥ ❡q✉✐✈❛❧❡♥t
s❡q✉❡♥❝❡✳ ❙✐♥❝❡ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐s st❛❜❧❡ ❢♦r ≃ ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✹✼✮✱ ✐t ✐s ✉♥❛✈♦✐❞❛❜❧❡ t♦ ❛s❦
✐❢ t❤❡ s❛♠❡ ❤❛♣♣❡♥s ❢♦r t❤❡ ♦r❞❡rs ❛♥❞ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✳

▲❡♠♠❛ ✷✳✶✳✶✷✳ ▲❡t a = (ap)p∈N ❛♥❞ b = (bp)p∈N ❜❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✇✐t❤ a ≃ b✳
❚❤❡♥✱ ✇❡ s❡❡ t❤❛t

α(a) = α(b), β(a) = β(b), ρ(a) = ρ(b), µ(a) = µ(b).

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Pr♦♦❢✳ ❋♦r ❡✈❡r② r ∈ R\{0}✱ ✇❡ ♦❜s❡r✈❡ t❤❛t a ≃ b ✐♠♣❧✐❡s t❤❛t gra ≃ grb✱ ✇❤❡r❡ gr = (pr)p∈N✳
■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ❛❧♠♦st ♠♦♥♦t♦♥✐❝✐t② ✐s ❦❡♣t ❢♦r ≃ ❜② s✉✐t❛❜❧② ❡♥❧❛r❣✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦♥st❛♥t ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ t❤❛t α(a) = α(b) ❛♥❞ β(a) = β(b)✳ ❙✐♥❝❡
a ≃ b✱ t❤❡r❡ ❡①✐sts c > 1 s✉❝❤ t❤❛t apc−1 ≤ bp ≤ c ❢♦r ❡✈❡r② p ∈ N ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

log(ap)− log(c)

log(p)
≤ log(bp)

log(p)
≤ log(ap) + log(c)

log(p)
, p ∈ N.

❚❛❦✐♥❣ lim sup ❛♥❞ lim inf ✐♥ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ ✇❡ ❣❡t ρ(a) = ρ(b) ❛♥❞
µ(a) = µ(b)✳ �

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ t❤❡s❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠ =
(mp−1)p∈N ♦❢M✱ t❤❡♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤♦s❡ ✐♥❞✐❝❡s ✉♥❞❡r ≃ ✐s ❛ ✜rst ❛♣♣r♦❛❝❤ ❜✉t t❤❡ ❛♣♣r♦♣r✐❛t❡
q✉❡st✐♦♥ ✐s t❤❡ st❛❜✐❧✐t② ✉♥❞❡r≈✳ ❆ ♣❛rt✐❛❧ ❜✉t s✉✣❝✐❡♥t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝✉rr❡♥t
s❡❝t✐♦♥ ✭s❡❡ ❘❡♠❛r❦s ✷✳✶✳✷✹ ❛♥❞ ✷✳✶✳✸✷✮✳

❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡♠ ✐s ❞❡✜♥❡❞ ❢♦r p ∈ N0✱ ✐t ❛❧s♦ ♥❛t✉r❛❧❧② ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t②
♦❢ t❤❡s❡ ✈❛❧✉❡s ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r ✐♥❞❡① s❤✐❢ts✳

▲❡♠♠❛ ✷✳✶✳✶✸✳ ❋♦r ❛♥② s❡q✉❡♥❝❡ a = (ap)p∈N ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❤✐❢t❡❞ s❡q✉❡♥❝❡ sa :=
(ap+1)p∈N ✇❡ ❤❛✈❡ t❤❛t

α(a) = α(sa), β(a) = β(sa), ρ(a) = ρ(sa), µ(a) = µ(sa).

❈♦♥s❡q✉❡♥t❧②✱ ❜② ❘❡♠❛r❦ ✷✳✶✳✾✱ a ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ sa ❛❧s♦ ✐s✳

Pr♦♦❢✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❡✈❡r② α ≥ 0 ✇❡ ❤❛✈❡ t❤❛t pα ≤ (p+ 1)α ≤ 2αpα✱ t❤❡♥ ❢♦r ❛♥② γ ∈ R

✇❡ s❡❡ t❤❛t (pγap+1)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (pγap)p∈N
✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✮✳ ❍❡♥❝❡ α(a) = α(sa) ❛♥❞ β(a) = β(sa)✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t
log(ap+1)

log(p)
=

log(ap+1)

log(p+ 1)

log(p+ 1)

log(p)

❛♥❞✱ s✐♥❝❡ limp→∞ log(p+ 1)/ log(p) = 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ρ(a) = ρ(sa) ❛♥❞ µ(a) = µ(sa)✳
�

❘❡♠❛r❦ ✷✳✶✳✶✹✳ ■❢ t❤❡ s❡q✉❡♥❝❡ a ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω ∈ R✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✸✼✱ t❤❡
st❡♣ ❢✉♥❝t✐♦♥ fa ✐s ❛❧s♦ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

β(a) = µ(a) = ρ(a) = α(a) = ω.

❚❤❡ ♦♣♣♦s✐t❡ ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧✱ s❡❡ ❊①❛♠♣❧❡s ✷✳✷✳✷✷ ❛♥❞ ✷✳✷✳✷✸ ❛t t❤❡ ❡♥❞ ♦❢ ♥❡①t s❡❝t✐♦♥✳

✷✳✶✳✸ ▲♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① s❡q✉❡♥❝❡s✱ ❣r♦✇t❤ ✐♥❞✐❝❡s ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐✲

❛t✐♦♥

❆❧♠♦st ♠♦♥♦t♦♥✐❝✐t② ♥♦t✐♦♥s ❛♣♣❡❛r ✐♥ t❤❡ ❧❛st t✇♦ s✉❜s❡❝t✐♦♥s✿ ❝❤❛r❛❝t❡r✐③✐♥❣ ✭s♥q✮ ❛♥❞ ✭♠❣✮
❝♦♥❞✐t✐♦♥s ❛♥❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❢♦r s❡q✉❡♥❝❡s✳ ❚❤✐s ❢❛❝t ✐s ❛♥ ♦❜✈✐♦✉s
❤✐♥t ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✇❤✐❝❤
✇✐❧❧ ❜❡ s❡tt❧❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ▼❛t✉s③❡✇s❦❛
✐♥❞✐❝❡s ❛r❡ ❞❡❞✉❝❡❞✳ ❋✐♥❛❧❧②✱ t❤❡ tr✉❡ ♥❛t✉r❡ ♦❢ ❚❤✐❧❧✐❡③✬s ❛♥❞ ❙❛♥③✬s ❣r♦✇t❤ ✐♥❞✐❝❡s✱ γ(M) ❛♥❞
ω(M)✱ ✐s r❡✈❡❛❧❡❞✳ ❚❤❡s❡ ❣r♦✇t❤ ✐♥❞✐❝❡s✱ ✇❤✐❝❤ ✇❡r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❞❡✜♥❡❞ ❛♥❞✱ ❛s ✐t ✇✐❧❧ ❜❡
s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✸✱ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣✱ ❝♦✐♥❝✐❞❡ ✇✐t❤
β(♠) ❛♥❞ µ(♠)✱ r❡s♣❡❝t✐✈❡❧②✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts♠ ♦❢ ❛ s❡q✉❡♥❝❡M✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s ✐♥ ❘❡♠❛r❦ ✶✳✶✳✸✱ ✐s ❞❡✜♥❡❞
❢♦r p ∈ N0✱ s✉❜s❡q✉❡♥t❧②✱ ❛ ✐♥❞❡① s❤✐❢t ♣r♦❜❧❡♠ ❛♣♣❡❛rs✳ P❧❡❛s❡ ♥♦t❡ t❤❛t✱ ❛s s♦♠❡ ❛✉t❤♦rs ❬✶✼✱ ✺✷✱
✼✼✱ ✼✽✱ ✾✶❪ ❤❛✈❡ ❞♦♥❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r ❛ ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts
t❤❛t ✇✐❧❧ ♠❛❦❡ t❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥ ♠♦r❡ ❢r✐❡♥❞❧②✱ ❜✉t ♦t❤❡r ♣❛rts ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥s
✇✐❧❧ ❜❡❝♦♠❡ tr♦✉❜❧❡s♦♠❡✳ ▼♦r❡♦✈❡r✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ▲❡♠♠❛ ✶✳✷✳✹✵ ❛♥❞ ▲❡♠♠❛ ✷✳✶✳✶✸✱ t❤❡
st✉❞② ♦❢ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ♦r❞❡rs ❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ♦❢ ♠ =
(mp−1)p∈N ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ st✉❞② ♦❢ t❤❡ s❛♠❡ ❢❡❛t✉r❡s ❢♦r t❤❡ s❤✐❢t❡❞ s❡q✉❡♥❝❡ s♠ = (mp)p∈N✳
❍❡♥❝❡ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛t ♦♥❝❡ ✉s✐♥❣ ♦♥❡ ♦r ❛♥♦t❤❡r s❡q✉❡♥❝❡✱ ❛s
❛♣♣r♦♣r✐❛t❡✳

❚❤❡ ❝❡♥tr❛❧ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❝❛♥ ❜❡ ❢♦r♠✉✲
❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✺✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts
♠ = (mp−1)p∈N✳ ❋♦r ❛♥② γ ∈ R✱ ✇❡ ❤❛✈❡ t❤❛t

✭✐✮ ✐❢ t❤❡r❡ ❡①✐sts t = (tp)p∈N0 ♥♦♥❞❡❝r❡❛s✐♥❣ s✉❝❤ t❤❛t ((p+1)−γmp)p∈N0 ≃ t✱ t❤❡♥ β(♠) ≥ γ✳

✭✐✐✮ ✐❢ β(♠) > γ✱ t❤❡♥ t❤❡r❡ ❡①✐sts t = (tp)p∈N0 ♥♦♥❞❡❝r❡❛s✐♥❣ s✉❝❤ t❤❛t ((p+1)−γmp)p∈N0 ≃ t✳

✭✐✐✐✮ ✐❢ M̂ = (p!Mp)p∈N0 ✐s ✭❧❝✮✱ t❤❡♥ β(♠) ≥ −1✳

✭✐✈✮ ✐❢ M ✐s ✭❧❝✮✱ t❤❡♥ β(♠) ≥ 0✳

Pr♦♦❢✳ ✭✐✮ ■❢ t❤❡r❡ ❡①✐sts t = (tp)p∈N0 ♥♦♥❞❡❝r❡❛s✐♥❣ s✉❝❤ t❤❛t ((p+1)−γmp)p∈N0 ≃ t✱ t❤❡♥ t❤❡r❡
❡①✐sts c > 1 s✉❝❤ t❤❛t

mp

(p+ 1)γ
≤ ctp ≤ ctq ≤ c2

mq

(q + 1)γ
, q ≥ p, q, p ∈ N0.

❈♦♥s❡q✉❡♥t❧②✱ (p−γmp−1)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ β(♠) ≥ γ✳

✭✐✐✮ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ (p−γmp−1)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✱ t❤❡♥ t❤❡r❡ ❡①✐stsM ≥ 1 s✉❝❤ t❤❛t

(p+ 1)−γmp ≤M(q + 1)−γmq, ❢♦r ❛❧❧ q ≥ p, q, p ∈ N0.

❲❡ ❞❡✜♥❡ tp := infs≥p((s+ 1)−γms) ❢♦r ❡✈❡r② p ∈ N0✳ ❋♦r ❡✈❡r② q, p ∈ N0 ✇✐t❤ q ≥ p✱ ✇❡ ❝❤❡❝❦
t❤❛t

✭✶✮ tp = infs≥p((s+ 1)−γms) ≤ infs≥q((s+ 1)−γms) = tq.

✭✷✮ M−1(p+ 1)−γmp ≤ infs≥p((s+ 1)−γms) = tp ≤ (p+ 1)−γmp✳

❚❤❡♥ t ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ((p+ 1)−γmp)p∈N0 ≃ t✳

❋✐♥❛❧❧②✱ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ❢♦❧❧♦✇ ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✐✮✳ �

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✶✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ t❤❡ ❧♦✇❡r ♦r❞❡r µ(♠) ❛♥❞ ❙❛♥③✬s ❣r♦✇t❤
✐♥❞❡① ω(M)✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✼✱ ❝♦✐♥❝✐❞❡ ❢♦r ❛♥② s❡q✉❡♥❝❡ M✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ γ(M)
❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✳ ❲❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ❛ ✇❡❛❦❡r
✈❡rs✐♦♥ ♦❢ ✐t✱ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ❛♥❞ γ > 0✱ ✐♥ ❬✹✸✱ Pr♦♣✳ ✹✳✶✺❪ ✇❤❡r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥
✇✐t❤ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✇❛s ✉♥❦♥♦✇♥✳

❚❤❡♦r❡♠ ✷✳✶✳✶✻✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts
♠ = (mp−1)p∈N✳ ❚❤❡♥

γ(M) = β(♠), ω(M) = µ(♠).

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Pr♦♦❢✳ ❋r♦♠ ▲❡♠♠❛ ✷✳✶✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ ✇❡ ❤❛✈❡ t❤❛t

µ(♠) = µ(s♠) = lim inf
p→∞

log(mp)

log(p)
= ω(M),

✇❤❡r❡ s♠ = (mp)p∈N ✐s t❤❡ s❤✐❢t❡❞ s❡q✉❡♥❝❡✳

■❢ γ(M) > γ✱ ✇❡ ❤❛✈❡ t❤❛t M s❛t✐s✜❡s (Pγ)✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ℓ s✉❝❤ t❤❛t ♠ ≃
ℓ ❛♥❞ ((p+ 1)−γℓp)p∈N0

✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡r❡ ❡①✐sts t = ((p + 1)−γℓp)p∈N0

♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ ((p+ 1)−γmp)p∈N0 ≃ t✳ ❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✺✳✭✐✮✱ β(♠) ≥ γ✳

❈♦♥✈❡rs❡❧②✱ ✐❢ β(♠) > γ✱ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ℓ ❛♥❞ t ❛♥❞ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✺✳✭✐✐✮✱
✇❡ ❞❡❞✉❝❡ t❤❛t γ(M) ≥ γ✳ �

❘❡♠❛r❦ ✷✳✶✳✶✼✳ ❚❤❡ r❡s✉❧t ❛❜♦✈❡ s❤♦✇s t❤❛t t❤❡ ❣r♦✇t❤ ✐♥❞❡① γ(M) ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ❜②

γ(M) = sup{γ ∈ R : t❤❡ s❡q✉❡♥❝❡
(
(p+ 1)−γmp

)
p∈N0

✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣},

♦r✱ ❛s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✱ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶✸ ❜②

γ(M) = sup{γ ∈ R : t❤❡ s❡q✉❡♥❝❡
(
p−γmp

)
p∈N

✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣}.

❈♦♠❜✐♥✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✱ ❛ s✐♠♣❧❡ ❝♦♥✲
♥❡❝t✐♦♥ ♦❢ ✭s♥q✮ ❛♥❞ ✭♠❣✮ ✇✐t❤ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ✐s ♣r♦✈✐❞❡❞✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts
♠ = (mp−1)p∈N✳ ❆ss✉♠❡ t❤❛t M̂ ✐s ✭❧❝✮✱ t❤❡♥

✭✐✮ M ❤❛s ✭♠❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(♠) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠ ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

✭✐✐✮ M ❤❛s ✭s♥q✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(♠) > 0✳

Pr♦♦❢✳ ✭✐✮ ❇② ▲❡♠♠❛ ✷✳✶✳✸✱ M ❤❛s ✭♠❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts α > 0 ❛♥❞ k ∈ N ✇✐t❤ k ≥ 2
s✉❝❤ t❤❛t lim supp→∞mkp/mp < kα ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✱ t❤✐s ❤❛♣♣❡♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡r❡ ❡①✐sts α > 0 ❛♥❞ ε > 0 s✉❝❤ t❤❛t (p−α+εmp)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✱ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱
α(s♠) < ∞ ✇❤❡r❡ s♠ = (mp)p∈N ✐s t❤❡ s❤✐❢t❡❞ s❡q✉❡♥❝❡ t❤❛t✱ ❜② ▲❡♠♠❛ ✷✳✶✳✶✸✱ ✐s t❤❡
s❛♠❡ ❛s s❛②✐♥❣ t❤❛t α(♠) <∞✳

❋✐♥❛❧❧②✱ s✐♥❝❡ M̂ ✐s ✭❧❝✮✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✺✳✭✐✐✐✮✱ β(♠) ≥ −1 > −∞✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜②
❘❡♠❛r❦ ✷✳✶✳✾✱ α(♠) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠ ✐s ❖❘❱✳

✭✐✐✮ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ M ✐s ✭s♥q✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t (p−εmp)p∈N ✐s
❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ♦r✱ ❡q✉✐✈❛❧❡♥t❧② ❜② ▲❡♠♠❛ ✷✳✶✳✶✸✱ β(♠) > 0✳

�

❘❡♠❛r❦ ✷✳✶✳✶✾✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❘❡♠❛r❦ ✷✳✶✳✾✱ ▲❡♠♠❛ ✶✳✶✳✷✾
❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞✳ ❈♦♥❝r❡t❡❧②✱ ✇❡ ❤❛✈❡ t❤❛t ✐❢ M̂ ✐s ✭❧❝✮✱ t❤❡♥

−1 ≤ β(♠) = γ(M) ≤ µ(♠) = ω(M) ≤ ρ(♠) ≤ α(♠) ≤ ∞,

❛♥❞ ✐❢ M ✐s ✭❧❝✮✱ t❤❡♥

0 ≤ β(♠) = γ(M) ≤ µ(♠) = ω(M) ≤ ρ(♠) ≤ α(♠) ≤ ∞,

▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✐♥ ❈♦r♦❧❧❛r② ✷✳✶✳✻✱
✐✳❡✳✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭✐✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱

✭✐✐✐✮ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ α(♠) <∞ ❛♥❞ β(♠) > 0

✭✐✈✮ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ β(♠) > 0✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ β(♠) = γ(M), µ(♠) = ω(M), ρ(♠), α(♠) ∈
(0,∞)✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ✐t ✐s ✉s✉❛❧ t♦ ♥❛♠❡ t❤❡ ❝❧❛ss ♦❢ ♣♦s✐t✐✈❡ ❢✉♥❝✲
t✐♦♥s ❤❛✈✐♥❣ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ✐♥ ❝❡rt❛✐♥ r❛♥❣❡✿ ✐❢ α(f) < ∞✱ f ✐s s❛✐❞ t♦ ❜❡ ♦❢ ❜♦✉♥❞❡❞
✐♥❝r❡❛s❡ ❛♥❞ ✐❢ β(f) > 0✱ f ✐s s❛✐❞ t♦ ❜❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥❝r❡❛s❡✳ ❚❤❡ s❛♠❡ t❡r♠✐♥♦❧♦❣② ❝❛♥ ❜❡
❛❞♦♣t❡❞ ❢♦r s❡q✉❡♥❝❡s✱ t❤❡♥ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♠ ✐s str♦♥❣❧② r❡❣✉❧❛r ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ♦❢
❜♦✉♥❞❡❞ ❛♥❞ ♣♦s✐t✐✈❡ ✐♥❝r❡❛s❡✳

❊①❛♠♣❧❡ ✷✳✶✳✷✵✳ ❋♦r ❛❧❧ t❤❡ ❡①❛♠♣❧❡s ♦❢ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❝♦♥s✐❞❡r❡❞ ✉♥t✐❧ ♥♦✇ ✐♥ t❤✐s ❞✐ss❡r✲
t❛t✐♦♥ ❛♥❞ ❢♦r ♠♦st ♦❢ t❤❡ ♦♥❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ✐s ❡✐t❤❡r
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦r r❛♣✐❞❧② ✈❛r②✐♥❣ ✭s❡❡ ❬✶✸✱ ❙❡❝t✳ ✷✳✹✱ ❘❛♣✐❞ ✈❛r✐❛t✐♦♥❪ ✮✳ ❚❤❡ ✜rst ❝❛s❡ ♦❝❝✉rs
❢♦r Mα,β = (n!αΠn

m=0 log
β(e+m))n∈N0 ✇✐t❤ α > 0 ❛♥❞ β ∈ R ♦r α = 0 ❛♥❞ β > 0 ✇❤❡r❡ ❢♦r ❛❧❧

λ ∈ (0,∞) ✇❡ ❤❛✈❡ t❤❛t

lim
p→∞

m⌊λp⌋

mp
= lim

p→∞

(⌊λp⌋+ 1)α(log(e+ ⌊λp⌋+ 1))β

(p+ 1)α(log(e+ p+ 1))β
= λα,

t❤❡♥ ❛s ✐t ❤❛♣♣❡♥s ❢♦r ❛❧❧ t❤❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✱ ❜② ❘❡♠❛r❦ ✷✳✶✳✶✹✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

γ(M) = β(♠) = ω(M) = µ(♠) = ρ(♠) = α(♠) = α.

❚❤❡ s❡❝♦♥❞ ❝❛s❡ ❛♣♣❡❛rs ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ q−●❡✈r❡② s❡q✉❡♥❝❡ (qp
2
)p∈N0 ✇✐t❤ q > 1 ✇❤❡r❡

❛ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ❧❡❛❞s t♦ β(♠) = µ(♠) = ρ(♠) = α(♠) = ∞✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r t❤❡s❡
❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t ♦r❞❡rs ❛♥❞ ✐♥❞✐❝❡s r❡♠❛✐♥s ❤✐❞❞❡♥✳

❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✉s✐♥❣ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s
❝❤❛♣t❡r ✇❡ ❝♦♥str✉❝t str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ■♥ ❊①❛♠♣❧❡s ✷✳✷✳✷✶✱ ✷✳✷✳✷✷ ❛♥❞ ✷✳✷✳✷✸ ❛❧❧ t❤❡ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs ❝♦✐♥❝✐❞❡ ✇✐t❤ 3/2 ✐♥ t❤❡
✜rst ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ s❡q✉❡♥❝❡ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ ✇✐t❤ 1 ✐♥ t❤❡ ♦t❤❡r t✇♦ ✇❤❡r❡ t❤❡
s❡q✉❡♥❝❡s ❛r❡ ♦♥❧② ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

✭✐✐✮ ❋♦r t❤❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✹ ✇❡ ❤❛✈❡ t❤❛t β(♠) = µ(♠) = ρ(♠) = 1 ❛♥❞ α(♠) = 2✳

✭✐✐✐✮ ■♥ t❤❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✻ ✇❡ s❡❡ t❤❛t β(♠) = 2✱ µ(♠) = 5/2✱ ρ(♠) = 11/4 ❛♥❞ α(♠) = 3✳

❘❡❣❛r❞✐♥❣ ♦t❤❡r ❡①❛♠♣❧❡s ✇❡ ❤❛✈❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❛ ❝❛r❡❢✉❧ ❝♦♠♣✉t❛t✐♦♥ ❧❡❛❞s t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥✿

✭✐✮ ❢♦r ❊①❛♠♣❧❡ ✸✳✸ ✐♥ ❬✺✼❪✱ ✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡s♠ = (mp)p∈N0 ✱ (ck)k∈N ❛♥❞ (dk)k∈N ❛r❡ ❞❡✜♥❡❞
✐♥❞✉❝t✐✈❡❧② ❜②

mp :=





c3k, ❢♦r ❛❧❧ ck ≤ p ≤ (ck)
3/2 =: dk − 1,

p4/d2k, ❢♦r ❛❧❧ dk ≤ p ≤ (dk)
2 =: ck+1 − 1,

t❛❦✐♥❣ c1 = 1 ❛♥❞m0 = 1✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t β(♠) = 0✱ µ(♠) = 2✱ ρ(♠) = 3 ❛♥❞ α(♠) = 4✳

✭✐✐✮ ❢♦r ❊①❛♠♣❧❡ ✷✶ ✐♥ ❬✶✼❪✱ Mp := exp(ps) ❢♦r s ∈ (1, 2] ❛♥❞ p ∈ N0 ❛s ✐♥ t❤❡ q−●❡✈r❡② ❝❛s❡✱
✇❡ ❤❛✈❡ t❤❛t β(♠) = µ(♠) = ρ(♠) = α(♠) = ∞✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✐✐✮ ❢♦r ❊①❛♠♣❧❡ ✷✺ ✐♥ ❬✶✼❪✱ Mp := ((p + 1) logs(es + p))p ❢♦r s, p ∈ N ✇❤❡r❡ es := exp(es−1)✱
e0 = 1✱ logs = log(logs−1(x)) ❛♥❞ log0(x) = x✱ ❛s ✐♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥
❡♥t❛✐❧s β(♠) = µ(♠) = ρ(♠) = α(♠) = 1✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❣❡♥❡r❛❧✐③❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✱ t❤❛t ❤❛s ❜❡❡♥ st❛t❡❞ ✐♥❞✐✈✐❞✉❛❧❧② ❢♦r ✐ts r❡❧❡✲
✈❛♥❝❡✱ ❜② ❣✐✈✐♥❣ s❡✈❡r❛❧ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥s ♦❢ β(♠) ❛♥❞ α(♠)✱ ❜✉t ❢♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ♥❡❡❞
t❤❡ ♥❡①t ❛✉①✐❧✐❛r② ❧❡♠♠❛ t❤❛t ❡①t❡♥❞s Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹ ❜✉t
❣♦✐♥❣ ♦♥❡ st❡♣ ❢✉rt❤❡r✳

▲❡♠♠❛ ✷✳✶✳✷✶✳ ▲❡t ♠ ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ((p+ 1)−γmp)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❚❤❡♥ ❢♦r
❡✈❡r② β > γ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ lim
k→∞

lim inf
p→∞

mkp

kβmp
= ∞✱

✭✐✐✮ t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2 s✉❝❤ t❤❛t

lim inf
p→∞

mkp

mp
> kβ ,

✭✐✐✐✮ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t (p−β−εmp)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✱

✭✐✈✮ t❤❡r❡ ❡①✐st δ > 0 ❛♥❞ A > 0 s✉❝❤ t❤❛t

∞∑

k=p

(k + 1)β+δ

(k + 1)mk
≤ A(p+ 1)β+δ

mp
, p ∈ N0.

Pr♦♦❢✳ ✭✐✮ ⇒ ✭✐✐✮ ■♠♠❡❞✐❛t❡✳ ✭✐✐✮ ⇒ ✭✐✐✐✮ ❚❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t mkp/mp > kβ+ε ❢♦r ❡✈❡r②
p ≥ p0 ≥ 1✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q ≥ p ≥ p0 t❤❡r❡ ❡①✐sts n ∈ N0 s✉❝❤ t❤❛t knp ≤ q < kn+1p✳ ❯s✐♥❣
t❤❛t ((p+ 1)−γmp)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐t❡r❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✇❡ ❣❡t

mq

qβ+ε
≥ (q + 1)γmknp

qβ+ε(knp+ 1)γ
>

(q + 1)γmpk
n(β+ε)

qβ+ε(knp+ 1)γ
❢♦r ❛❧❧ q ≥ p ≥ p0.

❙✐♥❝❡ knp ≤ q < kn+1p✱ ✇❡ s❡❡ t❤❛t 1 ≥ (knp+ 1)/(q + 1) ≥ k−1 ❛♥❞ 1 ≥ knp/q ≥ k−1✳ ❚❤❡♥

mq

qβ+ε
≥ min(1, k−β−ε)min(1, kγ)

mp

pβ+ε
❢♦r ❛❧❧ q ≥ p ≥ p0.

❚❤❡♥✱ ❜② s✉✐t❛❜❧② ❡♥❧❛r❣✐♥❣ t❤❡ ❝♦♥st❛♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ ✇❡ s❡❡ t❤❛t
(p−β−εmp)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✳

✭✐✐✐✮ ⇒ ✭✐✈✮ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✳✶✸✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t((p + 1)−β−εmp)p∈N0 ✐s ❛❧♠♦st
✐♥❝r❡❛s✐♥❣✳ ❋♦r ❡✈❡r② p ∈ N0✱ ❢♦r s✉✐t❛❜❧❡ M > 0✱ ✇❡ s❡❡ t❤❛t

∞∑

k=p

(k + 1)β+ε/2

(k + 1)mk
≤M

(p+ 1)β+ε

mp

∫ ∞

p+1

dx

x1+ε/2
≤ 2M(p+ 1)β+ε/2

εmp
.

❲❡ ❝♦♥❝❧✉❞❡ ❜② ❝❤♦♦s✐♥❣ δ := ε/2 > 0 ❛♥❞ A := 2M/ε✳

✭✐✈✮ ⇒ ✭✐✮ ❯s✐♥❣ t❤❛t ((q + 1)−γmq)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r q, p ∈ N0 ✇✐t❤ q ≥ p ✇❡ ❤❛✈❡ t❤❛t

A
(p+ 1)β+δ

mp
≥
∞∑

k=p

(k + 1)β+δ

(k + 1)mk
≥

q∑

k=p

(k + 1)β−γ+δ−1

(k + 1)−γmk
≥ 1

(q + 1)−γmq

∫ q+1

p+1
xβ−γ+δ−1dx.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❙✐♥❝❡ β − γ + δ > 0✱ ✇❡ ❣❡t

A
(p+ 1)β+δ

mp
≥ (q + 1)β+δ

(β − γ + δ)mq

(
1−

(
p+ 1

q + 1

)β−γ+δ
)
.

❋♦r ❛♥② k ∈ N✱ k ≥ 2✱ t❛❦✐♥❣ q = kp ✇❡ ♦❜s❡r✈❡ t❤❛t

lim inf
p→∞

mkp

mp
≥ kβ+δ

A(β − γ + δ)

(
1− 1

kβ−γ+δ

)
,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✐✮✳ �

❋r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ✭s♥q✮ ❛♥❞ ✭♠❣✮ ❛♥❞ t❤❡ ♣r♦♣✲
❡rt✐❡s ♦❢ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✱ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ α(♠) ❛♥❞ β(♠) ❛r❡
♦❜t❛✐♥❡❞✱ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ✐♥ t❤❡ ✇♦r❦ ♦❢ ❙✳ ❆❧❥❛♥↔✐➣ ❛♥❞ ■✳ ❉✳ ❆r❛♥❞❥❡❧♦✈✐➣ ❬✶❪ ❢♦r ❖✲r❡❣✉❧❛r❧②
✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s✳ ❆❧t❤♦✉❣❤ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥s ♦♥ M ♠✐❣❤t ❜❡ ❛ss✉♠❡❞✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s st❛t❡❞
✐♥ ❛ q✉✐t❡ ❣❡♥❡r❛❧ ❢♦r♠ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ M̂ ♦r M ❛r❡ ✭❧❝✮✱ ♣r♦✈✐❞✐♥❣ ✢❡①✐❜❧❡ ❛♥❞
♣r❛❝t✐❝❛❧ ❝♦♥❝❧✉s✐♦♥s ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts
♠ = (mp−1)p∈N✳ ❲❡ ❤❛✈❡ t❤❛t

✭✐✮ α(♠) = inf{α ∈ R; (mp/p
α)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣},

✭✐✐✮ β(♠) = sup{β ∈ R; (mp/p
β)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣},

■❢ t❤❡r❡ ❡①✐sts γ ∈ R ❛♥❞ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ℓ s✉❝❤ t❤❛t ℓ ≃ ((p + 1)−γmp)p∈N0 ✱ t❤❡♥
β(♠) ≥ γ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

✭✐✐✐✮ α(♠) = inf{α > γ; lim
k→∞

lim sup
p→∞

mkp

kαmp
= 0},

✭✐✈✮ α(♠) = inf{α > γ; ∃ k ∈ N, k ≥ 2; lim sup
p→∞

mkp

mp
< kα},

✭✈✮ α(♠) = inf{α > γ; ∃A > 0;

p∑

ℓ=0

(ℓ+ 1)α

(ℓ+ 1)mℓ
≤ A(p+ 1)α

mp
, p ∈ N0},

✭✈✐✮ α(♠) = inf{α > γ; ∃A > 0;

p∑

ℓ=0

1

((ℓ+ 1)−γmℓ)1/(α−γ)
≤ A(p+ 1)

((p+ 1)−γmp)1/(α−γ)
, p ∈ N0},

✭✈✐✐✮ β(♠) = sup{β > γ; lim
k→∞

lim inf
p→∞

mkp

kβmp
= ∞},

✭✈✐✐✐✮ β(♠) = sup{β > γ; ∃ k ∈ N, k ≥ 2; lim inf
p→∞

mkp

mp
> kβ},

✭✐①✮ β(♠) = sup{β > γ; ∃A > 0;
∞∑

ℓ=p

(ℓ+ 1)β

(ℓ+ 1)mℓ
≤ A(p+ 1)β

mp
, p ∈ N0},

✭①✮ β(♠) = sup{β > γ; ∃A > 0;

∞∑

ℓ=p

1

((ℓ+ 1)−γmℓ)1/(β−γ)
≤ A(p+ 1)

((p+ 1)−γmp)1/(β−γ)
, p ∈ N0}.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Pr♦♦❢✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ✐♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❛r❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✶✳✶✸ s✐♥❝❡ β(♠) =
β(s♠) ❛♥❞ α(♠) = α(s♠) ✇❤❡r❡ s♠ = (mp)p∈N ✐s t❤❡ s❤✐❢t❡❞ s❡q✉❡♥❝❡✳

❲❡ ♦❜s❡r✈❡ t❤❛t γ ≤ β(♠) ≤ α(♠) < α✱ t❤❡♥ α−γ > 0✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✱ ✇❡ ❤❛✈❡ t❤❛t
α(♠) < α ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(g−γ♠) < α−γ ✇❤❡r❡ g−γ = (p−γ)p∈N ❛♥❞ g−γ ·♠ = ((p+1)−γmp)p∈N0

❛♥❞✱ ❜② ▲❡♠♠❛ ✷✳✶✳✶✷✱ t❤✐s ❤❛♣♣❡♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(ℓ) < α − γ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ t❤❡r❡ ❡①✐sts
ε ∈ (0, α − γ) s✉❝❤ t❤❛t α(ℓ) < α − γ − ε✳ ❙✉♠♠❛r✐③✐♥❣ ❛♥❞ ✉s✐♥❣ ✭✐✮✱ α(♠) < α ✐❢ ❛♥❞ ♦♥❧② ✐❢
(pγ−α+εℓp)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡

tp := (p+ 1)−1ℓp, p ∈ N0,

s❛t✐s✜❡s t❤❛t ((p + 1)tp)p∈N0 = ℓ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ (pγ−α+ε+1tp)p∈N ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✳
❙✐♥❝❡ α− γ − 1 > −1✱ ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹ ❢♦r t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t

✭✶✮ α(♠) < α✱

✭✷✮ ❚❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t

p∑

k=0

(k + 1)α−γ

(k + 1)ℓk
=

p∑

k=0

(k + 1)α−γ−1

(k + 1)tk
≤ A(p+ 1)α−γ−1

tp
=
A(p+ 1)α−γ

ℓp
p ∈ N0,

✭✸✮ lim
k→∞

lim sup
p→∞

ℓkp
kα−γℓp

= lim
k→∞

lim sup
p→∞

tkp
kα−γ−1tp

= 0,

✭✹✮ ❚❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t

lim sup
p→∞

ℓkp
kℓp

= lim sup
p→∞

tkp
tp

< kα−γ−1.

❙✐♥❝❡ ℓ ≃ g−γ♠✱ ✐t ❢♦❧❧♦✇s t❤❛t ✭✐✐✐✮ ❤♦❧❞s ❛♥❞✱ ❜② s✉✐t❛❜❧② ❡♥❧❛r❣✐♥❣ A ❛♥❞ k✱ ✭✐✈✮ ❛♥❞ ✭✈✮ ❛r❡
❛❧s♦ ✈❛❧✐❞✳

❆s ❜❡❢♦r❡✱ α(♠) < α ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ε ∈ (0, α − γ) s✉❝❤ t❤❛t (pγ−α+εℓp)p∈N ✐s
❛❧♠♦st ❞❡❝r❡❛s✐♥❣✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡

up := (p+ 1)−1(ℓp)
1/(α−γ), p ∈ N0,

s❛t✐s✜❡s t❤❛t ((p + 1)up)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❡r❡ ❡①✐sts δ ∈ (0, 1) s✉❝❤ t❤❛t (pδup)p∈N ✐s
❛❧♠♦st ❞❡❝r❡❛s✐♥❣✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹ ❛♣♣❧✐❡❞ t♦ u✱ α(♠) < α ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts A > 0
s✉❝❤ t❤❛t

p∑

k=0

1

(ℓk)1/(α−γ)
=

p∑

k=0

1

(k + 1)uk
≤ A

up
=

A(p+ 1)

(ℓp)1/(α−γ)

❚❤❡♥✱ s✐♥❝❡ ℓ ≃ g−γ♠✱ ❡♥❧❛r❣✐♥❣ A✱ ✭✈✐✮ ❤♦❧❞s✳

❋♦r ❛♥② β > γ✱ ✇✐t❤ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣✱ ✇❡ s❡❡ t❤❛t β < β(♠) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts
ε > 0 s✉❝❤ t❤❛t (pγ−β−εℓp)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✳ ❙✐♥❝❡ β − γ > 0✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✶✳✷✶ t♦
t❤❡ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ℓ ❛♥❞ t❤❡♥ ✉s✐♥❣ t❤❛t ℓ ≃ g−γ♠✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ lim
k→∞

lim inf
p→∞

mkp

kβmp
= ∞✱

✭✷✮ ❚❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2 s✉❝❤ t❤❛t

lim inf
p→∞

mkp

mp
> kβ ,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭✸✮ β < β(♠)✱

✭✹✮ ❚❤❡r❡ ❡①✐st δ > 0 ❛♥❞ A > 0 s✉❝❤ t❤❛t

∞∑

k=p

(k + 1)β+δ

(k + 1)mk
≤ A(p+ 1)β+δ

mp
, p ∈ N0.

❍❡♥❝❡ ✭✈✐✐✮✱ ✭✈✐✐✐✮ ❛♥❞ ✭✐①✮ ❛r❡ tr✉❡✳

❆♥❛❧♦❣♦✉s t♦ ✭✈✐✮✱ ✇❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ t♦ t❤❡ s❡q✉❡♥❝❡ vp := (ℓp)
1/(β−γ)(p+ 1)−1 ❢♦r

p ∈ N0✱ ✉s✐♥❣ t❤❛t ℓ ≃ g−γ♠ ✇❡ ♦❜t❛✐♥ ✭①✮✳

�

❘❡♠❛r❦ ✷✳✶✳✷✸✳ ❲❡ ❛r❡ s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✭❧❝✮ s❡q✉❡♥❝❡ ❝❛s❡✱ ♣❛rt✐❝✉❧❛r❧② ✇❤❡♥ ♠̂ =
(pmp−1)p∈N ♦r ♠ = (mp−1)p∈N ❛r❡ ♥♦♥❞❡❝r❡❛s✐♥❣✱ t❤❡♥ γ = −1 ♦r γ = 0✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡
❘❡♠❛r❦ ✸✳✶✳✶✶ ❢♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❜♦t❤ s✐t✉❛t✐♦♥s✮✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✭①✮ ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s

β(♠) = sup{β > −1; ∃A > 0, s✳t✳
∞∑

ℓ=p

1

(m̂ℓ)1/(β+1)
≤ A(p+ 1)

(m̂p)1/(β+1)
, p ∈ N0},

❚❤❡ r❡❛❞❡r ♠❛② ♥♦t✐❝❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❝♦♥❞✐t✐♦♥ (γ1) ♦❢ ❍✳✲❏✳ P❡t③s❝❤❡ ❬✼✼❪ ❢♦r ♠̂ ❜② t❛❦✐♥❣
β = 0✱ t❤❛t ✐s✱ ✐❢ t❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t

(γ1)
∞∑

ℓ=p

1

m̂ℓ
≤ A(p+ 1)

m̂p
, p ∈ N0,

❛♥❞ ❝♦♥❞✐t✐♦♥ (γβ+1) ♦❢ ❏✳ ❙❝❤♠❡ts✱ ▼✳ ❱❛❧❞✐✈✐❛ ❬✾✶❪ ❢♦r ♠̂ ❜② t❛❦✐♥❣ β ∈ N0✱ t❤❛t ✐s✱ ✐❢ t❤❡r❡
❡①✐sts A > 0 s✉❝❤ t❤❛t

(γβ+1)

∞∑

ℓ=p

1

(m̂ℓ)1/(β+1)
≤ A(p+ 1)

(m̂p)1/(β+1)
, p ∈ N0,

t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❤❡♥ st✉❞②✐♥❣ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣✳ ❋♦r ♠̂ ♥♦♥❞❡✲
❝r❡❛s✐♥❣✱ ❡①t❡♥❞✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ ❢♦r β ∈ R✱ β > −1✱ ♦♥❡ ❝❛♥✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✇r✐t❡

β(♠) = sup{β > −1; ♠̂ s❛t✐s✜❡s (γβ+1)},

❛♥❞ ❢♦r ♠ ♥♦♥❞❡❝r❡❛s✐♥❣✱

β(♠) = sup{β > 0; ♠ s❛t✐s✜❡s (γβ)}.

■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ♠̂ s❛t✐s✜❡s (γ1) ✐❢ ❛♥❞ ♦♥❧② ✐❢M s❛t✐s✜❡s ✭s♥q✮✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✳✶✶ ✇❡ ❦♥♦✇ t❤❛t β(♠̂) = 1+ β(♠) ❛♥❞✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✱ ❢♦r ❛ ♥♦♥❞❡❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ ♠̂ ✇❡ s❡❡ t❤❛t

β(♠̂) > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠̂ s❛t✐s✜❡s (γ1)✳

❆ss✉♠✐♥❣ ❛❣❛✐♥ t❤❛t ♠̂ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✳✭✈✐✐✐✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

β(♠̂) > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t lim infp→∞ m̂kp/m̂p > 1✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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■t ✐s ✇♦rt❤② t♦ ♠❡♥t✐♦♥ t❤❛t✱ ❞✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s❧② ❝♦♠♠❡♥t❡❞ ✐♥❞❡① s❤✐❢t✱ t❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ❛❧s♦
❛♣♣❡❛rs ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s✿ t❤❡r❡ ❡①✐sts k ∈ N✱ k ≥ 2✱ s✉❝❤ t❤❛t lim infp→∞ m̂kp−1/m̂p−1 > 1✳
❚❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✶✳✶✸✱ ✇❡ ❦♥♦✇ ❜♦t❤ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✱ α(♠̂) = α(♠) + 1 ❛♥❞ t❤❛t M ❤❛s ✭♠❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M̂
❛❧s♦ ❤❛s ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✳✸✮✱ ❢♦r ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♠̂✱ ✇❡ ♦❜t❛✐♥ t❤❛t

α(♠̂) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M̂ ❤❛s ✭♠❣✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦❢ ❏✳ ❇♦♥❡t✱ ❘✳ ▼❡✐s❡ ❛♥❞ ❙✳◆✳ ▼❡❧✐❦❤♦✈ ❬✶✼✱ ❚❤✳ ✶✹❪✱ st❛t❡❞
✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✐♥ ❬✾✵✱ ❙❡❝t✳ ✻❪ ❜② ●✳ ❙❝❤✐♥❞❧✱ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✿ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s♣❛❝❡ ❞❡✜♥❡❞ ❜② ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M̂ s❛t✐s❢②✐♥❣ β(♠̂) > 0 ❝❛♥ ❜❡
❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✸✸✮✱ ♠❡❛s✉r✐♥❣ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ s♣❛❝❡✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(♠̂) <∞✳

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ st❛❜✐❧✐t② ♦❢ (γ1) ♣r♦♣❡rt② ✉♥❞❡r ≈✱ ✇❡ ❝❛♥ ❛❧s♦ ♦❜t❛✐♥ t❤❡ st❛❜✐❧✐t②
♦❢ t❤❡ ✐♥❞❡① γ(M) = β(♠) ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ❣❡♥❡r❛❧✐③✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶✷ ✇❤❡r❡ ♦♥❧② st❛❜✐❧✐t②
❢♦r ≃ ✇❛s ♣r♦✈❡❞✳

❘❡♠❛r❦ ✷✳✶✳✷✹✳ ▲❡tM ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s s✉❝❤ t❤❛t M̂ ❛♥❞ L̂ ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ✐✳❡✳✱ ✭❧❝✮ ❛♥❞
s✉❝❤ t❤❛t ♠̂ ❛♥❞ ℓ̂ t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇✐t❤ M̂ ≈ L̂✳ ❚❤❡♥ β(♠̂), β(ℓ̂) ≥ 0 ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✱
✇❡ ❤❛✈❡ t❤❛t β(♠̂) > γ > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(♠̂1/γ) > 1 ✇❤❡r❡ ♠̂1/γ = ((mp(p+1))1/γ)p∈N0 ✳ ❙✐♥❝❡
♠̂1/γ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❜② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ β(♠̂1/γ) > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠̂1/γ s❛t✐s✜❡s (γ1)✳
❯s✐♥❣ t❤❛t M̂1/γ ❛♥❞ L̂1/γ ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤ M̂1/γ ≈ L̂1/γ ❛♥❞ t❤❛t ❍✳✲❏✳ P❡ts③❝❤❡ ❤❛s
♣r♦✈❡❞ t❤❡ st❛❜✐❧✐t② ♦❢ (γ1) ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ✭s❡❡ ❬✼✼✱ ❚❤✳ ✸✳✹❪✮✱ ✇❡ s❡❡ t❤❛t β(♠̂) > γ > 0
✐❢ ❛♥❞ ♦♥❧② ✐❢ ℓ̂1/γ s❛t✐s✜❡s (γ1) ✇❤✐❝❤✱ ✇✐t❤ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ β(ℓ̂) > γ > 0✳
❚❤❡♥

γ(M̂) = β(♠̂) = β(ℓ̂) = γ(L̂).

▼♦r❡♦✈❡r✱ ❛❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✶✳✶✻✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

γ(M) = γ(M̂)− 1 = γ(L̂)− 1 = γ(L).

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ❛♥❞ L ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤ M ≈ L✱ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r M̂ ❛♥❞ L̂ ❛♥❞
t❤❡ ❧❛st ❡q✉❛❧✐t② ❛❧s♦ ❤♦❧❞s✳

❙✐♠✐❧❛r❧② ❜✉t ♠♦r❡ ❞✐r❡❝t❧②✱ t❤❡ st❛❜✐❧✐t② ❢♦r ≈ ♦❢ t❤❡ ✈❛❧✉❡ α(♠) ✐s ♦❜t❛✐♥❡❞✳ ❇❡❝❛✉s❡ ✐❢ M
❛♥❞ L ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤ M ≈ L✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✱ α(♠) = ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s ♥♦t
✭♠❣✮✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✼✱ L ✐s ♥♦t ✭♠❣✮✱ t❤❛t ✐s✱ α(ℓ) = ∞✱ s♦ α(♠) = α(ℓ)✳ ■❢
α(♠) <∞ ♦r α(ℓ) <∞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵ ≈ ✐s ❡q✉✐✈❛❧❡♥t t♦ ≃✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✷ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t α(♠) = α(ℓ)✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r t❤❡ s❡q✉❡♥❝❡
♦❢ q✉♦t✐❡♥ts ♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✐s ❛❧s♦ st❛❜❧❡ ❢♦r ≈✳

❘❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ ❛♥❞ ❤♦✇ ✐t ♠❛② ❜❡ ❝♦♠♣✉t❡❞✱
❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r t❤❡ ❧♦✇❡r ♦r❞❡r µ✱ s✐♠✐❧❛r t♦ ✭✈✐✮ ❛♥❞ ✭①✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✱ ❝❛♥ ❜❡
❡st❛❜❧✐s❤❡❞✱ ❣❡tt✐♥❣ ❛s ❛ ❜②♣r♦❞✉❝t t❤❡ r❡❧❛t✐♦♥ ✇✐t❤ ✭♥q✮ ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✺ ✭❬✸✼❪✱ ♣✳ ✻✺✮✳ ▲❡t a = (ap)p∈N ❜❡ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧
♥✉♠❜❡rs✳ ❚❤❡ ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ a ✐s ❞❡✜♥❡❞ ❛s

λ(a) := inf{µ > 0 :

∞∑

p=1

1

aµp
❝♦♥✈❡r❣❡s}

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭❛s ✐♥ ❘❡♠❛r❦ ✶✳✶✳✷✻✱ ✐❢ t❤❡ ♣r❡✈✐♦✉s s❡t ✐s ❡♠♣t②✱ ✇❡ ♣✉t λ(a) = ∞✮✳ ❚❤❡♥✱ ♦♥❡ ❤❛s

λ(a) = lim sup
p→∞

log(p)

log(ap)
.

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✻✳ ■❢ t❤❡r❡ ❡①✐sts γ ∈ R ❛♥❞ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ℓ s✉❝❤ t❤❛t ℓ ≃
((p+ 1)−γmp)p∈N0 t❤❡♥ µ(♠) ≥ β(♠) ≥ γ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

µ(♠) = sup{µ > γ;
∞∑

ℓ=0

1

((ℓ+ 1)−γmℓ)1/(µ−γ)
<∞}.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M̂ ✐s ✭❧❝✮✱ t❤❡♥ γ = −1 ❛♥❞

✭✐✮ ✐❢ M s❛t✐s✜❡s ✭♥q✮ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✮✱ t❤❡♥ µ(♠) ≥ 0✱

✭✐✐✮ ✐❢ µ(♠) > 0✱ t❤❡♥ M s❛t✐s✜❡s ✭♥q✮✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✺✱ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♥♦♥❞❡❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ ℓ = (ℓp−1)p∈N ✐s ❣✐✈❡♥ ❜②

1

λ(ℓ)
= lim inf

p→∞

log(ℓp−1)

log(p)
= µ(ℓ) = −γ + µ(♠)

❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶ ❛♥❞ ▲❡♠♠❛ ✷✳✶✳✶✷ ❢♦r t❤❡ ❧❛st ❡q✉❛❧✐t②✱ ❜❡❝❛✉s❡ ℓ ≃ g−γ♠✳ ❚❤❡♥✱
✉s✐♥❣ ❛❣❛✐♥ t❤❛t ℓ ≃ g−γ♠✱ ✇❡ s❡❡ t❤❛t

µ(♠) = sup{λ > 0;

∞∑

p=0

1/(ℓp)
1/λ <∞}+ γ = sup{µ > γ;

∞∑

p=0

1/(ℓp)
1/(µ−γ) <∞}

=sup{µ > γ;

∞∑

p=0

1/((p+ 1)−γmp)
1/(µ−γ) <∞}.

�

❚❤❡r❡ ✐s ♥♦t ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ s✐♠✐❧❛r t♦ ✭✈✐✮ ❛♥❞ ✭①✮ ✐♥
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✱ ❢♦r t❤❡ ✉♣♣❡r ♦r❞❡r ρ(♠) ✭s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✷✳✶✳✸✶✮✳

✷✳✶✳✹ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥

❉❡♣❛rt✐♥❣ ❢r♦♠ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ t❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ ♦r❞❡rs ❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM ❛♥❞ t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥✳
❆s ✐t ❤❛♣♣❡♥s ❢♦r t❤❡ s❡q✉❡♥❝❡s✱ t❤❡s❡ ✈❛❧✉❡s ❝❤❛r❛❝t❡r✐③❡ s❡✈❡r❛❧ ❝❧❛ss✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡
❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♦♥❧② t❤❡ ♥❡❝❡ss❛r② st❛t❡♠❡♥ts ❢♦r ♦✉r ❛✐♠ ✇✐❧❧ ❜❡ s❤♦✇♥ ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✸✸✮✳
❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥❞✐❝❡s ♦❢ M ❛♥❞ ωM ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✶✳✸✵✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♣❛rt✐❛❧❧②
st❛t❡❞ ✐♥ ❬✹✸✱ ❚❤✳ ✸✳✷❪✮ ✐s t❤❡ ❝❡♥tr❛❧ ♣♦✐♥t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✳

❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❢❛❝ts✱ ♠❛✐♥❧② t❛❦❡♥ ❢r♦♠ t❤❡ ❜♦♦❦ ♦❢ ❆✳
❆✳ ●♦❧❞❜❡r❣ ❛♥❞ ■✳ ❱✳ ❖str♦✈s❦✐✐ ❬✸✷❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✼✳ ●✐✈❡♥ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ ✐✳❡✳✱ ✭❧❝✮ ❛♥❞ s✉❝❤ t❤❛t ♠ t❡♥❞s t♦ ✐♥✜♥✐t②✱ ✇❡
❝♦♥s✐❞❡r t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠✱ ν♠ : (0,∞) → N0 ❣✐✈❡♥ ❜②

ν♠(t) := #{j ∈ N0 : mj ≤ t} = max{j ∈ N : mj−1 ≤ t}.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❋♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ ✉s✐♥❣ ✭✶✳✺✮ ✇❡ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ r❡❧❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❧s♦
❢♦✉♥❞ ✐♥ ❬✼✷❪✱ ❜❡t✇❡❡♥ ν♠ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM✳ ❖♥❡ ❤❛s t❤❛t

ωM(t) =

∫ t

0

ν♠(r)

r
dr, t > 0, ✭✷✳✽✮

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡

ωM(t) = ν♠(t) log(t)− log(Mν♠(t)), t > 0; ω′M(t) =
ν♠(t)

t
, t > 0, t 6= mp, p ∈ N0. ✭✷✳✾✮

❚❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM(t) ♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ✐s ❝♦♥t✐♥✉♦✉s✱ s♦ ♠❡❛s✉r❛❜❧❡✱ ❛♥❞
♣♦s✐t✐✈❡ ✐♥ [X,∞) ✇✐t❤ X > m0✳ ❙✐♥❝❡ t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ν♠(t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ t❤❡ s❛♠❡
❤♦❧❞s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡✐r ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s β(ωM)✱ β(ν♠)✱ α(ωM)✱ α(ν♠)
❛♥❞ t❤❡✐r ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♦r❞❡rs µ(ωM)✱ µ(ν♠)✱ ρ(ωM)✱ ρ(ν♠)✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✐❢ ωM ✭♦r ν♠✮ ✐s
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ρ✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞✐❝❡s ♦❢ ωM ✭♦r ♦❢ ν♠✮ ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ ρ✳ ❯s✐♥❣
t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ t❤❡ ❛♥❛❧♦❣✉❡ ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✽✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡♥

✭✐✮ β(ωM)✱ β(ν♠)✱ α(ωM)✱ α(ν♠)✱ µ(ωM)✱ µ(ν♠)✱ ρ(ωM)✱ ρ(ν♠) ∈ [0,∞]✳

✭✐✐✮ ν♠ ∈ ORV ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(ν♠) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν♠(2t) = O(ν♠(t))✳

✭✐✐✐✮ ωM ∈ ORV ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(ωM) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ωM(2t) = O(ωM(t))✳

✭✐✈✮ β(ν♠) > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts H ≥ 1 s✉❝❤ t❤❛t lim inft→∞ ν♠(Ht)/ν♠(t) > 1✳

✭✈✮ β(ωM) > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts H ≥ 1 s✉❝❤ t❤❛t lim inft→∞ ωM(Ht)/ωM(t) > 1✳

Pr♦♦❢✳ ✭✐✮ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✷✽✱ s✐♥❝❡ ωM ❛♥❞ ν♠ ❛r❡ ♥♦♥❞❡❝r❡❛s✐♥❣✱ β(ωM)✱ β(ν♠) ∈ [0,∞]✱ ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✷✱ ✭✐✮ ✐s ✈❛❧✐❞✳

✭✐✐✮ ❇② ✭✐✮ ❛♥❞ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✷✸✱ ν♠ ∈ ORV ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(ν♠) <∞✳

❇② ❚❤❡♦r❡♠ ✶✳✷✳✷✽✱ ✐❢ α(ν♠) <∞✱ t❤❡♥ t❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t ν♠(t)t−α ✐s ❛❧♠♦st ❞❡✲
❝r❡❛s✐♥❣✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t ν♠(t)t−α ≥ cν♠(2t)(2t)

−α ❢♦r t ≥ X✳ ❙✉❜s❡q✉❡♥t❧②✱
ν♠(2t) = O(ν♠(t))✳

❈♦♥✈❡rs❡❧②✱ ✐❢ ν♠(2t) = O(ν♠(t)) t❤❡r❡ ❡①✐st α, t0 > 0 s✉❝❤ t❤❛t ν♠(2t) ≤ 2αν♠(t) ❢♦r t ≥ t0✳
❚❤❡♥✱ ❢♦r s ≥ t ≥ t0 t❤❡r❡ ❡①✐sts j ∈ N0 s✉❝❤ t❤❛t s ∈ [2jt, 2j+1t] ❛♥❞ ✐t❡r❛t✐♥❣ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②
✇❡ s❡❡ t❤❛t

ν♠(s)

sα
≤ ν♠(2

j+1t)

(2jt)α
≤ (2j+1)αν♠(t)

(2jt)α
= 2α

ν♠(t)

tα
.

❇② s✉✐t❛❜❧② ❝❤♦♦s✐♥❣ A ≥ 2α✱ ✇❡ ♦❜t❛✐♥ t❤❛t ν♠(t)t−α ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ❢♦r t ≥ X✳

✭✐✐✐✮ ❆♥❛❧♦❣♦✉s t♦ ✭✐✐✮✳

✭✐✈✮ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✷✽✱ β(ν♠) > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t ν♠(t)t−ε ✐s ❛❧♠♦st
✐♥❝r❡❛s✐♥❣✳ ❚❤❡♥✱ ✐❢ β(ν♠) > 0✱ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② H ≥ 1 ✇❡ ❤❛✈❡ t❤❛t

ν♠(Ht) ≥ (Ht)εc
ν♠(t)

tε
= Hεcν♠(t), t ≥ X.

❲❡ t❛❦❡ H s✉❝❤ t❤❛t Hεc > 1✱ t❤❡♥ lim inft→∞ ν♠(Ht)/ν♠(t) > 1✳ ❘❡❝✐♣r♦❝❛❧❧②✱ ✐❢

lim inf
t→∞

ν♠(Ht)/ν♠(t) > 1,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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t❤❡r❡ ❡①✐st ε, t0 > 0 s✉❝❤ t❤❛t ν♠(Ht) ≥ Hεν♠(t) ❢♦r t ≥ t0✳ ❘❡❛s♦♥✐♥❣ ❛s ✐♥ ✭✐✐✮✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ν♠(t)t−ε ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✳

✭✈✮ ❆♥❛❧♦❣♦✉s t♦ ✭✐✈✮✳

�

❙✐♥❝❡ ν♠ : [m0,∞) → (0,∞) ✐s ❛ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✱ ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✽✮
❛♥❞ ❚❤❡♦r❡♠ ✶✳✷✳✸✹ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✷✳✶✳✷✾✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ 0 < lim inf
t→∞

ν♠(t)

ωM(t)
≤ lim sup

t→∞

ν♠(t)

ωM(t)
<∞✱

✭✐✐✮ β(ν♠) > 0 ❛♥❞ α(ν♠) <∞✱

✭✐✐✐✮ β(ωM) > 0 ❛♥❞ α(ωM) <∞✳

■♥ t❤✐s ❝❛s❡✱ β(ωM) = β(ν♠) ❛♥❞ α(ωM) = α(ν♠)✳

Pr♦♦❢✳ ✭✐✮ ⇔ ✭✐✐✮ ■♠♠❡❞✐❛t❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✸✹✳

✭✐✮ ❛♥❞ ✭✐✐✮ ⇒ ✭✐✐✐✮ ❆❣❛✐♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✸✹✱ ✇❡ ❤❛✈❡ t❤❛t β(ωM) = β(ν♠) > 0 ❛♥❞ α(ωM) =
α(ν♠) <∞✳

✭✐✐✐✮ ⇒ ✭✐✮ ❋r♦♠ ✭✷✳✽✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ν♠(t) ❢♦r ❡✈❡r② t > 0 ✇❡ ❣❡t

ωM(et) =

∫ et

0
ν♠(u)

du

u
≥
∫ et

t
ν♠(u)

du

u
≥ ν♠(t).

❙✐♥❝❡ α(ωM) <∞✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t

lim sup
t→∞

ν♠(t)

ωM(t)
≤ lim sup

t→∞

ωM(et)

ωM(t)
<∞.

❯s✐♥❣ t❤❛t β(ωM) > 0✱ ❛❣❛✐♥ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❡①✐st β,C > 0 s✉❝❤ t❤❛t

lim inf
t→∞

ωM(λt)

ωM(t)
≥ Cλβ , ❢♦r ❡✈❡r② λ > 0.

❚❛❦✐♥❣ λ > (2/C)1/β ✱ ✇❡ s❡❡ t❤❛t 2ωM(t) ≤ ωM(λt) ❢♦r t ≥ t0✳ ❇② ▲❡♠♠❛ ✶✳✶✳✷✹✱ ✇❡ ❤❛✈❡ t❤❛t
M ❤❛s ✭♠❣✮✱ t❤❡♥✱ ❜② ▲❡♠♠❛ ✶✳✶✳✾✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts A > 1 s✉❝❤ t❤❛t

sup
p∈N

mp

M
1/p
p

≤ A <∞.

❍❡♥❝❡✱ ❢♦r ❡✈❡r② t ≥ m0✱ t❤❡r❡ ❡①✐sts p ∈ N0 s✉❝❤ t❤❛t t ∈ [mp,mp+1) ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

ωM(t) ≤ ωM(mp+1) = (p+ 1) log

(
mp+1

M
1/(p+1)
p+1

)
≤ (p+ 1) log(A) = ν♠(t) log(A).

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

lim inf
t→∞

ν♠(t)

ωM(t)
≥ (log(A))−1 > 0.

�

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❙♣❡❝✐❛❧❧② r❡❧❡✈❛♥t ❢♦r ♦✉r ♣✉r♣♦s❡s✱ r❡❣❛r❞✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❢r♦♠
✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ✐s t❤❡ ♥❡①t r❡s✉❧t t❤❛t ❝♦♥♥❡❝ts t❤❡ ✉♣♣❡r ♦r❞❡r ♦❢ ωM ❛♥❞ νM ✇✐t❤ t❤❡ ❧♦✇❡r
♦♥❡ ♦❢ ♠✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✱ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞✉❛❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠ ❛♥❞ ν♠ ✐s
❡st❛❜❧✐s❤❡❞✳

❚❤❡♦r❡♠ ✷✳✶✳✸✵✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡♥

ρ(ωM) = lim sup
t→∞

logωM(t)

log t
= ρ(ν♠) = lim sup

p→∞

log(p)

log(mp)
=

1

µ(♠)
=

1

ω(M)

✭✇❤❡r❡ t❤❡ ❧❛st q✉♦t✐❡♥t ✐s ✉♥❞❡rst♦♦❞ ❛s ✵ ✐❢ ω(M) = ∞✱ ❛♥❞ ❛s ∞ ✐❢ ω(M) = 0✮✳ ▼♦r❡♦✈❡r✱

µ(ωM) = lim inf
t→∞

logωM(t)

log t
= lim inf

t→∞

log ν♠(t)

log t
= µ(ν♠).

Pr♦♦❢✳ ❚❤❡ ✜rst ❡①♣r❡ss✐♦♥ ❢♦r ρ(ωM) ❝❛♠❡ ❢r♦♠ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ❜❡❝❛✉s❡ ❢♦r
t > m0✱ ωM(t) > 0✳ ❋♦r t❤❡ s❡❝♦♥❞ ❡①♣r❡ss✐♦♥ ♦❢ ρ(ωM)✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧✐♥❦ ❣✐✈❡♥
✐♥ ✭✷✳✽✮ ❜❡t✇❡❡♥ ωM(t) ❛♥❞ t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ν♠(t)✳ ❙✐♥❝❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞
♥♦♥❞❡❝r❡❛s✐♥❣ ❢♦r t > m0✱ ♦♥❡ ♠❛② ❛♣♣❧② ❬✸✷✱ ❈❤✳ ✷✱ ❚❤✳ ✶✳✶❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧
❝❤❛✐♥ ♦❢ ✐♥❡q✉❛❧✐t✐❡s ✐s st❛t❡❞

ν♠(t) ≤ ωM(et) ≤ ν♠(et) log(et/m0), t > m0, ✭✷✳✶✵✮

t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ ✉♣♣❡r ♦r❞❡r ♦❢ ωM(t) ❡q✉❛❧s t❤❛t ♦❢ ν♠(t)✳

◆♦✇✱ ❢r♦♠ ❬✸✷✱ ❈❤✳ ✷✱ ❚❤✳ ✶✳✽❪ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✉♣♣❡r ♦r❞❡r ♦❢ ν♠(t) ✐s ✐♥ t✉r♥ t❤❡ ❡①♣♦♥❡♥t
♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✺✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ρ(ν♠) = λ(♠) = 1/µ(♠) ✉s✐♥❣
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✻✱ ✇✐t❤ γ = 0✳

❚❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ✜rst ♦♥❡✱ t❤❛t ✐s✱ ❢r♦♠ ✭✷✳✶✵✮ ❜✉t t❛❦✐♥❣ lim inf
✐♥st❡❛❞ ♦❢ lim sup✳ �

❘❡♠❛r❦ ✷✳✶✳✸✶✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② r❡❣❛r❞✐♥❣ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ µ(ωM)✱ µ(ν♠) ❛♥❞ ρ(♠)
✐s t❤❛t t❤❡r❡ ✐s ♥♦t ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡
❛♥ ❛♥❛❧♦❣♦✉s r❡s✉❧t t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✻ ❢♦r ρ(♠)✳ ❚❤✐s ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ s❦✐♣♣❡❞ ✐♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥ ❜② ♣❛ss✐♥❣ t♦ ❛ ❞✉❛❧ s❡q✉❡♥❝❡ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✶✳✹✸✮✳

❘❡♠❛r❦ ✷✳✶✳✸✷✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐❢ M ❛♥❞ L ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤ M ≈ L t❤❡♥✱ ❛s ✐♥
✭✶✳✼✮✱ t❤❡r❡ ❡①✐sts A ≥ 1 s✉❝❤ t❤❛t

ωL(A
−1t) ≤ ωM(t) ≤ ωL(At), t > 0,

❛♥❞ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ρ(ωM) = ρ(ωL)✳ ❆s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❛st t❤❡♦r❡♠ ❛♥❞ ❚❤❡♦✲
r❡♠ ✷✳✶✳✶✻✱ ✇❡ ❤❛✈❡ t❤❛t

ω(M) = µ(♠) = µ(ℓ) = ω(L).

❚♦❣❡t❤❡r ✇✐t❤ ❘❡♠❛r❦ ✷✳✶✳✷✹✱ t❤✐s ♠❡❛♥s t❤❛t ♦♥❡ ❝❛♥ ❡①t❡♥❞ ▲❡♠♠❛ ✷✳✶✳✶✷✱ t❤❛t ✐s✱ ✇❡ ❤❛✈❡
st❛❜✐❧✐t② ❢♦r ≈✱ ❢♦r t❤❡ t✇♦ r❡❧❡✈❛♥t ✐♥❞✐❝❡s γ(M) ❛♥❞ ω(M)✱ ❛s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ♥❡①t
❝❤❛♣t❡r✱ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣✳

❘❡♠❛r❦ ✷✳✶✳✸✸✳ ❯❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s
♦❢ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✱ t❤❛t ✐s✱ ❛ ❢✉♥❝t✐♦♥ ω : [0,∞) → [0,∞) ❝♦♥t✐♥✉♦✉s✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤
ω(0) = 0 ❛♥❞ limt→∞ ω(t) = ∞✳ ❋♦r t❤❡s❡ ❢✉♥❝t✐♦♥s ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❤❛✈❡ ❞♦♥❡ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❛♥❞ t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡s❡
✈❛❧✉❡s ❝❤❛r❛❝t❡r✐③❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ω(t)✱ ❧✐❦❡ t❤❡ ♦♥❡s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✽
♦r ♦t❤❡rs ❧✐❦❡ t❤❡ str♦♥❣ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❬✼✺✱ ❝♦♥❞✐t✐♦♥ (ε)❪✱ t❤❛t✱ s✐♠✐❧❛r❧② t♦ t❤❡ s❡q✉❡♥❝❡
❝❛s❡✱ ❞❡s❝r✐❜❡ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡s✳ ❙✐♥❝❡ t❤❡s❡ ❝❧❛ss❡s ✇✐❧❧ ❜❡ ♦✉t
♦❢ t❤❡ st✉❞② ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ♦✉r ✇♦r❦s ❬✹✺✱ ✹✼❪✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✷✳✶✳✺ ❉✉❛❧ s❡q✉❡♥❝❡

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥❞❡① ω(M) ❝❤❛r❛❝t❡r✐③❡s t❤❡ ✐♥❥❡❝t✐✈✐t②
♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛♥❞ γ(M) ❝❤❛r❛❝t❡r✐③❡s t❤❡ s✉r❥❡❝t✐✈✐t② ❢♦r str♦♥❣❧② r❡❣✉❧❛r
s❡q✉❡♥❝❡s✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥✱ ❚❤❡♦r❡♠ ✷✳✶✳✶✻✱ t❤❡s❡ ❣r♦✇t❤ ✐♥❞✐❝❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❧♦✇❡r ♦r❞❡r
µ(♠) ❛♥❞ t❤❡ ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① β(♠)✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥❡ ♠❛② ♥❛t✉r❛❧❧② ❛s❦ ✇❤❛t t❤❡
✉♣♣❡r ♦r❞❡r ρ(♠) ♦r t❤❡ ✉♣♣❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① α(♠) st❛♥❞ ❢♦r✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ❛ ♣♦ss✐❜❧❡
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡✐r ♠❡❛♥✐♥❣ ✐s ❣✐✈❡♥ ❜② ❝♦♥str✉❝t✐♥❣ ❛ ❞✉❛❧ s❡q✉❡♥❝❡ D ♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡
M s✉❝❤ t❤❛t ω(D) = 1/ρ(♠) ❛♥❞ γ(D) = 1/α(♠)✳ ❚❤✐s ❞✉❛❧ ❝♦♥str✉❝t✐♦♥ ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞ ✐♥
❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸ ✐♥ ♦r❞❡r t♦ ❛ss♦❝✐❛t❡ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ t♦ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

■♥ t❤❡ ♣r❡❝❡❞✐♥❣ s✉❜s❡❝t✐♦♥s✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ t❤❡ ❖✲r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ♦❢ ❛ s❡q✉❡♥❝❡ a ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ st❡♣
❢✉♥❝t✐♦♥ fa ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✸✼✱ ❚❤❡♦r❡♠ ✶✳✷✳✹✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✮✳ ❖♥❡ ♠✐❣❤t t❤✐♥❦ ✇❤❡♥
t❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡✱ ✐✳❡✳✱ ✇❤❡♥ ❛ ❢✉♥❝t✐♦♥ f ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ✐ts ✈❛❧✉❡s ❛t t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳
❚❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ t❤r♦✉❣❤ t❤❡
❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ❡①❛♠♣❧❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✳ ❙t❛rt✐♥❣ ✇✐t❤ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥ f ✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✷✳✶✳✸✹✳ ▲❡t f : [N,+∞) → (0,+∞)✱ ✇✐t❤ N ∈ N✱ ❜❡ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❋♦r
p ∈ N0✱ ✇❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ap := f(p) ❢♦r p ≥ N ❛♥❞ ap := f(N) ❢♦r p < N ✳ ❚❤❡♥✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ t❤❡r❡ ❡①✐sts C ≥ 1 s✉❝❤ t❤❛t
ap+1 ≤ Cap, p ∈ N0, ✭✷✳✶✶✮

✭✐✐✮ t❤❡ ❢✉♥❝t✐♦♥ f s❛t✐s✜❡s

sup
x≥N

f(x+ 1)

f(x)
< +∞. ✭✷✳✶✷✮

❲❤❡♥❡✈❡r ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
C ≥ 1 s✉❝❤ t❤❛t

C−1fa(x) ≤ f(x) ≤ Cfa(x) x ≥ N, ✭✷✳✶✸✮

✇❤❡r❡ fa(x) = a⌊x⌋✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✐✐✮ lim
p→∞

ap+1

ap
= 1✱

✭✐✈✮ lim
x→∞

f(x+ 1)

f(x)
= 1✳

■❢ ✭✐✐✐✮ ♦r ✭✐✈✮ ❤♦❧❞s✱ t❤❡♥ fa ∼ f ✱ t❤❛t ✐s✱ limx→∞ fa(x)/f(x) = 1✳ ▼♦r❡♦✈❡r✱ ✐❢ f ✐s ❝♦♥t✐♥✉♦✉s
t❤❡♥ ✭✷✳✶✸✮ ✐♠♣❧✐❡s ✭✷✳✶✶✮ ❛♥❞ ✭✷✳✶✷✮ ❛♥❞ fa ∼ f ✐♠♣❧✐❡s ✭✐✐✐✮ ❛♥❞ ✭✐✈✮✳

Pr♦♦❢✳ ✭✐✮ ⇒ ✭✐✐✮ ❋♦r x ≥ N ✱ s✐♥❝❡ f ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❤❛✈❡ t❤❛t

f(x+ 1) ≤ f(⌊x⌋+ 2) = a⌊x⌋+2 ≤ C2a⌊x⌋ = C2f(⌊x⌋) ≤ C2f(x).

✭✐✐✮ ⇒ ✭✐✮ ❋♦r p < N ✭✐✮ ❤♦❧❞s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a ❛♥❞ ❢♦r p ≥ N ✐t ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠ ✭✐✐✮✳

✭✐✐✐✮ ⇒ ✭✐✈✮ ❋♦r x ≥ N ✱ s✐♥❝❡ f ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ s❡❡ t❤❛t

1 ≤ f(x+ 1)

f(x)
≤ f(⌊x⌋+ 2)

f(⌊x⌋+ 1)

f(⌊x⌋+ 1)

f(⌊x⌋) ,

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❛♥❞ ✭✐✈✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✐✐✐✮✳

✭✐✈✮ ⇒ ✭✐✐✐✮ ■♠♠❡❞✐❛t❡✳

❋✉rt❤❡r♠♦r❡✱ ❛ss✉♠✐♥❣ ✭✐✮ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✭✐✐✮✱ s✐♥❝❡ f ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❢♦r x ≥ N ✇❡ ❤❛✈❡
t❤❛t

fa(x) = a⌊x⌋ = f(⌊x⌋) ≤ f(x) ≤ f(⌊x⌋+ 1) = a⌊x⌋+1 ≤ Ca⌊x⌋ = Cfa(x).

❙✐♠✐❧❛r❧②✱ ❢♦r x ≥ N ✇❡ ♦❜s❡r✈❡ t❤❛t

1 ≤ f(x)

f(⌊x⌋) ≤ f(⌊x⌋+ 1)

f(⌊x⌋) ,

s♦✱ ❛ss✉♠✐♥❣ ✭✐✐✐✮ ♦r ✭✐✈✮✱ fa ∼ f ✳

■♥ ❛❞❞✐t✐♦♥✱ ✐❢ f ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s ✭✷✳✶✸✮✱ ❢♦r p ≥ N ✱ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ✐♥ x = p+1✱ ✇❡
❤❛✈❡ t❤❛t ❢♦r ε = f(N) > 0 t❤❡r❡ ❡①✐sts δp,ε ∈ (0, 1) s✉❝❤ t❤❛t 0 ≤ f(p+1)−f(p+1−δ) < f(N)✳
❈♦♥s❡q✉❡♥t❧②✱

ap+1 = f(p+ 1) ≤ 2f(p+ 1− δ) ≤ 2Cfa(p+ 1− δ) = 2Cap, p ≥ N,

❛♥❞ ✭✐✮ ✐s s❛t✐s✜❡❞✳ ❆♥❛❧♦❣♦✉s❧②✱ ❢♦r f ❝♦♥t✐♥✉♦✉s ✇❡ s❡❡ t❤❛t fa ∼ f ✐♠♣❧✐❡s ✭✐✐✐✮ ❛♥❞ ✭✐✈✮✳ �

❋r♦♠ t❤❡ ❧❛st r❡s✉❧t✱ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ ❛♥ ✐♥✈❡rs❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠s✱ ❚❤❡♦✲
r❡♠s ✶✳✷✳✸✼ ❛♥❞ ✶✳✷✳✹✹✱ ❢♦r ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✳

❈♦r♦❧❧❛r② ✷✳✶✳✸✺✳ ▲❡t f : [N,+∞) → (0,+∞)✱ ✇✐t❤ N ∈ N✱ ❜❡ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
❚❤❡♥

f ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ a ❛❧s♦ ✐s✳

f ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ a ❛❧s♦ ✐s✳

Pr♦♦❢✳ ■❢ f ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ t❤❡♥ limx→∞ f(⌊x⌋)/f(x) = 1 ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

lim
p→∞

a⌊λp⌋

ap
= lim

p→∞

f(⌊λp⌋)
f(λp)

f(λp)

f(p)
= λρ, λ ∈ (0,∞),

✐✳❡✳✱ a ❛❧s♦ ✐s✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ a ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ ❜② ▲❡♠♠❛ ✶✳✷✳✹✵ lim ap+1/ap = 1✱ ✉s✐♥❣ t❤❡
♣r❡✈✐♦✉s ❧❡♠♠❛ ✇❡ ❞❡❞✉❝❡ t❤❛t f ∼ fa✳ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✸✼✱ ✇❡ ❦♥♦✇ t❤❛t fa ✐s r❡❣✉❧❛r❧②
✈❛r②✐♥❣ ❛♥❞ ❜② ❘❡♠❛r❦ ✶✳✷✳✻ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t f ❛❧s♦ ✐s✳

❆ss✉♠✐♥❣ t❤❛t f ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ ✇❡ s❡❡ t❤❛t

lim sup
p→∞

a⌊λp⌋

ap
= lim sup

p→∞

f(⌊λp⌋)
f(p)

≤ lim sup
p→∞

f(λp)

f(p)
<∞, λ ∈ (0,∞),

t❤❡♥ a ❛❧s♦ ✐s✳ ❘❡❝✐♣r♦❝❛❧❧②✱ ✐❢ a ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ t❤❡♥

lim sup
p→∞

ap+1

ap
≤ lim sup

p→∞

a2p
ap

<∞,

s♦ ✭✷✳✶✶✮ ❤♦❧❞s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ≥ 1 s✉❝❤ t❤❛t

C−1fa(x) ≤ f(x) ≤ Cfa(x) x ≥ N,

❛♥❞✱ ❛♣♣❧②✐♥❣ ❘❡♠❛r❦ ✶✳✷✳✸✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t f ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❜❡❝❛✉s❡✱ ❜② ❚❤❡♦✲
r❡♠ ✶✳✷✳✹✹✱ fa ∈ ORV ✳ �

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f(2x) = O(f(x))✱ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ α(f) < ∞ ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐✲
t✐♦♥ ✷✳✶✳✷✽✳✭✐✐✮✮✱ t❤❡♥ ✐t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ✭✷✳✶✷✮ ❤♦❧❞s✱ s♦ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ♦✉r ❢✉♥❝t✐♦♥ f
❜② t❤❡ s❡q✉❡♥❝❡ a✳

▼♦♥♦t♦♥✐❝✐t② ❤②♣♦t❤❡s✐s ♦♥ f ♠✐❣❤t ❜❡ r❡♣❧❛❝❡❞ ❜② s♦♠❡ ✇❡❛❦❡r ♦r ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥ ❜✉t✱
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛♥❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✱ t❤✐s r❡q✉✐r❡♠❡♥t ✐s ❡♥♦✉❣❤✳

❘❡♠❛r❦ ✷✳✶✳✸✻✳ ❈♦♥❞✐t✐♦♥ ✭✷✳✶✶✮ ❛❧s♦ ❛♣♣❡❛rs ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ✭s❡❡ ❬✽✵✱ ✭✷✳✶✵✮❪✮✳ ❲❡ ❦♥♦✇
t❤❛t ✐❢ M ✐s ✭❧❝✮ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s✿

✭♠❣✮ ⇒ ✭✷✳✶✶✮ ⇒ ✭❞❝✮,

♠❡❛♥✐♥❣ t❤❛t ✐❢ M ❤❛s ✭♠❣✮ t❤❡♥ ♠ s❛t✐s✜❡s ✭✷✳✶✶✮ ❜❡❝❛✉s❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✾✱ ❢♦r ❛❧❧ p ∈ N

✇❡ s❡❡ t❤❛t
mp+1 ≤ m2p ≤ Cmp,

❛♥❞✱ ❜② ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✱ ✐❢ ♠ s❛t✐s✜❡s ✭✷✳✶✶✮✱ t❤❡♥ M s❛t✐s✜❡s ✭❞❝✮ s✐♥❝❡

Mp+1 = m0m1 · · ·mp ≤ m0C
pm0m1 · · ·mp−1 = m0C

pMp, p ∈ N0.

❚❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥s ❢❛✐❧ ✐♥ ❣❡♥❡r❛❧✳ ❋♦r t❤❡ ✜rst ♦♥❡✱ ✇❡ ❤❛✈❡ t❤❡ q−●❡✈r❡② s❡q✉❡♥❝❡s
M = (qp

2
)p∈N0 ✱ q > 1✱ ❞♦ ♥♦t s❛t✐s❢② ✭♠❣✮ ❜✉t ♥❡✈❡rt❤❡❧❡ss ✭✷✳✶✶✮ ❤♦❧❞s tr✉❡✳ ❋♦r t❤❡ s❡❝♦♥❞

♦♥❡✱ ✇❡ ❝♦♥s✐❞❡r
mp := exp(2j), 2j ≤ p < 2j+1, j ∈ N0.

❲❡ ♦❜s❡r✈❡ t❤❛t ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ mp = exp(2j) ≤ exp(p) ❢♦r p ∈ N✱ t❤❡♥ M s❛t✐s✜❡s ✭❞❝✮
❛♥❞ t❤❡ q✉♦t✐❡♥t m2j+1/m2j+1−1 = exp(2j) ✐s ♥♦t ❜♦✉♥❞❡❞✱ t❤❡♥ ✭✷✳✶✶✮ ✐s ✈✐♦❧❛t❡❞✳

❘❡♠❛r❦ ✷✳✶✳✸✼✳ ❚❤✐s ✐s ♥♦t t❤❡ ✜rst ❛♣♣r♦❛❝❤ t♦ ❣♦ ❢r♦♠ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s t♦ ✇❡✐❣❤t s❡q✉❡♥❝❡s✳
■♥ ❬✶✼❪✱ ✇❤❡r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❛♥❞ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✇❛s ♠❡♥t✐♦♥❡❞✱
❢r♦♠ ❛ ❢✉♥❝t✐♦♥ g : [0,∞) → [1,∞) t❤❡② ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ M = (((p+ 1)g(p))p)p∈N0 ✳ ❯♥❞❡r
s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥s ❢♦r g t❤❡ ❛✉t❤♦rs s❤♦✇ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ M ✐s str♦♥❣❧②
r❡❣✉❧❛r✱ t❤❛t ✐s✱ M ✐s ✭❧❝✮✱ ❤❛s ✭♠❣✮ ❛♥❞ ✐s ✭s♥q✮✳ ■♥ ❜❡t✇❡❡♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s❧②
❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ g✱ t❤r❡❡ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✿

✭■✮ g(2x) = O(g(x)) ❬✶✼✱ ▲❡♠♠❛ ✷✷✳✭✶✮❪✳

✭■■✮ lim supx→∞(g(x+ 1)/g(x))x <∞ ❬✶✼✱ ▲❡♠♠❛ ✷✷✳✭✷✮❪✳

✭■■■✮ supx≥0 xg
′(x)/g(x) <∞ ❬✶✼✱ ▲❡♠♠❛ ✷✹✳✭✐✮❪✳

❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✷✺ ❬✶✼❪ t❤❡ ❢✉♥❝t✐♦♥ g ✇❛s ❞✐r❡❝t❧② ♣r♦✈❡❞ t♦ s❛t✐s❢② ✭■■■✮ t❤❛t
✐♠♣❧✐❡s t❤❡ ♦t❤❡r t✇♦ ❝♦♥❞✐t✐♦♥s ✭■✮ ❛♥❞ ✭■■✮✳

■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ❝♦♥❞✐t✐♦♥ ✭■✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ α(g) < ∞ ✭❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✳✷✽✳✭✐✐✮✮✳ ❘❡❣❛r❞✐♥❣ ❝♦♥❞✐t✐♦♥ ✭■■■✮✱ ♦♥❡ ♠❛② ♦❜s❡r✈❡ t❤❛t ❢♦r g : [0,∞) → [1,∞)
❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✇✐t❤ g(0) = 1✱ ✇❡ ❝❛♥ ✇r✐t❡

g(x) = 1 +

∫ x

0
tg′(t)

dt

t
, x ≥ 0,

✇❤✐❝❤ ❧❡❛❞s t♦ ❚❤❡♦r❡♠ ✶✳✷✳✸✹✱ s✐♥❝❡ h(t) = tg′(t) ✐s ❛ ♣♦s✐t✐✈❡ ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❈♦♥✲
s❡q✉❡♥t❧②✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ♦♥❡ ♠❛② ❛❧t❡r♥❛t✐✈❡❧② ❛ss✉♠❡ t❤❛t
α(g′) < ∞ t❤❡♥✱ ❜② ✉s✐♥❣ t❤❡ ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ α(h) < ∞ ❛♥❞✱ ❜② ❚❤❡♦✲
r❡♠ ✶✳✷✳✸✹✳✭✐✮✱ ✭■■■✮ ✐s s❛t✐s✜❡❞✳ ❍❡♥❝❡ ❛❧s♦ ✭■✮ ❛♥❞ ✭■■✮ ❤♦❧❞ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ M̂

❤❛s ❛❧s♦ t❤❡ ❡①♣❡❝t❡❞ ♣r♦♣❡rt✐❡s✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❚❤❡♦r❡♠ ✷✳✶✳✸✵ s✉❣❣❡sts t❤❛t ♦♥❡ ♠❛② ❛❧s♦ ✜♥❞ r❡❧❛t✐♦♥s ❢♦r t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ♦❢
♠✱ ν♠ ❛♥❞ ωM✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥ ❤❛s ❜❡❡♥ ♣❛rt✐❛❧❧② st✉❞✐❡❞ ❢♦r ❢✉♥❝t✐♦♥s ✐♥ ❛ r❡❝❡♥t ✇♦r❦ ♦❢
❉✳ ❉❥✉r↔✐➣✱ ❘✳ ◆✐❦♦❧✐➣ ❛♥❞ ❆✳ ❚♦r❣❛➨❡✈ ❬✷✻❪✱ ✇❤❡r❡ t❤❡② ❛♥❛❧②③❡ t❤❡ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❞✉❛❧✐t②
❜❡t✇❡❡♥ ❛ ♣♦s✐t✐✈❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ✉♥❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : [X,∞) → (0,∞) ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥

f←(x) := inf{y ≥ X; f(y) > x} = sup{y ≥ X; f(y) ≤ x}.

❢♦r x ≥ f(X)✳ ❊✈❡♥ ✐❢ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡✐r ♣r♦♦❢s✱ t❤❡r❡ ✐s ♥♦t ❛ ❡①♣❧✐❝✐t
❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥❞✐❝❡s✳ ■♥ ♦✉r s✐t✉❛t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ ❛ ✇❡✐❣❤t
s❡q✉❡♥❝❡ ❛♥❞ ✐ts ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✽✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡♥

β(♠) =
1

α(ν♠)
, α(♠) =

1

β(ν♠)
,

✭✇✐t❤ t❤❡ t②♣✐❝❛❧ ❝♦♥✈❡♥t✐♦♥s ❢♦r 0 ❛♥❞ ∞✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡
❢♦r t❤❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s ♦❢ M ❛♥❞ ν♠✿

✭✐✮ M ❤❛s ✭♠❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts H ≥ 1 s✉❝❤ t❤❛t lim inft→∞ ν♠(Ht)/ν♠(t) > 1 ✭s❡❡
❬✽✵✱ ▲❡♠♠❛ ✷✳✷❪✮✳

✭✐✐✮ M s❛t✐s✜❡s ✭s♥q✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν♠(2t) = O(ν♠(t)) ✭s❡❡ ❬✶✼✱ ▲❡♠♠❛ ✶✷❪ ❢♦r ♦♥❡ ♦❢ t❤❡
✐♠♣❧✐❝❛t✐♦♥s✮✳

Pr♦♦❢✳ ❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t 0 < γ < β(♠)✱ s♦✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ (p−γmp)p∈N ✐s ❛❧♠♦st
✐♥❝r❡❛s✐♥❣✱ t❤❡♥ (p−1mp

1/γ)p∈N ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ✇✐t❤ ❝♦♥st❛♥t D ≥ 1✳ ❲❡ ❤❛✈❡ t❤❛t ❢♦r
❡✈❡r② t ≥ s ≥ m0✱ t❤❡r❡ ❡①✐st p, q ∈ N0 s✉❝❤ t❤❛t q ≥ p✱ s ∈ [mp,mp+1) ❛♥❞ t ∈ [mq,mq+1)✳ ■❢
q = p✱ ✇❡ s❡❡ t❤❛t

ν♠(s)

s1/γ
=
ν♠(t)

s1/γ
≥ ν♠(t)

t1/γ
,

❛♥❞ ✐❢ q ≥ p+ 1 ≥ 1✱ ✇❡ ❣❡t

ν♠(s)

s1/γ
≥ p+ 1

(mp+1)1/γ
≥ q

D(mq)1/γ
≥ q

q + 1

q + 1

Dt1/γ
≥ ν♠(t)

2Dt1/γ
,

t❤❛t ✐s✱ ν♠(t)/t1/γ ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣✱ t❤❡♥ 1/γ ≥ α(ν♠) ❛♥❞ 1/β(♠) ≥ α(ν♠)✳

❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ✐❢ γ > α(♠)✱ t❤❡♥ ((p+1)−1mp
1/γ)p∈N0 ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✇✐t❤ ❝♦♥st❛♥t

d ∈ (0, 1)✳ ❋♦r t ≥ s ≥ m0 t❛❦✐♥❣ p, q ∈ N0 ❛s ❜❡❢♦r❡ ✇❡ s❡❡ t❤❛t

ν♠(s)

s1/γ
≤ p+ 1

(mp)1/γ
≤ q + 2

d(mq+1)1/γ
≤ d−1

q + 2

q + 1

q + 1

(t)1/γ
≤ 2d−1

ν♠(t)

t1/γ
,

t❤❡♥ 1/γ ≤ β(ν♠) ❛♥❞ 1/α(♠) ≤ β(ν♠)✳

❘❡❝✐♣r♦❝❛❧❧②✱ ✐❢ γ > α(ν♠)✱ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t γ − ε > α(ν♠)✱ s♦ γ − ε > 0✱ s✐♥❝❡
α(ν♠) ≥ 0 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✽✳✭✐✮✳ ❚❤❡♥✱ ν♠(t)/tγ−ε ✐s ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
t❤❡r❡ ❡①✐sts d ∈ (0, 1) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② λ ≥ 1 ❛♥❞ ❛❧❧ t ≥ m0 ✇❡ ❤❛✈❡ t❤❛t

ν♠(t) ≥ dν♠(λt)/λ
γ−ε.

❲❡ ✜① Q ∈ N✱ ❧❛r❣❡ ❡♥♦✉❣❤✱ s✉❝❤ t❤❛t Q(ε/2)/(γ−ε/2)d ≥ 1 ❛♥❞ t❛❦✐♥❣ λ = Q1/(γ−ε/2) ✇❡ s❡❡ t❤❛t

ν♠(t)Q ≥ ν♠(Q
1/(γ−ε/2)t), t ≥ m0. ✭✷✳✶✹✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❯s✐♥❣ ✭✷✳✶✹✮✱ ❢♦r p ∈ N✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

mp =sup{t ≥ m0; ν♠(t) ≤ p} ≤ sup{t ≥ m0; ν♠(Q
1/(γ−ε/2)t) ≤ Qp}

=Q−1/(γ−ε/2) sup{s ≥ Q1/(γ−ε/2)m0; ν♠(s) ≤ Qp} ≤ mQp

Q1/(γ−ε/2)
.

❍❡♥❝❡ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐st Q ∈ N✱ Q ≥ 2 ❛♥❞ δ > 0 s✉❝❤ t❤❛t

lim inf
p→∞

mQp

Q1/γmp
≥ Qδ > 1.

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✳✭✈✐✐✐✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t 1/γ ≤ β(♠) ❛♥❞ 1/α(ν♠) ≤ β(♠)✳ ❆♥❛❧♦❣♦✉s❧②✱ ✐❢
0 < γ < β(ν♠)✱ t❤❡r❡ ❡①✐sts ε > 0 ✇✐t❤ γ + ε < β(ν♠) ❛♥❞ Q ∈ N✱ ❧❛r❣❡ ❡♥♦✉❣❤✱ s✉❝❤ t❤❛t

ν♠(t)Q ≤ ν♠(Q
1/(γ+ε/2)t), t ≥ m0.

❋♦r p ∈ N✱ ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

mp =sup{t ≥ m0; ν♠(t) ≤ p} ≥ sup{t ≥ m0; ν♠(Q
1/(γ+ε/2)t) ≤ Qp}

=Q−1/(γ+ε/2) sup{s ≥ Q1/(γ+ε/2)m0; ν♠(s) ≤ Qp} =
mQp

Q1/(γ+ε/2)
.

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷✳✭✐✈✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t 1/γ ≥ α(♠) ❛♥❞ 1/β(ν♠) ≥ α(♠)✳

❋✐♥❛❧❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✱ M ❤❛s ✭♠❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α(♠) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(ν♠) > 0
✇❤✐❝❤✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✽✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ H ≥ 1✱ s✉❝❤ t❤❛t

lim inf
t→∞

ν♠(Ht)/ν♠(t) > 1.

❙✐♠✐❧❛r❧②✱ ✇❡ s❡❡ t❤❛t M s❛t✐s✜❡s ✭s♥q✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν♠(2t) = O(ν♠(t))✳ �

❘❡♠❛r❦ ✷✳✶✳✸✾✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ ❜② ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✾✱ ✇❡ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ❧✐st ♦❢ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥s ♦❢ str♦♥❣ r❡❣✉❧❛r✐t② ✐♥
❈♦r♦❧❧❛r② ✷✳✶✳✻ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✳✶✾✱ t❤❛t ✐s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱

✭✈✮ 0 < lim inf
t→∞

ν♠(t)

ωM(t)
≤ lim sup

t→∞

ν♠(t)

ωM(t)
<∞,

✭✈✐✮ α(ν♠) <∞ ❛♥❞ β(ν♠) > 0✱

✭✈✐✐✮ α(ωM) <∞ ❛♥❞ β(ωM) > 0✳

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t α(ωM) = α(ν♠) <∞ ❛♥❞ β(ωM) = β(ν♠) > 0 ❛♥❞ ρ(ωM)✱ µ(ωM)✱
ρ(ν♠)✱ µ(ν♠) ∈ (0,∞)✳

❚❤✐s s✉❣❣❡sts ❛ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥✱ ✇❤✐❝❤ ✇❛s ❛❧s♦ ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✺✼❪✱ ♦❢ s♦♠❡ ♦❢ t❤❡ ❢❛❝ts
❞❡s❝r✐❜❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❘❡♠❛r❦ ✷✳✶✳✷✸✱ ♦♥❡ ♠❛② ❛ss❡rt t❤❛t ν♠ ✐s ❛ ❞✉❛❧ ❢✉♥❝t✐♦♥ ✐♥ t❡r♠s ♦❢
❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s❡q✉❡♥❝❡♠✱ ❜✉t ✐❢ ✇❡ ❤❛✈❡ str♦♥❣❧② r❡❣✉❧❛r✐t② ✇❡ ❝❛♥ r❡♣❧❛❝❡
ν♠ ❜② ωM✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱ ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ ✇❡ ❤❛✈❡ t❤❛t

✭✶✮ α(♠) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(ωM) > 0 ✭s❡❡ ❬✽✵✱ ▲❡♠♠❛ ✷✳✷❪✮✳

✭✷✮ β(♠) > 0 ✐♠♣❧✐❡s α(ωM) <∞ ✭s❡❡ ❬✶✼✱ ▲❡♠♠❛ ✶✷❪✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ r❡❛❞ ✐♥ t❡r♠s ♦❢ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽ ❛♥❞ Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✳✷✽✮✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✐♥ ✭✷✮ ❝❛♥ ♥♦t ❜❡ r❡✈❡rs❡❞ ✭s❡❡ ♦✉r ❡①❛♠♣❧❡ ✐♥ ❬✹✼❪
✇❤❡r❡ β(m) = 0 ❛♥❞ α(ωM) = 0✮ ♠✐❣❤t ❝❧❛r✐❢② ✇❤② t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤ ✭s❡❡ ❘❡✲
♠❛r❦ ✷✳✶✳✸✸✮ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❝❛s❡✱ ♠❡❛♥✐♥❣ t❤❛t✱ ❡✈❡♥ ✐❢ α(♠) = ∞✱ s♦
β(ωM) = 0✱ ❛♥❞ β(♠) = 0 ✇❡ ♠❛② ❤❛✈❡ α(ωM) < ∞✳ ■♥ ♦t❤❡r ✇♦r❞s ωM ♠✐❣❤t ❜❡ ♦❢ ❖✲r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ❡✈❡♥ t❤♦✉❣❤ ♠ ✐s q✉✐t❡ ♣❛t❤♦❧♦❣✐❝❛❧✳ ❲❤❡r❡❛s ✐❢ α(ωM) = ∞ ❛♥❞ β(ωM) = 0✱ t❤❡♥
❛✉t♦♠❛t✐❝❛❧❧② α(♠) = ∞ ❛♥❞ β(♠) = 0✳

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ ✐s ♣r♦♣♦s❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✹✵✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❋♦r p ∈ N0✱ ✇❡ ❞❡✜♥❡ ✐ts ❞✉❛❧ s❡q✉❡♥❝❡ D

✉s✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ❜②

dp := ν♠(p), p ≥ m0; dp := 1, p < m0.

❈♦rr❡s♣♦♥❞✐♥❣❧②✱ D0 := 1 ❛♥❞ Dp := d0d1 · · · dp−1 ❢♦r p ∈ N✳

■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t D ✐s ❛❧s♦ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❜✐❞✉❛❧ s❡q✉❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✹✶✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ D ✐ts ❞✉❛❧ s❡q✉❡♥❝❡✳ ❋♦r p ∈ N0✱ ✇❡ ❞❡✜♥❡
✐ts ❜✐❞✉❛❧ s❡q✉❡♥❝❡ E✱ ❛s t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ ♦❢ D✱ t❤❛t ✐s✱

ep := νd(p), p ≥ 1 = d0; e0 := 1,

❛♥❞ E0 := 1 ❛♥❞ Ep := e0e1 · · · ep−1 ❢♦r p ∈ N✳

❙✐♥❝❡ ν♠, νd : [0,∞) → N0✱ d, e ❛r❡ s❡q✉❡♥❝❡s ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛♥❞ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ t❤❡
❡①♣❡❝t❡❞ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ M ❛♥❞ E✳

❚❤❡♦r❡♠ ✷✳✶✳✹✷✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ E ✐ts ❜✐❞✉❛❧✳ ❚❤❡♥✱ ♠ ≃ e ✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts
c > 1 s✉❝❤ t❤❛t

c−1ep ≤ mp ≤ c ep, ❢♦r ❛❧❧ p ∈ N0.

■♥ ❢❛❝t✱ ♠ ∼ e✱ t❤❛t ✐s✱ limp→∞ ep/mp = 1✳

Pr♦♦❢✳ ❋♦r p > max(1, ν♠(⌊m0⌋+ 1))✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❛t

ep = νd(p) =max{j ∈ N; dj−1 ≤ p} = max{j ∈ N; ν♠(j − 1) ≤ p}
=max{j ∈ N; max{k ∈ N;mk−1 ≤ j − 1} ≤ p}.

■❢ j − 1 ≥ mp✱ t❤❡♥ max{k ∈ N;mk−1 ≤ j − 1} ≥ p + 1 ❛♥❞ j > ep✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ j − 1 < mp✱
t❤❡♥ max{k ∈ N;mk−1 ≤ j − 1} < p + 1✱ t❤❡♥ j ≤ ep✳ ❋♦r ❛❧❧ p > max(1, ν♠(⌊m0⌋ + 1)) ✇❡
❞❡❞✉❝❡ t❤❛t

ep = max{j ∈ N; j − 1 < mp}.
❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❡✈❡r② p > max(1, ν♠(⌊m0⌋+ 1)) ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t

ep − 1 < mp ≤ ep.

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
mp ≤ ep < mp + 1 ≤ (1 +m−10 )mp.

❇② s✉✐t❛❜❧② ❝❤♦♦s✐♥❣ ❛ ❝♦♥st❛♥t c ≥ (1 + m−10 )✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r p ≤
max(1, ν♠(⌊m0⌋ + 1)) ❛♥❞ ✇❡ s❡❡ t❤❛t ♠ ≃ e✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ limp→∞mp = ∞✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ♠ ∼ e✳ �

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❲❡ ✇❛♥t t♦ ♠❛❦❡ ✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✽ t♦ st✉❞② t❤❡ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❜❡❤❛✈✐♦r ♦❢ D
❛♥❞ E✱ ✐♥ t❡r♠s ♦❢ ν♠ ❛♥❞ νd✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡♥❝❡✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ ▲❡♠♠❛ ✷✳✶✳✸✹ ❛♥❞ ✐t s❡❡♠s
r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ t❤❛t ν♠ ❛♥❞ νd s❛t✐s❢② ✭✷✳✶✷✮✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♠ ≃ e✱ ♠ s❛t✐s✜❡s ✭✷✳✶✶✮ ✐❢
❛♥❞ ♦♥❧② ✐❢ e ❛❧s♦ ❞♦❡s✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❜② ▲❡♠♠❛ ✷✳✶✳✸✹✱ ✐❢ νd s❛t✐s✜❡s ✭✷✳✶✷✮✳ ▲❡t ✉s s❡❡ t❤❛t
t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡♥♦✉❣❤ ❢♦r ♦✉r ♣✉r♣♦s❡s✳

❚❤❡♦r❡♠ ✷✳✶✳✹✸✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ♠ s❛t✐s✜❡s ✭✷✳✶✶✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥ ❢♦r ♦r❞❡rs ❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❤♦❧❞s

β(♠) =
1

α(d)
, µ(♠) =

1

ρ(d)
, ρ(♠) =

1

µ(d)
, α(♠) =

1

β(d)
.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ t❤❛t s♦♠❡ ♦❢ t❤❡ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ❢♦r M ❛♥❞ D ❛r❡ r❡✢❡❝t❡❞✿

✭✐✮ M ❤❛s ✭♠❣✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ D s❛t✐s✜❡s ✭s♥q✮✱

✭✐✐✮ M s❛t✐s✜❡s ✭s♥q✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ D ❤❛s ✭♠❣✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ✐♥❞✐❝❡s ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ D

✐s ❛❧s♦ str♦♥❣❧② r❡❣✉❧❛r✳

Pr♦♦❢✳ ❙✐♥❝❡ ♠ s❛t✐s✜❡s ✭✷✳✶✶✮ ❛♥❞ ♠ ≃ e✱ t❤❡♥ e ❛❧s♦ ❞♦❡s✳ ❙✐♥❝❡ ep = νd(p) ❢♦r p ∈ N✱ ❜②
▲❡♠♠❛ ✷✳✶✳✸✹ ❛♥❞ ❘❡♠❛r❦ ✶✳✷✳✸✶✱ t❤✐s ♠❡❛♥s t❤❛t

β(e) = β(fe) = β(νd), ρ(e) = ρ(fe) = ρ(νd), α(e) = α(fe) = α(νd).

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✽ ❛♣♣❧✐❡❞ t♦ D✱ ✇❡ ❣❡t

β(e) = β(νd) =
1

α(d)
, α(e) = α(νd) =

1

β(d)
.

❙✐♥❝❡ e ≃ ♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t β(♠) = 1/α(d) ❛♥❞ α(♠) = 1/β(d)✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ ❚❤❡♦✲
r❡♠ ✷✳✶✳✸✵ ❢♦r D✱ ✇❡ ❦♥♦✇ t❤❛t

ρ(♠) = ρ(e) = ρ(fe) = ρ(νd) = 1/µ(d).

❋✐♥❛❧❧②✱ ❢♦r t > max(2,m0 + 1) ✇❡ ♦❜s❡r✈❡ t❤❛t

log(t− 1)

log(⌊t⌋)
log(ν♠(t− 1))

log(t− 1)
≤ log(ν♠(⌊t⌋))

log(⌊t⌋) ≤ log(ν♠(t))

log(t)

log(t)

log(⌊t⌋) .

t❤❡♥ ρ(ν♠) = ρ(d)✳ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✶✳✸✵ ❢♦r M✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ρ(d) = 1/µ(♠)✳ �

❈♦♥❞✐t✐♦♥ ✭✷✳✶✶✮ ❝❤❛r❛❝t❡r✐③❡s ✭✷✳✶✸✮ ❢♦r ❝♦♥t✐♥✉♦✉s ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱ ❜✉t s✐♥❝❡ ν♠
❛♥❞ νd ❛r❡ ♦♥❧② ♥♦♥❞❡❝r❡❛s✐♥❣ t❤❡r❡ ✐s s♦♠❡ ❤♦♣❡ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ s❦✐♣♣❡❞ ❜② ❣♦✐♥❣
❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✐♥❞✐❝❡s ♦❢ ♠ t♦ t❤❡ ✐♥❞✐❝❡s ♦❢ d✳ ❍♦✇❡✈❡r✱ ❛s ❝♦♠♠❡♥t❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✶✳✸✻✱
❛ss✉♠✐♥❣ ✭✷✳✶✶✮ ✐t ✐s ♥♦t ❛ ❜✐❣ r❡str✐❝t✐♦♥ ❛♥❞ ✐t ✐s ❡♥♦✉❣❤ t♦ ✐❧❧✉str❛t❡ t❤❡ r❡✢❡❝t✐♦♥ ❜❡t✇❡❡♥ D

❛♥❞ M✳

❘❡♠❛r❦ ✷✳✶✳✹✹✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✷✳✶✳✸✾✱ ✐❢ M ✐s str♦♥❣❧② r❡❣✉❧❛r t❤❡♥ ν♠ ✐s ❖✲r❡❣✉❧❛r❧②
✈❛r②✐♥❣ ❛♥❞

0 < lim inf
t→∞

ν♠(t)

ωM(t)
≤ lim sup

t→∞

ν♠(t)

ωM(t)
<∞.

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t ωM(t) ≥ 1 ❢♦r t ≥ p0✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡✿

tp := ωM(p), p ≥ p0; tp := 1, p < p0.

❍❡♥❝❡ d ≃ t ❛♥❞

β(♠) =
1

α(t)
, µ(♠) =

1

ρ(t)
, ρ(♠) =

1

µ(t)
, α(♠) =

1

β(t)
.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❊①❛♠♣❧❡ ✷✳✶✳✹✺✳ ❚❤❛♥❦s t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s
r❡♠❛r❦ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❊①❛♠♣❧❡ ✶✳✶✳✷✷ ♦r ❛❧s♦ ❜② ❛ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t
t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ ♦❢ t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡ Mα,0 = (p!α)p∈N0 ✐s ❡q✉✐✈❛❧❡♥t t♦ M1/α,0 = (p!1/α)p∈N0 ✳

❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡s ❛♥❞ t❤❡ s❡q✉❡♥❝❡s Mα,β = (n!αΠn
m=0 log

β(e+m))n∈N0 ✇✐t❤
α > 0 ❛♥❞ β ∈ R ❛r❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ ❛❧❧ t❤❡ ✐♥❞✐❝❡s ❛r❡ ❡q✉❛❧ ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✶✳✷✵✮✱ t❤❡ ❞✉❛❧✐t②
✐s ❤✐❞❞❡♥✳

❋♦r t❤❡ q−●❡✈r❡② s❡q✉❡♥❝❡s M = (qp
2
)p∈N0 ✱ ✇✐t❤ q > 1✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s D

❛♥❞ T ❞❡✜♥❡❞ ❢r♦♠ ν♠(t) ❛♥❞ ωM(t)✱ r❡s♣❡❝t✐✈❡❧②✳ ❇② ❊①❛♠♣❧❡ ✷✳✶✳✷✵✱ ✇❡ ❦♥♦✇ t❤❛t α(♠) =
β(♠) = ∞ ❛♥❞ s✐♥❝❡ M s❛t✐s✜❡s ✭✷✳✶✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t α(d) = β(d) = 0✱ s♦ t❤❡ ❞✉❛❧✐t② ✐s ❛❧s♦
❝♦♥❝❡❛❧❡❞✳ ❇② ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❝❛♥ ♥♦t✐❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣

d ≃ (log(p+ e))p∈N, t ≃ ((log(p+ e))2)p∈N,

✐♥ t❤✐s ❝❛s❡✱ d 6≃ t ❛s ❡①♣❡❝t❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ str♦♥❣ r❡❣✉❧❛r✐t② ✐♥ ❘❡♠❛r❦ ✷✳✶✳✸✾✳

❘❡♠❛r❦ ✷✳✶✳✹✻✳ ■t ✐s ✇♦rt❤② t♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ❞✉❛❧✐t② ✐s ♥♦t ♣r❡s❡r✈❡❞ ❢♦r ≈ ♦r ≃✱ t❤✐s
♠❡❛♥s t❤❛t ✐♥ ❣❡♥❡r❛❧ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❧♦st ✇❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡✳ ❋♦r ❡①❛♠♣❧❡
✇❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s M ❛♥❞ L ❞❡✜♥❡❞ ❢♦r ❛❧❧ k ∈ N ✐♥ t❡r♠s ♦❢ t❤❡✐r s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts✿

m0 = m1 = m2 = m3 := 1, mp := k ❢♦r ❡✈❡r② 2(2k)
k ≤ p < 2(2(k+1))k+1

,

ℓ0 = ℓ1 = ℓ2 = ℓ3 := 1, ℓp := k + 1 ❢♦r ❡✈❡r② 2(2k)
k ≤ p < 2(2(k+1))k+1

.

❊✈✐❞❡♥t❧②✱ M ❛♥❞ L ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ♦❢ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ✇✐t❤ ♠ ≃ ℓ✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡
t❤❡✐r ❞✉❛❧s✱ ❢♦r k ≥ 2 ✇❡ ❤❛✈❡ t❤❛t

dMk = ν♠(k) = max{j ∈ N; mj−1 ≤ k} = 2(2(k+1))k+1
,

dLk = max{j ∈ N; ℓj−1 ≤ k} = 2(2k)
k
.

❋♦r ❛❧❧ k ≥ 2✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

(
DM

k

DL
k

)1/k

≥ (dMk−1)
1/k

dLk−1
=

22
kkk−1

22k−1(k−1)k−1 = exp

(
log(2)2k−1(k − 1)k−1

(
2

(
k

k − 1

)k−1

− 1

))
.

❍❡♥❝❡ DM 6≈ DL✱ ❜❡❝❛✉s❡ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✐s ✉♥❜♦✉♥❞❡❞ ❛s k t❡♥❞s t♦ ∞✳

❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛❞❞ s♦♠❡ r❡❣✉❧❛r✐t② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❦❡♣t✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ M ❛♥❞ L ❛r❡
✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤ ♠ ≃ ℓ ❛♥❞ β(♠) > 0✱ s♦ β(ℓ) > 0✱ t❤❡r❡ ❡①✐sts Q ∈ N s✉❝❤ t❤❛t ❢♦r t
❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡ t❤❛t

ν♠(t) ≤ νℓ(Qt), νℓ(t) ≤ ν♠(Qt).

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✽✱ α(ν♠) <∞ ❛♥❞ α(νℓ) <∞✱ s♦ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t dM ≃ dL✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤✐s st❛❜✐❧✐t② ❤♦❧❞s ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✳

✷✳✷ ▲♦❣✲❝♦♥✈❡① s❡q✉❡♥❝❡s✱ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ♥♦♥③❡r♦ ♣r♦①✐✲
♠❛t❡ ♦r❞❡rs

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥♦♥tr✐✈✐❛❧ ❵✜♥❡✬ ✢❛t ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ❛♥❞
❞❡✜♥❡❞ ✐♥ s❡❝t♦rs ♦❢ ♦♣t✐♠❛❧ ♦♣❡♥✐♥❣✱ ♦♥ ✇❤✐❝❤ ✐s ❜❛s❡❞ t❤❡ M−s✉♠♠❛❜✐❧✐t② t❤❡♦r② ❞❡✈❡❧♦♣❡❞
✐♥ ❬✻✵✱ ✽✽❪ ❜② ❆✳ ▲❛str❛✱ ❏✳ ❙❛♥③ ❛♥❞ ❙✳ ▼❛❧❡❦✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ t❤❡

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❛t ❞❡✜♥❡s t❤❡ ❝❧❛ss✱ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ♣r♦①✐♠❛t❡
♦r❞❡rs ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✼✮ ❛♥❞ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡s M✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢✉♥❝t✐♦♥

dM(t) :=
log(ωM(t))

log(t)
, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤. ✭✷✳✶✺✮

❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ dM ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇❛s ❛♥ ♦♣❡♥
q✉❡st✐♦♥✱ s✉❝❝❡ss❢✉❧❧② ❛♥s✇❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻ ❜❡❧♦✇✳ ❆s ❛ ❜②♣r♦❞✉❝t ♦❢ t❤✐s r❡s✉❧t✱ ❛ ♥❡✇
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞✳

❊①❛♠♣❧❡ ✷✳✷✳✷✷ ♣r♦✈✐❞❡s ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ M✱ ❡q✉✐✈❛❧❡♥t ❢♦r ≃ t♦ L = (p!)p∈N0 ✱
s✉❝❤ t❤❛t dM(t) ✐s ♥♦t ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❍♦✇❡✈❡r✱ ✐t ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✷✳✽ t❤❛t dL ✐s
❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♣r♦♣❡rt② ♦❢ dM ❜❡✐♥❣ ❛ ♣r♦①✐♠❛t❡
♦r❞❡r ✐s ♥♦t st❛❜❧❡ ✉♥❞❡r ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s❡q✉❡♥❝❡s✱ ♥❡✐t❤❡r ≈ ♥♦r ≃✮✳ ❙♦✱ ✇❡ ♠❛② ♦❜t❛✐♥ ❛
s❛t✐s❢❛❝t♦r② s✉♠♠❛❜✐❧✐t② t❤❡♦r② ✐♥ t❤❡ ❈❛r❧❡♠❛♥ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ L✱ ✇❤✐❝❤
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ❛ss♦❝✐❛t❡❞ ✇✐t❤ M✳ ❚❤✐s s❤♦✇s t❤❛t ❛s❦✐♥❣ ❢♦r dM t♦ ❜❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r ✐s ❛ t♦♦ ❞❡♠❛♥❞✐♥❣ r❡str✐❝t✐♦♥ ❛♥❞ ♦♥❡ ❝♦✉❧❞ ❛s❦ ✐♥st❡❛❞ ❢♦r✿

✭❢✮ ❚❤❡r❡ ❡①✐sts ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ L s✉❝❤ t❤❛t L ≈ M ❛♥❞ dL(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❏✳ ❙❛♥③ ❤❛❞ ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ❬✽✽✱ ❘❡♠❛r❦ ✹✳✶✶✭✐✐✐✮❪ t❤❛t✱ ❢♦r t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✐♥ s❡❝t♦rs ♦❢ ♦♣t✐♠❛❧ ♦♣❡♥✐♥❣✱ dM ♥❡❡❞ ♥♦t ❜❡ ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❜✉t ✐t ✐s ❡♥♦✉❣❤ t❤❛t t❤❡r❡ ❡①✐st ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❝❧♦s❡ ❡♥♦✉❣❤ t♦ dM✱
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ▲❡t M = (Mp)p∈N0 ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❲❡ s❛② t❤❛t M ❛❞♠✐ts ❛ ♣r♦①✐♠❛t❡

♦r❞❡r ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t) ❛♥❞ ❝♦♥st❛♥ts A ❛♥❞ B s✉❝❤ t❤❛t

A ≤ log(t)(ρ(t)− dM(t)) ≤ B, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

eA ≤ tρ(t)

ωM(t)
≤ eB, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✹✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ r❡q✉✐r❡♠❡♥t ✭❢✮ ❛♥❞ t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❛ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡✲
♦r❡♠ ❢♦r s✉❝❤ s❡q✉❡♥❝❡s✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ✇❡❧❧✲❜❡❤❛✈❡❞ s❡q✉❡♥❝❡s
❢r♦♠ ♣r♦①✐♠❛t❡ ♦r❞❡rs✱ ❡♠♣❧♦②✐♥❣ t❤❡ ❞✉❛❧✐t② ♣r❡s❡♥t❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✶✳✺✳ ❋✐♥❛❧❧②✱ s❡✈❡r❛❧
♣❛t❤♦❧♦❣✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♠❡♥t✐♦♥❡❞ ❛❧♦♥❣ t❤❡ ❝❤❛♣t❡r✱
❛r❡ ♣r♦✈✐❞❡❞✳

❚❤❡ r❡s✉❧ts ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ t❤❡ ❝♦r❡ ♦❢ ♦✉r ✇♦r❦ ❬✹✹❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ❤❡r❡ s♦♠❡
♥❡✇ ✐♥❢♦r♠❛t✐♦♥ ✐s ❣✐✈❡♥✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✾✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❝♦♥❞✐t✐♦♥s ✭❢✮✱ ✭❥✮✱ ✭❦✮ ❛♥❞ ✭ℓ✮ ✐s ❝❧❛r✐✜❡❞ t❤r♦✉❣❤ s♦♠❡ ❝♦✉♥t❡r❡①❛♠♣❧❡s ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✽✮
❛♥❞ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✹✳✶ ✐♥ t❤❡ ♣❛♣❡r✱ ❤❛s ❜❡❡♥ ❝♦♠♣❧❡t❡❧② r❡✇r✐tt❡♥
✇✐t❤ ❛ ❞✐✛❡r❡♥t ❛♥❞ ♠♦r❡ s✐♠♣❧❡ ❛♣♣r♦❛❝❤✳

✷✳✷✳✶ ❆ ♥❡✇ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥

❚❤❡ ♠❛✐♥ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥
♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠ ♦❢ ❛♥② s❡q✉❡♥❝❡ M ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ M0 = 1✳ ❚❤✐s
r❡s✉❧t✱ ✐♥t❡r❡st✐♥❣ ✐♥ ✐ts ♦✇♥ r✐❣❤t✱ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ t♦ ❞❡s❝r✐❜❡✱

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✐♥ t❡r♠s ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐♠✐t✱ ✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ❢r♦♠ ❛
✇❡✐❣❤t s❡q✉❡♥❝❡✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❣✐✈❡♥ ❛ s❡q✉❡♥❝❡ M ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡
♦❢ q✉♦t✐❡♥ts ♠ = (mp)p∈N0 ✇❡ ❞❡✜♥❡ t❤❡ ❛✉①✐❧✐❛r② s❡q✉❡♥❝❡s

αp := log(mp), p ∈ N0; β0 := α0, βp := log

(
mp

M
1/p
p

)
, p ≥ 1. ✭✷✳✶✻✮

❋r♦♠ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ M ❛♥❞ ♠ ✇❡ ❞❡❞✉❝❡ ❛ ❡❧❡♠❡♥t❛r② ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ (αp)p∈N0

❛♥❞ (βp)p∈N0 ✳

▲❡♠♠❛ ✷✳✷✳✷✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ M ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ M0 = 1✱ ❢♦r ❛❧❧ p ∈ N0 ✇❡
❤❛✈❡

βp =αp −
1

p

p−1∑

k=0

αk, ✭✷✳✶✼✮

αp =

p−1∑

k=0

βk
k + 1

+ βp. ✭✷✳✶✽✮

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (βp)p∈N ✇❡ ❤❛✈❡ t❤❛t β0 = α0✱ ❛♥❞ ❢♦r ❛❧❧ p ∈ N

βp = log

(
mp

M
1/p
p

)
= log(mp)−

1

p
log(m0m1 · · ·mp−1) = αp −

1

p

p−1∑

k=0

αk,

t❤❡♥ ✭✷✳✶✼✮ ❤♦❧❞s✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✶✽✮ ✇❡ ❛♣♣❧② ✐♥❞✉❝t✐♦♥✳ ■t ✐♠♠❡❞✐❛t❡❧② ❤♦❧❞s ❢♦r p = 0✱ ❛♥❞ ✐❢ ✇❡ ❛❞♠✐t
✐ts ✈❛❧✐❞✐t② ❢♦r s♦♠❡ p ∈ N0✱ t❤❡♥

αp+1 = log(mp+1) = αp + log
(mp+1

mp

)
=

p−1∑

k=0

βk
k + 1

+ βp + log
(mp+1

mp

)

=

p∑

k=0

βk
k + 1

+
p

p+ 1
βp + log

(mp+1

mp

)
.

❙♦✱ ✇❡ ❛r❡ ❞♦♥❡ ✐❢ ✐t ❤♦❧❞s t❤❛t

p

p+ 1
βp + log

(mp+1

mp

)
= βp+1,

❜✉t t❤✐s ❡q✉❛❧✐t② ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ ❜② ❞✐r❡❝t ♠❛♥✐♣✉❧❛t✐♦♥✳ �

❆s ✐t ❤❛s ❤❛♣♣❡♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠
♦❢ M✱ t❤❛t ✐s ❞❡✜♥❡❞ ❢♦r p ∈ N0✱ ❛♥ ✐♥❞❡① s❤✐❢t ✐♥❝♦♥✈❡♥✐❡♥❝❡ ❛r✐s❡s✳ ■t ❝❛♥ ❜❡ s♦❧✈❡❞ t❤❛♥❦s t♦
▲❡♠♠❛ ✶✳✷✳✹✵ ❛♥❞ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ▲❡t M = (Mp)p∈N0 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡r❡ ❡①✐sts limp→∞ log
(
mp/M

1/p
p

)
∈ R✱

✭✐✐✮ ♠ = (mp−1)p∈N ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡s❡ st❛t❡♠❡♥ts ❤♦❧❞s✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧✐♠✐t ✐♥ ✭✐✮ ❛♥❞ t❤❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ♦❢ ♠ ❛r❡ t❤❡ s❛♠❡✳

Pr♦♦❢✳ ✭✐✮ ⇒ ✭✐✐✮ ❲❡ ❝❛❧❧ ω t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧✐♠✐t ✐♥ ✭✐✮✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s (αp)p∈N0

❛♥❞ (βp)p∈N0 ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✻✮✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

lim
p→∞

(α⌊λp⌋ − αp) = ω log(λ), λ > 0,

✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥✱ s❤♦✇s t❤❛t t❤❡ s❤✐❢t❡❞ s❡q✉❡♥❝❡ s♠ = (mp)p∈N ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞✱ ❜②
▲❡♠♠❛ ✶✳✷✳✹✵✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♥❞✐t✐♦♥ ✭✐✐✮✳ ❋♦r λ = 1 t❤❡ r❡s✉❧t ✐s ✐♠♠❡❞✐❛t❡✳ ❆ss✉♠❡
λ > 1✱ ✉s✐♥❣ ✭✷✳✶✽✮✱ ❢♦r ❛❧❧ p ∈ N0✱ p ≥ (λ− 1)−1 ✇❡ s❡❡ t❤❛t ⌊λp⌋ > p ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

α⌊λp⌋ − αp =

⌊λp⌋−1∑

k=p

βk
k + 1

+ β⌊λp⌋ − βp.

❈♦♥❞✐t✐♦♥ ✭✐✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s limp→∞ βp = ω✱ s♦ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t

lim
p→∞

⌊λp⌋−1∑

k=p

βk
k + 1

= ω log(λ).

■❢ ✇❡ t❛❦❡ ε > 0✱ ✇❡ ✜① δ > 0 s✉❝❤ t❤❛t δ log(λ) < ε/6✳ ❚❤❡r❡ ❡①✐sts pδ ∈ N s✉❝❤ t❤❛t |βp−ω| < δ
❢♦r p ≥ pδ✳ ❲❡ r❡♠❡♠❜❡r t❤❛t t❤❡ p−t❤ ♣❛rt✐❛❧ s✉♠ Hp =

∑p
k=1 1/k ♦❢ t❤❡ ❤❛r♠♦♥✐❝ s❡r✐❡s ♠❛②

❜❡ ❣✐✈❡♥ ❛s
Hp = log(p) + γ + εp, γ = ❊✉❧❡r✬s ❝♦♥st❛♥t, lim

p→∞
εp = 0.

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r p ≥ max(pδ, (λ− 1)−1) ✇❡ ❤❛✈❡

⌊λp⌋−1∑

k=p

βk
k + 1

≤ (ω + δ)(H⌊λp⌋ −Hp) = (ω + δ)

(
log

(⌊λp⌋
λp

)
+ log(λ) + ε⌊λp⌋ − εp

)
.

❯s✐♥❣ t❤❛t limp→∞⌊λp⌋/(λp) = 1 ❛♥❞ t❤❛t limp→∞ εp = 0✱ ✇❡ t❛❦❡ p0 ≥ max(pδ, (λ−1)−1) s✉❝❤
t❤❛t ❢♦r ❡✈❡r② p ≥ p0 ♦♥❡ ❤❛s

∣∣∣∣ω log

(⌊λp⌋
λp

)∣∣∣∣ < ε/12,

∣∣∣∣δ log
(⌊λp⌋
λp

)∣∣∣∣ < ε/12, |ωεp| < ε/6, |δεp| < ε/6.

❚❤❡♥ ❢♦r p ≥ p0 ✇❡ s❡❡ t❤❛t
⌊λp⌋−1∑

k=p

βk
k + 1

< ω log(λ) + ε.

❆♥❛❧♦❣♦✉s❧②✱ ❢♦r p ≥ p0 ✇❡ ♠❛② ❛❧s♦ ❣❡t t❤❛t

ω log(λ)− ε <

⌊λp⌋−1∑

k=p

βk
k + 1

,

❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳
❋♦r λ ∈ (0, 1)✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❛♥❞ ✇❡ ♦♠✐t ✐t✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✐✮ ⇒ ✭✐✮ ▲❡t ω ∈ R ❜❡ t❤❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ♠ = (mp−1)p∈N✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✸✽
♦♥❡ ♠❛② ✇r✐t❡

mp = exp

(
cp+1 +

p+1∑

k=1

ηk
k

)
, p ∈ N0,

✇❤❡r❡ (cp)p∈N ❛♥❞ (ηp)p∈N ❛r❡ s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs ❝♦♥✈❡r❣✐♥❣ t♦ c ∈ R ❛♥❞ ω✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡♥

Mp = m0m1 · · ·mp−1 = exp




p∑

j=1

cj +

p−1∑

j=0

j+1∑

k=1

ηk
k


 = exp




p∑

j=1

cj +

p∑

k=1

(p− k + 1)
ηk
k




= exp




p∑

j=1

cj + (p+ 1)

p∑

k=1

ηk
k

−
p∑

k=1

ηk


 .

❙✐♥❝❡ limp→∞ ηp/p = 0✱ limp→∞ ηp = ω ❛♥❞ limp→∞ cp = c✱ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛r✐t❤♠❡t✐❝
♠❡❛♥s ✇❡ ❤❛✈❡ t❤❛t

lim
p→∞

p−1
p∑

j=1

ηj/j = 0, lim
p→∞

p−1
p∑

j=1

ηj = ω ❛♥❞ lim
p→∞

p−1
p∑

j=1

cj = c,

❛♥❞ ✇❡ s❡❡ t❤❛t

lim
p→∞

log

(
mp

M
1/p
p

)
= lim

p→∞

[
1

p

(
p∑

k=1

ηk −
p∑

k=1

ηk
k

−
p∑

k=1

ck

)
+ cp+1

]
= ω,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ limp→∞ βp = ω✳ �

❘❡♠❛r❦ ✷✳✷✳✹✳ ■♥ ❢❛❝t✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ M ✐s ❛♥② s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤
M0 = 1✱ ♠ ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❜② ❛♥② s❡q✉❡♥❝❡ a = (ap)p∈N ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳ ❲❡ ❝❛♥
❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛♥s ❣✐✈❡♥ ❜②

ap :=

(
p∏

n=1

an

)1/p

, p ∈ N.

❇② ❝❛r❡❢✉❧❧② s❦✐♣♣✐♥❣ t❤❡ ✐♥❞❡① s❤✐❢t ♥✉✐s❛♥❝❡✱ ✇✐t❤ ▲❡♠♠❛ ✶✳✷✳✹✵✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ t❤❡r❡ ❡①✐sts limp→∞ ap/ap ∈ (0,∞)✱

✭✐✐✮ a ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ✐s t❤❛t ✇❡ ❛✈♦✐❞
✇♦r❦✐♥❣ ✇✐t❤ t❤❡ ✐♥t❡❣❡r ♣❛rt ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❡♣ ❢✉♥❝t✐♦♥ fa(x) = a⌊x⌋✳

❘❡♠❛r❦ ✷✳✷✳✺✳ ❚❤❡ r❡❛❞❡r ♠❛② ♥♦t❡ t❤❛t ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛ ♥❡✇ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r s❡q✉❡♥❝❡s ✐♥ t❡r♠s ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥s ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞✳ ❲✐t❤ t❤❡
s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ 0 < lim infp→∞ ap/ap ≤ lim supp→∞ ap/ap <∞✱

✭✐✐✮ a ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳

❚❤❡ ♣r♦♦❢ ❤❛s ❜❡❡♥ ♦♠✐tt❡❞ ❜❡❝❛✉s❡ ✇❡ ✇✐❧❧ ♥♦t ❡♠♣❧♦② ✐t ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✷✳✷✳✷ Pr♦①✐♠❛t❡ ♦r❞❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡

❚❤❡ ♣r✐♥❝✐♣❛❧ r❡s✉❧t✱ ❣❛t❤❡r❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ❝❤❛r❛❝t❡r✐③❡s t❤♦s❡ s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ ♦♥❡ ❝❛♥
❞❡✜♥❡✱ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ♥❛t✉r❛❧ ✇❛②✱ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✇✐❧❧
s❤♦✇ ❤♦✇ t❤❡s❡ s❡q✉❡♥❝❡s ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ♥♦t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s s✉❝❤ ❛s
str♦♥❣ r❡❣✉❧❛r✐t②✱ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s✳

❚❤❡ ❢✉♥❝t✐♦♥ dM(t) = log(ωM(t))/ log(t)✱ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥✱ ✐s
✐♠♠❡❞✐❛t❡❧② s❤♦✇♥ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ✐ts ❞♦♠❛✐♥
✭♠❡❛♥✐♥❣ t❤❛t ✐t ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❡①❝❡♣t ❛t ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts✱ t❡♥❞✐♥❣ t♦ ✐♥✜♥✐t②✱ ❛t ❛♥② ♦❢ ✇❤✐❝❤
✐t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❤❛s ❞✐st✐♥❝t ✜♥✐t❡ ❧❛t❡r❛❧ ❞❡r✐✈❛t✐✈❡s✮ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳
❚❤❡♥ dM(t) ❛❧✇❛②s ✈❡r✐✜❡s ❝♦♥❞✐t✐♦♥s ✭❆✮ ❛♥❞ ✭❇✮ ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✼✮✳
❍❡♥❝❡ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❝♦♥❞✐t✐♦♥s ✭❈✮ ❛♥❞ ✭❉✮✳

■♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ t❤❡♦r❡♠✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❤❡♦r❡♠ ♦❢ ▲✳ ❞❡ ❍❛❛♥✱ ❚❤❡♦r❡♠ ✶✳✷✳✹✷✱
✇❤✐❝❤ ❢♦r ♠♦♥♦t♦♥❡ s❡q✉❡♥❝❡s s❤♦✇s t❤❛t r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ♠✉❝❤ ♠♦r❡
♥✐❝❡r ❢♦r♠ ❛♥❞ t❤❛t ✐s t❤❡ ❝❛s❡ ♦❢ ♠ = (mp−1)p∈N ✇❤❡♥ M ✐s ✭❧❝✮✳

❚❤❡♦r❡♠ ✷✳✷✳✻✳ ▲❡t M = (Mp)p∈N0 ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❛✮ dM(t) ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤ limt→∞ dM(t) ∈ (0,∞)✱

✭❜✮ ❚❤❡r❡ ❡①✐sts ω > 0 s✉❝❤ t❤❛t ων♠(t) ∼ ωM(t)✱ t❤❛t ✐s✱ limt→∞ ων♠(t)/ωM(t) = 1✱

✭❝✮ ❚❤❡r❡ ❡①✐sts ω > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r ℓ ≥ 2✱

lim
p→∞

mℓp

mp
= ℓω,

✭❞✮ ♠ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱

✭❡✮ ❚❤❡r❡ ❡①✐sts limp→∞ log
(
mp/M

1/p
p

)
∈ (0,∞)✳

■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡s❡ st❛t❡♠❡♥ts ❤♦❧❞s✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧✐♠✐t ♠❡♥t✐♦♥❡❞ ✐♥ ✭❡✮✱ t❤❛t ♦❢ t❤❡ ✐♥❞❡①
♠❡♥t✐♦♥❡❞ ✐♥ ✭❞✮✱ ❛♥❞ t❤❛t ♦❢ t❤❡ ❝♦♥st❛♥t ω ✐♥ ✭❜✮ ❛♥❞ ✭❝✮ ✐s ω(M) ❛♥❞ t❤❡ ❧✐♠✐t ✐♥ ✭❛✮ ✐s
1/ω(M)✳

Pr♦♦❢✳ ✭❛✮ ⇒ ✭❜✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✾✮ ❛♥❞ ✭✷✳✶✺✮✱ ✇❡ ❤❛✈❡ t❤❛t

d′M(t) =
ω′M(t)

log(t)ωM(t)
− dM(t)

t log(t)
=

1

t log(t)

(
ν♠(t)

ωM(t)
− dM(t)

)
,

❢♦r t 6= mp ❧❛r❣❡ ❡♥♦✉❣❤✳ ❖❜s❡r✈❡ t❤❛t ✭❉✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✼ ❛♠♦✉♥ts t❤❡♥ t♦

lim
t→∞
t 6=mp

(ν♠(t)
ωM(t)

− dM(t)
)
= 0. ✭✷✳✶✾✮

❇② ❚❤❡♦r❡♠ ✷✳✶✳✸✵ ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭❈✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✼✱ ✇❡ ❦♥♦✇ t❤❛t limt→∞ dM(t) = 1/ω(M)✱
❛♥❞ s♦

lim
t→∞
t 6=mp

ν♠(t)

ωM(t)
=

1

ω(M)
.

❇② ▲❡♠♠❛ ✶✳✷✳✶✷✱ ✇❡ ❦♥♦✇ t❤❛t ωM ∈ R1/ω(M)✱ s♦ limt→∞ ωM(t + 1)/ωM(t) = 1✳ ❋♦r ❡✈❡r②
p ∈ N0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ t❛❦❡ εp ∈ (0, 1) s✉❝❤ t❤❛t mp+ εp✱ mp− εp✱ mp+ εp− 1 ❛♥❞ mp− εp+1
❛r❡ ♥♦t ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡q✉❡♥❝❡ ♠✳ ❇② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ν♠ ❛♥❞ ωM✱ ✇❡ ❤❛✈❡ t❤❛t

ωM(mp − εp)

ωM(mp − εp)

ν♠(mp − εp)

ωM(mp − εp + 1)
≤ ν♠(mp)

ωM(mp)
≤ ν♠(mp + εp)

ωM(mp + εp − 1)

ωM(mp + εp)

ωM(mp + εp)
,

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❢♦r ❛❧❧ p ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t limp→∞ ν♠(mp)/ωM(mp) = 1/ω(M)✳

✭❜✮ ⇒ ✭❝✮ ❲❡ r❡❞❡✜♥❡ ω′M(mp) := ω(mp)/(mpω) ❢♦r ❛❧❧ p ∈ N0✳ ❙✐♥❝❡ limt→∞ ωM(t) = ∞✱ t❤❡r❡
❡①✐sts N ∈ N s✉❝❤ t❤❛t ωM(t) > 0 ❢♦r t ≥ mN ✱ ✇❡ ❝❛♥ ✇r✐t❡

ωM(t) = ωM(mN ) exp

(∫ t

mN

uω′M(u)

ωM(u)

du

u

)
, t ≥ mN .

❇② ✭❜✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ω′M(mp)✱ ✇❡ ❤❛✈❡ t❤❛t

lim
t→∞

tω′M(t)

ωM(t)
= lim

t→∞

ν♠(t)

ωM(t)
=

1

ω
.

❚❤❡♥ ❜② t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✶✳✷✳✹✱ ✇❡ ❤❛✈❡ t❤❛t ωM(t) ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① 1/ω
❛♥❞✱ ❛❣❛✐♥ ❜② ✭❜✮ ❛♥❞ ❘❡♠❛r❦ ✶✳✷✳✻✱ ✇❡ ❤❛✈❡ t❤❛t ν♠(t) ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① 1/ω✳

❋♦r ❛♥② ℓ ∈ N ✇✐t❤ ℓ ≥ 2✱ ❢♦r ❡✈❡r② ε ∈ (0, 1) ✇❡ t❛❦❡ λ1(ℓ, ε) := (ℓ/(1 + ε))ω ❛♥❞ λ2(ℓ, ε) :=
(ℓ/(1− ε))ω t❤❡♥✱ ✉s✐♥❣ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ν♠(t)✱ t❤❡r❡ ❡①✐sts t0 > 0 s✉❝❤ t❤❛t

λ
1/ω
j (1− ε) ≤ ν♠(λjt)

ν♠(t)
≤ λ

1/ω
j (1 + ε), ❢♦r ❛❧❧ t ≥ t0,

❢♦r j = 1, 2✳ ❙✐♥❝❡ limp→∞mp = ∞✱ t❤❡r❡ ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t mp0−1 > max(λ1t0, λ2t0, t0)✱
t❤❡♥ ν♠(t0) < p0✳ ❙♦ ❢♦r p ≥ p0 ✇❡ ❤❛✈❡ t❤❛t

mp = sup{t ≥ m0; ν♠(t) ≤ p} = sup{t ≥ t0; ν♠(t) ≤ p}.

❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ ν♠(λ1t) ≤ ℓν♠(t) ≤ ν♠(λ2t) ❢♦r ❡✈❡r② t ≥ t0✱ ❢♦r ❡✈❡r② p ≥ p0 ✇❡ s❡❡ t❤❛t

sup{t ≥ t0; ν♠(λ2t) ≤ ℓp} ≤ mp ≤ sup{t ≥ t0; ν♠(λ1t) ≤ ℓp}.

❙✐♥❝❡ ℓp ≥ p ≥ p0✱ ❢♦r j = 1, 2 ✇❡ ❤❛✈❡ t❤❛t ν♠(λjt0) < p0 ❛♥❞ ❢♦r ❛❧❧ p ≥ p0 ✇❡ ♦❜s❡r✈❡ t❤❛t

sup{t ≥ t0; ν♠(λjt) ≤ ℓp} = (λj)
−1 sup{s ≥ λjt0; ν♠(s) ≤ ℓp} = (λj)

−1mℓp.

❋✐♥❛❧❧②✱ ❢♦r ❡✈❡r② p ≥ p0 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

ℓω

(1 + ε)ω
= λ1 ≤

mℓp

mp
≤ λ2 =

ℓω

(1− ε)ω
.

✭❝✮ ⇒ ✭❞✮ ❙✐♥❝❡ s♠ = (mp)p∈N ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✹✷ ✇❡ s❡❡ t❤❛t s♠ ✐s r❡❣✉❧❛r❧②
✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω > 0✳ ❚❤❡♥ ✐t s✉✣❝❡s t♦ ❛♣♣❧② ▲❡♠♠❛ ✶✳✷✳✹✵ t♦ ❡♥s✉r❡ t❤❛t ♠ = (mp−1)p∈N0

✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω > 0✳

✭❞✮ ⇔ ✭❡✮ ❆♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳

✭❡✮ ⇒ ✭❛✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✶✻✮✱ ❝♦♥❞✐t✐♦♥ ✭❡✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

lim
p→∞

βp = ω ∈ (0,∞). ✭✷✳✷✵✮

❇② ✉s✐♥❣ ✭✷✳✶✽✮✱ ✇❡ s❡❡ t❤❛t

lim
p→∞

(αp+1 − βp+1)− (αp − βp)

log(p+ 1)− log(p)
= lim

p→∞

βp/(p+ 1)

1/p
= ω,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❛♥❞ t❤❡♥ ✇❡ ❞❡❞✉❝❡ ❜② ❙t♦❧③✬s ❝r✐t❡r✐♦♥ t❤❛t

lim
p→∞

αp − βp
log(p)

= ω.

❙✐♥❝❡ βp = O(1) ✭❛♥❞ αp = log(mp)✮✱ ✇❡ ❣❡t

lim
p→∞

log(mp)

log(p)
= ω. ✭✷✳✷✶✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢r♦♠ ✭❡✮✱ t❤❡r❡ ❡①✐st a,A > 0 ❛♥❞ p0 ∈ N s✉❝❤ t❤❛t

a < log
(
mp/M

1/p
p

)
< A, p ≥ p0,

✇❤❛t✱ ❜② ✭✶✳✻✮ ❛♥❞ t❛❦✐♥❣ ❧♦❣❛r✐t❤♠s✱ ❛♠♦✉♥ts t♦

log(a) + log(p) < log(ωM(mp)) < log(p) + log(A), p ≥ p0.

❙✉❜s❡q✉❡♥t❧②✱ ✇❡ s❡❡ t❤❛t

lim
p→∞

log(ωM(mp))

log(p)
= 1. ✭✷✳✷✷✮

❖❜s❡r✈❡ t❤❛t ωM(t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ s♦ ❢♦r ❡✈❡r② t ∈ [mp−1,mp) ✇❡ ❤❛✈❡

p

ωM(mp)
≤ ν♠(t)

ωM(t)
≤ p

ωM(mp−1)
,

log(ωM(mp−1))

log(mp)
≤ log(ωM(t))

log(t)
≤ log(ωM(mp))

log(mp−1)
.

❇② ✭✶✳✻✮ ✇❡ ❦♥♦✇ t❤❛t ωM(mp) = pβp ❢♦r ❡✈❡r② p ∈ N✱ s♦ ❢r♦♠ ✭✷✳✷✵✮ ❛♥❞ t❤❡ ✜rst ✐♥❡q✉❛❧✐t✐❡s
✇❡ s❡❡ t❤❛t limt→∞ ν♠(t)/ωM(t) = 1/ω✳ ◆♦✇✱ ✉s✐♥❣ ✭✷✳✷✶✮ ❛♥❞ ✭✷✳✷✷✮ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡
s❡❝♦♥❞ ✐♥❡q✉❛❧✐t✐❡s t❤❛t limt→∞ dM(t) = 1/ω✱ ❛♥❞ ❛❧s♦ t❤❛t ✭✷✳✶✾✮ ✐s s❛t✐s✜❡❞✳ ❙♦✱ ✭❈✮ ❛♥❞ ✭❉✮
✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✼ ❛r❡ ✈❛❧✐❞ ❛♥❞ dM ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ▼♦r❡♦✈❡r✱ ❜② ❚❤❡♦r❡♠ ✷✳✶✳✸✵ ✇❡ ❞❡❞✉❝❡
t❤❛t ω = ω(M)✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❧✐♠✐ts ♦r ✐♥❞✐❝❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ st❛t❡♠❡♥ts ✐s ❞❡❞✉❝❡❞ ✐♥ t❤❡ ❝♦✉rs❡
♦❢ t❤❡ ♣r♦♦❢✳ �

❘❡♠❛r❦ ✷✳✷✳✼✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ s♦♠❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r dM ❜❡✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✲
✐♠❛t❡ ♦r❞❡r✳ ❇② ❘❡♠❛r❦ ✷✳✶✳✶✹ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✳✶✾✱ ✐❢ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ♠ ✐s
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ✐♥❞❡①✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭❥✮ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

β(♠) = γ(M) = µ(♠) = ω(M) = ρ(♠) = α(♠) ∈ (0,∞),

✭❦✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r ❛♥❞

lim
p→∞

log(mp)

log(p)
= ω(M), ✭✷✳✷✸✮

✭ℓ✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❈♦♥❞✐t✐♦♥ ✭❦✮ tr✐✈✐❛❧❧② ✐♠♣❧✐❡s ✭ℓ✮ ❛♥❞✱ ❜② ❘❡♠❛r❦ ✷✳✶✳✶✾ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ✐❢ ✭❥✮ ✐s ✈❛❧✐❞✱ M ✐s
str♦♥❣❧② r❡❣✉❧❛r ❛♥❞✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ ✇❡ s❡❡ t❤❛t ✭✷✳✷✸✮ ❤♦❧❞s✱ t❤❡♥ ✭❥✮ ✐♠♣❧✐❡s ✭❦✮✳ ❚❤❡
❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥s ❞♦ ♥♦t ❤♦❧❞✱ s❡❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✹ ❢♦r ✭❥✮ ❛♥❞ ✭❦✮ ❛♥❞ ❊①❛♠♣❧❡ ✷✳✷✳✷✻ ❢♦r ✭❦✮
❛♥❞ ✭ℓ✮✳

■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ✭❥✮✱ ✭❦✮ ❛♥❞ ✭ℓ✮ ❛r❡ st❛❜❧❡ ❢♦r ≃✳ ▼♦r❡♦✈❡r✱ ✐❢ M ✐s ❛ ✇❡✐❣❤t s❡✲
q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ❛♥② ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ L ✐s ❛♥♦t❤❡r ✇❡✐❣❤t s❡q✉❡♥❝❡ ✇✐t❤ L ≈ M✱ ❜②
Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵✱ ✇❡ ❤❛✈❡ t❤❛t ℓ ≃ ♠✱ ❝♦♥s❡q✉❡♥t❧②✱ L ❛❧s♦ s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥✳

■♥ s♦♠❡ s❡♥s❡✱ ❚❤❡♦r❡♠ ✷✳✷✳✻ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❛♥❛❧♦❣♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s
❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✐♥ ❈♦r♦❧❧❛r② ✷✳✶✳✻✱ ❘❡♠❛r❦s ✷✳✶✳✶✾ ❛♥❞ ✷✳✶✳✸✾ ❢♦r t❤❡ ❝❛s❡ ♦❢
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s✳

❊①❛♠♣❧❡ ✷✳✷✳✽✳ ❋♦r t❤❡ s❡q✉❡♥❝❡s ✐♥ t❤❡ ❊①❛♠♣❧❡ ✶✳✶✳✹ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ω(Mα,β) = α ❛♥❞
ω(Mq) = ∞ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡s ♦❢ α✱ β ❛♥❞ q ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✶✳✷✵✮✳ ❙♦✱ ❚❤❡♦r❡♠ ✷✳✷✳✻
s❤♦✇s t❤❛t ❢♦r t❤❡ s❡q✉❡♥❝❡s M0,β ❛♥❞ Mq t❤❡ ❢✉♥❝t✐♦♥ dM ✐s ♥♦t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ ♦♥❡ ♠❛② ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ✭❝✮ ♦r ✭❡✮ ✐♥ t❤❛t t❤❡♦r❡♠ ❤♦❧❞ ❢♦r Mα,β ✇❤❡♥❡✈❡r
α > 0 ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ dMα,β

✐s ✐♥❞❡❡❞ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❛❧t❤♦✉❣❤ ✐ts ❤❛♥❞❧✐♥❣ ✇✐❧❧
❜❡ ❞✐✣❝✉❧t ✐♥ ❣❡♥❡r❛❧ ✭✐♥ t❤✐s s❡♥s❡✱ s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✻✮✳

❆♠♦♥❣ t❤❡ ❡①❛♠♣❧❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✱ ♦♥❧② t❤❡ ✜rst ♦♥❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✶ s❛t✐s✜❡s t❤❡
t❤❡♦r❡♠✳ ❋♦r t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❊①❛♠♣❧❡ ✷✳✷✳✷✷✱ ❡✈❡♥ ✐❢ dM ✐s ♥♦t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✇❡ ❛r❡
st✐❧❧ ❛❜❧❡ t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s✉♠♠❛❜✐❧✐t② t❤❡♦r②✱ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱
✇❤❡r❡❛s t❤❡ ♦t❤❡rs ❛r❡ ❡①❛♠♣❧❡s ♦❢ ♣❛t❤♦❧♦❣✐❝❛❧ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ t❤✐s t❤❡♦r②
✐s ♥♦t ❛✈❛✐❧❛❜❧❡✱ ❜✉t ♥❡✈❡rt❤❡❧❡ss t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ❝❛♥ ❜❡ ❛♥❛❧②③❡❞✱
❛s ✐t ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

✷✳✷✳✸ ❘❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❢r♦♠ ♣r♦①✐♠❛t❡ ♦r❞❡rs

■♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ❤♦✇ t♦ ❣♦ ❢r♦♠ ✇❡✐❣❤t s❡q✉❡♥❝❡s t♦ ♥♦♥③❡r♦ ♣r♦①✲
✐♠❛t❡ ♦r❞❡rs✳ ◆♦✇✱ ❞❡♣❛rt✐♥❣ ❢r♦♠ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❛♥❞ ❢♦r ❡✈❡r② ❡❧❡♠❡♥t V ✐♥ t❤❡
❝❧❛ss MF (γ, ρ(t)) ❣✐✈❡♥ ❜② ▲✳❙✳ ▼❛❡r❣♦✐③ ❬✻✺❪ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✶✻ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✼✮✱ ✇❡
✇✐❧❧ ❝♦♥str✉❝t ❛ ✇❡❧❧✲❜❡❤❛✈❡❞ s❡q✉❡♥❝❡ V✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞
✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✶✳✺✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✾✳ ▲❡t ρ(t) ❜❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ γ > 0 ❛♥❞ V ∈ MF (γ, ρ(t))✳ ❲❡
❞❡✜♥❡ ✐ts ❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡ ❜②

vp := V (p), p ∈ N, v0 := V (1).

❚❤❡♥ Vp := v0v1 · · · vp−1 ❢♦r ❛❧❧ p ∈ N ❛♥❞ V0 = 1✳

❯s✐♥❣ ❘❡♠❛r❦ ✶✳✷✳✽✱ ❚❤❡♦r❡♠ ✶✳✷✳✶✻✳✭■✮✱ ✭■■■✮ ❛♥❞ ✭❱■✮✱ ✇❡ s❡❡ t❤❛t V ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞
t❤❛t v ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ✐♥❞❡① ρ := limt→∞ ρ(t)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✻✱
dV ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞✱ ❜② ❘❡♠❛r❦ ✷✳✷✳✼✱ V ✐s str♦♥❣❧② r❡❣✉❧❛r✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ V ❛♥❞ t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ DM ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✹✵✮
♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ❛❞♠✐tt✐♥❣ ρ(t) ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✮✳

▲❡♠♠❛ ✷✳✷✳✶✵✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ρ(t) ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡♥
❢♦r ❛♥② γ > 0 ❛♥❞ ❡✈❡r② V ∈MF (γ, ρ(t)) ✇❡ ❤❛✈❡ t❤❛t v ≃ dM.

Pr♦♦❢✳ ❙✐♥❝❡ M ❛❞♠✐ts ρ(t) ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ t❤❡r❡ ❡①✐st A,B > 0 s✉❝❤ t❤❛t

B ≤ tρ(t)

ωM(t)
≤ A, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❇② ❚❤❡♦r❡♠ ✶✳✷✳✶✻✳✭❱■✮✱ t❤❡r❡ ❡①✐st C,D > 0 s✉❝❤ t❤❛t

D ≤ V (t)

ωM(t)
≤ C, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

❚❤❡♥✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✻✳✭■✮ ❛♥❞ ❘❡♠❛r❦ ✶✳✷✳✸✶✱ ωM ∈ ORV ❛♥❞ α(ωM) = β(ωM) ∈ (0,∞)✳
❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✶✳✷✾✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐st E,F > 0 s✉❝❤ t❤❛t

F ≤ V (t)

ν♠(t)
≤ E, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

t❤❡♥✱ ❡✈❛❧✉❛t✐♥❣ ✐♥ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ v ≃ dM✳ �

❯s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥❥✉❣❛t❡ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❞❡✜♥❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✶✳✷✳✷✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡
✇✐t❤ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛ ❝♦♥❥✉❣❛t❡ s❡q✉❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✶✳ ▲❡t ρ(t) ❜❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ γ > 0 ❛♥❞ V ∈ MF (γ, ρ(t))✳ ❲❡
❞❡✜♥❡ ✐ts ❛ss♦❝✐❛t❡❞ ❝♦♥❥✉❣❛t❡ s❡q✉❡♥❝❡ ❜②

up := U(p), p ∈ N, u0 := U(1),

✇❤❡r❡ U(s) ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (t) ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✶✽✮ ❛♥❞ Up := u0u1 · · ·up−1 ❢♦r
❡✈❡r② p ∈ N ❛♥❞ U0 = 1✳

❇② ❚❤❡♦r❡♠ ✶✳✷✳✶✾✱ U ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ u ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ✐♥❞❡① 1/ρ✱
✇❤❡r❡ ρ = limt→∞ ρ(t)✳ ◆❛t✉r❛❧❧② ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ U ❛♥❞ t❤❡ ❞✉❛❧
s❡q✉❡♥❝❡ DV ♦❢ V ❞❡✜♥❡❞ ❜②

dVp := νv(p), p ≥ m0, dVp := 1, p < m0

❛♥❞ DV
0 := 1 ❛♥❞ DV

p := dV0 d
V
1 · · · dVp−1 ❢♦r ❛❧❧ p ∈ N✳

▲❡♠♠❛ ✷✳✷✳✶✷✳ ▲❡t ρ(t) ❜❡ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ γ > 0 ❛♥❞ V ∈ MF (γ, ρ(t))✳ ❚❤❡♥ ✇❡
❤❛✈❡ t❤❛t

νv(s) = ⌊U(s)⌋+ 1, s ≥ V (1),

✇❤❡r❡ U(s) ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (t)✱ ❛♥❞ dV ≃ u✳

Pr♦♦❢✳ ❋♦r s ≥ V (1) ✇❡ ❤❛✈❡ t❤❛t

νv(s) = max{j ∈ N; V (j − 1) ≤ s} = max{j ∈ N; j − 1 ≤ U(s)} = ⌊U(s)⌋+ 1.

❲❡ s❡❡ t❤❛t ❢♦r s ❧❛r❣❡ ❡♥♦✉❣❤ U(s) ≥ 1 ❛♥❞

1 ≤ νv(s)

U(s)
=

⌊U(s)⌋+ 1

U(s)
≤ U(s) + 1

U(s)
≤ 2.

❍❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t dV ≃ u✳ �

❘❡♠❛r❦ ✷✳✷✳✶✸✳ ❇② ❝❛r❡❢✉❧❧② ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ✐♥ ❙✉❜s❡❝t✐♦♥s ✷✳✶✳✺ ❛♥❞ ✷✳✶✳✹✱ ❢♦r t ❧❛r❣❡
❡♥♦✉❣❤ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A ❛♥❞ B s✉❝❤ t❤❛t

A ≤ ωU(t)

V (t)
≤ B,

❝♦♥✜r♠✐♥❣ ✇❤❛t ✇❛s ❡①♣❡❝t❡❞ ❢♦r t❤❡ ❝♦♥❥✉❣❛t❡ s❡q✉❡♥❝❡ U✳
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❋✐♥❛❧❧②✱ ▲❡♠♠❛s ✷✳✷✳✶✵ ❛♥❞ ✷✳✷✳✶✷ s✉❣❣❡st t❤❡ ♥❡①t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡q✉❡♥❝❡ U✱ ❛
✇❡✐❣❤t s❡q✉❡♥❝❡ M ❛❞♠✐tt✐♥❣ ρ(t) ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞ ✐ts ❜✐❞✉❛❧ s❡q✉❡♥❝❡ EM ✭s❡❡
❉❡✜♥✐t✐♦♥ ✷✳✶✳✹✶✮✳

❚❤❡♦r❡♠ ✷✳✷✳✶✹✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛❞♠✐tt✐♥❣ ρ(t) ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳
❚❤❡♥ u ≃ eM ❛♥❞ u ≃ ♠✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✷✳✷✳✶✵✱ v ≃ dM t❤❡♥ ✐t ❡①✐sts a > 1 s✉❝❤ t❤❛t

νv(a
−1t) ≤ ν

d
M(t) ≤ νv(at), t > 0.

❈♦♥s❡q✉❡♥t❧②✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✷✱ ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡ t❤❛t

U(a−1t) ≤ ⌊U(a−1t)⌋+ 1 ≤ νd(t) ≤ ⌊U(at)⌋+ 1 ≤ 2U(at).

❯s✐♥❣ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ U(t)✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

lim
t→∞

U(at)

U(t)
= a1/ρ, lim

t→∞

U(a−1t)

U(t)
= a−1/ρ,

t❤❡♥ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st A,B > 0 s✉❝❤ t❤❛t U(at) ≤ AU(t) ❛♥❞ U(a−1t) ≥ BU(t) ❢♦r t ❧❛r❣❡
❡♥♦✉❣❤✳ ❍❡♥❝❡

BU(t) ≤ νd(t) ≤ 2AU(t) ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r p ∈ N ❧❛r❣❡ ❡♥♦✉❣❤

Bup ≤ eMp = ν
d
M(p) ≤ 2Aup,

✇❤✐❝❤ ✐♠♣❧✐❡s eM ≃ u ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t u ≃ ♠ ❜② ❚❤❡♦r❡♠ ✷✳✶✳✹✷✳ �

❘❡♠❛r❦ ✷✳✷✳✶✺✳ ❖t❤❡r ♣r♦❝❡❞✉r❡s ❢♦r ❣♦✐♥❣ ❢r♦♠ ❢✉♥❝t✐♦♥s t♦ s❡q✉❡♥❝❡s ✐♥ t❤✐s ❝♦♥t❡①t ❤❛✈❡
❜❡❡♥ ❝♦♥s✐❞❡r❡❞✱ ❛s t❤❡ ♦♥❡ ❜② ❏✳ ❇♦♥❡t✱ ❘✳ ▼❡✐s❡ ❛♥❞ ❙✳◆✳ ▼❡❧✐❦❤♦✈ ❬✶✼❪ ❞❡❝r✐❜❡❞ ✐♥ ❘❡✲
♠❛r❦ ✷✳✶✳✸✼✳

■♥ ♦✉r ✇♦r❦ ❬✹✹✱ ❙❡❝t✳ ✹✳✶❪✱ ✐♥s♣✐r❡❞ ❜② t❤❡ ❛r❣✉♠❡♥t ❜② ❙✳ ▼❛♥❞❡❧❜r♦❥t ❬✼✷❪ ❛♥❞ ❍✳ ❑♦✲
♠❛ts✉ ❬✺✷❪ t♦ r❡❝♦✈❡r ❛ s❡q✉❡♥❝❡ ❢r♦♠ ✐ts ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM(t)✱ ❣✐✈❡♥ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r ρ(t)✱ γ > 0 ❛♥❞ V ∈MF (γ, ρ(t)) ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡

MV
p := sup

t>0

tp

eV (t)
, p ∈ N0.

❲❡ s❤♦✇ t❤❛t MV ✐s str♦♥❣❧② r❡❣✉❧❛r✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❨♦✉♥❣ ❝♦♥❥✉❣❛t❡ ✇❡ s❡❡ t❤❛t ωMV (t) ∼
V (t)✱ ✜♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t MV ≈ U✳ ❙✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢s ❛r❡ s✐♠♣❧❡r t❤❛♥ t❤❡ ♦♥❡s ✐♥ t❤❡
♣❛♣❡r✱ t❤✐s ♥❡✇ ❡q✉✐✈❛❧❡♥t ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞✐ss❡rt❛t✐♦♥✳

✷✳✷✳✹ ❙❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r

❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❛t t❤❡ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥s ✭❢✮ ❛♥❞ ✭❣✮ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✼ ✐♥tr♦❞✉❝❡❞ ❛t t❤❡ ❜❡❣✐♥✲
♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❤✐❝❤ ❛r❡ s✉✣❝✐❡♥t ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥♦♥tr✐✈✐❛❧ ❵✜♥❡✬ ✢❛t ❢✉♥❝t✐♦♥s ✐♥
s❡❝t♦rs ♦❢ ♦♣t✐♠❛❧ ♦♣❡♥✐♥❣✱ ❛r❡ ✐♥❞❡❡❞ t❤❡ s❛♠❡✱ s♦♠❡ ✇♦rt❤② r❡♠❛r❦s r❡❣❛r❞✐♥❣ t❤❡ ❛❞♠✐ss✐❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✮ ❛r❡ ♣r❡s❡♥t❡❞✳

❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❡q✉✐✈❛❧❡♥t ♣r♦①✐♠❛t❡ ♦r❞❡rs ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✮ ✐s ♠♦r❡
❞❡♠❛♥❞✐♥❣ ✭❛♣❛rt ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❤❡r❡ dM ♥❡❡❞ ♥♦t ❜❡ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✮✳ ■❢ M ❛❞♠✐ts ❛
♣r♦①✐♠❛t❡ ♦r❞❡r✱ dM ✈❡r✐✜❡s ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❡①❝❡♣t ♣♦ss✐❜❧② ✭❉✮✱ s✐♥❝❡

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❞♠✐ss✐❜✐❧✐t② limt→∞ dM(t) = limt→∞ ρ(t) ❡①✐sts ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✷✳✶✳✸✵✱
❡q✉❛❧s 1/ω(M)✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞
♣r♦①✐♠❛t❡ ♦r❞❡rs ✭s❡❡ ▲❡♠♠❛ ✶✳✷✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✶✳✷✳✸✶✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢M ❛❞♠✐ts ❛ ♣r♦①✐♠❛t❡
♦r❞❡r✱ t❤❡♥ ωM(t) ∈ ORV ✳

❘❡♠❛r❦ ✷✳✷✳✶✻✳ ❚❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ✐♥t❡r❡st✐♥❣ ❡✈❡♥ ✐❢ dM ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s Mα,β ✐♥ ❊①❛♠♣❧❡ ✶✳✶✳✹✱ ✇✐t❤ α > 0✱ ❢♦r ❧❛r❣❡ t ✇❡ ❤❛✈❡

c2t
1/α log−β/α(t) ≤ ωMα,β

(t) ≤ c1t
1/α log−β/α(t)

❢♦r s✉✐t❛❜❧❡ ❝♦♥st❛♥ts c1, c2 > 0 ✭s❡❡ ❬✾✽✱ ❊①❛♠♣❧❡ ✶✳✷✳✷❪✮✱ t❤❡♥

log(c2) ≤ log(t)(dMα,β
(t)− ρα,β(t)) ≤ log(c1) ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤

✭s❡❡ ❊①❛♠♣❧❡ ✶✳✷✳✶✶ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ρα,β✮✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ♣r♦①✐♠❛t❡ ♦r❞❡r ρα,β(t) ✐s
❛❞♠✐ss✐❜❧❡ ❢♦r Mα,β ✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ❢♦r ♦✉r ♣✉r♣♦s❡s✱ ✐t ♠❛② s✉❜st✐t✉t❡ dMα,β

(t) ✇❤❡♥❡✈❡r ✐t ✐s
❝♦♥✈❡♥✐❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ●❡✈r❡② ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦♥❡ ♠❛② ❝♦♥s✐❞❡r
t❤❡ ❝♦♥st❛♥t ♦r❞❡r ρα,0(t) ≡ 1/α✱ ❛s ❡①♣❡❝t❡❞✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ✇❡❛❦❡r
❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❚❤❡♦r❡♠ ✷✳✷✳✶✼✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❢✮ ❚❤❡r❡ ❡①✐sts ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ L s✉❝❤ t❤❛t L ≈ M ❛♥❞ dL(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭❣✮ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

Pr♦♦❢✳ ✭❢✮ ⇒ ✭❣✮ ❙✐♥❝❡ L ≈ M✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A ❛♥❞ B s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
t ∈ (0,∞) ♦♥❡ ❤❛s

ωL(At) ≤ ωM(t) ≤ ωL(Bt).

❙✐♥❝❡ dL(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ωL(t) = tdL(t) ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❜② ▲❡♠♠❛ ✶✳✷✳✶✷✱
❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C ❛♥❞ D s✉❝❤ t❤❛t

C ≤ ωM(t)

ωL(t)
≤ D ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

❋✐♥❛❧❧②✱ t❛❦✐♥❣ ❧♦❣❛r✐t❤♠s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t M ❛❞♠✐ts dL ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

✭❣✮ ⇒ ✭❢✮ ▲❡t ρ(t) ❜❡ t❤❡ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r t❤❛t M ❛❞♠✐ts✳ ❇② ❚❤❡♦r❡♠ ✷✳✷✳✶✹✱ ❢♦r ❛♥②
γ > 0 ❛♥❞ ❡✈❡r② V ∈ MF (γ, ρ(t))✱ ✇❡ ❤❛✈❡ t❤❛t ♠ ≃ u ✇❤❡r❡ u ✐s t❤❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✭♦❢
♣♦s✐t✐✈❡ ✐♥❞❡①✮ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ U(s) ♦❢ V (t) ✭s❡❡
❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✶✮✳

❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ ✇❡ ❦♥♦✇ t❤❛t dU ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞✱ ❜② Pr♦♣♦s✐✲
t✐♦♥ ✶✳✶✳✶✺✱ ✇❡ ❞❡❞✉❝❡ t❤❛t U ≈ M✳ �

❘❡♠❛r❦ ✷✳✷✳✶✽✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❛✮ ⇒ ✭❢✮ ✭s❡❡ ❚❤❡♦r❡♠s ✷✳✷✳✻ ❛♥❞ ✷✳✷✳✶✼✮ ✐s ♦❜✈✐♦✉s✱ ✇❤✐❧❡
❊①❛♠♣❧❡ ✷✳✷✳✷✷ s❤♦✇s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ❢❛✐❧s✳

■t ✐s ❛❧s♦ ✐♠♠❡❞✐❛t❡ t❤❛t ✭❢✮ ⇒ ✭❥✮ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✼ ❜❡❝❛✉s❡✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ✭❢✮✱ ✐❢
dL ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ t❤❡♥ L s❛t✐s✜❡s ✭❥✮ ❛♥❞ s♦ M ❛❧s♦ s❛t✐s✜❡s ✭❥✮ s✐♥❝❡ ✐t ✐s st❛❜❧❡ ❢♦r ≈✳
❆❣❛✐♥✱ t❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ✭❥✮ ⇒ ✭❢✮ ❢❛✐❧s✱ ❛s ❊①❛♠♣❧❡ ✷✳✷✳✷✸ ✐❧❧✉str❛t❡s✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ s❡q✉❡♥❝❡s Mq ❛♥❞ M0,β ❞♦ ♥♦t ❛❞♠✐t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ s✐♥❝❡ t❤❡② ❛r❡ ♥♦t str♦♥❣❧②
r❡❣✉❧❛r✳ ❆♠♦♥❣ t❤❡ str♦♥❣❧② r❡❣✉❧❛r ♦♥❡s✱ ❢♦r t❤♦s❡ ❛♣♣❡❛r✐♥❣ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✭❢✮ ❛♥❞ ❡✈❡♥ ✭❛✮ ❛r❡

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✷✳✷✳ ▲❖●✲❈❖◆❱❊❳ ❙❊◗❯❊◆❈❊❙✱ ❘❊●❯▲❆❘ ❱❆❘■❆❚■❖◆ ❆◆❉ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙ ✾✺

✈❛❧✐❞✱ ❜✉t ❡①tr❡♠❡❧② ♣❛t❤♦❧♦❣✐❝❛❧ ❡①❛♠♣❧❡s ✭s❡❡ ❊①❛♠♣❧❡s ✷✳✷✳✷✸✱ ✷✳✷✳✷✹ ❛♥❞ ✷✳✷✳✷✻✮ ♦❢ str♦♥❣❧②
r❡❣✉❧❛r s❡q✉❡♥❝❡s ♥♦t s❛t✐s❢②✐♥❣ ✭❢✮ ✇✐❧❧ ❜❡ ❝♦♥str✉❝t❡❞ ❜❡❧♦✇✳

❆❞❞✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✼✱ ✭❛✮ ⇒ ✭❢✮ ⇒ ✭❥✮ ⇒ ✭❦✮ ⇒ ✭ℓ✮✱ ❛♥❞ t❤❡ ❛rr♦✇s ❝❛♥
♥♦t ❜❡ r❡✈❡rs❡❞✳

❚❤❡ ♥❡①t r❡♣r❡s❡♥t❛t✐♦♥ r❡s✉❧t✱ ❛♥❛❧♦❣♦✉s t♦ ❚❤❡♦r❡♠s ✶✳✷✳✸✽ ❛♥❞ ✶✳✷✳✹✻✱ ♣r♦✈✐❞❡s ❛ ❝❤❛r✲
❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s t❤❛t s❛t✐s❢② ✭❢✮✱ ♦♥❧② ✐♥ t❡r♠s ♦❢ t❤❡✐r str✉❝t✉r❡✱ ✐✳❡✳✱ ♥♦t
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥♦t❤❡r ✇❡✐❣❤t s❡q✉❡♥❝❡ L ♦r ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t)✱
❝❧♦s✐♥❣ ❛♥ ♦♣❡♥ q✉❡st✐♦♥ s❡t ✐♥ ❬✹✹✱ ❘❡♠❛r❦ ✹✳✶✺❪✳

❚❤❡♦r❡♠ ✷✳✷✳✶✾✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭❢✮ ❚❤❡r❡ ❡①✐sts ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ L s✉❝❤ t❤❛t L ≈ M ❛♥❞ dL(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭❣✮ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭❤✮ ❚❤❡r❡ ❡①✐st ω ∈ (0,∞) ❛♥❞ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs (bp)p∈N✱ (ηp)p∈N s✉❝❤ t❤❛t
(ηp)p∈N ❝♦♥✈❡r❣❡s t♦ ω ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡

mp = exp


bp+1 +

p+1∑

j=1

ηj
j


 , p ∈ N0.

■♥ ❝❛s❡ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s✱ limt→∞ dL(t) = 1/ω = 1/ω(M)✳

Pr♦♦❢✳ ✭❢✮ ⇔ ✭❣✮ ❚❤❡♦r❡♠ ✷✳✷✳✶✼✳

✭❢✮ ⇒ ✭❤✮ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ ✇❡ ❦♥♦✇ t❤❛t ℓ = (ℓp−1)p∈N ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡①
ω = ω(L) = ω(M)✳ ❚❤❡♥ ❜② t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✶✳✷✳✸✽✱ t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s ♦❢ r❡❛❧
♥✉♠❜❡rs (cp)p∈N ❛♥❞ (ηp)p∈N✱ ❝♦♥✈❡r❣✐♥❣ t♦ c ∈ R ❛♥❞ ω✱ r❡s♣❡❝t✐✈❡❧②✱ s✉❝❤ t❤❛t

ℓp = exp


cp+1 +

p+1∑

j=1

ηj
j


 , p ∈ N0.

❇② ❘❡♠❛r❦ ✷✳✷✳✼✱ L s❛t✐s✜❡s ✭❥✮✱ t❤❡♥ ✐t ❤❛s ✭♠❣✮ ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
♠ ≃ ℓ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ (hp)p∈N s✉❝❤ t❤❛t

mp = exp(hp+1)ℓp = exp


hp+1 + cp+1 +

p+1∑

j=1

ηj
j


 , p ∈ N0.

❲r✐t✐♥❣ bp := hp + cp ❢♦r p ∈ N✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✭❤✮ ❤♦❧❞s✳

✭❤✮ ⇒ ✭❢✮ ❲❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡

tp := exp




p+1∑

j=1

ηj
j


 , p ∈ N0.

❙✐♥❝❡ limp→∞ ηp = ω ∈ (0,∞)✱ ✇❡ ✜① ε ∈ (0, ω) ❛♥❞ ✇❡ ❣❡t p0 ∈ N s✉❝❤ t❤❛t ηp > ω − ε > 0 ❢♦r
p ≥ p0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

tp+1

tp
= exp(ηp+2/(p+ 2)) ≥ 1.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❲❡ ❝♦♥s✐❞❡r
ℓp := tp p ≥ p0, ℓp = tp0 , p < p0.

❚❤❡♥ ❜② t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✶✳✷✳✸✽✱ ✇❡ ❦♥♦✇ t❤❛t t ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω✳
❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✳✷✳✹✵✱ t❤❡♥ ℓ ❛❧s♦ ✐s✳ ▼♦r❡♦✈❡r✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ℓ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❢r♦♠
t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ✐♥❞❡①✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t limp→∞ ℓp = ∞✱ s♦ L ✐s ❛
✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✻✱ dL ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ♦❢ ✐♥❞❡① 1/ω✳

❋✐♥❛❧❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

mp

ℓp
=
mp

tp
= exp(bp+1), p ≥ p0,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♠ ≃ ℓ ❜❡❝❛✉s❡ (bp)p∈N ✐s ❜♦✉♥❞❡❞✱ t❤❡♥ L ≈ M ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✺✳ �

❘❡♠❛r❦ ✷✳✷✳✷✵✳ ■❢ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭❤✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠
t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛✱ ❝♦♥❝r❡t❡❧②✱ s✐♥❝❡ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❢♦r ❡✈❡r② p ∈ N0 ✇❡ ❤❛✈❡ t❤❛t
bp+1 − bp + ηp+1/(p+ 1) ≥ 0 s❤♦✉❧❞ ❤♦❧❞✳ ▼♦r❡♦✈❡r✱ ❛s ✇❡ ❛❧r❡❛❞② ❦♥♦✇ ❜② ❘❡♠❛r❦ ✷✳✷✳✶✽✱ ❜✉t
♥♦✇ ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✹✻✱ ✇❡ ❤❛✈❡ t❤❛t ♠ ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞

ω = β(♠) = γ(M) = µ(♠) = ω(M) = ρ(♠) = α(♠) ∈ (0,∞).

✷✳✷✳✺ ❊①❛♠♣❧❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✜✈❡ ❡①❛♠♣❧❡s ♦❢ ♣❛t❤♦❧♦❣✐❝❛❧ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡✲
q✉❡♥❝❡s ❛r❡ ♣r♦✈✐❞❡❞✳ ❍❡♥❝❡✱ ❜② t❤❡ ❝♦♥♥❡❝t✐♦♥s t♦ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱
✇❡ ❝❛♥ ✐♥❢❡r s♦♠❡ ♣r♦♣❡rt✐❡s ❢♦r M ✇❤❡♥ t❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠ = (mp−1)p∈N✱ ❝❧❛r✐❢②✐♥❣ s❡✈❡r❛❧ ♦♣❡♥ q✉❡st✐♦♥s✳ ❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞
s♦♠❡ ♦❢ t❤❡s❡ ❡①❛♠♣❧❡s ✐♥ ♦✉r ♣❛♣❡rs ❬✹✸✱ ✹✹❪✱ ✇❤❡r❡ ♠♦st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✐♥❝❧✉❞❡❞ ❤❡r❡✱
✇❡r❡ s❦✐♣♣❡❞✳

❚❤❡ ❡①❛♠♣❧❡s ❜❡❧♦✇✱ ♦r❞❡r❡❞ ❛tt❡♥❞✐♥❣ t♦ t❤❡✐r r❡❣✉❧❛r✐t②✱ ❛r❡ ❝♦♥str✉❝t❡❞ ❜② ♠❡❛♥s ♦❢ ❞✐❢✲
❢❡r❡♥t t❡❝❤♥✐q✉❡s✳ ❙♣❡❝✐❛❧❧② r❡❧❡✈❛♥t ✐s t❤❡ ♦♥❡ ❡♠♣❧♦②❡❞ ✐♥ ❊①❛♠♣❧❡s ✷✳✷✳✷✶✱ ✷✳✷✳✷✸ ❛♥❞ ✷✳✷✳✷✻
✐♥s♣✐r❡❞ ❜② t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠s ✶✳✷✳✸✽ ❛♥❞ ✶✳✷✳✹✻✳ ■❢ ♠ ❤❛s t❤❡ ❛♣♣r♦♣r✐❛t❡ str✉❝✲
t✉r❡ ♣r♦✈✐❞❡❞ ❜② t❤❡s❡ t❤❡♦r❡♠s s❡✈❡r❛❧ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧② ❝❤❡❝❦❡❞✱ s②st❡♠❛t✐❝❛❧❧②
♣r♦❞✉❝✐♥❣ ♥❡✇ ❡①❛♠♣❧❡s ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✷✼✮✳

■♥ t❤❡s❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❡ ♣❛rt✐❛❧ s✉♠s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ s❡r✐❡s ♣❧❛② ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡✱ ♦♥❡
♠❛② ✇r✐t❡ t❤❡ p−t❤ ♣❛rt✐❛❧ s✉♠ ❜② Hp :=

∑p
k=1 1/k✱ ❛♥❞ ✇❡ ❦♥♦✇ t❤❛t

Hp = log(p) + γ + εp, γ = ❊✉❧❡r✬s ❝♦♥st❛♥t, lim
p→∞

εp = 0. ✭✷✳✷✹✮

❇❡❢♦r❡ ❦♥♦✇✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ ❏✳ ❙❛♥③ s✉❣❣❡sts ✐♥ ❬✽✽✱ ❈♦r♦❧❧❛r② ✹✳✶✵❪ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢

lim
p→∞

p log

(
mp+1

mp

)
, ✭✷✳✷✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s ❚❤❡♦r❡♠ ✷✳✷✳✻✳✭❡✮✱ ❝♦✉❧❞ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ dM ❜❡✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳
❚❤✐s ✜rst ❡①❛♠♣❧❡ s❤♦✇s t❤✐s s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r②✳

❊①❛♠♣❧❡ ✷✳✷✳✷✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ M ❞❡✜♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts q✉♦t✐❡♥ts ❛s
m0 = 1✱ m1 = e ❛♥❞ ❢♦r ❛❧❧ p ∈ N

m2p = e1/pm2p−1, m2p+1 = e1/(2p+1)m2p.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ✈❛❧✐❞✿

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✮ M ✐s ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱

✭✐✐✮ ♠ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω = 3/2 ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✻✱ dM ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭✐✐✐✮ ♠ ✐s ♥♦t ❵s♠♦♦t❤✬ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✹✶✱ t❤❛t ✐s✱ ✐t ❞♦❡s ♥♦t s❛t✐s❢②

mp+1

mp
= 1 +

3/2

p
+ o

(
1

p

)
❛s p→ ∞,

✭✐✈✮ ♠ ❞♦❡s ♥♦t s❛t✐s❢② ✭✷✳✷✺✮✳

Pr♦♦❢✳ ❚❤❡ s❡q✉❡♥❝❡ (mp)p∈N0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ t❤❡♥ M ✐s ✭❧❝✮✳ ❲❡ ❝❛♥ ✇r✐t❡

log(m2p) =
1

2
Hp +H2p, log(m2p+1) =

1

2p+ 1
+

1

2
Hp +H2p, p ∈ N.

❚❤❛♥❦s t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❛rt✐❛❧ s✉♠s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ s❡r✐❡s✱ ✇❡ s❤♦✇ t❤❛t

lim
p→∞

mℓp

mp
= ℓ3/2,

❢♦r ❡✈❡r② ℓ ∈ N ❛♥❞ ℓ ≥ 2✱ ✇❤✐❝❤✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✻✱ ✐♠♣❧✐❡s t❤❛t ♠ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ ❜②
❈♦r♦❧❧❛r② ✷✳✶✳✻✱ t❤❛t M ✐s str♦♥❣❧② r❡❣✉❧❛r✳ ❍♦✇❡✈❡r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

m2p+1

m2p
= e1/2p+1 = 1 +

1

2p+ 1
+ o

(
1

p

)
, ❛s p→ ∞,

m2p

m2p−1
= e1/p = 1 +

2

2p
+ o

(
1

p

)
, ❛s p→ ∞,

t❤❡♥ ✭✐✐✐✮ ✐s tr✉❡✳ ❲✐t❤ ❛ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ s❡❡ t❤❛t

lim
p→∞

2p log

(
m2p+1

m2p

)
= lim

p→∞
2p log

(
e1/2p+1

)
= 1,

lim
p→∞

(2p− 1) log

(
m2p

m2p−1

)
= lim

p→∞
(2p− 1) log

(
e1/p

)
= 2,

❛♥❞ ✭✷✳✷✺✮ ❞♦❡s ♥♦t ❤♦❧❞✳ �

❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻ ❛r❡ str♦♥❣❡r t❤❛♥
t❤❡ ♦♥❡s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✼ ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✽✮✱ t❤❛t ✐s✱ ✭❢✮ ❞♦❡s ♥♦t ✐♠♣❧② ✭❛✮ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡
✐❞❡❛ ✐s t♦ ❝♦♥str✉❝t ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ t❤❛t ✐s ♥♦t r❡❣✉❧❛r❧② ✈❛r②✐♥❣
❜✉t t❤❛t ✐s ❡q✉✐✈❛❧❡♥t ❢♦r ≃ t♦ (p!)p∈N0 ✳

❊①❛♠♣❧❡ ✷✳✷✳✷✷✳ ▲❡t M ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠✳ ❲❡ ♣✉t m0 = m1 = 1✱
m2 = m3 = 2 ❛♥❞ m4 = m5 = m6 = m7 = 6❀ ❢♦r ❡✈❡r② k ∈ N ❛♥❞ 22

k+1 ≤ p < 22
k+1+1 ✇❡ ❞❡✜♥❡

mp ❛s ❢♦❧❧♦✇s✿

mp = 22
k
3

(
22

k

3

) j−1

2k−1

, 22
k+j ≤ p ≤ 22

k+j+1 − 1, j = 1, 2, . . . , 2k.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ✈❛❧✐❞✿

✭✐✮ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭✐✐✮ ♠ ✐s ♥♦t r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ dM ✐s ♥♦t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭✐✐✐✮ ❚❤❡r❡ ❡①✐sts ℓ ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω = 1 s✉❝❤ t❤❛t ℓ ≃ ♠✳
❈♦♥s❡q✉❡♥t❧②✱ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ dL ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✶✼✱
M ❛❞♠✐ts dL ❛s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱

✭✐✈✮ ♠ ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ ✇✐t❤

β(♠) = γ(M) = µ(♠) = ω(M) = ρ(♠) = α(♠) = 1,

s♦ ✐t ✐s ❛❧s♦ str♦♥❣❧② r❡❣✉❧❛r✳

Pr♦♦❢✳ ✭✐✮ ❙✐♥❝❡ m8 = 12✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♣r♦♣❡rt② ✭❧❝✮ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t (mp)p≥8
✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❋♦r ❡✈❡r② k ∈ N t❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s✿

✶✳ ■❢ 22
k+j ≤ p ≤ p+ 1 ≤ 22

k+j+1 − 1 ❢♦r j = 1, . . . , 2k✱ ✇❡ ❤❛✈❡ t❤❛t mp+1/mp = 1✳

✷✳ ■❢ p = 22
k+j+1 − 1 ❢♦r j = 1, . . . , 2k − 1✱ ✇❡ ❤❛✈❡ t❤❛t mp+1/mp = (22

k
/3)1/(2

k−1)✱ ✇❤✐❝❤ ✐s
❣r❡❛t❡r t❤❛♥ 1 s✐♥❝❡ k ∈ N✳

✸✳ ■❢ p = 22
k+1+1 − 1✱ ✇❡ ❤❛✈❡ t❤❛t mp+1/mp = 22

k+1
3/22

k+1
= 3✳

▼♦r❡♦✈❡r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r 22
k+1 ≤ p < 22

k+1+1✱ mp ≥ m
22k+1 = 22

k
3✱ s♦ limp→∞mp = ∞✳

✭✐✐✮ ◆❡①t ✇❡ ❛♥❛❧②③❡ t❤❡ q✉♦t✐❡♥ts m2p/mp✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❢♦r ❛♥② 22
k+j ≤ p ≤ 22

k+j+1 − 1 ✇❡
❤❛✈❡ t❤❛t 22

k+j+1 ≤ 2p ≤ 22
k+j+2 − 1✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✶✳ ■❢ 22
k ≤ p ≤ 22

k+1 − 1✱ ✇❡ ❤❛✈❡ t❤❛t m2p/mp = 3✳

✷✳ ■❢ 22
k+j ≤ p ≤ 22

k+j+1 − 1 ❢♦r j = 1, . . . , 2k − 1✱ ✇❡ ❤❛✈❡ t❤❛t m2p/mp = (22
k
/3)1/(2

k−1)✳

❲❡ ♦❜s❡r✈❡ t❤❛t

lim
k→∞

22
k/(2k−1)

31/(2k−1)
= 2.

❋r♦♠ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❤❛✈❡ t❤❛t

1 < 2 = lim inf
p→∞

m2p

mp
≤ lim sup

p→∞

m2p

mp
= 3 <∞.

❙✐♥❝❡ t❤❡ ❧✐♠✐t limp→∞m2p/mp ❞♦❡s ♥♦t ❡①✐st✱ ❝♦♥❞✐t✐♦♥ ✭❝✮ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻ ✐s ✈✐♦❧❛t❡❞✱ s♦ ♠
✐s ♥♦t r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ dM(t) ✐s ♥♦t ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

✭✐✐✐✮ ◆❡①t✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ t❤❛t ♠ ≃ l✱ ✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡ l = (ℓp)p∈N0 ✱ ✇✐t❤ ℓp = p+ 1 ❢♦r
❡✈❡r② p ∈ N0✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r ✶✱ ✐✳❡✳✱
(p!)p∈N0 ✱ ✇❤✐❝❤ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳ ❋♦r ❡✈❡r② p ≥ 8 ❛♥❞ t❤❡r❡ ❡①✐st k ∈ N

❛♥❞ j ∈ {1, 2, . . . , 2k} s✉❝❤ t❤❛t 22
k+j ≤ p ≤ 22

k+j+1 − 1 ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

22
k
3
(
22

k
/3
) j−1

2k−1

22k+j+1
≤ mp

p
≤

22
k
3
(
22

k
/3
) j−1

2k−1

22k+j
.

❚❤❡♥

3
2k−j

2k−1 2
j−2k

2k−1
−1 ≤ mp

p
≤ 3

2k−j

2k−1 2
j−2k

2k−1 .

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❙✐♥❝❡ j ∈ {1, 2, . . . , 2k}✱ ✇❡ s❡❡ t❤❛t
2−2 ≤ mp

p
≤ 3,

❢r♦♠ ✇❤❡r❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♠ ≃ ℓ✳

✭✐✈✮ ❚❤✐s ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❜② t❤❡ st❛❜✐❧✐t② ♦❢ ♦r❞❡rs✱ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✱ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥
❛♥❞ str♦♥❣ r❡❣✉❧❛r✐t② ❢♦r ≃✳

�

❚❤❡ t❤✐r❞ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ❝♦♥❞✐t✐♦♥ ✭❥✮ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✼ ✐s ✇❡❛❦❡r t❤❛♥ t❤❡ ❡q✉✐✈❛❧❡♥t
❝♦♥❞✐t✐♦♥s ✭❢✮✱ ✭❣✮ ❛♥❞ ✭❤✮ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✾✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❊①❛♠♣❧❡ ✶✳✷✳✸✸ ❢r♦♠
✇❤✐❝❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜✉✐❧❞ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤ ✐ts ▼❛t✉s③❡✇s❦❛
✐♥❞✐❝❡s ❡q✉❛❧ t♦ 1 t❤❛t ✐s ♥♦t ❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ s❡♥s❡ ♦❢ ❘❡♠❛r❦ ✶✳✷✳✸✶ t♦ ❛♥② r❡❣✉❧❛r❧② ✈❛r②✐♥❣
❢✉♥❝t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✷✳✷✸✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f : [1,∞) → (0,∞) ✐♥ ❊①❛♠♣❧❡ ✶✳✷✳✸✸✱ ✇❡ ❞❡✜♥❡
g(x) := xf(x)✳ ❋r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ f ✱ ✇❡ ♦❜s❡r✈❡ t❤❛t g s❛t✐s✜❡s t❤❡ ❛♥❛❧♦❣♦✉s ♦♥❡s✿

✭✐✮ g ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s✱

✭✐✐✮ λ ≤ g❧♦✇(λ) ≤ g✉♣(λ) = λ exp((log(λ))1/2) ❢♦r ❡✈❡r② λ > 1✱

✭✐✐✐✮ g ∈ ORV ❛♥❞ β(g) = µ(g) = ρ(g) = α(g) = 1✱

✭✐✈✮ ❚❤❡r❡ ❞♦ ♥♦t ❡①✐st A ≥ a ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s d, ξ : [A,∞) → R ✇✐t❤
limx→∞ ξ(x) = 1 s✉❝❤ t❤❛t

g(x) = exp

(
d(x) +

∫ x

A
ξ(u)

du

u

)
, x ≥ A,

✇❤❛t ✐♠♣❧✐❡s✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✹✱ t❤❛t g ✐s ♥♦t r❡❣✉❧❛r❧② ✈❛r②✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❞♦❡s ♥♦t
❡①✐st h ∈ RV ❛♥❞ C ≥ 1 s✉❝❤ t❤❛t

C−1h(x) ≤ g(x) ≤ Ch(x), x ≥ 1.

❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ mp := g(p) ❢♦r p ∈ N ❛♥❞ m0 = g(1)✳ ❚❤❡♥

✭✐✮ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ s♦ M ✐s ✭❧❝✮✱

✭✐✐✮ ♠ ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛♥❞ β(♠) = µ(♠) = ρ(♠) = α(♠) = 1✱ s♦ M s❛t✐s✜❡s ✭❥✮✱

✭✐✐✐✮ ■t ❞♦❡s ♥♦t ❡①✐st ℓ ✇✐t❤ ℓ ≃ ♠ s✉❝❤ t❤❛t ℓ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ ✇❤✐❝❤✱ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✶✼
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵✱ ✐♠♣❧✐❡s t❤❛t M ❞♦❡s ♥♦t s❛t✐s❢② ✭❢✮✳

Pr♦♦❢✳ ✭✐✮ ■♠♠❡❞✐❛t❡✳

✭✐✐✮ ❙✐♥❝❡ g ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ g ∈ ORV ✱ ❜② ▲❡♠♠❛ ✷✳✶✳✸✹✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts C ≥ 1
s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ≥ 1✱ C−1g(⌊x⌋) ≤ g(x) ≤ Cg(⌊x⌋)✳ ❯s✐♥❣ t❤❛t g ∈ ORV ✱ β(g) = µ(g) =
ρ(g) = α(g) = 1✱ ❘❡♠❛r❦ ✶✳✷✳✸✶✱ ❚❤❡♦r❡♠ ✶✳✷✳✹✹ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs ❢♦r
s❡q✉❡♥❝❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✭✐✐✮ ✐s ✈❛❧✐❞✳

✭✐✐✐✮ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦♥tr❛r② ✐s tr✉❡✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✸✼ ❛♥❞ ▲❡♠♠❛ ✷✳✶✳✶✷✱ t❤✐s ✇♦✉❧❞ ♠❡❛♥
t❤❛t fℓ(x) = ℓ⌊x⌋ ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ρ = 1 ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts D ≥ 1 ✇✐t❤

(DC)−1fℓ(x) ≤ C−1f♠(x) ≤ g(x) ≤ Cf♠(x) ≤ CDfℓ(x), x ≥ 1,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♣r♦♣❡rt② ✭✐✈✮ ♦❢ g✳
�

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✵✵ ❈❍❆P❚❊❘ ✷✳ ▲❖●✲❈❖◆❱❊❳ ❙❊◗❯❊◆❈❊❙✱ ❖✲❘❊●❯▲❆❘ ❱❆❘■❆❚■❖◆ ❆◆❉ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙

■♥ t❤❡ ❢♦✉rt❤ ♣❧❛❝❡✱ ✇❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ s❡q✉❡♥❝❡ t❤❛t ✐s str♦♥❣❧② r❡❣✉❧❛r ❢♦r ✇❤✐❝❤
t❤❡ ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ❛♥❞ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♦r❞❡rs ❝♦✐♥❝✐❞❡ ✭t❤❡♥ ✭❦✮ ❤♦❧❞s✮ ❜✉t t❤❡
✉♣♣❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① t❛❦❡s ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ✭✭❥✮ ✐s ✈✐♦❧❛t❡❞✮✳

❊①❛♠♣❧❡ ✷✳✷✳✷✹✳ ▲❡t M ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s
s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ ❊①❛♠♣❧❡ ✷✳✷✳✷✷✳ ❲❡ s❡t m0 = m1 = 1 ❛♥❞ m2 = 2✳ ❋♦r ❡❛❝❤ k ∈ N0✱
✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r✈❛❧s Ak := (22

k
, 22

k+1
] ✇❤✐❝❤ ✇❡ ❞✐✈✐❞❡ ✐♥ 2k s✉❜✐♥t❡r✈❛❧s✳ ❲❡ ♣✉t Ikj :=

(22
k+j , 22

k+j+1] ∩ N ❢♦r 0 ≤ j ≤ 2k − 1✳ ❋♦r ❛❧❧ 0 ≤ j ≤ k − 1 ✇❡ ❞❡✜♥❡ mp ❛s ❢♦❧❧♦✇s✿

mp := 4m
22k+j = 4j+122

k
, p ∈ Ikj ;

❢♦r ❡✈❡r② k ≤ j ≤ 2k − 1 ✇❡ ✇r✐t❡ τk = (2k − 2k)/(2k − k) ≥ 0 ❛♥❞ ✇❡ s❡t

mp := 2τkm
22

k+j = 2(j−k+1)τk22
k+k, p ∈ Ikj .

❋♦r ❛❧❧ k ∈ N✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

m
22k

= 22
k

❛♥❞ m
22k+k = 22

k+2k.

■♥ s♦♠❡ s❡♥s❡✱ ♦♥❡ ♠❛② s❛② t❤❛t t❤❡ s❡q✉❡♥❝❡ ✐s ♦s❝✐❧❧❛t✐♥❣ ❜❡t✇❡❡♥ M1,0 ❛♥❞ M1,1✳ ❲❡ ❝❛♥ s❤♦✇
t❤❛t

✭✐✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱

✭✐✐✮ µ(♠) = ρ(♠) = 1✱ s♦ ✭❦✮ ❤♦❧❞s✱

✭✐✐✐✮ β(♠) ∈ (0, 1] ❛♥❞ α(♠) ≥ 2✱ t❤❡♥ ✭❥✮ ✐s ✈✐♦❧❛t❡❞✳

Pr♦♦❢✳ ✭✐✮ ❚❤❡ s❡q✉❡♥❝❡ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ s✐♥❝❡ ♠ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ limp→∞mp = ∞✳
❇② ❞❡✜♥✐t✐♦♥✱ ❢♦r ❛♥② p ∈ Ikj ✇❡ ❤❛✈❡ t❤❛t 2p ❜❡❧♦♥❣s t♦ t❤❡ ❛❞❥❛❝❡♥t ✐♥t❡r✈❛❧✳ ❲❡ ❞✐st✐♥❣✉✐s❤
t✇♦ ❝❛s❡s✿

✶✳ ■❢ p ∈ Ikj ❢♦r 0 ≤ j ≤ k − 2 ♦r j = 2k − 1✱ ✇❡ ❤❛✈❡ t❤❛t m2p/mp = 4✳

✷✳ ■❢ p ∈ Ikj ❢♦r k − 1 ≤ j ≤ 2k − 2✱ ✇❡ ❤❛✈❡ t❤❛t m2p/mp = 2τk ✳

❲❡ ♦❜s❡r✈❡ t❤❛t limk→∞ τk = 1✳ ❋r♦♠ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❤❛✈❡ t❤❛t

1 < 2 = lim inf
p→∞

m2p

mp
≤ lim sup

p→∞

m2p

mp
= 4 <∞.

❆♣♣❧②✐♥❣ ❈♦r♦❧❧❛r② ✷✳✶✳✻✱ ✇❡ s❡❡ t❤❛t M ✐s ✭♠❣✮ ❛♥❞ ✭s♥q✮✳

✭✐✐✮ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t

lim
p→∞

log(mp)

log(p)
= 1,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t µ(♠) = ρ(♠) = 1✳ ❋♦r ❛❧❧ 0 ≤ j ≤ k − 1✱ ✐❢ p ∈ Ikj ✇❡ ❣❡t

(j + 1) log(4) + 2k log(2)

(2k + j + 1) log(2)
≤ log(mp)

log(p)
≤ (j + 1) log(4) + 2k log(2)

(2k + j) log(2)
.

❙✐♥❝❡ 0 ≤ j ≤ k − 1 ✇❡ ❤❛✈❡ t❤❛t

2 + 2k

2k + k
≤ log(mp)

log(p)
≤ 2k + 2k

2k
. ✭✷✳✷✻✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❋♦r ❡✈❡r② 0 ≤ j ≤ 2k − k − 1✱ ✐❢ p ∈ Ikk+j t❤❡♥

(j + 1) · τk · log(2) + (2k + 2k) log(2)

(2k + k + j + 1) log(2)
≤ log(mp)

log(p)
≤ (j + 1) · τk · log(2) + (2k + 2k) log(2)

(2k + k + j) log(2)
,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✇❡ s❡❡ t❤❛t

1 +
k(2k − k − j − 1)

(2k + k + j + 1)(2k − k)
≤ log(mp)

log(p)
≤ 1 +

k(2k − k − j − 2) + 2k

(2k + k + j)(2k − k)
.

❙✐♥❝❡ 0 ≤ j ≤ 2k − k − 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

1 ≤ log(mp)

log(p)
≤ 1 +

k(2k − k − 2) + 2k

22k − k2
. ✭✷✳✷✼✮

❇② ✭✷✳✷✻✮ ❛♥❞ ✭✷✳✷✼✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t limp→∞ log(mp)/ log(p) = 1✳

✭✐✐✐✮ ❇② ❘❡♠❛r❦ ✷✳✶✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t

0 < β(♠) ≤ 1 = µ(♠) = ρ(♠) ≤ α(♠) <∞,

❤❡♥❝❡ ♦♥❧② α(♠) ≥ 2 ♥❡❡❞s t♦ ❜❡ ✈❡r✐✜❡❞✳ ■❢ α < 2✱ ✇❡ t❛❦❡ p = 22
k
❛♥❞ q = 22

k+k✿

m
22

k

m
22

k+k

(22
k+k)α

(22k)α
=

22
k

22k+2k

(22
k+k)α

(22k)α
= 2(α−2)k.

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ limk→∞(α− 2)k = −∞✱ ✇❡ ❞❡❞✉❝❡ t❤❛t mp/p
α ✐s ♥♦t ❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ❢♦r ❛❧❧

α < 2 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✱ ❜② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵ t❤❛t α(♠) ≥ 2✳

▼♦r❡♦✈❡r✱ ❛ t❡❞✐♦✉s ❜✉t s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❛❧♠♦st ❞❡❝r❡❛s✲
✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ β(♠) ❛♥❞ α(♠)✱ ❧❡❛❞s t♦ β(♠) = 1 ❛♥❞ α(♠) = 2✳

�

❖✉r ❧❛st ❡①❛♠♣❧❡ ✐s ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡s β(♠) = γ(M)✱ µ(♠) =
ω(M)✱ ρ(♠)✱ α(♠) ❛r❡ ♠✉t✉❛❧❧② ❞✐st✐♥❝t✳ ❘❡❣❛r❞✐♥❣ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ t❤✐s ✇✐❧❧ ♠❡❛♥ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧
♠❛♣ ✐s ♥❡✐t❤❡r s✉r❥❡❝t✐✈❡ ♥♦r ✐♥❥❡❝t✐✈❡ ❢♦r s❡❝t♦rs ✇❤♦s❡ ♦♣❡♥✐♥❣ ✐s πγ ✇✐t❤ γ ∈ (γ(M), ω(M))✳
❚❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡ ♣❧❛②s ❛ ❦❡② r♦❧❡ ❛♥❞✱ r❡❧❛t❡❞ t♦
✐t✱ ❛♣♣❡❛rs t❤❡ ♥♦t✐♦♥ ♦❢ ❘✐❡s③ s✉♠♠❛❜✐❧✐t②✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✺✳ ❬✶✽✱ ❙❡❝t✳ ✸✳✷❪ ❆ ♥✉♠❡r✐❝❛❧ s❡q✉❡♥❝❡ (sk)k∈N ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs ✐s s❛✐❞ t♦
❜❡ ❧♦❣❛r✐t❤♠✐❝ s✉♠♠❛❜❧❡ ♦r ❘✐❡s③ s✉♠♠❛❜❧❡ ♦❢ ♦r❞❡r 1✱ ✐❢ t❤❡r❡ ❡①✐sts s♦♠❡ A ∈ C s✉❝❤ t❤❛t

lim
p→∞

1

Hp

p∑

k=1

sk
k

= A, ✇❤❡r❡ Hp =

p∑

k=1

1

k
. ✭✷✳✷✽✮

❚❤✐s ♠❡t❤♦❞ ✐s r❡❣✉❧❛r✱ t❤❛t ✐s✱ ✐❢ t❤❡ ♦r❞✐♥❛r② ❧✐♠✐t ❡①✐sts✱ t❤❡♥ t❤❡ ❧✐♠✐t ✐♥ ✭✷✳✷✽✮ ❛❧s♦ ❡①✐sts
❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡✳ ❚❤❡ ❜❛s❡ ♦❢ t❤❡ ❡①❛♠♣❧❡ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡
r❡❛❧ ♥✉♠❜❡rs ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0 ❛♥❞ ∞ t❤❛t ✐s ♥♦t ❘✐❡s③ s✉♠♠❛❜❧❡ ♦❢ ♦r❞❡r 1✳ ❲❡ ✇❡r❡ ♥♦t
❛❜❧❡ t♦ ✜♥❞ s✉❝❤ ❛♥ ❡①❛♠♣❧❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐t❡r❛t✉r❡ ❛♥❞ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ ❜♦♦❦
♦❢ ❏✳ ❇♦♦s ❬✶✽❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡ s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s✳ ■♥ ❊①❛♠♣❧❡ ✷✳✷✳✷✶✱ ✐t ✐s
❤✐❞❞❡♥ t❤❡ ✉s❡ ♦❢ ❛ s❡q✉❡♥❝❡ t❤❛t ✐s 2 ♦♥ t❤❡ ❡✈❡♥ ♣♦s✐t✐♦♥s ❛♥❞ 1 ✐♥ t❤❡ ♦❞❞ ♦♥❡s✱ ✇❤✐❝❤ ✇❛s
♣r♦✈❡❞ t♦ ❜❡ ❘✐❡s③ s✉♠♠❛❜❧❡ ✇✐t❤ s✉♠ 3/2✳ ❍❡♥❝❡ t❤❡ ♥❡①t ❡①❛♠♣❧❡ r❡q✉✐r❡s ♠♦r❡ ❡❧❛❜♦r❛t✐♦♥
t♦ ♠❛❦❡ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♠❡❛♥s ❞✐✈❡r❣❡♥t✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❊①❛♠♣❧❡ ✷✳✷✳✷✻✳ ❲❡ ❞❡✜♥❡ M ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts q✉♦t✐❡♥ts✱

m0 := 1, mp := eξp/pmp−1 = exp

(
p∑

k=1

ξk
k

)
, p ∈ N.

❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s ♦❢ s✉❜✐♥❞✐❝❡s

kn := 23
n
< qn := k2n = 23

n2 < kn+1 = 23
n+1

, n ∈ N0,

❛♥❞ ✇❡ ❝❤♦♦s❡ t❤❡ s❡q✉❡♥❝❡ (ξk)
∞
k=1 ❛s ❢♦❧❧♦✇s✿

ξ1 = ξ2 = 2,

ξk = 3, ✐❢ k ∈ {kn + 1, . . . , qn}, n ∈ N0,

ξk = 2, ✐❢ k ∈ {qn + 1, . . . , kn+1}, n ∈ N0.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✭✐✮ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱ t❤❛t ✐s✱ ✭ℓ✮ ✐s ✈❛❧✐❞✳

✭✐✐✮ M ❞♦❡s ♥♦t s❛t✐s❢② ✭❦✮✱ ✐✳❡✳✱ t❤❡ ❧✐♠✐t ✐♥ ✭✷✳✷✸✮✱

lim
p→∞

log(mp)/ log(p),

❞♦❡s ♥♦t ❡①✐st✳ ❈♦♥s❡q✉❡♥t❧②✱ ♥❡✐t❤❡r ✭❥✮✱ ♥♦r ✭❢✮✱ ♥♦r ✭❛✮ ❤♦❧❞s✳

✭✐✐✐✮ β(♠) = γ(M) = 2✱ µ(♠) = ω(M) = 5/2✱ ρ(♠) = 11/4 ❛♥❞ α(♠) = 3✳

Pr♦♦❢✳ ✭✐✮ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✇❡ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛t❡❧② t❤❛t mp+1 > mp ❢♦r p ∈ N0✱ t❤❡♥ M ✐s
✭❧❝✮✳ ❋♦r ❛❧❧ p ∈ N ✇❡ ❤❛✈❡ t❤❛t

exp


2

2p∑

k=p+1

1

k


 ≤ m2p

mp
= exp




2p∑

k=p+1

ξk
k


 ≤ exp


3

2p∑

k=p+1

1

k


 .

❯s✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣r❡ss✐♦♥ ✭✷✳✷✹✮ ❢♦r t❤❡ ♣❛rt✐❛❧ s✉♠s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ s❡r✐❡s✱ ❢♦r ❡✈❡r②
p ∈ N ✇❡ ❤❛✈❡ t❤❛t

exp (2 log(2) + 2ε2p − 2εp) ≤
m2p

mp
≤ exp (3 log(2) + 3ε2p − 3εp) .

❋r♦♠ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✉s✐♥❣ ❈♦r♦❧❧❛r② ✷✳✶✳✻✱ ✇❡ ❞❡❞✉❝❡ t❤❛t M s❛t✐s✜❡s ✭♠❣✮ ❛♥❞ ✭s♥q✮✱
t❤❡r❡❢♦r❡ M ✐s str♦♥❣❧② r❡❣✉❧❛r✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❧s♦ ❛❧t❡r♥❛t✐✈❡❧② s❤♦✇♥ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✹✻ ❛♥❞
❘❡♠❛r❦ ✷✳✶✳✶✾✳

✭✐✐✮ ❖❜s❡r✈❡ t❤❛t M ✈❡r✐✜❡s ✭✷✳✷✸✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡q✉❡♥❝❡

tp :=
1

log(p)

p∑

k=1

ξk
k
, p ∈ N,

✐s ❝♦♥✈❡r❣❡♥t ✭✐♥ ♦t❤❡r ✇♦r❞s✱ ♣r❡❝✐s❡❧② ✇❤❡♥ t❤❡ s❡q✉❡♥❝❡ (ξk)
∞
k=1 ✐s ❘✐❡s③ s✉♠♠❛❜❧❡✱ s❡❡ ❉❡✜✲

♥✐t✐♦♥ ✷✳✷✳✷✺✮✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t (ξk)∞k=1 ✐s ♥♦t ❘✐❡s③ s✉♠♠❛❜❧❡✱ ♠♦r❡ ♣r❡❝✐s❡❧② ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

lim
n→∞

tkn =
5

2
, lim

n→∞
tqn =

11

4
. ✭✷✳✷✾✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

tqn =
log(kn)

log(qn)
tkn + 3

Hqn −Hkn

log(qn)
=
tkn
2

+
3

2
+ 3

εqn − εkn
log(qn)

, ✭✷✳✸✵✮

tkn+1 =
2tqn
3

+
2

3
+ 2

εkn+1 − εqn
log(kn+1)

. ✭✷✳✸✶✮

❯s✐♥❣ ✭✷✳✸✵✮ ❛♥❞ ✭✷✳✸✶✮✱ ✇❡ s❡❡ t❤❛t

tkn+1 =
tkn
3

+ 1 + 2
εqn − εkn
log(qn)

+
2

3
+ 2

εkn+1 − εqn
log(kn+1)

=
tkn
3

+
5

3
+ ε̃n, ✭✷✳✸✷✮

✇❤❡r❡ ε̃n := (2εkn+1 + εqn − 3εkn)/ log(kn+1) ♥♦t✐♥❣ t❤❛t limn→∞ ε̃n = 0✳ ●✐✈❡♥ ε > 0✱ t❤❡r❡
❡①✐sts n0 ∈ N s✉❝❤ t❤❛t |ε̃n| < ε ❢♦r ❡✈❡r② n ≥ n0✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s (sn)n≥n0 ❛♥❞
(un)n≥n0 r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ❜②

{
sn+1 = sn/3 + 5/3 + ε
sn0 = tkn0

{
un+1 = un/3 + 5/3− ε
un0 = tkn0

■❢ tkn0
≤ 5/2+3ε/2 ✭r❡s♣✳ tkn0

≥ 5/2+3ε/2 ✮ ✉s✐♥❣ ✐♥❞✉❝t✐♦♥✱ ❢♦r ❡✈❡r② n ≥ n0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
sn ≤ 5/2+ 3ε/2 ✭r❡s♣✳ sn ≥ 5/2+ 3ε/2✮✳ ❚❤❡♥✱ (sn)n≥n0 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳ ♥♦♥✐♥❝r❡❛s✐♥❣✮
❛♥❞ ✐♥ ❜♦t❤ ❝❛s❡s ✇❡ ♣r♦✈❡ t❤❛t limn→∞ sn = 5/2 + 3ε/2✳

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ s❡❡ t❤❛t limn→∞ un = 5/2−3ε/2✳ ❙✐♥❝❡ sn0 = un0 = tkn0
✱ ✉s✐♥❣ t❤❛t |ε̃n| < ε

❢♦r ❡✈❡r② n ≥ n0 ✇❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ❡♠♣❧♦②✐♥❣ ✭✷✳✸✷✮ t❤❛t

un ≤ tkn ≤ sn, n ≥ n0.

❚❛❦✐♥❣ ❧✐♠✐ts✱ ✇❡ ❣❡t
5

2
− 3ε

2
≤ lim inf

n→∞
tkn ≤ lim sup

n→∞
tkn ≤ 5

2
+

3ε

2
.

❙✐♥❝❡ ε > 0 ✐s ❛r❜✐tr❛r②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t limn→∞ tkn = 5/2✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❛❧s♦ ❝❛♥ s❤♦✇
t❤❛t limn→∞ tqn = 11/4✳ ❯s✐♥❣ ✭✷✳✸✵✮ ❛♥❞ ✭✷✳✸✶✮✱ ✇❡ s❡❡ t❤❛t

tqn+1 =
tqn
3

+
1

3
+
εkn+1 − εqn
log(kn+1)

+
3

2
+ 3

εqn+1 − εkn+1

log(qn+1)
=
tqn
3

+
11

6
+ ˜̃εn,

✇❤❡r❡ ˜̃εn := (3εqn+1 − εkn+1 − 2εqn)/ log(qn+1) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✱ r❡❛s♦♥✐♥❣ ❛s ❜❡❢♦r❡✳

✭✐✐✐✮ ❙t✉❞②✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ s❡q✉❡♥❝❡ (tp)p≥1✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

ω(M) = µ(♠) = lim inf
p→∞

tp = lim
n→∞

tkn =
5

2
, ρ(♠) = lim sup

p→∞
tp = lim

n→∞
tqn =

11

4
. ✭✷✳✸✸✮

■❢ ✇❡ s❤♦✇✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❛t tp ≤ tp+1 ❢♦r p ∈ {kn, . . . , qn − 1} ❛♥❞ tp ≥ tp+1 ❢♦r
p ∈ {qn, . . . , kn+1 − 1}✱ ✉s✐♥❣ ✭✷✳✷✾✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✸✸✮ ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

tp+1 =
log(p)

log(p+ 1)
tp +

ξp+1

(p+ 1) log(p+ 1)
=
ξp+1 + (p+ 1) log(p)tp

log(p+ 1)(p+ 1)
. ✭✷✳✸✹✮

❚❤❡♥

tp+1 − tp =
1

log(p+ 1)(p+ 1)
(ξp+1 − (p+ 1) log(1 + 1/p)tp) . ✭✷✳✸✺✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❋✐rst ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts n1 ∈ N s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ n1✱ ✇❡ ❤❛✈❡ t❤❛t

tp < 3− 3

2p
❢♦r ❛❧❧ p ∈ {kn, . . . , qn − 1}. ✭✷✳✸✻✮

❙✐♥❝❡ limn→∞ tkn = 5/2✱ t❤❡r❡ ✐s n1 ∈ N s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ n1 ✇❡ ❤❛✈❡ tkn < 5/2 + 5/16 =
45/16✳ ❙✐♥❝❡ k1 = 8✱ ❢♦r ❡✈❡r② n ≥ n1 ✇❡ ❤❛✈❡ t❤❛t

tkn < 45/16 = 3− 3/(2k1) < 3− 3/(2kn).

❘❡❛s♦♥✐♥❣ ❜② ✐♥❞✉❝t✐♦♥ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t tp < 3 − 3/(2p) ❢♦r ❛ ❝❡rt❛✐♥ n ≥ n1 ❛♥❞ ❛ ❝❡rt❛✐♥
p ∈ {kn, . . . , qn − 1}✱ s♦ ξp+1 = 3✱ ❛♥❞ ✉s✐♥❣ ✭✷✳✸✹✮ ✇❡ s❡❡ t❤❛t

log(p+ 1)(p+ 1)tp+1 = 3 + (p+ 1) log(p)tp < 3 + (p+ 1) log(p)

(
3− 3

2p

)
.

❍❡♥❝❡ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t

3 + (p+ 1) log(p)

(
3− 3

2p

)
≤ log(p+ 1)(p+ 1)

(
3− 3

2(p+ 1)

)
.

❚❤✐s ❤❛♣♣❡♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢

2p+ (p+ 1) log(p)(2p− 1) ≤ p log(p+ 1) (2p+ 1) ,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢
2p ≤ (2p2 + p) log(1 + 1/p) + log(p).

❙✐♥❝❡ x/(1 + x) ≤ log(1 + x) ❢♦r ❡✈❡r② x > 0✱ ✇❡ s❡❡ t❤❛t t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❡✈❡r② p
❧❛r❣❡ ❡♥♦✉❣❤ ✇❤✐❝❤ ♣r♦✈❡s ✭✷✳✸✻✮✳ ❯s✐♥❣ ✭✷✳✸✺✮✱ ✇❡ s❡❡ t❤❛t tp < tp+1 ✐❢ ❛♥❞ ♦♥❧② ✐❢

ξp+1 > (p+ 1) log(1 + 1/p)tp.

❲❡ ♦❜s❡r✈❡ t❤❛t

(p+ 1) log(1 + 1/p) = 1 +
1

2p
− 1

6p2
+ o(1/p2).

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts n2 ∈ N s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ≥ kn2 ✱ ✇❡ ❤❛✈❡ t❤❛t

(p+ 1) log(1 + 1/p) ≤ 1 +
1

2p
− 1

12p2
.

❇② ✭✷✳✸✻✮ ❢♦r ❡✈❡r② n ≥ n0 := max(n1, n2) ❛♥❞ p ∈ {kn, . . . , qn − 1} ✇❡ ❤❛✈❡ t❤❛t

tp(p+ 1) log

(
1 +

1

p

)
<

(
3− 3

2p

)(
1 +

1

2p
− 1

12p2

)
= 3− 1

p2
+

1

8p3
< 3 = ξp+1.

❈♦♥s❡q✉❡♥t❧②✱ tp ≤ tp+1 ❢♦r ❡✈❡r② n ≥ n0 ❛♥❞ p ∈ {kn, . . . , qn − 1}✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ✇✐❧❧ s❤♦✇
t❤❛t ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥❞ p ∈ {qn, . . . , kn+1 − 1} ✇❡ ❤❛✈❡ t❤❛t

tp > 2 +
1

p
. ✭✷✳✸✼✮

❙✐♥❝❡ limn→∞ tqn = 11/4 t❤❡r❡ ❡①✐sts n3 ∈ N s✉❝❤ t❤❛t tqn > 2 + 1/64 = 2+ 1/q1 > 2 + 1/qn ❢♦r
❡✈❡r② n ≥ n3✳ ❆ss✉♠❡ tp > 2 + 1/p ❢♦r ❛ ❝❡rt❛✐♥ n ≥ n3 ❛♥❞ ❛ ❝❡rt❛✐♥ p ∈ {qn, . . . , kn+1 − 1}
❜② ✭✷✳✸✹✮ ✇❡ ❤❛✈❡ t❤❛t

log(p+ 1)(p+ 1)tp+1 = 2 + (p+ 1) log(p)tp > 2 + (2 + 1/p)(p+ 1) log(p).
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❚❤❡♥ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t

2 + (2 + 1/p)(p+ 1) log(p) ≥ log(p+ 1)(p+ 1)

(
2 +

1

p+ 1

)
,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱
2p ≥ (2p2 + 3p) log(1 + 1/p)− log(p).

❙✐♥❝❡ log(1+1/p) ≤ 1/p✱ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ❛❧✇❛②s tr✉❡ ❢♦r p ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✷✳✸✼✮✳
❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r n ≥ n4 ≥ n3 ❛♥❞ p ∈ {qn, . . . , kn+1 − 1} ✇❡ ❤❛✈❡ t❤❛t

tp(p+ 1) log(p+ 1) > (2 + 1/p)(p+ 1) log(p+ 1) ≥ (2 + 1/p)(1 + 1/(3p)) > 2 = ξp+1.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t tp ≥ tp+1 ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ p ∈ {qn, . . . , kn+1 − 1}✳ ❯s✐♥❣ t❤❡s❡ ♠♦♥♦✲
t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡q✉❡♥❝❡ (tp)p≥1 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

µ(♠) =
5

2
= lim

n→∞
tkn = lim inf

p→∞
tp ≤ lim sup

p→∞
tp = lim

n→∞
tqn =

11

4
= ρ(♠).

❋✐♥❛❧❧②✱ ❧❡t ✉s s❡❡ t❤❛t ✇❡ ❤❛✈❡ β(♠) = γ(M) = 2✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t mp/p
α ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣

✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (0, 2]✳ ❲❡ ❤❛✈❡ t❤❛t mp/p
α ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts

M ≥ 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N ❛♥❞ ❛❧❧ ℓ ≥ p ✇❡ ❤❛✈❡ t❤❛t

mp

mℓ

ℓα

pα
≤M,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✉s✐♥❣ ✭✷✳✷✹✮✱

mp

mℓ
exp(α(Hℓ −Hp)− α(εℓ − εp)) ≤M.

❙✐♥❝❡ limp→∞ εp = 0✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ mp✱ ✇❡ ❤❛✈❡ t❤❛t mp/p
α ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ✐❢ ❛♥❞

♦♥❧② ✐❢✱ t❤❡r❡ ❡①✐sts M ≥ 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N ❛♥❞ ❛❧❧ ℓ ≥ p ✇❡ ❤❛✈❡ t❤❛t

exp




ℓ∑

k=p+1

α− ξk
k


 ≤M.

■❢ α ∈ (0, 2]✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❡✈❡r② k ∈ N✱ α − ξk ≤ 0✳ ❚❤❡♥ ❢♦r ❡✈❡r② p ∈ N ❛♥❞ ❛❧❧ ℓ ≥ p
✇❡ s❡❡ t❤❛t

exp




ℓ∑

k=p+1

α− ξk
k


 ≤ 1 =:M.

■❢ α > 2✱ ✇❡ s❡❡ t❤❛t ❢♦r ❡✈❡r② n ∈ N ❛♥❞ ❡✈❡r② k ∈ {qn + 1, . . . , kn+1} ✇❡ ❤❛✈❡ t❤❛t α − ξk =
α− 2 > 0✳ ❚❤❡♥ t❛❦✐♥❣ p = qn = 23

n2 ❛♥❞ ℓ = kn+1 = 23
n+1

❛♥❞ ✉s✐♥❣ ❛❣❛✐♥ ✭✷✳✷✹✮ ✇❡ s❡❡ t❤❛t

exp




kn+1∑

k=qn+1

α− ξk
k


 = exp((α− 2)(3n log(2)− εkn+1 − εqn)),

❜✉t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ✉♥❜♦✉♥❞❡❞ ❛s n → ∞✱ t❤❡♥ mp/p
α ✐s ♥♦t ❛❧♠♦st ✐♥❝r❡❛s✐♥❣✳ ❈♦♥s❡✲

q✉❡♥t❧②✱ mp/p
α ✐s ❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (0, 2] ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✵✱ ✐t ♠❡❛♥s

t❤❛t β(♠) = 2✳ ❙✐♠✐❧❛r❧②✱ ✇❡ s❡❡ t❤❛t α(♠) = 3✳
�

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❘❡♠❛r❦ ✷✳✷✳✷✼✳ ■♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✱ ❣✐✈❡♥ ξ : [1,∞) → (0,∞) ❧♦❝❛❧❧② ✐♥t❡❣r❛❜❧❡ ✇❡
❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

ω(x) = exp

(∫ x

1
ξ(u)

du

u

)
, t > 1,

t❤❛t ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳

■❢ ξ ✐s ❜♦✉♥❞❡❞✱ t❤❡♥ ω ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✷✺✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❣✐✈❡♥ ❢♦✉r ♠✉t✉❛❧❧② ❞✐st✐♥❝t ♣♦s✐t✐✈❡ ✈❛❧✉❡s 0 < β < µ < ρ < α <∞✱ ❢♦r ❛❧❧ a > b > 1 ✇❡ ❞❡✜♥❡

ξ(t) :=

{
α, ❢♦r t ∈ [2a

n
, 2ba

n
).

β, ❢♦r t ∈ [2ba
n
, 2a

n+1
).

❲✐t❤ ❛ t❡❝❤♥✐q✉❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ❧❛st ❡①❛♠♣❧❡✱ ✐♥ ✇❤✐❝❤ α = a = 3 ❛♥❞
β = b = 2✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t

µ(♠) =
(b− 1)α+ (a− b)β

a− 1
, ρ(♠) =

a(b− 1)α+ (a− b)β

b(a− 1)
,

t❤❡♥ t❛❦✐♥❣

b :=
α− µ

α− ρ
, a := b

ρ− β

µ− β
=
α− µ

α− ρ

ρ− β

µ− β

✇❡ ♦❜t❛✐♥
β(ω) = β, µ(ω) = µ, ρ(ω) = ρ, α(ω) = α.

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✱ t❤❛t ✐s✱ mp := ω(p) ❢♦r p ❧❛r❣❡ ❡♥♦✉❣❤✱
s✐♥❝❡ ω ∈ ORV ✱ ❜② ▲❡♠♠❛ ✷✳✶✳✸✹✱ ✇❡ ❦♥♦✇ t❤❛t

β(♠) = β, µ(♠) = µ, ρ(♠) = ρ, α(♠) = α.

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ γ(M) = β(♠)✱ ω(M) = µ(♠) ∈
(0,∞)✱ ❜✉t t❤❛t α(♠) = ∞✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❛❧❧ t ≥ 4 ❛♥❞ n ≥ 2 ✇❡ ❝❛♥ ❞❡✜♥❡

ξ(t) :=

{
2, ❢♦r t ∈ [22((n−1)!)

2
, 2(n!)

2
).

n, ❢♦r t ∈ [2(n!)
2
, 22(n!)

2
).

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ M ✐s ❛ ✭❞❝✮ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✇✐t❤ γ(M) = 2✱ ω(M) ∈ (0,∞) ❛♥❞
α(♠) = ∞✳

❙✉❝❤ ❛♥ ❡①❛♠♣❧❡ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥❞✐r❡❝t❧② ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ ♦❢ t❤❡
s❡q✉❡♥❝❡ M ✐♥ ❬✺✼✱ ❊①❛♠♣❧❡ ✸✳✸❪ ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ ✐♥ ❊①❛♠♣❧❡ ✷✳✶✳✷✵✳ ❋♦r t❤✐s s❡q✉❡♥❝❡✱ ✇❡
❤❛✈❡ t❤❛t β(♠) = 0✱ µ(♠) = 2✱ ρ(♠) = 3 ❛♥❞ α(♠) = 4✱ s♦ s✐♥❝❡ ♠ ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❜②
❚❤❡♦r❡♠ ✷✳✶✳✹✸ ❢♦r t❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ DM ✇❡ ❤❛✈❡ t❤❛t β(d) = 1/4✱ µ(d) = 1/3✱ ρ(d) = 1/2 ❛♥❞
α(d) = ∞✳

❚❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ ♥♦t str♦♥❣❧② r❡❣✉❧❛r ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✾✮✱ ❜✉t ♥❡✈❡rt❤❡❧❡ss t❤❡ ✈❛❧✉❡s
γ(M) ❛♥❞ ω(M) ❛r❡ ♠❡❛♥✐♥❣❢✉❧✱ ❛s ✐t ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❛s ✐t
✇✐❧❧ ❜❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✱ ♥♦t ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ s✉r❥❡❝t✐✈✐t②
♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ✐♥ t❤❡s❡ ❦✐♥❞ ♦❢ s✐t✉❛t✐♦♥s✳
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❈❤❛♣t❡r ✸

■♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡

❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣

❋r♦♠ t❤❡ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✇❡ ✇✐❧❧ ❞❡✜♥❡
❝❧❛ss❡s ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✐♥ ✉♥❜♦✉♥❞❡❞ s❡❝t♦rs ♦❢ t❤❡ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳
■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ st✉❞② ♦❢ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣✱ s❡♥❞✐♥❣ ❛ ❢✉♥❝t✐♦♥ f ✐♥t♦ ✐ts
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✱ ❛♣♣❡❛rs ❛s ❛ ♥❛t✉r❛❧ ♣r♦❜❧❡♠✳ ❚❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧
♠❛♣ ✇✐❧❧ ❜❡ ❡①❛♠✐♥❡❞ ✐♥ t❤r❡❡ ✐♥st❛♥❝❡s✿ ✐♥ ❘♦✉♠✐❡✉✲❈❛r❧❡♠❛♥ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ❛♥❞ ✐♥
❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❛❞♠✐tt✐♥❣ ✭✉♥✐❢♦r♠ ♦r ♥♦♥✉♥✐❢♦r♠✮ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❛t t❤❡ ♦r✐❣✐♥✳ ■t
✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r✱ ✐♥❥❡❝t✐✈✐t② ✐s ♣♦ss✐❜❧❡ ✐❢
t❤❡ s❡❝t♦r ✐s ✇✐❞❡ ❡♥♦✉❣❤ ✇❤❡r❡❛s s✉r❥❡❝t✐✈✐t② ✐s ♦♥❧② ❛tt❛✐♥❛❜❧❡ ✐♥ ♥❛rr♦✇ r❡❣✐♦♥s✳ ❚❤✐s ✐ss✉❡ ✐s
❝❧♦s❡❧② r❡❧❛t❡❞ ✇✐t❤ t❤❡ s✉♠♠❛❜✐❧✐t② t❤❡♦r② ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✿ ✐♥❥❡❝t✐✈✐t② ♣r♦✈✐❞❡s
✉♥✐q✉❡♥❡ss ❛♥❞ s✉r❥❡❝t✐✈✐t② ❡①✐st❡♥❝❡ ♦❢ t❤❡ s✉♠ ♦❢ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s✳

■♥❥❡❝t✐✈✐t② ❤❛❞ ❜❡❡♥ s♦❧✈❡❞ ✐♥ t✇♦ ❝❛s❡s ❜② ❙✳ ▼❛♥❞❡❧❜r♦❥t ❛♥❞ ❇✳ ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s ✐♥ t❤❡
✶✾✺✵✬s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✇❡ ❝♦♠♣❧❡t❡❧② s♦❧✈❡ t❤❡ t❤✐r❞ ♦♥❡ ❜② ♠❡❛♥s ♦❢ t❤❡ t❤❡♦r② ♦❢ ♣r♦①✐♠❛t❡
♦r❞❡rs ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✷✳✶✺✮✳ ❙❛♥③✬s ❣r♦✇t❤ ✐♥❞❡① ω(M) t✉r♥s ♦✉t t♦ ♣✉t ❛♣❛rt t❤❡ ✈❛❧✉❡s
♦❢ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r ❢♦r ✇❤✐❝❤ ✐♥❥❡❝t✐✈✐t② ❤♦❧❞s ♦r ♥♦t✳ ❚❤❡ ✜rst s❡❝t✐♦♥ ❡♥❞s ✇✐t❤
❚❤❡♦r❡♠ ✸✳✷✳✶✻ ✐♥ ✇❤✐❝❤ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥❡✈❡r ❜✐❥❡❝t✐✈❡ ❛s ❛♥ ♦✉t❝♦♠❡ ♦❢ t❤❡
✐♥❥❡❝t✐✈✐t② t❤❡♦r❡♠s✳

■♥ t❤❡ ❝❛s❡ ♦❢ s✉r❥❡❝t✐✈✐t②✱ ♦♥❧② s♦♠❡ ♣❛rt✐❛❧ r❡s✉❧ts ✇❡r❡ ❛✈❛✐❧❛❜❧❡ ❜② ❏✳ ❙❝❤♠❡ts ❛♥❞ ▼✳
❱❛❧❞✐✈✐❛ ❛♥❞ ❜② ❱✳ ❚❤✐❧❧✐❡③ ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❝❡♥t✉r②✱ r❡st✐♥❣ ♦♥ r❡s✉❧ts ❢r♦♠ t❤❡
✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s❡tt✐♥❣ ❛♥❞ ❞✐sr❡❣❛r❞✐♥❣ q✉❡st✐♦♥s ❛❜♦✉t t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ♦♣❡♥✐♥❣ ♦❢
t❤❡ s❡❝t♦r✱ t❤❛t ✇❛s ♦♥❧② ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ●❡✈r❡② ❝❛s❡ Mα = (p!α)p∈N0 ✳ ❚❤✐s ❧❛st ❛✉t❤♦r
✐♥tr♦❞✉❝❡❞ t❤❡ ❣r♦✇t❤ ✐♥❞❡① γ(M) ❢♦r t❤✐s ♣r♦❜❧❡♠✳ ❲❡ ❝♦♥s✐❞❡r❛❜❧② ❡①t❡♥❞ ❤❡r❡ t❤❡✐r r❡s✉❧ts✱
♣r♦✈✐♥❣ t❤❛t γ(M) ✐s ✐♥❞❡❡❞ ♦♣t✐♠❛❧ ✐♥ s♦♠❡ st❛♥❞❛r❞ s✐t✉❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ ❢♦r str♦♥❣❧② r❡❣✉❧❛r
s❡q✉❡♥❝❡s✱ ♣✉tt✐♥❣ ♥♦✇ ❛♣❛rt t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r ❢♦r ✇❤✐❝❤ s✉r❥❡❝t✐✈✐t② ❤♦❧❞s
♦r ♥♦t✳

❋r♦♠ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s t❤❡ ✈❛❧✉❡ ♦❢
t❤❡s❡s ✐♥❞✐❝❡s ω(M) ❛♥❞ γ(M) ✐s ❣❡♥❡r❛❧❧② ❞✐✛❡r❡♥t✳ ❍♦✇❡✈❡r t❤❡② ❝♦✐♥❝✐❞❡ ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss✱ t❤❡
♦♥❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ♠♦st ♦❢ t❤❡ s❡q✉❡♥❝❡s
❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ r❡s✉❧ts ❣❛t❤❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✽❪✳
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✸✳✶ ❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❛♥❞ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤r❡❡ ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ✉❧t❛❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✳ ❲❡ ✇✐❧❧ st✉❞②
t❤❡✐r r❡❧❛t✐♦♥s ❛♥❞ t❤❡✐r ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s✳ ◆❡①t t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞
❢r♦♠ t❤❡s❡ ❝❧❛ss❡s ✐♥t♦ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s✳ ❋✐♥❛❧❧②✱ s♦♠❡ ❤❡❧♣❢✉❧ ♥♦t❛t✐♦♥ r❡❣❛r❞✐♥❣
t❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳

✸✳✶✳✶ ❇❛s✐❝ ❞❡✜♥✐t✐♦♥s

❚❤❡ ❢✉♥❝t✐♦♥s ❛♣♣❡❛r✐♥❣ ❜❡❧♦✇ ❛r❡ ❞❡✜♥❡❞ ✐♥ r❡❣✐♦♥s ♦❢ t❤❡ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠
R✱ s♦♠❡ ♦❢ t❤❡♠ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✜rst ❝❤❛♣t❡r✳ ❲❡ ❝♦♥s✐❞❡r ❜♦✉♥❞❡❞ s❡❝t♦rs

S(d, γ, r) := {z ∈ R : |❛r❣(z)− d| < γ π

2
, |z| < r},

r❡s♣❡❝t✐✈❡❧② ✉♥❜♦✉♥❞❡❞ s❡❝t♦rs

S(d, γ) := {z ∈ R : |❛r❣(z)− d| < γ π

2
},

✇✐t❤ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ d ∈ R✱ ♦♣❡♥✐♥❣ γ π ✭γ > 0✮ ❛♥❞ ✭✐♥ t❤❡ ✜rst ❝❛s❡✮ r❛❞✐✉s r ∈ (0,∞)✳ ❋♦r
✉♥❜♦✉♥❞❡❞ s❡❝t♦rs ♦❢ ♦♣❡♥✐♥❣ γ π ❜✐s❡❝t❡❞ ❜② ❞✐r❡❝t✐♦♥ ✵✱ ✇❡ ✇r✐t❡ Sγ := S(0, γ)✳

■♥ s♦♠❡ ❝❛s❡s✱ ✐t ✇✐❧❧ ❛❧s♦ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ❝♦♥s✐❞❡r❡❞ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦♠❛✐♥s✳ ❆ s❡❝t♦r✐❛❧ r❡❣✐♦♥

G(d, γ) ✇✐t❤ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ d ∈ R ❛♥❞ ♦♣❡♥✐♥❣ γ π ✇✐❧❧ ❜❡ ❛♥ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ s❡t ✐♥ R s✉❝❤
t❤❛t G(d, γ) ⊆ S(d, γ)✱ ❛♥❞ ❢♦r ❡✈❡r② β ∈ (0, γ) t❤❡r❡ ❡①✐sts ρ = ρ(β) > 0 ✇✐t❤ S(d, β, ρ) ⊆
G(d, γ)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s❡❝t♦rs ❛r❡ s❡❝t♦r✐❛❧ r❡❣✐♦♥s✳ ■❢ d = 0 ✇❡ ❥✉st ✇r✐t❡ Gγ ✳
❆ ❜♦✉♥❞❡❞ ✭r❡s♣❡❝t✐✈❡❧②✱ ✉♥❜♦✉♥❞❡❞✮ s❡❝t♦r T ✐s s❛✐❞ t♦ ❜❡ ❛ ♣r♦♣❡r s✉❜s❡❝t♦r ♦❢ ❛ s❡❝t♦r✐❛❧
r❡❣✐♦♥ G ✭r❡s♣✳ ♦❢ ❛♥ ✉♥❜♦✉♥❞❡❞ s❡❝t♦r S✮ ✱ ❛♥❞ ✇❡ ✇r✐t❡ T ≪ G ✭r❡s♣✳ T ≺≺ S✮✱ ✐❢ T ⊂ G
✭✇❤❡r❡ t❤❡ ❝❧♦s✉r❡ ♦❢ T ✐s t❛❦❡♥ ✐♥ R✱ ❛♥❞ s♦ t❤❡ ✈❡rt❡① ♦❢ t❤❡ s❡❝t♦r ✐s ♥♦t ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✮✳

❋♦r ❛♥ ♦♣❡♥ s❡t U ⊂ R✱ t❤❡ s❡t ♦❢ ❛❧❧ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✐♥ U ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② H(U)✳
❋✐♥❛❧❧②✱ C[[z]] st❛♥❞s ❢♦r t❤❡ s❡t ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✐♥ z ✇✐t❤ ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ M = (Mp)p∈N0 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤
M0 = 1✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❢♦r ❛r❜✐tr❛r② s❡❝t♦r✐❛❧
r❡❣✐♦♥s✱ s♦ ❛❧s♦ ❢♦r s❡❝t♦rs✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ●✐✈❡♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✱ ✇❡ s❛② f ∈ H(G) ❛❞♠✐ts t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s
f̂ =

∑∞
n=0 anz

n ∈ C[[z]] ❛s ✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G ✭✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ t❡♥❞s t♦ ✵✮ ✐❢
❢♦r ❡✈❡r② T ≪ G t❤❡r❡ ❡①✐st CT , AT > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

∣∣∣f(z)−
p−1∑

n=0

anz
n
∣∣∣ ≤ CTA

p
TMp|z|p, z ∈ T.

❲❡ ✇✐❧❧ ✇r✐t❡ f ∼M f̂ ✐♥ G✱ ❛♥❞ ÃM(G) ✇✐❧❧ st❛♥❞ ❢♦r t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❛❞♠✐tt✐♥❣
M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✳ ●✐✈❡♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✱ ✇❡ s❛② f ∈ H(G) ❛❞♠✐ts f̂ =
∑∞

n=0 anz
n ∈ C[[z]]

❛s ✐ts ✉♥✐❢♦r♠ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G ✭♦❢ t②♣❡ 1/A ❢♦r s♦♠❡ A > 0✮ ✐❢ t❤❡r❡ ❡①✐sts C > 0
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

∣∣∣f(z)−
p−1∑

n=0

anz
n
∣∣∣ ≤ CApMp|z|p, z ∈ G.

❲❡ ✇✐❧❧ ✇r✐t❡ f ∼u
M f̂ ✐♥ G✱ ❛♥❞ Ãu

M(G) st❛♥❞s ❢♦r t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❛❞♠✐tt✐♥❣ ✉♥✐❢♦r♠
M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G ✭♦❢ s♦♠❡ t②♣❡✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❉❡✜♥✐t✐♦♥ ✸✳✶✳✸✳ ●✐✈❡♥ ❛ ❝♦♥st❛♥t A > 0 ❛♥❞ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✱ ✇❡ ❞❡✜♥❡

AM,A(G) =
{
f ∈ H(G) : ‖f‖M,A := sup

z∈G,p∈N0

|f (p)(z)|
App!Mp

<∞
}
.

✭AM,A(G), ‖ ‖M,A✮ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ❛♥❞ AM(G) := ∪A>0AM,A(G) ✐s ❝❛❧❧❡❞ ❛ ❈❛r❧❡♠❛♥ ✉❧tr❛✲

❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss ♦❢ ♦❢ ❘♦✉♠✐❡✉ t②♣❡ ✐♥ t❤❡ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✳

❚❤❡ ❢✉♥❝t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞✱ ❜✉t ♠♦st ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts
❛r❡ ❛❧s♦ ✈❛❧✐❞ ✐❢ t❤❡② t❛❦❡ ✈❛❧✉❡s ✐♥ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ ❛❧❣❡❜r❛✳ ❋r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥tr♦❞✉❝❡❞
✐♥ ❈❤❛♣t❡r ✶ ❢♦r t❤❡ s❡q✉❡♥❝❡ M ✇❡ ♦❜t❛✐♥ s♦♠❡ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❧❛ss❡s✳

❘❡♠❛r❦ ✸✳✶✳✹✳ ❋♦r ❛♥② s❡q✉❡♥❝❡ M✱ t❤❡ ❝❧❛ss❡s AM(G)✱ Ãu
M(G) ❛♥❞ ÃM(G) ❛r❡ ❝♦♠♣❧❡① ✈❡❝t♦r

s♣❛❝❡s✳ ■❢ M ✐s ✭❧❝✮✱ t❤❡② ❛r❡ ❛❧❣❡❜r❛s ❛♥❞ ✐❢ M ✐s ✭❞❝✮✱ t❤❡② ❛r❡ st❛❜❧❡ ✉♥❞❡r t❛❦✐♥❣ ❞❡r✐✈❛t✐✈❡s✳

▼♦r❡♦✈❡r✱ ✐❢ M ≈ L t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss❡s ❝♦✐♥❝✐❞❡✳

■♥ ♦✉r r❡s✉❧ts ✇❡ ✇✐❧❧ ♠❛✐♥❧② ❝♦♥s✐❞❡r s❡❝t♦rs ❜✉t s♦♠❡ ♦❢ t❤❡♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ s❡❝t♦r✐❛❧
r❡❣✐♦♥s✱ s♣❡❝✐❛❧❧② ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❝❧❛ss ÃM(G)✳ ❋♦r ❛ s❡❝t♦r S✱ ❜♦✉♥❞❡❞ ♦r ♥♦t✱ s✐♥❝❡ t❤❡
❞❡r✐✈❛t✐✈❡s ♦❢ f ∈ AM,A(S) ❛r❡ ▲✐♣s❝❤✐t③✐❛♥✱ ❢♦r ❡✈❡r② n ∈ N0 ♦♥❡ ♠❛② ❞❡✜♥❡

f (p)(0) := lim
z∈S,z→0

f (p)(z) ∈ C. ✭✸✳✶✮

❲❡ r❡❝❛❧❧ ♥♦✇ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤✐s ❘♦✉♠✐❡✉✲❈❛r❧❡♠❛♥ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss ❛♥❞ t❤❡
❝♦♥❝❡♣t ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✳ t❤❛t ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ❛♥❞
❈❛✉❝❤②✬s ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡s ✭s❡❡ ❬✼✱ ✸✶❪ ❢♦r ❛ ♣r♦♦❢ ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡✱ ✇❤✐❝❤
♠❛② ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡✱ S ❛ s❡❝t♦r ❛♥❞ G ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥✳ ❚❤❡♥✱

✭✐✮ ✐❢ f ∈ AM,A(S) t❤❡♥ f ❛❞♠✐ts f̂ :=
∑

p∈N0

1
p!f

(p)(0)zp ❛s ✐ts ✉♥✐❢♦r♠ M−❛s②♠♣t♦t✐❝ ❡①✲

♣❛♥s✐♦♥ ✐♥ S ♦❢ t②♣❡ 1/A ✇❤❡r❡ (f (p)(0))p∈N0 ✐s ❣✐✈❡♥ ❜② ✭✸✳✶✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡
t❤❛t

AM(S) ⊆ Ãu
M(S) ⊆ ÃM(S).

✭✐✐✮ f ∈ ÃM(G) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② T ≪ G t❤❡r❡ ❡①✐sts AT > 0 s✉❝❤ t❤❛t f |T ∈ AM,AT
(T )✳

■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s ❛♥❞ f ∼M

∑∞
p=0 apz

p✱ ✐t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ❢♦r ❡✈❡r②
❜♦✉♥❞❡❞ ♣r♦♣❡r s✉❜s❡❝t♦r T ♦❢ G ❛♥❞ ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

ap = lim
z→0
z∈T

f (p)(z)

p!
,

❛♥❞ ✇❡ ❝❛♥ s❡t f (p)(0) := p!ap✳

✭✐✐✐✮ ✐❢ S ✐s ✉♥❜♦✉♥❞❡❞ ❛♥❞ T ≺≺ S✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c = c(T, S) > 0 s✉❝❤ t❤❛t
t❤❡ r❡str✐❝t✐♦♥ t♦ T ✱ fT ✱ ♦❢ ❢✉♥❝t✐♦♥s f ❞❡✜♥❡❞ ♦♥ S ❛♥❞ ❛❞♠✐tt✐♥❣ ✉♥✐❢♦r♠ M−❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥ ✐♥ S ♦❢ t②♣❡ 1/A > 0✱ ❜❡❧♦♥❣s t♦ AM,cA(T )✳

✭✐✈✮ ✐❢ f ∈ ÃM(G) ✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ ✐s ✉♥✐q✉❡✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✸✳✶✳✷ ❚❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣

■♥ t❤✐s ❝♦♥t❡①t✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✻✳ ●✐✈❡♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G ❛♥❞ f ∈ ÃM(G)✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧

♠❛♣ ❛s t❤❡ ♠❛♣ s❡♥❞✐♥❣ ❛ ❢✉♥❝t✐♦♥ f ∈ ÃM(G) ✐♥t♦ ✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ ❛♥❞ ✇❡ ✇r✐t❡
B̃(f) := f̂ ✳

❖♥❡ ♠❛② ❛❝❝♦r❞✐♥❣❧② ❞❡✜♥❡ ❝❧❛ss❡s ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

C[[z]]M,A =
{
f̂ =

∞∑

n=0

anz
n ∈ C[[z]] : |a |M,A := sup

p∈N0

|ap|
ApMp

<∞
}
.

(C[[z]]M,A, | |M,A) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ ✇❡ ♣✉t C[[z]]M := ∪A>0C[[z]]M,A✳

❘❡♠❛r❦ ✸✳✶✳✼✳ ●✐✈❡♥ f ∈ ÃM(G) ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t B̃(f) ∈ C[[z]]M✱ s♦

B̃ : ÃM(G) −→ C[[z]]M.

■❢ G = S ✐s ❛ s❡❝t♦r✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳✭✐✮ ✇❡ s❡❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ✐s ❛❧s♦
✇❡❧❧ ❞❡✜♥❡❞ ♦♥ AM(S) ❛♥❞ Ãu

M(S)✳

■❢ M ✐s ✭❧❝✮✱ B̃ ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ❛❧❣❡❜r❛s❀ ✐❢ M ✐s ✭❞❝✮✱ B̃ ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧
❛❧❣❡❜r❛s✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ✐❢ M ≈ L✱ t❤❡♥ C[[z]]M = C[[z]]L✳

❆ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝
❇♦r❡❧ ♠❛♣ ❣❛t❤❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✇✐❧❧ ❜❡ ♣❧❛②❡❞ ❜② t❤❡ ✢❛t ❢✉♥❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✽✳ ❆ ❢✉♥❝t✐♦♥ f ✐♥ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❧❛ss❡s ✐s s❛✐❞ t♦ ❜❡ ✢❛t ✐❢ B̃(f) ✐s t❤❡
♥✉❧❧ ♣♦✇❡r s❡r✐❡s✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ f ∼M 0̂✳

❖♥❡ ♠❛② ❡①♣r❡ss ✢❛t♥❡ss ✐♥ ÃM(G) ❜② ♠❡❛♥s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✶✳✶✳✸✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾ ✭❬✾✼❪✱ Pr♦♣♦s✐t✐♦♥ ✹✮✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ M✱ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G ❛♥❞ f ∈
H(G)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ f ∈ ÃM(G) ❛♥❞ f ✐s ✢❛t✱

✭✐✐✮ ❋♦r ❡✈❡r② ❜♦✉♥❞❡❞ ♣r♦♣❡r s✉❜s❡❝t♦r T ♦❢ G t❤❡r❡ ❡①✐st c1, c2 > 0 ✇✐t❤

|f(z)| ≤ c1e
−ωM(1/(c2|z|)) = c1hM(c2|z|), z ∈ T.

■♥ t❤❡ ●❡✈r❡② ❝❛s❡ ♦❢ ♦r❞❡r α✱ t❤❛♥❦s t♦ t❤❡ ❡st✐♠❛t❡s ✐♥ ❊①❛♠♣❧❡ ✶✳✶✳✷✷✱ ✇❡ r❡❝♦✈❡r t❤❡
❝❧❛ss✐❝❛❧ r❡s✉❧t t❤❛t ❝❤❛r❛❝t❡r✐③❡s ✢❛t♥❡ss ✐♥ t❡r♠s ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s❡ ❜♦✉♥❞s ♦❢ ♦r❞❡r 1/α✱
t❤❛t ✐s✱ ✐♥ t❡r♠s ♦❢ e−|z|

−1/α
✳

❘❡♠❛r❦ ✸✳✶✳✶✵✳ ■♥ t❤❡ r❡s✉❧ts ❣❛t❤❡r❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✇❡ ✇✐❧❧ ♦♥❧② ❞❡❛❧ ✇✐t❤ ✇❡✐❣❤t
s❡q✉❡♥❝❡s✱ t❤❛t ✐s✱ ✭❧❝✮ s✉❝❤ t❤❛t limp→∞mp = ∞✳ ❚❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ✭❧❝✮ ❝♦♥❞✐t✐♦♥ ✐s ❥✉st✐✜❡❞
✐♥ ❘❡♠❛r❦s ✸✳✶✳✹ ❛♥❞ ✸✳✶✳✼✳ ▼♦r❡♦✈❡r✱ ❆✳ ●♦r♥② ❛♥❞ ❍✳ ❈❛rt❛♥ ♣r♦✈❡❞ t❤❛t t❤✐s ✐s ♥♦t ❛
r❡str✐❝t✐♦♥ ✐♥ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s❡tt✐♥❣ ✭s❡❡ ❬✺✸✱ ♣✳ ✶✵✹❪✮✳

❋♦r ❛ ✭❧❝✮ s❡q✉❡♥❝❡ M✱ s✐♥❝❡ ♠ ✐s ♥♦t ❞❡❝r❡❛s✐♥❣✱ ✐❢ limp→∞mp 6= ∞✱ t❤❡♥ limp→∞mp < ∞
❛♥❞ ❛❧s♦ limp→∞(Mp)

1/p <∞ ✭s❡❡ ▲❡♠♠❛ ✶✳✶✳✼✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥
hM(t) = 0 ❢♦r ❛❧❧ t ∈ [0, A]✳ ❍❡♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✱ ✐❢ f ∈ ÃM(G) ❛♥❞ f ✐s ✢❛t✱ ✇❡ ❤❛✈❡

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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t❤❛t f(t) = 0 ❢♦r ❡✈❡r② t ∈ (0, A] ✇❤✐❝❤✱ ❜② t❤❡ ✐❞❡♥t✐t② ♣r✐♥❝✐♣❧❡✱ ✐♠♣❧✐❡s t❤❛t f(z) ✐❞❡♥t✐❝❛❧❧②
✈❛♥✐s❤❡s ✐♥ G✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ❛❧✇❛②s ✐♥❥❡❝t✐✈❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥✱ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥❡✈❡r s✉r❥❡❝t✐✈❡✿ ✇❡ ❝♦♥s✐❞❡r
❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❛t t❤❡ ♦r✐❣✐♥ L(z) ✇❤♦s❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛t 0 ✐s ❣✐✈❡♥ ❜② ❛ ❧❛❝✉♥❛r②
s❡r✐❡s L̂ ∈ C{z} ⊆ C[[z]]M✱ ✇❤♦s❡ ❞♦♠❛✐♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛ ❞✐s❝ ♦❢ r❛❞✐✉s R ✇❤❡r❡ R < |z|
❢♦r s♦♠❡ z ∈ G✳ ❲❡ ❤❛✈❡ t❤❛t L ∼M L̂ ♦♥ ❛ r❡❣✐♦♥ G′ ⊆ G✱ s♦ ❜② t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧
♠❛♣ ✐t ❝❛♥♥♦t ❡①✐st ❛♥♦t❤❡r ❢✉♥❝t✐♦♥ E ∈ ÃM(G) ⊆ ÃM(G′) ✇✐t❤ E ∼M L̂✳ ❙✐♥❝❡ L ❝❛♥♥♦t ❜❡
❛♥❛❧②t✐❝❛❧❧② ❝♦♥t✐♥✉❡❞ t♦ G✱ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥♦t s✉r❥❡❝t✐✈❡✱ ✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢
t❤❡ ❧✐♠✐t ❝♦♥❞✐t✐♦♥ ❢♦r ♠✳

❇② ✉s✐♥❣ ❛ s✐♠♣❧❡ r♦t❛t✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣
✐♥ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ❝❧❛ss❡s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ d ♦❢ t❤❡
s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✱ s♦ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ d = 0✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ✇✐❧❧
r❡str✐❝t ♦✉r st✉❞② t♦ t❤❡ ✉♥❜♦✉♥❞❡❞ s❡❝t♦rs Sγ ✱ ❛♥❞ ✐♥❝❧✉❞❡ ❝♦♠♠❡♥ts ♦♥ ✇❤❛t ❝❛♥ ❜❡ s❛✐❞✱ t♦
♦✉r ❦♥♦✇❧❡❞❣❡✱ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ s❡❝t♦r✐❛❧ r❡❣✐♦♥s✳ ❙♦✱ ✇❡ ❞❡✜♥❡

IM :={γ > 0; B̃ : AM(Sγ) −→ C[[z]]M ✐s ✐♥❥❡❝t✐✈❡},
ĨuM :={γ > 0; B̃ : Ãu

M(Sγ) −→ C[[z]]M ✐s ✐♥❥❡❝t✐✈❡},
ĨM :={γ > 0; B̃ : ÃM(Sγ) −→ C[[z]]M ✐s ✐♥❥❡❝t✐✈❡}.

❲❤❡♥❡✈❡r γ > 0 ❜❡❧♦♥❣s t♦ ❛♥② ♦❢ t❤❡s❡ s❡ts✱ ✇❡ s❛② t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss ✐s q✉❛s✐❛♥❛❧②t✐❝✳
❍❡♥❝❡✱ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❛♠♦✉♥ts t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss✳

❲❡ ❡❛s✐❧② ♦❜s❡r✈❡ t❤❛t✱ ❜② r❡str✐❝t✐♦♥ ❛♥❞ t❤❡ ✐❞❡♥t✐t② ♣r✐♥❝✐♣❧❡✱ ✐❢ γ > 0 ✐s ✐♥ ❛♥② ♦❢ t❤♦s❡
s❡ts t❤❡♥ ❡✈❡r② γ′ > γ ❛❧s♦ ✐s✳ ❈♦♥s❡q✉❡♥t❧②✱ IM✱ ĨuM ❛♥❞ ĨM ❛r❡ ❡✐t❤❡r ❡♠♣t② ♦r ✉♥❜♦✉♥❞❡❞
✐♥t❡r✈❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ (0,∞)✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ q✉❛s✐❛♥❛❧②t✐❝✐t② ♦r ✐♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡

SM :={γ > 0; B̃ : AM(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡},
S̃u
M :={γ > 0; B̃ : Ãu

M(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡},
S̃M :={γ > 0; B̃ : ÃM(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡}.

■t ✐s ❛❧s♦ ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t ✐❢ γ > 0 ✐s ✐♥ ❛♥② ♦❢ t❤♦s❡ s❡ts t❤❡♥ ❡✈❡r② 0 < γ′ < γ ❛❧s♦ ✐s✱ s♦
SM✱ S̃u

M ❛♥❞ S̃M ❛r❡ ❡✐t❤❡r ❡♠♣t② ♦r ❧❡❢t✲♦♣❡♥ ✐♥t❡r✈❛❧s ❤❛✈✐♥❣ 0 ❛s ❡♥❞♣♦✐♥t✱ ❝❛❧❧❡❞ s✉r❥❡❝t✐✈✐t②

✐♥t❡r✈❛❧s✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳✭✐✮✱ ✇❡ ❡❛s✐❧② s❡❡ t❤❛t

IM ⊇ ĨuM ⊇ ĨM, ✭✸✳✷✮

SM ⊆ S̃u
M ⊆ S̃M. ✭✸✳✸✮

❘❡♠❛r❦ ✸✳✶✳✶✶✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❛ s❡t ♦❢ ❝♦♥❞✐t✐♦♥s ❞✐✛❡r❡♥t ❢r♦♠ t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s ❝❤❛♣t❡rs ❛♣♣❡❛rs ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ♦r ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s ♦❢
❢✉♥❝t✐♦♥s✱ s♣❡❝✐❛❧❧② ✐❢ t❤❡② ❛r❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ ❜♦✉♥❞s ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♦♠❡
❛✉t❤♦rs ✭❍✳ ❑♦♠❛ts✉ ❬✺✷❪✱ ❍✳✲❏✳ P❡t③s❝❤❡ ❬✼✼❪✱ ❏✳ ❇♦♥❡t✱ ❘✳ ▼❡✐s❡ ❛♥❞ ❙✳◆✳ ▼❡❧✐❦❤♦✈ ❬✶✼❪ ❛♥❞
♦t❤❡rs✮ ❞❡✜♥❡ t❤❡ ❝❧❛ss❡s r❡♣❧❛❝✐♥❣ t❤❡ s❡q✉❡♥❝❡ M ❜② M̂ := (p!Mp)p∈N0 ✐♥ t❤❡ ❡st✐♠❛t❡s ♦❢
❉❡✜♥✐t✐♦♥s ✸✳✶✳✶✱ ✸✳✶✳✷ ❛♥❞ ✸✳✶✳✸✱ t❤❛t ✐s✱

sup
z∈G,p∈N0

|f (p)(z)|
ApM̂p

<∞, ♦r
∣∣∣f(z)−

p−1∑

n=0

anz
n
∣∣∣ ≤ CAp M̂p

p!
|z|p,

❢♦r z ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❣✐♦♥✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥
♦❢ ❍✳ ❑♦♠❛ts✉✱ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r M̂✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭▼✳✶✮ L2
p ≤ Lp−1Lp ❢♦r ❡✈❡r② p ∈ N✱

✭▼✳✷✮ ❚❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t

Lp+k ≤ Ap+kLpLk, k, p ∈ N0,

✭▼✳✸✮ ❚❤❡r❡ ❡①✐sts B > 0 s✉❝❤ t❤❛t

∞∑

k=p

Lk

Lk+1
≤ Bp

Lp

Lp+1
, p ∈ N.

◆♦t❡ t❤❛t L s❛t✐s✜❡s ✭▼✳✸✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ℓ ❤❛s (γ1) ♦❢ ❍✳ ✲❏✳ P❡t③s❝❤❡ ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✷✸✮✳ ▲❡t
✉s ❝❧❛r✐❢② t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❛♣♣r♦❛❝❤❡s✿ ■❢ M ✐s ✭❧❝✮✱ t❤❡♥ M̂ s❛t✐s✜❡s ✭▼✳✶✮✱ ✐❢ M
❤❛s ✭♠❣✮✱ t❤❡♥ M̂ s❛t✐s✜❡s ✭▼✳✷✮ ❛♥❞ ✐❢ M ✐s ✭s♥q✮✱ t❤❡♥ M̂ s❛t✐s✜❡s ✭▼✳✸✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

M s❛t✐s✜❡s ✭▼✳✷✮ ♦r ✭▼✳✸✮✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡

̂
M := (Mp/p!)p∈N0 ❤❛s ✭♠❣✮ ♦r ✭s♥q✮✱ r❡s♣❡❝t✐✈❡❧②✳

❍♦✇❡✈❡r✱ ✐❢ M ✐s ✭▼✳✶✮✱

̂
M ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✭❧❝✮✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ ✇❡ s❛② t❤❛t M ✐s str♦♥❣❧②

❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡①✱ ❢♦r s❤♦rt ✭s❧❝✮✳

■♥ t❤✐s s❛♠❡ ❝♦♥t❡①t✱ ✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❧❛ss ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s C[[z]]M✱ s♦♠❡ ❛✉t❤♦rs
❝♦♥s✐❞❡r❡❞ t❤❡ ❝❧❛ss❡s ♦❢ s❡q✉❡♥❝❡s

ΛM,A =
{
µ = (µn)n∈N0 ∈ CN0 : |µ|M,A := sup

n∈N0

|µn|
Ann!Mn

<∞
}
.

(ΛM,A, | |M,A) ✐s ❛❣❛✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ❛♥❞ ✇❡ ♣✉t ΛM := ∪A>0ΛM,A✳ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

❜❡t✇❡❡♥ t❤❡♠ s❡♥❞✐♥❣ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂ =
∑∞

n=0 anz
n ✐♥t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞❡r✐✈❛t✐✈❡s ❛t

t❤❡ ♦r✐❣✐♥✱ (app!)p∈N0 ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳✭✐✐✮✮✳ ❚❤✐s ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❇❛♥❛❝❤ ❛❧❣❡❜r❛s
✐❢ M ✐s ✭❧❝✮✳ ❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❞✉❝t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡s❡ ❛❧❣❡❜r❛s ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r
❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ r❡❛s♦♥❛❜❧❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♥♦t❛t✐♦♥ C[[z]]M✳

❊✈❡♥ ✐❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡q✉❡♥❝❡s M✱ M̂ ❛♥❞

̂
M ✐s ❦♥♦✇♥✱ ✇❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ ❝❡rt❛✐♥

❝♦♥❞✐t✐♦♥s ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s ωM(t)✱ ω
M̂
(t)

❛♥❞ ω
̂

M
(t)✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r ❝♦♥❝❡r♥s ✇❤❡♥ ♠✐①✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ t✇♦ ❞✐✛❡r❡♥t

❛♣♣r♦❛❝❤❡s✳

✸✳✷ ■♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣✳ ■♠♣♦ss✐❜✐❧✐t② ♦❢ ❜✐✲
❥❡❝t✐✈✐t②

■♥ ✶✾✶✷✱ ●✳◆✳ ❲❛ts♦♥ ❬✶✵✺❪ ❞❡t❡r♠✐♥❡❞ t❤❡ ✐♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧ ĨuMα
❢♦r t❤❡ ●❡✈r❡② s❡q✉❡♥❝❡

Mα = (p!α)p∈N0 ❜② ♣r♦✈✐♥❣ t❤❛t ✐❢ ❛ ❢✉♥❝t✐♦♥ f ❤❛s ❣❧♦❜❛❧ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s❡ ❜♦✉♥❞s ♦❢ ♦r❞❡r
1/α ♦♥ ❛ s❡❝t♦r Sα✱ t❤❡ ❢✉♥❝t✐♦♥ f ✐s t♦♦ ✢❛t ❛♥❞ ♠✉st ❜❡ 0✳ ❚❤❡ ♠♦❞❡r♥ ♣r♦♦❢✱ ❝♦♥t❛✐♥❡❞ ✐♥
♠♦st ♦❢ t❤❡ ❜♦♦❦s✱ ✐s ❛ s♠❛rt ❜✉t ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ ♣r✐♥❝✐♣❧❡✳ ❊①t❡♥s✐♦♥s
♦❢ t❤❡s❡ r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❙✳ ▼❛♥❞❡❧❜r♦❥t ❛♥❞ ❇✳ ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s ✭s❡❡ ❚❤❡♦r❡♠s ✸✳✷✳✶
❛♥❞ ✸✳✷✳✸✮✳

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡s❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ✇❤✐❝❤ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❧❛ss❡sAM ❛♥❞ Ãu
M ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞

❛♥❞ ✇❡ ✇✐❧❧ r❡❢♦r♠✉❧❛t❡ t❤❡♠ ✐♥ t❡r♠s ♦❢ t❤❡ ❣r♦✇t❤ ✐♥❞❡① ω(M) t❤❛♥❦s t♦ ✐ts r❡❧❛t✐♦♥ ✇✐t❤
t❤❡ ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❝❧❛ss ÃM ✇✐❧❧ ❜❡ s♦❧✈❡❞ ❜②
❝♦♥str✉❝t✐♥❣✱ ✈✐❛ ♣r♦①✐♠❛t❡ ♦r❞❡rs✱ ✢❛t ❢✉♥❝t✐♦♥s ✐♥ s❡❝t♦rs ♦❢ ♦♣t✐♠❛❧ ♦♣❡♥✐♥❣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
✇❡ ✇✐❧❧ ♦❜t❛✐♥ t❤❡ ✜rst s✉r❥❡❝t✐✈✐t② r❡s✉❧t st❛t✐♥❣ t❤❛t t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥❡✈❡r ❜✐❥❡❝t✐✈❡✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✸✳✷✳ ■◆❏❊❈❚■❱■❚❨ ❖❋ ❚❍❊ ❆❙❨▼P❚❖❚■❈ ❇❖❘❊▲ ▼❆P✳ ■▼P❖❙❙■❇■▲■❚❨ ❖❋ ❇■❏❊❈❚■❱■❚❨ ✶✶✸

✸✳✷✳✶ ❈❧❛ss✐❝❛❧ ✐♥❥❡❝t✐✈✐t② r❡s✉❧ts

❚❤❡ q✉❛s✐❛♥❛❧②t✐❝✐t② ✐♥t❡r✈❛❧s IM ❛♥❞ ĨuM ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥ t❤❡ ✶✾✺✵✬s✳ ❲❡ ✇✐❧❧
r❡♣❤r❛s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❜② ♠❡❛♥s ♦❢ ❙❛♥③✬s ❣r♦✇t❤ ✐♥❞❡① ω(M) ✭s❡❡ ❙✉❜❡❝t✐♦♥ ✶✳✶✳✹✮✳
❚❤✐s ✐♥❞❡① ✇❛s ♣r♦✈❡❞ t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❧♦✇❡r ♦r❞❡r ♦❢ t❤❡ s❡q✉❡♥❝❡ µ(♠) ✇❤✐❝❤ ✐s ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢♠ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✶✳✶✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✻✮✳ ❍❡♥❝❡✱
✐❢ M ✐s ✭❧❝✮✱ t❤❡♥ ♠ ❛♥❞ ♠̂ = ((p+1)mp)p∈N0 ❛r❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❜② t❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ❥✉st
♠❡♥t✐♦♥❡❞✱ ✇❡ s❡❡ t❤❛t

ω(M) = µ(♠) = sup{µ > 0;
∞∑

ℓ=0

1

(mℓ)1/µ
<∞},

ω(M) = µ(♠) = sup{µ > 0;

∞∑

ℓ=0

1

((ℓ+ 1)mℓ)1/(µ+1)
<∞}.

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② s♦♠❡ st❛t❡♠❡♥ts ❛♥❞ t♦ ❛✈♦✐❞ tr✐✈✐❛❧ s✐t✉❛t✐♦♥s ✭s❡❡ ❘❡♠❛r❦ ✸✳✶✳✶✵✮✱ ✇❡ ✇✐❧❧
❢r❡q✉❡♥t❧② ❛ss✉♠❡ t❤❛t M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ✐✳❡✳✱ ✐s ✭❧❝✮ ✇✐t❤ limp→∞mp = ∞✳ ❚❤❡ ✜rst r❡s✉❧t
✇❡ r❡❝❛❧❧ ✐s ❞✉❡ t♦ ❙✳ ▼❛♥❞❡❧❜r♦❥t ✐♥ ✶✾✺✷✳

❚❤❡♦r❡♠ ✸✳✷✳✶ ✭❬✼✷❪✱ ❙❡❝t✐♦♥ ✷✳✹✳■■■✮✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ c ≥ 0✱ H(c) := {z ∈ C :
Re(z) > c} ❛♥❞ γ > 0✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮
∞∑

p=0

(
1

mp

)1/γ

❞✐✈❡r❣❡s✱

✭✐✐✮ ■❢ f ∈ H(H(c)) ❛♥❞ t❤❡r❡ ❡①✐st A,C > 0 s✉❝❤ t❤❛t

|f(z)| ≤ CApMp

|z|γp , z ∈ H(c), p ∈ N0, ✭✸✳✹✮

t❤❡♥ f ✐❞❡♥t✐❝❛❧❧② ✈❛♥✐s❤❡s✳

❖❜s❡r✈❡ t❤❛t ❛ ❢✉♥❝t✐♦♥ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ H := H(0) ❛♥❞ ✈❡r✐✜❡s t❤❡ ❡st✐♠❛t❡s ✭✸✳✹✮ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢✉♥❝t✐♦♥ g ❣✐✈❡♥ ❜② g(z) := f(1/z1/γ) ❜❡❧♦♥❣s t♦ Ãu

M(Sγ) ❛♥❞ ✐s ✢❛t✳ ❍❡♥❝❡✱
t❤❡ ✐♥t❡r✈❛❧ IM ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ (i) ⇔ (ii)✱ ❛s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢
❚❤❡♦r❡♠ ✸✳✷✳✶✱ ❛♥❞ (iii) ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣r♦♣❡rt✐❡s ♦❢ ω(M)✳

❚❤❡♦r❡♠ ✸✳✷✳✷ ✭❬✼✷❪✮✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ γ > 0✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ B̃ : Ãu
M(Sγ) −→ C[[z]]M ✐s ✐♥❥❡❝t✐✈❡✱

✭✐✐✮
∑∞

p=0(mp)
−1/γ = ∞✱

✭✐✐✐✮ ❊✐t❤❡r γ > ω(M)✱ ♦r γ = ω(M) ❛♥❞
∑∞

p=0(mp)
−1/ω(M) = ∞✳

◗✉❛s✐❛♥❛❧②t✐❝✐t② ❢♦r t❤❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ✐♥ ❛♥ ✉♥✲
❜♦✉♥❞❡❞ s❡❝t♦r ✇❛s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ✶✾✺✺ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✷✳✶ ❜② ❘♦❞rí❣✉❡③✲❙❛❧✐♥❛s ❬✽✼❪✱ ❛❧✲
t❤♦✉❣❤ ✐t ✐s ❢r❡q✉❡♥t❧② ❛ttr✐❜✉t❡❞ t♦ ❇✳ ■✳ ❑♦r❡♥❜❧❥✉♠ ❬✺✹❪✳

❚❤❡♦r❡♠ ✸✳✷✳✸ ✭❬✽✼❪✱ ❚❤✳ ✶✷✮✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ γ > 0 ❜❡ ❣✐✈❡♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡ ❝❧❛ss AM(Sγ) ✐s q✉❛s✐❛♥❛❧②t✐❝✱

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭✐✐✮
∞∑

p=0

( 1

(p+ 1)mp

)1/(γ+1)
❞✐✈❡r❣❡s✳

❙✐♠✐❧❛r❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✻✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❚❤❡♦r❡♠ ✸✳✷✳✸ ♠❛② ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸✳✷✳✹✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ γ > 0 ❜❡ ❣✐✈❡♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡ ❝❧❛ss AM(Sγ) ✐s q✉❛s✐❛♥❛❧②t✐❝✱

✭✐✐✮
∑∞

p=0((p+ 1)mp)
−1/(γ+1) = ∞✱

✭✐✐✮ γ > ω(M)✱ ♦r γ = ω(M) ❛♥❞
∞∑

p=0

(
(p+ 1)mp

)−1/(ω(M)+1)
❞✐✈❡r❣❡s✳

❋✐♥❛❧❧②✱ r❡❣❛r❞✐♥❣ ÃM ❛ ♣❛rt✐❛❧ ✈❡rs✐♦♥ ♦❢ ❲❛ts♦♥✬s ▲❡♠♠❛ ❝❛♥ ❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❛s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✷✳

❚❤❡♦r❡♠ ✸✳✷✳✺✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ γ > 0 ❜❡ ❣✐✈❡♥ ❛♥❞ Gγ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞✿

✭✐✮ ■❢ γ > ω(M)✱ t❤❡♥ ÃM(Gγ) ✐s q✉❛s✐❛♥❛❧②t✐❝✳

✭✐✐✮ ■❢ γ < ω(M)✱ t❤❡♥ ÃM(Gγ) ✐s ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✳

Pr♦♦❢✳ ✭✐✮ ❆ss✉♠❡ t❤❛t γ > ω(M)✳ ❲❡ t❛❦❡ f ∈ ÃM(Gγ) ✇✐t❤ f ∼M 0̂✱ ❛♥❞ ❝♦♥s✐❞❡r ❛ ♣r♦♣❡r
❜♦✉♥❞❡❞ s❡❝t♦r T ≪ G✱ ✇❤❡r❡ T = S(0, β, r) ✇✐t❤ γ > β > ω(M)✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✱ t❤❡r❡ ❡①✐st CT , AT > 0 s✉❝❤ t❤❛t

|f(z)| ≤ CTA
p
TMp|z|p, z ∈ T, p ∈ N0.

❲❡ ❝♦♥s✐❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ z(w) = 1/(w+(1/r)1/β)β ✱ ✇❤✐❝❤ ♠❛♣s t❤❡ r✐❣❤t ❤❛❧❢✲♣❧❛♥❡ H =
H(0) ✐♥t♦ ❛ r❡❣✐♦♥ D ⊆ T ✱ ❛♥❞ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ g : H → C ❞❡✜♥❡❞ ❜② g(w) := f(z(w))✳
❆s ❢♦r ❡✈❡r② w ∈ H ✇❡ ❤❛✈❡ |w + (1/r)1/β | > |w|✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

|g(w)| = |f(z(w))| ≤ CTA
p
TMp

|(w + (1/r)1/β)β |p ≤ CTA
p
TMp

|w|βp , w ∈ H, p ∈ N0.

❍❡♥❝❡ g ✈❡r✐✜❡s t❤❡ ❜♦✉♥❞s ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✶✳✭✐✐✮✳ ❙✐♥❝❡ β > ω(M)✱ ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❣r♦✇t❤ ✐♥❞❡①

∞∑

p=0

(
1

mp

)1/β

= ∞.

❈♦♥s❡q✉❡♥t❧②✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶ ✇❡ ♦❜t❛✐♥ t❤❛t g ≡ 0 ❛♥❞ ❜② t❤❡ ✐❞❡♥t✐t② ♣r✐♥❝✐♣❧❡ f ≡ 0✱ s♦
ÃM(Gγ) ✐s q✉❛s✐❛♥❛❧②t✐❝✳
✭✐✐✮ ❆ss✉♠❡ t❤❛t γ < ω(M)✱ ✇❤❛t ✐♠♣❧✐❡s✱ ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣r♦✇t❤ ✐♥❞❡①✱ t❤❛t

∞∑

p=0

(
1

mp

)1/γ

<∞.

❚❤❡♥✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✱ t❤❡r❡ ❡①✐st f ∈ H(H)✱ ♥♦t ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ❛♥❞ ❝♦♥st❛♥ts A,C > 0 ✇✐t❤

|f(z)| ≤ CApMp

|z|γp , z ∈ H, p ∈ N0.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❚❤❡ ❢✉♥❝t✐♦♥ w → w−1/γ ♠❛♣s t❤❡ s❡❝t♦r Sγ ✐♥t♦ H✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ g(w) = f(w−1/γ)✱
❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sγ ✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

|g(w)| = |f(w−1/γ)| ≤ CApMp|w|p, w ∈ Sγ , p ∈ N0.

❈♦♥s❡q✉❡♥t❧②✱ g 6≡ 0 ❛♥❞ g ∼M 0̂ ✐♥ Sγ ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ g t♦ Gγ ⊆ Sγ ✐s ❛
♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t ÃM(Gγ) ✐s ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✳ �

❘❡♠❛r❦ ✸✳✷✳✻✳ ❋r♦♠ ❚❤❡♦r❡♠ ✸✳✷✳✷ ♦r ✸✳✷✳✹✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ M ❛♥❞ L ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s
✇✐t❤ M ≈ L t❤❡♥ ω(M) = ω(L)✱ ✇❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r♦✈❡❞ ❞✐r❡❝t❧② ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✸✷✮✳

❘❡♠❛r❦ ✸✳✷✳✼✳ ❋♦r ❛♥② ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❝❛♥ ❜❡
s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✭✐✮ ■❢ ω(M) = ∞✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✹✱ ✇❡ s❡❡ t❤❛t IM = ∅ ❛♥❞ ✭✸✳✷✮ ✐♠♣❧✐❡s IM = ĨuM = ĨM = ∅✳

✭✐✐✮ ■❢ ω(M) = 0✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✺ ✇❡ ♦❜s❡r✈❡ t❤❛t ĨM = (0,∞) ❛♥❞✱ ❜② ✭✸✳✷✮✱ ✇❡ ❤❛✈❡ t❤❛t
IM = ĨuM = ĨM = (0,∞)✳

✭✐✐✐✮ ■❢ ω(M) ∈ (0,∞)✱ ✇❡ ❤❛✈❡ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❛❜❧❡ ✸✳✶✱ ✇❤❡r❡
∑∞

p=0 σp ❞❡♥♦t❡s

t❤❡ s❡r✐❡s
∑∞

p=0 ((p+ 1)mp)
−1/(ω(M)+1) ❛♥❞

∑∞
p=0 (mp)

−1/ω(M) ✐s ❛❜❜r❡✈✐❛t❡❞ t♦
∑∞

p=0 µp
✭♥♦t❡ t❤❛t

∑∞
p=0 σp < ∞ ✐♠♣❧✐❡s

∑∞
p=0 µp < ∞ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠s ✸✳✷✳✷ ❛♥❞ ✸✳✷✳✹ ❛♥❞

✉s✐♥❣ t❤❛t AM(Sγ) ⊆ Ãu
M(Sγ) ✮✳

∑∞
p=0 σp = ∞ ∑∞

p=0 σp = ∞ ∑∞
p=0 σp <∞

∑∞
p=0 µp = ∞ ∑∞

p=0 µp <∞ ∑∞
p=0 µp <∞

IM [ω(M),∞) [ω(M),∞) (ω(M),∞)

ĨuM [ω(M),∞) (ω(M),∞) (ω(M),∞)

ĨM (ω(M),∞) ♦r [ω(M),∞)❄ (ω(M),∞) (ω(M),∞)

❚❛❜❧❡ ✸✳✶✿ ■♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✇✐t❤ ω(M) ∈ (0,∞)✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ♦♥❧② ✐♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧ ♥♦t ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✐s
ĨM✱ ❛♥❞ ♦♥❧② ✇❤❡♥ ω(M) ∈ (0,∞) ❛♥❞

∑∞
p=0 (mp)

−1/ω(M) = ∞✳ ■♥❞❡❡❞✱ ✐t ♦♥❧② r❡sts t♦ ❞❡❝✐❞❡

✇❤❡t❤❡r ω(M) ∈ ĨM ♦r ♥♦t✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥tr✐✈✐❛❧ ✢❛t
❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss ÃM(Sω(M))✱ ❛♥❞ s♦ ♦♥❡ ❛❧✇❛②s ❤❛s ω(M) /∈ ĨM ❛♥❞ ĨM = (ω(M),∞)✳

❊①❛♠♣❧❡ ✸✳✷✳✽✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ Mα,β =
(
p!α
∏p

m=0 log
β(e+m)

)
p∈N0

✱ α > 0✱ β ∈ R✱
✇❡ ❤❛✈❡ t❤❛t ω(Mα,β) = α ✭❙❡❡ ❊①❛♠♣❧❡ ✷✳✶✳✷✵✮✳ ❍❡♥❝❡✱ ❚❛❜❧❡ ✸✳✷ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ✐♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ s❡q✉❡♥❝❡s Mα,β ✳

P❧❡❛s❡ ♥♦t❡ t❤❛t ❡✈❡♥ ✐❢ t❤❡ ●❡✈r❡② ❝❛s❡ Mα =
(
p!α
)
p∈N0

❜❡❧♦♥❣s t♦ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢

❚❛❜❧❡ ✸✳✷✱ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❦♥♦✇♥ ❜❡❝❛✉s❡ t❤❡ ❢✉♥❝t✐♦♥ f(z) := exp(−1/z1/α) ∼Mα 0̂ ❛♥❞
f ∈ ÃMα(Gα)✱ s♦ ĨMα = (α,∞)✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ✇❡ ✇✐❧❧ ✜♥❞ s✉❝❤ ❢✉♥❝t✐♦♥s ❢♦r ❛♥②
s❡q✉❡♥❝❡ M ✉s✐♥❣ ♣r♦①✐♠❛t❡ ♦r❞❡rs✳

❲❛ts♦♥✬s ▲❡♠♠❛ ✐s ♣r♦✈❡❞ ❜❡❧♦✇ ❢♦r t❤❡ ❝❧❛ss ÃM ❢♦r ❛r❜✐tr❛r② s❡❝t♦r✐❛❧ r❡❣✐♦♥s✱ r❡❣❛r❞✐♥❣
t❤❡ ♦t❤❡r t✇♦ ❝❧❛ss❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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β ≤ α α < β ≤ α+ 1 β > α+ 1

IMα,β
[α,∞) [α,∞) (α,∞)

ĨuMα,β
[α,∞) (α,∞) (α,∞)

ĨMα,β
(α,∞) ♦r [α,∞)❄ (α,∞) (α,∞)

❚❛❜❧❡ ✸✳✷✿ ■♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❢♦r t❤❡ s❡q✉❡♥❝❡ Mα,β ✇✐t❤ α > 0✱ β ∈ R✳

❘❡♠❛r❦ ✸✳✷✳✾✳ ❚❤❡♦r❡♠ ✸✳✷✳✷ ❤♦❧❞s tr✉❡ ❢♦r ❜♦✉♥❞❡❞ s❡❝t♦rs S(0, γ, r) ✇✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳
■❢
∑∞

p=0 (mp)
−1/γ < ∞ t❤❡ r❡str✐❝t✐♦♥ t♦ S(0, γ, r) ♦❢ t❤❡ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ Sγ

❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✷ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠✳ ❍❡♥❝❡✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♠♦❞✐❢② t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✮⇒✭✐✮✳
❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✺✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ z(w) = 1/(w + (1/r)1/γ)γ ✱
✇❤✐❝❤ ♠❛♣s H ✐♥t♦ ❛ r❡❣✐♦♥ D ❝♦♥t❛✐♥❡❞ ✐♥ S(0, γ, r)✿ ❣✐✈❡♥ ❛ ✢❛t ❢✉♥❝t✐♦♥ g ∈ Ãu

M(S(0, γ, r))✱
t❤❡ ❢✉♥❝t✐♦♥ f(w) := g(z(w)) ✐s ❞❡✜♥❡❞ ✐♥ H ❛♥❞✱ ❜② ▼❛♥❞❡❧❜r♦❥t✬s t❤❡♦r❡♠✱ ✐t ✐❞❡♥t✐❝❛❧❧②
✈❛♥✐s❤❡s✳

❋♦r ♠♦r❡ ❣❡♥❡r❛❧ r❡❣✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ s❡❝t♦r✐❛❧ r❡❣✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥ ✇❛s ❛❧s♦ ❣✐✈❡♥ ❜② ▼❛♥❞❡❧✲
❜r♦❥t ❬✼✷✱ ❙❡❝t✳ ✷✳✹✳■❪ ❛♥❞ t❤❡ ❛♥s✇❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛② t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ r❡❣✐♦♥ ❛♣♣r♦❛❝❤❡s
t❤❡ ♦r✐❣✐♥✳

❘❡♠❛r❦ ✸✳✷✳✶✵✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ q✉❛s✐❛♥❛❧②t✐❝✐t② ❢♦r ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
❞❡r✐✈❛t✐✈❡s ✐♥ ❜♦✉♥❞❡❞ r❡❣✐♦♥s ❤❛s ❛❧s♦ ❜❡❡♥ tr❡❛t❡❞✳ ■♥ t❤❡ ✇♦r❦s ♦❢ ❑✳ ❱✳ ❚r✉♥♦✈ ❛♥❞ ❘✳ ❙✳
❨✉❧♠✉❦❤❛♠❡t♦✈ ❬✶✵✶✱ ✶✵✽❪ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❣✐✈❡♥✱ ❢♦r ❛ ❝♦♥✈❡① ❜♦✉♥❞❡❞ r❡❣✐♦♥ ❝♦♥t❛✐♥✐♥❣
✵ ✐♥ ✐ts ❜♦✉♥❞❛r②✱ ✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ M ❛♥❞ ❛❧s♦ ♦❢ t❤❡ ✇❛② t❤❡ ❜♦✉♥❞❛r② ❛♣♣r♦❛❝❤❡s ✵✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❜♦✉♥❞❡❞ s❡❝t♦rs✱ ✐❢ γ ≤ 1✱ d ∈ R ❛♥❞ r > 0✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ❝❧❛ss
AM(S(d, γ, r)) ✐s q✉❛s✐❛♥❛❧②t✐❝ ♣r❡❝✐s❡❧② ✇❤❡♥ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳✹ ✐s s❛t✐s✜❡❞✳

✸✳✷✳✷ ◆❡✇ ✐♥❥❡❝t✐✈✐t② r❡s✉❧ts

■♥ ❬✽✽❪✱ ❏✳ ❙❛♥③ s❤♦✇s ❤♦✇ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss ÃM(Sω(M))
❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s M ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✮ s✉❝❤ t❤❛t dM(t) ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r
✭s❡❡ ✭✷✳✶✺✮✮ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ V ∈ MF (γ, dM(t)) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✼✮✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s
❢♦r M✱ ❜② ❚❤❡♦r❡♠ ✷✳✶✳✸✵ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✳✶✾✱ ✇❡ ❦♥♦✇ t❤❛t dM(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳
▼♦r❡♦✈❡r✱ ❜② ❘❡♠❛r❦ ✷✳✷✳✼✱ ✇❡ ❦♥♦✇ t❤❛t ♦♥❡ ♠❛② ❡q✉✐✈❛❧❡♥t❧② ❛ss✉♠❡ t❤❛t M ✐s ❛ ✇❡✐❣❤t
s❡q✉❡♥❝❡ ❛♥❞ dM(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r

❚❤❡♦r❡♠ ✸✳✷✳✶✶ ✭❲❛ts♦♥✬s ▲❡♠♠❛✱ ❈♦r♦✳ ✹✳✶✷ ❬✽✽❪✮✳ ❙✉♣♣♦s❡ M ✐s ❛ str♦♥❣❧② r❡❣✉❧❛r s✉❝❤
t❤❛t dM(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❛♥❞ ❧❡t γ > 0 ❜❡ ❣✐✈❡♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ ÃM(Sγ) ✐s q✉❛s✐❛♥❛❧②t✐❝✱ ✐✳❡✳✱ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✭✐♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡ ✐♥ t❤✐s ❝❧❛ss✮✳

✭✐✐✮ γ > ω(M)✳

❆t ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✽✽✱ ❘❡♠❛r❦ ✹✳✶✶❪✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❛s❦ t❤❛t M ❛❞♠✐ts ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞✱ ❜② ❘❡♠❛r❦ ✷✳✷✳✶✽✱ ✐t s✉✣❝❡s t♦ ✈❡r✐❢② t❤❛t M✱ ♦r✐❣✐♥❛❧❧② str♦♥❣❧② r❡❣✉❧❛r✱
✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

❆ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ s❡q✉❡♥❝❡s ❤❛s ❜❡❡♥
❛❝❤✐❡✈❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮ ❛❧❧♦✇✐♥❣ ✉s t♦ ❡①t❡♥❞ t❤✐s ❧❛st r❡s✉❧t ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡✳
■♥ ❢❛❝t✱ t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t) ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ❜② ❛ ❝♦♥st❛♥t t✐♠❡s t❤❡ ❢✉♥❝t✐♦♥ tρ(t) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✮✳ ❚❤❡s❡
❜♦✉♥❞s ❛r❡ ♥❡❡❞❡❞ ❢♦r ♠♦st ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❬✻✵✱ ✽✽❪✱ ❜✉t ❜② s✉✐t❛❜❧② ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❛r❡ ❡♥♦✉❣❤ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✢❛t ❢✉♥❝t✐♦♥s✳
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ✐s ❣✉❛r❛♥t❡❡❞ ❢♦r ❡❛❝❤
♥♦♥♥❡❣❛t✐✈❡✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ ✜♥✐t❡ ✉♣♣❡r ♦r❞❡r ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✵✮ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✷✳✶✷ ✭❬✸✷❪✱ ❈❤✳ ✷✱ ❚❤✳ ✷✳✶✮✳ ▲❡t ω : (a,∞) → (0,∞) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡✱ ♥♦♥❞❡❝r❡❛s✐♥❣
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇✐t❤ ρ(ω) = lim supt→∞ log(ω(t))/ log(t) < ∞✳ ❚❤❡♥✱ ✐t ❡①✐sts ❛ ♣r♦①✐♠❛t❡
♦r❞❡r ρ(t) ✇✐t❤ limt→∞ ρ(t) = ρ(ω) s✉❝❤ t❤❛t

lim sup
t→∞

ω(t)

tρ(t)
∈ (0,∞). ✭✸✳✺✮

■t ✇❛s ❛ ♣❛rt✐❝✉❧❛r ✈❡rs✐♦♥ ♦❢ t❤✐s ❧❛st r❡s✉❧t ✇❤✐❝❤ ♠♦t✐✈❛t❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥
♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r ❢♦r t❤❡ st✉❞② ♦❢ t❤❡ ❣r♦✇t❤ ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❛t ✈❡rs✐♦♥✱ ω(t) =
max(0, log(max|z|=t |f(z)|)) ❛♥❞ t❤❡ ❝♦♥✈❡rs❡ ✐s ❛❧s♦ ❛✈❛✐❧❛❜❧❡✱ t❤❛t ✐s✱ ❣✐✈❡♥ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r
✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ✭✸✳✺✮ ✐s ✈❛❧✐❞ ❢♦r t❤❡ ♣r❡✈✐♦✉s ❝❤♦✐❝❡ ♦❢ ω
✭s❡❡ ❬✻✸✱ ❚❤✳ ✷✺✱ ❚❤✳ ✷✻❪✮✳

❚❤❡ ♥❡①t ♣r♦♣❡rt②✱ ❡❛s✐❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss
MF (γ, dM(t))✱ ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✸ ✭❬✻✺❪✱ Pr♦♣❡rt② ✷✳✾✮✳ ▲❡t ρ(t) ❜❡ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤ limt→∞ ρ(t) = ρ >
0✱ γ ≥ 2/ρ ❛♥❞ V ∈ MF (γ, ρ(t))✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② α ∈ (0, 1/ρ) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts b > 0 ❛♥❞
R0 > 0 s✉❝❤ t❤❛t

Re(V (z)) ≥ bV (|z|), z ∈ Sα, |z| ≥ R0,

✇❤❡r❡ Re st❛♥❞s ❢♦r t❤❡ r❡❛❧ ♣❛rt✳

❲❡ ❤❛✈❡ ❛❧❧ t❤❡ ✐♥❣r❡❞✐❡♥ts ❢♦r t❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✷✳✶✹✳ ❙✉♣♣♦s❡ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✇✐t❤ ω(M) ∈ (0,∞)✳ ❚❤❡♥✱ ω(M) ❞♦❡s ♥♦t
❜❡❧♦♥❣ t♦ ĨM✳

Pr♦♦❢✳ ❋♦r ❜r❡✈✐t②✱ ♣✉t ω := ω(M)✳ ❇② ❚❤❡♦r❡♠ ✷✳✶✳✸✵✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM(t) ✐s ♦❢ ✜♥✐t❡
♦r❞❡r ρ := ρ(ωM) = 1/ω > 0✱ ❛♥❞ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✷✱ t❤❡r❡ ❡①✐st ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t)
✇✐t❤ limt→∞ ρ(t) = ρ = 1/ω > 0✱ A1 > 0 ❛♥❞ t1 > 0 s✉❝❤ t❤❛t

ωM(t) ≤ A1t
ρ(t), t ≥ t1. ✭✸✳✻✮

❚❛❦❡ ♥♦✇ ❛ ❢✉♥❝t✐♦♥ V ∈ MF (2ω, ρ(t))✳ ❚❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡ ✐❢ ✇❡ s❤♦✇ t❤❛t G(z) :=
exp(−V (1/z))✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ t❤❡ s❡❝t♦r Sω✱ ❜❡❧♦♥❣s t♦ ÃM(Sω)
❛♥❞ ✐t ✐s ✢❛t✱ ❢♦r ✇❤❛t ✇❡ ✇✐❧❧ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✳ ■t ✐s ❡♥♦✉❣❤ t♦ ✇♦r❦ ✐♥ s✉❜s❡❝t♦rs
S(0, β, r0) ≪ Sω✱ ✇❤❡r❡ 0 < β < ω ❛♥❞ r0 > 0✳ ■❢ z ∈ S(0, β, r0)✱ ✇❡ ❤❛✈❡ 1/z ∈ Sβ ✳ ❖♥ t❤❡ ♦♥❡
❤❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ✭❱■✮ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✶✻✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✸✳✻✮✱ t❤❡r❡ ❡①✐st A2 > 0 ❛♥❞ t2 > 0
s✉❝❤ t❤❛t

ωM(t) ≤ A2V (t), t ≥ t2. ✭✸✳✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✸ ♣r♦✈✐❞❡s ✉s ✇✐t❤ ❝♦♥st❛♥ts b > 0 ❛♥❞ R0 > 0 s✉❝❤ t❤❛t

Re(V (ζ)) ≥ bV (|ζ|), ζ ∈ Sβ , |ζ| ≥ R0. ✭✸✳✽✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❈❤♦♦s❡ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c s✉❝❤ t❤❛t c > (A2/b)
ω✳ ❇② ♣r♦♣❡rt② ✭■✮ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✶✻✱ ✇❡ ❤❛✈❡

lim
t→∞

V (t/c)

V (t)
=

(
1

c

)1/ω

<
b

A2
,

s♦ t❤❡r❡ ❡①✐sts R1 > 0 s✉❝❤ t❤❛t

bV (t) > A2V (t/c), t ≥ R1. ✭✸✳✾✮

▲❡t R2 := max(R0, R1, ct2) ❛♥❞ r := R−12 ✳ ❚❤❡♥✱ ✉s✐♥❣ ✭✸✳✽✮✱ ✭✸✳✾✮ ❛♥❞ ✭✸✳✼✮✱ ❢♦r z ∈ S(0, β, r)
✇❡ ❤❛✈❡

−Re(V (1/z)) ≤ −bV (1/|z|) < −A2V (1/(c|z|)) ≤ −ωM(1/(c|z|)),
❛♥❞ s♦

|G(z)| = e−Re(V (1/z)) ≤ e−ωM(1/(c|z|)).

❲❡ ❛r❡ ❞♦♥❡ ✇❤❡♥❡✈❡r r ≥ r0✳ ■❢ r ≤ r0✱ ❜② ❝♦♠♣❛❝t♥❡ss t❤❡r❡ ❡①✐sts K > 0 s✉❝❤ t❤❛t t❤❡
✐♥❡q✉❛❧✐t②

|G(z)| ≤ Ke−ωM(1/(c|z|))

✐s ✈❛❧✐❞ t❤r♦✉❣❤♦✉t S(0, β, r0)✳ �

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ✈❡rs✐♦♥ ♦❢ ❲❛ts♦♥✬s ▲❡♠♠❛✱ ❚❤❡♦r❡♠ ✸✳✷✳✺✱ ♦❜t❛✐♥❡❞ ❜❡❢♦r❡✱
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥❛❧ st❛t❡♠❡♥t ✐♥ t❤✐s r❡s♣❡❝t✳

❚❤❡♦r❡♠ ✸✳✷✳✶✺ ✭❲❛ts♦♥✬s ▲❡♠♠❛✮✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ γ > 0 ❛♥❞ Gγ ❛ s❡❝t♦r✐❛❧
r❡❣✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ÃM(Gγ) ✐s q✉❛s✐❛♥❛❧②t✐❝✳

✭✐✐✮ γ > ω(M)✳

❍❡♥❝❡✱ t❤❡ q✉❡st✐♦♥ ♠❛r❦ ✐♥ ❚❛❜❧❡ ✸✳✶ ❝❛♥ ❜❡ ❞❡❧❡t❡❞ ❛♥❞ t❤❡ ❛♥s✇❡r ❢♦r t❤❛t ❝❡❧❧ ✐s ĨM =
(ω(M),∞)✱ ✇❤❛t ❝♦♠♣❧❡t❡s t❤❡ st✉❞② ♦❢ ✐♥❥❡❝t✐✈✐t② ❢♦r ✉♥❜♦✉♥❞❡❞ s❡❝t♦rs✳

✸✳✷✳✸ ■♠♣♦ss✐❜✐❧✐t② ♦❢ ❜✐❥❡❝t✐✈✐t②

❖✉r ✜rst s✉r❥❡❝t✐✈✐t② r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥❥❡❝t✐✈✐t② ❚❤❡♦r❡♠s ✸✳✷✳✷✱ ✸✳✷✳✹ ❛♥❞ ✸✳✷✳✺✳
■t ❛♥s✇❡rs ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ✇❤❡t❤❡r ❜✐❥❡❝t✐✈✐t② ✐s ♣♦ss✐❜❧❡✳

❚❤❡♦r❡♠ ✸✳✷✳✶✻✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡♥✱

SM ∩ IM = S̃u
M ∩ ĨuM = S̃M ∩ ĨM = ∅.

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥❡✈❡r ❜✐❥❡❝t✐✈❡✳

Pr♦♦❢✳ ■♥ ❛❧❧ t❤r❡❡ ❝❛s❡s ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t s✉r❥❡❝t✐✈✐t② ❢♦r ❛♥② γ > 0 ✐♠♣❧✐❡s ♥♦♥✐♥❥❡❝t✐✈✐t②✳
✭✐✮ ▲❡t ✉s s❡❡ t❤❛t S̃M ∩ ĨM = ∅✳ ❙✉♣♣♦s❡ B̃ : ÃM(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳ ❙✐♥❝❡ t❤❡

❣❡♦♠❡tr✐❝ s❡r✐❡s
∑∞

n=0 z
n ∈ C[[z]]M✱ t❤❡♥ t❤❡r❡ ❡①✐sts f ∈ ÃM(Sγ) s✉❝❤ t❤❛t f(z) ∼M

∑∞
n=0 z

n✳
❚❤❡ ❢✉♥❝t✐♦♥ g(z) := f(z)−∑∞n=0 z

n = f(z)− 1/(1− z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sγ \ {1} ❛♥❞✱ ❜② t❤❡
✐❞❡♥t✐t② ♣r✐♥❝✐♣❧❡✱ ❝❛♥♥♦t ✈❛♥✐s❤ ✐❞❡♥t✐❝❛❧❧②✳ ▼♦r❡♦✈❡r✱ g ∈ ÃM(S(0, γ, 1/2)) ❛♥❞ g(z) ∼M 0̂✱ ❛♥❞
s♦ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥♦t ✐♥❥❡❝t✐✈❡ ✐♥ ÃM(S(0, γ, 1/2)) ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ γ ≤ ω(M)✳ ❆❣❛✐♥
❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t B̃ : ÃM(Sγ) −→ C[[z]]M ✐s ♥♦t ✐♥❥❡❝t✐✈❡✳

✭✐✐✮ ▲❡t ✉s s❡❡ t❤❛t S̃u
M ∩ ĨuM = ∅✳ ❙✉♣♣♦s❡ B̃ : Ãu

M(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳ ❙✐♥❝❡
z ∈ C[[z]]M✱ t❤❡r❡ ❡①✐sts f ∈ Ãu

M(Sγ) s✉❝❤ t❤❛t f(z) ∼M z ✉♥✐❢♦r♠❧② ✐♥ Sγ ✳ ❚❤❡ ❢✉♥❝t✐♦♥

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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g(z) := f(z)−z ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sγ ❛♥❞✱ s✐♥❝❡ f ✐s ❜♦✉♥❞❡❞ ✐♥ Sγ ❛♥❞ z ✐s ♥♦t✱ g ❝❛♥♥♦t ✈❛♥✐s❤
✐❞❡♥t✐❝❛❧❧②✳ ❋✉rt❤❡r♠♦r❡✱ g(z) ∼M 0̂ ✉♥✐❢♦r♠❧② ✐♥ S(0, γ, 1)✱ s♦ t❤❡r❡ ❡①✐st C,A > 0 s✉❝❤ t❤❛t ❢♦r
❡✈❡r② z ∈ S(0, γ, 1) ♦♥❡ ❤❛s

|g(z)| ≤ CApMp|z|p, p ∈ N0.

❍❡♥❝❡✱ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ψ : {z ∈ C : Re(z) > 0} → C✱ ❞❡✜♥❡❞ ❜② ψ(u) = g(1/uγ)✱ ✐s
♥♦t ✐❞❡♥t✐❝❛❧❧② 0 ❛♥❞

|ψ(u)| ≤ CApMp

|u|γp , p ∈ N0, Re(u) > 1.

◆♦✇✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✷✳✶ ✐♥ H(1) ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t
∑∞

p=0m
−1/γ
p < ∞✳ ❇② ❚❤❡♦✲

r❡♠ ✸✳✷✳✷✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t B̃ : Ãu
M(Sγ) −→ C[[z]]M ✐s ♥♦t ✐♥❥❡❝t✐✈❡✳

✭✐✐✐✮ ▲❡t ✉s s❤♦✇ t❤❛t SM ∩ IM = ∅✳ ❋✐♥❛❧❧②✱ ✐❢ B̃ : AM(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡ t❤❡r❡
❡①✐sts f ∈ AM(Sγ) s✉❝❤ t❤❛t f (p)(0) = δ1,p ✭s❡❡ ✭✸✳✶✮✮ ❢♦r ❡✈❡r② p ∈ N0✱ ✇❤❡r❡ δ1,p ✐s ❑r♦♥❡❝❦❡r✬s
❞❡❧t❛✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✱ t❤❡r❡ ❡①✐st C,A > 0 ✭✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡
t❤❛t C ≥ 1 ❛♥❞ CAM1 ≥ 1✮ s✉❝❤ t❤❛t

|f (p)(z)| ≤ CApp!Mp, z ∈ Sγ , p ∈ N0. ✭✸✳✶✵✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f(z)− z✱

g(z) :=

∫ ∞(ϕ)

0
e−zt(f(t)− t) dt, z ∈ Sγ+1, ✭✸✳✶✶✮

✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♦✈❡r t❤❡ ❤❛❧❢✲❧✐♥❡ ♣❛r❛♠❡tr✐③❡❞ ❜② r ∈ (0,∞) 7→ reiϕ✱ ✇❤♦s❡ ❛r❣✉♠❡♥t
✐s ❛ r❡❛❧ ♥✉♠❜❡r

ϕ ∈
(
−πγ

2
,
πγ

2

)
s✉❝❤ t❤❛t arg(z) + ϕ ∈

(
−π
2
,
π

2

)
. ✭✸✳✶✷✮

❚❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s❡ ❛t ✐♥✜♥✐t② ♦❢ t❤❡ ❢❛❝t♦r e−zt ✇❤✐❝❤✱
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❧✐♥❡❛r ❣r♦✇t❤ ♦❢ f(t) − t✱ ❛s❝❡rt❛✐♥s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ g ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞
❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sγ+1✳ ❲❡ ♣r♦❝❡❡❞ ♥♦✇ t♦ ❡st✐♠❛t❡ |g(z)|✳ ❋✐rst❧②✱ ♣❛r❛♠❡tr✐③✐♥❣ ✇❡ ❤❛✈❡ t❤❛t

|g(z)| ≤
∣∣∣∣
∫ ∞

0
e−re

iϕzf(reiϕ)eiϕ dr −
∫ ∞

0
e−re

iϕzreiϕeiϕ dr

∣∣∣∣

≤
∫ ∞

0
e−rRe(eiϕz)|f(reiϕ)| dr +

∣∣∣∣
∫ ∞

0
e−re

iϕzr dr

∣∣∣∣ .

■♥ t❤❡ ✜rst ✐♥t❡❣r❛❧ ✇❡ ✉s❡ ✭✸✳✶✵✮ ❢♦r p = 0 ❛♥❞ ❝♦♠♣✉t❡ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥t❡❣r❛❧✱ ❛♥❞ ✐♥ t❤❡
s❡❝♦♥❞ ♦♥❡ ✇❡ ✐♥t❡❣r❛t❡ ❜② ♣❛rts✱ ❛♥❞ ❣❡t t❤❛t

|g(z)| ≤ C

Re(eiϕz)
+

∣∣∣∣
1

eiϕz

∫ ∞

0
e−re

iϕz dr

∣∣∣∣ ≤
C

Re(eiϕz)
+

1

|z|Re(eiϕz) . ✭✸✳✶✸✮

❢♦r ❡✈❡r② z ∈ Sγ+1✳ ❆ ❞✐✛❡r❡♥t ❡st✐♠❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐♥ ✭✸✳✶✶✮✱ t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❛t f(0) = 0✿

g(z) =
1

z

∫ ∞(ϕ)

0
e−zt(f ′(t)− 1) dt, z ∈ Sγ+1. ✭✸✳✶✹✮

◆♦✇ ✇❡ ♣❛r❛♠❡tr✐③❡ ❛♥❞ s♣❧✐t t❤❡ ✐♥t❡❣r❛❧ ❛s ❜❡❢♦r❡✱ ❛♥❞ ✉s❡ ✭✸✳✶✵✮ ❢♦r p = 1 t♦ ♦❜t❛✐♥ t❤❛t

|g(z)| ≤ CAM1

|z|Re(eiϕz) +
1

|z|Re(eiϕz) ≤ 2CAM1

|z|Re(eiϕz) . ✭✸✳✶✺✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❋✐♥❛❧❧②✱ ✐❢ ✇❡ ✐t❡r❛t❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐♥ ✭✸✳✶✹✮ ❛♥❞ ✉s❡ t❤❛t f (p)(0) = δ1,p✱ ✇❡ ❣❡t ❢♦r
❡✈❡r② p ≥ 2 t❤❡ ✐❞❡♥t✐t②

g(z) =
1

zp

∫ ∞(ϕ)

0
e−ztf (p)(t) dt, z ∈ Sγ+1.

❯s✐♥❣ ❛❣❛✐♥ ✭✸✳✶✵✮ ❢♦r p ≥ 2✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

|g(z)| ≤ CApp!Mp

|z|pRe(eiϕz) . ✭✸✳✶✻✮

❖✉r ❛✐♠ ✐s t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✷✳✶ t♦ t❤❡ ❢✉♥❝t✐♦♥ h ❣✐✈❡♥ ❜② h(w) = g(wγ+1)✱ w ∈ S1✱ ✇❤❡♥
r❡str✐❝t❡❞ t♦ t❤❡ ❤❛❧❢✲♣❧❛♥❡ {w : Re(w) > 1}✳ ◆♦t❡ t❤❛t t❤❡ ❡st✐♠❛t❡s ✐♥ ✭✸✳✶✸✮ ✐♠♣❧② ❢♦r
Re(w) > 1 ✭❛♥❞ s♦ |w| > 1✮ t❤❛t

|h(w)| ≤ C

Re(eiϕwγ+1)
+

1

|wγ+1|Re(eiϕwγ+1)
≤ 2C

Re(eiϕwγ+1)
.

❚❤❡s❡ ❧❛st ❡st✐♠❛t❡s ❛♥❞ t❤❡ ♦♥❡s ✐♥ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ❝❛♥ ♥♦✇ ❜❡ s✉♠♠❡❞ ✉♣ ❢♦r h ❛s

|h(w)| ≤ 2CApp!Mp

|w|p(γ+1)Re(eiϕwγ+1)
, Re(w) > 1, p ∈ N0.

◆♦✇ ✇❡ ❝❤♦♦s❡ ϕ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ✈❛❧✉❡ Re(eiϕwγ+1)✳ ❲❡ st✉❞② t✇♦ ❝❛s❡s✿

✭✶✮ ■❢ | arg(w)| < γπ/(2(γ + 1))✱ t❤❡♥ | arg(wγ+1)| < γπ/2 ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✷✮✱ ✇❡ ♠❛②
❝❤♦♦s❡ ϕ = − arg(wγ+1)✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t Re(eiϕwγ+1) = |w|γ+1 > 1✳ ❙♦✱ ❢♦r s✉❝❤ w
✇❡ ❣❡t

|h(w)| ≤ 2CApp!Mp

|w|p(γ+1)
, p ∈ N0. ✭✸✳✶✼✮

✭✷✮ ■❢ | arg(w)| ∈ [γπ/(2(γ + 1)), π/2)✱ t❤❡ ♣r❡✈✐♦✉s ❝❤♦✐❝❡ ✐s ♥♦t ♣♦ss✐❜❧❡✱ ❛♥❞ ✇❡ ❝❤♦♦s❡

ϕε =




−γπ

2 + ε ✐❢ arg(w) ∈
(
−π

2 ,−
πγ

2(γ+1)

]
,

γπ
2 − ε ✐❢ arg(w) ∈

[
πγ

2(γ+1) ,
π
2

)
,

❢♦r ❛♥② ε ∈ (0, γπ/2)✳ ❍❡♥❝❡✱ Re(eiϕεwγ+1) = |w|γ+1 cos((γ + 1)| arg(w)| − γπ/2 + ε)✱ ❛♥❞
♠❛❦✐♥❣ ε t❡♥❞ t♦ ✵ ✇❡ ♦❜t❛✐♥ t❤❛t

|h(w)| ≤ 2CApp!Mp

|w|p(γ+1)|w|γ+1 cos((γ + 1)| arg(w)| − γπ/2)
, p ∈ N0. ✭✸✳✶✽✮

❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥ t❤✐s ❝❛s❡

0 <
π

2
− | arg(w)| ≤ (γ + 1)(

π

2
− | arg(w)|) ≤ π

2
,

❛♥❞ s♦

|w| cos
(
(γ + 1)| arg(w)| − γπ

2

)
= |w| sin

(
(γ + 1)

(π
2
− | arg(w)|

))

≥ |w| sin
(π
2
− | arg(w)|

)
= |w| cos(arg(w)) = Re(w) > 1.

❙✐♥❝❡ ✇❡ ❛❧s♦ ❤❛✈❡ |w|γ > 1✱ ❢r♦♠ ✭✸✳✶✽✮ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❡st✐♠❛t❡s ✭✸✳✶✼✮ ❣✐✈❡♥ ✐♥ t❤❡
✜rst ❝❛s❡✳

❙✐♥❝❡ h ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② 0✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s❡r✐❡s
∑∞

p=0((p+1)mp)
−1/(γ+1)

❝♦♥✈❡r❣❡s✱ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✷✳✹ ✐♠♣❧✐❡s t❤❛t B̃ : AM(Sγ) −→ C[[z]]M ✐s ♥♦t ✐♥❥❡❝t✐✈❡✳ �

❘❡♠❛r❦ ✸✳✷✳✶✼✳ ❆s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❤❛✈❡ t❤❛t ✐❢ ω(M) <∞✱ t❤❡♥

SM ⊆ S̃u
M ⊆ S̃M ⊆ (0, ω(M)].

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✸✳✸ ❙✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣

■♥ ✶✽✾✺✱ ➱✳ ❇♦r❡❧ s❤♦✇❡❞ t❤❛t B̃ : C∞(R) −→ C[[z]] s❡♥❞✐♥❣ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✐♥ R ✐♥t♦ t❤❡
❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂ =

∑∞
p=0(f

p(0)/p!)zp ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ ✐♥ ✶✾✶✻✱ ❏✳ ❋✳ ❘✐tt ❡①t❡♥❞❡❞ t❤✐s

r❡s✉❧t ❢♦r Ãu(S)✱ t❤❡ ❝❧❛ss ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❛ s❡❝t♦r S ✇✐t❤ ✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥
❛t t❤❡ ♦r✐❣✐♥✱ ✐✳❡✳✱ B̃ : Ãu(S) −→ C[[z]] ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✳ ❙❡✈❡r❛❧ ♣r♦♦❢s ♦❢ t❤❡s❡ r❡s✉❧ts ❛r❡ ❦♥♦✇♥✱
✐♥ ❬✼✶✱ ❚❤✳ ✶✳✶✳✹✳✶✱ ❈♦r♦✳ ✶✳✶✳✹✳✷❪ t❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❛ s✐♠♣❧❡ ♦♥❡ ❣✐✈❡♥ ❜② ❇✳ ▼❛❧❣r❛♥❣❡✳ ■♥
❜❡t✇❡❡♥ t❤❡✐r ❣❡♥❡r❛❧✐③❛t✐♦♥s✱ ✐t ✐s ✇♦rt❤② t♦ ♠❡♥t✐♦♥ t❤❛t ❢♦r ❛♥ ❛r❜✐tr❛r② ❝❧♦s❡❞ s❡t F ⊆ RN

❍✳ ❲❤✐t♥❡② s❤♦✇❡❞ t❤❛t ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❢✉♥❝t✐♦♥ f ∈ C∞(RN )✱ r❡❛❧ ❛♥❛❧②t✐❝ ✐♥ RN \F ✱ s✉❝❤
t❤❛t ✐ts ✈❛❧✉❡ ❛t F ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛ ❣✐✈❡♥ ❥❡t ✭s❡❡ ❬✶✵✻✱ ✶✵✼❪✮✳

❆s ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t ❜❡❢♦r❡✱ ✐❢ f ∼M f̂ ✱ t❤❡♥ f̂ ∈ C[[z]]M ❛♥❞ ✐t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ st✉❞② t❤❡ s✉r❥❡❝t✐✈✐t② ❢♦r t❤❡ ❝❛s❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s❡r✐❡s ❤❛✈❡ ❛ ♣r❡s❝r✐❜❡❞
❣r♦✇t❤ ✐♥ t❡r♠s ♦❢ M✳ ❈♦♠♣❛r❡❞ t♦ ✐♥❥❡❝t✐✈✐t②✱ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤✐s s✐t✉❛t✐♦♥ ❢♦r t❤❡
❝❧❛ss❡s AM(S)✱ Ãu

M(S) ❛♥❞ ÃM(S)✳ ❚❤❡ ✜rst r❡s✉❧t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s t❤❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡②
t❤❡♦r❡♠ ✇❤❡r❡ ❏✳ P✳ ❘❛♠✐s✱ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡ ♦❢ t❤❡ tr✉♥❝❛t❡❞ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❢♦r t❤❡
●❡✈r❡② s❡q✉❡♥❝❡ Mα = (p!α)p∈N0 ✱ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳✸✳✶ ✭❬✽✶✱ ✽✷❪✮✳ ▲❡t α > 0✳ ❚❤❡♥ B̃ : ÃMα(Sγ) −→ C[[z]]Mα ✐s s✉r❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧②
✐❢ γ ≤ α✳

■♥ ✶✾✾✺✱ ❱✳ ❚❤✐❧❧✐❡③ ❬✾✸✱ ✭✶✳✸✮❪ ❣❛✈❡ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ❢r♦♠ C[[z]]Mα,A t♦
AMα,dA(Sγ) ❢♦r γ < α ❢♦r ❡✈❡r② A > 0✱ ✇❤❡r❡ d > 0 ❞❡♣❡♥❞s ♦♥❧② ♦♥ α ❛♥❞ γ✱ ❡♠♣❧♦②✐♥❣ r❡s✉❧ts
♦❢ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ❢r♦♠ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s❡tt✐♥❣✳ ❚❤❡ ✜rst r❡s✉❧ts ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤t
s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣ ✭❞❝✮ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✮ ✇❡r❡ ❣✐✈❡♥ ❜② ❏✳ ❙❝❤♠❡ts ❛♥❞ ▼✳ ❱❛❧❞✐✈✐❛ ✐♥ ❬✾✶❪✱
t❤❡✐r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ s♦♠❡ ♥♦♥❝❧❛ss✐❝❛❧ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s✱ Er,M✱
Nr,M ❛♥❞ Lr,M ❞❡✜♥❡❞ ❜❡❧♦✇ ❢♦r r ∈ N✱ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ✐s ❞♦♥❡ ♦♥❧② ❢♦r ❛ s✉❜s❡q✉❡♥❝❡
(f (pr)(0))p∈N0 ♦❢ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛t 0✳ ❚❤❡② ♦❜t❛✐♥ r❡s✉❧ts ❢♦r t❤❡ ❘♦✉♠✐❡✉ ❛♥❞ t❤❡ ❇❡✉r❧✐♥❣
❝❛s❡✱ t❤✐s ❧❛st ♦♥❡ ✇✐❧❧ ❜❡ ♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❜❡❧♦✇✳ ■♥ t❤❛t ♣❛♣❡r✱ ❛❧t❤♦✉❣❤ s✉r❥❡❝t✐✈✐t② ✐s
st✉❞✐❡❞✱ t❤❡ ♠❛✐♥ ❢♦❝✉s ✐s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❣❧♦❜❛❧ ❡①t❡♥s✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✭▲❇✮✲s♣❛❝❡s✱ ✇❤✐❝❤ ✐s ♠✉❝❤ ♠♦r❡ ❞❡♠❛♥❞✐♥❣✱ ❛♥❞ t❤❡✐r ♠❛✐♥ t❤❡♦r❡♠✱ ✐♥ t❤❡
❘♦✉♠✐❡✉ ❝❛s❡✱ ✐s ♦♥❧② ❢♦r s❡q✉❡♥❝❡s ✇✐t❤ γ(M) = ∞✳ ■♥ ✷✵✵✸✱ ❱✳ ❚❤✐❧❧✐❡③ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳✸✳✷ ✭❬✾✺❪✱ ❚❤❡♦r❡♠ ✸✳✷✳✶✮✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ❛♥❞ 0 < γ < γ(M)✳
❚❤❡♥ t❤❡r❡ ❡①✐sts d ≥ 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② A > 0 t❤❡r❡ ✐s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r

TM,A,γ : C[[z]]M,A → AM,dA(Sγ)

s✉❝❤ t❤❛t B̃ ◦ TM,A,γ = ■❞C[[z]]M,A
✱ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ✐♥ C[[z]]M,A✳ ❍❡♥❝❡✱ B̃ : AM(Sγ) −→ C[[z]]M

✐s s✉r❥❡❝t✐✈❡✳

❚❤✐s t❤❡♦r❡♠ ✇❛s r❡♣r♦✈❡❞ ❜② ❆✳ ▲❛str❛✱ ❙✳ ▼❛❧❡❦✱ ❏✳ ❙❛♥③ ❬✺✽❪ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡ ♦❢
t❤❡ tr✉♥❝❛t❡❞ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❢♦r ❛ s✉✐t❛❜❧❡ ❦❡r♥❡❧✳ ❋✐♥❛❧❧②✱ ✐♥ ❬✽✽✱ ❚❤❡♦r❡♠ ✻✳✶❪ ❏✳ ❙❛♥③
❣❡♥❡r❛❧✐③❡❞ t❤❡ ❇♦r❡❧✕❘✐tt✕●❡✈r❡② t❤❡♦r❡♠ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥
dM ✭s❡❡ ✭✷✳✶✺✮✮ ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ❛❧s♦ ❚❤❡♦r❡♠ ✸✳✸✳✷✶✮✳ ❆s ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ t❤❡
♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡r✱ ❛❧t❤♦✉❣❤ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ♠♦st ♦❢ t❤❡ s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡
❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ♠✐❣❤t ❜❡ t♦♦ r❡str✐❝t✐✈❡ ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✽✮✳ ❚❤❡s❡ ✇♦r❦s ❛r❡ t❤❡ ❞❡♣❛rt✐♥❣ ♣♦✐♥t
♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✇❤♦s❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡✱ ♣❛rt✐❛❧❧② ❜✉t s❛t✐s❢❛❝t♦r✐❧② ❛❝❝♦♠♣❧✐s❤❡❞ ✐♥ t❤❡ str♦♥❣❧②
r❡❣✉❧❛r ❝❛s❡ ✭s❡❡ ❚❛❜❧❡ ✸✳✹✮✱ ✐s ♣r♦✈✐❞✐♥❣ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ s✉r❥❡❝t✐✈✐t②
♦❢ t❤❡ ❇♦r❡❧ ♠❛♣✳

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ❢♦r ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡
✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s t❤❡ ✐♥❞❡① ω(M) ✇❤✐❝❤ ❡q✉❛❧s t❤❡ ❧♦✇❡r ♦r❞❡r ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✷✷ ❈❍❆P❚❊❘ ✸✳ ■◆❏❊❈❚■❱■❚❨ ❆◆❉ ❙❯❘❏❊❈❚■❱■❚❨ ❖❋ ❚❍❊ ❆❙❨▼P❚❖❚■❈ ❇❖❘❊▲ ▼❆P

q✉♦t✐❡♥ts ♠✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❢♦r t❤❡ s✉r❥❡❝t✐✈✐t② ♣r♦❜❧❡♠ t❤❡ s✉✐t❛❜❧❡ ♦♥❡ ✐s ❚❤✐❧❧✐❡③✬s ❣r♦✇t❤
✐♥❞❡① γ(M) ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ♦❢ ♠✱ β(♠)
✭s❡❡ ❚❤❡♦r❡♠ ✷✳✶✳✶✻✮✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✇❡ ❛❧✇❛②s ❤❛✈❡ γ(M) ≤ ω(M) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✽✮✳
❋♦r ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ dM ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇❡ ❤❛✈❡ t❤❛t
γ(M) = ω(M) ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✼✮✱ t❤❡♥ t❤✐s ❞✐✛❡r❡♥❝❡ ✇❛s ❤✐❞❞❡♥✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✺✱ ✇❡ ❤❛✈❡
❝♦♥str✉❝t❡❞ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ γ(M) < ω(M) ✭s❡❡ ❘❡♠❛r❦ ✸✳✸✳✷✵ ❜❡❧♦✇ ❢♦r t❤❡
✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❢❛❝t ❝♦♥❝❡r♥✐♥❣ B̃✮✳

❲❡ r❡❝❛❧❧ s♦♠❡ ❝♦♥✈❡♥✐❡♥t ♣r♦♣❡rt✐❡s ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶ ❢♦r γ(M)✳ ❋♦r ❛♥② s❡q✉❡♥❝❡ M

❛♥❞ ❡✈❡r② s > 0 ♦♥❡ ❤❛s

γ((p!sMp)p∈N0) = γ(M) + s, γ((M s
p )p∈N0) = sγ(M).

✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✮✳ ❲❡ ❛❧s♦ r❡❝❛❧❧ s♦♠❡ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✷ ❛♥❞
❘❡♠❛r❦ ✷✳✶✳✷✸✱ ❢♦r ❛♥② β > 0 ✇❡ s❛② t❤❛t ♠ s❛t✐s✜❡s (γβ) ✐❢ t❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t

(γβ)
∞∑

ℓ=p

1

(mℓ)1/β
≤ A(p+ 1)

(mp)1/β
, p ∈ N0.

■❢ M ✐s ✭❧❝✮✱ γ(M) ≥ 0 ❛♥❞ ✉s✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ ✇❡ ❝❛♥ st❛t❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥❞❡①✿

γ(M) = sup{β > 0; ♠ s❛t✐s✜❡s (γβ)}.

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥❡①t ❡q✉✐✈❛❧❡♥❝❡s ✇✐❧❧ ❜❡ ✉s❡❞ s❡✈❡r❛❧ t✐♠❡s ✐❢✿ M̂ = (p!Mp)p∈N0 ✐s ✭❧❝✮ ❛♥❞ β > 0
✇❡ ❤❛✈❡ t❤❛t

✭✐✮ γ(M) > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s ✭s♥q✮ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✽✮✳

✭✐✐✮ γ(M̂) > 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠̂ s❛t✐s✜❡s (γ1) ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✷✸✮✳

✭✐✐✐✮ γ(M̂) > β ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠̂ s❛t✐s✜❡s (γβ) ✭✉s✐♥❣ ✭✐✐✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✮✳

❲❡ ✇✐❧❧ st❛rt ✇✐t❤ ❛♥ ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡ M ❢♦r ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ s♦♠❡ ♥❡❝❡ss❛r②
❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣✳ ❙✉❜s❡q✉❡♥t❧②✱ ✐♠♣♦s✐♥❣ ✭❞❝✮ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✮
✇❡ ✇✐❧❧ ❣❡t s♦♠❡ ✐♠♣r♦✈❡♠❡♥ts ♦♥ t❤❛t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝❧❛ss❡s AM ❛♥❞ Ãu

M ✭s❡❡ ❚❛❜❧❡ ✸✳✸✮✳
❋♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ❚❤✐❧❧✐❡③ ❛♥❞
s♦♠❡ r❛♠✐✜❝❛t✐♦♥ ❛r❣✉♠❡♥ts✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ s✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❛r❡ ❡✐t❤❡r (0, γ(M)) ♦r
(0, γ(M)] ✭s❡❡ ❚❛❜❧❡ ✸✳✹✮✳ ❋✐♥❛❧❧②✱ ✐♥ ❝❛s❡ γ(M) = ω(M) ♦r ✐❢✱ ❢✉rt❤❡r♠♦r❡✱ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ t❤❡♦r❡♠s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ ❛♥❛❧②③❡ ✐❢ t❤❡ ✈❛❧✉❡
γ(M) ❜❡❧♦♥❣s t♦ t❤❡s❡ ✐♥t❡r✈❛❧s ♦r ♥♦t ✭s❡❡ ❚❛❜❧❡ ✸✳✺✮✳

✸✳✸✳✶ ❲❡✐❣❤t s❡q✉❡♥❝❡s

❖✉r ✜rst r❡s✉❧t ✐s ❜❛s❡❞ ♦♥ ❛ t❤❡♦r❡♠ ❜② ❍✳✲❏✳ P❡t③s❝❤❡ ✐♥ t❤❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ s❡tt✐♥❣ ❛♥❞ ✇❡
♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✳ ❲❡ s❛② t❤❛t f ∈ EM([−1, 1]) ✐❢ f ∈ C∞([−1, 1]) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
A > 0 ❢♦r ✇❤✐❝❤

sup
p∈N0, x∈[−1,1]

|f (p)(x)|
App!Mp

<∞.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❇♦r❡❧ ♠❛♣ B : EM([−1, 1]) −→ C[[z]]M s❡♥❞✐♥❣ f ✐♥t♦
t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

∑∞
p=0(f

(p)(0)/p!)zp ✭✇❡ ✇❛r♥ t❤❡ r❡❛❞❡r ♦✉r ♥♦t❛t✐♦♥s ❞✐✛❡r ❢r♦♠ t❤♦s❡
✐♥ ❬✼✼❪✱ s❡❡ ❘❡♠❛r❦ ✸✳✶✳✶✶✮✳

❆❧❧ ♦✈❡r t❤❡ ♣❛♣❡r ❬✼✼❪✱ ❍✳✲❏✳ P❡ts③❝❤❡ ❛ss✉♠❡s t❤❛t M̂ ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ t❤❛t M

s❛t✐s✜❡s ✭♥q✮✳ ❍♦✇❡✈❡r✱ ❝♦♥❞✐t✐♦♥ ✭♥q✮ ❝❛♥ ❜❡ s✉♣♣r❡ss❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✱ s✐♥❝❡✱ ✐❢ ♠̂ = ((p + 1)mp)p∈N0 s❛t✐s✜❡s ✭γ1✮ t❤❡♥ M s❛t✐s✜❡s ✭s♥q✮ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱
✭♥q✮✱ ❛♥❞ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❞✐r❡❝t✐♦♥ t❤❛t ♥❡❡❞s t♦ ❜❡ ❝❤❡❝❦❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝❛r❡❢✉❧❧②
✐♥s♣❡❝t✐♥❣ ❤✐s ♣r♦♦❢✳

❚❤❡♦r❡♠ ✸✳✸✳✹ ✭❬✼✼❪✱ ❚❤✳ ✸✳✺✮✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t M̂ ✐s ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡♥✱
t❤❡ ❇♦r❡❧ ♠❛♣ B : EM([−1, 1]) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♠̂ s❛t✐s✜❡s ✭γ1✮✳

❲❡ ❛r❡ r❡❛❞② t♦ ❣✐✈❡ t❤❡ ✜rst ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣r♦✇t❤ ✐♥❞❡① γ(M) ✇✐t❤ t❤❡ s✉r❥❡❝t✐✈✐t②
✐♥t❡r✈❛❧s ✇❤✐❝❤ ❤♦❧❞s ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡s✳

▲❡♠♠❛ ✸✳✸✳✺✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ■❢ S̃M 6= ∅✱ t❤❡♥ M ❤❛s ✭s♥q✮ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱
γ(M) > 0✳

Pr♦♦❢✳ ▲❡t f̂ =
∑∞

p=0 apz
p ∈ C[[z]]M✳ ❙✐♥❝❡ t❤❡r❡ ❡①✐sts γ > 0 s✉❝❤ t❤❛t B̃ : ÃM(Sγ) −→ C[[z]]M

✐s s✉r❥❡❝t✐✈❡✱ ✇❡ ♠❛② t❛❦❡ ❛ ❢✉♥❝t✐♦♥ f1 ∈ ÃM(Sγ) s✉❝❤ t❤❛t B̃(f1) = f̂ ✳ ❆ s✉✐t❛❜❧❡ r♦t❛t✐♦♥ s❤♦✇s
t❤❛t ❛❧s♦ B̃ : ÃM(S(π, γ)) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ s♦ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f2 ∈ ÃM(S(π, γ))
s✉❝❤ t❤❛t B̃(f2) = f̂ ✳ ■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ ✭❜② ❛ r❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▼❡❛♥ ❱❛❧✉❡ ❚❤❡♦r❡♠✮
t❤❛t t❤❡ ❢✉♥❝t✐♦♥

h(x) = f1(x), x ∈ (0, 1]; h(x) = f2(x), x ∈ [−1, 0); h(0) = a0,

❜❡❧♦♥❣s t♦ C∞([−1, 1]) ❛♥❞ h(p)(0) = p!ap ❢♦r ❡✈❡r② p ∈ N ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✮✳ ▼♦r❡♦✈❡r✱
❝♦♥s✐❞❡r✐♥❣ s✉✐t❛❜❧❡ s✉❜s❡❝t♦rs ♦❢ Sγ ✭r❡s♣❡❝t✐✈❡❧②✱ S(π, γ)✮ ❝♦♥t❛✐♥✐♥❣ (0, 1] ✭r❡s♣✳✱ [−1, 0)✮✱ ❛♥❞
❛❣❛✐♥ ❜② ❛ ❞♦✉❜❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳✭✐✐✮✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❝♦♥st❛♥t A > 0 s✉❝❤ t❤❛t

sup
p∈N0, x∈[−1,1]

|h(p)(x)|
App!Mp

<∞.

❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❇♦r❡❧ ♠❛♣ B : EM([−1, 1]) −→ C[[z]]M ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✳ ❙✐♥❝❡ M

✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ M̂ ❛❧s♦ ✐s✱ s♦ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✹ t❤✐s s✉r❥❡❝t✐✈✐t② ❛♠♦✉♥ts t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ M̂ = (p!Mp)p∈N0 ✱ ♥❛♠❡❧② ♠̂✱ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ (γ1)✱ ✇❤✐❝❤ ✐s
♣r❡❝✐s❡❧② ❝♦♥❞✐t✐♦♥ ✭s♥q✮ ❢♦r M ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✷✸✮✳ �

◆♦ ♦t❤❡r r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♣r❡s❡♥t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
✇✐t❤♦✉t ❛❞❞✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ✐♥ t❤✐s ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝
s❡tt✐♥❣✳

❖✉r ♥❡①t r❡s✉❧ts✱ ❚❤❡♦r❡♠ ✸✳✸✳✶✵ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✸✳✶✹✱ ❛r❡ ✐♥s♣✐r❡❞ ❜② st❛t❡♠❡♥ts ♦❢ ❏✳
❙❝❤♠❡ts ❛♥❞ ▼✳ ❱❛❧❞✐✈✐❛ ❬✾✶✱ ❙❡❝t✐♦♥ ✹❪ ✐♥ t❤❡ ❇❡✉r❧✐♥❣ ❝❛s❡✳ ❆❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t tr❡❛t t❤✐s ❝❛s❡
❤❡r❡✱ s♦♠❡ ♦❢ t❤❡✐r ♣r♦♦❢s ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦✱ ♦r s✉✐t❛❜❧② ♠♦❞✐✜❡❞ ❢♦r✱ ♦✉r ❘♦✉♠✐❡✉✲❧✐❦❡ s♣❛❝❡s✳

❲❤✐❧❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛✉t❤♦rs ✐♠♣♦s❡ ❝♦♥❞✐t✐♦♥ ✭❞❝✮ ♦♥ t❤❡ s❡q✉❡♥❝❡ M✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts
A > 0 s✉❝❤ t❤❛t Mp+1 ≤ ApMp ❢♦r ❡✈❡r② p ∈ N0✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ♦♥❡ ❝❛♥
♦❜t❛✐♥ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤♦✉t ✐t✳

■♥ t❤❡ ❝♦✉rs❡ ♦❢ ♦✉r ❛r❣✉♠❡♥ts ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s✉✐t❛❜❧❡ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s
✭t❤❡ ♥♦t❛t✐♦♥s ❛❣❛✐♥ ❞✐✛❡r ❢r♦♠ t❤♦s❡ ✐♥ ❬✾✶❪✮✿

❋♦r ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r r ∈ N ❛♥❞ ❛ s❡q✉❡♥❝❡M✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡Nr,M([0,∞)) ♦❢ ❢✉♥❝t✐♦♥s
f ∈ C∞([0,∞)) s✉❝❤ t❤❛t

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭❛✮ f (pr+j)(0) = 0 ❢♦r ❡✈❡r② p ∈ N0 ❛♥❞ j ∈ {1, . . . , r− 1} ✭t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡♠♣t② ✇❤❡♥ r = 1✮✱

✭❜✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t A > 0 ❢♦r ✇❤✐❝❤

sup
p∈N0, x∈[0,∞)

|f (pr)(x)|
App!Mp

<∞.

❚❤❡ s✉❜s♣❛❝❡ ♦❢ Nr,M([0,∞)) ❝♦♥s✐st✐♥❣ ♦❢ t❤♦s❡ ❢✉♥❝t✐♦♥s ✇✐t❤ s✉♣♣♦rt ❝♦♥t❛✐♥❡❞ ✐♥ [0, 1] ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ❜② Lr,M([0,∞))✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ Er,M([0, 1]) ♦❢ ❢✉♥❝t✐♦♥s f ∈ C∞([0, 1])
s✉❝❤ t❤❛t

✭❛✮ f (pr+j)(0) = 0 ❢♦r ❡✈❡r② p ∈ N0 ❛♥❞ j ∈ {1, . . . , r− 1} ✭t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡♠♣t② ✇❤❡♥ r = 1✮✱

✭❜✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t A > 0 ❢♦r ✇❤✐❝❤

sup
p∈N0, x∈[0,1]

|f (pr)(x)|
App!Mp

<∞.

◆♦t❡ t❤❛t t❤❡s❡ s♣❛❝❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡s ❢♦r r = 1✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐t ✐s ♥❛t✉r❛❧
t♦ ❝♦♥s✐❞❡r t❤❡ ♥❡①t ❛✉①✐❧✐❛r② s❡q✉❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✻✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ M ❛♥❞ r ∈ N✱ ✐ts r−✐♥t❡r♣♦❧❛t✐♥❣ s❡q✉❡♥❝❡ Pr,M = P =
(Pn)n∈N0 ✐s ❞❡✜♥❡❞ ❜②

Pkr+j =
(
M r−j

k M j
k+1

)1/r
, k ∈ N0, j ∈ {0, . . . , r}.

◆♦t❡ t❤❛t ✇✐t❤ j = r ❢♦r k ❛♥❞ j = 0 ❢♦r k + 1 ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ✈❛❧✉❡✳ ❆s ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t
✐♥ ❬✾✶❪✱ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ ❧❡❛❞s t♦

✭✐✮ P1,M = M✱

✭✐✐✮ Pkr =Mk ❢♦r ❡✈❡r② k ∈ N0✱

✭✐✐✐✮ pkr+j = (mk)
1/r ❢♦r ❛❧❧ k ∈ N0 ❛♥❞ j ∈ {0, . . . , r − 1}✱

✭✐✈✮ ■❢ M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡♥ P ❛❧s♦ ✐s✳

❲❡ ❛❧s♦ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❢♦r t❤❡✐r ✐♥❥❡❝t✐✈✐t② ✐♥❞✐❝❡s✳

▲❡♠♠❛ ✸✳✸✳✼✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ ❛♥❞ r ∈ N✳ ❚❤❡♥

ω(M) = rω(P).

Pr♦♦❢✳ ❋✐① j ∈ {0, . . . , r − 1} ✱ t❤❡ ❧❡♠♠❛ ✐s ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♥❡①t ❝❛❧❝✉❧❛t✐♦♥

ω(M) = lim inf
k→∞

logmk

log k
= r lim inf

k→∞

log(mk)
1/r

log k
= r lim inf

k→∞

log pkr+j

log(kr + j)

log(kr + j)

log(k)

= r lim inf
k→∞

log pkr+j

log(kr + j)
.

�

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s r−✐♥t❡r♣♦❧❛t✐♥❣ s❡q✉❡♥❝❡ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✱
✐♥❞❡♣❡♥❞❡♥t❧② ♦❜t❛✐♥❡❞ ❜② ❆✳ ●♦r♥② ❛♥❞ ❍✳ ❈❛rt❛♥ ✭s❡❡ ❬✼✷✱ ❙❡❝t✳ ✻✳✹✳■❱❪✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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▲❡♠♠❛ ✸✳✸✳✽✳ ■❢ f ∈ Cr([−1, 1]) ❢♦r s♦♠❡ r ∈ N ❛♥❞

Q0 := sup
x∈[−1,1]

|f(x)|, ❛♥❞ Qr := sup
x∈[−1,1]

|f (r)(x)|,

t❤❡♥
sup

x∈[−1,1]
|f (j)(x)| ≤ (8er/j)j max(Q

1−j/r
0 , Qj/r

r , (r/2)jQ0).

❢♦r ❡✈❡r② j ∈ {1, . . . , r − 1}✳

❲❡ ✇✐❧❧ ❡♠♣❧♦② t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ r❡❝✐♣r♦❝❛❧ ●❛♠♠❛ ❢✉♥❝t✐♦♥✱ ✉s✉❛❧❧② r❡❢❡rr❡❞
t♦ ❛s ❍❛♥❦❡❧✬s ❢♦r♠✉❧❛ ✭s❡❡ ❬✼✱ ♣✳ ✷✷✽❪✮✿

1

Γ(z)
=

1

2πi

∫

γφ

w−zewdw

❢♦r ❛❧❧ z ∈ C ✇❤❡r❡ γφ ✐s ❛ ♣❛t❤ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❤❛❧❢✲❧✐♥❡ ✐♥ ❞✐r❡❝t✐♦♥ −φπ/2 ✭❢♦r ❛♥② φ ∈ (1, 2)✮
✇✐t❤ ❡♥❞ ♣♦✐♥t w0 ♦♥ t❤❡ r❛② arg(w) = −φπ/2 t❤❡♥ t❤❡ ❝✐r❝✉❧❛r ❛r❝ |w| = |w0| ❢r♦♠ w0 t♦ t❤❡
♣♦✐♥t w1 ♦♥ t❤❡ r❛② arg(w) = φπ/2 ✭tr❛✈❡rs❡❞ ❛♥t✐❝❧♦❝❦✇✐s❡✮✱ ❛♥❞ ✜♥❛❧❧② t❤❡ ❤❛❧❢✲❧✐♥❡ st❛rt✐♥❣
❛t w1 ✐♥ ❞✐r❡❝t✐♦♥ φπ/2✳ ◆♦✇✱ ❢♦r ❡✈❡r② β ∈ (1, 3/2) ❛♥❞ ❛♥② t ∈ S(β−1)/2✱ ✇❡ ❞❡✜♥❡

φβ,t := β + 2arg(t)/π ∈ ((β + 1)/2, (3β − 1)/2) ⊆ (1, 7/4).

❍❡♥❝❡✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s u = t/w ♠❛♣s γφβ,t
✐♥t♦ δβ ✇❤✐❝❤ ✐s ❛ ♣❛t❤ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s❡❣♠❡♥t

❢r♦♠ t❤❡ ♦r✐❣✐♥ t♦ ❛ ♣♦✐♥t u0 ✇✐t❤ arg(u0) = βπ/2✱ t❤❡♥ t❤❡ ❝✐r❝✉❧❛r ❛r❝ |u| = |u0| ❢r♦♠ u0 t♦
t❤❡ ♣♦✐♥t u1 ♦♥ t❤❡ r❛② arg(u) = −βπ/2 ✭tr❛✈❡rs❡❞ ❝❧♦❝❦✇✐s❡✮✱ ❛♥❞ ✜♥❛❧❧② t❤❡ s❡❣♠❡♥t ❢r♦♠ u1
t♦ t❤❡ ♦r✐❣✐♥✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② z ∈ C ❛♥❞ ❛❧❧ t ∈ S(β−1)/2 ✇❡ ❤❛✈❡ t❤❛t

tz−1

Γ(z)
=

−1

2πi

∫

δβ

uz−1et/u
du

u
. ✭✸✳✶✾✮

❖✉r ✜rst r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ✐♥s♣✐r❡❞
❜② ❚❤❡♦r❡♠ ✹✳✻ ✐♥ ❬✾✶❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✾ ✭❬✾✶❪✱ Pr♦♣✳ ✺✳✶✮✳ ▲❡t M ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t M̂ ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞
r ∈ N✳ ■❢ t❤❡ r❡str✐❝t✐♦♥ ♠❛♣

Br : Lr,M([0,∞)) −→ C[[z]]M

s❡♥❞✐♥❣ f t♦ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s
∑∞

p=0(f
(pr)(0)/p!)zp ✐s s✉r❥❡❝t✐✈❡✱ t❤❡♥ ♠̂ s❛t✐s✜❡s ✭γr✮✳

❚❤❡♦r❡♠ ✸✳✸✳✶✵✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳

✭✐✮ ▲❡t α > 0✱ α /∈ N✱ ❜❡ s✉❝❤ t❤❛t B̃ : ÃM(Sα) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳ ❚❤❡♥✱ γ(M) > ⌊α⌋✳

✭✐✐✮ ■❢ ✇❡ ❤❛✈❡ t❤❛t S̃M = (0,∞)✱ t❤❡♥ γ(M) = ∞✳

Pr♦♦❢✳ ✭✐✮ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ α ∈ (0, 1)✳ ❚❤❡♥✱ ✐t s✉✣❝❡s t♦ ❛♣♣❧② ▲❡♠♠❛ ✸✳✸✳✺ t♦ ♦❜t❛✐♥
t❤❛t M ❤❛s ✭s♥q✮✱ ♦r ❡q✉✐✈❛❧❡♥t❧② γ(M) > 0 = ⌊α⌋✱ ❛s ❞❡s✐r❡❞✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t α > 1 ❛♥❞ ♣✉t r = ⌊α⌋✱ ❛ ♣♦s✐t✐✈❡ ♥❛t✉r❛❧ ♥✉♠❜❡r✳ ❋✐rst❧②✱ ❢♦r

̂
M =

(Mp/p!)p∈N0 ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♠❛♣ Br : E
r,

̂

M
([0, 1]) −→ C[[z]]

̂

M
✐s s✉r❥❡❝t✐✈❡✳

❙✐♥❝❡ α /∈ N✱ ✇❡ ♠❛② ❝❤♦♦s❡ t✇♦ ♥✉♠❜❡rs β1, β2 ✇✐t❤

1 < β1 < β2 < min{α
r
,
3

2
}.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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●✐✈❡♥ ĝ =
∑∞

p=0 apz
p ∈ C[[z]]

̂

M
✱ ✇❡ ✇r✐t❡ bp := app! ❢♦r ❛❧❧ p ∈ N0✱ ❛♥❞ t❤❡r❡ ❡①✐st C0, A0 > 0

s✉❝❤ t❤❛t
|bp| ≤ C0A

p
0p!

̂
Mp = C0A

p
0Mp, p ∈ N0.

❍❡♥❝❡✱ t❤❡ ❢♦r♠❛❧ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ ĝ✱ ❞❡✜♥❡❞ ❜② f̂ := L̂ĝ =
∑∞

p=0 bpz
p ❜❡❧♦♥❣s t♦ C[[z]]M✳

❇② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ψ ∈ ÃM(Sα) s✉❝❤ t❤❛t B̃(ψ) = f̂ ✳ ❍❡♥❝❡✱ ❣✐✈❡♥ β2 ❛♥❞ R > 1✱ t❤❡r❡
❡①✐st C,A > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

∣∣∣ψ(z)−
p−1∑

k=0

bkz
k
∣∣∣ ≤ CApMp|z|p, z ∈ S(0, rβ2, R

r). ✭✸✳✷✵✮

❚❤❡ ❢✉♥❝t✐♦♥ ϕ : Sα/r → C ❣✐✈❡♥ ❜② ϕ(u) = ψ(ur)✱ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sα/r✱
✇❤✐❝❤ ❝♦♥t❛✐♥s Sβ2 ❛s ❛ ♣r♦♣❡r ✉♥❜♦✉♥❞❡❞ s✉❜s❡❝t♦r✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✷✵✮ ❢♦r p = 0✱
❢♦r ❡✈❡r② w ∈ S(0, β2, R) ♦♥❡ ❤❛s

|ϕ(u)| = |ψ(ur)| ≤ CM0. ✭✸✳✷✶✮

❲❡ ❝♦♥s✐❞❡r ♥♦✇ ❛ ♣❛t❤ δβ1 ✐♥ S(0, β2, R) ❧✐❦❡ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦r❡❧ tr❛♥s❢♦r♠✱
♠❛❞❡ ✉♣ ♦❢ ❛ s❡❣♠❡♥t δ1 ❢r♦♠ t❤❡ ♦r✐❣✐♥ t♦ ❛ ♣♦✐♥t u0 ✇✐t❤ |u0| = R0 < R ❛♥❞ arg(u0) = πβ1/2✱
t❤❡♥ t❤❡ ❝✐r❝✉❧❛r ❛r❝ δ2✱ tr❛✈❡rs❡❞ ❝❧♦❝❦✇✐s❡ ♦♥ t❤❡ ❝✐r❝✉♠❢❡r❡♥❝❡ |u| = R0 ❛♥❞ ❣♦✐♥❣ ❢r♦♠ u0 t♦
t❤❡ ♣♦✐♥t u1 ♦♥ t❤❡ r❛② arg(u1) = −πβ1/2✱ ❛♥❞ ✜♥❛❧❧② t❤❡ s❡❣♠❡♥t δ3 ❢r♦♠ u1 t♦ t❤❡ ♦r✐❣✐♥✳

❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ f : S(β1−1)/2 → C ❣✐✈❡♥ ❜②

f(t) =
−1

2πi

∫

δβ1

et/uϕ(u)
du

u
.

❖❜s❡r✈❡ t❤❛t ϕ(u) ✐s ❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❛t ✵ ✐♥ S(0, β2, R)✱ ❛♥❞ ❢♦r ❡✈❡r② t ∈ S(β1−1)/2

♦♥❡ ♠❛② ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t/u r✉♥s ♦✈❡r ❛ ❤❛❧❢✲❧✐♥❡ ✐♥ t❤❡ ♦♣❡♥ ❧❡❢t ❤❛❧❢✲♣❧❛♥❡ ❛♥❞ t❡♥❞s t♦ ✐♥✜♥✐t②
❛s u r✉♥s ♦✈❡r ❛♥② ♦❢ t❤❡ s❡❣♠❡♥ts δ1 ♦r δ3 ❛♥❞ t❡♥❞s t♦ ✵✳ ❍❡♥❝❡✱ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ t❤❡ s❡❝t♦r
S(β1−1)/2✳ ❲❡ ♥♦t❡ t❤❛t✱ ❜② ✈✐rt✉❡ ♦❢ ❈❛✉❝❤②✬s t❤❡♦r❡♠✱ t❤❡ ✈❛❧✉❡ ❛ss✐❣♥❡❞ t♦ R0 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ δβ1 ✐s ✐rr❡❧❡✈❛♥t ❢♦r t❤❡ ✈❛❧✉❡ ♦❢ f ✳

▲❡t ✉s ✜① ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥s s♦♠❡ t ∈ S(0, (β1− 1)/2, R) ❛♥❞ s♦♠❡ ♥❛t✉r❛❧ ♥✉♠❜❡r
p ∈ N✳ ❍❛♥❦❡❧✬s ❢♦r♠✉❧❛ ✭✸✳✶✾✮ ❢♦r z = kr + 1 ❛❧❧♦✇s ✉s t♦ ✇r✐t❡

f(t)−
p−1∑

k=0

bk
tkr

(kr)!
= − 1

2πi

∫

δβ1

et/u

(
ϕ(u)−

p−1∑

k=0

bku
kr

)
du

u

= − 1

2πi

3∑

j=1

∫

δj

et/u

(
ϕ(u)−

p−1∑

k=0

bku
kr

)
du

u
. ✭✸✳✷✷✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✸✳✷✵✮✱ ❢♦r ❡✈❡r② u ∈ S(0, β2, R) ✇❡ ❤❛✈❡

∣∣∣∣∣ϕ(u)−
p−1∑

k=0

bku
kr

∣∣∣∣∣ =
∣∣∣∣∣ψ(u

r)−
p−1∑

k=0

bk(u
r)k

∣∣∣∣∣ ≤ CApMp|u|pr. ✭✸✳✷✸✮

❙♦✱ ✐❢ ✇❡ ❝❤♦♦s❡ R0 = |t|/p < R✱ ✇❡ ♠❛② ❛♣♣❧② ✭✸✳✷✸✮ ❛♥❞ s❡❡ t❤❛t

∣∣∣∣∣

∫

δ2

et/u

(
ϕ(u)−

p−1∑

k=0

bku
kr

)
du

u

∣∣∣∣∣ ≤ πβ1e
pCApMp

( |t|
p

)pr

. ✭✸✳✷✹✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ s❛♠❡ ❡st✐♠❛t❡s ✭✸✳✷✸✮ ❛♥❞ ❜② t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ❢♦r R0✱ ❢♦r j = 1, 3 ✇❡
❤❛✈❡

∣∣∣∣∣

∫

δj

et/u

(
ϕ(u)−

p−1∑

k=0

bku
kr

)
du

u

∣∣∣∣∣ ≤ CApMp

∫ |t|/p

0
spr|et/(se±iπβ1/2)| ds

s

≤ CC1A
pMp

( |t|
p

)pr

, ✭✸✳✷✺✮

✇❤❡r❡ C1 ✐s ❛ ❝♦♥st❛♥t✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❜♦t❤ t ❛♥❞ p✱ ❣✐✈❡♥ ❜②

C1 = sup
t∈S(0,(β1−1)/2,R), p∈N

∫ |t|/p

0
|et/(se±iπβ1/2)| ds

s

= sup
t∈S(0,(β1−1)/2,R), p∈N

∫ |t|/p

0
e|t| cos(arg(t)∓πβ1/2)/s ds

s

≤ sup
|t|<R, p∈N

∫ |t|/p

0
e−|t| cos(π(β1−1)/4)/s ds

s
= sup

p∈N

∫ 1/p

0
e− cos(π(β1−1)/4)/u du

u

≤
∫ 1

0
e− cos(π(β1−1)/4)/u du

u
<∞.

❆❝❝♦r❞✐♥❣ t♦ ✭✸✳✷✷✮✱ ✭✸✳✷✹✮ ❛♥❞ ✭✸✳✷✺✮✱ ❛♥❞ ✉s✐♥❣ ❙t✐r❧✐♥❣✬s ❢♦r♠✉❧❛✱ ✇❡ ✜♥❞ t❤❛t t❤❡r❡ ❡①✐st
❝♦♥st❛♥ts C2, A2 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N ❛♥❞ t ∈ S(0, (β1 − 1)/2, R) ♦♥❡ ❤❛s

∣∣∣∣∣f(t)−
p−1∑

k=0

bk
tkr

(kr)!

∣∣∣∣∣ ≤ C2A
p
2

Mp

(pr)!
|t|pr. ✭✸✳✷✻✮

❚❤✐s ❧❛st ❡st✐♠❛t✐♦♥ ❛❧s♦ ❤♦❧❞s ❢♦r p = 0✱ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ t❛❦✐♥❣ R0 = |t| ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ f ❛♥❞ ✭✸✳✷✶✮✳ ❍❡♥❝❡ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t f ❛❞♠✐ts t❤❡ s❡r✐❡s

∑∞
p=0 bpt

pr/(pr)! ❛s ✐ts ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥ ❛s t t❡♥❞s t♦ ✵ ✐♥ t❤❡ s❡❝t♦r ✭✐❢ r ≥ 2 ♦❜s❡r✈❡ t❤❛t ❢♦r (p− 1)r + 1 ≤ n < pr ✇❡ ❤❛✈❡
|t|pr ≤ |t|n ✇❤❡♥❡✈❡r |t| ≤ 1✮✳ ■t ✐s t❤❡♥ ❛ st❛♥❞❛r❞ ❢❛❝t t❤❛t ❢♦r ❡✈❡r② m ∈ N0 ❛♥❞ ❡✈❡r② ♣r♦♣❡r
s✉❜s❡❝t♦r T ♦❢ S(0, (β1 − 1)/2, R) t❤❡r❡ ❡①✐sts

lim
t→0, t∈T

f (m)(t) =

{
bp ✐❢ m = pr ❢♦r s♦♠❡ ♥❛t✉r❛❧ ♥✉♠❜❡r p ∈ N0✱

0 ♦t❤❡r✇✐s❡✳
✭✸✳✷✼✮

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ F : [0, 1] → C ❣✐✈❡♥ ❜② F (t) = f(t) ❢♦r t ∈ (0, 1]✱ F (0) = b0✳
❙✐♥❝❡ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(0, (β1 − 1)/2, R) ❛♥❞ ✇❡ ❤❛✈❡ ✭✸✳✷✼✮✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t F
❜❡❧♦♥❣s t♦ C∞([0, 1]) ❛♥❞

F (m)(0) =

{
bp ✐❢ m = pr ❢♦r s♦♠❡ p ∈ N0✱

0 ♦t❤❡r✇✐s❡✳

▼♦r❡♦✈❡r✱ ✇❡ ♠❛② t❛❦❡ ε > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t ∈ (0, 1] t❤❡ ❞✐s❦ D(t, εt) ✐s ❝♦♥t❛✐♥❡❞ ✐♥
S(0, (β1 − 1)/2, R)✳ ❚❤❡♥✱ ❈❛✉❝❤②✬s ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✷✻✮ ❛❧❧♦✇ ✉s t♦ ❞❡❞✉❝❡
t❤❛t ❢♦r ❡✈❡r② p ∈ N0✱

|F (pr)(t)| =

∣∣∣∣∣∣

(
f(t)−

p−1∑

k=1

bk
tkr

(kr)!

)(pr)
∣∣∣∣∣∣
≤ (pr)!

(
1 + ε

ε

)pr C2A
p
2Mp

(pr)!
= C3A

p
3Mp.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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■♥ ❝♦♥❝❧✉s✐♦♥✱ F ∈ E
r,

̂

M
([0, 1]) ❛♥❞ Br(F ) = ĝ✳ ❙♦✱ S ✐s s✉r❥❡❝t✐✈❡✳

❙❡❝♦♥❞❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✳✷✳✶✻ t❤❡ ♠❛♣ B̃ : ÃM(Sα) → C[[z]]M ✐s ♥♦t ✐♥❥❡❝t✐✈❡✱ t❤✐s
♠❡❛♥s ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✺ t❤❛t α ≤ ω(M)✱ t❤❡♥ r = ⌊α⌋ < ω(M) ❜❡❝❛✉s❡ α /∈ N✳ ❇② ▲❡♠♠❛ ✸✳✸✳✼
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✱ ✐❢ P = Pr,M ✇❡ ❤❛✈❡ t❤❛t

ω(

̂
P) = ω(Pr,M)− 1 = ω(M)/r − 1 > 0.

❍❡♥❝❡✱ s✐♥❝❡ P ✐s ✭❧❝✮✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✻✳✭✐✐✮✱

̂
P ❤❛s ✭♥q✮ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✮✱ s♦ ❜② t❤❡

❉❡♥❥♦②✲❈❛r❧❡♠❛♥ t❤❡♦r❡♠ ✭s❡❡ ❬✸✽✱ ❈❤✳ ✶❪✮ t❤❡r❡ ❡①✐sts ❛ C∞ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ϕ ✐♥ R ✇✐t❤
s✉♣♣♦rt ❝♦♥t❛✐♥❡❞ ✐♥ [−1, 1] ❛♥❞ ✇❤✐❝❤ t❛❦❡s t❤❡ ✈❛❧✉❡ ✶ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✵✱ s✉❝❤ t❤❛t t❤❡r❡
❡①✐sts A > 0 ✇✐t❤

sup
t∈R, n∈N0

|ϕ(n)(t)|
AnPn

<∞.

❆♣♣❧②✐♥❣ t❤❡ ●♦r♥②✲❈❛rt❛♥ ❡st✐♠❛t❡s ♦❢ ▲❡♠♠❛ ✸✳✸✳✽✱ ❢♦r ❡✈❡r② h ∈ E
r,

̂

M
([0, 1]) ♦♥❡ ❝❛♥ ❝❤❡❝❦

t❤❛t t❤❡ ♣r♦❞✉❝t ϕh ❜❡❧♦♥❣s t♦ L
r,

̂

M
([0,∞)) ❛♥❞✱ ♠♦r❡♦✈❡r✱ (ϕh)(p)(0) = h(p)(0) ❢♦r ❡✈❡r② p ∈ N0✳

❙✐♥❝❡ Br : E
r,

̂

M
([0, 1]) → C[[z]]

̂

M
✐s s✉r❥❡❝t✐✈❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t Br : L

r,

̂

M
([0,∞)) −→ C[[z]]

̂

M

❛❧s♦ ✐s✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✾✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t♠ s❛t✐s✜❡s (γr)✱ ✇❤❛t ❛♠♦✉♥ts t♦ γ(M) > r = ⌊α⌋✳
✭✐✐✮ ■t ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✐✮✳ �

❈♦r♦❧❧❛r② ✸✳✸✳✶✶✳ ❲❤❡♥❡✈❡r M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ✐❢ γ(M) <∞ ♦♥❡ ❛❧✇❛②s ❤❛s

S̃M ⊆ (0, ⌊γ(M)⌋+ 1].

■♥ ❝❛s❡ γ(M) ∈ N✱ t❤❡♥ S̃M ⊆ (0, γ(M) + 1)✳ ◆♦t❡ t❤❛t ✐❢ γ(M) = ∞✱ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ❞♦❡s
♥♦t ♣r♦✈✐❞❡ ❛♥② r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥✳

Pr♦♦❢✳ ❚❤❡ ❝❛s❡ S̃M = ∅ ✐s tr✐✈✐❛❧✳ ❙♦✱ ✇❡ tr❡❛t t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ s✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧ ✐s ♥♦t
❡♠♣t②✱ ✇❤❛t ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✳✸✳✺ ✐♠♣❧✐❡s γ(M) > 0✳

▲❡t α ∈ S̃M✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✐❢ α /∈ N✱ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✵ ✇❡ ❤❛✈❡ ⌊α⌋ < γ(M)✱ ❛♥❞ s♦
α − 1 < ⌊α⌋ ≤ ⌊γ(M)⌋✱ ❢r♦♠ ✇❤❡r❡ α < ⌊γ(M)⌋ + 1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ α ∈ N t❤❡♥
✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✸✳✶✵ ❢♦r ❛♥② β ∈ (α − 1, α) ✭s✐♥❝❡ β ∈ S̃M t♦♦✮ ❛♥❞ ❞❡❞✉❝❡ t❤❛t
α − 1 = ⌊β⌋ < γ(M)✱ ❤❡♥❝❡ α < γ(M) + 1✳ ❲❡ ❞❡❞✉❝❡ t❤❛t α ≤ ⌊γ(M) + 1⌋ = ⌊γ(M)⌋ + 1✱
❡①❝❡♣t ✐♥ ❝❛s❡ γ(M) ∈ N✱ ✇❤❡r❡ ♠♦r❡♦✈❡r α ❝❛♥♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ γ(M) + 1✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥
❡❛s✐❧② ❢♦❧❧♦✇s✳ �

❘❡♠❛r❦ ✸✳✸✳✶✷✳ ❙✉♠♠✐♥❣ ✉♣✱ ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✸✳✸✮ ❛♥❞
❚❤❡♦r❡♠ ✸✳✷✳✶✻ ✇❡ s❡❡ t❤❛t✿

✭✐✮ ✐❢ γ(M) = 0 ✭❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ M ❤❛s ♥♦t ✭s♥q✮✮ t❤❡♥ SM = S̃u
M = S̃M = ∅✳

✭✐✐✮ ✐❢ γ(M) ∈ (0,∞) ❛♥❞

✭❛✮ γ(M) /∈ N✱ t❤❡♥ SM ⊆ S̃u
M ⊆ S̃M ⊆ (0, ⌊γ(M)⌋+ 1] ∩ (0, ω(M)]✱

✭❜✮ γ(M) ∈ N✱ t❤❡♥ SM ⊆ S̃u
M ⊆ S̃M ⊆ (0, γ(M) + 1) ∩ (0, ω(M)]✳

■❢ ω(M) = ∞✱ t❤❡ s❡❝♦♥❞ ✐♥t❡r✈❛❧ ✐♥ t❤❡s❡ ✐♥t❡rs❡❝t✐♦♥s s❤♦✉❧❞ ❜❡ t❛❦❡♥ ❛s (0,∞)✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✸✳✸✳✷ ❲❡✐❣❤t s❡q✉❡♥❝❡s s❛t✐s❢②✐♥❣ ❞❡r✐✈❛t✐♦♥ ❝❧♦s❡❞♥❡ss ❝♦♥❞✐t✐♦♥

❆s ✐t ❤❛s ❜❡❡♥ ♣♦✐♥t❡❞ ♦✉t ✐♥ ❘❡♠❛r❦ ✸✳✸✳✶✷✱ ❈♦r♦❧❧❛r② ✸✳✸✳✶✶ ♣r♦✈✐❞❡s ❛❧s♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
S̃u
M✳ ■♥ ♦r❞❡r t♦ s❧✐❣❤t❧② ✐♠♣r♦✈❡ ✐t✱ ♦♥❡ ♥❡❡❞s t♦ ✐♠♣♦s❡ ✭❞❝✮✱ ✇❤✐❝❤ ✐s ❛ ♥❛t✉r❛❧ ❝♦♥❞✐t✐♦♥

♦♥ t❤❡ s❡q✉❡♥❝❡ M✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥✱ ❝♦♥s✐st✐♥❣ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✱ ❛r❡ ❝❧♦s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❛❦✐♥❣ ❞❡r✐✈❛t✐✈❡s
✭s❡❡ ❘❡♠❛r❦s ✸✳✶✳✹ ❛♥❞ ✸✳✶✳✼✮✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t❤❡ ♥❡①t r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✸ ✭❬✾✶❪✱ Pr♦♣✳ ✺✳✷✮✳ ▲❡t r ∈ N ❛♥❞M ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t M̂ = (p!Mp)p∈N0

✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ■❢ t❤❡ ♠❛♣ Br : Nr,M([0,∞)) −→ C[[z]]M s❡♥❞✐♥❣ f t♦ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r
s❡r✐❡s

∑∞
p=0(f

(pr)(0)/p!)zp ✐s s✉r❥❡❝t✐✈❡✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♠̂ = ((p + 1)mp)p∈N0 s❛t✐s✜❡s t❤❡
❝♦♥❞✐t✐♦♥ (γr)✳

❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✻ ✐♥ ❬✾✶❪✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❞❡❛❧ ❛❧s♦ ✇✐t❤
t❤❡ ❝❛s❡ α ∈ N ✇❤❡♥❡✈❡r B̃ : Ãu

M(Sα) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳

❚❤❡♦r❡♠ ✸✳✸✳✶✹✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭❞❝✮✳

✭✐✮ ▲❡t α > 0 ❜❡ s✉❝❤ t❤❛t B̃ : Ãu
M(Sα) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳ ❚❤❡♥✱ γ(M) > ⌊α⌋✳

✭✐✐✮ ■❢ ✇❡ ❤❛✈❡ t❤❛t S̃u
M = (0,∞)✱ t❤❡♥ SM = S̃u

M = S̃M = (0,∞) ❛♥❞ γ(M) = ∞✳

Pr♦♦❢✳ ✭✐✮ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ α ∈ (0, 1)✱ t❤❡♥ α ∈ S̃u
M ⊆ S̃M ❛♥❞ α /∈ N✱ s♦ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✵

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t γ(M) > 0✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ ♥♦ ✉s❡ ❤❛s ❜❡❡♥ ♠❛❞❡ ♦❢ ✭❞❝✮✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t α ≥ 1 ❛♥❞ ♣✉t r = ⌊α⌋✱ ❛ ♣♦s✐t✐✈❡ ♥❛t✉r❛❧ ♥✉♠❜❡r ✭♥♦t❡ t❤❛t✱ ❜② ❚❤❡♦✲

r❡♠ ✸✳✸✳✶✵✱ ✇❡ ♦♥❧② ✇♦✉❧❞ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ α = r ∈ N ❜✉t t❤❡ ♣r♦♦❢ ✇♦r❦s ❛♥②✇❛②✮✳
❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t Br : Nr,

̂

M
([0,∞)) −→ C[[z]]

̂

M
✐s s✉r❥❡❝t✐✈❡✳

●✐✈❡♥ ĝ =
∑∞

p=0 apz
p ∈ C[[z]]

̂

M
✱ ✇❡ ✇r✐t❡ bp := app! ❢♦r ❛❧❧ p ∈ N0 ❛♥❞ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st

C0, A0 > 0 s✉❝❤ t❤❛t

|bp| ≤ C0A
p
0p!

̂
Mp = C0A

p
0Mp, p ∈ N0. ✭✸✳✷✽✮

❈♦♥s✐❞❡r t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂ =
∑∞

p=0(−1)prbpz
p ∈ C[[z]]M✳ ❇② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts

ψ ∈ Ãu
M(Sα) s✉❝❤ t❤❛t B̃(ψ) = f̂ ✱ ❛♥❞ s♦ t❤❡r❡ ❡①✐st C,A > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

∣∣∣ψ(z)−
p−1∑

k=0

(−1)krbkz
k
∣∣∣ ≤ CApMp|z|p, z ∈ Sα. ✭✸✳✷✾✮

❚❤❡ ❢✉♥❝t✐♦♥ ϕ : Sα/r → C ❣✐✈❡♥ ❜② ϕ(w) = ψ(w−r) − b0✱ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ ✐♥
Sα/r ⊇ S1✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✷✾✮ ❢♦r p = 1✱ ❢♦r ❡✈❡r② w ∈ S1 ♦♥❡ ❤❛s

∣∣∣∣
ϕ(w)

w

∣∣∣∣ =
1

|w| |ψ(w
−r)− b0| ≤

CAM1

|w|r+1
. ✭✸✳✸✵✮

❙♦✱ t❤❡ ❢✉♥❝t✐♦♥ f : R → C ❣✐✈❡♥ ❜②

f(t) =
1

2πi

∫ 1+∞ i

1−∞ i
etu

ϕ(u)

u
du

✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ R✳ ❇② t❤❡ ❝❧❛ss✐❝❛❧ ❍❛♥❦❡❧ ❢♦r♠✉❧❛ ❢♦r t❤❡ r❡❝✐♣r♦❝❛❧ ●❛♠♠❛
❢✉♥❝t✐♦♥ ✸✳✶✾✱ ❢♦r ❡✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r p ≥ 2 ❛♥❞ ❡✈❡r② t ∈ R ✇❡ ♠❛② ✇r✐t❡

f(t)−
p−1∑

k=1

(−1)krbk
tkr

(kr)!
=

1

2πi

∫ 1+∞ i

1−∞ i
etu

(
ϕ(u)

u
−

p−1∑

k=1

(−1)krbk
ukr+1

)
du. ✭✸✳✸✶✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❙✐♥❝❡✱ ❛❣❛✐♥ ❜② ✭✸✳✷✾✮✱ ✇❡ ❤❛✈❡

∣∣∣∣∣
ϕ(u)

u
−

p−1∑

k=1

(−1)krbk
1

ukr+1

∣∣∣∣∣ =
1

|u|

∣∣∣∣∣ψ(u
−r)−

p−1∑

k=0

(−1)krbk(u
−r)k

∣∣∣∣∣ ≤
CApMp

|u|pr+1
✭✸✳✸✷✮

❢♦r ❡✈❡r② u ∈ S1✱ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡✐❜♥✐③✬s t❤❡♦r❡♠ ❢♦r ♣❛r❛♠❡tr✐❝ ✐♥t❡❣r❛❧s ❛♥❞ ❞❡❞✉❝❡ t❤❛t t❤❡
❢✉♥❝t✐♦♥

f(t)−
p−1∑

k=1

(−1)krbk
tkr

(kr)!

❜❡❧♦♥❣s t♦ Cpr−1(R)✳ ▼♦r❡♦✈❡r✱ ❛❧❧ ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡s ♦❢ ♦r❞❡r m ≤ pr − 1 ❛t t = 0 ✈❛♥✐s❤✳ ❚❤✐s
❢❛❝t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✶✮ m t✐♠❡s ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧
s✐❣♥✱ ❡✈❛❧✉❛t✐♥❣ ❛t t = 0✱ ❛♥❞ t❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ❜② ♠❡❛♥s ♦❢ ❈❛✉❝❤②✬s t❤❡♦r❡♠✳ ❋♦r
t❤❛t✱ ❝♦♥s✐❞❡r t❤❡ ♣❛t❤s Γs✱ s > 0✱ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❛r❝ ♦❢ ❝✐r❝✉♠❢❡r❡♥❝❡ ❝❡♥t❡r❡❞ ❛t ✶✱ ❥♦✐♥✐♥❣
1 + si ❛♥❞ 1− si ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ 1 + s✱ ❛♥❞ t❤❡ s❡❣♠❡♥t [1− si, 1 + si]✳ ■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦
t❤❛t

∫
Γs
um−1(ϕ(u) −∑p−1

k=1(−1)krbku
−kr)du = 0✱ ❛♥❞ ❛♣♣❧②✐♥❣ ✭✸✳✸✷✮ ❛ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ✇❤❡♥

s→ ∞ ❧❡❛❞s t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥✳
❆s p ✐s ❛r❜✐tr❛r②✱ ✇❡ ❤❛✈❡ t❤❛t f ∈ C∞(R) ❛♥❞✱ ♠♦r❡♦✈❡r✱

f (m)(0) =

{
(−1)prbp ✐❢ m = pr ❢♦r s♦♠❡ p ≥ 1,

0 ♦t❤❡r✇✐s❡✳

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

F (t) = b0 + f(−t), t ≥ 0.

❖❜✈✐♦✉s❧②✱ F ∈ C∞([0,∞)) ❛♥❞ F (pr)(0) = bp✱ p ∈ N0❀ F (m)(0) = 0 ♦t❤❡r✇✐s❡✳ ■♥ ♦r❞❡r t♦
❝♦♥❝❧✉❞❡✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ F ♦❢ ♦r❞❡r pr ❢♦r s♦♠❡ p ∈ N0✳ ❋♦r p = 0 ❛♥❞ t ≥ 0✱ ✇❡
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✭✸✳✷✽✮ ❛♥❞ ✭✸✳✸✵✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❛t

|F (0)(t)| ≤ |b0|+
1

2π

∫ ∞

−∞
e−t

CAM1

|1 + yi|r+1
dy ≤ C0 +

CAM1

2π

∫ ∞

−∞

1

(1 + y2)(r+1)/2
dy, ✭✸✳✸✸✮

❛♥❞ s♦ F ✐s ❜♦✉♥❞❡❞✳ ❋♦r p ≥ 1 ✇❡ ♠❛② ✇r✐t❡ ❢♦r♠✉❧❛ ✭✸✳✸✶✮ ❡✈❛❧✉❛t❡❞ ❛t −t ❛s

f(−t)−
p∑

k=1

bk
tkr

(kr)!
=

1

2πi

∫ 1+∞ i

1−∞ i
e−tz

(
ϕ(z)

z
−

p∑

k=1

(−1)krbk
zkr+1

)
dz.

❚❤❡♥✱

F (pr)(t) = bp +

(
f(−t)−

p∑

k=1

bk
tkr

(kr)!

)(pr)

(t)

= bp +
1

2πi

∫ 1+∞ i

1−∞ i
e−tz(−z)pr

(
ϕ(z)

z
−

p∑

k=1

(−1)krbk
zkr+1

)
dz,

❛♥❞ ✇❡ ♠❛② ❛♣♣❧② ✭✸✳✷✽✮✱ ❛♥❞ ✭✸✳✸✷✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥

|F (pr)(t)| ≤ C0A
p
0Mp +

CAp+1Mp+1

2π

∫ ∞

−∞

1

(1 + y2)(r+1)/2
dy. ✭✸✳✸✹✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❋r♦♠ ✭✸✳✸✸✮ ❛♥❞ ✭✸✳✸✹✮✱ ❛♥❞ s✐♥❝❡ M s❛t✐s✜❡s ✭❞❝✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐st C1, A1 > 0 s✉❝❤
t❤❛t ❢♦r ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

|F (pr)(t)| ≤ C1A
p
1Mp = C1A

p
1p!

̂
Mp, t ≥ 0,

❛♥❞ s♦ F ∈ N
r,

̂

M
([0,∞)) ❛♥❞ Br(F ) = ĝ✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ Br ✐s s✉r❥❡❝t✐✈❡ ❛s ❞❡s✐r❡❞✱ ❛♥❞ ❜②

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✸ ✇❡ ❞❡❞✉❝❡ t❤❛t ♠ s❛t✐s✜❡s (γr)✱ ✇❤❛t ❛♠♦✉♥ts t♦ γ(M) > r = ⌊α⌋✳
✭✐✐✮ ❚❤❡ ❢❛❝t t❤❛t ❛❧❧ t❤❡ ✐♥t❡r✈❛❧s ♦❢ s✉r❥❡❝t✐✈✐t② ❛r❡ (0,∞) ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✸✮

❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳✭✐✐✐✮✱ ✇❤✐❧❡ γ(M) = ∞ st❡♠s ❢r♦♠ ✭✐✮✳ �

❈♦r♦❧❧❛r② ✸✳✸✳✶✺✳ ❲❤❡♥❡✈❡r M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭❞❝✮✱ ♦♥❡ ❤❛s

SM ⊆ S̃u
M ⊆ (0, ⌊γ(M)⌋+ 1).

■❢ ♠♦r❡♦✈❡r γ(M) ∈ N✱ t❤❡♥ SM ⊆ S̃u
M ⊆ (0, γ(M))✳

Pr♦♦❢✳ ❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✸✳✶✶✳ ❚❤❡ ❝❛s❡ S̃u
M = ∅ ✐s

tr✐✈✐❛❧✳ ❖t❤❡r✇✐s❡✱ S̃M 6= ∅ ❛♥❞✱ ❜② ▲❡♠♠❛ ✸✳✸✳✺✱ γ(M) > 0✳
▲❡t α ∈ S̃u

M✳ ❇② ❚❤❡♦r❡♠ ✸✳✸✳✶✹ ✇❡ ❤❛✈❡ ⌊α⌋ < γ(M)✱ ❛♥❞ s♦ α < ⌊α⌋ + 1 ≤ ⌊γ(M)⌋ + 1✱
✇❤✐❝❤ ✐s t❤❡ ✜rst st❛t❡♠❡♥t✳ ■♥ ❝❛s❡ γ(M) ∈ N✱ t❤❡ ❝♦♥❞✐t✐♦♥ ⌊γ(M)⌋ < γ(M) ❞♦❡s ♥♦t ❤♦❧❞✱
❛♥❞ s♦ γ(M) /∈ S̃u

M ❛♥❞ t❤❡ ✐♥t❡r✈❛❧ S̃u
M ❤❛s t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ (0, γ(M))✳ �

❘❡❝❛❧❧ t❤❛t ✐❢ M ❤❛s ♥♦t ✭s♥q✮ t❤❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✭s❡❡ ❘❡♠❛r❦ ✸✳✸✳✶✷✮✳ ▲❡t M ❜❡ ✭❧❝✮✱
✭s♥q✮ ❛♥❞ ✭❞❝✮ ✭❜② ▲❡♠♠❛ ✶✳✶✳✼✱ t❤❡ ✜rst t✇♦ ❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❛t M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✮✳
❚❤❡♥ γ(M) ∈ (0,∞]✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❛❜❧❡ ✸✳✸✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦♥✈❡♥t✐♦♥s ✐❢ γ(M) = ∞ ♦r ω(M) = ∞✳ ❲✐t❤ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s✱ ♦♥❡ ♠✐❣❤t ❜❡ ❛❜❧❡ t♦ ❛t
s❤♦✇ ❧❡❛st t❤❛t S̃M ⊆ S̃u

M ⊆ (0, γ(M)) ❛♥❞ S̃M ⊆ (0, γ(M)] ❜✉t ✐t s❡❡♠s t❤❛t ❛ t❡❝❤♥✐q✉❡ t❤❛t
♦♥❧② ❡♠♣❧♦②s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡s Er,M✱ Nr,M ❛♥❞ Lr,M ✐s ♥♦t s✉✣❝✐❡♥t✳

❆s ✐t ✇❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✷✼✱ t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s t❤❛t ❛r❡ ♥♦t str♦♥❣❧② r❡❣✉❧❛r
s✉❝❤ t❤❛t γ(M), ω(M) ∈ (0,∞)✱ s♦ t❤❡s❡ ✈❛❧✉❡s r❡❢❡r t♦ s♦♠❡ ❝♦♥❝r❡t❡ ♦♣❡♥✐♥❣s ✐♥ t❤❡ ✐♥❥❡❝t✐✈✐t②
❛♥❞ s✉r❥❡❝t✐✈✐t② ♣r♦❜❧❡♠s✳

γ(M) ∈ N γ(M) ∈ R\N
SM ⊆ (0, γ(M)) SM ⊆ (0, ⌊γ(M)⌋+ 1) ∩ (0, ω(M)]

S̃u
M ⊆ (0, γ(M)) S̃u

M ⊆ (0, ⌊γ(M)⌋+ 1) ∩ (0, ω(M)]

S̃M ⊆ (0, γ(M) + 1) ∩ (0, ω(M)] S̃M ⊆ (0, ⌊γ(M)⌋+ 1] ∩ (0, ω(M)]

❚❛❜❧❡ ✸✳✸✿ ❙✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ✇❤❡♥ M ✐s ✭❧❝✮✱ ✭s♥q✮ ❛♥❞ ✭❞❝✮✳

✸✳✸✳✸ ❙tr♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s

❲❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ ♠♦r❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❡q✉❡♥❝❡ M ✐♥ ♦r❞❡r t♦ ❣❡t ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
s✉r❥❡❝t✐✈✐t②✳ ❲❡ r❡❝❛❧❧ t❤❛t M ✐s s❛✐❞ t♦ ❜❡ str♦♥❣❧② r❡❣✉❧❛r ✐❢ ✐s ✭❧❝✮✱ ✭s♥q✮ ❛♥❞ ✭♠❣✮✳ ❆s
❝♦♠♠❡♥t❡❞ ❜❡❢♦r❡✱ t❤❡ ✜rst t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥❛t✉r❛❧ ✐♥ t❤✐s ❝♦♥t❡①t ❛♥❞ ♠♦❞❡r❛t❡ ❣r♦✇t❤
❝♦♥❞✐t✐♦♥ ✭♠❣✮✱ ✇❤✐❝❤ ✐s str♦♥❣❡r t❤❛♥ ✭❞❝✮✱ ✐s ♦✉r ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥✳ ❆ q✉✐t❡ ❝♦♠♣❧❡t❡
st✉❞② ♦❢ str♦♥❣ r❡❣✉❧❛r✐t② ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❥✉st r❡♠❡♠❜❡r t❤❛t ❢♦r t❤❡s❡
s❡q✉❡♥❝❡s 0 < γ(M) ≤ ω(M) <∞ ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✾✮✳

❚❤❡ ♠❛✐♥ ❦♥♦✇♥ r❡s✉❧t r❡❣❛r❞✐♥❣ s✉r❥❡❝t✐✈✐t② ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✇❛s ♣r♦✈✐❞❡❞ ❜②
❱✳ ❚❤✐❧❧✐❡③ ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✸✳✷✮✳ ❊①❝❡♣t ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ●❡✈r❡② ❝❧❛ss❡s✱ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ γ(M) ✇❛s ♣r♦✈✐❞❡❞✳ ❖✉r ♥❡①t ❛tt❡♠♣t ✇✐❧❧ ❜❡ t♦ ♦❜t❛✐♥ ❛s ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥
❛s ♣♦ss✐❜❧❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t r❡sts ♦♥ ❚❤❡♦r❡♠ ✸✳✸✳✶✹ ❛♥❞ ❛ r❛♠✐✜❝❛t✐♦♥
❛r❣✉♠❡♥t✳ ❆s ✉s✉❛❧✱ Q ❞❡♥♦t❡s t❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛♥❞ I t❤❡ ✐rr❛t✐♦♥❛❧s✳

❚❤❡♦r❡♠ ✸✳✸✳✶✻✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱ ❛♥❞ ❧❡t r ∈ Q✱ r > 0 ❜❡ ❣✐✈❡♥✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ r < γ(M)✱

✭✐✐✮ t❤❡r❡ ❡①✐sts d ≥ 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② A > 0 t❤❡r❡ ✐s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r

TM,A,r : C[[z]]M,A → AM,dA(Sr)

s✉❝❤ t❤❛t B̃ ◦ TM,A,γ = ■❞C[[z]]M,A
t❤❡ ✐❞❡♥t✐t② ♠❛♣ ✐♥ C[[z]]M,A✱

✭✐✐✐✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : AM(Sr) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✐✈✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : Ãu
M(Sr) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳

Pr♦♦❢✳ ✭✐✮ =⇒ ✭✐✐✮ =⇒ ✭✐✐✐✮ ❚❤✐s ✐s ❚❤❡♦r❡♠ ✸✳✸✳✷✳
✭✐✐✐✮ =⇒ ✭✐✈✮ ❚r✐✈✐❛❧ ❜② ❝♦♥t❡♥t✐♦♥✳
✭✐✈✮ =⇒ ✭✐✮ ■♥ ❝❛s❡ r ∈ N✱ ✇❡ ✉s❡ ❚❤❡♦r❡♠ ✸✳✸✳✶✹✳✭✐✮ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳
❖t❤❡r✇✐s❡✱ ✇❡ ✇r✐t❡ r = p/q ✇✐t❤ p, q ∈ N r❡❧❛t✐✈❡❧② ♣r✐♠❡✱ q ≥ 2✳ ❈♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡

Mq = (M q
n)n∈N0 ✱ ✇❤✐❝❤ ❛❧s♦ t✉r♥s ♦✉t t♦ ❜❡ str♦♥❣❧② r❡❣✉❧❛r ✭s❡❡ ❬✾✺✱ ▲❡♠♠❛ ✶✳✸✳✹❪ ♦r✱ ❛❧t❡r✲

♥❛t✐✈❡❧②✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✳✶✾✮✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t B̃ : Ãu
Mq(Sp) → C[[z]]Mq

✐s s✉r❥❡❝t✐✈❡✱ s♦✱ ❛❣❛✐♥ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✹✳✭✐✮✱ ✇❡ s❡❡ t❤❛t p < γ(Mq)✳ ❍❡♥❝❡✱ ✇❡ ❣❡t t❤❛t
r = p/q < γ(M)✱ ❛s ❞❡s✐r❡❞✳

▲❡t ✉s ♣r♦✈❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ s✉r❥❡❝t✐✈✐t②✳ ●✐✈❡♥ f̂ =
∑∞

j=0 ajz
j ∈ C[[z]]Mq ✱ t❤❡r❡ ❡①✐st

C,A > 0 s✉❝❤ t❤❛t |aj | ≤ CAjM q
j ❢♦r ❡✈❡r② j ∈ N0✳ ▲❡t ✉s ❞❡✜♥❡ ❛ ♥❡✇ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

ĝ =
∑∞

j=0 bjz
j ✇✐t❤ ❝♦❡✣❝✐❡♥ts

bqj = aj , j ∈ N0; bm = 0 ♦t❤❡r✇✐s❡✳

❚❤❡ ❧♦❣✲❝♦♥✈❡①✐t② ♦❢ M ✐♠♣❧✐❡s t❤❛t M q
j ≤Mqj ❢♦r ❡✈❡r② j✱ s♦ ✇❡ ❤❛✈❡ t❤❛t

|bqj | ≤ CAjM q
j ≤ C(A1/q)qjMqj ,

❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ĝ ∈ C[[z]]M✳ ❇② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g ∈ Ãu
M(Sr) s✉❝❤ t❤❛t

B̃(g) = ĝ✱ ❛♥❞ s♦ t❤❡r❡ ❡①✐st C1, A1 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ Sr ❛♥❞ n ∈ N0 ♦♥❡ ❤❛s
∣∣∣∣∣∣
g(z)−

n−1∑

j=0

bjz
j

∣∣∣∣∣∣
≤ C1A

n
1Mn|z|n. ✭✸✳✸✺✮

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❢✉♥❝t✐♦♥ f : Sp → C ❣✐✈❡♥ ❜② f(w) = g(w1/q) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝
✐♥ Sp✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② w ∈ Sp ❛♥❞ n ∈ N0 ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✸✳✸✺✮ t❤❛t

∣∣∣∣∣∣
f(w)−

n−1∑

j=0

ajw
j

∣∣∣∣∣∣
=

∣∣∣∣∣∣
g(w1/q)−

n−1∑

j=0

bqj(w
1/q)qj

∣∣∣∣∣∣
=

∣∣∣∣∣g(w
1/q)−

qn−1∑

k=0

bk(w
1/q)k

∣∣∣∣∣

≤ C1A
qn
1 Mqn|w1/q|qn. ✭✸✳✸✻✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❲❡ ❛♣♣❧② ♥♦✇ t❤❡ ♣r♦♣❡rt② ✭♠❣✮ ♦❢ M✿ ❜② ❘❡♠❛r❦ ✶✳✶✳✶✵✱ t❤❡r❡ ❡①✐sts A0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧
n ∈ N0 ✇❡ ❤❛✈❡ Mqn ≤ An

0M
q
n✳ ❲❡ ♠❛② ✉s❡ t❤✐s ❢❛❝t ✐♥ ✭✸✳✸✻✮ ❛♥❞ ♦❜t❛✐♥ t❤❛t

∣∣∣∣∣∣
f(w)−

n−1∑

j=0

ajw
j

∣∣∣∣∣∣
≤ C1(A0A

q
1)

nM q
n|w|n.

❙♦✱ f ∈ Ãu
Mq(Sp) ❛♥❞ B̃(f) = f̂ ✱ ✇❤❛t s❤♦✇s t❤❡ s✉r❥❡❝t✐✈✐t② ❛s ✐♥t❡♥❞❡❞✳ �

❚❤✐s r❡s✉❧t ❤❛s s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡s✳

❈♦r♦❧❧❛r② ✸✳✸✳✶✼✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ✇✐t❤ γ(M) ∈ Q✳ ❚❤❡♥✱ SM = S̃u
M =

(0, γ(M))✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✸✳✸✳✷ ❛♥❞ ✭✸✳✸✮✱ ✇❡ ❤❛✈❡ (0, γ(M)) ⊆ SM ⊆ S̃u
M✱ ✇❤✐❧❡ ✭✐✐✐✮ =⇒ ✭✐✮ ✐♥ ❚❤❡✲

♦r❡♠ ✸✳✸✳✶✻ ❡♥s✉r❡s t❤❛t✱ γ(M) ❜❡✐♥❣ r❛t✐♦♥❛❧✱ ✐t ❝❛♥♥♦t ❜❡ t❤❡ ❝❛s❡ t❤❛t γ(M) ∈ S̃u
M✱ ❛♥❞ s♦

S̃u
M ⊆ (0, γ(M))✳ �

❈♦r♦❧❧❛r② ✸✳✸✳✶✽✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱ ❛♥❞ ❧❡t t ∈ R✱ t > 0 ❜❡ ❣✐✈❡♥✳ ❊❛❝❤
❛ss❡rt✐♦♥ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

✭✐✮ t < γ(M)✱

✭✐✐✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : AM(St) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✐✐✐✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : Ãu
M(St) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✐✈✮ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : ÃM(St) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✈✮ ❢♦r ❡✈❡r② ξ ∈ I ✇✐t❤ ξ < t✱ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : ÃM(Sξ) → C[[z]]M ✐s s✉r❥❡❝t✐✈❡✱

✭✈✐✮ t ≤ γ(M)✳

❍❡♥❝❡✱ (0, γ(M)) ⊆ SM ⊆ S̃u
M ⊆ S̃M ⊆ (0, γ(M)]✳

Pr♦♦❢✳ ❖♥❧② ✭✈✮ =⇒ ✭✈✐✮ ♥❡❡❞s ❛ s❤♦rt ♣r♦♦❢✳ ❋♦r ❡✈❡r② q ∈ N ✇❡ ❤❛✈❡ t❤❛t ζ = ξq /∈ N✱
✇❡ ✇✐❧❧ s❤♦✇ t❤❛t B̃ : ÃMq(Sζ) → C[[z]]Mq ✐s s✉r❥❡❝t✐✈❡ s♦✱ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✵✳✭✐✮✱ ✇❡ s❡❡ t❤❛t
⌊ζ⌋ < γ(Mq)✳ ❚❤❡♥ γ(M) > ⌊ξq⌋/q > ξ − 1/q✳ ❙✐♥❝❡ q ✐s ❛r❜✐tr❛r②✱ ♠❛❦✐♥❣ q t❡♥❞ t♦ ∞ ✇❡
❞❡❞✉❝❡ t❤❛t ξ ≤ γ(M) ❢♦r ❡✈❡r② ✐rr❛t✐♦♥❛❧ ξ < t✱ s♦ t ≤ γ(M)✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② ❢♦❧❧♦✇s t❤❡ s❛♠❡ r❛♠✐✜❝❛t✐♦♥ ❛r❣✉♠❡♥t ✉s❡❞ ✐♥ ✭✐✈✮ =⇒ ✭✐✮
♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✻✱ ✇❤❡r❡ t❤❡ ❛s②♠♣t♦t✐❝ r❡❧❛t✐♦♥s ♦❜t❛✐♥❡❞ ❢♦r ❜♦✉♥❞❡❞ s✉❜s❡❝t♦rs ♦❢ Sξ ❛r❡
tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡ ❛♥❛❧♦❣♦✉s ♦♥❡s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❡❞ s✉❜s❡❝t♦rs ♦❢ Sζ ✳ �

❘❡♠❛r❦ ✸✳✸✳✶✾✳ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✐s s✉♠♠❡❞ ✉♣ ✐♥ ❚❛❜❧❡ ✸✳✹✳ ❚❤❡
❝♦♥❥❡❝t✉r❡ ✐s t❤❛t✱ ❛t ❧❡❛st ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ ♦♥❡ ❛❧✇❛②s ❤❛s S̃M = (0, γ(M)] ❛♥❞
SM = S̃u

M = (0, γ(M))✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ✐♥❥❡❝t✐✈✐t② ♣r♦❜❧❡♠✱ ✐♥ ✇❤✐❝❤ t❤❡ ❜❡❧♦♥❣✐♥❣
♦❢ t❤❡ ✈❛❧✉❡ ω(M) t♦ t❤❡ ✐♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ s❡r✐❡s✱ ♠✐❣❤t ❧✐❡ ✐♥
t❤❡ ❢❛❝t t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ γ(M) ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ✭s♥q✮ ❝♦♥❞✐t✐♦♥✱ t❤❛t ✐s✱ γ(M) > 0 ✐❢
❛♥❞ ♦♥❧② ✐❢ M ❤❛s ✭s♥q✮✱ ✇❤❡r❡❛s ❢♦r ω(M) ✇❡ r❡♠❡♠❜❡r t❤❛t ✐❢ ω(M) > 0 t❤❡♥ M ✐s ✭♥q✮✱ ❜✉t
✐❢ M ✐s ✭♥q✮ t❤❡♥ ♦♥❧② ω(M) ≥ 0 ✐s ❦♥♦✇♥✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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γ(M) ∈ Q γ(M) ∈ I

SM (0, γ(M)) (0, γ(M)) ♦r (0, γ(M)]

S̃u
M (0, γ(M)) (0, γ(M)) ♦r (0, γ(M)]

S̃M (0, γ(M)) ♦r (0, γ(M)]

❚❛❜❧❡ ✸✳✹✿ ❙✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s

❘❡♠❛r❦ ✸✳✸✳✷✵✳ ❆ q✉❡st✐♦♥ ✇❤✐❝❤ ✇❛s ♦♣❡♥ ❢♦r s♦♠❡ t✐♠❡ ✐s✿ ❆r❡ γ(M) ❛♥❞ ω(M) ❛❧✇❛②s ❡q✉❛❧
❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s❄ ❆❢t❡r s♦♠❡ tr✐❛❧ ❛♥❞ ❡rr♦r✱ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ❤❛s ❜❡❡♥
❝♦♥str✉❝t❡❞ ✇✐t❤ γ(M) = 2 < ω(M) = 5/2 ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✻✮✳ ■♥ ❢❛❝t✱ ❣✐✈❡♥ ❛♥② ♣❛✐r ♦❢ ✈❛❧✉❡s
0 < γ < ω < ∞ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ M s✉❝❤ t❤❛t γ(M) = γ ❛♥❞
ω(M) = ω ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✷✼✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ♦♣❡♥✐♥❣ απ ✇✐t❤ α ✐♥ t❤❡ ✐♥t❡r✈❛❧ (γ, ω)✱ t❤❡
❇♦r❡❧ ♠❛♣ ✐s ♥❡✐t❤❡r ✐♥❥❡❝t✐✈❡ ♥♦r s✉r❥❡❝t✐✈❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t②
✐♥t❡r✈❛❧s ❢♦r t❤✐s s❡q✉❡♥❝❡ ❛r❡ ❡✐t❤❡r [ω,∞) ♦r (ω,∞) ❛♥❞ (0, γ) ♦r (0, γ]✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳✸✳✹ ❙❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r

■♥ t❤✐s ✜♥❛❧ s✉❜s❡❝t✐♦♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ♥❡✈❡r ❜✐❥❡❝t✐✈❡✱ ❚❤❡♦r❡♠ ✸✳✷✳✶✻✱
✇❡ ✇✐❧❧ ❞❡❞✉❝❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ s✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ✐♥❢❡r
❢r♦♠ t❤❛t r❡s✉❧t ✇❤❡t❤❡r ♦r ♥♦t γ(M) ❜❡❧♦♥❣s t♦ SM ❛♥❞ S̃u

M✱ str♦♥❣❧② r❡❣✉❧❛r✐t② ✐s ♥♦t ❡♥♦✉❣❤
❛♥❞ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ γ(M) = ω(M)✳ ❚❤❡♥✱

✭✐✮ ■❢
∑∞

p=0 (mp)
−1/ω(M) = ∞✱ ✇❡ ❦♥♦✇ t❤❛t ĨuM = IM = [ω(M),∞) = [γ(M),∞)✱ ❛♥❞ t❤❡♥

SM = S̃u
M = (0, γ(M)), (0, γ(M)) ⊆ S̃M ⊆ (0, γ(M)].

✭✐✐✮ ■❢
∑∞

p=0 (mp)
−1/ω(M) < ∞ ❛♥❞

∑∞
p=0 ((p+ 1)mp)

−1/(ω(M)+1) = ∞✱ ✇❡ ❦♥♦✇ t❤❛t IM =

[γ(M),∞) ❛♥❞ ĨuM = (γ(M),∞)✱ ❛♥❞ s♦

SM = (0, γ(M)), (0, γ(M)) ⊆ S̃u
M ⊆ S̃M ⊆ (0, γ(M)].

❍❡♥❝❡✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✇❡ ❤❛✈❡ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✇✐t❤ γ(M) = ω(M) ✐s s✉♠♠❛r✐③❡❞
✐♥ t❤❡ ✜rst t✇♦ r♦✇s ♦❢ ❚❛❜❧❡ ✸✳✺✳ ◆♦t❡ t❤❛t ❢♦r ♥♦♥✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝s t❤✐s ❛ss✉♠♣t✐♦♥ ❞♦❡s
♥♦t ♣r♦❞✉❝❡ ❛♥② ✐♠♣r♦✈❡♠❡♥ts ❛♥❞ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❣♦ ♦♥❡ st❡♣ ❢✉rt❤❡r✳

❖✉r ✜♥❛❧ r❡s✉❧t ✇❛s ❣✐✈❡♥ ❜② ❏✳ ❙❛♥③✱ ❚❤❡♦r❡♠ ✻✳✶ ✐♥ ❬✽✽❪ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s M
s✉❝❤ t❤❛t dM ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❋♦r ♥♦♥✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝s✱ ❤❡ ♣r♦✈❡❞ t❤❛t S̃M = (0, γ(M)]
❡♠♣❧♦②✐♥❣ t❤❡ tr✉♥❝❛t❡❞ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ t❡❝❤♥✐q✉❡ ✇❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ ✇❛s
r❡♣❧❛❝❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ eV ✭s❡❡ ❘❡♠❛r❦ ✹✳✶✳✹✮ ✇❤✐❝❤ ✐s ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞
▼❛❡r♦❣✐③✬s ❢✉♥❝t✐♦♥s✳ ❆s ✐t ✐s ❞❡❞✉❝❡❞ ❢r♦♠ ❬✽✽✱ ❘❡♠❛r❦ ✹✳✶✶✳✭✐✐✐✮❪ ❛♥❞ ❘❡♠❛r❦ ✷✳✷✳✶✽✱ t❤✐s
❝♦♥str✉❝t✐♦♥ ✐s ❛❧s♦ ❛✈❛✐❧❛❜❧❡ ✇❤❡♥❡✈❡r M ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐❢ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r t❤❡♥ ✐t ✐s str♦♥❣❧② r❡❣✉❧❛r ❛♥❞
γ(M) = ω(M) ∈ (0,∞) ❜✉t✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ t❤❡ ❝♦♥✈❡rs❡ ❞♦❡s ♥♦t ❤♦❧❞✱ s♦
t❤✐s ✐s t❤❡ ♠♦st r❡❣✉❧❛r s✐t✉❛t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r✳

❚❤❡♦r❡♠ ✸✳✸✳✷✶ ✭●❡♥❡r❛❧✐③❡❞ ❇♦r❡❧✕❘✐tt✕●❡✈r❡② t❤❡♦r❡♠✮✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞✲
♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞ γ > 0 ❜❡ ❣✐✈❡♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ γ ≤ ω(M) = γ(M)✱

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✐✮ ❋♦r ❡✈❡r② f̂ =
∑

p∈N0
apz

p ∈ C[[z]]M t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ ÃM(Sγ) s✉❝❤ t❤❛t

f ∼M f̂ ,

✐✳❡✳✱ B̃(f) = f̂ ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❇♦r❡❧ ♠❛♣ B̃ : ÃM(Sγ) −→ C[[z]]M ✐s s✉r❥❡❝t✐✈❡✳

❍❡♥❝❡✱ S̃M = (0, γ(M)] = (0, ω(M)]✳

❚❛❜❧❡ ✸✳✺ ❣❛t❤❡rs t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t s✉r❥❡❝t✐✈✐t② ✐♥ ❝❛s❡ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r✳ ❋♦r t❤❡ s❡q✉❡♥❝❡ Mα,β =

(
p!α
∏p

m=0 log
β(e +m)

)
p∈N0

✱ α > 0✱ β ∈ R✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s
s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✸✳✻✱ ♥♦t❡ t❤❛t t❤❡ ●❡✈r❡② ❝❛s❡ ❛❧✇❛②s ❜❡❧♦♥❣s t♦ t❤❡ ✜rst ❝♦❧✉♠♥✳

γ(M) ∈ I

γ(M) ∈ Q
∞∑

p=0

(
1

mp

) 1
ω(M)

= ∞
∞∑

p=0

(
1

(p+ 1)mp

) 1
ω(M)+1

= ∞
∞∑

p=0

(
1

(p+ 1)mp

) 1
ω(M)+1

<∞

SM (0, γ(M))

S̃u
M (0, γ(M)) ♦r (0, γ(M)]

S̃M (0, γ(M)]

❚❛❜❧❡ ✸✳✺✿ ❙✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳

β ≤ α α < β ≤ α+ 1 β > α+ 1

SMα,β
(0, α) (0, α) (0, α) ♦r (0, α]

S̃u
Mα,β

(0, α) (0, α) ♦r (0, α] (0, α) ♦r (0, α]

S̃Mα,β
(0, α] (0, α] (0, α]

❚❛❜❧❡ ✸✳✻✿ ❙✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ❢♦r t❤❡ s❡q✉❡♥❝❡s Mα,β ✱ α > 0✱ β ∈ R✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞





✶✸✼

❈❤❛♣t❡r ✹

▼✉❧t✐s✉♠♠❛❜✐❧✐t② ✈✐❛ ♣r♦①✐♠❛t❡ ♦r❞❡rs

❚❤❡ ♠❡t❤♦❞ ♦❢ s✉♠♠❛t✐♦♥ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ❜② ♠❡❛♥s ♦❢ ❇♦r❡❧ ❛♥❞ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦rs ✇❛s
✐♥tr♦❞✉❝❡❞ ❜② ➱✳ ❇♦r❡❧ ✐♥ t❤❡ ❵s✐♠♣❧❡st✬ ❝❛s❡ ♦❢ ❧❡✈❡❧ 1✱ ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ❛♥②
❧❡✈❡❧ k ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞ ❜✉t t❡❝❤♥✐❝❛❧✳ ■♥ ✶✾✽✶ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ♥♦t✐♦♥ ✇❛s ❝r❡❛t❡❞ ✐♥
❛ s♦♠❡✇❤❛t ❞✐✛❡r❡♥t ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠ ❜② ❏✳ ➱❝❛❧❧❡ ❬✷✼❪✱ ✉s✐♥❣ ✇❤❛t ❤❡ ❝❛❧❧❡❞ ❛❝❝❡❧❡r❛t✐♦♥
♦♣❡r❛t♦rs✳ ■♥ ✶✾✾✷✱ ❲✳ ❇❛❧s❡r ❬✺❪ r❡❢♦r♠✉❧❛t❡❞ t❤✐s ♠❡t❤♦❞ ❢♦r t❤❡ ●❡✈r❡② ❝❛s❡ ❜② ♠❡❛♥s ♦❢ t❤❡
✐t❡r❛t❡❞ ▲❛♣❧❛❝❡ ✐♥t❡❣r❛❧s✳ ❚❤✐s ✐t❡r❛t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ k−s✉♠♠❛❜✐❧✐t② ♣r♦❝❡❞✉r❡s✱ ✇❤✐❝❤
❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ str♦♥❣❡r t❤❛♥ ❛♥② ♦❢ t❤❡♠✱ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ❛ ❝♦♥✈❡♥✐❡♥t ❇♦r❡❧
tr❛♥s❢♦r♠ ♦❢ t❤❡ s❡r✐❡s ✐s ✐ts❡❧❢ s✉♠♠❛❜❧❡✳ ❙✐① ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s t♦ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦ ♦❢ ▼✳ ▲♦❞❛② ❬✻✹❪✳

❚❤❡ t❡❝❤♥✐q✉❡ ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ✭✐♥ ❇❛❧s❡r✬s s❡♥s❡✮ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ t❤❡
st✉❞② ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s ❛t ❛ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ✭s②st❡♠s ♦❢✮
♠❡r♦♠♦r♣❤✐❝ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝♦♠♣❧❡① ❞♦♠❛✐♥ ✭s❡❡✱ t♦ ❝✐t❡ ❜✉t ❛ ❢❡✇✱ t❤❡
✇♦r❦s ❬✻✱ ✼✱ ✾✱ ✶✾✱ ✼✸✱ ✽✺❪✮✱ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❢♦r ❡①❛♠♣❧❡✱ ❬✽✱ ✶✵✱ ✸✻✱ ✻✾✱ ✼✻❪✮✱ ❛s
✇❡❧❧ ❛s ♦❢ s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ♣r♦❜❧❡♠s ✭s❡❡ ❬✶✶✱ ✷✸✱ ✺✾❪✱ ❛♠♦♥❣ ♦t❤❡rs✮✳

◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ♥♦♥●❡✈r❡② ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s ♠❛② ❛♣♣❡❛r ❢♦r ❞✐❢✲
❢❡r❡♥t ❦✐♥❞s ♦❢ ❡q✉❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❱✳ ❚❤✐❧❧✐❡③ ❤❛s ♣r♦✈❡♥ s♦♠❡ r❡s✉❧ts ♦♥ s♦❧✉t✐♦♥s ✇✐t❤✐♥
t❤❡s❡ ❣❡♥❡r❛❧ ❝❧❛ss❡s ❢♦r ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s ✐♥ ❬✾✼❪✳ ❆❧s♦✱ ●✳ ❑✳ ■♠♠✐♥❦ ✐♥ ❬✹✵✱ ✹✶❪ ❤❛s ♦❜t❛✐♥❡❞
s♦♠❡ r❡s✉❧ts ♦♥ s✉♠♠❛❜✐❧✐t② ❢♦r s♦❧✉t✐♦♥s ♦❢ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❣r♦✇ ❛t ❛♥
✐♥t❡r♠❡❞✐❛t❡ r❛t❡ ❜❡t✇❡❡♥ ●❡✈r❡② ❝❧❛ss❡s✱ ❝❛❧❧❡❞ ♦❢ 1+ ❧❡✈❡❧✱ t❤❛t ✐s ❣♦✈❡r♥❡❞ ❜② ❛ str♦♥❣❧② r❡❣✉✲
❧❛r s❡q✉❡♥❝❡✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❙✳ ▼❛❧❡❦ ❬✼✵❪ ❤❛s st✉❞✐❡❞ s♦♠❡ s✐♥❣✉❧❛r❧② ♣❡rt✉r❜❡❞ s♠❛❧❧ st❡♣ s✐③❡
❞✐✛❡r❡♥❝❡✲❞✐✛❡r❡♥t✐❛❧ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇❤♦s❡ ❢♦r♠❛❧ s♦❧✉t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡rt✉r❜❛✲
t✐♦♥ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s s✉♠s ♦❢ t✇♦ ❢♦r♠❛❧ s❡r✐❡s✱ ♦♥❡ ✇✐t❤ ●❡✈r❡② ♦r❞❡r 1✱ t❤❡
♦t❤❡r ♦❢ 1+ ❧❡✈❡❧✱ ❛ ♣❤❡♥♦♠❡♥♦♥ ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ❢♦r ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ❬✷✵❪✳

❆❧❧ t❤❡s❡ r❡s✉❧ts ✐♥✈✐t❡ ♦♥❡ t♦ tr② t♦ ❣❡♥❡r❛t❡ s✉♠♠❛❜✐❧✐t② t♦♦❧s s♦ t❤❡② ❛r❡ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤
❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts✬ ❣r♦✇t❤ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❣❡♥❡r❛❧ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✱
s♦ ✐♥❝❧✉❞✐♥❣ ●❡✈r❡②✱ 1+ ❧❡✈❡❧ ❛♥❞ ♦t❤❡r ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s✳ ❚❤❡s❡ ❣❡♥❡r❛❧✐③❡❞ s✉♠♠❛❜✐❧✐t②
♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❆✳ ▲❛str❛✱ ❙✳ ▼❛❧❡❦✱ ❏✳ ❙❛♥③ ✐♥ ❬✻✵✱ ✽✽✱ ✽✾❪ ❛♥❞ ✇✐❧❧ ❜❡ ❜r✐❡✢②
♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✜rst s❡❝t✐♦♥✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣✉t ❢♦r✇❛r❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② t❤❡♦r②✱ ✐♥
❇❛❧s❡r✬s s❡♥s❡✱ ✐♥ t❤✐s ❝♦♥t❡①t ❜② s✉✐t❛❜❧② ❝♦♠❜✐♥✐♥❣ t❤❡ ♠❡t❤♦❞s ❝r❡❛t❡❞ ❢r♦♠ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s
M1,M2, . . . ,Mn ✐♥st❡❛❞ ♦❢ ❞✐✛❡r❡♥t ●❡✈r❡② ❧❡✈❡❧s k1, k2, . . . , kn✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧
❛♥❛❧②③❡ t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t✐❡s ♦❢ t❤✐s ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤✱ s✉❝❤ ❛s t❤❡ ❝♦♠♣❛r❛❜✐❧✐t② ♦❢ ❞✐✛❡r❡♥t
s❡q✉❡♥❝❡s✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦❞✉❝t ❛♥❞ q✉♦t✐❡♥t s❡q✉❡♥❝❡s ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
t❛✉❜❡r✐❛♥ t❤❡♦r❡♠s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♠❡❛♥✐♥❣❢✉❧ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ♥♦t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡
❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ t❛✉❜❡r✐❛♥ r❡s✉❧ts t❤❛t ✇✐❧❧ ❜❡ ✈❛❧✐❞ ✐❢ t❤❡ ❣r♦✇t❤ ✐♥❞✐❝❡s ω(Mj) ♦❢ t❤❡ s❡q✉❡♥❝❡s
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❛r❡ ♠✉t✉❛❧❧② ❞✐st✐♥❝t✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ s✉♣♣❧❡♠❡♥t❛r② s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s ✇✐❧❧ ❜❡ ❝♦♥str✉❝t❡❞
❢r♦♠ s♦♠❡ ❣✐✈❡♥ ❦❡r♥❡❧ ej ❢♦r Mj−s✉♠♠❛❜✐❧✐t② ✐♥ t❤❡ t❤✐r❞ s❡❝t✐♦♥✳ ❚❤❡② ✇✐❧❧ ♣r♦✈✐❞❡ ▲❛♣❧❛❝❡
❛♥❞ ❇♦r❡❧✲❧✐❦❡ tr❛♥s❢♦r♠s ❢♦r t❤❡ q✉♦t✐❡♥t ❛♥❞ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♠♦♠❡♥t s❡q✉❡♥❝❡s mej ,mek

❛❧❧♦✇✐♥❣ ✉s t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ♦❢ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s✳

✹✳✶ M−s✉♠♠❛❜✐❧✐t②

❋♦r ❛ ❣✐✈❡♥ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G ♦❢ ✇✐❞❡ ♦♣❡♥✐♥❣ ❛♥❞ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ ✐✳❡✳✱ ✭❧❝✮ ✇✐t❤ q✉♦t✐❡♥ts
t❡♥❞✐♥❣ t♦ ✐♥✜♥✐t②✱ ❲❛ts♦♥✬s ▲❡♠♠❛ ✐♥ ÃM(G)✱ ❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ ❡♥s✉r❡s t❤❛t ❡✈❡r② ❢✉♥❝t✐♦♥ f
✐♥ s✉❝❤ ❛ ❝❧❛ss ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ ✳ ❚❤✐s ❢❛❝t ♠♦t✐✈❛t❡s t❤❡ ❝♦♥❝❡♣t✱
❞❡✈❡❧♦♣❡❞ ❜② ❆✳ ▲❛str❛✱ ❙✳ ▼❛❧❡❦✱ ❏✳ ❙❛♥③ ✐♥ ❬✻✵✱ ✽✽✱ ✽✾❪✱ ♦❢ s✉♠♠❛❜✐❧✐t② ♦❢ ❢♦r♠❛❧ ✭✐✳❡✳ ❞✐✈❡r❣❡♥t
✐♥ ❣❡♥❡r❛❧✮ ♣♦✇❡r s❡r✐❡s ✇✐t❤ ❝♦♥tr♦❧❧❡❞ ❣r♦✇t❤ ✐♥ t❤❡✐r ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❣❡♥❡r❛❧
❈❛r❧❡♠❛♥ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ✐♥ s❡❝t♦rs✱ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡r✱ s♦ ❣❡♥❡r❛❧✲
✐③✐♥❣ t❤❡ ❜②✲♥♦✇ ❝❧❛ss✐❝❛❧ ❛♥❞ ♣♦✇❡r❢✉❧ t♦♦❧ ♦❢ k−s✉♠♠❛❜✐❧✐t② ♦❢ ❢♦r♠❛❧ ●❡✈r❡② ♣♦✇❡r s❡r✐❡s✱
✐♥tr♦❞✉❝❡❞ ❜② ❏✳✲P✳ ❘❛♠✐s ❬✽✶✱ ✽✷❪✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ▲❡t d ∈ R ❛♥❞ M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❲❡ s❛② f̂ =
∑

p≥0 apz
p ∈ C[[z]] ✐s

M−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d ✐❢ t❤❡r❡ ❡①✐st ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G = G(d, γ)✱ ✇✐t❤ γ > ω(M)✱ ❛♥❞ ❛
❢✉♥❝t✐♦♥ f ∈ ÃM(G) s✉❝❤ t❤❛t f ∼M f̂ ✳

❇② ❘❡♠❛r❦ ✸✳✶✳✼✱ ✇❡ ❤❛✈❡ t❤❛t f̂ ∈ C[[z]]M✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ f ✐s ✉♥✐q✉❡ ✇✐t❤
t❤❡ ♣r♦♣❡rt② st❛t❡❞✱ ❛♥❞ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ f = SM,df̂ ✱ t❤❡ M−s✉♠ ♦❢ f̂ ✐♥ ❞✐r❡❝t✐♦♥ d✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ s✉✐t❛❜❧❡ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✻✵✱ ✽✽✱ ✽✾❪✱ ✇❤❡r❡
t❤❡ ✐❞❡❛s ✐♥ t❤❡ t❤❡♦r② ♦❢ ❣❡♥❡r❛❧ ♠♦♠❡♥t s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s ♣✉t ❢♦r✇❛r❞ ❲✳ ❇❛❧s❡r ✐♥ ❬✼❪
✇❡r❡ ❢♦❧❧♦✇❡❞✱ ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r f ❢r♦♠ f̂ ❜② ♠❡❛♥s ♦❢ ❢♦r♠❛❧ ❛♥❞ ❛♥❛❧②t✐❝ tr❛♥s❢♦r♠s✱ ✐♥ t❤❡
s❛♠❡ ✈❡✐♥ ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ❢♦r ●❡✈r❡② ❝❛s❡✱ s♦✲❝❛❧❧❡❞ k−s✉♠♠❛❜✐❧✐t②✳

✹✳✶✳✶ M−s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s

❇❛❧s❡r✬s ♠♦♠❡♥t s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s✱ ❡q✉✐✈❛❧❡♥t ✐♥ ❛ s❡♥s❡ t♦ k−s✉♠♠❛❜✐❧✐t②✱ r❡❧② ♦♥ t❤❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❛ ♣❛✐r ♦❢ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s e ❛♥❞ E ✇✐t❤ s✉✐t❛❜❧❡ ❛s②♠♣t♦t✐❝ ❛♥❞ ❣r♦✇t❤ ♣r♦♣✲
❡rt✐❡s✱ ✐♥ t❡r♠s ♦❢ ✇❤✐❝❤ t♦ ❞❡✜♥❡ ❢♦r♠❛❧ ❛♥❞ ❛♥❛❧②t✐❝ ▲❛♣❧❛❝❡✲ ❛♥❞ ❇♦r❡❧✲❧✐❦❡ tr❛♥s❢♦r♠s✳ ❚❤❡
❞❡✜♥✐t✐♦♥ ♦❢ k−s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s ✐♥ ❬✼✱ ❙❡❝t✐♦♥ ✺✳✺❪ ✐s ❡①t❡♥❞❡❞ ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s
❛s ❢♦❧❧♦✇s✱ ✇❤❡r❡ t❤❡ ❝❛s❡ ω(M) < 2 ✐s ♠❛✐♥❧② tr❡❛t❡❞ ❛♥❞ ✐♥❞✐❝❛t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜❡❧♦✇ ♦♥
❤♦✇ t♦ ✇♦r❦ ✐♥ t❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ✇✐t❤ ω(M) < 2✳ ❆ ♣❛✐r ♦❢ ❝♦♠♣❧❡①
❢✉♥❝t✐♦♥s e✱ E ❛r❡ s❛✐❞ t♦ ❜❡ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s ❢♦r M−s✉♠♠❛❜✐❧✐t② ✐❢✿

✭✐✮ e ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω(M)✳

✭✐✐✮ z−1e(z) ✐s ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts t0 > 0✱ ❛♥❞ ❢♦r
❡✈❡r② z0 ∈ Sω(M) t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ z0✱ U ⊆ Sω(M)✱ s✉❝❤ t❤❛t t❤❡ ✐♥t❡❣r❛❧∫ t0
0 t−1 supz∈U |e(t/z)|dt ✐s ✜♥✐t❡✳

✭✐✐✐✮ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐st c, k > 0 s✉❝❤ t❤❛t

|e(z)| ≤ chM

(
k

|z|

)
= c e−ωM(|z|/k), z ∈ Sω(M)−ε, ✭✹✳✶✮

✇❤❡r❡ hM ❛♥❞ ωM ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ M ❞❡✜♥❡❞ ❙✉❜s❡❝t✐♦♥ ✶✳✶✳✸✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✈✮ ❋♦r x ∈ R✱ x > 0✱ t❤❡ ✈❛❧✉❡s ♦❢ e(x) ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧✳

✭✈✮ ■❢ ✇❡ ❞❡✜♥❡ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ e✱

me(λ) :=

∫ ∞

0
tλ−1e(t)dt, Re(λ) ≥ 0,

❢r♦♠ (I)− (IV ) ✇❡ s❡❡ t❤❛t me ✐s ❝♦♥t✐♥✉♦✉s ✐♥ {Re(λ) ≥ 0}✱ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ {Re(λ) > 0}✱
❛♥❞ me(x) > 0 ❢♦r ❡✈❡r② x ≥ 0✳ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ E ❣✐✈❡♥ ❜②

E(z) =
∞∑

n=0

zn

me(n)
, z ∈ C,

✐s ❡♥t✐r❡✱ ❛♥❞ t❤❡r❡ ❡①✐st C,K > 0 s✉❝❤ t❤❛t

|E(z)| ≤ C

hM(K/|z|) = CeωM(|z|/K), z ∈ C. ✭✹✳✷✮

✭✈✐✮ z−1E(1/z) ✐s ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥ ✐♥ t❤❡ s❡❝t♦r S(π, 2−ω(M))✱ ✐♥ t❤❡
s❡♥s❡ t❤❛t t❤❡r❡ ❡①✐sts t0 > 0✱ ❛♥❞ ❢♦r ❡✈❡r② z0 ∈ S(π, 2−ω(M)) t❤❡r❡ ❡①✐st ❛ ♥❡✐❣❤❜♦r❤♦♦❞
U ♦❢ z0✱ U ⊆ S(π, 2− ω(M))✱ s✉❝❤ t❤❛t t❤❡ ✐♥t❡❣r❛❧

∫ t0
0 t−1 supz∈U |E(z/t)|dt ✐s ✜♥✐t❡✳

❲❡ r❡❝❛❧❧ t❤❛t ✐❢ M ✐s str♦♥❣❧② r❡❣✉❧❛r ω(M) ∈ (0,∞) ✭s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✾✮ ❛♥❞ t❤❡ s❡❝t♦rs ✐♥
t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ❛r❡ ♠❡❛♥✐♥❣❢✉❧✳

❘❡♠❛r❦ ✹✳✶✳✸✳ ✭✐✮ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✭✈✮✱ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ e ✐s ❡♥♦✉❣❤ t♦ ❞❡t❡r✲
♠✐♥❡ t❤❡ ♣❛✐r ♦❢ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s✳ ❙♦✱ ✐♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ❢r❡q✉❡♥t❧② ♦♠✐t t❤❡ ❢✉♥❝t✐♦♥ E
✐♥ ♦✉r st❛t❡♠❡♥ts✳

✭✐✐✮ ■♥ ❝❛s❡ ω(M) ≥ 2✱ ❝♦♥❞✐t✐♦♥ ✭✈✐✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡✳ ❍♦✇❡✈❡r✱ ✇❡ ♥♦t❡

t❤❛t ❢♦r ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r s > 0 t❤❡ s❡q✉❡♥❝❡ ♦❢ 1/s−♣♦✇❡rs M(1/s) := (M
1/s
p )p∈N0 ✐s

❛❧s♦ ❛ str♦♥❣❧② r❡❣✉❧❛r✱ ω(M(1/s)) = ω(M)/s ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✶✳✶✻
❛♥❞ ❘❡♠❛r❦ ✷✳✶✳✶✾✮ ❛♥❞✱ ❛s ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦✱

hM(1/s)(t) =
(
hM(ts)

)1/s
, t ≥ 0.

❙♦✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❙❡❝t✐♦♥ ✺✳✻ ✐♥ ❬✼✱ ♣✳✾✵❪✱ ✇❡ ✇✐❧❧ s❛② t❤❛t ❛ ❝♦♠♣❧❡① ❢✉♥❝t✐♦♥ e ✐s ❛
❦❡r♥❡❧ ♦❢M−s✉♠♠❛❜✐❧✐t② ✐❢ t❤❡r❡ ❡①✐st s > 0 ✇✐t❤ ω(M)/s < 2✱ ❛♥❞ ❛ ❦❡r♥❡❧ ẽ : Sω(M)/s → C

❢♦r M(1/s)−s✉♠♠❛❜✐❧✐t② s✉❝❤ t❤❛t

e(z) := ẽ(z1/s)/s, z ∈ Sω(M).

■❢ ♦♥❡ ❞❡✜♥❡s t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ me ❛s ❜❡❢♦r❡✱ ✐t ✐s ♣❧❛✐♥ t♦ s❡❡ t❤❛t me(λ) = mẽ(sλ)✱
Re(λ) ≥ 0✳ ❚❤❡ ♣r♦♣❡rt✐❡s ✈❡r✐✜❡❞ ❜② ẽ ❛♥❞ mẽ ❛r❡ ❡❛s✐❧② tr❛♥s❧❛t❡❞ ✐♥t♦ s✐♠✐❧❛r ♦♥❡s ❢♦r e✱
❜✉t ✐♥ t❤✐s ❝❛s❡ t❤❡ ❢✉♥❝t✐♦♥

E(z) =

∞∑

n=0

zn

me(n)
=

∞∑

n=0

zn

mẽ(sn)

❞♦❡s ♥♦t ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s ❜❡❢♦r❡✱ ❛♥❞ ♦♥❡ r❛t❤❡r ♣❛②s ❛tt❡♥t✐♦♥ t♦ t❤❡ ❦❡r♥❡❧
❛ss♦❝✐❛t❡❞ ✇✐t❤ ẽ✱

Ẽ(z) =

∞∑

n=0

zn

mẽ(n)
=

∞∑

n=0

zn

me(n/s)
, ✭✹✳✸✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✇❤✐❝❤ ✇✐❧❧ ❜❡❤❛✈❡ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭✈✮ ❛♥❞ ✭✈✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ❢♦r s✉❝❤ ❛ ❦❡r♥❡❧ ♦❢
M(1/s)−s✉♠♠❛❜✐❧✐t②✳

■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t✱ ♦♥❝❡ s✉❝❤ s ❛♥❞ ẽ ❛s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ❡①✐st✱ ♦♥❡ ❡❛s✐❧② ❝❤❡❝❦s
t❤❛t ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r t > ω(M)/2 ❛ ❦❡r♥❡❧ e ❢♦r M(1/t)−s✉♠♠❛❜✐❧✐t② ❡①✐sts ✇✐t❤ e(z) =
e(z1/t)/t✳

❘❡♠❛r❦ ✹✳✶✳✹✳ ✭✐✮ ◆♦t❡ t❤❛t ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ❝❛♥ ❜❡ ❣✐✈❡♥ ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡s
✇✐t❤ ω(M) ∈ (0, 2)✳ ■❢✱ ♠♦r❡♦✈❡r✱ M ✐s ✭❞❝✮ ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ M−s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧✱
♦♥❡ ❝❛♥ s❤♦✇✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ✐♥ ❬✺✽✱ ✽✽❪✱ t❤❛t M s❛t✐s✜❡s ✭s♥q✮✱ s♦ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s
♦❜t❛✐♥❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱ γ(M) = ω(M)✳

❍♦✇❡✈❡r✱ ✭♠❣✮ s❡❡♠s ♥♦t t♦ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧s ❜✉t ✐t t✉r♥s
♦✉t t❤❛t ❢♦r t❤❡ ♣r♦♦❢s ❜❡❧♦✇ ✭♠❣✮ ✐s ❡ss❡♥t✐❛❧✳ ■♥ ❛♥② ❝❛s❡✱ s✐♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤
❦❡r♥❡❧s ✐s ♦♥❧② ❣✉❛r❛♥t❡❡❞ ❢♦r ❛ s✉❜❢❛♠✐❧② ♦❢ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ t❤❡ ♦♥❡s ❛❞♠✐tt✐♥❣
❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ✭✐✐✮ ✐♥ t❤✐s r❡♠❛r❦✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ❬✻✵❪ ❤❛s ❜❡❡♥ ❦❡♣t✳

✭✐✐✮ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❦❡r♥❡❧s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✻✵❪✱ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥str✉❝✲
t✐♦♥ ♦❢ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✐♥ ÃM(Sω(M)) ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❏✳ ❙❛♥③ ✐♥ ❬✽✽❪✱ ✇❤❡♥❡✈❡r t❤❡
❢✉♥❝t✐♦♥ dM(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ✭✷✳✶✺✮ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✻✮ ✇❤✐❝❤ ❝❛♥ ❜❡
❡①t❡♥❞❡❞ ✇❤❡♥❡✈❡r t❤❡ s❡q✉❡♥❝❡ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ■♥ ❘❡♠❛r❦ ✷✳✷✳✶✽✱
✇❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❢♦r t❤❡ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ❛♣♣❡❛r✐♥❣
✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❜✉t ✐t ✐s str✐❝t❧② str♦♥❣❡r✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ❛❞♠✐ts
❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t) ❛♥❞ ❝♦♥st❛♥ts A
❛♥❞ B s✉❝❤ t❤❛t

A ≤ log(t)(ρ(t)− dM(t)) ≤ B, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤,

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

eA ≤ tρ(t)

ωM(t)
≤ eB, ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤.

■♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❦♥♦✇ t❤❛t limt→∞ dM(t) = limt→∞ ρ(t) = 1/ω(M) ✭s❡❡ ❙✉❜s❡❝✲
t✐♦♥ ✷✳✷✳✹✮✳ ❚❤❡♥✱ ❢♦r s✉❝❤ ❛ s❡q✉❡♥❝❡ ❛♥❞ ❢♦r ❡✈❡r② V ∈ MF (2ω(M), ρ(t)) t❤❡② ❝♦♥s✐❞❡r
t❤❡ ❢✉♥❝t✐♦♥ eV ❞❡✜♥❡❞ ✐♥ Sω(M) ❜②

eV (z) = z exp(−V (z)).

❙✐♥❝❡ V ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S2ω(M) ❛♥❞ r❡❛❧ ✐♥ (0,∞)✱ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r eV ✱ s♦ ✭✐✮ ❛♥❞ ✭✐✈✮ ✐♥
❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ❤♦❧❞✳ Pr♦♣❡rt② ✭✐✐✮ ✐♥ t❤❛t ❉❡✜♥✐t✐♦♥ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞✱ ❛s ✐♥ ❬✽✽✱ ▲❡♠♠❛
✺✳✸❪✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✸ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ❢♦r ❡✈❡r② ε ∈ (0, ω(M))
t❤❡r❡ ❡①✐sts b > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② z ∈ Sω(M)−ε✱

|eV (z)| ≤ |z| exp(−Re(V (z))) ≤ |z| exp(−bV (|z|)) ≤ |z| exp(−AbωM(|z|)) ≤ |z|, ✭✹✳✹✮

❜❡❝❛✉s❡ ωM(|z|) ≥ 0✳ ❙✐♠✐❧❛r❧② ❢♦r ✭✐✐✐✮✱ ✉s✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ ▲❡♠♠❛ ✶✳✶✳✷✹✱ ❛❧s♦ ❛s ✐♥ ❬✽✽✱
▲❡♠♠❛ ✺✳✸❪✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, k > 0 s✉❝❤ t❤❛t

|eV (z)| ≤ |z| exp(−AbωM(|z|)) ≤ c exp(−ωM(|z|/k))
❢♦r ❡✈❡r② z ∈ Sω(M)−ε✳ ❚❤❡♥✱ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ eV ✱

mV (λ) :=

∫ ∞

0
tλ−1eV (t)dt =

∫ ∞

0
tλe−V (t)dt,

✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ {Re(λ) ≥ 0}✱ ❝♦♥t✐♥✉♦✉s ✐♥ ✐ts ❞♦♠❛✐♥✱ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ {Re(λ) > 0} ❛♥❞
mV (x) > 0 ❢♦r ❡✈❡r② x ≥ 0✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦❢ ▲✳❙✳ ▼❛❡r❣♦✐③✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺ ✭❬✻✺❪✱ ❚❤✳ ✸✳✸✮✳ ❚❤❡ ❢✉♥❝t✐♦♥

EV (z) =
∞∑

n=0

zn

mV (n)
, z ∈ C,

✐s ❡♥t✐r❡ ❛♥❞ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C1,K1 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ C ♦♥❡ ❤❛s

|EV (z)| ≤ C1 exp(K1V (|z|)).

❈♦♥s❡q✉❡♥t❧②✱ ❜② t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ❢♦r ❡✈❡r② z ∈ C ❛♥❞ s✉✐t❛❜❧② ❧❛r❣❡ ❝♦♥st❛♥ts
C̃, K̃ > 0✱ ✇❡ ❤❛✈❡ t❤❛t

|EV (z)| ≤ C̃ exp(K̃ωM(|z|))
❛♥❞ s♦ ❝♦♥❞✐t✐♦♥ ✭✈✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ✐s s❛t✐s✜❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻ ✭❬✻✺❪✱ ✭✸✳✷✺✮✮✳ ▲❡t ρ(t) ❜❡ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤ ρ > 1/2✱ γ ≥ 2/ρ
❛♥❞ V ∈MF (γ, ρ(t))✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ε > 0 s✉❝❤ t❤❛t ε < π/2(2−1/ρ) ✇❡ ❤❛✈❡✱ ✉♥✐❢♦r♠❧②
❛s |z| → ∞✱ t❤❛t ✭✐♥ ▲❛♥❞❛✉✬s ♥♦t❛t✐♦♥✮

EV (z) = O

(
1

|z|

)
,

π

2ρ
+ ε ≤ | arg z| ≤ π. ✭✹✳✺✮

■♥ t❤✐s ❝❛s❡ ρ = 1/ω(M) ❛♥❞ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❡❛s✐❧② ✐♠♣❧✐❡s t❤❛t ❛❧s♦ ❝♦♥❞✐t✐♦♥ ✭✈✐✮ ✐♥
❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ✐s ❢✉❧✜❧❧❡❞✱ s♦ eV ✐s ❛ ❦❡r♥❡❧ ♦❢ M−s✉♠♠❛❜✐❧✐t②✳

✭✐✐✐✮ ■♥ ❇❛❧s❡r✬s t❤❡♦r② ❢♦r ●❡✈r❡② s❡q✉❡♥❝❡s M1/k = (p!1/k)p∈N0 ✭s❡❡ ❬✼✱ ❙❡❝t✳ ✺✳✺❪✮✱ t❤❡ ❝❧❛ss✐❝❛❧
❡①❛♠♣❧❡ ♦❢ ❦❡r♥❡❧s ✐s ❣✐✈❡♥ ❜② ek(z) = kzk exp(−zk)✱ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ✐s Γ(1 + λ/k)
❛♥❞ t❤❡ ❇♦r❡❧ ❦❡r♥❡❧ E ✐s ❛ ▼✐tt❛❣✲▲❡✤❡r ❢✉♥❝t✐♦♥✳

◆❡①t✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② r❡s✉❧t ❜② ❍✳ ❑♦♠❛ts✉ t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❣r♦✇t❤ ♦❢ ❛
❡♥t✐r❡ ❢✉♥❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ✐ts ❚❛②❧♦r ❝♦❡✣❝✐❡♥ts ❛♥❞ ✐t ✇❛s ✉s❡❢✉❧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✽
❛♥❞ ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞ ❛❢t❡r✇❛r❞s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✼ ✭❬✺✷❪✱ Pr♦♣✳ ✹✳✺✮✳ ▲❡t ωM(t) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✇❡✐❣❤t s❡✲
q✉❡♥❝❡ M✳ ●✐✈❡♥ ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ F (z) =

∑∞
n=0 anz

n✱ z ∈ C✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡r❡ ❡①✐st C,K > 0 s✉❝❤ t❤❛t |F (z)| ≤ CeωM(K|z|)✱ z ∈ C✳

✭✐✐✮ ❚❤❡r❡ ❡①✐st c, k > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ∈ N0✱ |an| ≤ ckn/Mn✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❦❡② ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ s❛t✐s❢❛❝t♦r② s✉♠♠❛❜✐❧✐t② t❤❡♦r② ❜❡❝❛✉s❡
✐t ❡♥s✉r❡s t❤❛t t❤❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ❞❡✜♥❡❞ ❢r♦♠ M ❛♥❞ me ❝♦✐♥❝✐❞❡✳
■♥ t❤❡ ♣r♦♦❢✱ t❤❡ ❡st✐♠❛t❡s✱ ❢♦r t❤❡ ❦❡r♥❡❧s e ❛♥❞ E ❛♣♣❡❛r✐♥❣ ✐♥ ✭✹✳✶✮ ❛♥❞ ✭✹✳✷✮✱ r❡s♣❡❝t✐✈❡❧②✱
❛r❡ ❝r✉❝✐❛❧

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✽ ✭❬✽✽❪✱ Pr♦♣✳ ✺✳✼✮✳ ▲❡t e ❜❡ ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ ❢♦r M−s✉♠♠❛❜✐❧✐t②✱ ❛♥❞ me =
(me(p))p∈N0 t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ e✳ ❚❤❡♥ M ≈ me✳

❘❡♠❛r❦ ✹✳✶✳✾✳ ✭✐✮ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✶✳✹✱ ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡ ♦❢ ♦r❞❡r α > 0✱ Mα =
(p!α)p∈N0 ✱ ✐t ✐s ✉s✉❛❧ t♦ ❝❤♦♦s❡ t❤❡ ❦❡r♥❡❧

e1/α(z) =
1

α
z1/α exp(−z1/α), z ∈ Sα.

❚❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❛t meα(λ) = Γ(1+αλ) ❢♦r Re(λ) ≥ 0✳ ❖❢ ❝♦✉rs❡✱ t❤❡ s❡q✉❡♥❝❡s Mα ❛♥❞
meα = (mα(p))p∈N0 ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✭✐✐✮ ■♥❞❡❡❞✱ ❢♦r ❛♥② ❦❡r♥❡❧ e ❢♦r M−s✉♠♠❛❜✐❧✐t②✱ ✉♣ t♦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t s❝❛❧✐♥❣
❢❛❝t♦r✱ ♦♥❡ ♠❛② ❛❧✇❛②s s✉♣♣♦s❡ t❤❛t me(0) = 1✳ ❖♥❡ ♠❛② ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡
♦❢ ♠♦♠❡♥ts me = (me(p))p∈N0 ✐s ❛❧s♦ ✭❧❝✮✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✲
✐t②✳ ❚❤❡♥ t❤❡ str♦♥❣ r❡❣✉❧❛r✐t② ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ M ❛♥❞ me ✭s❡❡
Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✵✮✳

❇❡❛r✐♥❣ t❤✐s ❢❛❝t ✐♥ ♠✐♥❞✱ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ♦♥❡ ❝♦✉❧❞ ❞❡♣❛rt ♥♦t ❢r♦♠ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡
M✱ ❜✉t ❢r♦♠ ❛ ❦❡r♥❡❧ e✱ ✐♥✐t✐❛❧❧② ❞❡✜♥❡❞ ❛♥❞ ♣♦s✐t✐✈❡ ✐♥ ❞✐r❡❝t✐♦♥ d = 0✱ ✇❤♦s❡ ♠♦♠❡♥t
❢✉♥❝t✐♦♥ me(λ) ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r λ ≥ 0✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ me

✐s str♦♥❣❧② r❡❣✉❧❛r✳ ❲✐t❤ t❤✐s ❛♣♣r♦❛❝❤✱ ω(M) ✇✐❧❧ ❜❡ r❡♣❧❛❝❡❞ ❜② ω(me) ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥
ωM(t) ❜② ωme(t) ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧s✳

✭✐✐✐✮ ■♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✭s❡❡ ❖✳ ❇❧❛s❝♦ ❬✶✺❪✮✱ ❞❡♣❛rt✐♥❣ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣✐❡❝❡✇✐s❡
❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ φ : [0,∞) → [0,∞) ✇✐t❤ log(t) = o(φ(t))
❛s t→ ∞✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t✇♦ s❡q✉❡♥❝❡s✿

✭✐✮ t❤❡ ♠♦♠❡♥t s❡q✉❡♥❝❡ Mp(φ) =

∫ ∞

0
tpe−φ(t)dt✱ s♦ e(t) = te−φ(t) ❢♦r ❛❧❧ p ∈ N0✳

✭✐✐✮ t❤❡ ▲❡❣❡♥❞r❡ s❡q✉❡♥❝❡✿ Lp(φ) = supt>0 t
pe−φ(t) ❢♦r ❛❧❧ p ∈ N0 ✭❝♦♠♣❛r❡ ✇✐t❤ t❤❡

❧♦❣✲❝♦♥✈❡① ♠✐♥♦r❛♥t ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✸✮✳

❲❡ ❤❛✈❡ t❤❛t ❜♦t❤ s❡q✉❡♥❝❡s ❛r❡ ✭❧❝✮ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

Lp+1

p+ 1
≤Mp ≤

√
L1

p

√
L2p+1, p ∈ N.

❍❡♥❝❡✱ ✐❢ t❤❡ ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ♦❢ φ ✐s ♣♦s✐t✐✈❡✱ β(φ) > 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐t ❡①✐sts
H ≥ 1 s✉❝❤ t❤❛t φ(t) ≤ φ(Ht) +H ❛♥❞✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✶✳✷✹✱ ✇❡ s❡❡ t❤❛t L
❤❛s ✭♠❣✮ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t M ≈ L✳

✹✳✶✳✷ ●❡♥❡r❛❧✐③❡❞ ▲❛♣❧❛❝❡ ❛♥❞ ❇♦r❡❧ tr❛♥s❢♦r♠s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ❤♦✇ ▲❛♣❧❛❝❡✲ ❛♥❞ ❇♦r❡❧✲❧✐❦❡ tr❛♥s❢♦r♠s ❛r❡ ❞❡✜♥❡❞ ❢r♦♠ t❤❡
M−s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s✱ s✉♠♠❛r✐③✐♥❣ t❤❡✐r ♠❛✐♥ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ✜rst ❞❡✜♥✐t✐♦♥ r❡s❡♠❜❧❡s t❤❛t
♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ♦❢ ♦r❞❡r 1/k✱ ♣❧❛②✐♥❣ ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤
▲❛♣❧❛❝❡ ❛♥❞ ❇♦r❡❧ tr❛♥s❢♦r♠s ✐♥ k−s✉♠♠❛❜✐❧✐t② ❢♦r ●❡✈r❡② ❝❧❛ss❡s✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✇✐❧❧ s❛②
❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ f ✐♥ ❛ s❡❝t♦r S ✐s ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♦r✐❣✐♥ ✐❢ limz→0, z∈T f(z) ❡①✐sts ❢♦r
❡✈❡r② T ≪ S✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✵✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ❛♥❞ ❝♦♥s✐❞❡r ❛♥ ✉♥❜♦✉♥❞❡❞ s❡❝t♦r S ✐♥ R✳
❚❤❡ s❡t OM(S) ❝♦♥s✐sts ♦❢ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s f ✐♥ S✱ ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❤❛✈✐♥❣
M−❣r♦✇t❤ ✐♥ S✱ ✐✳❡✳ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✉♥❜♦✉♥❞❡❞ ♣r♦♣❡r s✉❜s❡❝t♦r T ♦❢ S✱ ✇❡ ✇r✐t❡ T ≺≺ S✱
t❤❡r❡ ❡①✐st r, c, k > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ T ✇✐t❤ |z| ≥ r ♦♥❡ ❤❛s

|f(z)| ≤ c

hM(k/|z|) = ceωM(|z|/k). ✭✹✳✻✮

❘❡♠❛r❦ ✹✳✶✳✶✶✳ ❙✐♥❝❡ ❝♦♥t✐♥✉✐t② ❛t ✵ ❤❛s ❜❡❡♥ ❛s❦❡❞ ❢♦r✱ f ∈ OM(S) ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r②
T ≺≺ S t❤❡r❡ ❡①✐st c, k > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ T ✇✐t❤ |z| < r ♦♥❡ ❤❛s ✭✹✳✻✮✳

❲❡ ❛r❡ r❡❛❞② ❢♦r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ e−▲❛♣❧❛❝❡ tr❛♥s❢♦r♠✳ ●✐✈❡♥ ❛ s❡❝t♦r S = S(d, α)✱
❛ ❦❡r♥❡❧ e ❢♦r M−s✉♠♠❛❜✐❧✐t② ❛♥❞ f ∈ OM(S)✱ ❢♦r ❛♥② ❞✐r❡❝t✐♦♥ τ ✐♥ S ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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Te,τ s❡♥❞✐♥❣ f t♦ ✐ts e−▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ✐♥ ❞✐r❡❝t✐♦♥ τ ✱ ❞❡✜♥❡❞ ❛s

(Te,τf)(z) :=

∫ ∞(τ)

0
e(u/z)f(u)

du

u
, | arg(z)− τ | < ω(M)π/2, |z| s♠❛❧❧ ❡♥♦✉❣❤, ✭✹✳✼✮

✇❤❡r❡ t❤❡ ✐♥t❡❣r❛❧ ✐s t❛❦❡♥ ❛❧♦♥❣ t❤❡ ❤❛❧❢✲❧✐♥❡ ♣❛r❛♠❡tr✐③❡❞ ❜② t ∈ (0,∞) 7→ teiτ ✳ ❲❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷ ✭❬✻✵❪✱ Pr♦♣✳ ✸✳✶✶✮✳ ❋♦r ❛ s❡❝t♦r S = S(d, α) ❛♥❞ f ∈ OM(S)✱ t❤❡ ❢❛♠✐❧②
{Te,τf}τ ✐♥S ❞❡✜♥❡s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ Tef ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α+ ω(M))✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❇♦r❡❧ tr❛♥s❢♦r♠s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸✳ ❙✉♣♣♦s❡ ω(M) < 2✱ ❛♥❞ ❧❡tG = G(d, α) ❜❡ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ ✇✐t❤ α > ω(M)✱
❛♥❞ f : G → C ❜❡ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ G ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛t ✵✳ ❋♦r τ ∈ R s✉❝❤ t❤❛t |τ − d| <
(α − ω(M))π/2 ✇❡ ♠❛② ❝♦♥s✐❞❡r ❛ ♣❛t❤ δω(M)(τ) ✐♥ G ❧✐❦❡ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦r❡❧
tr❛♥s❢♦r♠✱ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s❡❣♠❡♥t ❢r♦♠ t❤❡ ♦r✐❣✐♥ t♦ ❛ ♣♦✐♥t z0 ✇✐t❤ arg(z0) = τ+ω(M)(π+ε)/2
✭❢♦r s♦♠❡ s✉✐t❛❜❧② s♠❛❧❧ ε ∈ (0, π)✮✱ t❤❡♥ t❤❡ ❝✐r❝✉❧❛r ❛r❝ |z| = |z0| ❢r♦♠ z0 t♦ t❤❡ ♣♦✐♥t z1 ♦♥
t❤❡ r❛② arg(z) = τ − ω(M)(π + ε)/2 ✭tr❛✈❡rs❡❞ ❝❧♦❝❦✇✐s❡✮✱ ❛♥❞ ✜♥❛❧❧② t❤❡ s❡❣♠❡♥t ❢r♦♠ z1 t♦
t❤❡ ♦r✐❣✐♥✳

●✐✈❡♥ ❦❡r♥❡❧s e, E ❢♦r M−s✉♠♠❛❜✐❧✐t②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r T−e,τ s❡♥❞✐♥❣ f t♦ ✐ts e−❇♦r❡❧

tr❛♥s❢♦r♠ ✐♥ ❞✐r❡❝t✐♦♥ τ ✱ ❞❡✜♥❡❞ ❛s

(T−e,τf)(u) :=
−1

2πi

∫

δω(M)(τ)
E(u/z)f(z)

dz

z
, u ∈ S(τ, ε0), ε0 s♠❛❧❧ ❡♥♦✉❣❤.

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✹ ✭❬✻✵❪✱ Pr♦♣✳ ✸✳✶✷✮✳ ❋♦r G = G(d, α) ❛♥❞ f : G→ C ❛s ❛❜♦✈❡✱ t❤❡ ❢❛♠✐❧②

{T−e,τf}τ ,

✇❤❡r❡ τ ✐s ❛ r❡❛❧ ♥✉♠❜❡r s✉❝❤ t❤❛t |τ − d| < (α − ω(M))π/2✱ ❞❡✜♥❡s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥
T−e f ✐♥ t❤❡ s❡❝t♦r S = S(d, α− ω(M))✳ ▼♦r❡♦✈❡r✱ T−e f ✐s ♦❢ M−❣r♦✇t❤ ✐♥ S✳

❘❡♠❛r❦ ✹✳✶✳✶✺✳ ■♥ ❝❛s❡ ω(M) ≥ 2✱ ❝❤♦♦s❡ s > 0 ❛♥❞ ❛ ❦❡r♥❡❧ ẽ ❢♦r M(1/s)−s✉♠♠❛❜✐❧✐t② ❛s ✐♥
❘❡♠❛r❦ ✹✳✶✳✸✳✭✐✐✮✱ ❛♥❞ ❧❡t T−ẽ,τ ❜❡ ❞❡✜♥❡❞ ❛s ❜❡❢♦r❡✱ ✇❤❡r❡ t❤❡ ❦❡r♥❡❧ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥ ✐s

t❤❡ ❢✉♥❝t✐♦♥ Ẽ ❣✐✈❡♥ ✐♥ ✭✹✳✸✮✳ ❚❤❡♥✱ ✐❢ φs ✐s t❤❡ ♦♣❡r❛t♦r s❡♥❞✐♥❣ ❛ ❢✉♥❝t✐♦♥ f t♦ t❤❡ ❢✉♥❝t✐♦♥
f(zs)✱ ✇❡ ❞❡✜♥❡ T−e,τ ❜② t❤❡ ✐❞❡♥t✐t②

φs ◦ T−e,τ = T−ẽ,τ ◦ φs,

✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❬✼✱ ♣✳ ✾✵❪✳

❖♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ e−tr❛♥s❢♦r♠s ♦❢ ❛ ♠♦♥♦♠✐❛❧✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✻ ✭❬✻✵❪✱ ♣✳ ✶✶✽✼✮✳ ●✐✈❡♥ λ ∈ C ✇✐t❤ Re(λ) ≥ 0✱ t❤❡ ❢✉♥❝t✐♦♥ fλ(z) = zλ

❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ OM(S) ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

Tefλ(z) =

∫ ∞

0
e(t)zλ−1tλ−1zdt = me(λ)z

λ,

T−e fλ(u) =
uλ

me(λ)
.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❚❤❡ ❧❛st ♣r♦♣♦s✐t✐♦♥ ❥✉st✐✜❡s t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ❢♦r♠❛❧ ▲❛♣❧❛❝❡ ❛♥❞ ❇♦r❡❧ tr❛♥s✲
❢♦r♠s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✼✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡M ❛♥❞ ❛ ❦❡r♥❡❧ ♦❢M−s✉♠♠❛❜✐❧✐t② e✱ t❤❡ ❢♦r♠❛❧ e−▲❛♣❧❛❝❡
tr❛♥s❢♦r♠ T̂e : C[[z]] → C[[z]] ✐s ❣✐✈❡♥ ❜②

T̂e
( ∞∑

p=0

apz
p
)
:=

∞∑

p=0

me(p)apz
p.

❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦r♠❛❧ e−❇♦r❡❧ tr❛♥s❢♦r♠ T̂−e : C[[z]] → C[[z]] ❜②

T̂−e
( ∞∑

p=0

apz
p
)
:=

∞∑

p=0

ap
me(p)

zp.

❚❤❡ ♦♣❡r❛t♦rs T̂e ❛♥❞ T̂−e ❛r❡ ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r✳
❚❤❡ ♥❡①t r❡s✉❧t ❧❡ts ✉s ❦♥♦✇ ❤♦✇ t❤❡s❡ ❛♥❛❧②t✐❝ ❛♥❞ ❢♦r♠❛❧ tr❛♥s❢♦r♠s ✐♥t❡r❛❝t ✇✐t❤ ❣❡♥❡r❛❧

❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✳ ●✐✈❡♥ t✇♦ s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs M = (Mp)p∈N0 ❛♥❞ M′ =
(M ′p)p∈N0 ✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s M ·M′ = (MpM

′
p)n∈N0 ❛♥❞ M′/M = (M ′p/Mp)p∈N0 ✳

❚❤❡♦r❡♠ ✹✳✶✳✶✽ ✭❬✻✵❪✱ ❚❤✳ ✸✳✶✻✮✳ ❙✉♣♣♦s❡M ✐s ❛ s❡q✉❡♥❝❡ ❛♥❞ e ✐s ❛ ❦❡r♥❡❧ ♦❢M−s✉♠♠❛❜✐❧✐t②✳
❋♦r ❛♥② s❡q✉❡♥❝❡ M′ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✭✐✮ ■❢ f ∈ OM(S(d, α)) ❛♥❞ f ∼M′ f̂ ✱ t❤❡♥ Tef ∼M·M′ T̂ef̂ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α+ω(M))✳

✭✐✐✮ ■❢ f ∼M′ f̂ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α) ✇✐t❤ α > ω(M)✱ t❤❡♥ T−e f ∼M′/M T̂−e f̂ ✐♥ t❤❡ s❡❝t♦r
S(d, α− ω(M))✳

◆♦t❡ t❤❛t ✐❢ ❜♦t❤ s❡q✉❡♥❝❡s ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ M · M′ ✐s ❛❣❛✐♥ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ❜✉t
M′/M ♠✐❣❤t ♥♦t ❜❡✳ ❚❤✐s ❧❛st t❤❡♦r❡♠ ♠♦t✐✈❛t❡s t❤❡ st✉❞② ♦❢ t❤❡ q✉♦t✐❡♥t ❛♥❞ t❤❡ ♣r♦❞✉❝t
s❡q✉❡♥❝❡ ❛❝❤✐❡✈❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✷✳✷✳

✹✳✶✳✸ M−s✉♠♠❛❜✐❧✐t② ❛♥❞ e−s✉♠♠❛❜✐❧✐t②

❲✐t❤ t❤❡ t♦♦❧s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ ✇❡ ❛r❡ r❡❛❞② t♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ s✉♠♠❛✲
❜✐❧✐t② ✐♥ ❛ ❞✐r❡❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❦❡r♥❡❧ e ♦❢ M−s✉♠♠❛❜✐❧✐t②✳ ❲❡ r❡❝❛❧❧ t❤❛t me ✐s ❛❧s♦
str♦♥❣❧② r❡❣✉❧❛r ❛♥❞ ❡q✉✐✈❛❧❡♥t t♦ M ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✽ ❛♥❞ ❘❡♠❛r❦ ✹✳✶✳✾✮✱ s♦✱ ♦♥ ♦♥❡ ❤❛♥❞✱
C[[z]]M = C[[z]]me ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ Ome(S) ❢♦r ❛♥②
✉♥❜♦✉♥❞❡❞ s❡❝t♦r S ❛♥❞✱ ♠♦r❡♦✈❡r✱ Ome(S) = OM(S) ✭s❡❡ ✭✶✳✼✮✮✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✾✳ ▲❡t e ❜❡ ❛ ❦❡r♥❡❧ ♦❢ M−s✉♠♠❛❜✐❧✐t②✳ ❲❡ s❛② f̂ =
∑

p≥0 apz
p ✐s e−s✉♠♠❛❜❧❡

✐♥ ❞✐r❡❝t✐♦♥ d ∈ R ✐❢✿

✭✐✮ f̂ ∈ C[[z]]me ✱ s♦ g := T̂−e f̂ =
∑

p≥0

ap
me(p)

zp ❝♦♥✈❡r❣❡s ✐♥ ❛ ❞✐s❝ ❛♥❞

✭✐✐✮ g ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ✐♥ ❛ s❡❝t♦r S = S(d, ε) ❢♦r s♦♠❡ ε > 0✱ ❛♥❞ g ∈ Ome(S)✳

❚❤❡ ♥❡①t r❡s✉❧t st❛t❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ M−s✉♠♠❛❜✐❧✐t② ❛♥❞ e−s✉♠♠❛❜✐❧✐t② ✐♥ ❛
❞✐r❡❝t✐♦♥✱ ❛♥❞ ♣r♦✈✐❞❡s ❛ ✇❛② t♦ r❡❝♦✈❡r t❤❡ M−s✉♠ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ♦❢ ❛ s✉♠♠❛❜❧❡ ♣♦✇❡r s❡r✐❡s
❜② ♠❡❛♥s ♦❢ t❤❡ ❢♦r♠❛❧ ❛♥❞ ❛♥❛❧②t✐❝ tr❛♥s❢♦r♠s ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞✳

❚❤❡♦r❡♠ ✹✳✶✳✷✵ ✭❬✻✵❪✱ ❚❤✳ ✸✳✶✽✮✳ ●✐✈❡♥ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M✱ ❛ ❞✐r❡❝t✐♦♥ d ∈ R ❛♥❞ ❛ ❢♦r♠❛❧
♣♦✇❡r s❡r✐❡s f̂ =

∑
p≥0 apz

p✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✮ f̂ ✐s M−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✳

✭✐✐✮ ❋♦r ❡✈❡r② ❦❡r♥❡❧ e ♦❢ M−s✉♠♠❛❜✐❧✐t②✱ f̂ ✐s e−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✳

✭✐✐✐✮ ❋♦r s♦♠❡ ❦❡r♥❡❧ e ♦❢ M−s✉♠♠❛❜✐❧✐t②✱ f̂ ✐s e−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✳

■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❲❛ts♦♥✬s ▲❡♠♠❛ t❤❛t ✇❡ ❤❛✈❡ ✭❛❢t❡r
❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥✮

SM,df̂ = Te(T̂
−
e f̂) ✭✹✳✽✮

❢♦r ❛♥② ❦❡r♥❡❧ e ♦❢ M−s✉♠♠❛❜✐❧✐t②✳

❘❡♠❛r❦ ✹✳✶✳✷✶✳ ■♥ ❝❛s❡ M = M1/k✱ t❤❡ s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ❛r❡ ❥✉st t❤❡ ❝❧❛ss✐❝❛❧
k−s✉♠♠❛❜✐❧✐t② ❛♥❞ e−s✉♠♠❛❜✐❧✐t② ✭✐♥ ❛ ❞✐r❡❝t✐♦♥✮ ❢♦r ❦❡r♥❡❧s e ♦❢ ♦r❞❡r k > 0✱ ❛s ❞❡✜♥❡❞ ❜②
❲✳ ❇❛❧s❡r✳

❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ M−s✉♠♠❛❜❧❡ s❡r✐❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❲❛ts♦♥✬s ▲❡♠♠❛ ❛♥❞ t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛s②♠♣t♦t✐❝s✱ ✇❡ ❤❛✈❡ t❤❛t✿

▲❡♠♠❛ ✹✳✶✳✷✷✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✐✮ ▲❡t f̂ ❜❡ ❝♦♥✈❡r❣❡♥t✳ ❚❤❡♥ ❢♦r ❡✈❡r② d✱ t❤❡ s❡r✐❡s f̂ ✐s M−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d ❛♥❞
SM,df̂(z) = S f̂(z) ❢♦r ❡✈❡r② z ✇❤❡r❡ ❜♦t❤ s✐❞❡s ❛r❡ ❞❡✜♥❡❞✱ ✇❤❡r❡ S ♠❛♣s ❡❛❝❤ ❝♦♥✈❡r❣❡♥t
♣♦✇❡r s❡r✐❡s t♦ ✐ts ♥❛t✉r❛❧ s✉♠✳

✭✐✐✮ ■❢ f̂ ✐s M−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d ❢♦r ❡✈❡r② d ∈ (α, β) ✇✐t❤ α < β✱ t❤❡♥

SM,d1 f̂(z) = SM,d2 f̂(z), d1, d2 ∈ (α, β)

✇❤❡r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞✳

✭✐✐✐✮ ▲❡t f̂ ❜❡ M−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✱ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t f̂ ✐s M−s✉♠♠❛❜❧❡ ✐♥
❛❧❧ ❞✐r❡❝t✐♦♥s d̃ ✇✐t❤ |d̃− d| < ε✳

✭✐✈✮ ❋♦r d̃ = d+2π✱ t❤❡ M−s✉♠♠❛❜✐❧✐t② ♦❢ f̂ ✐♥ ❞✐r❡❝t✐♦♥ d ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ M−s✉♠♠❛❜✐❧✐t②
♦❢ f̂ ✐♥ ❞✐r❡❝t✐♦♥ d̃✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t

S
M,d̃f̂(z) = SM,df̂(ze

−2πi),

✇❤❡r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞✳

❘❡♠❛r❦ ✹✳✶✳✷✸✳ ■♥ ♣❛rt✐❝✉❧❛r ✭✐✮ ✐♥ t❤❡ ❧❛st ▲❡♠♠❛ s❛②s t❤❛t ♦✉r s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞ ✐s
r❡❣✉❧❛r✱ t❤❛t ✐s✱ ✐❢ t❤❡ ♦r❞✐♥❛r② s✉♠ ❡①✐sts✱ t❤❡♥ t❤❡ s✉♠ ✐♥ ✭✹✳✽✮ ❛❧s♦ ❡①✐sts ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡
✈❛❧✉❡✳

❋r♦♠ ▲❡♠♠❛ ✹✳✶✳✷✷✳✭✐✈✮✱ ✇❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ❞✐r❡❝t✐♦♥s d t❤❛t ❞✐✛❡r ❜② ✐♥t❡❣❡r
♠✉❧t✐♣❧❡s ♦❢ 2π✳ ❇② ▲❡♠♠❛ ✹✳✶✳✷✷✳✭✐✐✐✮✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ s❡t ♦❢ ❞✐r❡❝t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❢♦r♠❛❧
♣♦✇❡r s❡r✐❡s ✐s ♥♦t M−s✉♠♠❛❜❧❡ ✐s ❝❧♦s❡❞✱ s♣❡❝✐❛❧❧② ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤✐s s❡t ✐s
✜♥✐t❡ ✭♠♦❞ 2π✮✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✹✳ ▲❡t C{z}M,d ❜❡ t❤❡ s❡t ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂ ✇❤✐❝❤ ❛r❡M−s✉♠♠❛❜❧❡ ✐♥ ❞✐✲
r❡❝t✐♦♥ d✳ ▲❡t C{z}M ❜❡ t❤❡ s❡t ♦❢M−s✉♠♠❛❜❧❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂ ✇❤✐❝❤ ❛r❡M−s✉♠♠❛❜❧❡ ✐♥
❡✈❡r② ❞✐r❡❝t✐♦♥ ❡①❝❡♣t ❢♦r ❛ ✜♥✐t❡ s❡t ♦❢ ❞✐r❡❝t✐♦♥s ✭♠♦❞ 2π✮✱ ❞❡♥♦t❡❞ ❜② s✐♥❣(f̂) = {d1, . . . , dm}✳

P❧❡❛s❡ ♥♦t❡ t❤❛t C{z} ⊆ C{z}M,d ⊆ C[[z]]M✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ s❡ts✳
❖♥❧② t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ✐s ✐♥❞✐❝❛t❡❞ ❞✉❡ t♦ ✐ts ✐♠♣♦rt❛♥❝❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❛✉❜❡r✐❛♥ r❡s✉❧ts✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✹✻ ❈❍❆P❚❊❘ ✹✳ ▼❯▲❚■❙❯▼▼❆❇■▲■❚❨ ❱■❆ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✺✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡♥✱

✭✐✮ ■❢ f̂ ∈ C{z}M ❛♥❞ s✐♥❣(f̂) = ∅✱ t❤❡♥ f̂ ✐s ❝♦♥✈❡r❣❡♥t✳

✭✐✐✮ C{z}M,d✱ C{z}M ❛r❡ ❛❧❣❡❜r❛s✳ ▼♦r❡♦✈❡r✱ ✐❢ M ✐s ✭❞❝✮ t❤❡② ❛r❡ ❞✐✛❡r❡♥t✐❛❧ ❛❧❣❡❜r❛s✳

Pr♦♦❢✳ ✭✐✮ ❯s✐♥❣ ▲❡♠♠❛ ✹✳✶✳✷✷✳✭✐✐✮✱ ✇❡ ❦♥♦✇ t❤❛t f(z) := SM,df̂(z) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✭✐♥❞❡♣❡♥✲
❞❡♥t ❢r♦♠ ❞✐r❡❝t✐♦♥ d✮✳ ❇② ▲❡♠♠❛ ✹✳✶✳✷✷✳✭✐✈✮ ✇❡ ❦♥♦✇ t❤❛t f ✐s s✐♥❣❧❡✲✈❛❧✉❡❞✱ t❤❡♥ f ❝❛♥
❜❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛ ❝♦♥✈❡r❣❡♥t ♣♦✇❡r s❡r✐❡s ❛❜♦✉t t❤❡ ♦r✐❣✐♥✳ ❇② t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t f̂ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤✐s ❝♦♥✈❡r❣❡♥t ♣♦✇❡r s❡r✐❡s✳

�

✹✳✷ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠s

❈❧❛ss✐❝❛❧ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠s ✭❬✼✶✱ ❚❤✳ ✷✳✷✳✹✳✷❪ ❛♥❞ ❬✼✱ ❚❤✳ ✸✼❪✮ s❡r✈❡ t♦ ❝♦♠♣❛r❡ t❤❡ ♣r♦❝❡ss❡s
♦❢ k−s✉♠♠❛❜✐❧✐t② ❢♦r ✈❛r✐♦✉s k❀ t❤❡s❡ t❤❡♦r❡♠s ❛r❡ str♦♥❣❧② r❡❧❛t❡❞ t♦ ♠✉❧t✐s✉♠♠❛❜✐❧✐t②✳ ■♥
t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❡❡ ✇❤❛t ❝❛♥ ❜❡ s❛✐❞ ❛❜♦✉t t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❧❣❡❜r❛s C{z}M
❛♥❞ C{z}L ❢♦r t✇♦ ❣✐✈❡♥ s❡q✉❡♥❝❡s M ❛♥❞ L✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✐♥ t❤❡ ✜rst s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧
t❤♦r♦✉❣❤❧② ❡①❛♠✐♥❡ t❤❡ ❝♦♠♣❛r❛❜✐❧✐t② ♥♦t✐♦♥ ✐♥tr♦❞✉❝❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❞✐ss❡rt❛t✐♦♥✳
❙❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ q✉♦t✐❡♥t ❛♥❞ t❤❡ ♣r♦❞✉❝t s❡q✉❡♥❝❡s ♦❢ M ❛♥❞ L✳
❋✐♥❛❧❧②✱ ✇✐t❤ ❛❧❧ t❤❡s❡ t♦♦❧s✱ ✇❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧ts✱ ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ●❡✈r❡② ❝❛s❡ ✐❢
ω(M) < ω(L)✱ ❛♥❞ ✐❢ ω(M) = ω(L) s❤♦✇✐♥❣ t❤❛t s✉❝❤ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r ♦✉r
❞❡✜♥✐t✐♦♥ ♦❢ s✉♠♠❛❜✐❧✐t②✳ ❚❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ st❛t❡❞ ❢♦r ❛ ❝♦✉♣❧❡ ♦❢ s❡q✉❡♥❝❡s ❜✉t ❝❛♥
❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ ❢♦r ❛ ✜♥✐t❡ s❡t ♦❢ s❡q✉❡♥❝❡s M1,M2, . . . ,Mk✳

✹✳✷✳✶ ❈♦♠♣❛r✐s♦♥ ♦❢ s❡q✉❡♥❝❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ s❡❡ ✇❤❡t❤❡r ♦r ♥♦t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣❛r❡ t✇♦ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ s♦ ❛ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ♥♦t✐♦♥✱ t❤❛t
❣❡♥❡r❛❧✐③❡s t❤❡ ●❡✈r❡② s✐t✉❛t✐♦♥✱ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞✳ ❚❤❡ ❡①❛♠♣❧❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s✉❜s❡❝t✐♦♥
✇✐❧❧ s❤♦✇ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ✇❡ ❝❛♥ ♥♦t ❛❧✇❛②s ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ♦❢ t✇♦ ❣✐✈❡♥ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱
✐✳❡✳✱ ✭❧❝✮ ✇✐t❤ q✉♦t✐❡♥ts t❡♥❞✐♥❣ t♦ ✐♥✜♥✐t②✱ M ❛♥❞ L ✐s ❣r❡❛t❡r✱ ♥♦t ❡✈❡♥ ❢♦r s❡q✉❡♥❝❡s ✇❤♦s❡
q✉♦t✐❡♥ts ❛r❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡
❘❡♠❛r❦ ✷✳✷✳✶✽✮✳ ❍❡♥❝❡✱ ✐t ✇✐❧❧ ❜❡ ♥❛t✉r❛❧ t♦ ✐♠♣♦s❡ s♦♠❡ ❝♦♠♣❛r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ M

❛♥❞ L ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ r❡s✉❧ts✳

▲❡t M ❛♥❞ L ❜❡ s❡q✉❡♥❝❡s✱ ✇❡ r❡❝❛❧❧ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✷✮ t❤❛t M - L ✐❢ t❤❡r❡ ❡①✐sts s♦♠❡
♣♦s✐t✐✈❡ ❝♦♥st❛♥t A > 0 s✉❝❤ t❤❛t

Mp ≤ ApLp, ❢♦r ❛❧❧ p ∈ N0.

❲❡ s❛② t❤❛t M ❛♥❞ L ❛r❡ ❝♦♠♣❛r❛❜❧❡ ✐❢ M - L ♦r L - M ❤♦❧❞s✳ ■❢ ❜♦t❤ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✱
✇❡ s❛② t❤❛t M ✐s ❡q✉✐✈❛❧❡♥t t♦ L✱ ❛♥❞ ✇❡ ✇r✐t❡ M ≈ L✳ ❲❡ ❛❧s♦ r❡♠✐♥❞ t❤❛t ✐❢ M ≈ L t❤❡♥
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ✭s❡❡ ❘❡♠❛r❦ ✸✳✶✳✹✮ ❛♥❞ ω(M) = ω(L) ✭s❡❡
❘❡♠❛r❦ ✷✳✶✳✸✷✮✳ ❙✐♥❝❡ ❡q✉✐✈❛❧❡♥t s❡q✉❡♥❝❡s ❞❡✜♥❡ t❤❡ s❛♠❡ ❝❧❛ss❡s✱ ✇❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞
✐♥ ❝♦♠♣❛r❛❜❧❡ ❜✉t ♥♦t ❡q✉✐✈❛❧❡♥t s❡q✉❡♥❝❡s✱ ✐✳❡✳✱ L - M ❛♥❞ L 6≈ M✱ ✇❤✐❝❤ ✐s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

inf
p∈N

(
Lp

Mp

)1/p

= 0, ❛♥❞ sup
p∈N

(
Lp

Mp

)1/p

<∞,

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✹✳✷✳ ❚❆❯❇❊❘■❆◆ ❚❍❊❖❘❊▼❙ ✶✹✼

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢

lim inf
p→∞

(
Lp

Mp

)1/p

= 0, ❛♥❞ lim sup
p→∞

(
Lp

Mp

)1/p

<∞.

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇❛♥t t♦ ❛✈♦✐❞ ♥♦♥❝♦♠♣❛r❛❜❧❡ s❡q✉❡♥❝❡s✱ t❤❛t ✐s✱

lim inf
p→∞

(
Mp

Lp

)1/p

= 0, ❛♥❞ lim sup
p→∞

(
Mp

Lp

)1/p

= ∞. ✭✹✳✾✮

❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r ❡①❛♠♣❧❡ ♦❢ ♥♦♥❝♦♠♣❛r❛❜❧❡ s❡q✉❡♥❝❡s✱ ✇❡ ♥❡❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡
✭✹✳✾✮ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s ✭s❡❡ ✭✶✳✹✮✮✳ ❋♦r ❛♥② ✇❡✐❣❤t s❡q✉❡♥❝❡ M

❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❜② ▲❡♠♠❛ ✶✳✷✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✶✳✷✳✸✶✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡
❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM(t) ✐s ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇✐t❤ ❛❧❧ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❛♥❞ t❤❡ ♦r❞❡rs
❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ 1/ω(M) ∈ (0,∞) ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❡ ♥❡①t ▲❡♠♠❛✳

▲❡♠♠❛ ✹✳✷✳✶✳ ▲❡t M ❜❡ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡♥ ❢♦r ❛♥②
A > 0 t❤❡r❡ ❡①✐st tA, E, F > 0 s✉❝❤ t❤❛t

ωM(Et) < AωM(t) < ωM(Ft), t > tA,

❛♥❞ ❢♦r ❛♥② B > 0 t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts tB, G,H > 0 s✉❝❤ t❤❛t

GωM(t) < ωM(Bt) < HωM(t), t > tB.

❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝♦♠♣❛r❛❜✐❧✐t② ✐♥ t❡r♠s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ✐s st❛t❡❞ ❜❡❧♦✇ ✐♥
t❤❡ ♠♦st r❡❣✉❧❛r ❝❛s❡✱ ✐✳❡✳✱ ❢♦r ❛ s❡q✉❡♥❝❡ M ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ❜❡❝❛✉s❡ t❤❡s❡
❛r❡ t❤❡ ♦♥❡s ✉s❡❞ t♦ ❞❡✈❡❧♦♣ t❤❡ s✉♠♠❛❜✐❧✐t② t❤❡♦r②✱ ❜✉t ▲❡♠♠❛ ✹✳✷✳✶ ✐s st✐❧❧ ✈❛❧✐❞ ✐❢ ✇❡❛❦❡r
❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❜②M ✭s❡❡ ❬✾✵✱ ▲❡♠♠♠❛ ✸✳✶✽❪ ❜② ●✳ ❙❝❤✐♥❞❧✮✳ ❍❡♥❝❡✱ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥
❛❧s♦ ❤♦❧❞s ❢♦r s✐♠♣❧❡r ❜✉t ❧❡ss r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ ❢♦r ✐♥st❛♥❝❡ str♦♥❣❧② r❡❣✉❧❛r✱ ❛♥❞ ❡①❛♠♣❧❡s ♦❢
♥♦♥❝♦♠♣❛r❛❜✐❧✐t② ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ▲❡t M ❛♥❞ L ❜❡ t✇♦ ✇❡✐❣❤t s❡q✉❡♥❝❡s s✉❝❤ t❤❛t M ❛❞♠✐ts ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❲❡ ❤❛✈❡ t❤❛t

lim inf
p→∞

(
Mp

Lp

)1/p

= 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ lim inf
t→∞

ωL(t)

ωM(t)
= 0,

❛♥❞

lim sup
p→∞

(
Mp

Lp

)1/p

= ∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ lim sup
t→∞

ωL(t)

ωM(t)
= ∞.

Pr♦♦❢✳ ■❢ ✇❡ s✉♣♣♦s❡ t❤❛t lim inft→∞ ωL(t)/ωM(t) > 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts A > 0 s✉❝❤ t❤❛t ωL(t) ≥
AωM(t) ❢♦r ❡✈❡r② t ≥ t0✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✷✸✱ ✇❡ ❤❛✈❡ t❤❛t

lim inf
p→∞

(
Mp

Lp

)1/p

= lim inf
p→∞

(
Mp

supt>0(t
p/eωL(t))

)1/p

≥ lim inf
p→∞

(
Mp

supt>0(t
p/eAωM(t))

)1/p

.

❇② ▲❡♠♠❛ ✹✳✷✳✶✱ t❤❡r❡ ❡①✐sts E > 0 s✉❝❤ t❤❛t AωM(t) > ωM(Et) ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳ ■t ✐s
❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ s✉♣r❡♠✉♠ ❢♦r t > 0 ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fp,M(t) = tpe−AωM(t) ✐s ❛tt❛✐♥❡❞ ✐♥
[m⌊p/A⌋,∞)✱ s♦ ❢♦r p ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡ t❤❛t

sup
t>0

(tp/eAωM(t)) < sup
t>0

(tp/eωM(Et)),

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

lim inf
p→∞

(
Mp

Lp

)1/p

> E > 0.

◆♦✇✱ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t lim infp→∞ (Mp/Lp)
1/p > 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts B > 0 s✉❝❤ t❤❛t

Mp ≥ BpLp ❢♦r ❡✈❡r② p ∈ N✳ ❈♦♥s❡q✉❡♥t❧②✱ ωL(t) ≥ ωM(Bt) ❢♦r ❡✈❡r② t > m0 ❛♥❞✱ ✉s✐♥❣
▲❡♠♠❛ ✹✳✷✳✶✱ ✇❡ ❤❛✈❡ t❤❛t

lim inf
t→∞

ωL(t)

ωM(t)
≥ lim inf

t→∞

ωM(Bt)

ωM(t)
≥ G > 0.

❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❧❡❛❞ t♦ t❤❡ ♦t❤❡r ❡q✉✐✈❛❧❡♥❝❡✳ �

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s❡q✉❡♥❝❡s ❢r♦♠ ♣r♦①✐♠❛t❡ ♦r❞❡rs✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙✉❜s❡❝✲
t✐♦♥ ✷✳✷✳✸✱ ✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ ♥♦♥❝♦♠♣❛r❛❜❧❡ s❡q✉❡♥❝❡s ❢r♦♠ ♥♦♥❝♦♠♣❛r❛❜❧❡ ♣r♦①✐♠❛t❡ ♦r❞❡rs✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♣r♦❝❡❞✉r❡ ✐s t❤❛t ✐t ♠❛② ❜❡ ♠♦r❡ s✉✐t❛❜❧❡ t♦ ✇♦r❦ ✇✐t❤ ♣r♦①✐♠❛t❡
♦r❞❡rs r❛t❤❡r t❤❛♥ ❞✐r❡❝t❧② ✇✐t❤ s❡q✉❡♥❝❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✸✳ ❚✇♦ ♣r♦①✐♠❛t❡ ♦r❞❡rs ρ1(t) ❛♥❞ ρ2(t) ❛r❡ s❛✐❞ t♦ ❜❡ ♥♦♥❝♦♠♣❛r❛❜❧❡ ✐❢ t❤❡
❢✉♥❝t✐♦♥s V1(t) = tρ1(t) ❛♥❞ V2(t) = tρ2(t) s❛t✐s❢② t❤❛t

lim inf
t→∞

V1(t)

V2(t)
= 0 ❛♥❞ lim sup

p→∞

V1(t)

V2(t)
= ∞.

■❢ ρ1, ρ2 > 0 ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡✐r ❧✐♠✐t ❛t ✐♥✜♥✐t② ❛♥❞ ρ1 6= ρ2✱ ✉s✐♥❣ t❤❡
♣r♦♣❡rt② ✭❈✮ ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡rs ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✽✮✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♣r♦①✐♠❛t❡ ♦r❞❡rs
❛r❡ ❝♦♠♣❛r❛❜❧❡✳

❊①❛♠♣❧❡ ✹✳✷✳✹✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s

ρ1(t) = 1, t ∈ (0,∞),

ρ2(t) = 1 +
sin(log2(t))

log2(t)
, t ∈ (e,∞), log2(t) := log(log(t)).

❚❤❡ ❢✉♥❝t✐♦♥ ρ1(t) ✐s ❡✈✐❞❡♥t❧② ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛♥❞ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ρ2(t)
✈❡r✐✜❡s ❝♦♥❞✐t✐♦♥s ✭❆✮✱ ✭❇✮ ❛♥❞ ✭❈✮✳ ❙✐♥❝❡

ρ′2(t) =
cos(log2(t)) log2(t)− sin(log2(t))

t log(t)(log2(t))
2

,

✇❡ s❡❡ t❤❛t

lim
t→∞

ρ′2(t)t log(t) = lim
t→∞

(
cos(log2(t))

log2(t)
− sin(log2(t))

(log2(t))
2

)
= 0,

s♦ ρ2(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s

rn = exp(exp(π/2 + 2πn)), sn = exp(exp(3π/2 + 2πn)), n ∈ N.

❲❡ ✇r✐t❡ V1(t) = tρ1(t) ❛♥❞ V2(t) = tρ2(t) ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t

lim
n→∞

V2(sn)

V1(sn)
= 0, lim

n→∞

V2(rn)

V1(rn)
= ∞.

❍❡♥❝❡✱ t❤❡ ♣r♦①✐♠❛t❡ ♦r❞❡rs ρ1(t) ❛♥❞ ρ2(t) ❛r❡ ♥♦♥❝♦♠♣❛r❛❜❧❡✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❲❡ ✜① γ > 0✱ Ṽ1 ∈ MF (γ, ρ1(t)) ❛♥❞ Ṽ2 ∈ MF (γ, ρ2(t)) ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡s U1

❛♥❞ U2 ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✶✮ ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥s Ũ1(t) ❛♥❞ Ũ2(t)✳
❚❤❡s❡ s❡q✉❡♥❝❡s U1 ❛♥❞ U2 ❛r❡ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① 1✱ s♦ t❤❡ ❢✉♥❝t✐♦♥s dUj (t) ❛r❡ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡rs✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✳✷✳✶✻✳✭❱■✮ ❛♥❞ ❘❡♠❛r❦ ✷✳✷✳✶✸ ❢♦r j = 1, 2 ✇❡ s❡❡ t❤❛t

0 < lim inf
t→∞

ωUj (t)

Vj(t)
≤ lim sup

t→∞

ωUj (t)

Vj(t)
<∞.

❙✐♥❝❡ ρ1(t) ❛♥❞ ρ2(t) ❛r❡ ♥♦♥❝♦♠♣❛r❛❜❧❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

lim inf
t→∞

ωU2(t)

ωU1(t)
= 0, ❛♥❞ lim sup

p→∞

ωU2(t)

ωU1(t)
= ∞.

❋✐♥❛❧❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t U1 ❛♥❞ U2 ❛r❡ ♥♦♥❝♦♠♣❛r❛❜❧❡✳

✹✳✷✳✷ Pr♦❞✉❝t ❛♥❞ q✉♦t✐❡♥t ♦❢ s❡q✉❡♥❝❡s

■♥ t❤❡ st✉❞② ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ✐♥ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t t❤❡r❡ ♥❛t✉r❛❧❧② ❛♣♣❡❛r t❤❡ ♣r♦❞✉❝t s❡✲
q✉❡♥❝❡M·L := (MpLp)p∈N0 ❛♥❞ t❤❡ q✉♦t✐❡♥t s❡q✉❡♥❝❡M/L := (Mp/Lp)p∈N0 ♦❢ t✇♦ s❡q✉❡♥❝❡sM
❛♥❞ L✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ s♦♠❡ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ s❡q✉❡♥❝❡s ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ❛♥❞ t❤❡
❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦♠♣❛r❛❜✐❧✐t② ♥♦t✐♦♥ ✐♥ t❤❡ ❧❛st s✉❜s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞✳ ❙✐♥❝❡ ♠❛♥②
♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ st❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts✱ ♥♦t❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♦♥❡s ❢♦r M · L ❛♥❞ M/L ❛r❡ ♠ · ℓ = (mpℓp)p∈N0 ❛♥❞ ♠/ℓ = (mp/ℓp)p∈N0 ✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✳ ❙✉♣♣♦s❡ ❣✐✈❡♥ t✇♦ ✇❡✐❣❤t s❡q✉❡♥❝❡sM ❛♥❞ L✱ ❡❛❝❤ ♦♥❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❚❤❡♥✱ M · L ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛♥❞ ✐t ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ■♥
t❤✐s s✐t✉❛t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t ω(M · L) = ω(M) + ω(L)✳

Pr♦♦❢✳ ❚❤✐s ✐s ✐♠♠❡❞✐❛t❡ ✉s✐♥❣ ❚❤❡♦r❡♠s ✷✳✷✳✻ ❛♥❞ ✷✳✷✳✶✼ ❛♥❞ t❤❡ st❛❜✐❧✐t② ♦❢ ✭❧❝✮✱ r❡❣✉❧❛r
✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ✐♥❞❡① ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❢♦r t❤❡ ♣r♦❞✉❝t✳ �

❘❡❝❛❧❧ t❤❛t✱ ❢♦r s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ t❤❡ ♦r❞❡rs ❛♥❞ t❤❡ ▼❛✲
t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ ω(M) ∈ (0,∞) ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✽✮✳

❘❡♠❛r❦ ✹✳✷✳✻✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣r♦❞✉❝t s❡q✉❡♥❝❡ ♦❢ t✇♦ s❡q✉❡♥❝❡s ❛❧s♦ ♣r❡s❡r✈❡s s♦♠❡
✇❡❛❦❡r ♣r♦♣❡rt✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ❛♥❞ L ❛r❡ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s t❤❡♥ M ·L ✐s str♦♥❣❧②
r❡❣✉❧❛r ❛♥❞ ω(M)+ω(L) ≤ ω(M·L)✳ ❍♦✇❡✈❡r✱ t❤❡ ❡q✉❛❧✐t② ω(M·L) = ω(M)+ω(L) ✐s ♥♦t ❛❧✇❛②s
✈❛❧✐❞✱ s✉❝❤ ❛♥ ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✇✐t❤ t❤❡ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✷✳✷✼✳

❘❡♠❛r❦ ✹✳✷✳✼✳ ■❢ t❤❡r❡ ❡①✐sts a > 0 s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ Mp

❛♥❞ Lp s❛t✐s❢②
a−1ℓp ≤ mp ≤ aℓp, p ∈ N0,

t❤❡♥ M ≈ L✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ (ℓp)p∈N0 ❛♥❞ (mp)p∈N0 ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✱ t❤❛t
✐s✱ limp→∞ ℓp/mp = 1✱ t❤❡♥ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t M ≈ L✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ q✉♦t✐❡♥t s❡q✉❡♥❝❡ ✐s t♦ ❡♥s✉r❡ t❤❛t ✐t s❛t✐s✜❡s
✭❧❝✮✳ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✹✶ ♦❢ ❘✳ ❇♦❥❛♥✐❝ ❛♥❞ ❊✳ ❙❡♥❡t❛✱ ✇❡ ✇✐❧❧ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✐❢ t❤❡
s❡q✉❡♥❝❡s ❝♦♥s✐❞❡r❡❞ ❛r❡ r❡❣✉❧❛r ❡♥♦✉❣❤✱ ❜② s✇✐t❝❤✐♥❣ M/L ❢♦r ❛♥ ❡q✉✐✈❛❧❡♥t s❡q✉❡♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✽✳ ●✐✈❡♥ t✇♦ ✇❡✐❣❤t s❡q✉❡♥❝❡s M ❛♥❞ L✱ ❡❛❝❤ ♦♥❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✲
✐♠❛t❡ ♦r❞❡r✱ ❛ss✉♠❡ t❤❛t ω(L) < ω(M)✳ ❚❤❡♥ ✐t ❡①✐sts ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ A ❡q✉✐✈❛❧❡♥t t♦ M/L
✇❤♦s❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇✐t❤ ✐♥❞❡① ω(M)− ω(L)✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✳✷✳✻ ❛♥❞ ✷✳✷✳✶✼✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st ✇❡✐❣❤t s❡q✉❡♥❝❡s L′ ❛♥❞ M′

❡q✉✐✈❛❧❡♥t t♦ L ❛♥❞ M✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤♦s❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts (ℓ′p)p∈N0 ❛♥❞ (m′p)p∈N0 ❛r❡
r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ✇✐t❤ ✐♥❞✐❝❡s ω(L) ❛♥❞ ω(M)✳

❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✹✶ t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs (ℓ′′p)p∈N0 ❛♥❞ (m′′p)p∈N0

❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡ t♦ (ℓ′p)p∈N0 ❛♥❞ (m′p)p∈N0 ✱ r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✱ limp→∞ ℓ
′
p/ℓ
′′
p = 1

❛♥❞ limp→∞m
′
p/m

′′
p = 1✱ ❛♥❞ s❛t✐s❢②✐♥❣ ✭✶✳✶✺✮✳ ■t ✐s ♣❧❛✐♥ t♦ ❝❤❡❝❦ t❤❛t t❤❡ s❡q✉❡♥❝❡ b = (bp :=

m′′p/ℓ
′′
p)p∈N0 ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω(M)− ω(L)✳ ❇② ✭✶✳✶✺✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

bp+1

bp
=
m′′p+1

m′′p

ℓ′′p
ℓ′′p+1

=

(
1 +

ω(M)

p
+ o

(
1

p

))
1

1 + ω(L)/p+ o(1/p)
.

❲❡ t❛❦❡ α ∈ (ω(L), ω(M))✱ t❤❡♥ t❤❡r❡ ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t

bp+1

bp
>

(
1 +

α

p

)
1

(1 + α/p)
= 1, p ≥ p0.

❲❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ap := bp0 ❢♦r p < p0 ❛♥❞ ap := bp ❢♦r p ≥ p0✳ ❚❤❡ s❡q✉❡♥❝❡ a ✐s
♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢ ✐♥❞❡① ω(M)− ω(L) ❛♥❞ a ≃ b✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ A ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✇✐t❤ A ≈ B = M′′/L′′ ✭s❡❡
Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✺✮✳ ❙✐♥❝❡ ♠′/ℓ′ ∼ ♠′′/ℓ′′✱ ✇❡ ❤❛✈❡ t❤❛t ♠′/ℓ′ ≃ ♠′′/ℓ′′✱ s♦ A ≈ M′/L′✳ ❋✐♥❛❧❧②✱
✉s✐♥❣ t❤❛t L′ ❛♥❞ M′ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ L ❛♥❞ M✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✳

�

❘❡♠❛r❦ ✹✳✷✳✾✳ ■❢ ω(L) < ω(M)✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❝❤❛♥❣❡ M ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥t
s❡q✉❡♥❝❡ A · L ✇❤✐❝❤ ✐s ✭❧❝✮ ❛♥❞ ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱
✇❡ ❝❛♥ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t M/L ✐s ✭❧❝✮ ❛♥❞ t❤❛t ✐ts s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ✐s r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ♦❢
♣♦s✐t✐✈❡ ✐♥❞❡①✳

❙♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ s❡q✉❡♥❝❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❡✈❡♥ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥s
♦♥ M ❛♥❞ L ❛r❡ r❡❧❛①❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥❞✐❝❡s ω(M ·L) ❛♥❞ ω(M/L) ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ❢r♦♠ ω(M) ❛♥❞ ω(L)✳

❘❡♠❛r❦ ✹✳✷✳✶✵✳ ❆ss✉♠❡ t❤❛t M ❛♥❞ L ❛r❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ s✉❝❤ t❤❛t L s❛t✐s✜❡s ✭✷✳✷✸✮✱ ✇❤✐❝❤
✐s ❣✉❛r❛♥t❡❡❞ ✐♥ ❝❛s❡ L ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✽✮✱ t❤❡♥

ω(M · L) = lim inf
p→∞

log(mpℓp)

log(p)
= lim inf

p→∞

log(mp)

log(p)
+ lim

p→∞

log(ℓp)

log(p)
= ω(M) + ω(L) ∈ [0,∞],

ω(M/L) = lim inf
p→∞

log(mp/ℓp)

log(p)
= lim inf

p→∞

log(mp)

log(p)
+ lim

p→∞
− log(ℓp)

log(p)
= ω(M)− ω(L) ∈ R.

❋✐♥❛❧❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t L - M ❛♥❞ L 6≈ M ✭❝♦♠♣❛r❛❜✐❧✐t② ❜✉t ♥♦t
❡q✉✐✈❛❧❡♥❝❡✮ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ q✉♦t✐❡♥t s❡q✉❡♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✶✳ ●✐✈❡♥ t✇♦ s❡q✉❡♥❝❡s M ❛♥❞ L✱ ✇❡ ❤❛✈❡ t❤❛t

✭✐✮ ✐❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ M/L t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡♥ limp→∞(Mp/Lp)
1/p = ∞ ❛♥❞

L - M ❛♥❞ L 6≈ M✳

✭✐✐✮ ❆ss✉♠❡ t❤❛t M/L ✐s ✭❧❝✮✳ ❚❤❡♥

✭✐✐✳❛✮ L - M ❛♥❞ L 6≈ M ✐❢ ❛♥❞ ♦♥❧② ✐❢ limp→∞(Mp/Lp)
1/p = ∞✳

✭✐✐✳❜✮ L - M ❛♥❞ L 6≈ M ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ M/L t❡♥❞s t♦ ✐♥✜♥✐t②✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✐✐✮ ❆ss✉♠❡ t❤❛t L ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭✷✳✷✸✮✱ ✐✳❡✳✱ ω(L) = µ(ℓ) = ρ(ℓ) ❛♥❞ t❤❛t
ω(L) < ω(M)✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♦❢ M/L t❡♥❞s t♦ ✐♥✜♥✐t②✱ L - M ❛♥❞ L 6≈ M

❛♥❞ limp→∞(Mp/Lp)
1/p = ∞✳

Pr♦♦❢✳ ✭✐✮ ■❢ ♠/ℓ t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡♥ ❢♦r ❛♥② K > 0 ✐t ❡①✐sts p0 ∈ N s✉❝❤ t❤❛t mp/ℓp ≥ K
❢♦r ❡✈❡r② p ≥ p0✳ ❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

(
Mp

Lp

)1/p

≥
(
Kp−p0Mp0

Lp0

)1/p

, p ≥ p0.

❚❛❦✐♥❣ ❧✐♠✐t ✐♥❢❡r✐♦r ✐♥ ❜♦t❤ s✐❞❡s ✇❡ s❡❡ t❤❛t lim infp→∞(Mp/Lp)
1/p ≥ K✳ ❙✐♥❝❡ t❤✐s ✐s

tr✉❡ ❢♦r ❛♥② K > 0 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

lim
p→∞

(
Mp

Lp

)1/p

= lim inf
p→∞

(
Mp

Lp

)1/p

= ∞

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t L - M ❛♥❞ L 6≈ M✳

✭✐✐✳❛✮ ■❢ limp→∞(Mp/Lp)
1/p = ∞✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t t❤❛t L - M ❛♥❞ L 6≈ M✳

❈♦♥✈❡rs❡❧②✱ ✉s✐♥❣ ▲❡♠♠❛ ✶✳✶✳✼✳✭✈✐✮✱ ✐❢ M/L ✐s ✭❧❝✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ((Mp/Lp)
1/p)p∈N ✐s

♥♦♥❞❡❝r❡❛s✐♥❣✳ ❍❡♥❝❡✱ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t L - M ❛♥❞ L 6≈ M ✇❡ s❤♦✇ t❤❛t ((Mp/Lp)
1/p)p∈N

t❡♥❞s ∞✳

✭✐✐✳❜✮ ❙✐♥❝❡ M/L ✐s ✭❧❝✮✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠ ✭✐✐✳❛✮ ❛♥❞ ▲❡♠♠❛ ✶✳✶✳✼✳✭✈✐✐✮✳

✭✐✐✐✮ ❲❡ ❤❛✈❡ t❤❛t

lim inf
p→∞

log(mp)

log(p)
= ω(M), lim

p→∞

log(ℓp)

log(p)
= ω(L).

❙✐♥❝❡ ω(L) < ω(M) ✇❡ ❝❛♥ ✜① 0 < ε < (ω(M) − ω(L))/2 ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐t ❡①✐sts
p0 ∈ N s✉❝❤ t❤❛t ❢♦r ❡✈❡r② p ≥ p0 ✇❡ ❣❡t t❤❛t

mp

ℓp
≥ pω(M)−ε

pω(L)+ε
= pω(M)−ω(L)−2ε,

t❤❡♥ limp→∞mp/ℓp = ∞✳ ❋r♦♠ ✭✐✮✱ ✇❡ s❡❡ t❤❛t limp→∞(Mp/Lp)
1/p = ∞✱ L - M ❛♥❞

L 6≈ M✳
�

❘❡♠❛r❦ ✹✳✷✳✶✷✳ ❇② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱ ✐❢ L s❛t✐s✜❡s ✭✷✳✷✸✮✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ✇❤❡♥❡✈❡r L

❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ✐❢ ω(L) < ω(M)✱ M ❛♥❞ L ❛r❡ ❝♦♠♣❛r❛❜❧❡
❜✉t ♥♦t ❡q✉✐✈❛❧❡♥t✳

❈♦♥s❡q✉❡♥t❧②✱ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ❝♦♠♣❛r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♥❡❡❞ ♦♥❧② t♦ ❜❡ ❛ss✉♠❡❞ ✇❤❡♥
ω(M) = ω(L)✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛st r❡s✉❧t✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛ss✉♠❡ t❤❛t M/L
✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t M/L ✐s ✭❧❝✮ ❛♥❞ L - M ❛♥❞ L 6≈ M✱ ✇❤✐❝❤ ❝❛♥ ♥♦t
❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② ♦❢ M ❛♥❞ L ✭s❡❡ ❊①❛♠♣❧❡ ✹✳✷✳✹✮✳ ◆♦t❡ t❤❛t t❤✐s ✐s ♥♦t ❛ ✇❡✐r❞
❝♦♥❞✐t✐♦♥✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✹✳✷✳✸ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠s

❆ss✉♠✐♥❣ ❛ ❜❛s✐❝ ❝♦♠♣❛r❛❜✐❧✐t② ❤②♣♦t❤❡s✐s✱ ❥✉st✐✜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ ❛♥❞ t❤❛t ♦♥❡
♦❢ t❤❡ s❡q✉❡♥❝❡s ✐s r❡❣✉❧❛r ❡♥♦✉❣❤ ✐♥ ♦r❞❡r t♦ ❡♠♣❧♦② s✉♠♠❛❜✐❧✐t② t❡❝❤♥✐q✉❡s✱ ✇❡ ❛r❡ r❡❛❞② t♦
❝❧❛r✐❢② t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ C{z}M ❛♥❞ C{z}L✳ ❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s
✐s s✉♠♠❛❜❧❡ ❢♦r t✇♦ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s✱ t❤❡♥ ✐ts s✉♠s ❛❣r❡❡✱ ❡①t❡♥❞✐♥❣ ✇❤❛t ✇❛s ♣r♦✈❡❞ ❢♦r
k−s✉♠♠❛❜✐❧✐t② ❜② ❏✳✲P✳ ❘❛♠✐s ❛♥❞ ❏✳ ▼❛rt✐♥❡t ❬✽✸✱ ❈❤✳ ✷✱ Pr♦♣✳ ✹✳✸❪ ✭s❡❡ ❛❧s♦ ❬✼✱ ▲❡♠♠❛ ✽❪
❛♥❞ ❬✻✹✱ ❈♦r♦✳ ✺✳✸✳✶✺❪✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✸✳ ▲❡t L ❛♥❞ M ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s s✉❝❤ t❤❛t L ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r ❛♥❞ M/L ✐s ✭❧❝✮✳ ■❢ ω(L) < ω(M)✱ ♦r ✐❢ ω(L) = ω(M) ❛ss✉♠✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t L - M

❛♥❞ L 6≈ M✱ t❤❡♥ ❢♦r ❡✈❡r② f̂ ∈ C{z}M ∩ C[[z]]L✱ ✇❡ ❤❛✈❡ t❤❛t

✭✐✮ s✐♥❣L(f̂) ⊆ s✐♥❣M(f̂) ❛♥❞ f̂ ∈ C{z}M ∩ C{z}L✳

✭✐✐✮ ❋♦r ❡✈❡r② d 6∈ s✐♥❣M(f̂)✱ (SL,df̂)(z) ∼L f̂ ♦♥ G(d, α) ✇✐t❤ α > ω(M)✱

✭✐✐✐✮ (SL,df̂)(z) = (SM,df̂)(z) ❢♦r ❡✈❡r② z ✇❤❡r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✶✱ ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s ✐♥ ❜♦t❤ s✐t✉❛t✐♦♥s ω(L) < ω(M) ♦r ω(L) =
ω(M)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t M/L ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✳ ❚❤❡♥✱ ❲❛ts♦♥✬s ▲❡♠♠❛ ✐s ❛✈❛✐❧❛❜❧❡✳

✭✐✮ ❙✐♥❝❡ f̂ ∈ C{z}M✱ ✇❡ ❤❛✈❡ t❤❛t s✐♥❣M(f̂) ✐s ✜♥✐t❡✳ ▲❡t d ❜❡ ❛ ♥♦♥s✐♥❣✉❧❛r ❞✐r❡❝t✐♦♥ ♦❢
M−s✉♠♠❛❜✐❧✐t②✳ ❲❡ ✇r✐t❡ f(z) := SM,df̂(z)✳ ❲❡ ❝❤♦♦s❡ ❛ ❦❡r♥❡❧ ♦❢ L−s✉♠♠❛❜✐❧✐t②✱ t❤❛t
❡①✐sts ❜② ❘❡♠❛r❦ ✹✳✶✳✹✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r g := T−L f ✳ ❙✐♥❝❡ f ✐s ❞❡✜♥❡❞ ♦♥ ❛ s❡❝t♦r✐❛❧
r❡❣✐♦♥ G(d, α) ✇✐t❤ α > ω(M) ≥ ω(L)✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✹✱ g ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r
S(d, α− ω(L)) ✇✐t❤ L−❣r♦✇t❤ ♦♥ t❤✐s s❡❝t♦r✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ f̂ ∈ C[[z]]L✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ t❤❛t ĝ := T̂−L f̂ ∈ C{z}✳ ❇② ❚❤❡♦✲
r❡♠ ✹✳✶✳✶✽✳✭✐✐✮✱ ✇❡ ❤❛✈❡ t❤❛t g ∼M/L ĝ ♦♥ S(d, α − ω(L)) ❛♥❞✱ s✐♥❝❡ ĝ ∈ C{z}✱ S ĝ ∼M/L ĝ
✐♥ ❛ ❞✐s❝✱ ❛♥❞ t❤❡♥ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ ♦❢ ♦♣❡♥✐♥❣ π(α− ω(L))✳ ❇② t❤❡ ❲❛ts♦♥✬s ▲❡♠♠❛✱
❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ ✇❡ ❤❛✈❡ t❤❛t

B̃ : ÃM/L(Gγ) −→ C[[z]]M/L

✐s ✐♥❥❡❝t✐✈❡ ❢♦r ❡✈❡r② γ > ω(M/L) = ω(M)−ω(L) ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✵✮✳ ❙✐♥❝❡ g ✐s ❤♦❧♦♠♦r✲
♣❤✐❝ ✐♥ ❛ s❡❝t♦r ♦❢ ♦♣❡♥✐♥❣ π(α− ω(L)) > π(ω(M)− ω(L))✱ g ✐s ✉♥✐q✉❡ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱
✐t ✐s ❛♥ ❛♥❛❧②t✐❝ ❡①t❡♥s✐♦♥ ♦❢ ĝ := T̂−L f̂ ✇✐t❤ L−❣r♦✇t❤ ✐♥ t❤❡ s❡❝t♦r S(d, α − ω(L))✳
❯s✐♥❣ ❚❤❡♦r❡♠ ✹✳✶✳✷✵✱ ✇❡ s❡❡ t❤❛t f̂ ✐s L−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t
s✐♥❣L(f̂) ⊆ s✐♥❣M(f̂)✱ t❤❡♥ f̂ ∈ C{z}L✳

✭✐✐✮ ❋r♦♠ ✭✐✮✱ ✇❡ ❦♥♦✇ t❤❛t ĝ = T̂−L f̂ ❝♦♥✈❡r❣❡s ✐♥ ❛ ❞✐s❝ ❛♥❞ ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥
g ✐♥ ❛ s❡❝t♦r S = S(d, α − ω(L))✱ g ∈ OL(S) ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t S ĝ ∼M′ T̂−L f̂ ✐♥ S ✇✐t❤
M′ = (1)n∈N0 ✳ ❚❤❡♥✱ ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳✶✽✳✭✐✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f := SL,df̂ = TLg

✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α) ❛♥❞ f ∼L f̂ t❤❡r❡✳

✭✐✐✐✮ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ✭✐✮✱ ✇❡ ❤❛✈❡ t❤❛t

(SL,df̂)(z) = (TLg)(z) = (TLT
−
L f)(z) = f(z) = (SM,df̂)(z)

❢♦r ❡✈❡r② z ✇❤❡r❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞✳

�
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❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❛st ♣r♦♣♦s✐t✐♦♥✱ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❚❛✉❜❡r✐❛♥ r❡s✉❧t
❢♦r k−s✉♠♠❛❜✐❧✐t② ♦❢ ❏✳✲P✳ ❘❛♠✐s ✭s❡❡ ❬✽✹✱ ❚❤✳ ✸✳✽✳✶❪✱ ❬✼✱ ❚❤✳ ✸✼❪ ❛♥❞ ❬✻✹✱ ❈♦r♦✳ ✺✳✸✳✶✻❪✮ ❝❛♥ ❜❡
st❛t❡❞ ✇❤❡♥ t❤❡ ✐♥❞✐❝❡s ω(L) ❛♥❞ ω(M) ❛r❡ ❞✐st✐♥❝t✳

❚❤❡♦r❡♠ ✹✳✷✳✶✹✳ ▲❡t L ❛♥❞ M ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s s✉❝❤ t❤❛t L ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r✱ M/L ✐s ✭❧❝✮ ❛♥❞ ω(L) < ω(M)✳ ■❢ f̂ ∈ C{z}M ∩ C[[z]]L✱ t❤❡♥ f̂ ✐s ❝♦♥✈❡r❣❡♥t✳

Pr♦♦❢✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✸✱ ✇❡ ❦♥♦✇ t❤❛t f̂ ∈ C{z}M ∩ C{z}L ❛♥❞

(SL,df̂)(z) = (SM,df̂)(z),

❢♦r ❡✈❡r② z ✇❤❡r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞✳ ●✐✈❡♥ θ ∈ s✐♥❣M(f̂) = {θ1, θ2, . . . , θm}✱ ✇❡ ❝❛♥
t❛❦❡ d 6∈ s✐♥❣M(f̂) s✉❝❤ t❤❛t |d − θ| < δ := π(ω(M) − ω(L))✳ ❚❤❡♥ (SM,df̂)(z) = (SL,df̂)(z) ✐s
❞❡✜♥❡❞ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G ♦❢ ♦♣❡♥✐♥❣ πα > πω(M) ❜✐s❡❝t❡❞ ❜② ❞✐r❡❝t✐♦♥ d✳ ❲❡ ♦❜s❡r✈❡ t❤❛t
f = (SL,df̂)(z) ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G̃ ❝♦♥t❛✐♥❡❞ ✐♥ G✱ ❜✐s❡❝t❡❞
❜② ❞✐r❡❝t✐♦♥ θ✱ ❛♥❞ ♦❢ ♦♣❡♥✐♥❣

απ − |d− θ| > απ − δ = απ − πω(M) + πω(L) > πω(L).

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✸✳✭✐✐✮✱ ✇❡ ❤❛✈❡ t❤❛t f ∼L f̂ ✐♥ t❤✐s r❡❣✐♦♥✱ t❤❡♥ f̂ ∈ C{z}L,θ✳ ❙✐♥❝❡ s✐♥❣L(f̂) ⊆
s✐♥❣M(f̂)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t s✐♥❣L(f̂) = ∅ ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✺✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t f̂ ∈ C{z}✳

�

❘❡♠❛r❦ ✹✳✷✳✶✺✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❧❛st t✇♦ r❡s✉❧ts✱ ✐♥ t❤❡ ❝❛s❡ ω(L) < ω(M)✱ ✐❢ M ❛❧s♦ ❛❞♠✐ts ❛
♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ♦❢ t❤❡ s❡q✉❡♥❝❡ M/L ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡
❛ss✉♠❡❞ s✐♥❝❡ ✐t ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❣✉❛r❛♥t❡❡❞ ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✾✮✳

❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s t❤❡♦r❡♠ ✐s ♥♦t ✈❛❧✐❞ ✇❤❡♥ t❤❡ ✐♥❞✐❝❡s ❝♦✐♥❝✐❞❡✳

❚❤❡♦r❡♠ ✹✳✷✳✶✻✳ ▲❡t L ❛♥❞ M ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ✇✐t❤ L - M ❛♥❞ ω(L) = ω(M)✳ ❚❤❡♥

C{z}M ∩ C{z}L = C{z}L.

▼♦r❡♦✈❡r✱ ✐❢ L ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ L 6≈ M ❛♥❞ M/L ✐s ✭❧❝✮ ✇❡ ❤❛✈❡ t❤❛t

C{z}M ∩ C[[z]]L = C{z}M ∩ C{z}L = C{z}L.

Pr♦♦❢✳ ■❢ f̂ ✐s L−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✱ t❤❡♥ ✐t ❡①✐sts α > ω(L) = ω(M) ❛♥❞ f ❤♦❧♦♠♦r♣❤✐❝
✐♥ G = G(d, α) s✉❝❤ t❤❛t f ∼L f̂ ✐♥ G✳ ❙✐♥❝❡ L - M✱ ✇❡ ❞❡❞✉❝❡ t❤❛t f ∼M f̂ ✐♥ G✱ ❛♥❞ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t f̂ ✐s M−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d✳ ❚❤❡♥✱ C{z}L,d ⊆ C{z}M,d ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱
C{z}L ⊆ C{z}M✳ ❚❤❡ ❧❛st st❛t❡♠❡♥t ✐s ♦❜t❛✐♥❡❞ ✐♠♠❡❞✐❛t❡❧② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✸✳ �

❊①❛♠♣❧❡ ✹✳✷✳✶✼✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❊①❛♠♣❧❡s ✶✳✶✳✹ ❛♥❞ ✶✳✶✳✸✵✱ ✇❡ ❞❡❞✉❝❡
t❤❛t C{z}Mα,β

∩ C[[z]]Mα,β′
= C{z}Mα,β′

✱ ❜✉t C{z}Mα,β
∩ C[[z]]Mα′,β

= C{z} ❢♦r ❛♥② α > α′ > 0

❛♥❞ ❡✈❡r② β > β′✳

❘❡♠❛r❦ ✹✳✷✳✶✽✳ ■♥ ♦r❞❡r t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s r❡s✉❧t ❛♥❞ t♦ ♣✉t ❢♦r✇❛r❞ ❛ s❛t✐s❢❛❝t♦r② ♠✉❧t✐s✉♠♠❛✲
❜✐❧✐t② t❤❡♦r② ✇❤❡♥ t❤❡ ✐♥❞✐❝❡s ❝♦✐♥❝✐❞❡ ✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ r❡❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ M−s✉♠♠❛❜✐❧✐t②
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r❡♠ ♦❢ ❙✳ ▼❛♥❞❡❧❜r♦❥t ❬✼✷✱ ❙❡❝t✳ ✷✳✹✳■❪✳ ■♥ t❤✐s ♥❡✇ t❡♥t❛t✐✈❡ ❞❡✜♥✐✲
t✐♦♥✱ ❛s ✐t ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❡ ❞✐ss❡rt❛t✐♦♥✱ t❤❡ s❡❝t♦r✐❛❧ r❡❣✐♦♥s ❛r❡ r❡♣❧❛❝❡❞
❜② r❡❣✐♦♥s ♦❢ ✉♥✐q✉❡♥❡ss ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s t❛♥❣❡♥t t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t♦r Sω(M) ♥❡❛r 0✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✹✳✸ ▼✉❧t✐s✉♠♠❛❜✐❧✐t②

❲❤❡♥❡✈❡r t❤❡ ❚❛✉❜❡r✐❛♥ ❚❤❡♦r❡♠ ✹✳✷✳✶✹ ✐s ❛✈❛✐❧❛❜❧❡ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧✲
t✐s✉♠♠❛❜✐❧✐t② ✐♥ t❤✐s ❝♦♥t❡①t✳ ■♥ t❤❡ r❡❝❡♥t ❜♦♦❦ ♦❢ ▼✳ ▲♦❞❛②✲❘✐❝❤❛✉❞ ❬✻✹✱ ❈❤✳ ✼❪✱ s❡✈❡r❛❧
❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ❛r❡ ♣r♦✈✐❞❡❞ t♦❣❡t❤❡r ✇✐t❤ ❛ ❝❛r❡❢✉❧ st✉❞② ♦❢ t❤❡✐r
♣❡❝✉❧✐❛r✐t✐❡s✳ ■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ s✐♥❝❡ t❤❡ M−s✉♠♠❛❜✐❧✐t② t♦♦❧s ❛r❡ ❞❡✜♥❡❞ ✉s✐♥❣ ♠♦♠❡♥t
s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s✱ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❲✳ ❇❛❧s❡r ❬✼✱ ❈❤✳ ✶✵❪ ❤❛s ❜❡❡♥ ❝❤♦s❡♥✱ t❤❛t ✐s✱ t❤❡ ❞❡✲
❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ s✉♠s✳ ❉✉❡ t♦ ❛ r❛♠✐✜❝❛t✐♦♥ ✐♥❝♦♥✈❡♥✐❡♥❝❡✱ t❤✐s s♣❧✐tt✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s ♦♥❧②
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦t❤❡rs ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞✐❝❡s ω(Mj) ❛r❡ ❛❧❧ s♠❛❧❧❡r t❤❛♥ 2✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✳ ▲❡t M1 ❛♥❞ M2 ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ✐✳❡✳✱ ✭❧❝✮ ✇✐t❤ q✉♦t✐❡♥ts t❡♥❞✐♥❣ t♦
✐♥✜♥✐t②✱ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✮ s✉❝❤ t❤❛t ω(M1) < ω(M2) < 2
❛♥❞ d1, d2 ∈ R s✉❝❤ t❤❛t |d1 − d2| < π(ω(M2) − ω(M1))/2✳ ❆ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂(z) =∑

p≥0 apz
p ∈ C[[z]] ✐s s❛✐❞ t♦ ❜❡ (M1,M2)−s✉♠♠❛❜❧❡ ✐♥ t❤❡ ♠✉❧t✐❞✐r❡❝t✐♦♥ (d1, d2)✱ ✐❢ t❤❡r❡ ❡①✐st

❛ ❢♦r♠❛❧ s❡r✐❡s f̂1(z) ✇❤✐❝❤ ✐s M1−s✉♠♠❛❜❧❡ ✐♥ d1 ✇✐t❤ M1−s✉♠ f1 ❛♥❞ ❛ ❢♦r♠❛❧ s❡r✐❡s f̂2(z)
✇❤✐❝❤ ✐s M2−s✉♠♠❛❜❧❡ ✐♥ d2 ✇✐t❤ M2−s✉♠ f2 s✉❝❤ t❤❛t

f̂ = f̂1 + f̂2.

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ f(z) = f1(z) + f2(z) ❞❡✜♥❡❞ ♦♥ G(d1, α1) ❢♦r s♦♠❡
α1 > ω(M1) ✐s ❝❛❧❧❡❞ t❤❡ (M1,M2)−s✉♠ ♦❢ f̂ ✐♥ t❤❡ ♠✉❧t✐❞✐r❡❝t✐♦♥ (d1, d2) ❛♥❞ ✇❡ ✇r✐t❡ f(z) =
(S(M1,M2),(d1,d2)f̂)(z) ❛♥❞ f̂ ∈ C{z}(M1,M2),(d1,d2)✳

❘❡♠❛r❦ ✹✳✸✳✷✳ ■♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥
G = G(d1, α1) ✇✐t❤ α1 > ω(M1) s✉❝❤ t❤❛t

f ∼M2 f̂ ♦♥ G. ✭✹✳✶✵✮

❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ r❡❣✐♦♥ ✐s ♥♦t ✇✐❞❡ ❡♥♦✉❣❤✱ f ✐s ♥♦t t❤❡ s♦❧❡ ❢✉♥❝t✐♦♥ ✐♥ ❜❡t✇❡❡♥ t❤❡ ♦♥❡s
s❛t✐s❢②✐♥❣ ✭✹✳✶✵✮✳ ❍❡♥❝❡✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✇❡❛❦❡r t❤❛♥ t❤❡ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ♥♦t✐♦♥✱ ❜❡❝❛✉s❡ t❤❡
♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ ♠✉❧t✐s✉♠ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡ s♣❧✐tt✐♥❣s ❛r❡ ❡ss❡♥t✐❛❧❧② ✉♥✐q✉❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸✳ ■♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ♣❛✐rs ♦❢
❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f̂1, f̂2 ❛♥❞ ĝ1, ĝ2 s✉❝❤ t❤❛t

f̂ = f̂1 + f̂2 = ĝ1 + ĝ2.

❚❤❡♥ t❤❡r❡ ❡①✐st α2 > ω(M2) ❛♥❞ û1 ∈ C[[z]] s✉❝❤ t❤❛t u1 ✐s M1−s✉♠♠❛❜❧❡ ♦♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥
G(d2, α2) ❛♥❞

ĝ1 = f̂1 − û1, ❛♥❞ ĝ2 = û1 + f̂2.

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ (M1,M2)−s✉♠ ♦❢ f̂ ✐s ✉♥✐q✉❡✱ t❤❛t ✐s✱

f1(z) + f2(z) = f(z) = g1(z) + g2(z),

✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d1, α1) ✇✐t❤ α1 > ω(M1)✳

Pr♦♦❢✳ ❲❡ ❞❡✜♥❡ û1 := f̂1− ĝ1✱ s♦ û1 ∈ C{z}M1,d1 ✱ ✐♥ ♣❛rt✐❝✉❧❛r û1 ∈ C[[z]]M1 ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t
ĝ2− f̂2 = û1✱ t❤❡♥ û1 ∈ C{z}M2,d2 ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✸✳✭✐✐✮✱ t❤❡r❡ ❡①✐sts α2 > ω(M2) s✉❝❤ t❤❛t
û1 ✐s M1−s✉♠♠❛❜❧❡ ✐♥ G(d2, α2)✳

❋✉rt❤❡r♠♦r❡✱ ❜② ▲❡♠♠❛ ✹✳✶✳✷✷✳✭✐✐✮✱ (SM1,d1 û1)(z) = (SM1,d2 û1)(z) ♦♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G =
G(d1, α1) ✇✐t❤ α1 > ω(M1) ❛♥❞✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✸✳✭✐✐✐✮✱ ❢♦r ❛❧❧ z ∈ G ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

f1(z)− g1(z) = (SM1,d1(f̂1 − ĝ1))(z) = (SM1,d2 û1)(z)

= (SM2,d2 û1)(z) = (SM2,d2(ĝ2 − f̂2))(z) = g2(z)− f2(z).

�
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❘❡♠❛r❦ ✹✳✸✳✹✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❝❧❛ss✐❝❛❧ s✐t✉❛t✐♦♥✱ t❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ r❡❝✉rs✐✈❡❧② ❡①t❡♥❞❡❞
❢♦r ❛ ✜♥✐t❡ s❡t ♦❢ s❡q✉❡♥❝❡s M1,M2, . . . ,Mk ✇✐t❤ ω(M1) < ω(M2) < · · · < ω(Mk) < 2 ✭s❡❡ ❬✼✱
❈❤✳ ✶✵❪ ❛♥❞ ❬✻✹✱ ❈❤✳ ✼❪✮✳

❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ❜② ♠❡❛♥s ♦❢ s♦♠❡ s✉✐t❛❜❧❡ ✐♥t❡❣r❛❧
tr❛♥s❢♦r♠✳

✹✳✸✳✶ ▼♦♠❡♥t✲❦❡r♥❡❧ ❞✉❛❧✐t②

❚❤❡ ♠❛✐♥ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❛t ❛ ❦❡r♥❡❧ e ♦❢ M−s✉♠♠❛❜✐❧✐t② ✐s ✉♥✐q✉❡❧②
❞❡t❡r♠✐♥❡❞ ❜② ✐ts s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts me✱ s✐♠✐❧❛r❧② t♦ t❤❡ r❡s✉❧t ♦❢ ❲✳ ❇❛❧s❡r ❢♦r t❤❡ ♠♦♠❡♥t
s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s ❬✼✱ ❙❡❝t✳ ✺✳✽❪✳

❋♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ♦♥ s❡❝t♦rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡ ❞♦♠❛✐♥ ♦❢
❤♦❧♦♠♦r♣❤② ♦❢ t❤❡✐r e−▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ✐s ♥♦t ❛♥ ❛r❜✐tr❛r② s❡❝t♦r✐❛❧ r❡❣✐♦♥✱ ❛s ✐t ✐s s❤♦✇♥ ✐♥
Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷✱ ❜✉t ❛♥ ✉♥❜♦✉♥❞❡❞ s❡❝t♦r✳

▲❡♠♠❛ ✹✳✸✳✺✳ ▲❡t ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ e(z) ♦❢ M−s✉♠♠❛❜✐❧✐t② ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r T =
Te ❜❡ ❣✐✈❡♥✳ ●✐✈❡♥ f ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❛ s❡❝t♦r S = S(d, α)✱ ❛ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② 0 < β < α✱
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cβ > 0 s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ t❤❛t

|f(u)| ≤ Cβ , u ∈ S(d, β).

❚❤❡♥ g = Tf ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(d, α+ ω(M))✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❛t f ∈ OM(S) ✇✐t❤ S = S(d, α)✳ ▲❡t τ ∈ R ❜❡ ❛ ❞✐r❡❝t✐♦♥ ✐♥ S✱ ✐✳❡✳✱ s✉❝❤ t❤❛t
|τ − d| < πα/2✳ ❋♦r ❡✈❡r② u, z ∈ R ✇✐t❤ arg(u) = τ ❛♥❞ |τ − arg(z)| < ω(M)π/2 ✇❡ ❤❛✈❡ t❤❛t
u/z ∈ Sω(M)✱ s♦ t❤❡ ❡①♣r❡ss✐♦♥ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥ ✐♥ ✭✹✳✼✮ ♠❛❦❡s s❡♥s❡✳ ❲❡ ✜① a > 0✱ ❛♥❞
✇r✐t❡

g(z) =

∫ ∞(τ)

0
e(u/z)f(u)

du

u
=

∫ aeiτ

0
e(u/z)f(u)

du

u
+

∫ ∞(τ)

aeiτ
e(u/z)f(u)

du

u
.

❙✐♥❝❡ f ✐s ❜♦✉♥❞❡❞ ❛t t❤❡ ♦r✐❣✐♥ ❢♦❧❧♦✇✐♥❣ ❞✐r❡❝t✐♦♥ τ ❛♥❞ ❜② ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳✭✐✐✮✱ ✐t ✐s str❛✐❣❤t✲
❢♦r✇❛r❞ t♦ ❛♣♣❧② ▲❡✐❜♥✐③✬s r✉❧❡ ❢♦r ♣❛r❛♠❡tr✐❝ ✐♥t❡❣r❛❧s ❛♥❞ ❞❡❞✉❝❡ t❤❛t t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ❞❡✜♥❡s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ S(τ, ω(M))✳ ❘❡❣❛r❞✐♥❣ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧✱ ✇❡
t❛❦❡ β < α s✉❝❤ t❤❛t |τ − d| < βπ/2 ❛♥❞ ✇❡ ✜① 0 < γ < ω(M)✳ ❲❡ ❤❛✈❡ t❤❛t u/z ∈ Sγ ✱ ❢♦r
arg(u) = τ ❛♥❞ z s✉❝❤ t❤❛t |τ − arg(z)| < γπ/2✳ ❚❤❡ ♣r♦♣❡rt② ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳✭✐✐✐✮ ♣r♦✈✐❞❡s
✉s ✇✐t❤ ❝♦♥st❛♥ts c, k > 0 s✉❝❤ t❤❛t

|e(u/z)| ≤ chM(k|z|/|u|), arg(u) = τ, z ∈ S(τ, γ),

t❤❡♥ ∣∣1
u
e(u/z)f(u)

∣∣ ≤ cCβ

|u| hM(k|z|/|u|), arg(u) = τ, z ∈ S(τ, γ).

❋♦r ❛♥② z0 ∈ S(τ, γ) ✇❡ ✜① ❛ ❜♦✉♥❞❡❞ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ z0 ❝♦♥t❛✐♥❡❞ ✐♥ S(τ, γ)✳ ❲❡ ❤❛✈❡ t❤❛t
|z| < r ❢♦r ❡✈❡r② z ∈ U ✱ ❛♥❞ ❢r♦♠ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ hM ✇❡ ❞❡❞✉❝❡ t❤❛t

∣∣1
u
e(u/z)f(u)

∣∣ ≤ cCβ

|u| hM(kr/|u|).

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ hM✱ ✇❡ ❤❛✈❡ t❤❛t hM(kr/|u|) ≤M1kr/|u|✱ s♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❧❛st
✐♥❡q✉❛❧✐t② ✐s ❛♥ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ |u| ✐♥ (a,∞)✱ ❛♥❞ ❛❣❛✐♥ ▲❡✐❜♥✐③✬s r✉❧❡ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡
t❤❡ ❞❡s✐r❡❞ ❛♥❛❧②t✐❝✐t② ❢♦r t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧✳

❈♦♥s❡q✉❡♥t❧②✱ g ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(τ, γ) ❢♦r ❡✈❡r② |τ − d| < πα ❛♥❞ ❡✈❡r② 0 < γ < ω(M)✳
❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷✱ ✇❡ s❡❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ g(z) ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ t❤❡s❡ r❡❣✐♦♥s ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t g ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(d, α+ ω(M))✳ �

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✺✻ ❈❍❆P❚❊❘ ✹✳ ▼❯▲❚■❙❯▼▼❆❇■▲■❚❨ ❱■❆ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙

❘❡♠❛r❦ ✹✳✸✳✻✳ ▼♦r❡♦✈❡r✱ ✐❢ f(z) ∼M′

∑∞
n=0 anz

n✱ ❜② ❚❤❡♦r❡♠ ✹✳✶✳✶✽✳✭✐✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t g =
Tef ∼MM′

∑∞
n=0 anme(n)z

n ♦♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α+ω(M))✳ ❙✐♥❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♦♥ ❜♦✉♥❞❡❞ s✉❜s❡❝t♦rs✱ ✇❡ ❝❛♥ s❛② t❤❛t
g ∼MM′

∑∞
n=0 anme(n)z

n ♦♥ S(d, α+ ω(M))✱ ✇❤❡♥❡✈❡r g ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(d, α+ ω(M))✳

❆s ✐t ❤❛♣♣❡♥s ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡✱ s✐♥❝❡ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥me(λ) ✐s t❤❡ ▼❡❧❧✐♥ tr❛♥s❢♦r♠ ♦❢
e(z) ✭s❡❡ ❬✶✵✵✱ ❙❡❝t✳ ✶✳✷✾❪✮✱ t❤❡r❡ ✐s ❛ ❞✉❛❧✐t② ❜❡t✇❡❡♥me(λ) ❛♥❞ e ❛♥❞ t❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s ❤♦✇
♦♥❡ ❝❛♥ r❡❝♦✈❡r e(z) ❢r♦♠ ✐ts ♠♦♠❡♥t s❡q✉❡♥❝❡ me✱ t❤❛♥❦s t♦ t❤❡ ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛✳ ❍♦✇❡✈❡r✱
♦❜s❡r✈❡ t❤❛t✱ ❛s ✐t ✇❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❬✼❪✱ ✇❡ s❤❛❧❧ ♥♦t ❜❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❤❛r❞❡r q✉❡st✐♦♥
♦❢ ❤♦✇ t♦ ❝❤❛r❛❝t❡r✐③❡ s✉❝❤ m t♦ ✇❤✐❝❤ ❛ ❦❡r♥❡❧ e(z) ❡①✐sts✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣❡♥❡r❛❧✐③❡s
▲❡♠♠❛ ✼ ✐♥ ❬✼❪✳

▲❡♠♠❛ ✹✳✸✳✼✳ ▲❡t ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ e(z) ♦❢ M−s✉♠♠❛❜✐❧✐t② ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r T =
Te ❜❡ ❣✐✈❡♥✳ ❋♦r f(u) := (1 − u)−1✱ ✇❡ ❤❛✈❡ t❤❛t g = Tf ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(π, 2 + ω(M))✱
✐s M−❛s②♠♣t♦t✐❝ t♦ ĝ(z) =

∑∞
0 m(n)zn t❤❡r❡ ❛♥❞ g(z) → 0 ❛s |z| → ∞ ✉♥✐❢♦r♠❧② ❢♦r z ∈

S(π, 2 + γ) ❢♦r ❡✈❡r② γ < ω(M)✳ ▼♦r❡♦✈❡r✱

g(z)− g(ze2πi) = 2πie(1/z), z ∈ Sω(M). ✭✹✳✶✶✮

Pr♦♦❢✳ ❚❤❡ ❢✉♥❝t✐♦♥ f(u) ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❡❝t♦r S(π, 2) ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♦r✐❣✐♥✳ ❋♦r ❡✈❡r②
1 < β < 2✱ ✇❡ ❤❛✈❡ t❤❛t

|f(u)| ≤ 1

|1− u| ≤
1

sin(π − βπ/2)
, u ∈ S(π, β).

❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✹✳✸✳✺✱ ✇❡ ❤❛✈❡ t❤❛t g ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(π, 2+ω(M))✳ ❙✐♥❝❡ f ✐s ❝♦♥✈❡r❣❡♥t
❛t 0✱ ✇❡ ❤❛✈❡ t❤❛t f(z) ∼M′

∑∞
n=0 z

n ✇✐t❤ M′ = (1)n∈N0 ❛♥❞✱ ❜② ❘❡♠❛r❦ ✹✳✸✳✻✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
g ∼M

∑∞
n=0m(n)zn ♦♥ S(π, 2 + ω(M))✳

❚❤❡ ❜❡❤❛✈✐♦r ❛t ✐♥✜♥✐t② ❝❛♥ ❜❡ ❛❣❛✐♥ r❡❛❞ ♦✛ ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ❢♦❧❧♦✇s✳ ❲❡
✜① ❛ ❞✐r❡❝t✐♦♥ τ ∈ (0, 2π)✱ τ 6= π✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛ ❞✐r❡❝t✐♦♥ θ ∈ (−πω(M)/2, 2π + πω(M)/2)
s✉❝❤ t❤❛t |τ − θ| < πγ/2 < πω(M)/2✳ ❋♦r ❡✈❡r② z ∈ S(τ, γ) ✇✐t❤ arg(z) = θ✱ ✇❡ ❤❛✈❡ t❤❛t

g(z) =

∫ ∞

0
e

(
r

|z|e
i(τ−θ)

)
dr

r(1− reiτ )
=

∫ ∞

0
e(sei(τ−θ))

ds

s(1− s|z|eiτ ) .

❲❡ s♣❧✐t t❤❡ ✐♥t❡❣r❛❧ ✐♥t♦ t✇♦ ♣❛rts ❛♥❞ ✇❡ s❡❡ t❤❛t
∣∣∣∣∣

∫ 1/|z|1/2

0
e(sei(τ−θ))

ds

s(1− s|z|eiτ )

∣∣∣∣∣ ≤
1

inf0<s<∞{|1− s|z|eiτ |}

∫ 1/|z|1/2

0

|e(sei(τ−θ))|
s

ds.

■❢ τ ∈ (0, π/2) ∪ (3π/2, 2π)✱ ✇❡ ❤❛✈❡ t❤❛t

inf
0<s<∞

{|1− s|z|eiτ |} = | sin(τ)| 6= 0,

❛♥❞ ✐❢ τ ∈ [π/2, 3π/2] ✭τ 6= π✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

inf
0<s<∞

{|1− s|z|eiτ |} = 1 ≥ | sin(τ)| 6= 0.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t
∣∣∣∣∣

∫ 1/|z|1/2

0
e(sei(τ−θ))

ds

s(1− s|z|eiτ )

∣∣∣∣∣ ≤
1

| sin(τ)|

∫ 1/|z|1/2

0
sup

|φ|<πγ/2
|e(seiφ)|ds

s
. ✭✹✳✶✷✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✹✳✸✳ ▼❯▲❚■❙❯▼▼❆❇■▲■❚❨ ✶✺✼

❯s✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳✭✐✐✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ❝♦♥✈❡r❣❡♥t✳ ❙✉❜s❡✲
q✉❡♥t❧②✱ ✐t t❡♥❞s t♦ 0✱ ✉♥✐❢♦r♠❧② ❛s |z| ❣♦❡s t♦ ✐♥✜♥✐t② ✐♥ S(τ, γ)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ e ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ Sγ ❢♦r ❡✈❡r② |τ − θ| < πγ/2✱
t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t

∣∣∣∣∣

∫ ∞

1/|z|1/2
e(sei(τ−θ))

ds

s(1− s|z|eiτ )

∣∣∣∣∣ ≤ c

∫ ∞

1/|z|1/2

ds

s|1− s|z|eiτ | .

❲❡ ❤❛✈❡ t❤❛t |1− s|z|eiτ | ≥ |s|z| − 1| = |s|z|1/2|z|1/2 − 1|✳ ❙✐♥❝❡ ❛❧✇❛②s s|z|1/2 ≥ 1✱ ✐❢ |z|1/2 ≥ 1
✇❡ s❡❡ t❤❛t |1 − s|z|eiτ | ≥ s|z| − 1✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐❢ |z| > 4✱ ✇❡ ❤❛✈❡ t❤❛t 1/|z|1/2 > 2/|z|✱
t❤❡♥ s > 2/|z|✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ s|z| − 1 ≥ s|z|/2✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② z ∈ S(τ, γ) ✇✐t❤ |z| > 4 ✇❡
s❡❡ t❤❛t ∣∣∣∣∣

∫ ∞

1/|z|1/2
e(sei(τ−θ))

ds

s(1− s|z|eiτ )

∣∣∣∣∣ ≤
2c

|z|

∫ ∞

1/|z|1/2

ds

s2
=

2c

|z|1/2 . ✭✹✳✶✸✮

❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② t❡♥❞s t♦ 0 ❛s |z| ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❇② ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮✱ ✇❡
s❡❡ t❤❛t g(z) → 0 ❛s |z| → ∞ ✉♥✐❢♦r♠❧② ❢♦r z ∈ S(τ, γ)✳ ❇② ❛ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✱ ✇❡ s❡❡
t❤❛t g(z) → 0 ❛s |z| → ∞ ✇❤❡♥❡✈❡r z ∈ S(π, 2 + ω(M)) ✉♥✐❢♦r♠❧② ❢♦r z ∈ S(π, 2 + γ)✳

▲❡t θ ∈ R ❜❡ ❛ ❞✐r❡❝t✐♦♥ s✉❝❤ t❤❛t |θ| < πω(M)/2 ❛♥❞ z ∈ R ✇✐t❤ arg(z) = θ✳ ❚❤❡r❡ ❡①✐sts
ε ∈ (0, πω(M)/2) s✉❝❤ t❤❛t✿

✶✳ ❋♦r ❡✈❡r② u ∈ R ✇✐t❤ arg(u) = ε ✇❡ ❤❛✈❡ t❤❛t u/z ∈ Sω(M)✳

✷✳ ❋♦r ❡✈❡r② u ∈ R ✇✐t❤ arg(u) = 2π − ε ✇❡ ❤❛✈❡ t❤❛t u/ze2πi ∈ Sω(M)✳

❚❤❡♥✱ s✐♥❝❡ f ✐s s✐♥❣❧❡✲✈❛❧✉❡❞✱ ✇❡ ❤❛✈❡ t❤❛t

g(z)− g(ze2πi) =

∫ ∞(ε)

0

e(u/z)du

(1− u)u
−
∫ ∞(2π−ε)

0

e(u/(ze2πi))du

(1− u)u

=

∫ ∞(ε)

0

e(u/z)du

(1− u)u
−
∫ ∞(−ε)

0

e(w/z)dw

(1− w)w
.

❲❡ ❞❡♥♦t❡ ❜② γr t❤❡ ❛r❝ ♦❢ r❛❞✐✉s r > 1 ❢r♦♠ reiε t♦ re−iε ❝❧♦❝❦✇✐s❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

∣∣∣∣
∫

γr

e(u/z)du

(1− u)u

∣∣∣∣ =
∣∣∣∣
∫ ε

−ε

e(reiθ/z)idθ

(1− reiθ)

∣∣∣∣ ≤
∫ ε

−ε

|e(reiθ/z)|dθ
|r − 1| ≤ 2εc

hM(k|z|/r)
r − 1

≤ 2εc

r − 1
.

❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

lim
r→∞

|
∫

γr

e(u/z)du

(1− u)u
| = 0.

■❢ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❡s✐❞✉❡ ♦❢ hz(u) = e(u/z)/(u(1− u)) ❛t u = 1✱ ✇❡ s❡❡ t❤❛t

lim
u→1

e(u/z)

(1− u)u
(u− 1) = −e(1/z).

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❘❡s✐❞✉❡ t❤❡♦r❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

g(z)− g(ze2πi) = 2πie(1/z).

�

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❘❡♠❛r❦ ✹✳✸✳✽✳ ▲❡t e ❛♥❞ e ❜❡ t✇♦ M−s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s ✇❤♦s❡ ♠♦♠❡♥t s❡q✉❡♥❝❡ m =
(m(n))n∈N0 ✐s t❤❡ s❛♠❡✳ ❇② t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ❢♦r f(z) = 1/(1 − z)✱ ✇❡ ❤❛✈❡ t❤❛t Tef ∼M∑∞

n=0m(n)zn ❛♥❞ Tef ∼M

∑∞
n=0m(n)zn ♦♥ S(π, 2+ω(M))✳ ❖❜s❡r✈❡ t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ ❲❛ts♦♥✬s

▲❡♠♠❛✱ ❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ Tef = Tef ✳ ❇② ✭✹✳✶✶✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t e(z) = e(z)✳

❘❡♠❛r❦ ✹✳✸✳✾✳ ❙✐♥❝❡ g(z) → 0 ❛s |z| → ∞ ✉♥✐❢♦r♠❧② ❢♦r z ∈ S(π, 2 + γ) ❢♦r ❡✈❡r② γ < ω(M)✱
❜② ✭✹✳✶✶✮ ✇❡ ❛❧s♦ ❞❡❞✉❝❡ t❤❛t e(z) → 0✱ |z| → 0✱ ✉♥✐❢♦r♠❧② ❢♦r z ∈ Sγ ❢♦r ❡✈❡r② γ < ω(M)✱ ✇❤✐❝❤
❞♦❡s ♥♦t ❢♦❧❧♦✇ ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳

✹✳✸✳✷ ❙tr♦♥❣ ❦❡r♥❡❧s ♦❢ M−s✉♠♠❛❜✐❧✐t②

■♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ♦❢ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s✱ ✇❡ ♥❡❡❞ t♦ ❝♦♠❜✐♥❡ ❛ ❦❡r♥❡❧ e1 ♦❢
M1−s✉♠♠❛❜✐❧✐t② ✇✐t❤ ❛ ❦❡r♥❡❧ e2 ♦❢ M2−s✉♠♠❛❜✐❧✐t②✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❞❡✜♥❡ ♥❡✇ ❦❡r♥❡❧s e1 ∗ e2
❛♥❞ e1⊳e2 ✇❤♦s❡ s❡q✉❡♥❝❡s ♦❢ ♠♦♠❡♥ts ❛r❡ me1 ·me2 ❛♥❞ me2/me1 ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥
✐s ❜❛s❡❞ ♦♥ t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡ ❜② ❲✳ ❇❛❧s❡r ❬✼✱ ❙❡❝t✳ ✺✳✽❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤✐s
❣❡♥❡r❛❧ s✐t✉❛t✐♦♥✱ ❛ str♦♥❣❡r ♥♦t✐♦♥ ♦❢ s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤✐❝❤ ✇✐❧❧ ♥♦t
s✉♣♣♦s❡ ❛ s✐❣♥✐✜❝❛♥t r❡str✐❝t✐♦♥ ✭s❡❡ ❘❡♠❛r❦ ✹✳✸✳✶✸✮✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ✇✐t❤ ω(M) < 2✳ ❆ ♣❛✐r ♦❢ ❝♦♠♣❧❡①
❢✉♥❝t✐♦♥s e✱ E ❛r❡ s❛✐❞ t♦ ❜❡ str♦♥❣ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s ❢♦r M−s✉♠♠❛❜✐❧✐t② ✐❢✿

✭✐✮ e ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω(M)✳

✭✐✐✳❜✮ ■t ❡①✐sts α > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② τ ∈ (0, ω(M))✱ t❤❡r❡ ❡①✐st Cτ , ετ > 0 s✉❝❤ t❤❛t

|e(z)| ≤ Cτ |z|α, ❢♦r ❛❧❧ z ∈ Sτ , ✇✐t❤ |z| ≤ ετ .

✭✐✐✐✮ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐st c, k > 0 s✉❝❤ t❤❛t

|e(z)| ≤ chM

(
k

|z|

)
= c e−ωM(|z|/k), ❢♦r ❛❧❧ z ∈ Sω(M)−ε,

✇❤❡r❡ hM ❛♥❞ ωM ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ M ❞❡✜♥❡❞ ❜② ✭✶✳✹✮✳

✭✐✈✮ ❋♦r x ∈ R✱ x > 0✱ t❤❡ ✈❛❧✉❡s ♦❢ e(x) ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧✳

✭✈✮ ■❢ ✇❡ ❞❡✜♥❡ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ e✱

me(λ) :=

∫ ∞

0
tλ−1e(t)dt, Re(λ) ≥ 0,

❢r♦♠ (I)− (IV ) ✇❡ s❡❡ t❤❛t me(λ) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ {Re(λ) ≥ 0}✱ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ {Re(λ) >
0}✱ ❛♥❞ me(x) > 0 ❢♦r ❡✈❡r② x ≥ 0✳ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ E ❣✐✈❡♥ ❜②

E(z) =

∞∑

n=0

zn

me(n)
, z ∈ C,

✐s ❡♥t✐r❡✱ ❛♥❞ t❤❡r❡ ❡①✐st C,K > 0 s✉❝❤ t❤❛t

|E(z)| ≤ C

hM(K/|z|) = CeM(|z|/K), ❢♦r ❛❧❧ z ∈ C.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✈✐✳❜✮ ■t ❡①✐sts β > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② τ ∈ (0, 2− ω(M))✱ t❤❡r❡ ❡①✐st Kτ ,Mτ > 0 s✉❝❤ t❤❛t

|E(z)| ≤ Kτ

|z|β , ❢♦r ❛❧❧ z ∈ S(π, τ), ✇✐t❤ |z| ≥Mτ .

❘❡♠❛r❦ ✹✳✸✳✶✶✳ ■♥ ❝❛s❡ ω(M) ≥ 2✱ ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮ ♠❛❦❡s ♥♦ s❡♥s❡ ❛♥❞✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s
✐♥ ❬✼✱ ♣✳ ✾✵❪ ❛♥❞ ✐♥ ❘❡♠❛r❦ ✹✳✶✳✸✱ s✉✐t❛❜❧❡ ❛❞❛♣t❛t✐♦♥s s❤♦✉❧❞ ❜❡ ♠❛❞❡✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧
♦♠✐t t❤✐s s✐t✉❛t✐♦♥ ❢r♦♠ ♥♦✇ ♦♥✳

▲❡♠♠❛ ✹✳✸✳✶✷✳ ▲❡t M ❜❡ ❛ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡ ✇✐t❤ ω(M) < 2✳ ▲❡t e ❛♥❞ E ❜❡ ❛ ♣❛✐r ♦❢
❝♦♠♣❧❡① ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✱ t❤❡♥ t❤❡② ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳

Pr♦♦❢✳ ❲❡ ♦♥❧② ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t e ❛♥❞ E s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✭✐✐✮ ❛♥❞ ✭✈✐✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✱
r❡s♣❡❝t✐✈❡❧②✳ ❲❡ t❛❦❡ z0 ∈ Sω(M)✱ ✇❡ ✜① r0 > 0 ❛♥❞ τ0 ∈ (0, ω(M)) s✉❝❤ t❤❛t U := B(z0, r0) ⊆
Sτ0 ✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮✱ ✇❡ ❤❛✈❡ t❤❛t

|e(z)| ≤ C0|z|α, z ∈ Sτ0 , |z| ≤ ε0.

❋♦r t ∈ (0, ε0(|z0| − r0)) ❛♥❞ ❢♦r ❡✈❡r② z ∈ U ✇❡ ♦❜s❡r✈❡ t❤❛t t/z ∈ Sτ0 ❛♥❞ |t/z| ≤ ε0✳ ❚❤❡♥

∫ ε0(|z0|−r0)

0
sup
z∈U

|e(t/z)|dt
t

≤
∫ ε0(|z0|−r0)

0

C0t
α−1dt

(|z0| − r0)α
≤ C0ε

α
0

α
.

❲❡ ✜① T > 0✱ ✐❢ ε0(|z0| − r0) ≥ T ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ✐s ✐♠♠❡❞✐❛t❡❧② s❛t✐s✜❡❞✳ ■❢ ε0(|z0| − r0) < T ✇❡
❞❡✜♥❡ D0 := {t/z; z ∈ U, t ∈ [ε0(|z0| − r0), T ]} ⊆ Sτ0 ✱ ❜② ❝♦♥❞✐t✐♦♥ ✭✐✮✱ e ✐s ❝♦♥t✐♥✉♦✉s ♦♥ Sτ0
❛♥❞✱ s✐♥❝❡ D0 ✐s ❝♦♥t❛✐♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Sτ0 ✱ ✇❡ ❤❛✈❡ t❤❛t supw∈D0

|e(w)| = K0 <∞✳
❚❤❡♥ ∫ T

0
sup
z∈U

|e(t/z)|dt
t

≤ C0ε
α
0

α
+

TK0

ε0(|z0| − r0)
<∞.

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ✇✐❧❧ ✈❡r✐❢② ❝♦♥❞✐t✐♦♥ ✭✈✐✮✳ ❲❡ t❛❦❡ z0 ∈ S(π, 2 − ω(M))✱ ✇❡ ✜① r0 > 0 ❛♥❞
τ0 ∈ (0, 2− ω(M)) s✉❝❤ t❤❛t U := B(z0, r0) ⊆ S(π, τ0)✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮✱ ✇❡ ❤❛✈❡ t❤❛t

|E(z)| ≤ K0

|z|β , z ∈ S(π, τ0), |z| ≥M0.

❋♦r 0 < t ≤ (|z0| − r0)/M0 ❛♥❞ ❢♦r ❡✈❡r② z ∈ U ✇❡ ♦❜s❡r✈❡ t❤❛t z/t ∈ S(π, τ0) ❛♥❞ |z/t| ≥ M0✳
❚❤❡♥ ∫ (|z0|−r0)/M0

0
sup
z∈U

|E(z/t)|dt
t

≤
∫ (|z0|−r0)/M0

0

K0dt

(|z0| − r0)βt1−β
≤ K0

Mβ
0 β

,

❛♥❞✱ s✐♥❝❡ E ✐s ❡♥t✐r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ ❛s ❜❡❢♦r❡✳ �

❘❡♠❛r❦ ✹✳✸✳✶✸✳ ■♥ ❣❡♥❡r❛❧✱ t❤❛♥❦s t♦ ❘❡♠❛r❦ ✹✳✸✳✾ ♦♥❡ ❝❛♥ ♦♥❧② ❣✉❛r❛♥t❡❡ t❤❛t e t❡♥❞s t♦ 0 ✐♥
t❤❡ r❡❣✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ ✭✐✐✳❜✮ ❜✉t ✐t s❡❡♠s ♥♦t ♣♦ss✐❜❧❡ t♦ ❡♥s✉r❡ t❤❛t ✐t ❤❛s ♣♦✇❡r✲❧✐❦❡ ❣r♦✇t❤✱
❧✐❦❡✇✐s❡ ❢♦r E✳

❍♦✇❡✈❡r✱ ❡✐t❤❡r t❤❡ ❝❧❛ss✐❝❛❧ ❦❡r♥❡❧s ✐♥ t❤❡ ●❡✈r❡② t❤❡♦r② ek(z) = kzk exp(−zk) ✭s❡❡ ❬✼❪✮✱ ♦r
t❤❡ ♥❡✇ ♦♥❡s eV (z) = z exp(−V (z))✱ ❝♦♥str✉❝t❡❞ ❢♦r s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r ✭s❡❡ ❘❡♠❛r❦ ✹✳✶✳✹✮✱ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s V ❞❡✜♥❡❞ ✐♥ ❬✻✺❪ ✭s❡❡ ❬✻✵✱ ❚❤✳ ✹✳✽✱ Pr♦♣✳ ✹✳✶✶❪✮✱
s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✭✐✐✳❜✮ ❛♥❞ ✭✈✐✳❜✮ ✭s❡❡ ✭✹✳✹✮✱ ✭✹✳✺✮✮✳

▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ✇❛♥t t♦ ♣r♦♦❢ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✐✐✮ ♦r ✭✈✐✮ ✐♥ s♦♠❡ ❝♦♥❝r❡t❡ ❡①❛♠✲
♣❧❡✱ ✇❡ ❡♥❞ ✉♣ s❤♦✇✐♥❣ ❡st✐♠❛t❡s s✐♠✐❧❛r t♦ t❤♦s❡ ❛♣♣❡❛r✐♥❣ ✐♥ ✭✐✐✳❜✮ ❛♥❞ ✭✈✐✳❜✮✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❘❡♠❛r❦ ✹✳✸✳✶✹✳ ❚❤✐s str♦♥❣❡r ♥♦t✐♦♥ ♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❛ss✉r❡ t❤❛t t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❛♥❞
t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧s✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s✉❜s❡❝t✐♦♥s ❢r♦♠ t✇♦ ❣✐✈❡♥ ❦❡r♥❡❧s e1 ❛♥❞
e2✱ ❛❧s♦ s❛t✐s❢② ❛❞❡q✉❛t❡ ✐♥t❡❣r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ✇❤✐❝❤ s❡❡♠ ♥♦t t♦ ❜❡ ♣r❡s❡r✈❡❞ ✐♥ t❤❡ st❛♥❞❛r❞
s✐t✉❛t✐♦♥✳

❘❡♠❛r❦ ✹✳✸✳✶✺✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ♦♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮ ♦r ✭✈✐✳❜✮ ✐s s❛t✐s✜❡❞ ❢♦r s♦♠❡ ✈❛❧✉❡s
α ❛♥❞ β✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡♣❧❛❝❡ α ❢♦r ❛♥② 0 < α′ < α ❛♥❞ β ❢♦r ❛♥② 0 < β′ < β ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✳

✹✳✸✳✸ ❈♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ str♦♥❣ ❦❡r♥❡❧s e1 ❛♥❞ e2 s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ✐♥ ❉❡✜✲
♥✐t✐♦♥ ✹✳✸✳✶✵ ❢♦r t✇♦ s❡q✉❡♥❝❡s M1 ❛♥❞ M2 ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦rs Tej , T

−
ej ❛♥❞ ♠♦♠❡♥t

❢✉♥❝t✐♦♥s mej (λ) ❢♦r j = 1, 2✳ ❲❡ ✇✐❧❧ ✜♥❞ ❛ ♣❛✐r ♦❢ ♦♣❡r❛t♦rs T, T− s✉❝❤ t❤❛t T ❝♦✐♥❝✐❞❡s ✇✐t❤
Te1 ◦ Te2 ❢♦r ❛ s✉✐t❛❜❧❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠♦♥♦♠✐❛❧s✳ ❍❡♥❝❡✱ ✇❡ ✇✐❧❧ ❞❡❞✉❝❡ t❤❛t
t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ m(λ) ❛ss♦❝✐❛t❡❞ ✇✐t❤ T ❡q✉❛❧s me1(λ)me2(λ)✳ ❚❤❡ ❦❡r♥❡❧ t❤❛t ❞❡✜♥❡s t❤❡
♦♣❡r❛t♦r T ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ ▼❡❧❧✐♥ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧s e1 ❛♥❞ e2✱ ✇❤✐❝❤ ❥✉st✐✜❡s ✐ts
♥❛♠❡✳

❋✐rst✱ ✇❡ ♣r♦✈❡ ❛♥ ❛✉①✐❧✐❛r② ❧❡♠♠❛ t❤❛t ❝♦♥♥❡❝ts t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ ✇❡✐❣❤t
s❡q✉❡♥❝❡s M1 ❛♥❞ M2 ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r ♣r♦❞✉❝t s❡q✉❡♥❝❡ M1 ·M2✳ ❚❤✐s ✇✐❧❧
❜❡ ❡ss❡♥t✐❛❧ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss❡s OM1 ✱ OM2 ❛♥❞ OM1·M2 ✳

▲❡♠♠❛ ✹✳✸✳✶✻✳ ▲❡t Mj ✱ j = 1, 2✱ ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ❢♦r ❡✈❡r② s, r > 0 ✇❡ ❤❛✈❡ t❤❛t

eωM1·M2
(r) ≤ eωM1

(s)eωM2
(r/s). ✭✹✳✶✹✮

Pr♦♦❢✳ ❲❡ ✇r✐t❡ M1 = (M1,p)p∈N0 ❛♥❞ M2 = (M2,p)p∈N0 ✳ ❋♦r ❡✈❡r② s, r > 0✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

eωM1·M2
(r) = sup

p∈N0

rp

M1,pM2,p
= sup

p∈N0

sp

M1,p

(r/s)p

M2,p
≤ sup

p∈N0

sp

M1,p
sup
p∈N0

(r/s)p

M2,p
= eωM1

(s)eωM2
(r/s).

�

❘❡♠❛r❦ ✹✳✸✳✶✼✳ ❲❡ s❛② t❤❛t ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ✐s ♥♦r♠❛❧✐③❡❞ ✐❢ m0 = M1 = 1✱ ✇❤✐❝❤ ❜②
❧♦❣✲❝♦♥✈❡①✐t② ✐♠♣❧✐❡s t❤❛t mp ≥ 1✱ Mp ≤Mp+1 ❛♥❞ Mp ≥ 1 ❢♦r ❛❧❧ p ∈ N0✳

●✐✈❡♥ t✇♦ ♥♦r♠❛❧✐③❡❞ ✇❡✐❣❤t s❡q✉❡♥❝❡s L ❛♥❞ M✱ t❤❡♥

min(ωL(t), ωM(t)) ≥ ωL·M(t) ❢♦r t > 0. ✭✹✳✶✺✮

✇❤✐❝❤ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s s✐♥❝❡ Lp ≤ LpMp ❛♥❞
Mp ≤ LpMp ❢♦r ❛❧❧ p ∈ N0✳

❋♦r ❛r❜✐tr❛r② ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ✭✹✳✶✺✮ ✐s s❛t✐s✜❡❞ ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳ ❍♦✇❡✈❡r✱ ♥♦r♠❛❧✐③❛t✐♦♥
✐s ♥♦t ❛ s✐❣♥✐✜❝❛♥t r❡str✐❝t✐♦♥ s✐♥❝❡ mp ≥ 1 ❢♦r p ❧❛r❣❡ ❛♥❞ ✇❡ ❝❛♥ ♠♦❞✐❢② t❤❡ ✜rst t❡r♠s ♦❢ ❛
s❡q✉❡♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✶✳✶✳✶✾ ❣❡tt✐♥❣ ❛ ♥♦r♠❛❧✐③❡❞ ✇❡✐❣❤t s❡q✉❡♥❝❡ M′ ✇✐t❤ ♠′ ≃ ♠✳
❚❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s ✐♥ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ✇❛② t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❢♦rt❤❝♦♠✐♥❣ r❡s✉❧ts✳

❘❡♠❛r❦ ✹✳✸✳✶✽✳ ❚❤❡ r❡s✉❧ts ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r ♠✐❣❤t ❜❡ ✈❛❧✐❞ ❢♦r ♥♦r♠❛❧✐③❡❞ str♦♥❣❧②
r❡❣✉❧❛r s❡q✉❡♥❝❡s s✉❝❤ t❤❛t ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ✇✐t❤ t❤❡♠ ❛ str♦♥❣ ❦❡r♥❡❧✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡
❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❦❡r♥❡❧s ❤❛s ♦♥❧② ❜❡❡♥ ♣r♦✈❡❞ ❢♦r s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r ✇❤✐❝❤✱ ❛s ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❘❡♠❛r❦ ✷✳✷✳✶✽✱ ❛r❡ t❤❡ ♦♥❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳
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■♥ t❤❡ s❡❝♦♥❞ ♣❧❛❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞♦✉❜❧❡ ✐♥t❡✲
❣r❛❧ ✭✹✳✶✻✮ t❤❛t ✇✐❧❧ ❡♥s✉r❡ t❤❛t t❤❡ ♦♣❡r❛t♦rs T ❛♥❞ Te1 ◦ Te2 ❝♦✐♥❝✐❞❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✾✳ ▲❡t Mj ✱ j = 1, 2✱ ❜❡ ♥♦r♠❛❧✐③❡❞ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❲❡ ❝♦♥s✐❞❡r str♦♥❣ ❦❡r♥❡❧s ej ❢♦r Mj−s✉♠♠❛❜✐❧✐t②✱ ✐ts ♠♦♠❡♥t ❢✉♥❝t✐♦♥ mej

❛♥❞ Tej t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛♣❧❛❝❡✲❧✐❦❡ ♦♣❡r❛t♦rs✳ ■❢ f ∈ OM1·M2(S(d, γ))✱ t❤❡♥ ✐t ❡①✐sts ❛
s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, γ+ω(M1)+ω(M2)) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z0 ∈ G(d, γ+ω(M1)+ω(M2)) t❤❡r❡
❡①✐st ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U0 ⊆ G(d, γ+ω(M1)+ω(M2)) ♦❢ z0 ❛♥❞ ❞✐r❡❝t✐♦♥s θ ❛♥❞ φ ✭❞❡♣❡♥❞✐♥❣ ♦♥
z0✮ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡

∫ ∞(θ+φ)

0

∫ ∞(θ)

0

∣∣∣∣e1
(v
z

)
e2

(u
v

)
f(u)

du

u

dv

v

∣∣∣∣ <∞, ✭✹✳✶✻✮

❢♦r ❡✈❡r② z ∈ U0✳ ❈♦♥s❡q✉❡♥t❧②✱ Te1 ◦ Te2(f)(z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ t❤❡ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, γ +
ω(M1) + ω(M2)) ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t

Te1 ◦ Te2(f)(z) =
∫ ∞(θ)

0
f(u)

(∫ ∞(φ)

0
e1(wu/z)e2(1/w)

dw

w

)
du

u
.

Pr♦♦❢✳ ❲❡ ✇r✐t❡ M1 = (M1,p)p∈N0 ❛♥❞ M2 = (M2,p)p∈N0 ❛♥❞✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ω1 = ω(M1) ❛♥❞
ω2 = ω(M2)✳

❲❡ ✜① ψ0 ∈ (d− (ω1 + ω2 + γ)π/2, d+ (γ + ω1 + ω2)π/2)✱ ✇❡ ❝❤♦♦s❡ ❞✐r❡❝t✐♦♥s τ1 ∈ (0, ω1)✱
τ2 ∈ (0, ω2)✱ τ3 ∈ (0, γ)✱ θ ❛♥❞ φ ✇✐t❤ |θ − d| < τ3π/2 ❛♥❞ |φ| ≤ πτ2/2 s✉❝❤ t❤❛t

|θ + φ− ψ0| < πτ1/2. ✭✹✳✶✼✮

❚❤❡♥✱ ✐t ❡①✐sts ε > 0✱ s✉❝❤ t❤❛t [ψ0 − ε, ψ0 + ε] ⊆ (d − (ω1 + ω2 + γ)π/2, d + (γ + ω1 +
ω2)π/2) ❛♥❞ ✭✹✳✶✼✮ r❡♠❛✐♥s tr✉❡ ✐❢ ✇❡ r❡♣❧❛❝❡ ψ0 ❜② ψ ❢♦r ❡✈❡r② ψ ∈ (ψ0 − ε, ψ0 + ε)✳ ❇②
❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵ ✭✐✐✳❜✮✱ ❢♦r e1 ❛♥❞ e2 ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st α1, α2 > 0 ✭♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ τ1
❛♥❞ τ2✮✱ ❛♥❞ ❝♦♥st❛♥ts C1, C2 > 0✱ ε1, ε2 ∈ (0, 1) s✉❝❤ t❤❛t

|e1(w)| ≤C1|w|α1 , w ∈ Sτ1 , |w| ≤ ε1, ✭✹✳✶✽✮

|e2(w)| ≤C2|w|α2 , w ∈ Sτ2 , |w| ≤ ε2. ✭✹✳✶✾✮

❯s✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮✱ ❢♦r e1 ❛♥❞ e2✱ t❤❡r❡ ❡①✐st d1, d2, k1, k2 > 0 s✉❝❤ t❤❛t

|e1(w)| ≤ d1 e
−ωM1

(k1|w|), w ∈ Sτ1 , ✭✹✳✷✵✮

|e2(w)| ≤ d2 e
−ωM2

(k2|w|), u ∈ Sτ2 . ✭✹✳✷✶✮

❙✐♥❝❡ f ∈ OM1·M2(S(d, γ))✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st d3, k3 > 0 s✉❝❤ t❤❛t

|f(w)| ≤ d3 e
ωM1·M2

(k3|w|), w ∈ S(d, τ3). ✭✹✳✷✷✮

◆♦✇✱ ✇❡ ❞❡✜♥❡ k4 := max(ε2, A2/k2) ✇❤❡r❡ A2 ✐s t❤❡ ❝♦♥st❛♥t ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✳✽✮ ❢♦r M2 ❛♥❞
s = 2✳ ❲❡ ✜① z0 ∈ S(d, γ + ω1 + ω2)✱ ✇✐t❤ arg(z0) ∈ (ψ0 − ε, ψ0 + ε) ❛♥❞ |z0| < k1/(k3k4A1)✱
✇❤❡r❡ A1 ✐s t❤❡ ❝♦♥st❛♥t ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✳✽✮ ❢♦r M1 ❛♥❞ s = 1✳ ❲❡ ❝♦♥s✐❞❡r U0 := B(z0, ρ0)
❝❡♥t❡r❡❞ ✐♥ z0 s✉❝❤ t❤❛t U0 ⊆ S(ψ0, ε, k1/(k3k4A1))✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✹✳✶✻✮✱ ♣❛r❛♠❡tr✐③✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ❛♥❞ ✉s✐♥❣ ❚♦♥❡❧❧✐✬s ❚❤❡♦r❡♠✱ ✐t ✐s ❡♥♦✉❣❤
t♦ s❤♦✇ t❤❛t ∫ ∞

0

∣∣∣∣∣e1
(
sei(θ+φ)

z

)∣∣∣∣∣

(∫ ∞

0

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

)
ds

s
<∞,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❢♦r ❡✈❡r② z ∈ U0✳ ❲❡ ✜① α < min(α1, 1) ❛♥❞

s0 = min(1, k2/(k3A1,2), ε1(|z0| − ρ0)),

✇❤❡r❡ A1,2 ✐s t❤❡ ❝♦♥st❛♥t ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✳✽✮ ❢♦r M1 ·M2 ❛♥❞ s = 2✳ ❋♦r ❛❧❧ s < s0✱ ✇❡ ♦❜s❡r✈❡
t❤❛t

I(s) :=

∫ ∞

0

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

=

(∫ ε2s

0
+

∫ ε2sα

ε2s
+

∫ ∞

ε2sα

) ∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r
.

❲❡ s♣❧✐t t❤❡ ✐♥t❡❣r❛❧ ✐♥t♦ t❤r❡❡ ♣❛rts Ij(s) ❢♦r j = 1, 2, 3 ❞❡✜♥❡❞ ❜❡❧♦✇✳ ❙✐♥❝❡ r/(seiφ) ∈ Sτ2 ❛♥❞
|r/(seiφ)| ≤ ε2 ❢♦r ❛❧❧ r ∈ (0, ε2s)✱ ❜② ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✷✮✱ ✇❡ ❤❛✈❡ t❤❛t

I1(s) :=

∫ ε2s

0

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

≤ C2d3
sα2

∫ ε2s

0
rα2eωM1·M2

(k3r)dr

r
.

❯s✐♥❣ t❤❛t ωM1M2(k3r) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✇❡ s❡❡ t❤❛t

I1(s) ≤
C2d3ε

α2
2

α2
exp(ωM1·M2(k3ε2s)). ✭✹✳✷✸✮

❇② ✭✹✳✷✶✮ ❛♥❞ ✭✹✳✷✷✮✱ ✇❡ s❡❡ t❤❛t

I2(s) :=

∫ ε2sα

ε2s

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

≤ d2d3

∫ ε2sα

ε2s
e−ωM2

(k2r/s)eωM1·M2
(k3r)dr

r
.

❯s✐♥❣ ❛❣❛✐♥ t❤❛t ωM1·M2(k3r) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❛t

exp(−ωM2(k2r/s)) = hM2(s/(k2r)) = inf
p∈N0

M2,p
sp

(k2r)p
≤M2,1

s

k2r
, ✭✹✳✷✹✮

✇❡ ❣❡t t❤❛t

I2(s) ≤
d2d3M2,1

k2
s exp(ωM1·M2(k3ε2s

α))

∫ ε2sα

ε2s

dr

r2
≤ d2d3M2,1

k2ε2
exp(ωM1·M2(k3ε2s

α)). ✭✹✳✷✺✮

❇② ✭✹✳✷✶✮ ❛♥❞ ✭✹✳✷✷✮ ❛❣❛✐♥✱ ✇❡ ❝❛♥ s❡❡ t❤❛t

I3(s) :=

∫ ∞

ε2sα

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

≤ d2d3

∫ ∞

ε2sα
e−ωM2

(k2r/s)eωM1·M2
(k3r)dr

r
.

❯s✐♥❣ ✭✹✳✶✺✮ ❛♥❞ ▲❡♠♠❛ ✶✳✶✳✷✹ ❢♦r ωM1·M2 ✱ ✇❡ s❡❡ t❤❛t

I3(s) ≤ d2d3

∫ ∞

ε2sα
e−ωM1·M2

(k2r/s)eωM1·M2
(k3r)dr

r
≤ d2d3

∫ ∞

ε2sα
e−2ωM1·M2

((k2r)/(sA1,2))+ωM1·M2
(k3r)dr

r
.

❙✐♥❝❡ ωM1·M2(t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ s < s0 ≤ k2/(k3A1,2)✱ ✇❡ ❤❛✈❡ t❤❛t

I3(s) ≤ d2d3

∫ ∞

ε2sα
e−ωM1·M2

(k3r)dr

r
.

❋✐♥❛❧❧②✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ωM1·M2(t) ✇❡ ♦❜t❛✐♥

I3(s) ≤ d2d3

∫ ∞

ε2sα

M1,1M2,1

k3r2
dr =

d2d3M1,1M2,1

k3ε2sα
. ✭✹✳✷✻✮
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❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✹✳✷✸✮✱ ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮✱ ❢♦r ❛❧❧ s < s0 ✇❡ s❡❡ t❤❛t

I(s) ≤ C2d3ε
α2
2

α2
exp(ωM1·M2(k3ε2s0)) +

d2d3M2,1

k2ε2
exp(ωM1·M2(k3ε2s

α
0 )) +

d2d3M1,1M2,1

k3ε2sα

= a1 +
a2
sα
. ✭✹✳✷✼✮

◆♦✇✱ ❢♦r ❡✈❡r② s ≥ s0 ✇❡ s♣❧✐t t❤❡ ✐♥t❡❣r❛❧ ✐♥t♦ t✇♦ ♣❛rts Ĩj(s) ❢♦r j = 1, 2✳ ❙✐♥❝❡ r/(seiφ) ∈ Sτ2
❛♥❞ |r/(seiφ)| ≤ ε2 ❢♦r ❛❧❧ r ∈ (0, ε2s)✱ ❜② ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✷✮✱ ❛s ❜❡❢♦r❡ ✇❡ ❣❡t t❤❛t

Ĩ1(s) :=

∫ ε2s

0

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

≤ C2d3
sα2

∫ ε2s

0
rα2eωM1·M2

(k3r)dr

r
.

❯s✐♥❣ ✭✹✳✶✺✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ωM1(t)✱ ✇❡ s❡❡ t❤❛t

Ĩ1(s) ≤
C2d3ε

α2
2

α2
exp(ωM1(k3ε2s)). ✭✹✳✷✽✮

❇② ✭✹✳✷✶✮ ❛♥❞ ✭✹✳✷✷✮ ❛❣❛✐♥✱ ✇❡ ❝❛♥ s❡❡ t❤❛t

Ĩ2(s) :=

∫ ∞

ε2s

∣∣∣e2
( r

seiφ

)∣∣∣ |f(reiθ)|dr
r

≤ d2d3

∫ ∞

ε2s
e−ωM2

(k2r/s)eωM1·M2
(k3r)dr

r
.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✳✶✳✷✹ t♦ ωM2 ❛♥❞ ❜② ✭✹✳✶✹✮ ✇❡ ❝❛♥ s❤♦✇ t❤❛t

Ĩ2(s) ≤ d2d3

∫ ∞

ε2s
e−2ωM2

(k2r/(sA2))eωM1
(k3A2s/k2)eωM2

(k2r/(sA2))dr

r
.

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ωM2(t)✱ ❛s ✐♥ ✭✹✳✷✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

Ĩ2(s) ≤ d2d3e
ωM1

(k3A2s/k2)

∫ ∞

ε2s
e−ωM2

(k2r/(sA2))dr

r
≤ d2d3A2M2,1

k2ε2
eωM1

(k3A2s/k2).

❚♦❣❡t❤❡r ✇✐t❤ ✭✹✳✷✽✮✱ ❢♦r ❛❧❧ s ≥ s0 ✇❡ ❣❡t t❤❛t

I(s) ≤ C2d3ε
α2
2

α2
exp(ωM1(k3ε2s)) +

d2d3A2M2,1

k2ε2
exp(ωM1(k3A2s/k2)).

❙✐♥❝❡ k4 = max(ε2, A2/k2) ❛♥❞ ωM1(t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❡✈❡r② s ≥ s0 ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t

I(s) ≤ b1 exp(ωM1(k3k4s)). ✭✹✳✷✾✮

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥② z ∈ U0 ❛♥❞ ❛♥② s ∈ (0, s0) ✇❡ ❤❛✈❡ t❤❛t sei(θ+φ)/z ∈ Sτ1 ❛♥❞ s/|z| ≤
s0/|z| ≤ ε1 ❛♥❞✱ ❜② ✭✹✳✶✽✮ ❛♥❞ ✭✹✳✷✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

J1(z) :=

∫ s0

0

∣∣∣∣∣e1
(
sei(θ+φ)

z

)∣∣∣∣∣ I(s)
ds

s
≤ C1

|z|α1

∫ s0

0
(a1s

α1 + a2s
α1−α)

ds

s
.

❙✐♥❝❡ α < α1✱ ❢♦r ❡✈❡r② z ∈ U0 ✇❡ s❡❡ t❤❛t

∫ s0

0

∣∣∣∣∣e1
(
sei(θ+φ)

z

)∣∣∣∣∣ I(s)
ds

s
≤ C1a1s

α1
0

α1(|z0| − ρ0)α1
+

C1a2s
α1−α
0

(α1 − α)(|z0| − ρ0)α1
. ✭✹✳✸✵✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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■♥ t❤❡ s❛♠❡ ✇❛②✱ ❛♣♣❧②✐♥❣ ✭✹✳✷✵✮ ❛♥❞ ✭✹✳✷✾✮✱ ✇❡ ❣❡t t❤❛t

J2(z) :=

∫ ∞

s0

∣∣∣∣∣e1
(
sei(θ+φ)

z

)∣∣∣∣∣ I(s)
ds

s
≤d1b1

∫ ∞

s0

exp(−ωM1(sk1/|z|) + ωM1(k3k4s))
ds

s
.

❇② ▲❡♠♠❛ ✶✳✶✳✷✹ ❢♦r ωM1 ❛♥❞ s✐♥❝❡ |z| < k1/(k3k4A1) ❢♦r ❡✈❡r② z ∈ U0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

J2(z) ≤ d1b1

∫ ∞

s0

exp(−2ωM1(sk1/(|z|A1)) + ωM1(k3k4s))
ds

s
≤ d1b1

∫ ∞

s0

exp(−ωM1(k3k4s))
ds

s
,

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ωM1(t)✱ ❛s ✐♥ ✭✹✳✷✹✮✱ ✇❡ ❣❡t t❤❛t

J2(z) ≤
M1,1

k3k4s0
. ✭✹✳✸✶✮

❋r♦♠ ✭✹✳✸✵✮ ❛♥❞ ✭✹✳✸✶✮✱ ✇❡ s❡❡ t❤❛t ✭✹✳✶✻✮ ❤♦❧❞s✳
❍❡♥❝❡✱ ❜② t❤❡ ▲❡✐❜♥✐③✬s r✉❧❡ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧

∫ ∞(θ+φ)

0

∫ ∞(θ)

0
e1

(v
z

)
e2

(u
v

)
f(u)

du

u

dv

v
✭✹✳✸✷✮

❞❡✜♥❡s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ U0✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷✱
t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥s φ ❛♥❞ θ✱ s♦ ✐t ❞❡✜♥❡s ❛
❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, γ + ω1 + ω2) ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t

Te1 ◦ Te2(f)(z) =
∫ ∞(θ+φ)

0
e1(v/z)(Te2f)(v)

dv

v
=

∫ ∞(θ+φ)

0

∫ ∞(θ)

0
e1

(v
z

)
e2

(u
v

)
f(u)

du

u

dv

v
,

✇❤❡r❡ θ ❛♥❞ φ ✭❞❡♣❡♥❞✐♥❣ ♦♥ z✮ ❛r❡ ❝❤♦s❡♥ ❛s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡
❞♦✉❜❧❡ ✐♥t❡❣r❛❧ ✐♥ ✭✹✳✸✷✮ ❝♦♥✈❡r❣❡s ❢♦r ❛♥② z ∈ G(d, γ+ω1+ω2)✱ ❛♣♣❧②✐♥❣ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ❛♥❞
♠❛❦✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s v = wu✱ ✇❡ s❡❡ t❤❛t

Te1 ◦ Te2(f)(z) =
∫ ∞(θ)

0
f(u)

(∫ ∞(φ)

0
e1(wu/z)e2(1/w)

dw

w

)
du

u
.

�

❘❡♠❛r❦ ✹✳✸✳✷✵✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛st ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥② f ∈ OM1·M2(S)
✇❡ ❤❛✈❡ Te2(f) ∈ OM1(S(d, γ + ω(M2))) ✭s❡❡ ✭✹✳✷✼✮✰✭✹✳✷✾✮✮✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❝❧❛ss✐❝❛❧ ●❡✈r❡②
r❡s✉❧t✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥str✉❝t t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ♦❢ t✇♦ str♦♥❣ ❦❡r♥❡❧s ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t ✐t ✐s ❛❧s♦
❛ str♦♥❣ ❦❡r♥❡❧ ♦❢ M1 ·M2−s✉♠♠❛❜✐❧✐t②✳
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✶✳ ▲❡t Mj ✱ j = 1, 2✱ ❜❡ ♥♦r♠❛❧✐③❡❞ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❆ss✉♠❡ ω(M1)+ω(M2) < 2 ❛♥❞ ❝♦♥s✐❞❡r str♦♥❣ ❦❡r♥❡❧s ej ♦❢Mj−s✉♠♠❛❜✐❧✐t②✱
✐ts ♠♦♠❡♥t ❢✉♥❝t✐♦♥ mej ❛♥❞ Tej , T

−
ej t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛♣❧❛❝❡ ♦r ❇♦r❡❧ ♦♣❡r❛t♦rs✳

✶✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ e1 ❛♥❞ e2✱ ❞❡♥♦t❡❞ e1 ∗ e2✱ ❜②

e1 ∗ e2(z) := Te1(e2(1/u))(1/z).

❚❤❡♥✱ e1 ∗ e2 ✐s ❛ str♦♥❣ ❦❡r♥❡❧ ♦❢ M1 ·M2−s✉♠♠❛❜✐❧✐t② ✇❤♦s❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ✐s m(λ) =
me1(λ)me2(λ)✳ ▼♦r❡♦✈❡r ✐❢ E1 ❛♥❞ E ❛r❡ t❤❡ ❦❡r♥❡❧s ❛ss♦❝✐❛t❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳✭✈✮
✇✐t❤ e1 ❛♥❞ e1 ∗ e2✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡ t❤❛t

E(z) = T−e2E1(z).

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ e1 ∗ e2 ✐s t❤❡ ✉♥✐q✉❡ ♠♦♠❡♥t s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧ ✇✐t❤ ♠♦♠❡♥t s❡q✉❡♥❝❡
(m(p) = me1(p)me2(p))p∈N0 ✳

✸✳ ▲❡t Te1 ∗ Te2 ❞❡♥♦t❡ t❤❡ ▲❛♣❧❛❝❡✲❧✐❦❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ e1 ∗ e2✳ ■❢ S ✐s ❛♥
✉♥❜♦✉♥❞❡❞ s❡❝t♦r ❛♥❞ f ∈ OM1·M2(S)✱ t❤❡♥

(Te1 ∗ Te2)f = Te1 ◦ Te2(f).

✹✳ ❲❡ ❝♦♥s✐❞❡r f(u) = (1− u)−1✳ ❲❡ ❞❡✜♥❡ g(z) := ((Te1 ◦ Te2)f)(z) ❛♥❞

e(1/z) :=
g(z)− g(ze2πi)

2πi
.

❚❤❡♥✱ e ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ Sω(M1)+ω(M2) ❛♥❞ e(z) = e1 ∗ e2(z)✳

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ω1 = ω(M1) ❛♥❞ ω2 = ω(M2)✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ω(M1 · M2) =
ω1 + ω2 ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✵✮✳

✶✳ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ e1 ∗ e2(z) = Te1(e2(1/u))(1/z) ❤❛s t❤❡ ♥❡❝❡ss❛r② ♣r♦♣❡rt✐❡s
❢♦r ❛ str♦♥❣ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ ♦❢M1 ·M2−s✉♠♠❛❜✐❧✐t②✱ ❛s ❧✐st❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳ ❙✐♥❝❡ t❤❡
❢✉♥❝t✐♦♥ e2(1/u) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2 ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ ❡✈❡r② s❡❝t♦r Sβ ✇✐t❤ 0 < β < ω2✱
❜② ▲❡♠♠❛ ✹✳✸✳✺✱ ✇❡ ❤❛✈❡ t❤❛t Te1(e2(1/u))(z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω1+ω2 ✇❤✐❝❤ ♣r♦✈❡s ✭✐✮✳

❘❡❣❛r❞✐♥❣ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮✱ ✇❡ ✜① τ ∈ (0, ω1+ω2) ❛♥❞ ✇❡ t❛❦❡ τ1 ∈ (0, ω1)
❛♥❞ τ2 ∈ (0, ω2) s✉❝❤ t❤❛t τ < τ1 + τ2✳ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵ ✭✐✐✳❜✮ ❢♦r e1 ❛♥❞ e2 ✇❡
❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st α1, α2 > 0 ✭♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ τ1 ❛♥❞ τ2✮✱ ❛♥❞ ❝♦♥st❛♥ts C1, C2 > 0✱
ε1, ε2 ∈ (0, 1) s✉❝❤ t❤❛t

|e1(z)| ≤C1|z|α1 , z ∈ Sτ1 , |z| ≤ ε1, ✭✹✳✸✸✮

|e2(z)| ≤C2|z|α2 , z ∈ Sτ2 , |z| ≤ ε2. ✭✹✳✸✹✮

❲❡ ✜① z ∈ Sτ ✇✐t❤ |z| ≤ (ε1ε2)
2 ❛♥❞ ✇❡ ❝❤♦♦s❡ |θ| < πτ2/2✱ s✉❝❤ t❤❛t zeiθ ∈ Sτ1 ✳ ❲❡ ❤❛✈❡

t❤❛t

|e1 ∗ e2(z)| =
∣∣∣∣∣

∫ ∞(θ)

0
e1(uz)e2

(
1

u

)
du

u

∣∣∣∣∣

≤
∫ ε1/|z|1/2

0

∣∣∣∣e1(reiθz)e2
(

1

reiθ

)∣∣∣∣
dr

r
+

∫ ∞

ε1/|z|1/2

∣∣∣∣e1(reiθz)e2
(

1

reiθ

)∣∣∣∣
dr

r
.

■❢ r ≤ ε1/|z|1/2✱ ✇❡ ❤❛✈❡ t❤❛t |reiθz| ≤ ε1|z|1/2 ≤ ε21ε2 ≤ ε1✱ ❛♥❞ ✐❢ r ≥ ε1/|z|1/2✱ ✇❡ s❡❡
t❤❛t |1/(reiθ)| ≤ |z|1/2/ε1 ≤ ε2✳ ❆♣♣❧②✐♥❣ ✭✹✳✸✸✮ ❛♥❞ ✭✹✳✸✹✮✱ ✇❡ ♦❜t❛✐♥

|e1 ∗ e2(z)| ≤ C1|z|α1

∫ ε1/|z|1/2

0

∣∣∣∣e2
(

1

reiθ

)∣∣∣∣
dr

r1−α1
+ C2

∫ ∞

ε1/|z|1/2

∣∣∣e1(reiθz)
∣∣∣ dr

r1+α2
.

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❢♦r e1 ❛♥❞ e2✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts D1, D2 s✉❝❤ t❤❛t
|e1(w)| ≤ D1 ❢♦r ❡✈❡r② w ∈ Sτ1 ❛♥❞ |e2(w)| ≤ D2 ❢♦r ❡✈❡r② w ∈ Sτ2 ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

|e1 ∗ e2(z)| ≤
C1D2ε

α1
1

α1
|z|α1/2 +

C2D1

εα2
1 α2

|z|α2/2.

❈♦♥s❡q✉❡♥t❧②✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ α = min(α1/2, α2/2)✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✻✻ ❈❍❆P❚❊❘ ✹✳ ▼❯▲❚■❙❯▼▼❆❇■▲■❚❨ ❱■❆ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❢♦r e2✱ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐st c, k > 0 s✉❝❤ t❤❛t

|e2(1/u)| ≤ c e−ωM2
(k/|u|), u ∈ Sω2−ε.

❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✱ ✇❡ ❤❛✈❡ t❤❛t e2(1/u) ∼M2 0̂ ✐♥ Sω2 ✳ ❇② ❘❡♠❛r❦ ✹✳✸✳✻✱ ✇❡ s❡❡
t❤❛t e1 ∗ e2(1/z) = Te1(e2(1/u))(z) ∼M1M2 0̂ ✐♥ Sω1+ω2 ✇❤✐❝❤ ✐♠♣❧✐❡s✱ ❛❣❛✐♥ ❜② Pr♦♣♦s✐✲
t✐♦♥ ✸✳✶✳✾✱ t❤❛t ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐st c, k, r > 0 s✉❝❤ t❤❛t

|e1 ∗ e2(z)| ≤ c e−ωM1·M2
(|z|/k), z ∈ Sω1+ω2−ε, |z| > r. ✭✹✳✸✺✮

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮ ❢♦r e1 ∗ e2✱ ✇❡ ❦♥♦✇ t❤❛t |e1 ∗ e2(z)| ≤ C ❢♦r z ∈ Sω1+ω2−ε ✇✐t❤ |z| ≤ δ✳
❙✐♥❝❡ e1 ∗ e2(z) ✐s ❝♦♥t✐♥✉♦✉s✱ ✭✹✳✸✺✮ ❤♦❧❞s ❢♦r ❡✈❡r② z ∈ Sω1+ω2−ε ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ✐s s❛t✐s✜❡❞✳

❈♦♥❞✐t✐♦♥ ✭✐✈✮ ❤♦❧❞s ✐♠♠❡❞✐❛t❡❧② ❜❡❝❛✉s❡ ❢♦r x > 0 ✇❡ ❤❛✈❡ t❤❛t

e1 ∗ e2(x) =
∫ ∞

0
e1(xy)e2(1/y)

dy

y
.

❙✐♥❝❡ e1 ❛♥❞ e2 ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧ ♦✈❡r t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s✱ ✇❡ ❞❡❞✉❝❡ e1 ∗ e2(x) ❛❧s♦ ✐s✳
▲❡t ✉s s❤♦✇ t❤❛t

me1∗e2(λ) = me1(λ)me2(λ). ✭✹✳✸✻✮

❲❡ ❤❛✈❡ t❤❛t

me1∗e2(λ) =

∫ ∞

0
xλ−1(e1 ∗ e2)(x)dx =

∫ ∞

0

∫ ∞

0
xλ−1e1(xy)e2(1/y)

dy

y
dx.

❲❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s t = xy ❛♥❞ s = 1/y ❛♥❞ ✇❡ ❣❡t

me1∗e2(λ) =

∫ ∞

0

∫ ∞

0
(st)λ−1e1(t)e2(s)dtds = me1(λ)me2(λ).

❈♦♥s❡q✉❡♥t❧②✱ ✉s✐♥❣ ♣r♦♣❡rt② ✭✈✮ ♦❢ e1 ❛♥❞ e2✱ ✇❡ ❞❡❞✉❝❡ t❤❛t me1∗e2(λ) ✐s ❝♦♥t✐♥✉♦✉s ✐♥
{Re(λ) ≥ 0}✱ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ {Re(λ) > 0} ❛♥❞ me(x) > 0 ❢♦r ❡✈❡r② x ≥ 0✳

❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ E ❜②

E(z) :=
∞∑

n=0

zn

me1∗e2(n)
, z ∈ C.

■❢ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s s❡r✐❡s✱ ✉s✐♥❣ ✭✹✳✸✻✮✱ ✇❡ s❡❡ t❤❛t

r = lim inf
n→∞

n
√
me1∗e2(n) = lim inf

n→∞

n
√
me1(n)me2(n) = ∞

❤❡♥❝❡ E ✐s ❡♥t✐r❡✳ ❲❡ s❡❡ t❤❛t (me1∗e2(p))p∈N0 ✱ ❛❣❛✐♥ ❜② ✭✹✳✸✻✮✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
s❡q✉❡♥❝❡ M1 ·M2✱ t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✼✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st C,K > 0 s✉❝❤ t❤❛t
|E(z)| ≤ CeωM1·M2

(K|z|)✱ z ∈ C✱ t❤❡♥ ✭✈✮ ❤♦❧❞s✳

❋✐♥❛❧❧②✱ r❡❣❛r❞✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮✱ ✇❡ ♥❡❡❞ ✜rst t♦ s❤♦✇ t❤❛t

E(u) = (T−e2E1)(u), u ∈ C∗. ✭✹✳✸✼✮

❲❡ ✜① u ∈ C∗✱ ✇r✐t❡ τ = arg(u) ❛♥❞ ❝♦♥s✐❞❡r ❛ ♣❛t❤ δω2(τ) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸✮✳ ❙✐♥❝❡
E1 ✐s ❡♥t✐r❡ ❛♥❞ δω2(τ) ❝♦♠♣❛❝t✱ ✇❡ ❤❛✈❡ t❤❛t

|
N∑

n=0

zn/me1(n)| ≤ E1(|z|) ≤ Cτ , z ∈ δω2(τ), N ∈ N0,

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❛♥❞ ❜② ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮ ❢♦r E2✱ |E2(u/z)z
−1| ✐s ✐♥t❡❣r❛❜❧❡ ♦♥ δω2(τ)✱ s♦ ✇❡ ❝❛♥ ❛♣♣❧②

❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡ ✐♥t❡❣r❛❧ ❛♥❞ s✉♠ ❛♥❞✱ ❜②
Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✻✱ ✇❡ s❡❡ t❤❛t

(T−e2E1)(u) =
∞∑

n=0

(T−e2(z
n/me1(n)))(u) =

∞∑

n=0

un

me1∗e2(n)
= E(u).

❲❡ ✜① τ ∈ (0, 2 − (ω1 + ω2))✱ ✇❡ t❛❦❡ τ1 ∈ (0, 2 − ω1) ❛♥❞ τ2 ∈ (0, 2 − ω2) s✉❝❤ t❤❛t
τ +2 ∈ (0, τ1 + τ2 − (2−ω2 − τ2)) ❛♥❞ ✇❡ ❝❛♥ ❝❤♦♦s❡ ε ∈ (2−ω2 − τ2, τ1 + τ2 − 2− τ)✳ ❇②
✭✈✐✳❜✮ ❢♦r E1 ❛♥❞ E2✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st β1, β2 > 0 ✭♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ τ1 ❛♥❞ τ2✮✱
❛♥❞ ❝♦♥st❛♥ts K1,K2 > 0✱ M1,M2 ≥ 1 s✉❝❤ t❤❛t

|E1(z)| ≤
K1

|z|β1
, z ∈ S(π, τ1), |z| ≥M1, ✭✹✳✸✽✮

|E2(z)| ≤
K2

|z|β2
, z ∈ S(π, τ2), |z| ≥M2. ✭✹✳✸✾✮

❲❡ ✜① u ∈ S(π, τ) ✇✐t❤ |u| ≥M1M2✳ ❲❡ ✇r✐t❡ φ = arg(u) ∈ (0, 2π) ❛♥❞ ✇❡ ♠❛② ❝♦♥s✐❞❡r
❛ ♣❛t❤ δω2(φ) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸✮✳ ❲❡ ❝❛♥ ✇r✐t❡ δω2(φ) = δ1 + δ2 + δ3 ✭δ1 ❛♥❞ δ3 ❛r❡
s❡❣♠❡♥ts ✐♥ ❞✐r❡❝t✐♦♥s θ1 = φ+(π/2)(ω2+ ε) ❛♥❞ θ3 = φ− (π/2)(ω2+ ε)✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
δ2 ✐s ❛ ❝✐r❝✉❧❛r ❛r❝ ✇✐t❤ r❛❞✐✉s R = |u|/M2✱ t❤❛t ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ t❤✐s ✇❛② ❜❡❝❛✉s❡ E1 ✐s
❡♥t✐r❡✮✳ ❚❤❡♥✱ ✉s✐♥❣ ✭✹✳✸✼✮✱ ✇❡ s❡❡ t❤❛t

E(u) =
−1

2πi

∫

δω2 (φ)
E2

(u
z

)
E1 (z)

dz

z
.

❲❡ ❤❛✈❡ t❤❛t

|E(u)| ≤ 1

2π

(∫ |u|/M2

0

∣∣∣E2

( u

reiθ1

)
E1

(
reiθ1

)∣∣∣ dr
r

+

∫ θ1

θ3

∣∣∣∣E2

(
uM2

|u|eiθ
)
E1

( |u|eiθ
M2

)∣∣∣∣ dθ

+

∫ |u|/M2

0

∣∣∣E2

( u

reiθ3

)
E1

(
reiθ3

)∣∣∣ dr
r

)
. ✭✹✳✹✵✮

❋✐rst✱ ✇❡ st✉❞② t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ✭✹✳✹✵✮✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✈✮ ❢♦r E2✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t H2 s✉❝❤ t❤❛t |E2(z)| ≤ H2 ❢♦r ❡✈❡r② z ∈ D(0,M2 + 1) ❛♥❞ ✇❡ ❞❡❞✉❝❡
t❤❛t ∫ θ1

θ3

∣∣∣∣E2

(
M2e

i(φ−θ)
)
E1

( |u|eiθ
M2

)∣∣∣∣ dθ ≤ H2

∫ θ1

θ3

∣∣∣∣E1

( |u|eiθ
M2

)∣∣∣∣ dθ.

❯s✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦❢ ε ✇❡ s❡❡ t❤❛t 2− τ −ω2− ε > 2− τ1 ❛♥❞ 2+ τ +ω2+ ε < 2+ τ1✱
t❤❡♥ [θ3, θ1] ⊆ ((π/2)(2− τ − ω2 − ε), (π/2)(2 + τ + ω2 + ε)) ❛♥❞ ✇❡ ❣❡t t❤❛t

|u|eiθ/M2 ∈ S(π, τ1), ✐❢ θ ∈ [θ3, θ1]. ✭✹✳✹✶✮

❙✐♥❝❡ |u| ≥M1M2 ✇❡ ❤❛✈❡ t❤❛t |ueiθ|/M2 ≥M1 ❛♥❞ ❜② ✭✹✳✸✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

H2

∫ θ1

θ3

∣∣∣∣E1

( |u|eiθ
M2

)∣∣∣∣ dθ ≤
H2K1M

β1
2

|u|β1
πτ1, |u| ≥M1M2. ✭✹✳✹✷✮

❲❡ st✉❞② ♥♦✇ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐♥ ✭✹✳✹✵✮✳ ■❢ r ∈ (0, |u|/M2)✱ ✇❡ ♦❜s❡r✈❡ t❤❛t
|u/reiθj | ≥ M2✳ ❙✐♥❝❡ ω2 + τ2 < 2 ❛♥❞ τ1 − 2− τ < −ω1 − τ < 0✱ ✉s✐♥❣ t❤❡ ❜♦✉♥❞s ❢♦r ε✱
✇❡ ❤❛✈❡ t❤❛t

ω2 + ε ∈ (2− τ2, τ2 + ω2 + τ1 − 2− τ) ⊆ (2− τ2, 2)

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t arg(u/reiθ3) = (π/2)(ω2 + ε) ∈ ((π/2)(2 − τ2), π) ❛♥❞ arg(u/reiθ1) ∈
(−π,−(π/2)(2 − τ2))✳ ❚❤❡♥ ❢♦r j = 1, 3 ✇❡ s❡❡ t❤❛t u/reiθj ∈ S(π, τ2) ❛♥❞✱ ❜② ✭✹✳✸✾✮✱ ✇❡
s❤♦✇ t❤❛t

∫ |u|/M2

0

∣∣∣E2

( u

reiθj

)
E1

(
reiθj

)∣∣∣ dr
r

≤ K2

|u|β2

∫ |u|/M2

0
rβ2

∣∣∣E1

(
reiθj

)∣∣∣ dr
r
.

❙✐♥❝❡ |u| ≥ M1M2✱ ✇❡ ❝❛♥ ✇r✐t❡ (0, |u|/M2) ❛s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧s (0,M1)
❛♥❞ [M1, |u|/M2)✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✈✮ ❢♦r E1✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t H1 s✉❝❤
t❤❛t |E1(z)| ≤ H1 ❢♦r ❡✈❡r② z ∈ D(0,M1 + 1)✱ t❤❡♥

K2

|u|β2

∫ |u|/M2

0
rβ2

∣∣∣E1

(
reiθj

)∣∣∣ dr
r

≤ K2H1M
β2
1

|u|β2β2
+

K2

|u|β2

∫ |u|/M2

M1

rβ2

∣∣∣E1

(
reiθj

)∣∣∣ dr
r
.

■❢ r ≥M1✱ ❜② ✭✹✳✹✶✮✱ ✇❡ ❝❛♥ ✉s❡ ✭✹✳✸✽✮ ❛♥❞ ✇❡ ♦❜t❛✐♥

K2H1M
β2
1

|u|β2β2
+

K2

|u|β2

∫ |u|/M2

M1

rβ2

∣∣∣E1

(
reiθj

)∣∣∣ dr
r

≤ K2H1M
β2
1

|u|β2β2
+
K1K2

|u|β2

∫ |u|/M2

M1

rβ2−β1
dr

r
.

❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✹✳✸✳✶✺✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t β1 < β2✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

K2H1M
β2
1

|u|β2β2
+
K1K2

|u|β2

∫ |u|/M2

M1

rβ2−β1
dr

r
≤ K2H1M

β2
1

|u|β2β2
+

K1K2

|u|β1(β2 − β1)M
β2−β1
2

.

❚❤❡♥ ❢♦r j = 1, 3 ❛♥❞ ❢♦r ❡✈❡r② u ∈ S(π, τ) ✇✐t❤ |u| ≥M1M2 ✇❡ ❤❛✈❡ t❤❛t

∫ |u|/M2

0

∣∣∣E2

( u

reiθj

)
E1

(
reiθj

)∣∣∣ dr
r

≤ K2H1M
β2
1

|u|β2β2
+

K1K2

|u|β1(β2 − β1)M
β2−β1
2

. ✭✹✳✹✸✮

❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✹✳✹✷✮ ❛♥❞ ✭✹✳✹✸✮✱ ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ β = min(β1, β2)✱ ❢♦r
❡✈❡r② u ∈ S(π, τ) ✇✐t❤ |u| ≥M1M2✳

✷✳ ❯♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ ❘❡♠❛r❦ ✹✳✸✳✽✳

✸✳ ❲❡ t❛❦❡ f ∈ OM1·M2(S(d, α))✳ ❙✐♥❝❡ e1 ∗ e2 ✐s ❛ ❦❡r♥❡❧ ♦❢ M1Ṁ2−s✉♠♠❛❜✐❧✐t②✱ ❜② Pr♦♣♦s✐✲
t✐♦♥ ✹✳✶✳✶✷ ✇❡ ❦♥♦✇ t❤❛t Te1 ∗Te2(f) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α+ω1+ω2)✳
❲❡ ✜① z ∈ G(d, α + ω1 + ω2)✱ t❤❡r❡ ❡①✐sts θ ✇✐t❤ |θ − d| < πα/2 s✉❝❤ t❤❛t ✐❢ arg(u) = θ✱
t❤❡♥ u/z ∈ Sω1+ω2 ❛♥❞ t❤❡r❡ ❡①✐sts φ ✇✐t❤ |φ| < πω2/2 s✉❝❤ t❤❛t ✐❢ arg(w) = φ✱ t❤❡♥
wu/z ∈ Sω1 ✳ ❲❡ ❤❛✈❡ t❤❛t

Te1 ∗ Te2(f)(z) =
∫ ∞(θ)

0
e1 ∗ e2(u/z)f(u)

du

u

=

∫ ∞(θ)

0
f(u)

(∫ ∞(φ)

0
e1(wu/z)e2(1/w)

dw

w

)
du

u
.

❲❡ ❝♦♥❝❧✉❞❡✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✾✱ t❤❛t t❤✐s ❧❛st ❡①♣r❡ss✐♦♥ ✐s ❡q✉❛❧ t♦ Te1 ◦ Te2(f)(z)✳

✹✳ ❲❡ ❝♦♥s✐❞❡r f(u) = (1−u)−1 ❛♥❞ ✇❡ ❞❡✜♥❡ g(z) := ((Te1 ◦Te2)f)(z)✳ ❇② ▲❡♠♠❛ ✹✳✸✳✼✱ ✇❡
❦♥♦✇ t❤❛t Te2f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(π, 2 + ω2) ❛♥❞ Te2f(z) → 0 ❛s z → ∞ ✉♥✐❢♦r♠❧② ♦♥
❡✈❡r② s❡❝t♦r S(π, 2+ γ) ✇✐t❤ γ < ω2✳ ▼♦r❡♦✈❡r✱ Te2f ∼M2

∑∞
n=0m2(n)z

n ♦♥ S(π, 2+ ω2)✳
❚❤❡♥ ✇❡ ❞❡❞✉❝❡ t❤❛t Te2f ✐s ❜♦✉♥❞❡❞ ♦♥ ❡✈❡r② s❡❝t♦r S(π, 2+γ) ✇✐t❤ γ < ω2✳ ❲❡ ❝❛♥ ❛♣♣❧②

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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t❤❡ Te1 tr❛♥s❢♦r♠ t♦ Te2f ❛♥❞✱ ❜② ▲❡♠♠❛ ✹✳✸✳✺✱ ✇❡ ❤❛✈❡ t❤❛t g = Te1Te2f ✐s ❤♦❧♦♠♦r♣❤✐❝
✐♥ S = S(π, 2 + ω1 + ω2)✳ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥

e(1/z) :=
g(z)− g(ze2πi)

2πi
,

✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω1+ω2 ✳ ❙✐♥❝❡ f ∈ OM1·M2(Sω1+ω2)✱ t❤❡♥✱ ❜② st❛t❡♠❡♥t ✸✱ (Te1∗Te2)(f) =
(Te1 ◦ Te2)(f) ❛♥❞✱ ❜② ▲❡♠♠♠❛ ✹✳✸✳✼✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

e(1/z) =
g(z)− g(ze2πi)

2πi
=

(Te1 ∗ Te2)(f)(z)− ((Te1 ∗ Te2)f)(ze2πi)
2πi

= e1 ∗ e2(1/z).

�

❘❡♠❛r❦ ✹✳✸✳✷✷✳ ❲❡ ❦♥♦✇ t❤❛t M1 ·M2 ✐s ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✇✐t❤ q✉♦t✐❡♥ts t❡♥❞✐♥❣ t♦ ✐♥✜♥✐t②
❛❞♠✐tt✐♥❣ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛
❦❡r♥❡❧ e ♦❢M1 ·M2−s✉♠♠❛❜✐❧✐t② ✭s❡❡ ❘❡♠❛r❦ ✹✳✶✳✹✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❝♦♥tr♦❧ ♦♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♠❡♥t s❡q✉❡♥❝❡ ♦❢ e ❛♣❛rt ❢r♦♠ ❜❡✐♥❣ ❡q✉✐✈❛❧❡♥t t♦ M1 ·M2✳ ▲❛st ♣r♦♣♦s✐t✐♦♥
❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♠♦♠❡♥t s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ e1 ∗ e2 ✐s (me1(n)me2(n))n∈N0 ✱ ✇❤✐❝❤ ✐s
✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t ❡♥s✉r❡s ❣♦♦❞ ❜❡❤❛✈✐♦r ♦❢ ❢♦r♠❛❧ ❛♥❞ ❛♥❛❧②t✐❝ ❇♦r❡❧✲▲❛♣❧❛❝❡ ♦♣❡r❛t♦rs ❢♦r
❛s②♠♣t♦t✐❝s✳

❘❡♠❛r❦ ✹✳✸✳✷✸✳ ◆♦t❡ t❤❛t OM1·M2(S) ⊂ OM2(S)✳ ❈♦♥s❡q✉❡♥t❧②✱ Te1 ◦Te2 ❡①t❡♥❞s t❤❡ ♦♣❡r❛t♦r
Te1 ∗ Te2 ✳ ❚❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥ ♦❝❝✉rs ❢♦r t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦♣❡r❛t♦r t❤❛t ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥
t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❤♦s❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t ✐t ❡①t❡♥❞s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r✳

✹✳✸✳✹ ❆❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧s

■♥ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ❛ss✉♠✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t ω(M1) < ω(M2)✱
✇❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ ♣❛✐r ♦❢ ♦♣❡r❛t♦rs T, T− s✉❝❤ t❤❛t T ❡①t❡♥❞s T−e1 ◦Te2 ✳ ❚❤✐s ♥❡✇ ♦♣❡r❛t♦r ✇✐❧❧
❜❡ ❝❛❧❧❡❞ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ e2 t♦ e1 ❜❡❝❛✉s❡ ✐t ✇✐❧❧ s❡♥❞ ❛ ❢✉♥❝t✐♦♥ f ∈ OM2(S) ✐♥t♦
❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❣r❡❛t❡r ❣r♦✇t❤ Tf ∈ OM1(S̃)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ♣r♦♣❡rt②✱ t❤❡ ❦❡r♥❡❧ ❛ss♦❝✐❛t❡❞
✇✐t❤ T ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ✇✐❧❧ ❜❡
me2(λ)/me1(λ)✳

❖✉r ✜rst r❡s✉❧t ✐s t❤❡ ❛♥❛❧♦❣♦✉s ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✾ t❤❛t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♦♣❡r✲
❛t♦rs T ❛♥❞ T−e1 ◦ Te2 ❝♦✐♥❝✐❞❡ ❢♦r ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✹✳ ▲❡tMj ✱ j = 1, 2✱ ❜❡ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✳
❲❡ ❝♦♥s✐❞❡r str♦♥❣ ❦❡r♥❡❧s ej ♦❢ Mj−s✉♠♠❛❜✐❧✐t②✳ ▲❡t Tej T

−1
ej ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡❣r❛❧

♦♣❡r❛t♦rs✳ ❆ss✉♠❡ t❤❛t ω(M1) < ω(M2) < 2✳

■❢ f ∈ OM2(S(d, γ))✱ t❤❡♥ ❢♦r ❡✈❡r② z0 ∈ S(d, γ+ω(M2)−ω(M1)) t❤❡r❡ ❡①✐st ❛ ♥❡✐❣❤❜♦r❤♦♦❞
U0 ⊆ S(d, γ + ω(M2) − ω(M1)) ♦❢ z0 ❛♥❞ ❛ ❞✐r❡❝t✐♦♥ φ ✇✐t❤ |d − φ| < πγ/2 ✭❞❡♣❡♥❞✐♥❣ ♦♥ z0✮
s✉❝❤ t❤❛t ✇❡ ❤❛✈❡

∫

δω1 (arg(z0))

∫ ∞(φ)

0

∣∣∣∣E1(z/v)e2(u/v)f(u)
du

u

dv

v

∣∣∣∣ <∞ ✭✹✳✹✹✮

❢♦r ❡✈❡r② z ∈ U0✱ ✇❤❡r❡ δω1(arg(z0)) ✐s ❛ ♣❛t❤ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸✳ ▼♦r❡♦✈❡r✱ t❤❡
❢✉♥❝t✐♦♥

F (z) :=

∫

δω1 (arg(z))

∫ ∞(φ)

0
E1(z/v)e2(u/v)f(u)

du

u

dv

v

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(d, α+ ω(M2)− ω(M1)) ❛♥❞

T−e1 ◦ Te2(f)(z) =
∫ ∞(φ)

0
f(u)

(
−1

2πi

∫

δω1 (arg(z)−φ)
E1(z/wu)e2 (1/w)

dw

w

)
du

u
.

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ω1 = ω(M1) ❛♥❞ ω2 = ω(M2)✱ M1 = (M1,p)p∈N0 ❛♥❞ M2 =
(M2,p)p∈N0 ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ω(M2/M1) = ω2 − ω1 ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✵✮✳

❲❡ ✜① z0 ∈ S(d, α+ ω2 − ω1)✱ s✐♥❝❡ ω2 − ω1 > 0 ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❞✐r❡❝t✐♦♥s τ1 ∈ (0, 2− ω1)✱
τ2 ∈ (0, ω2)✱ τ3 ∈ (0, γ) ✇✐t❤ 2− τ1 − ω1 < τ2 + τ1 − 2 + τ3 − γ✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ❝❤♦♦s❡

ε ∈ (2− τ1 − ω1, τ2 + τ1 − 2 + τ3 − γ) ⊆ (0, ω2 − ω1),

❛♥❞ φ > 0 ✇✐t❤ |φ− d| < τ3π/2 s✉❝❤ t❤❛t

| arg(z0)− φ| < (τ2 + τ1 − 2− ε+ τ3 − γ)π/2. ✭✹✳✹✺✮

❲❡ ♦❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ t❛❦❡ ρ0 > 0 s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t B(z0, ρ0) ⊆ S(d, γ + ω2 − ω1) ❛♥❞
t❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✹✺✮ r❡♠❛✐♥s ✈❛❧✐❞ ✐❢ ✇❡ r❡♣❧❛❝❡ arg(z0) ❜② arg(z) ❢♦r ❡✈❡r② z ∈ B(z0, ρ0)✳ ❲❡
✇r✐t❡ θ1 = arg(z0) + (ω1 + ε)π/2 ❛♥❞ θ3 = arg(z0) − (ω1 + ε)π/2✱ s✐♥❝❡ τ2 < 2 ✇❡ ♦❜s❡r✈❡ t❤❛t
t❤❡ ✈❛❧✉❡ ♦❢ ε ❣✉❛r❛♥t❡❡s t❤❛t 2−ω1− ε > 0 ❛♥❞ ω1+ τ1−2+ ε > 0✳ ❚❤❡♥✱ ❜② s✉✐t❛❜❧② r❡❞✉❝✐♥❣
t❤❡ r❛❞✐✉s ρ0✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t

| arg(z)− arg(z0)| < δ := min((2− ω1 − ε)π/2, (ω1 + τ1 − 2 + ε)π/2)/2, ✭✹✳✹✻✮

❢♦r ❡✈❡r② z ∈ U0 = B(z0, ρ1) ✇✐t❤ ρ1 ≤ ρ0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

−π < arg(z)− θ1 < (τ1 − 2)π/2, (2− τ1)π/2 < arg(z)− θ3 < π. ✭✹✳✹✼✮

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✹✳✹✺✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

|θ − φ| ≤ |θ − arg(z0)|+ | arg(z0)− φ| < (ω1 + τ1 − 2 + τ2 + τ3 − γ)π/2 ≤ τ2π/2 ✭✹✳✹✽✮

❢♦r ❡✈❡r② θ ∈ [θ3, θ1]✳

❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳✭✈✐✳❜✮ ❢♦r E1 ❛♥❞ ✭✐✐✳❜✮ ❢♦r e2 ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st β1, α2 > 0 ✭♥♦t
❞❡♣❡♥❞✐♥❣ ♦♥ τ1 ❛♥❞ τ2✮✱ ❛♥❞ ❝♦♥st❛♥ts K1, C2 > 0✱ M ≥ 1✱ ε2 ∈ (0, 1) s✉❝❤ t❤❛t

|E1(z)| ≤
K1

|z|β1
, z ∈ S(π, τ1), |z| ≥M, ✭✹✳✹✾✮

|e2(z)| ≤C2|z|α2 , z ∈ Sτ2 , |z| ≤ ε2. ✭✹✳✺✵✮

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❢♦r e2✱ t❤❡r❡ ❡①✐st d2, k2 > 0 s✉❝❤ t❤❛t

|e2(w)| ≤ d2 e
−ωM2

(k2|w|), u ∈ Sτ2 ,

❛♥❞ s✐♥❝❡ f ∈ OM2(S(d, γ))✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st d3, k3 > 0 s✉❝❤ t❤❛t

|f(w)| ≤ d3 e
ωM2

(k3|w|), w ∈ S(d, τ3). ✭✹✳✺✶✮

❲❡ ✜① s0 = min(1, k2/(k3A2), (|z0 − ρ1|/M)) ❛♥❞ β < min(β1, 1)✱ ✇❤❡r❡ A2 ✐s t❤❡ ❝♦♥st❛♥t
❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✳✽✮ ❢♦r M2 ❛♥❞ s = 2✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♣❛t❤ δω1(arg(z0)) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸✮✳ ❲❡
❝❛♥ ✇r✐t❡ δω1(arg(z0)) = δ1+δ2+δ3 ✭δ1 ❛♥❞ δ3 ❛r❡ s❡❣♠❡♥ts ✐♥ ❞✐r❡❝t✐♦♥s θ1 = arg(z0)+(ω1+ε)π/2
❛♥❞ θ3 = arg(z0)− (ω1 + ε)π/2✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ δ2 ✐s ❛ ❝✐r❝✉❧❛r ❛r❝ ✇✐t❤ r❛❞✐✉s R = s0✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✹✳✹✹✮✱ ♣❛r❛♠❡tr✐③✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ❛♥❞ ✉s✐♥❣ ❚♦♥❡❧❧✐✬s ❚❤❡♦r❡♠✱ ✐t ✐s ❡♥♦✉❣❤
t♦ s❤♦✇ t❤❛t

Ji(z) =

∫ s0

0
|E1(z/se

iθi)|
∫ ∞

0
|e2(reiφ−θi/s)f(reiφ)|

dr

r

ds

s
<∞, i = 1, 3,

J2(z) =

∫ θ1

θ3

|E1(z/s0e
iθ)|
∫ ∞

0
|e2(reiφ−θ/s0)f(reiφ)|

dr

r
dθ <∞,

❢♦r ❡✈❡r② z ∈ U0✳ ❋♦r s ≤ s0 ❛♥❞ θ ∈ [θ3, θ1] ✇❡ ❝♦♥s✐❞❡r

I(s, θ) :=

∫ ∞

0
|e2(reiφ−θ/s)f(reiφ)|

dr

r
.

❇② ✭✹✳✹✽✮ ✇❡ s❤♦✇ t❤❛t reiφ−iθ/s ∈ Sτ2 ❢♦r ❛❧❧ θ ∈ [θ3, θ1] ❛♥❞ ❡✈❡r② s ≤ s0✳ ❚❤❡♥✱ s♣❧✐tt✐♥❣ t❤❡
✐♥t❡r✈❛❧ ✐♥t♦ t❤r❡❡ ♣❛rts (0, ε2s)✱ (ε2s, ε2sβ)✱ (ε2sβ ,∞) ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✾ ❛♥❞
✉s✐♥❣ ✭✹✳✺✵✮✱ ✭✹✳✺✶✮✱ ▲❡♠♠❛ ✶✳✶✳✷✹ ❛♥❞ t❤❛t ωM2(t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❣❡t t❤❛t

I(s, θ) ≤ C2d3ε
α2
2

α2
exp(ωM2(k3ε2s0))+

d2d3M2,1

k2ε2
exp(ωM2(k3ε2s

β
0 ))+

d2d3M2,1

k3ε2sβ
=: a1+

a2
sβ
. ✭✹✳✺✷✮

❆♣♣❧②✐♥❣ ✭✹✳✹✼✮✱ ✇❡ s❡❡ t❤❛t z/seiθi ∈ S(π, τ1) ❢♦r i = 1, 3 ❛♥❞ ❡✈❡r② z ∈ U0 ❛♥❞ s✐♥❝❡ |z/s| ≥
|z|/s0 ≥M ✱ ✇❡ ❝❛♥ ❛♣♣❧② ✭✹✳✹✾✮ ❛♥❞ ✭✹✳✺✷✮ ❛♥❞ ✇❡ s❡❡ t❤❛t

Ji(z) ≤ K1

∫ s0

0

sβ1

|z|β1

(
a1 +

a2
sβ

) ds
s

≤ K1a1s
β1
0

β1(|z0| − ρ1)β1
+

K1a2s
β1−β
0

(β1 − β)(|z0| − ρ1)β1
, ✭✹✳✺✸✮

❢♦r i = 1, 3 ❛♥❞ ❡✈❡r② z ∈ U0✳ ❯s✐♥❣ t❤❛t E1 ✐s ❡♥t✐r❡ ✇❡ ❤❛✈❡ t❤❛t |E1(w)| ≤ H1 ❢♦r ❡✈❡r②
w ∈ B(0, (|z0|+ ρ1 + 1)/s0)✱ ❛♥❞ ✭✹✳✺✷✮ s❤♦✇s t❤❛t

J2(z) ≤
(
a1 +

a2

sβ0

)
(θ1 − θ3)H1 ✭✹✳✺✹✮

❢♦r ❡✈❡r② z ∈ U0✳ ❯s✐♥❣ ✭✹✳✺✸✮ ❛♥❞ ✭✹✳✺✹✮ ✇❡ s❡❡ t❤❛t ✭✹✳✹✹✮ ❤♦❧❞s✳ ❍❡♥❝❡✱ ❜② t❤❡ ▲❡✐❜♥✐③✬s r✉❧❡
t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ ∫

δω1 (arg(z0))

∫ ∞(φ)

0
E1(z/v)e2(u/v)f(u)

du

u

dv

v

✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ U0 ♦❢ z0 ❢♦r ❡✈❡r② z0 ∈ S(d, α + ω2 − ω1)✳ ■❢
z ∈ U0∩U1✱ ✇✐t❤ U1 t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ z1✱ t❤❡ ❝❤♦✐❝❡ ♦❢ δ > 0 ✐♥ ✭✹✳✹✻✮ ❣✉❛r❛♥t❡❡s
t❤❛t lims→0 |E1(z/se

iθ)|I(s, θ) = 0✱ ✉♥✐❢♦r♠❧② ❢♦r θ ❜❡t✇❡❡♥ θi ❛♥❞ θ′i = arg(z1)± (ω1+ε)π/2 ❢♦r
i = 1, 3✳ ❚❤✐s ❢❛❝t ❡♥s✉r❡s t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❈❛✉❝❤②✬s t❤❡♦r❡♠ t♦ ❞❡❢♦r♠ t❤❡ ♣❛t❤ ♦❢ ✐♥t❡❣r❛t✐♦♥
❢r♦♠ δω1(arg(z0)) t♦ δω1(arg(z1))✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

∫

δω1 (arg(z))

∫ ∞(φ)

0
E1(z/v)e2(u/v)f(u)

du

u

dv

v
✭✹✳✺✺✮

❞❡✜♥❡s ❛ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ t❤❡ s❡❝t♦r S(d, α+ ω2 − ω1)✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

T−e1 ◦ Te2(f)(z) =
−1

2πi

∫

δω1 (arg(z))
E1(z/v)(Te2f)(v)

dv

v

=
−1

2πi

∫

δω1 (arg(z))

∫ ∞(φ)

0
E1(z/v)e2

(u
v

)
f(u)

du

u

dv

v
,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✇❤❡r❡ φ ❛♥❞ δω1(arg(z)) ❛r❡ ❝❤♦s❡♥ ❛s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✳ ❲❡ ✇r✐t❡ η = arg(z) − φ
❛♥❞ ✇❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s v = wu✳ ❚❤❡♥ t❤❡ ♣❛t❤ δω1(arg(z)) ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦
t❤❡ ♣❛t❤ δω1(η)✳ ❲❡ ❝❛♥ ✇r✐t❡ δω1(η) = γ1 + γ2 + γ3 ✭γ1 ❛♥❞ γ3 ❛r❡ s❡❣♠❡♥ts ✐♥ ❞✐r❡❝t✐♦♥s
θ′′1 = η + (π/2)(ω1 + ε) ❛♥❞ θ′′3 = η − (π/2)(ω1 + ε)✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ γ2 ✐s ❛ ❝✐r❝✉❧❛r ❛r❝ ✇✐t❤
r❛❞✐✉s R = s0/|u|✱ t❤❡ ♣❛t❤ δω1(η) st❛②s ✐♥s✐❞❡ Sω2 ✳ ❲❡ ❤❛✈❡ t❤❛t

T−e1 ◦ Te2(f)(z) =
−1

2πi

∫

δω1 (η)

∫ ∞(φ)

0
E1(z/wu)e2 (1/w) f(u)

du

u

dw

w
.

❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ ✐♥ ✭✹✳✺✺✮ ❝♦♥✈❡r❣❡s ❢♦r ❛♥② z ∈ S(d, α+ω2 −ω1)✱ ✇❡ ❝❛♥ ❛♣♣❧②
❋✉❜✐♥✐✬s t❤❡♦r❡♠ ❛♥❞ ✇❡ ❝❛♥ ✐♥t❡r❝❤❛♥❣❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦r❞❡r✱ t❤❡♥ ✇❡ s❡❡ t❤❛t

T−e1 ◦ Te2(f)(z) =
∫ ∞(φ)

0
f(u)

(
−1

2πi

∫

γω1 (arg(z)−φ)
E1(z/wu)e2 (1/w)

dw

w

)
du

u
.

�

❲❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t✱ ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐s✉♠✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✳ ▲❡tMj ✱ ej ✱ mej ✱ ❛♥❞ Tej , T
−
ej ✱ j = 1, 2✱ ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✶✳ ❆ss✉♠❡

t❤❛t ω(M1) < ω(M2) < 2✳

✶✳ ❲❡ ❞❡✜♥❡ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❢r♦♠ e2 t♦ e1✱ ❞❡♥♦t❡❞ e1 ⊳ e2✱ ❜②

(e1 ⊳ e2)(z) = T−e1(e2(1/u))(1/z).

❚❤❡♥✱ e1 ⊳e2 ✐s ❛ str♦♥❣ ❦❡r♥❡❧ ♦❢ M2/M1− s✉♠♠❛❜✐❧✐t② ✇❤♦s❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ✐s m(λ) =
me2(λ)/me1(λ)✳ ▼♦r❡♦✈❡r✱ ✐❢ E2 ❛♥❞ E ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳✭✈✮
✇✐t❤ e2 ❛♥❞ e1 ⊳ e2✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡ t❤❛t

E(u) = Te1(E2(u)).

✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ e1 ⊳ e2 ✐s t❤❡ ✉♥✐q✉❡ ♠♦♠❡♥t s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧ ✇✐t❤ ♠♦♠❡♥t s❡q✉❡♥❝❡
(m(p) = me2(p)/me1(p))p∈N0 ✳

✸✳ ▲❡t Ae1,e2 ❞❡♥♦t❡ t❤❡ ▲❛♣❧❛❝❡✲❧✐❦❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ e1 ⊳ e2✳ ■❢ S ✐s ❛♥
✉♥❜♦✉♥❞❡❞ s❡❝t♦r ❛♥❞ f ∈ OM2(S)✱ t❤❡♥

Ae1,e2f = T−e1 ◦ Te2(f).

✹✳ ❲❡ ❞❡✜♥❡ g(z) := ((T−1 ◦ Te2)f)(z) ✇✐t❤ f(u) = (1− u)−1 ❛♥❞

e(1/z) :=
g(z)− g(ze2πi)

2πi
.

❚❤❡♥✱ e ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ Sω(M2)−ω(M1) ❛♥❞ e(z) = e1 ⊳ e2(z)✳

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ω1 = ω(M1) ❛♥❞ ω2 = ω(M2)✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ω(M2/M1) =
ω2 − ω1 ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✵✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✶✳ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ (e1 ⊳e2)(z) = T−e1(e2(1/u))(1/z) ❤❛s t❤❡ ♥❡❝❡ss❛r② ♣r♦♣❡rt✐❡s
❢♦r ❛ str♦♥❣ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ ♦❢ M2/M1−s✉♠♠❛❜✐❧✐t②✱ ❛s ❧✐st❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳

❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ e2(1/u) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2 ✱ ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ω2 > ω1✱
❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✹ ✇❡ ❤❛✈❡ t❤❛t T−e1(e2(1/u))(z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2−ω1 ✇❤✐❝❤ ♣r♦✈❡s
r❡q✉✐r❡♠❡♥t ✭✐✮✳

❘❡❣❛r❞✐♥❣ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮✱ ✇❡ ✜① τ ∈ (0, ω2 − ω1) ❛♥❞ ✇❡ t❛❦❡ τ1 ∈
(0, 2−ω1) ❛♥❞ τ2 ∈ (0, ω2) s✉❝❤ t❤❛t 2+ τ ∈ (0, τ1 + τ2 − (2−ω1 − τ1)) ❛♥❞ ✇❡ ❝❛♥ ❝❤♦♦s❡
ε ∈ (2 − ω1 − τ1, τ1 + τ2 − 2 − τ)✳ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳✭✈✐✳❜✮ ❢♦r E1 ❛♥❞ ✭✐✐✳❜✮ ❢♦r e2 ✇❡
❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st β1, α2 > 0 ✭♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ τ1 ❛♥❞ τ2✮✱ ❛♥❞ ❝♦♥t❛♥ts K1, C2 > 0✱
M1 ≥ 1✱ ε2 ∈ (0, 1) s✉❝❤ t❤❛t

|E1(z)| ≤
K1

|z|β1
, z ∈ S(π, τ1), |z| ≥M1, ✭✹✳✺✻✮

|e2(z)| ≤C2|z|α2 , z ∈ Sτ2 , |z| ≤ ε2. ✭✹✳✺✼✮

❲❡ ✜① z ∈ Sτ ✇✐t❤ |z| ≤ ε22/M
2
1 ✱ t❤❡♥ |z| ≤ 1✳ ❲❡ ✇r✐t❡ φ = arg(z) ∈ (−πτ/2, πτ/2) ❛♥❞

✇❡ ♠❛② ❝♦♥s✐❞❡r ❛ ♣❛t❤ δω1(−φ) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✸✮✳ ❲❡ ❝❛♥ ✇r✐t❡ δω1(−φ) = δ1+δ2+δ3
✭δ1 ❛♥❞ δ3 ❛r❡ s❡❣♠❡♥ts ✐♥ ❞✐r❡❝t✐♦♥s θ1 = −φ+(π/2)(ω1+ε) ❛♥❞ θ3 = −φ− (π/2)(ω1+ε)✱
r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ δ2 ✐s ❛ ❝✐r❝✉❧❛r ❛r❝ ✇✐t❤ r❛❞✐✉s R = 1/(|z|M1)✱ t❤❛t ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥
t❤✐s ✇❛② ❜❡❝❛✉s❡ e2 ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2 ✱ t❤❛t ✐s ✉♥❜♦✉♥❞❡❞✱ ❛♥❞ t❤❡ ♣❛t❤ δω1(−φ) st❛②s
✐♥s✐❞❡ Sτ2✮✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥✱ ✇❡ s❡❡ t❤❛t

e1 ⊳ e2(z) =
−1

2πi

∫

δω1 (−φ)
E1

(
1

uz

)
e2 (1/u)

du

u
.

❲❡ ❤❛✈❡ t❤❛t

|e1 ⊳ e2(z)| ≤
1

2π

(∫ 1/(|z|M1)

0

∣∣∣∣E1

(
1

zreiθ1

)
e2

(
1

reiθ1

)∣∣∣∣
dr

r

+

∫ θ1

θ3

∣∣∣∣E1

( |z|M1

zeiθ

)
e2

( |z|M1

eiθ

)∣∣∣∣ dθ

+

∫ 1/(|z|M1)

0

∣∣∣∣E1

(
1

zreiθ3

)
e2

(
1

reiθ3

)∣∣∣∣
dr

r

)
. ✭✹✳✺✽✮

❋✐rst✱ ✇❡ st✉❞② t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ✭✹✳✺✽✮✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✈✮ ❢♦r E1✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t H1 s✉❝❤ t❤❛t |E1(w)| ≤ H1 ❢♦r ❡✈❡r② w ∈ D(0,M1+1)✳ ❯s✐♥❣ t❤❡ ❜♦✉♥❞s
❢♦r φ✱ ✇❡ s❡❡ t❤❛t

[θ3, θ1] ⊆ ((π/2)(−τ − ω1 − ε), (π/2)(τ + ω1 + ε)).

❊♠♣❧♦②✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r ε✱ ✇❡ ♦❜t❛✐♥ t❤❛t τ + ω1 + ε < τ2 − (2− ω1 − τ1)✱ t❤❡♥ ✇❡
❞❡❞✉❝❡ t❤❛t

|z|M1e
−iθ ∈ Sτ2 , θ ∈ [θ3, θ1]. ✭✹✳✺✾✮

❙✐♥❝❡ |z| ≤ |z|1/2 ≤ ε2/M1✱ ✇❡ ❤❛✈❡ t❤❛t |ze−iθM1| ≤ ε2 ❛♥❞✱ ❜② ✭✹✳✺✼✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∫ θ1

θ3

∣∣∣∣E1

( |z|M1

zeiθ

)
e2

( |z|M1

eiθ

)∣∣∣∣ dθ ≤ H1C2|z|α2Mα2
1 πτ2. ✭✹✳✻✵✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❲❡ st✉❞② ♥♦✇ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐♥ ✭✹✳✺✽✮✳ ■❢ r ∈ (0, 1/(|z|M1))✱ ✇❡ ♦❜s❡r✈❡
t❤❛t |1/(zreiθj )| ≥M1✳ ❙✐♥❝❡ ω1+ τ1 < 2 ❛♥❞ τ2 < 2✱ ✉s✐♥❣ t❤❡ ❜♦✉♥❞s ❢♦r ε✱ ✇❡ ❤❛✈❡ t❤❛t

ω1 + ε ∈ (2− τ1, τ2 + ω1 + τ1 − 2− τ) ⊆ (2− τ1, 2)

❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t arg(1/(zreiθ3)) = (π/2)(ω1 + ε) ∈ ((π/2)(2 − τ1), π) ❛♥❞ ❛❧s♦ t❤❛t
arg(1/(zreiθ1)) ∈ (−π,−(π/2)(2− τ1))✳ ❚❤❡♥ ❢♦r j = 1, 3 ✇❡ s❡❡ t❤❛t 1/(zreiθj ) ∈ S(π, τ1)
❛♥❞✱ ❜② ✭✹✳✺✻✮✱ ✇❡ s❤♦✇ t❤❛t

∫ (|z|M1)−1

0

∣∣∣∣E1

(
1

zreiθj

)
e2

(
1

reiθj

)∣∣∣∣
dr

r
≤ K1|z|β1

∫ (|z|M1)−1

0
rβ1

∣∣∣∣e2
(

1

reiθj

)∣∣∣∣
dr

r
.

❙✐♥❝❡ |z| ≤ 1✱ ✇❡ ❝❛♥ s♣❧✐t (0, 1/(|z|M1)) ❛s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧s (0, 1/(|z|1/2M1)) ❛♥❞
[1/(|z|1/2M1), 1/(|z|M1))✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❢♦r e2✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
D2 s✉❝❤ t❤❛t |e2(w)| ≤ D2 ❢♦r ❡✈❡r② w ∈ Sτ2 ✳ ■❢ r ≥ 1/(|z|1/2M1)✱ t❤❡♥ 1/r ≤ ε2✱ ❜② ✭✹✳✺✾✮✱
✇❡ ❝❛♥ ❛♣♣❧② ✭✹✳✺✼✮ ❛♥❞ ✇❡ ♦❜t❛✐♥

∫ (|z|M1)−1

0

∣∣∣∣E1

(
1

zreiθj

)
e2

(
1

reiθj

)∣∣∣∣
dr

r
≤ K1|z|β1/2D2

Mβ1
1 β1

+K1C2|z|β1

∫ (|z|M1)−1

(|z|1/2M1)−1

rβ1−α2
dr

r
.

❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✹✳✸✳✶✺✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t α2 < β1✳ ❚❤❡♥ ❢♦r j = 1, 3 ❛♥❞ ❢♦r ❡✈❡r②
u ∈ Sτ ✇✐t❤ |z| ≤ ε22/M

2
1 ✇❡ ❤❛✈❡ t❤❛t

∫ (|z|M1)−1

0

∣∣∣∣E1

(
1

zreiθj

)
e2

(
1

reiθj

)∣∣∣∣
dr

r
≤ K1D2|z|β1/2

Mβ1
1 β1

+
K1C2|z|α2

(β1 − α2)M
β1−α2
1

. ✭✹✳✻✶✮

❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✹✳✻✵✮ ❛♥❞ ✭✹✳✻✶✮✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ α = min(β1/2, α2)✳

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❢♦r e2✱ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐st c, k > 0 s✉❝❤ t❤❛t

|e2(1/u)| ≤ c e−ωM2
(k/|u|), u ∈ Sω2−ε.

❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✱ ✇❡ ❤❛✈❡ t❤❛t e2(1/u) ∼M2 0̂ ✐♥ Sω2 ✳

❇② ❚❤❡♦r❡♠ ✹✳✶✳✶✽✱ ✇❡ s❡❡ t❤❛t e1 ⊳ e2(1/z) = T−e1(e2(1/u))(z) ∼M2/M1
0̂ ✐♥ Sω2−ω1 ✇❤✐❝❤

✐♠♣❧✐❡s✱ ❛❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✱ t❤❛t ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐st c, k, r > 0 s✉❝❤ t❤❛t

|e1 ⊳ e2(z)| ≤ c e−ωM2/M1
(|z|/k), z ∈ Sω2−ω1−ε, |z| > r. ✭✹✳✻✷✮

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✳❜✮ ❢♦r e1 ⊳ e2✱ ✇❡ ❦♥♦✇ t❤❛t |e1 ⊳ e2(z)| ≤ C ❢♦r z ∈ Sω2−ω1−ε ✇✐t❤ |z| ≤ δ✳
❙✐♥❝❡ e1 ⊳ e2(z) ✐s ❝♦♥t✐♥✉♦✉s✱ ✭✹✳✻✷✮ ❤♦❧❞s ❢♦r ❡✈❡r② z ∈ Sω2−ω1−ε ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ✐s s❛t✐s✜❡❞✳

❋♦r x > 0 ✇❡ ❤❛✈❡ t❤❛t

e1 ⊳ e2(x) =
1

2πi

(∫ R

0
E1

(
1

xreiθ1

)
e2

(
1

reiθ1

)
dr

r

−
∫ θ3

θ1

E1

(
1

xReiθ

)
e2

(
1

Reiθ

)
idθ +

∫ 0

R
E1

(
1

xreiθ3

)
e2

(
1

reiθ3

)
dr

r

)

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✇✐t❤ θ1 = (π/2)(ω1 + ε) ❛♥❞ θ3 = −(π/2)(ω1 + ε)✳ ❙✐♥❝❡ E1 ❛♥❞ e2 ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧ ♦✈❡r
t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2 ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

e1 ⊳ e2(x) =
1

2πi

(∫ R

0
E1

(
1

xre−iθ1

)
e2

(
1

re−iθ1

)
dr

r

−
∫ θ3

θ1

E1

(
1

xRe−iθ

)
e2

(
1

Re−iθ

)
idθ +

∫ 0

R
E1

(
1

xre−iθ3

)
e2

(
1

re−iθ3

)
dr

r

)
.

❙✐♥❝❡ θ1 = −θ3✱ ✇❡ ♦❜s❡r✈❡ t❤❛t e1 ⊳ e2(x) = e1 ⊳ e2(x)✱ t❤❡♥ ✭✐✈✮ ❤♦❧❞s✳

▲❡t ✉s s❤♦✇ t❤❛t
me1⊳e2(λ) = me2(λ)/me1(λ) ✭✹✳✻✸✮

❢♦r Re(λ) ≥ 0✳ ❲❡ ❤❛✈❡ t❤❛t

me1⊳e2(λ) =

∫ ∞

0
xλ−1(e1 ⊳ e2)(x)dx

=
−1

2πi

∫ ∞

0
xλ−1

∫

δω1 (0)
E1

(
1

ux

)
e2 (1/u)

du

u
dx.

❲❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s t = 1/(xu)✳ ❚❤❡♥ t❤❡ ♣❛t❤ δω1(0) ✭✇✐t❤ r❛❞✐✉s R = 1/x✱
t❤❛t ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ t❤✐s ✇❛② ❜❡❝❛✉s❡ e2 ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2✮ st❛②s ✐♥s✐❞❡ Sω2 ❛♥❞
✐t ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ∆ω1(0)✱ ✇✐t❤ ∆ω1(0) = ∆3 + ∆2 + ∆1 ✭∆3 ✐s t❤❡ ❧✐♥❡ ✐♥ ❞✐r❡❝t✐♦♥
θ3 = −(π/2)(ω1 + ε) ❢r♦♠ ✐♥✜♥✐t② t♦ eiθ3 ✱ ∆2 ✐s ❛ ❝✐r❝✉❧❛r ❛r❝ ✇✐t❤ r❛❞✐✉s R = 1✱ ❛♥❞ ∆1

✐s t❤❡ ❧✐♥❡ ❢r♦♠ eiθ1 ✐♥ ❞✐r❡❝t✐♦♥ θ1 = (π/2)(ω1 + ε) t♦ ✐♥✜♥✐t②✮ ❛♥❞ ✇❡ ❣❡t

me1⊳e2(λ) =
1

2πi

∫ ∞

0
xλ
∫

∆ω1 (0)
E1 (t) e2 (xt)

dt

t

dx

x
.

❲❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s xt = s✱ ✇❡ s❡❡ t❤❛t

me1⊳e2(λ) =
1

2πi

∫ ∞

0
sλe2 (s)

∫

∆ω1 (0)
E1 (t)

dt

tλ+1

ds

s
.

❯s✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮ ❢♦r E1 ❛♥❞ ❈❛✉❝❤②✬s t❤❡♦r❡♠ t♦ ❞❡❢♦r♠ t❤❡ ♣❛t❤ ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞
r❡♣❧❛❝❡ ∆ω1(0) ❜② t❤❡ ❞✐s❝ D(0, 1)✱ ✇❡ ♦❜t❛✐♥

me1⊳e2(λ) =

∫ ∞

0
sλe2 (s)

(
1

2πi

∫

D(0,1)
E1 (t)

dt

tλ+1

)
ds

s
.

❇② ❈❛✉❝❤②✬s ❢♦r♠✉❧❛ ❢♦r E1✱ ✇❡ s❡❡ t❤❛t

me1⊳e2(λ) =

∫ ∞

0
sλe2 (s)

1

me1(λ)

ds

s
.

❋✐♥❛❧❧②✱ ❜② ❝♦♥❞✐t✐♦♥ ✭✈✮ ❢♦r e2 ✇❡ s❤♦✇ t❤❛t ✭✹✳✻✸✮ ✐s s❛t✐s✜❡❞✳

❲❡ ❞❡❞✉❝❡ t❤❛t me1⊳e2(λ) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ {Re(λ) ≥ 0}✱ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ {Re(λ) > 0} ❛♥❞
me1⊳e2(x) > 0 ❢♦r ❡✈❡r② x ≥ 0✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ E⊳ ❜②

E⊳(z) :=

∞∑

p=0

zn

me1⊳e2(p)
, z ∈ C.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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■❢ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s s❡r✐❡s✱ ✉s✐♥❣ ✭✹✳✻✸✮ ❛♥❞ t❤❛t ω1 < ω2 ✭s❡❡
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✶✳✭✐✐✐✮✮ ✇❡ s❤♦✇ t❤❛t

r = lim inf
p→∞

n
√
me1⊳e2(p) = lim inf

p→∞

p

√
me2(p)

me1(p)
= ∞,

❤❡♥❝❡ E⊳ ✐s ❡♥t✐r❡✳ ❲❡ s❡❡ t❤❛t (me1⊳e2(p))p∈N0 ✱ ❛❣❛✐♥ ❜② ✭✹✳✻✸✮✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
s❡q✉❡♥❝❡ M2/M1✳ ❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✼✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st C,K > 0 s✉❝❤ t❤❛t
|E⊳(z)| ≤ C exp(ωM2/M1

(K|z|))✱ ❢♦r ❛❧❧ z ∈ C✱ t❤❡♥ ✭✈✮ ❤♦❧❞s✳

❋✐♥❛❧❧②✱ r❡❣❛r❞✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮✱ ✇❡ ♥❡❡❞ ✜rst t♦ s❤♦✇ t❤❛t

E⊳(u) = (Te1E2)(u), u ∈ C∗. ✭✹✳✻✹✮

❲❡ ♣r♦✈❡ t❤✐s ❡q✉❛❧✐t② ❢♦r u ∈ (0,∞)✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ t❤❡ ✐❞❡♥t✐t② ♣r✐♥❝✐♣❧❡ s✐♥❝❡
E⊳(u) ✐s ❡♥t✐r❡ ❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷✱ (Te1E2)(u) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥
G(0, 2 + ω1)✳

❲❡ ✜① u ∈ (0,∞)✱ ✇❡ ❤❛✈❡ t❤❛t

(Te1E2)(u) =

∫ ∞

0
e1

( z
u

)
E2(z)

dz

z
.

❙✐♥❝❡ e1 ❛♥❞ E2 ❛r❡ ♣♦s✐t✐✈❡ ♦✈❡r (0,∞)✱ t❤❡♥ ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡ ✐♥t❡❣r❛❧ ❛♥❞ s✉♠ ❛♥❞
❛♣♣❧②✐♥❣ ✭✹✳✻✸✮ ✇❡ s❡❡ t❤❛t

(Te1E2)(u) =

∫ ∞

0
e1

( z
u

)
E2(z)

dz

z
=

∫ ∞

0
e1

( z
u

) ∞∑

n=0

zn

me2(n)

dz

z

=
∞∑

n=0

(Te1(z
n/me2(n)))(u) =

∞∑

n=0

un

me1⊳e2(n)
= E⊳(u).

◆♦✇✱ ✇❡ ✜① τ ∈ (0, 2 − ω2 + ω1)✱ ❛♥❞ ✇❡ t❛❦❡ τ1 ∈ (0, ω1) ❛♥❞ τ2 ∈ (0, 2 − ω2) s✉❝❤ t❤❛t
τ2 < τ < τ1 + τ2✳ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✵✳✭✐✐✳❜✮ ❢♦r e1 ❛♥❞ ✭✈✐✳❜✮ ❢♦r E2 ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡
❡①✐st α1, β2 > 0 ✭♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ τ1 ❛♥❞ τ2✮✱ ❛♥❞ ❝♦♥st❛♥ts C1,K2 > 0✱ ε1 ∈ (0, 1)✱
M2 ≥ 1 s✉❝❤ t❤❛t

|e1(z)| ≤C1|z|α1 , z ∈ Sτ1 , |z| ≤ ε1, ✭✹✳✻✺✮

|E2(z)| ≤
K2

|z|β2
, z ∈ S(π, τ2), |z| ≥M2. ✭✹✳✻✻✮

❲❡ ✜① u ∈ S(π, τ) ✇✐t❤ |u| ≥ M2/ε1✳ ■❢ u ∈ S(π, τ2)✱ ✇❡ ❞❡✜♥❡ θu := arg(u) s♦ ✇❡ ❤❛✈❡
t❤❛t

eiθu

u
∈ Sτ1 , eiθu ∈ S(π, τ2). ✭✹✳✻✼✮

■❢ arg(u) ∈ ((π/2)(2− τ), (π/2)(2− τ2)]✱ ✇❡ ❞❡✜♥❡ θu := arg(u) + εu ✇✐t❤

εu ∈ ((π/2)(2− τ2)− arg(u),min((π/2)(2 + τ2)− arg(u), (π/2)τ1)).

❚❤✐s ✐♥t❡r✈❛❧ ✐s ♥♦t ❡♠♣t② s✐♥❝❡ arg(u)(2/π) > 2 − τ > 2 − τ2 − τ1✱ t❤❡♥ (π/2)(2 − τ2) −
arg(u) < τ1π/2✳ ❲❡ ♦❜s❡r✈❡ t❤❛t arg(eiθu/u) = εu ∈ [0, (π/2)τ1) ❛♥❞ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t
eiθu ∈ S(π, τ2) ❛♥❞ ✇❡ ❞❡❞✉❝❡ ✭✹✳✻✼✮✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❆♥❛❧♦❣♦✉s❧②✱ ✐❢ arg(u) ∈ [(π/2)(2 + τ2), (π/2)(2 + τ)) ✇❡ ❝❤♦♦s❡ θu := arg(u)− εu ✇✐t❤

εu ∈ (−(π/2)(2 + τ2) + arg(u),min(−(π/2)(2− τ2) + arg(u), (π/2)τ1)),

❛♥❞ ✇❡ ❛❧s♦ ♦❜t❛✐♥ ✭✹✳✻✼✮ ❢♦r t❤✐s ❝❤♦✐❝❡ ♦❢ θu✳ ❇② ✭✹✳✻✹✮✱ s✐♥❝❡ |u| ≥M2/ε1 ✇❡ ❤❛✈❡ t❤❛t

|E⊳(u)| =
∣∣∣∣∣

∫ ∞(θu)

0
e1

( z
u

)
E2(z)

dz

z

∣∣∣∣∣ ≤
∫ M2

0

∣∣∣∣e1
(
reiθu

u

)
E2(re

iθu)

∣∣∣∣
dr

r

+

∫ |u|ε1
M2

∣∣∣∣e1
(
reiθu

u

)
E2(re

iθu)

∣∣∣∣
dr

r
+

∫ ∞

|u|ε1

∣∣∣∣e1
(
reiθu

u

)
E2(re

iθu)

∣∣∣∣
dr

r
.

■❢ r ≤ |u|ε1✱ ✇❡ ❤❛✈❡ t❤❛t |reiθu/u| ≤ ε1✱ ❜② ✭✹✳✻✼✮ ✇❡ ❝❛♥ ❛♣♣❧② ✭✹✳✻✺✮ ❛♥❞ ✇❡ ♦❜t❛✐♥

|E⊳(u)| ≤
C1

|u|α1

(∫ M2

0
rα1

∣∣∣E2(re
iθu)
∣∣∣ dr
r

+

∫ |u|ε1
M2

rα1

∣∣∣E2(re
iθu)
∣∣∣ dr
r

)

+

∫ ∞

|u|ε1

∣∣∣∣e1
(
reiθu

u

)
E2(re

iθu)

∣∣∣∣
dr

r
.

❇② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❢♦r e1✱ ❛♥❞ ✭✈✮ ❢♦r E2 ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts D1, H2 s✉❝❤
t❤❛t |e1(w)| ≤ D1 ❢♦r ❡✈❡r② w ∈ Sτ1 ❛♥❞ |E2(w)| ≤ H2 ❢♦r ❡✈❡r② w ∈ D(0,M2 + 1)✳ ❲❡
❞❡❞✉❝❡ t❤❛t

|E⊳(u)| ≤
C1H2M

α1
2

α1|u|α1
+

C1

|u|α1

∫ |u|ε1
M2

rα1

∣∣∣E2(re
iθu)
∣∣∣ dr
r

+D1

∫ ∞

|u|ε1

∣∣∣E2(re
iθu)
∣∣∣ dr
r
.

■❢ r ≥M2✱ ❜② ✭✹✳✻✼✮ ✇❡ ❝❛♥ ❛♣♣❧② ✭✹✳✻✻✮ ❛♥❞ ✇❡ ❤❛✈❡

|E⊳(u)| ≤
C1H2M

α1
2

α1|u|α1
+
C1K2

|u|α1

∫ |u|ε1
M2

rα1−β2
dr

r
+

D1K2

β2|u|β2εβ2
1

.

❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✹✳✸✳✶✺✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t α1 > β2✱ t❤❡♥

|E⊳(u)| ≤
C1H2M

α1
2

α1|u|α1
+

C1K2ε
α1−β2
1

(α1 − β2)|u|β2
+

D1K2

β2|u|β2εβ2
1

.

❈♦♥s❡q✉❡♥t❧②✱ ❝♦♥❞✐t✐♦♥ ✭✈✐✳❜✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ β = min(α1, β2)✳

✷✳ ❯♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ ❘❡♠❛r❦ ✹✳✸✳✽✳

✸✳ ❲❡ t❛❦❡ f ∈ OM2(S(d, α)) ⊆ OM2/M1(S(d, α))✳ ❙✐♥❝❡ e1 ⊳ e2 ✐s ❛ ❦❡r♥❡❧ ♦❢ M2/M1−
s✉♠♠❛❜✐❧✐t②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷ ✇❡ ❦♥♦✇ t❤❛t Ae1,e2(f) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧
r❡❣✐♦♥ G(d, α+ω2−ω1)✳ ❲❡ ✜① z ∈ G(d, α+ω2−ω1)✱ t❤❡r❡ ❡①✐sts φ ✇✐t❤ |d−φ| < πα/2✱
s✉❝❤ t❤❛t ✐❢ arg(u) = φ✱ t❤❡♥ u/z ∈ Sω2−ω1 ✳ ❲❡ ✇r✐t❡ η = arg(z/u) = arg(z) − φ ❛♥❞
✇❡ ❝♦♥s✐❞❡r ❛ ♣❛t❤ δω1(η) ❝❤♦s❡♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✹✱ ✇❤❛t ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ e2 ✐s
❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2 ❛♥❞ t❤❡ ♣❛t❤ δω1(η) st❛②s ✐♥s✐❞❡ Sω2 ✳ ❲❡ ❤❛✈❡ t❤❛t

Ae1,e2(f)(z) =

∫ ∞(φ)

0
f(u)

(
−1

2πi

∫

δω1 (η)
E1

( z

wu

)
e2(1/w)

dw

w

)
du

u
.

❲❡ ❝♦♥❝❧✉❞❡✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✹✱ t❤❛t t❤✐s ❧❛st ❡①♣r❡ss✐♦♥ ❡q✉❛❧s T−e1 ◦ Te2(f)(z)✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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✹✳ ❲❡ ❝♦♥s✐❞❡r f(u) = (1 − u)−1 ❛♥❞ ✇❡ ❞❡✜♥❡ g(z) := ((T−e1 ◦ Te2)f)(z)✳ ❇② ▲❡♠♠❛ ✹✳✸✳✼✱
✇❡ ❦♥♦✇ t❤❛t Te2f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(π, 2 + ω2)✳ ▼♦r❡♦✈❡r✱ Te2f ∼M2

∑∞
n=0m2(n)z

n ♦♥
S(π, 2 + ω2)✱ t❤❡♥ ✐t ✐s ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♦r✐❣✐♥✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤❡ T−e1 tr❛♥s❢♦r♠ t♦ Te2f
❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✹✱ ✇❡ ❤❛✈❡ t❤❛t g ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S = S(π, 2+ω2 −ω1)✳ ❚❤❡♥✱
t❤❡ ❢✉♥❝t✐♦♥

e(1/z) :=
g(z)− g(ze2πi)

2πi
,

✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω2−ω1 ✳ ❙✐♥❝❡ f ∈ OM2(Sω2−ω1)✱ ❜② st❛t❡♠❡♥t ✸ ✇❡ ❤❛✈❡ Ae1,e2(f) =
(T−e1 ◦ Te2)(f) ❛♥❞✱ ❜② ▲❡♠♠❛ ✹✳✸✳✼✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

e(1/z) =
g(z)− g(ze2πi)

2πi
=
Ae1,e2(f)(z)−Ae1,e2(f)(ze

2πi)

2πi
= e1 ⊳ e2(1/z).

�

❘❡♠❛r❦ ✹✳✸✳✷✻✳ ◆♦t❡ t❤❛t OM2(S) ⊆ OM2/M1(S)✳ ❈♦♥s❡q✉❡♥t❧②✱ Ae1,e2 ❡①t❡♥❞s t❤❡ ♦♣✲
❡r❛t♦r T−1e1 ◦ Te2 ✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✳✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✹✱ ❢♦r ❡✈❡r②
f ∈ OM2(S(d, γ)) ✇❡ ❞❡❞✉❝❡ Ae1,e2f ∈ OM1(S(d, γ + ω(M2)− ω(M1))) ✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ♥❛♠❡
♦❢ t❤❡ ♦♣❡r❛t♦r✳

❘❡♠❛r❦ ✹✳✸✳✷✼✳ ❲❡ ❦♥♦✇ t❤❛t M2/M1 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ♥♦♥③❡r♦
♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✽✮✳ ❆s ✐♥❞✐❝❛t❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✸✳✷✷✱ ❛ str♦♥❣ ❦❡r♥❡❧ ♦❢
M2/M1−s✉♠♠❛❜✐❧✐t②✱ ❛❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✹✳✶✳✹✱ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜✉t ✐t ♠❛② ♥♦t ❜❡❤❛✈❡
✇❡❧❧ ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ r❡❧❛t✐♦♥s✳

❘❡♠❛r❦ ✹✳✸✳✷✽✳ ❋r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧s ✇❡ ❞❡❞✉❝❡
s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✿

e1 ∗ e2 = e2 ∗ e1, e1 ∗ (e1 ⊳ e2) = e2, e1 ⊳ (e1 ∗ e2) = e2, e2 ⊳ (e1 ∗ e2) = e1.

✹✳✸✳✺ ▼✉❧t✐s✉♠♠❛❜✐❧✐t② t❤r♦✉❣❤ ❛❝❝❡❧❡r❛t✐♦♥

■♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❝❡❞✉r❡ t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ♦❢ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ♣r❡s❡♥t❡❞
❜❡❧♦✇✱ ✇❡ ♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛s②♠♣t♦t✐❝s ✉♥❞❡r t❤❡ ♦♣❡r❛t♦r Ae1,e2 ❞❡✜♥❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺ ❛♥❞ t♦ ❡①t❡♥❞ ✇❤❛t ✇❛s ❦♥♦✇♥ ❢♦r t❤❡ ●❡✈r❡② ❝❛s❡ ✭s❡❡ ❬✼✱ ❚❤✳ ✺✺ ❛♥❞ ✺✻❪✮✳

❚❤❡♦r❡♠ ✹✳✸✳✷✾✳ ▲❡t Mj ✱ ej ✱ mej ✱ ❛♥❞ Tej , T
−
ej ✱ j = 1, 2✱ ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✶✳ ❆ss✉♠❡

ω(M1) < ω(M2) < 2 ✳ ▲❡t Ae1,e2 ❞❡♥♦t❡ t❤❡ ▲❛♣❧❛❝❡✲❧✐❦❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ e1 ⊳e2
✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✮ ❛♥❞ M′ ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡♥✱

✭✐✮ ■❢ f ∈ OM2/M1(S(d, α)) ❛♥❞ f ∼M′ f̂ ✱ t❤❡♥ Ae1,e2f ∼M′·(M2/M1) Âe1,e2 f̂ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥
G(d, α+ ω(M2/M1))✱ ✇❤❡r❡

Âe1,e2



∞∑

p=0

apz
p


 :=

∞∑

p=0

apme2(p)

me1(p)
zp.

✭✐✐✮ ■❢✱ ♠♦r❡♦✈❡r✱ f ∈ OM2(S(d, α))✱ t❤❡♥ Ae1,e2f ∈ OM1(S(d, α+ ω(M2/M1))) ❛♥❞

Te1(Ae1,e2f) = Te2f.

Pr♦♦❢✳ ✭✐✮ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✱ e1 ⊳ e2 ✐s ❛ str♦♥❣ ❦❡r♥❡❧ ♦❢ M2/M1− s✉♠♠❛❜✐❧✐t②✳ ❚❤❡♥✱ t❤❡
❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✹✳✶✳✶✽✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✭✐✐✮ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✳✸✱ ✇❡ ❦♥♦✇ t❤❛t

Ae1,e2f = (T−e1 ◦ Te2)f.

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✷✱ Te2f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d, α + ω(M2))✳ ❙✐♥❝❡
ω(M2) > ω(M1)✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✹ (T−e1 ◦ Te2)f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ t❤❡ ✉♥❜♦✉♥❞❡❞
s❡❝t♦r S = S(d, α + ω(M2) − ω(M1)) ❛♥❞ ✐t ✐s ♦❢ M1−❣r♦✇t❤ ✐♥ S✳ ❲❡ ♦❜s❡r✈❡ t❤❛t
ω(M2/M1) = ω(M2)− ω(M1) ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✵✮✱ t❤❡♥ Ae1,e2f = (T−e1 ◦ Te2)f ∈ OM1(S)✳
❲❡ ❝❛♥ ❛♣♣❧② Te1 t♦ Ae1,e2f ✱ ❛♥❞ ✇❡ ❣❡t

Te1(Ae1,e2f) = Te1T
−
e1Te2f = Te2f.

�

■♥ ❛ ♥❛t✉r❛❧ ✇❛②✱ ✇❡ ❞❡✜♥❡ Â−e1,e2

(∑∞
p=0 apz

p
)
:=
∑∞

p=0(apme1(p)/me2(p))z
p.❲✐t❤ t❤❡ t♦♦❧s

♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s ❛♥❞ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✱ ✇❡ ❛r❡ r❡❛❞②
❢♦r ❣✐✈✐♥❣ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ✐♥ ❛ ♠✉❧t✐❞✐r❡❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✉❧t✐❦❡r♥❡❧
(e1, e2)✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✸✵✳ ■♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✺✱ ✇❡ s❛② t❤❛t f̂ =
∑

p≥0 apz
p ✐s

(e1, e2)−s✉♠♠❛❜❧❡ ✐♥ t❤❡ ♠✉❧t✐❞✐r❡❝t✐♦♥ (d1, d2) ✇✐t❤ |d1 − d2| < π(ω(M2) − ω(M1))/2 ❛♥❞
d1, d2 ∈ R ✐❢✿

✭✐✮ ĝ := T̂−e1 f̂ =
∑

p≥0

ap
me1(p)

zp ✐s M2/M1−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d2✳

✭✐✐✮ ❚❤❡ s✉♠ SM2/M1,d2 ĝ ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ g ✐♥ ❛ s❡❝t♦r S = S(d1, ε) ❢♦r s♦♠❡ ε > 0✱
❛♥❞ g ∈ OM1(S)✳

■♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✉❧t✐s✉♠ ❜②✿

S(e1,e2),(d1,d2)f̂ := Te1 ◦Ae1,e2 ◦ Â−e1,e2 ◦ T̂−e1 f̂ .

❚❤❡ ♥❡①t r❡s✉❧t st❛t❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ (M1,M2)−♠✉❧t✐s✉♠♠❛❜✐❧✐t② ❛♥❞ (e1, e2)−
♠✉❧t✐s✉♠♠❛❜✐❧✐t② ✐♥ ❛ ♠✉❧t✐❞✐r❡❝t✐♦♥✱ ❛♥❞ ♣r♦✈✐❞❡s ❛ ✇❛② t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ❜② ♠❡❛♥s
♦❢ t❤❡ ❢♦r♠❛❧ ❛♥❞ ❛♥❛❧②t✐❝ ❛❝❝❡❧❡r❛t✐♦♥ ♦♣❡r❛t♦rs ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ✭s❡❡ ❬✼✱ ❈❤✳ ✶✵❪ ❢♦r t❤❡
●❡✈r❡② ❝❛s❡✮✳

❚❤❡♦r❡♠ ✹✳✸✳✸✶✳ ●✐✈❡♥ M1,M2 ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇✐t❤
ω(M1) < ω(M2) < 2✱ ❞✐r❡❝t✐♦♥s d1, d2 ∈ R ✇✐t❤ |d1 − d2| < π(ω(M2) − ω(M1))/2 ❛♥❞ ❛ ❢♦r♠❛❧
♣♦✇❡r s❡r✐❡s f̂ ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ f̂ ∈ C{z}(M1,M2),(d1,d2)✳

✭✐✐✮ ❋♦r ❡✈❡r② ♣❛✐r ♦❢ str♦♥❣ ❦❡r♥❡❧s✱ e1 ♦❢ M1−s✉♠♠❛❜✐❧✐t② ❛♥❞ e2 ♦❢ M2−s✉♠♠❛❜✐❧✐t②✱ f̂ ✐s
(e1, e2)−♠✉❧t✐s✉♠♠❛❜❧❡ ✐♥ ♠✉❧t✐❞✐r❡❝t✐♦♥ (d1, d2)✳

✭✐✐✐✮ ❋♦r s♦♠❡ ♣❛✐r ♦❢ str♦♥❣ ❦❡r♥❡❧s✱ e1 ♦❢ M1−s✉♠♠❛❜✐❧✐t② ❛♥❞ e2 ♦❢ M2−s✉♠♠❛❜✐❧✐t②✱ f̂ ✐s
(e1, e2)−♠✉❧t✐s✉♠♠❛❜❧❡ ✐♥ ♠✉❧t✐❞✐r❡❝t✐♦♥ (d1, d2)✳

■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❤♦❧❞s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ (M1,M2)−s✉♠ ♦❢ f̂ ♦♥ t❤❡ ♠✉❧t✐❞✐r❡❝t✐♦♥
(d1, d2) ✐s ❣✐✈❡♥ ❜②

S(M1,M2),(d1,d2)f̂ = Te1 ◦Ae1,e2 ◦ T̂−e2 f̂ .
❢♦r ❛♥② ♣❛✐r ♦❢ ❦❡r♥❡❧s e1, e2✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✶✽✵ ❈❍❆P❚❊❘ ✹✳ ▼❯▲❚■❙❯▼▼❆❇■▲■❚❨ ❱■❆ P❘❖❳■▼❆❚❊ ❖❘❉❊❘❙

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ω1 = ω(M1) ❛♥❞ ω2 = ω(M2)✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ω(M2/M1) =
ω2 − ω1 ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✵✮✳

✭✐✮ =⇒ ✭✐✐✮ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✱ ✇❡ ✇r✐t❡ f̂ = f̂1 + f̂2✳ ❲❡ ♣✉t ĝ := T̂−e1 f̂

❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t Â−e1,e2 ĝ = Â−e1,e2 T̂
−
e1 f̂ = T̂−e2 f̂ ✳ ❇② ❚❤❡♦r❡♠ ✹✳✶✳✷✵✱ ✇❡ ❦♥♦✇ ĥ2 := T̂−e2 f̂2

❝♦♥✈❡r❣❡s ✐♥ ❛ ❞✐s❝✱ ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ h2 ✐♥ ❛ s❡❝t♦r S2 = S(d2, ε2) ❢♦r s♦♠❡ ε2 > 0✱
❛♥❞ h2 ∈ OM2(S2)✳ ❙✐♥❝❡ f̂1 ∈ C[[z]]M1 ✱ ✇❡ s❡❡ t❤❛t ĥ1 = T̂−e2 f̂1 ❞❡✜♥❡s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ h1
❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✼✱ ✇❡ ❤❛✈❡ t❤❛t h1 ✐s ♦❢ M2/M1−❣r♦✇t❤ ♦♥ S2✳

❍❡♥❝❡✱ ĥ := T̂−e2 f̂ ❝♦♥✈❡r❣❡s ✐♥ ❛ ❞✐s❝✱ ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ h ✐♥ t❤❡ s❡❝t♦r S2 ✇❤❡r❡
h ✐s ♦❢ M2/M1−❣r♦✇t❤ t❤❡r❡ ❜❡❝❛✉s❡ OM2(S2) ⊆ OM2/M1(S2)✳ ❇② ❚❤❡♦r❡♠ ✹✳✶✳✷✵✱ t❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s Âe1,e2 T̂

−
e2 f̂ = T̂−e1 f̂ = ĝ ✐s M2/M1−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d2✱ s♦

❉❡✜♥✐t✐♦♥ ✹✳✸✳✸✵✳✭✐✮ ✐s ✈❛❧✐❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

SM2/M1,d2 ĝ = Ae1,e2Â
−
e1,e2 ĝ = Ae1,e2Â

−
e1,e2(ĝ1 + ĝ2)

✇❤❡r❡ ĝ1 := T̂−e1 f̂1 ❛♥❞ ĝ2 := T̂−e1 f̂2✳ ❙✐♥❝❡ f̂1 ∈ C{z}M1,d1 ✱ ✇❡ ❤❛✈❡ t❤❛t ĝ1 = T̂−e1 f̂1 ❝♦♥✈❡r❣❡s
✐♥ ❛ ❞✐s❝✱ ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ g1 ✐♥ t❤❡ s❡❝t♦r S1 = (d1, ε1) ❢♦r s♦♠❡ ε1 ∈ (0, ε2) ❛♥❞
g1 ∈ OM1(S1)✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ Ae1,e2Â

−
e1,e2 ĝ1 = S ĝ1✳ ❘❡❣❛r❞✐♥❣ ĝ2✱ ✇❡

♦❜s❡r✈❡ t❤❛t
Ae1,e2Â

−
e1,e2 ĝ2 = Ae1,e2Â

−
e1,e2 T̂

−
e1 f̂2 = Ae1,e2 T̂

−
e2 f̂2.

❙✐♥❝❡ ĥ2 = T̂−e2 f̂2 ❝♦♥✈❡r❣❡s ✐♥ ❛ ❞✐s❝ ❛♥❞ ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ h2 ∈ OM2(S2)✱ ❜② ❚❤❡✲
♦r❡♠ ✹✳✸✳✷✾✱ ✇❡ s❡❡ t❤❛t Ae1,e2h2 = T−e1Te2h2✳ ❋✉rt❤❡r♠♦r❡✱ T−e1Te2h2 ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ t❤❡
s❡❝t♦r S(d2, ω2 − ω1 + ε2)✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ s❡❝t♦r S1 ❜❡❝❛✉s❡ |d1 − d2| < π(ω2 − ω1)/2✱
❛♥❞ T−e1Te2h2 ∈ OM1(S1)✱ s♦ SM2/M1,d2 ĝ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ s✉♠ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s Ae1,e2 ĥ2
❛♥❞ S ĝ1 ✇❤♦s❡ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥s ✐♥ S1✱ T−e1Te2h2 ❛♥❞ g1✱ ❤❛✈❡ M1−❣r♦✇t❤ t❤❡r❡✱ t❤❛t ✐s✱
❉❡✜♥✐t✐♦♥ ✹✳✸✳✸✵✳✭✐✐✮ ❤♦❧❞s✳
✭✐✐✮ =⇒ ✭✐✐✐✮ ❚r✐✈✐❛❧✳
✭✐✐✐✮ =⇒ ✭✐✮ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✸✵✳✭✐✮✱ g = SM2/M1,d2 ĝ ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G =
G(d2, α) ✇✐t❤ α > ω2−ω1 ❛♥❞ g ∼M2/M1

ĝ ✐♥ G✳ ▲❡t T ❜❡ ❛ s✉❜s❡❝t♦r ♦❢ G✱ ❜✐s❡❝t❡❞ ❜② ❞✐r❡❝t✐♦♥
d2 ❛♥❞ ♦❢ ♦♣❡♥✐♥❣ πβ ✇✐t❤ β ∈ (ω2 − ω1, 2)✱ s✉❝❤ t❤❛t T ⊆ G ❛♥❞ ❧❡t γ ❞❡♥♦t❡ t❤❡ ♣♦s✐t✐✈❡❧②
♦r✐❡♥t❡❞ ❜♦✉♥❞❛r② ♦❢ T ✳ ❉❡❝♦♠♣♦s✐♥❣ γ = γ1 + γ2 ✇❤❡r❡ γ1 ✐s t❤❡ ❝✐r❝✉❧❛r ♣❛rt ❛♥❞ γ2 ✐s t❤❡
r❛❞✐❛❧ ♣❛rt✱ ✇❡ ❞❡✜♥❡

gj(z) :=
1

2πi

∫

γj

g(w)

w − z
dw, ❢♦r ❛❧❧ z ∈ T, j = 1, 2.

❙✐♥❝❡ g ✐s ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♦r✐❣✐♥✱ ❜② ❈❛✉❝❤②✬s ❋♦r♠✉❧❛✱ ✇❡ ❝❛♥ ✇r✐t❡ g = g1+ g2✳ ❇② ▲❡✐❜♥✐③✬s
r✉❧❡ ✇❡ s❡❡ t❤❛t g1 ✐s ❤♦❧♦♠♦r♣❤✐❝ ❛t t❤❡ ♦r✐❣✐♥✳ ❍❡♥❝❡✱ g2 = g−g1 ∼M2/M1

ĝ2 ✇❤❡r❡ ĝ2 := ĝ− ĝ1
❛♥❞ ĝ1 ✐s t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ♦❢ g1 ❛t t❤❡ ♦r✐❣✐♥✳

❲❡ ❞❡✜♥❡ f̂1 := T̂e1 ĝ1 ❛♥❞ ✇❡ ✐♠♠❡❞✐❛t❡❧② ♦❜s❡r✈❡ t❤❛t f̂1 ∈ C[[z]]M1 ✳ ❇② ✭✐✐✮ ✐♥ ❉❡✜♥✐✲
t✐♦♥ ✹✳✸✳✸✵✱ g ❛❞♠✐ts ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ✐♥ ❛ s❡❝t♦r S1 = S(d1, ε) ❢♦r s♦♠❡ ε > 0✱ ❛♥❞ t❤✐s ❛♥✲
❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ❤❛s M1−❣r♦✇t❤ t❤❡r❡✳ ❆❣❛✐♥ ❜② t❤❡ ▲❡✐❜♥✐③✬s r✉❧❡✱ ✇❡ ❝❛♥ s❡❡ t❤❛t g2 ✐s ❤♦❧♦✲
♠♦r♣❤✐❝ ✐♥ S(d2, β) ❛♥❞ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❡♥❞s t♦ 0 ❛s |z| → ∞ t❤❡r❡✐♥✱ s♦ g2 ∈ OM1(S(d2, β))✳
❙✐♥❝❡ |d1 − d2| < π(ω2 − ω1)/2✱ ✇❡ ♠❛② ❛ss✉♠❡✱ ❜② s✉✐t❛❜❧② r❡❞✉❝✐♥❣ ε✱ t❤❛t S1 ⊆ S(d2, β)✳
❍❡♥❝❡✱ g1 = g − g2 ❤❛s ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t♦ S1 ❛♥❞ ❤❛s M1−❣r♦✇t❤ t❤❡r❡✱ t❤✐s ♠❡❛♥s ❜②
❚❤❡♦r❡♠ ✹✳✶✳✷✵ t❤❛t f̂1 ✐s M1−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d1✳

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r f̂2 := T̂e1 ĝ2✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳✶✳✶✽✳✭✐✮ t♦ g2 ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t
Te1g2 ∼M2 f̂2 ♦♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G(d2, β + ω1)✳ ❙✐♥❝❡ β + ω1 > ω2✱ t❤✐s ♠❡❛♥s t❤❛t f̂2

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✐s M2−s✉♠♠❛❜❧❡ ✐♥ ❞✐r❡❝t✐♦♥ d2✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ✇r✐t❡ f̂ = T̂e1 ĝ = f̂1 + f̂2✱ s♦ f̂ ∈
C{z}(M1,M2),(d1,d2)✳

■♥ ❝❛s❡ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ❜② ❚❤❡♦r❡♠ ✹✳✸✳✷✾✱

f2 = Te2 T̂
−
e2 f̂2 = Te1Ae1,e2 T̂

−
e2 f̂2,

❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ T̂−e1 f̂1✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t

f1 = Te1 T̂
−
e1 f̂1 = Te1Ae1,e2Â

−
e1,e2 T̂

−
e1 f̂1 = Te1Ae1,e2 T̂

−
e2 f̂1.

❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t S(M1,M2),(d1,d2)f̂ = S(e1,e2),(d1,d2)f̂ ✳
�

❘❡♠❛r❦ ✹✳✸✳✸✷✳ ❈❧❛ss✐❝❛❧ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② t❤❡♦r② ❝❛♥ ❜❡ ❛❧s♦ st❛t❡❞ ✐♥ ❛ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❢♦r♠✳
■♥ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❧s♦ ♣♦ss✐❜❧❡ ❛♥❞ ♦♥❡ ❝❛♥ ♣r♦✈✐❞❡ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡
❲❛ts♦♥✬s ▲❡♠♠❛ ✭s❡❡ ❬✻✹✱ ❚❤✳ ✼✳✷✳✶❪ ❢♦r t❤❡ ●❡✈r❡② ❝❛s❡✮✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❡q✉✐✈❛❧❡♥t
♦❢ t❤❡ ❚❛✉❜❡r✐❛♥ ❚❤❡♦r❡♠✳ ❆♣❛rt ❢r♦♠ t❤❡ ❲❛ts♦♥✬s ▲❡♠♠❛ ❛♥❞ t❤❡ ❇♦r❡❧✲❘✐tt ❚❤❡♦r❡♠✱ ❛
❘❛♠✐s✲❙✐❜✉②❛✲❧✐❦❡ r❡s✉❧t ❣✐✈❡♥ ❜② ❆✳ ▲❛str❛✱ ❙✳ ▼❛❧❡❦ ❛♥❞ ❏✳ ❙❛♥③ ✐♥ ❬✻✶✱ ▲❡♠♠❛ ✸❪ ✐s ♥❡❝❡ss❛r②
❢♦r t❤❡ ♣r♦♦❢ ✭❢♦r ❛ r❡❢❡r❡♥❝❡ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ ✈❡rs✐♦♥ ♦❢ ❘❛♠✐s✕❙✐❜✉②❛ t❤❡♦r❡♠✱ t❤❡ r❡❛❞❡r ♠❛②
❝♦♥s✉❧t t♦ ❬✸✾✱ ❚❤❡♦r❡♠ ❳■✲✷✲✸❪✮✳

❚❤❡ ♠❛✐♥ r❡❛s♦♥ ✇❤② t❤❡ ❛♥❛❧②t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ ✐s t❤❛t ❛♥ ❡①♣❧✐❝✐t
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧s ❛♥❞ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❣✐✈❡♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠✉❧t✐s✉♠s✳ ❚❤✐s ❝♦❤♦♠♦❧♦❣✐❝❛❧ ✈❡rs✐♦♥ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡
✐♥❝❧✉❞❡❞ ✐♥ ♦✉r ✇♦r❦ ❬✹✷❪✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❈❤❛♣t❡r ✺

❆ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ✈✐❛

♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ t❤❡ ♣r♦♣❛❣❛t✐♦♥

♦❢ ❛s②♠♣t♦t✐❝s

■♥ ✶✾✾✾✱ ❆✳ ❋r✉❝❤❛r❞ ❛♥❞ ❈✳ ❩❤❛♥❣ ❬✷✾❪ ♣r♦✈❡❞ t❤❛t ❢♦r ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ ❛ s❡❝t♦r
S ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② ♣r♦♣❡r s✉❜s❡❝t♦r ♦❢ S✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥
❢♦❧❧♦✇✐♥❣ ❥✉st ♦♥❡ ❞✐r❡❝t✐♦♥ ✐♠♣❧✐❡s ❣❧♦❜❛❧ ✭♥♦♥✉♥✐❢♦r♠✮ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ✇❤♦❧❡ ♦❢ S✳
▼♦r❡♦✈❡r✱ ❛ ●❡✈r❡② ✈❡rs✐♦♥ ♦❢ t❤✐s r❡s✉❧t ✐s ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ ❝♦♥tr♦❧ ♦♥ t❤❡ t②♣❡✱ ♥❛♠❡❧②✿

❚❤❡♦r❡♠ ❆ ✭❬✷✾❪✱ ❚❤❡♦r❡♠ ✶✶✮✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ❛♥❛❧②t✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ✐♥ ❛♥ ♦♣❡♥ s❡❝t♦r
S = S(d, γ, r) ♦❢ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ d ∈ R✱ ♦♣❡♥✐♥❣ πγ ❛♥❞ r❛❞✐✉s r✱ ✇✐t❤ γ, r > 0✳ ❙✉♣♣♦s❡ f ❤❛s
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ =

∑∞
n=0 anz

n ♦❢ ●❡✈r❡② ♦r❞❡r 1/k ✭k > 0✮ ❛♥❞ t②♣❡ ✭❛t ❧❡❛st✮ R(θ0) > 0
✐♥ s♦♠❡ ❞✐r❡❝t✐♦♥ θ0 ✇✐t❤ |θ0 − d| < πγ/2✱ ✐✳❡✳✱ ❢♦r ❡✈❡r② δ > 0 t❤❡r❡ ❡①✐sts C = C(δ) > 0 s✉❝❤
t❤❛t ❢♦r ❡✈❡r② z ∈ S ✇✐t❤ arg(z) = θ0 ❛♥❞ ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r p ✇❡ ❤❛✈❡ t❤❛t

|f(z)−
p−1∑

n=0

anz
n| ≤ C

(
1

R(θ0)
+ δ

)p

Γ(1 +
p

k
)|z|p. ✭✺✳✶✮

❚❤❡♥✱ ✐♥ ❡✈❡r② ❞✐r❡❝t✐♦♥ θ ♦❢ S✱ f ❛❞♠✐ts f̂ ❛s ✐ts ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ ●❡✈r❡② ♦r❞❡r 1/k ❛♥❞
t②♣❡ R(θ) ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

R(θ) =





R(θ0)
(

sin(k(θ−α))
sin(k(α′−α))

)1/k
✐❢ θ ∈ (α, α′],

R(θ0) ✐❢ θ ∈ [α′, β′],

R(θ0)
(

sin(k(θ−β)
sin(k(β′−β))

)1/k
✐❢ θ ∈ [β′, β).

❍❡r❡✱ α = d − πγ/2 ❛♥❞ β = d + πγ/2 ❛r❡ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ❜♦✉♥❞❛r② ♦❢ S✱ α′ =
min(θ0, α+ π

2k ) ∈ (α, θ0]✱ ❛♥❞ β′ = max(θ0, β − π
2k ) ∈ [θ0, β)✳

❲❡ ✇❛r♥ t❤❡ r❡❛❞❡r t❤❛t t❤❡r❡ ✐s ♥♦ ❛❣r❡❡♠❡♥t ❛❜♦✉t t❤❡ t❡r♠✐♥♦❧♦❣② ✐♥ t❤✐s r❡s♣❡❝t✿ ✇❤✐❧❡
♠♦st ❛✉t❤♦rs ❛❞❤❡r❡✱ ❛s ✇❡ ✇✐❧❧ ❞♦✱ t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝s ✐♥ ✭✺✳✶✮ ✐s ●❡✈r❡② ♦❢
♦r❞❡r 1/k✱ ♦t❤❡rs ✭❢♦r ❡①❛♠♣❧❡✱ ❋r✉❝❤❛r❞ ❛♥❞ ❩❤❛♥❣ ♦r ❲✳ ❇❛❧s❡r ✐♥ ❬✻❪✮ s❛② t❤✐s ✐s ♦❢ ♦r❞❡r k✳
▼♦r❡♦✈❡r✱ t❤❡ ♥♦t✐♦♥ ♦❢ t②♣❡ ✐s ♥♦t st❛♥❞❛r❞✱ ❝♦♠♣❛r❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ❜② ▼✳ ❈❛♥❛❧✐s✲❉✉r❛♥❞ ❬✷✷❪
❢♦r ✇❤♦♠ t❤❡ t②♣❡ ✐♥ ❝❛s❡ ♦♥❡ ❤❛s ✭✺✳✶✮ ✐s (1/R+δ)k✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ❢❛❝t♦r
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Γ(1+p/k) ❝♦✉❧❞ ❜❡ ❝❤❛♥❣❡❞ ✐♥t♦ (p!)1/k ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝s✱ ❜✉t t❤✐s ✇♦✉❧❞ ❛✛❡❝t
t❤❡ ❜❛s❡ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ❢❛❝t♦r ♣r♦✈✐❞✐♥❣ t❤❡ t②♣❡ ✭❜② ❙t✐r❧✐♥❣✬s ❢♦r♠✉❧❛✱ s❡❡ ❬✷✷✱ ♣♣✳ ✸✲✹❪✮ ✐♥
❛♥② ❝❛s❡✳ ❆s ✐t ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✱ ♦✉r ✐♥t❡r❡st ✐♥ t❤❡ t②♣❡ ✇✐❧❧ ❜❡ ❧✐♠✐t❡❞✱ ❛♥❞ s♦ ✇❡ ✇✐❧❧
❝❤♦♦s❡ ❛ s✐♠♣❧❡ ❛♣♣r♦❛❝❤ ✐♥ t❤✐s r❡s♣❡❝t✱ s❡❡ ❉❡✜♥✐t✐♦♥s ✺✳✶✳✶ ❛♥❞ ✺✳✶✳✷✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ❛♥❞ ♦♥ t❤❡ s♦✲
❝❛❧❧❡❞ ❇♦r❡❧✲❘✐tt✲●❡✈r❡② t❤❡♦r❡♠✳ ❚❤✐s ❧❛st st❛t❡♠❡♥t ♣r♦✈✐❞❡s t❤❡ s✉r❥❡❝t✐✈✐t②✱ ❛s ❧♦♥❣ ❛s t❤❡
♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦r ✐s ❛t ♠♦st π/k✱ ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣ s❡♥❞✐♥❣ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ●❡✈r❡② ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥ ♦❢ ♦r❞❡r 1/k ✐♥ ❛ s❡❝t♦r t♦ ✐ts s❡r✐❡s ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✱ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ✇✐❧❧
♥❡❝❡ss❛r✐❧② s❛t✐s❢② ●❡✈r❡②✲❧✐❦❡ ❡st✐♠❛t❡s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✸✮✳ ❆❧s♦✱ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣
✐♥ s❡❝t♦rs ♦❢ ♦♣❡♥✐♥❣ ❣r❡❛t❡r t❤❛♥ π/k ✭❦♥♦✇♥ ❛s ❲❛ts♦♥✬s ❧❡♠♠❛✮ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡
✇❤❡♥ s♣❡❝✐❢②✐♥❣ ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♣r❡s❝r✐❜❡❞ ●❡✈r❡②
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ ♦r❞❡r 1/k ✐♥ ❛ ❞✐r❡❝t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✳

❚❤❡ ♠❛✐♥ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts ❢♦r ♦t❤❡r t②♣❡s ♦❢ ❛s②♠♣t♦t✐❝ ❡①✲
♣❛♥s✐♦♥s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤✐s ♣♦ss✐❜✐❧✐t② ✇❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❬✻✷❪✱ ✇❤❡r❡ ❆✳
▲❛str❛✱ ❏✳ ▼♦③♦✲❋❡r♥á♥❞❡③ ❛♥❞ ❏✳ ❙❛♥③ ❣❡♥❡r❛❧✐③❡❞ t❤❡ r❡s✉❧ts ♦❢ ❋r✉❝❤❛r❞ ❛♥❞ ❩❤❛♥❣ ❢♦r ❤♦❧♦✲
♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s ✐♥ ❛ ♣♦❧②s❡❝t♦r ✭❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ s❡❝t♦rs✮ ❛❞♠✐tt✐♥❣
str♦♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❍✳ ▼❛❥✐♠❛ ❬✻✼✱ ✻✽❪✱ ❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ t❤❡ ●❡✈r❡② ❝❛s❡
❛s ✐♥tr♦❞✉❝❡❞ ❜② ❨✳ ❍❛r❛♦❦❛ ✐♥ ❬✸✹❪✳

❚❤❡ ❛s②♠♣t♦t✐❝s ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛r❡ t❤♦s❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss
♦❢ ❢✉♥❝t✐♦♥s✱ ❛s t❤❡ ♦♥❡s st✉❞✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ ❞❡✜♥❡❞ ❜② ❝♦♥str❛✐♥✐♥❣ t❤❡ ❣r♦✇t❤ ♦❢
t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡✐r s✉❝❝❡ss✐✈❡ ❞❡r✐✈❛t✐✈❡s ✐♥ ❛ s❡❝t♦r ✐♥ t❡r♠s ♦❢ ❛ s❡q✉❡♥❝❡ M = (Mp)p∈N0 ♦❢
♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✭N0 = {0, 1, 2, . . .} = {0} ∪ N✮✱ ✇❤✐❝❤ ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ (Γ(1 + p/k))p∈N0 ✐♥
✭✺✳✶✮✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❡①t❡♥❞✐♥❣ t♦ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ✐♥❥❡❝t✐✈✐t②
♦r s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❇♦r❡❧ ♠❛♣✱ ❣❛t❤❡r❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ❛♥❞ ❛ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢✲❧✐❦❡ st❛t❡✲
♠❡♥t✱ ♦❜t❛✐♥❡❞ ❜❡❧♦✇ ❛♣♣❧②✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✇❡✐❣❤t s❡q✉❡♥❝❡s✱ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ t❤❡
♣r♦♣❡rt② ♦❢ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ❛r❡ t❤❡ ❦❡②s t♦ ♦✉r s✉❝❝❡ss✳

❆s ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡✱ t❤❡ st✉❞② ♦❢ t❤❡ t②♣❡ ❛s t❤❡ ❞✐r❡❝t✐♦♥ ♠♦✈❡s ✐♥ t❤❡ s❡❝t♦r ✐s ♣♦ss✐❜❧❡✱
❛❧t❤♦✉❣❤ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❧♦st ✐♥ ❣❡♥❡r❛❧ ✭s❡❡ ❘❡♠❛r❦ ✺✳✶✳✼✮✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡
❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✜♥✐t❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♣r♦✈✐❞✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡② t❤❡♦r❡♠ ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡ ✐s ♥♦✇ r❡♣❧❛❝❡❞ ❜② eV (z) ✭s❡❡ ❘❡♠❛r❦ ✹✳✶✳✹✮
✇❤♦s❡ ❜❡❤❛✈✐♦r ❛t ✐♥✜♥✐t② ✐s ♦♥❧② ❣✐✈❡♥ ❜② s♦♠❡ ❛s②♠♣t♦t✐❝ r❡❧❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ♥♦t ❡♥♦✉❣❤ ❢♦r
❛♥ ❛❝❝✉r❛t❡ ❤❛♥❞❧✐♥❣ ♦❢ t❤❡ r❡s✉❧t✐♥❣ t②♣❡✳

❚❤✐s ❝❤❛♣t❡r✱ ✇❤♦s❡ ❝♦♥t❡♥ts ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ♦✉r ✇♦r❦ ❬✹✻❪✱ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝✲
t✐♦♥ ✺✳✶✱ s❡✈❡r❛❧ ❧❡♠♠❛s ♦❢ ❛ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ ✢❛✈♦r ❛r❡ ♦❜t❛✐♥❡❞✳ ❆ ♣❛r❛❞✐❣♠ ✐s ▲❡♠♠❛ ✺✳✶✳✻✱
✇❤❡r❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s❡ ✐s ❡①t❡♥❞❡❞ ❢r♦♠ ❥✉st ♦♥❡ ❞✐r❡❝t✐♦♥ t♦ ❛ ✇❤♦❧❡ s♠❛❧❧ ✭✐♥ t❤❡ s❡♥s❡ ♦❢
✐ts ♦♣❡♥✐♥❣✮ s❡❝t♦r ❛❞❥❛❝❡♥t t♦ ✐t✳ ❙❡❝t✐♦♥ ✺✳✷ ❝♦♥t❛✐♥s s❡✈❡r❛❧ ✈❡rs✐♦♥s ♦❢ ❲❛ts♦♥✬s ❧❡♠♠❛ ♦♥ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ ❛ ❢✉♥❝t✐♦♥ ❛❞♠✐tt✐♥❣ ❛ ❣✐✈❡♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥✱ ❛♥❞ ✐♥ t❤❡ ✜♥❛❧
❙❡❝t✐♦♥ ✺✳✸ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ ❛s
t❤♦s❡ ❛s②♠♣t♦t✐❝❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ ❛❞♠✐tt✐♥❣ s✉❝❤ ❡①♣❛♥s✐♦♥ ✐♥ ❥✉st ♦♥❡ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ r❡❣✐♦♥✳

✺✳✶ M−✢❛t♥❡ss ❡①t❡♥s✐♦♥

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs M = (Mp)p∈N0 ❛❧✇❛②s st❛♥❞s ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱
❛♥❞ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t M0 = 1✳ ■♥ ♠♦st ♦❢ t❤❡ st❛t❡♠❡♥ts✱ M ✇✐❧❧ ❜❡ ❛❧s♦ ❛ss✉♠❡❞ t♦ ❜❡ ❛
✇❡✐❣❤t s❡q✉❡♥❝❡✱ t❤❛t ✐s✱ ✭❧❝✮ ✇✐t❤ limp→∞mp = ∞✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❈❤❛♣t❡rs ✶ ❛♥❞ ✷
❢♦r t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ s❡q✉❡♥❝❡s✱ ♣r♦①✐♠❛t❡ ♦r❞❡rs ❛♥❞ r❡❣✉❧❛r ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥
❛♥❞ t♦ ❈❤❛♣t❡r ✸ ❢♦r t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s
❞❡✜♥❡❞ ✐♥ s❡❝t♦rs ❛♥❞ s❡❝t♦r✐❛❧ r❡❣✐♦♥s✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✺✳✶✳ M−❋▲❆❚◆❊❙❙ ❊❳❚❊◆❙■❖◆ ✶✽✺

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❝♦♥s✐❞❡r t✇♦ ❞❡✜♥✐t✐♦♥s ✉s❡❢✉❧ ❢♦r ♦✉r ♣✉r♣♦s❡s r❡❣❛r❞✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥s✳ ❋✐rst✱ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ t②♣❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s ✐♥ Ãu

M(S) ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✳ ●✐✈❡♥ ❛ s❡❝t♦r S✱ ✇❡ s❛② f ∈ H(S) ❛❞♠✐ts f̂ =
∑∞

n=0 anz
n ∈ C[[z]] ❛s ✐ts

✉♥✐❢♦r♠ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ S ✭♦❢ t②♣❡ 1/A ❢♦r s♦♠❡ A > 0✮ ✐❢ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤
t❤❛t ❢♦r ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

∣∣∣f(z)−
p−1∑

n=0

anz
n
∣∣∣ ≤ CApMp|z|p, z ∈ S.

❲❡ ✇✐❧❧ ✇r✐t❡ f ∼u
M f̂ ✐♥ S✱ ❛♥❞ Ãu

M(S) st❛♥❞s ❢♦r t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❛❞♠✐tt✐♥❣ ✉♥✐❢♦r♠
M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ S ✭♦❢ s♦♠❡ t②♣❡✮✳

❙❡❝♦♥❞❧②✱ ✇❡ ♥❡❡❞ t♦ s❡tt❧❡ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✷✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G = G(d, γ)✱ ❛♥❞ θ ❜❡ ❛
❞✐r❡❝t✐♦♥ ✐♥ G✱ ✐✳❡✳ |θ − d| < πγ/2✳ ❲❡ s❛② f ❤❛s M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ =

∑∞
n=0 anz

n ✐♥

❞✐r❡❝t✐♦♥ θ ✐❢ t❤❡r❡ ❡①✐st rθ, Cθ, Aθ > 0 s✉❝❤ t❤❛t t❤❡ s❡❣♠❡♥t (0, rθeiθ] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ G✱ ❛♥❞ ❢♦r
❡✈❡r② z ∈ (0, rθe

iθ] ❛♥❞ ❡✈❡r② p ∈ N0 ♦♥❡ ❤❛s

∣∣∣f(z)−
p−1∑

n=0

anz
n
∣∣∣ ≤ CθA

p
θMp|z|p.

■♥ t❤✐s ❝❛s❡✱ ✇❡ s❛② t❤❡ t②♣❡ ✐s 1/Aθ✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡ ❛s ❧♦♥❣ ❛s t❤❡ ❢✉♥❝t✐♦♥
✐s ❞❡✜♥❡❞ ♦♥❧② ✐♥ ❞✐r❡❝t✐♦♥ θ ♥❡❛r t❤❡ ♦r✐❣✐♥✱ ✐✳❡✳ ✐♥ ❛ s❡❣♠❡♥t (0, reiθ] ❢♦r s✉✐t❛❜❧❡ r > 0✳

❘❡♠❛r❦ ✺✳✶✳✸✳ ■♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✶✳✷✱ ✐❢ f̂ ✐s t❤❡ ♥✉❧❧ s❡r✐❡s ✇❡ s❛② t❤❛t f ✐s
M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ θ✳ ❆s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✱ t❤✐s ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❡r♠s ♦❢ ωM ❛♥❞ ✐t
❛♠♦✉♥ts t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ rθ, Cθ, Aθ > 0 s✉❝❤ t❤❛t t❤❡ s❡❣♠❡♥t (0, rθeiθ] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ G✱ ❛♥❞
❢♦r ❡✈❡r② z ∈ (0, rθe

iθ] ♦♥❡ ❤❛s
|f(z)| ≤ Cθe

−ωM(1/(Aθ|z|)).

❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t f ✐s ❜♦✉♥❞❡❞ t❤r♦✉❣❤♦✉t t❤❡ ✭❜♦✉♥❞❡❞ ♦r ♥♦t✮ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✳ ❙✐♥❝❡
t❤❡ ❢✉♥❝t✐♦♥ e−ωM(t) ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥ [0,∞)✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t f ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ θ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st C̃θ > 0 ❛♥❞ t❤❡ s❛♠❡ ❝♦♥st❛♥t Aθ > 0 ❛s ❜❡❢♦r❡✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ G
✇✐t❤ arg(z) = θ ♦♥❡ ❤❛s

|f(z)| ≤ C̃θe
−ωM(1/(Aθ|z|)). ✭✺✳✷✮

❚❤✐s ❢❛❝t ✇✐❧❧ ❜❡ ✉s❡❞ ❧❛t❡r ♦♥✳

■♥ ❣❡tt✐♥❣ t❤❡ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢✲❧✐❦❡ r❡s✉❧ts ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ s✐♠✐❧❛r❧② t♦ t❤❡
M−s✉♠♠❛❜✐❧✐t② t❤❡♦r② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐s ♣❧❛②❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥s
V ∈ MF (γ, ρ(t)) ❢♦r ❛ ❣✐✈❡♥ γ > 0 ❛♥❞ ❛ ❣✐✈❡♥ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t)✳ ❯s✐♥❣ t❤❡ ❝❤❛r✲
❛❝t❡r✐③❛t✐♦♥s ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ss♦❝✐❛t✐♥❣ ❛ ❢✉♥❝t✐♦♥ V
✇✐t❤ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ✐♥ ❛ s✉✐t❛❜❧❡ ✇❛② ✭s❡❡ ❘❡♠❛r❦ ✺✳✶✳✹✮ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡
❢✉♥❝t✐♦♥ dM(t) = log(ωM(t))/ log(t) ❞❡✜♥❡❞ ❢♦r ❧❛r❣❡ t✱ ✇❤❡r❡ ωM(t) ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✸✳ ■❢ dM(t) ✐s ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ♦r✱ ❧❡ss r❡str✐❝t✐✈❡✱ ✐❢ ✐t ❝❛♥
❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ♦♥❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✱ t❤❛t ✐s✱ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡
♦r❞❡r✱ t❤✐s ♣♦ss✐❜✐❧✐t② ✐s ❛✈❛✐❧❛❜❧❡✳

❘❡♠❛r❦ ✺✳✶✳✹✳ ■❢ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t)✱ ❢♦r ❡✈❡r② γ > 0✱ t❤❛♥❦s t♦ ✭❱■✮ ✐♥
❚❤❡♦r❡♠ ✶✳✷✳✶✻✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st V ∈MF (γ, ρ(t)) ❛♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A,B, t0 s✉❝❤
t❤❛t

AV (t) ≤ tdM(t) = ωM(t) ≤ BV (t), t > t0. ✭✺✳✸✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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■t ✐s ✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ❛r❡ str♦♥❣❧② r❡❣✉❧❛r
❛♥❞ ❛❧❧ t❤❡ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s ❛♥❞ ♦r❞❡rs ❛r❡ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ❝♦✐♥❝✐❞❡ ✭❙❡❡ ❘❡✲
♠❛r❦s ✷✳✷✳✼ ❛♥❞ ✷✳✷✳✶✽✮✳ ❚❤❡♥ ✐t ✐s ❛ ♠❛tt❡r ♦❢ ❝♦♥✈❡♥t✐♦♥ ❤♦✇ ✇❡ ♥❛♠❡ t❤✐s ✈❛❧✉❡✱ γ(M)✱ ω(M)✱
β(♠)✱ µ(♠)✱ ρ(♠) ♦r α(♠)✳ ❙✐♥❝❡ ✇❡ ♠❛✐♥❧② ❞❡❛❧ ✇✐t❤ q✉❛s✐❛♥❛❧②t✐❝✐t② r❡s✉❧ts✱ t❤❡ ♥♦t❛t✐♦♥
ω(M) ✐s t❤❡ ❝❤♦✐❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ t❤✐s ♣♦✐♥t ♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t

M ✐s ❛ ❣✐✈❡♥ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r.

■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✹✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤✐s ✐s ♥♦t ❛ str♦♥❣ ❛ss✉♠♣t✐♦♥ ❢♦r str♦♥❣❧② r❡❣✉❧❛r
s❡q✉❡♥❝❡s✱ s✐♥❝❡ ✐t ✐s s❛t✐s✜❡❞ ❜② ❡✈❡r② s✉❝❤ s❡q✉❡♥❝❡ ❛♣♣❡❛r✐♥❣ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛s ✐t
❤❛s ❛❧s♦ ❜❡❡♥ ♣r♦✈❡❞✱ t❤❡r❡ ❛r❡ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✇❤✐❝❤ ❞♦ ♥♦t s❛t✐s❢② ✐t✳

❲❡ ❛r❡ r❡❛❞② ❢♦r ♣r♦✈✐♥❣ ❛♥ ✐♠♣♦rt❛♥t ❧❡♠♠❛ ❛❜♦✉t t❤❡ ❡①t❡♥s✐♦♥ ♦❢ M−✢❛t♥❡ss ❢r♦♠
❛ ❜♦✉♥❞❛r② ❞✐r❡❝t✐♦♥ ✐♥t♦ ❛ ✇❤♦❧❡ s♠❛❧❧ s❡❝t♦r ❢♦r ❢✉♥❝t✐♦♥s ❜♦✉♥❞❡❞ t❤❡r❡ ❛♥❞ ❛❞♠✐tt✐♥❣ ❛
❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ✭❝♦♥s✐❞❡r❡❞ ✐♥ R✱ ✐✳❡✳✱ ❞✐sr❡❣❛r❞✐♥❣ t❤❡ ♦r✐❣✐♥✮✳ ❋✐rst✱ ✇❡
r❡❝❛❧❧ ❛ ❝❧❛ss✐❝❛❧ ✈❡rs✐♦♥ ♦❢ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ♥❡❡❞❡❞ ✐♥ t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✺✳✶✳✺ ✭P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠✱ ❬✶✵✵❪✱ ♣✳ ✶✼✼✮✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ❤♦❧♦♠♦r♣❤✐❝
✐♥ ❛ s❡❝t♦r S = S(d, γ, ρ)✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❜② C ✐♥ t❤❡ ❜♦✉♥❞❛r② ∂S✳ ❙✉♣♣♦s❡ t❤❡r❡
❡①✐st K,L > 0 ❛♥❞ ω > γ s✉❝❤ t❤❛t

|f(z)| < KeL|z|
−1/ω

❢♦r ❡✈❡r② z ∈ S✳ ❚❤❡♥ f ✐s ❜♦✉♥❞❡❞ ❜② C ✐♥ t❤❡ s❡❝t♦r S✳

◆♦✇ ✇❡ ♦❜t❛✐♥ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ❢♦r M−✢❛t ❢✉♥❝t✐♦♥s ✐♥ ❛ s❡❝t♦r✳

▲❡♠♠❛ ✺✳✶✳✻✳ ▲❡t 0 < γ < ω(M) ❜❡ ❣✐✈❡♥✳ ❙✉♣♣♦s❡ f ✐s ❛ ❜♦✉♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥
Sγ t❤❛t ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱ ❛♥❞ t❤❛t ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥
d = πγ/2✳ ❚❤❡♥ ❢♦r ❡✈❡r② 0 < δ < πγ✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts k1(δ), k2(δ) > 0 ✇✐t❤

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [−πγ/2 + δ, πγ/2].

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡♥♦t❡ ω := ω(M)✳ ❲❡ ✜① 0 < δ < πγ✳ ❙✐♥❝❡ γ < ω✱ ✇❡ ❤❛✈❡ t❤❛t

π

2
< β = β(δ) :=

1

ω
(
π

2
ω +

δ

2
) < π, −π

2
+

δ

2ω
< α = α(δ) :=

1

ω
(
π

2
ω − πγ +

δ

2
) <

π

2
.

❚❤❡♥ ✇❡ t❛❦❡ ε, η > 0 ✭❞❡♣❡♥❞✐♥❣ ♦♥ δ✮ s✉❝❤ t❤❛t

cos(β) + ε ≤ −η < 0.

❙✐♥❝❡ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t)✱ ❜② ❘❡♠❛r❦ ✺✳✶✳✹ t❤❡r❡ ❡①✐st ❛ ❢✉♥❝t✐♦♥ V ∈
MF (2ω, ρ(t)) ❛♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A,B, t0 s✉❝❤ t❤❛t ✭✺✳✸✮ ❤♦❧❞s✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✺✳✶✳✸✱
❛♥❞ s♣❡❝✐✜❝❛❧❧② t♦ ✭✺✳✷✮✱ t❤❡r❡ ❡①✐st c1, c2 > 0 ✇✐t❤

|f(z)| ≤ c1e
−ωM(1/(c2|z|)), ✐❢ arg(z) = πγ/2. ✭✺✳✹✮

❈❤♦♦s❡ d2 > 0 s✉❝❤ t❤❛t c−1/ω2 > d2✱ ❛♥❞ t❛❦❡ a ∈ R ✇✐t❤

arg(a) =
ωπ

2
− πγ

2
+
δ

2
, 0 < |a| <

(
Ad2
2

)ω

.

❲❡ s❡❡ t❤❛t ε < 1✱ s♦ ✇❡ ❤❛✈❡ t❤❛t

cos

(
arg(a)− arg(z)

ω

)
+ ε ≤ 2 ✭✺✳✺✮

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❢♦r ❡✈❡r② z ∈ Sγ ✭✇❤❡r❡ t❤❡ ❝❧♦s✉r❡ ✐s t❛❦❡♥ ✐♥ R✱ ❛♥❞ s♦ t❤❡ ✈❡rt❡① ♦❢ t❤❡ s❡❝t♦r ✐s ♥♦t ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥✮✳

❲❡ ♦❜s❡r✈❡ t❤❛t arg(a/z) ∈ [ωα, ωβ] ⊆ (−πω/2, πω) ❢♦r ❡✈❡r② z ∈ Sγ ✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❝♦♠♠❡♥ts ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✹ ❛♥❞ ✉s✐♥❣ ♣r♦♣❡rt② ✭■✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥
MF (2ω, ρ(t))✱ ✇❡ s❡❡ t❤❛t

lim
|z|→0

V (a/z)

|a|1/ωV (1/|z|) = ei(arg(a)−arg(z))/ω

✉♥✐❢♦r♠❧② ❢♦r arg(z) ∈ [−πγ/2, πγ/2]✳ ❈♦♥s❡q✉❡♥t❧②✱

lim
|z|→0

Re

(
V (a/z)

|a|1/ωV (1/|z|)

)
= cos((arg(a)− arg(z))/ω)

✉♥✐❢♦r♠❧② ❢♦r arg(z) ∈ [−πγ/2, πγ/2]✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t

|a|1/ωV
(

1

|z|

)
(cos ((arg(a)− arg(z))/ω)− ε)) ≤ Re

(
V
(a
z

))
, ✭✺✳✻✮

|a|1/ωV
(

1

|z|

)
(cos ((arg(a)− arg(z))/ω) + ε) ≥ Re

(
V
(a
z

))
, ✭✺✳✼✮

❢♦r |z| < s1 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ arg(z) ∈ [−πγ/2, πγ/2]✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❝❤♦♦s❡ s1 < 1/(t0c2)✳
❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

F (z) := f(z)eV (a/z).

❚❤❡ ❢✉♥❝t✐♦♥ V (a/z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ S(arg(a), 2ω) ⊃ Sγ ✱ s♦ F (z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sγ ❛♥❞
❝♦♥t✐♥✉♦✉s ✉♣ t♦ ∂Sγ ✳ ❖✉r ❛✐♠ ✐s t♦ ❛♣♣❧② t❤❡ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ✺✳✶✳✺ t♦ t❤✐s ❢✉♥❝t✐♦♥
✐♥ ❛ s✉✐t❛❜❧❡ ❜♦✉♥❞❡❞ s❡❝t♦r S(0, γ, s3)✳

■❢ arg(z) = −πγ/2✱ ✇❡ ❤❛✈❡ t❤❛t arg(a)− arg(z) = βω✳ ❚❤❡♥✱ s✐♥❝❡ f ✐s ❜♦✉♥❞❡❞ ✐♥ Sγ ❜② ❛
❝♦♥st❛♥t K > 0✱ ❜② ✉s✐♥❣ ✭✺✳✼✮ ✇❡ s❡❡ t❤❛t ❢♦r |z| < s1✱

|F (z)| ≤ KeRe(V (a/z)) ≤ Ke(cos(β)+ε)|a|1/ωV (1/|z|) ≤ Ke−η|a|
1/ωV (1/|z|).

◆♦✇✱ ♦❜s❡r✈❡ t❤❛t V (1/|z|) > 0 ✭♣r♦♣❡rt② ✭■■■✮✮✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t |F (z)| ≤ K ❢♦r ❡✈❡r② z ✇✐t❤
|z| < s1 ❛♥❞ arg(z) = −πγ/2✳

■❢ arg(z) = πγ/2✱ ✇❡ ❤❛✈❡ t❤❛t arg(a)−arg(z) = αω✳ ❚❤❡♥✱ ❢r♦♠ ✭✺✳✹✮✱ ✭✺✳✸✮✱ ✭✺✳✺✮ ❛♥❞ ✭✺✳✼✮
✇❡ s❡❡ t❤❛t✱ ✐❢ |z| < s1✱

|F (z)| ≤ c1e
−ωM(1/(c2|z|))e(cos(α)+ε)|a|1/ωV (1/|z|) ≤ c1e

−AV (1/(c2|z|))+2|a|1/ωV (1/|z|).

❯s✐♥❣ ♣r♦♣❡rt② ✭■✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ MF (2ω, ρ(t)) ✇❡ ❤❛✈❡ t❤❛t

lim
|z|→0

V (1/(c2|z|))
V (1/|z|) = c

−1/ω
2 .

❚❤❡♥✱ ❢♦r |z| < s2 ≤ s1 s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡ t❤❛t V (1/(c2|z|)) ≥ d2V (1/|z|)✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t

|F (z)| ≤ c1e
(−Ad2+2|a|1/ω)V (1/|z|), ❢♦r |z| < s2, arg(z) = πγ/2.

❙✐♥❝❡ |a| ❤❛s ❜❡❡♥ ❝❤♦s❡♥ s♠❛❧❧ ❡♥♦✉❣❤ ✐♥ ♦r❞❡r t❤❛t −Ad2 + 2|a|1/ω < 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
|F (z)| ≤ c1 ❢♦r ❡✈❡r② |z| < s2 ❛♥❞ arg(z) = πγ/2✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❋♦r z ∈ Sγ ✇✐t❤ |z| < s1✱ ❜② ✉s✐♥❣ ✭✺✳✺✮ ❛♥❞ ✭✺✳✼✮ ✇❡ ❤❛✈❡ t❤❛t

Re
(
V
(a
z

))
≤ 2|a|1/ωV

(
1

|z|

)
.

❆s γ < ω✱ t❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t γ < µ < ω✳ ❇② ♣r♦♣❡rt② ✭❱■✮✱ ✇❡ ❦♥♦✇ t❤❛t
log(V (t))/ log(t) ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r ❡q✉✐✈❛❧❡♥t t♦ ρ(t)✱ ❤❡♥❝❡ t❡♥❞✐♥❣ t♦ 1/ω ❛t ✐♥✜♥✐t②✳ ❚❤❡♥✱
✇❡ ❝❛♥ ❛♣♣❧② ❘❡♠❛r❦ ✶✳✷✳✽✿ t❤❡r❡ ❡①✐sts 0 < s3 ≤ s2 s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ Sγ ✱
|z| ≤ s3✱

Re
(
V
(a
z

))
≤ 2|a|1/ω

(
1

|z|

)1/µ

.

❙✐♥❝❡ f(z) ✐s ❜♦✉♥❞❡❞ ✐♥ Sγ ✱ ✇❡ ❤❛✈❡ t❤❛t

|F (z)| ≤ K exp(2|a|1/ω|z|−1/µ), ❢♦r ❛❧❧ z ∈ Sγ , ✇✐t❤ |z| ≤ s3,

❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

|F (z)| ≤ K exp(2|a|1/ωs−1/µ3 ), ❢♦r ❡✈❡r② z ∈ Sγ , ✇✐t❤ |z| = s3.

❇② ❛♣♣❧②✐♥❣ P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ✺✳✶✳✺ t♦ t❤❡ ❢✉♥❝t✐♦♥ F (z) ✐♥ S(0, γ, s3)✱ ✇❡ ♦❜t❛✐♥ t❤❛t

|F (z)| ≤ K0 := max(K, c1,K exp(2|a|1/ωs−1/µ3 ))

❢♦r |z| ≤ s3 ❛♥❞ arg(z) ∈ [−πγ/2, πγ/2]✳
❈♦♥s❡q✉❡♥t❧②✱ ✉s✐♥❣ ✭✺✳✻✮✱ ✐❢ |z| ≤ s3 ❛♥❞ arg(z) ∈ [−πγ/2, πγ/2] ✇❡ ❤❛✈❡ t❤❛t

|f(z)| ≤ K0e
Re(−V (a/z)) ≤ K0e

−(cos((arg(a)−arg(z))/ω)−ε)|a|1/ωV (1/|z|).

❆ss✉♠✐♥❣ t❤❛t arg(z) ∈ [−πγ/2 + δ, πγ/2]✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

cos((arg(a)− arg(z))/ω) ≥ cos

(
π

2
− δ

2ω

)
= − cos(β) ≥ η + ε > 0.

❚❤❡♥✱ ❢♦r r2 := η|a|1/ω > 0 ✇❡ ✜♥❞ t❤❛t ❢♦r ❡✈❡r② z ✇✐t❤ arg(z) ∈ [−πγ/2+ δ, πγ/2] ❛♥❞ |z| < s3
✇❡ ❤❛✈❡ t❤❛t

|f(z)| ≤ K0e
−r2V (1/|z|).

❈❤♦♦s❡ k2 > 0 s✉❝❤ t❤❛t (1/k2)1/ω < r2/B✳ Pr♦♣❡rt② ✭■✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥MF (2ω, ρ(t)) ✐♠♣❧✐❡s
t❤❛t✱ ❢♦r z ✇✐t❤ |z| < s4 < min(s3, 1/(t0k2))✱ s♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ arg(z) ∈ [−πγ/2 + δ, πγ/2]✱ ✇❡
❤❛✈❡

|f(z)| ≤ K0e
−BV (1/(k2|z|)) ≤ K0e

−ωM(1/(k2|z|)).

❲❡ t❛❦❡ k1 := K0e
ωM(1/(k2s4)) ≥ K0✳ ❚❤❡♥✱ s✐♥❝❡ ωM(t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✐❢ |z| ≥ s4 ❛♥❞

arg(z) ∈ [−πγ/2 + δ, πγ/2] ✇❡ ❤❛✈❡

|f(z)| ≤ K ≤ K0 = k1e
−ωM(1/(k2s4)) ≤ k1e

−ωM(1/(k2|z|)),

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❘❡♠❛r❦ ✺✳✶✳✼✳ ❙♦♠❡ ❝♦♠♠❡♥ts ❛r❡ ✐♥ ♦r❞❡r ❝♦♥❝❡r♥✐♥❣ t❤❡ st❛t❡♠❡♥t ♦r ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s
r❡s✉❧t✳

❇② ❛ s✐♠♣❧❡ r♦t❛t✐♦♥✱ ♦♥❡ ♠❛② ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡ ✈❛❧✐❞✐t② ♦❢ ▲❡♠♠❛ ✺✳✶✳✻ ❛♥❞ ♦❢ t❤❡
s✉❜s❡q✉❡♥t r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❜✐s❡❝t✐♥❣ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s❡❝t♦r ✇❤❡r❡
t❤❡ ❢✉♥❝t✐♦♥ f ✐s ❞❡✜♥❡❞✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝♦✉❧❞ s❧✐❣❤t❧② ✇❡❛❦❡♥ t❤❡ ❤②♣♦t❤❡s❡s ❜② ❝♦♥s✐❞❡r✐♥❣ ❛
❢✉♥❝t✐♦♥ f ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sγ t❤❛t ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❞✐r❡❝t✐♦♥ d = πγ/2✱ ✐♥
✇❤✐❝❤ ✐t ✐s M−✢❛t✱ ❛♥❞ t❤❛t ✐s ❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② ✭❤❛❧❢✲♦♣❡♥✮ s❡❝t♦r

{z ∈ R : arg(z) ∈ (−πγ
2

+ δ,
πγ

2
]}, δ > 0.

■♥❞❡❡❞✱ ✇❡ ♠❛② ❣✐✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ t②♣❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱
♦♥❡ ♥♦t❡s t❤❛t

k2 = k2(δ) >
(B
r2

)ω
=
( B

η|a|1/ω
)ω

≥
( 2B

Ad2 cos(
π
2 − δ

2ω )

)ω
≥
(2B
A

)ω( 1

sin( δ
2ω )

)ω
c2,

❛♥❞ k2 ♠❛② ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ❛t t❤❡ ♣r✐❝❡ ♦❢ ❡♥❧❛r❣✐♥❣ t❤❡ ❝♦♥st❛♥t
k1 = k1(δ)✳ ❙♦✱ t❤❡ ♦r✐❣✐♥❛❧ t②♣❡ c2 ✐s ❜❛s✐❝❛❧❧② ❛✛❡❝t❡❞ ❜② ❛ ♣r❡❝✐s❡ ❢❛❝t♦r ✇❤❡♥ ♠♦✈✐♥❣ t♦ ❛
❞✐r❡❝t✐♦♥ θ = −πγ/2+δ ✇✐t❤ 0 < δ < πγ✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t k2(δ) ❡①♣❧♦❞❡s ❛t ❧❡❛st ❧✐❦❡ 1/ sinω(δ)
❛s δ → 0✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ t②♣❡ ♦❢ t❤❡ ♥✉❧❧ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ t❡♥❞s t♦ ✵ ❛s t❤❡ ❞✐r❡❝t✐♦♥
✐♥ t❤❡ s❡❝t♦r ❛♣♣r♦❛❝❤❡s t❤❡ ❜♦✉♥❞❛r② d = −πγ/2✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡ ✭s❡❡
❚❤❡♦r❡♠ ❆✮✳

▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥st❛♥t ✷ ✐♥ δ/(2ω) ❝♦✉❧❞ ❜❡ ❛♥② ♥✉♠❜❡r ❣r❡❛t❡r t❤❛♥ ✶ ❛♥❞✱ ❜② s✉✐t❛❜❧②
❝❤♦♦s✐♥❣ t❤❡ ✈❛❧✉❡ ε ✐♥ t❤❡ ♣r♦♦❢✱ t❤❡ ❝♦♥st❛♥t 2B/A ❛♣♣❡❛r✐♥❣ ❜❡❢♦r❡ ❝❛♥ ❜❡ ♠❛❞❡ ❛s ❝❧♦s❡ t♦
B/A ❛s ❞❡s✐r❡❞✱ s♦ t❤❡ ♦♥❧② ✐♥❞❡t❡r♠✐♥❛❝② ✐♥ t❤❡ ♣r❡✈✐♦✉s ❢❛❝t♦r ✐s ❝❛✉s❡❞ ❜② t❤❡ ✈❛❧✉❡s A,B
✐♥✈♦❧✈❡❞ ✐♥ ✭✺✳✸✮✳ ■♥ t❤❡ ❝♦♠♠♦♥ s✐t✉❛t✐♦♥ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ dM(t) ✐s ✐♥❞❡❡❞ ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✱
t❤❡ ❝♦♥st❛♥ts A ❛♥❞ B ❝❛♥ ❛❧s♦ ❜❡ t❛❦❡♥ ❛s ♥❡❛r t♦ 1 ❛s ✇❛♥t❡❞✱ ✇❤❛t ♠❛❦❡s t❤❡ ❡①♣r❡ss✐♦♥ ❡✈❡♥
♠♦r❡ ❡①♣❧✐❝✐t✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t✱ ❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✷✳✷✳✶✼ ♦♥❡ ♠❛② ❝❤❛♥❣❡ M ❜② ❛♥ ❡q✉✐✈❛❧❡♥t s❡q✉❡♥❝❡ L

s✉❝❤ t❤❛t dL ✐s ❛ ♣r♦①✐♠❛t❡ ♦r❞❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ❢❛❝t ❞♦❡s ♥♦t ✐♠♣r♦✈❡ t❤❡ ♣r♦♦❢✱ s✐♥❝❡ ❛❣❛✐♥
❚❤❡♦r❡♠ ✶✳✷✳✶✻ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ ❛ ❢✉♥❝t✐♦♥ V ∈ MF (2ω, dL(t)) ❛♥❞ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤
t❤❡ s❛♠❡ t②♣❡ ♦❢ ❡st✐♠❛t❡ t❤❛t ✇❡ ❤❛✈❡ ✐♥ ✭✺✳✸✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ✐♠♣♦s✐♥❣ γ < ω(M) ✐s ♦♥❧② ❛ t❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ♦r❞❡r
t♦ ❛♣♣❧② P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢ t❤❡♦r❡♠ ✺✳✶✳✺✳

▲❡♠♠❛ ✺✳✶✳✽✳ ▲❡t γ > 0 ❜❡ ❣✐✈❡♥✳ ❙✉♣♣♦s❡ f ✐s ❛ ❜♦✉♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ Sγ t❤❛t
❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱ ❛♥❞ t❤❛t ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ d = πγ/2✳
❚❤❡♥ ❢♦r ❡✈❡r② 0 < δ < πγ✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts k1(δ), k2(δ) > 0 ✇✐t❤

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [−πγ/2 + δ, πγ/2].

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ω = ω(M)✱ ❛♥❞ ♣✉t θ0 := πγ/2✳ ❲❡ ❝❛♥ ♦❜✈✐♦✉s❧② ❝❤♦♦s❡ ❛
s✉✐t❛❜❧❡ ♥❛t✉r❛❧ ♥✉♠❜❡r m ❛♥❞ ❞✐r❡❝t✐♦♥s θj ∈ (−πγ/2, πγ/2)✱ j = 1, 2, . . . ,m✱ s✉❝❤ t❤❛t

θj := θj−1 − πω/2, θj ≥ −πγ/2 + δ, j = 1, . . . ,m− 1,

θm ∈ (−πγ/2,−πγ/2 + δ), θm−1 − θm < πω/2.

❲❡ ✜① 0 < ε < πω/4✳ ❙✐♥❝❡ θ0 − θ1 + ε < 3πω/4 < πω✱ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✺✳✶✳✻ t♦ t❤❡
❢✉♥❝t✐♦♥ f r❡str✐❝t❡❞ t♦ t❤❡ s❡❝t♦r S1 = {z ∈ R : arg(z) ∈ [θ1 − ε, θ0]}✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡
❡①✐st ❝♦♥st❛♥ts k1,1, k2,1 > 0 ✇✐t❤

|f(z)| ≤ k1,1e
−ωM(1/(k2,1|z|)), ✐❢ arg(z) ∈ [θ1, θ0].

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❇② r❡❝✉rs✐✈❡❧② r❡❛s♦♥✐♥❣ ✐♥ t❤❡ s❡❝t♦rs

Sj = {z ∈ R : arg(z) ∈ [θj − ε, θj−1]}, j = 2, 3, . . . ,m− 1,

❛♥❞ ✜♥❛❧❧② ✐♥ t❤❡ s❡❝t♦r
Sm = {z ∈ R : arg(z) ∈ [θm, θm−1]},

✇❡ ♦❜t❛✐♥ ❝♦♥st❛♥ts k1,j , k2,j > 0 s✉❝❤ t❤❛t

|f(z)| ≤ k1,je
−ωM(1/(k2,j |z|)), ✐❢ arg(z) ∈ [θj , θj−1].

❚❤❡♥ ❢♦r k1 := maxj k1,j ❛♥❞ k2 := maxj k2,j ✇❡ ❤❛✈❡ t❤❛t

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [−πγ/2 + δ, πγ/2].

�

■♥ t❤❡ ♥❡①t r❡s✉❧t ✇❡ ✐♠♣♦s❡ M−✢❛t♥❡ss ✐♥ ❜♦t❤ ❜♦✉♥❞❛r② ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ s❡❝t♦r✱ ❛♥❞
❝♦♥❝❧✉❞❡ ✉♥✐❢♦r♠ M−✢❛t♥❡ss t❤r♦✉❣❤♦✉t t❤❡ s❡❝t♦r✳
▲❡♠♠❛ ✺✳✶✳✾✳ ▲❡t γ > 0 ❜❡ ❣✐✈❡♥✳ ❙✉♣♣♦s❡ f ✐s ❛ ❜♦✉♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ Sγ t❤❛t
❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱ ❛♥❞ t❤❛t ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥s d = πγ/2
❛♥❞ −d✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts k1, k2 > 0 ✇✐t❤

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [−πγ/2, πγ/2]. ✭✺✳✽✮

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✶✳✽✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts k1,1, k2,1, k1,2, k2,2 > 0 s✉❝❤ t❤❛t

|f(z)| ≤ k1,1e
−ωM(1/(k2,1|z|)), ✐❢ arg(z) ∈ [0, πγ/2]

❛♥❞
|f(z)| ≤ k1,2e

−ωM(1/(k2,2|z|)), ✐❢ arg(z) ∈ [−πγ/2, 0].
❲❡ ❝♦♥❝❧✉❞❡ t❛❦✐♥❣ k1 := max{k1,1, k1,2} ❛♥❞ k2 := max{k2,1, k2,2}✳ �

❘❡♠❛r❦ ✺✳✶✳✶✵✳ ❇② ❝❛r❡❢✉❧❧② ✐♥s♣❡❝t✐♥❣ ✐ts ♣r♦♦❢✱ ✇❡ s❡❡ t❤❛t ▲❡♠♠❛ ✺✳✶✳✻ ❤♦❧❞s tr✉❡ ✐♥ ❛♥②
❜♦✉♥❞❡❞ s❡❝t♦r S(d, γ, r) ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ▲❡♠♠❛ ✺✳✶✳✽ ❛♥❞ ▲❡♠♠❛ ✺✳✶✳✾ ❛r❡ ❛❧s♦ ✈❛❧✐❞ ✐♥
❜♦✉♥❞❡❞ s❡❝t♦rs✳

❲❡ s❤♦✇ ♥❡①t t❤❛t✱ ❛s ❘❡♠❛r❦ ✺✳✶✳✶✵ s✉❣❣❡sts✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✇♦r❦ ✐♥ s❡❝t♦r✐❛❧ r❡❣✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✶✳ ▲❡t γ > 0 ❜❡ ❣✐✈❡♥✳ ❙✉♣♣♦s❡ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ Gγ ✱
❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② T ≪ G✱ ❛♥❞ M−✢❛t ✐♥ ❛ ❞✐r❡❝t✐♦♥ θ ✐♥ Gγ ✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② T ≪ Gγ t❤❡r❡
❡①✐st ❝♦♥st❛♥ts k1(T ), k2(T ) > 0 ✇✐t❤

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ❢♦r ❛❧❧ z ∈ T. ✭✺✳✾✮

Pr♦♦❢✳ ❇② s✉✐t❛❜❧② ❡♥❧❛r❣✐♥❣ t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s✉❜s❡❝t♦r✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t θ ✐s ♦♥❡ ♦❢ t❤❡
❞✐r❡❝t✐♦♥s ✐♥ T ✳ ❚❤❡r❡ ❡①✐st R, c1, c2 > 0 ✇✐t❤

|f(z)| ≤ c1e
−ωM(1/(c2|z|)), ✐❢ arg(z) = θ ❛♥❞ |z| ≤ R. ✭✺✳✶✵✮

■❢ θ1 < θ2 ❛r❡ t❤❡ ✭r❛❞✐❛❧✮ ❜♦✉♥❞❛r② ❞✐r❡❝t✐♦♥s ♦❢ T ✱ ✇❡ ❝♦♥s✐❞❡r δ > 0 s✉❝❤ t❤❛t −πγ/2 < θ1− δ
❛♥❞ θ2+ δ < πγ/2✳ ❚❤❡r❡ ❡①✐sts 0 < r < R s✉❝❤ t❤❛t t❤❡ s❡❝t♦rs S1 = {z ∈ R : |z| ≤ r, arg(z) ∈
[θ1 − δ, θ]} ❛♥❞ S2 = {z ∈ R : |z| ≤ r, arg(z) ∈ [θ, θ2 + δ]} ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ Gγ ✳ ❚❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t ✭✺✳✶✵✮ ❛♥❞ ❘❡♠❛r❦ ✺✳✶✳✶✵✱ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✺✳✶✳✽ t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ f t♦ ❡❛❝❤
s❡❝t♦r ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t f ✐s M−✢❛t ✉♥✐❢♦r♠❧② ❢♦r arg(z) ∈ [θ1, θ2] ❛♥❞ |z| ≤ r✳ ❙✐♥❝❡ ωM(t)
✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❜② s✉✐t❛❜❧② ❡♥❧❛r❣✐♥❣ t❤❡ ❝♦♥st❛♥t k1 ✇❡ ♦❜t❛✐♥ ✭✺✳✾✮✳ �

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❊①❛♠♣❧❡ ✺✳✶✳✶✷✳ ❇♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢✉♥❝t✐♦♥ ✐s ♥❡❝❡ss❛r② ✐♥ ❛♥② ♦❢ t❤❡ ♣r❡✈✐♦✉s
r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ ♥❡①t ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ❤❛✈✐♥❣ ❛♥ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛
❞✐r❡❝t✐♦♥ d ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ ✐ts ✈❛❧✐❞✐t② ✐♥ ❛♥② s❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❛t ❞✐r❡❝t✐♦♥✳ ❖✉r ✐♥s♣✐r❛t✐♦♥
❝♦♠❡s ❢r♦♠ ❛ s✐♠✐❧❛r ❡①❛♠♣❧❡ ✐♥ ❲✳ ❲❛s♦✇✬s ❜♦♦❦ ❬✶✵✹✱ ♣✳ ✸✽❪✱ ✇❤✐❝❤ ❝♦♥❝❡r♥❡❞ t❤❡ ❢✉♥❝t✐♦♥
f(z) = sin(e1/z)e−1/z✳

❇② ❘❡♠❛r❦ ✺✳✶✳✹✱ ❢♦r ❡✈❡r② γ > 0 t❤❡r❡ ❡①✐sts V ∈MF (γ, ρ(t)) s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ✭✺✳✸✮✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

f(z) = sin(eV (1/z))e−V (1/z), z ∈ Sγ .

❙✐♥❝❡ sin(eV (1/z)) ✐s ❜♦✉♥❞❡❞ ❢♦r r❡❛❧ z > 0✱ ✇❡ s❡❡ t❤❛t f ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ 0✳ ■❢ ✇❡ ❝♦♠♣✉t❡
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ f ✐♥ Sγ ✇❡ s❡❡ t❤❛t

f ′(z) =
V ′(1/z)

z2

(
sin(eV (1/z))e−V (1/z) − cos(eV (1/z))

)

=
V ′(1/z)

zV (1/z)

V (1/z)

z

(
sin(eV (1/z))e−V (1/z) − cos(eV (1/z))

)
.

❙✐♥❝❡ ❢♦r z > 0 ✇❡ ❤❛✈❡ limz→0(1/z)V
′(1/z)/V (1/z) = 1/ω(M) ✭❜② ♣r♦♣❡rt② ✭❱■✮✱ s❡❡ ❬✻✺✱

Pr♦♣✳ ✶✳✷❪✮ ❛♥❞ limz→0 V (1/z)/z = ∞ ✭♣r♦♣❡rt② ✭■■■✮✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t limz→0 f
′(z) ❞♦❡s ♥♦t

❡①✐st✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳✭✐✐✮✱ f ❝❛♥ ♥♦t ❤❛✈❡ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛♥② s❡❝t♦r✐❛❧ r❡❣✐♦♥
❝♦♥t❛✐♥✐♥❣ ❞✐r❡❝t✐♦♥ 0✳ ❈♦♥s❡q✉❡♥t❧②✱ f ✐s ♥♦t M−✢❛t ✐♥ ❛♥② s✉❝❤ s❡❝t♦r✐❛❧ r❡❣✐♦♥✳ ❲❡ ♥♦t❡
t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❲❛s♦✇ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ●❡✈r❡② ❝❛s❡ ♦❢ ♦r❞❡r ✶✱ ✐✳❡✳✱ t♦ t❤❡
s❡q✉❡♥❝❡ M = (p!)p∈N0 ✳

❘❡♠❛r❦ ✺✳✶✳✶✸✳ ❆t t❤✐s ♣♦✐♥t ✐t ✐s ✇♦rt❤ s❛②✐♥❣ ❛ ❢❡✇ ✇♦r❞s ❛❜♦✉t ❛ s✐t✉❛t✐♦♥ ✇❤✐❝❤✱ ❛❧t❤♦✉❣❤
♥♦t ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✱ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡
❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ♦r ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s✱ ♥❛♠❡❧② t❤❛t ♦❢ t❤❡ s♦✲❝❛❧❧❡❞
❈❛r❧❡♠❛♥ ❝❧❛ss❡s ♦❢ ❇❡✉r❧✐♥❣ t②♣❡✳ ❲❡ ✇✐❧❧ ♥♦t ❣✐✈❡ ❢✉❧❧ ❞❡t❛✐❧s ❤❡r❡✱ ❜✉t ❧❡t ✉s s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥
f ✱ ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G✱ ❤❛s ❇❡✉r❧✐♥❣ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ f̂ =

∑∞
n=0 anz

n

✐♥ ❛ ❞✐r❡❝t✐♦♥ θ ✐♥ G ✐❢ t❤❡r❡ ❡①✐sts rθ > 0 s✉❝❤ t❤❛t t❤❡ s❡❣♠❡♥t (0, rθeiθ] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ G✱ ❛♥❞
❢♦r ❡✈❡r② Aθ > 0 ✭s♠❛❧❧✮ t❤❡r❡ ❡①✐sts Cθ > 0 ✭❧❛r❣❡✮ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② z ∈ (0, rθe

iθ] ❛♥❞ ❡✈❡r②
p ∈ N0 ♦♥❡ ❤❛s

∣∣∣f(z)−
p−1∑

n=0

anz
n
∣∣∣ ≤ CθA

p
θMp|z|p.

❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ✐♥ ❘❡♠❛r❦ ✺✳✶✳✸✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t f ✱ ❜♦✉♥❞❡❞ t❤r♦✉❣❤♦✉t G✱ ✐s ❇❡✉r❧✐♥❣
M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ θ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② c2 > 0 ✭s♠❛❧❧✮ t❤❡r❡ ❡①✐st c1 > 0 ✭❧❛r❣❡✮ s✉❝❤ t❤❛t
❢♦r ❡✈❡r② z ∈ G ✇✐t❤ arg(z) = θ ♦♥❡ ❤❛s

|f(z)| ≤ c1e
−ωM(1/(c2|z|)). ✭✺✳✶✶✮

❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡♠♠❛ ✺✳✶✳✻ ✐s ✈❛❧✐❞✿ ●✐✈❡♥ 0 < γ < ω(M)✱ s✉♣♣♦s❡ f ✐s ❛
❜♦✉♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ Sγ t❤❛t ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱
❛♥❞ t❤❛t ✐s ❇❡✉r❧✐♥❣ M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ d = πγ/2✳ ❚❤❡♥ ❢♦r ❡✈❡r② 0 < δ < πγ ❛♥❞ ❡✈❡r② k2 > 0✱
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t k1 = k1(δ, k2) > 0 s✉❝❤ t❤❛t

|f(z)| ≤ k1e
ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [−πγ/2 + δ, πγ/2].

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s st❛t❡♠❡♥t ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s ❛s t❤❛t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❧❡♠♠❛✱ ❜② ❝❛r❡❢✉❧❧②
tr❛❝✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦♥st❛♥ts ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡st✐♠❛t❡s✳ ■♥❞❡❡❞✱ t❤❡ ❝♦♥st❛♥ts
A,B, α, β, ε, η ❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❈❤♦♦s❡ r2 > 0 s✉❝❤ t❤❛t r2/B > k

−1/ω
2 ✱ ❛♥❞

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❛ ♣♦✐♥t a ✇✐t❤ t❤❡ s♣❡❝✐✜❡❞ ❛r❣✉♠❡♥t ❛♥❞ ♠♦❞✉❧✉s (r2/η)
ω✳ ❚❛❦❡ ❛ ♣♦s✐t✐✈❡ d2 s✉❝❤ t❤❛t

d2 > 2|a|1/ω/A✱ ❛♥❞ t❤❡♥ c2 > 0 s✉❝❤ t❤❛t c2 < d−ω2 ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❇❡✉r❧✐♥❣ M−✢❛t♥❡ss ✐♥
❞✐r❡❝t✐♦♥ γπ/2✱ t❤❡r❡ ❡①✐sts c1 > 0 s✉❝❤ t❤❛t ✭✺✳✶✶✮ ❤♦❧❞s ❢♦r arg(z) = γπ/2✳ ❚❤❡♥✱ t❤❡ ❞❡s✐r❡❞
❡st✐♠❛t❡s ❤♦❧❞ ❢♦r t❤❡ s❛♠❡ k1 > 0 ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❛t ❧❡♠♠❛✳

◆♦t❡ t❤❛t ❛❧s♦ ▲❡♠♠❛ ✺✳✶✳✽✱ ▲❡♠♠❛ ✺✳✶✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✶ ✇✐❧❧ ❜❡ ✈❛❧✐❞ ✐♥ t❤✐s ❇❡✉r❧✐♥❣
s❡tt✐♥❣✳

✺✳✷ ❲❛ts♦♥✬s ▲❡♠♠❛s

●✐✈❡♥ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ ✇❡ ✇✐❧❧ ♥♦✇ ♦❜t❛✐♥ s❡✈❡r❛❧
q✉❛s✐❛♥❛❧②t✐❝✐t② r❡s✉❧ts ❜② ❝♦♠❜✐♥✐♥❣ t❤♦s❡ ✐♥ ❙✉❜s❡❝t✐♦♥s ✸✳✷✳✶ ❛♥❞ ✸✳✷✳✷ ✇✐t❤ t❤❡ r❡s✉❧ts ♦♥ t❤❡
♣r♦♣❛❣❛t✐♦♥ ♦❢ ♥✉❧❧ ❛s②♠♣t♦t✐❝s ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳

❘❡♠❛r❦ ✺✳✷✳✶✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾ ✭s❡❡ ❬✾✼❪✮✱ ✐t ✐s ❡❛s② t♦
❞❡❞✉❝❡ t❤❛t✱ ❣✐✈❡♥ ❛ ❜♦✉♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ f ✐♥ ❛ s❡❝t♦r Sγ t❤❛t ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s
❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱ t❤❡ ❢❛❝t t❤❛t f ∈ Ãu

M(Sγ) ❛♥❞ f ✐s M−✢❛t ❛♠♦✉♥ts t♦ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❝♦♥st❛♥ts k1, k2 > 0 s✉❝❤ t❤❛t ✭✺✳✽✮ ❤♦❧❞s✳

■♥ t❤❡ ✜rst ✈❡rs✐♦♥✱ ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♣r❡✈✐♦✉s ✐♥❢♦r♠❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢✉♥❝✲
t✐♦♥ ✐s ✢❛t ❛t ❜♦t❤ ❜♦✉♥❞❛r② ❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✺✳✷✳✷✳ ▲❡t γ > 0 ❜❡ ❣✐✈❡♥✱ s✉❝❤ t❤❛t ❡✐t❤❡r γ > ω(M)✱ ♦r γ = ω(M) ❛♥❞ t❤❡ s❡r✐❡s∑∞
p=0(mp)

−1/ω(M) ❞✐✈❡r❣❡s✳ ❙✉♣♣♦s❡ f ✐s ❛ ❜♦✉♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ Sγ t❤❛t ❛❞♠✐ts ❛
❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱ ❛♥❞ t❤❛t ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥s d = πγ/2 ❛♥❞ −d✳
❚❤❡♥ f ≡ 0✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✶✳✾✱ ✇❡ ❦♥♦✇ t❤❛t ✭✺✳✽✮ ❤♦❧❞s ❢♦r s✉✐t❛❜❧❡ k1, k2 > 0✳ ❚❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦
✐♠♣❧✐❡s t❤❛t f ∈ Ãu

M(Sγ) ❛♥❞ f ∼M 0̂✱ ❛♥❞ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✷ ✇❡ ❞❡❞✉❝❡ t❤❛t f ≡ 0✳ �

■♥ t❤❡ s❡❝♦♥❞✱ ✐♠♣r♦✈❡❞ ✈❡rs✐♦♥ ✇❡ ❛ss✉♠❡ ♦♥❧② t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐s ✢❛t ✐♥ ♦♥❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✺✳✷✳✸✳ ❆ss✉♠❡ t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s ❛s ✐♥ ▲❡♠♠❛ ✺✳✷✳✷✱ ❡①❝❡♣t t❤❛t ♥♦✇ f ✐s M−✢❛t
♦♥❧② ✐♥ ❞✐r❡❝t✐♦♥ d = πγ/2✳ ❚❤❡♥ f ≡ 0✳

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇r✐t❡ ω = ω(M)✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s s✐♠♣❧❡ ✐❢ γ > ω✿ ❲❡ ✜① ω < µ < γ
❛♥❞ δ = (γ−µ)π > 0✳ ❇② ▲❡♠♠❛ ✺✳✶✳✽ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts k1(δ), k2(δ) > 0 ✇✐t❤

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [πγ/2− µπ, πγ/2].

❚❤❡♥✱ ❘❡♠❛r❦ ✺✳✷✳✶ ✐♠♣❧✐❡s t❤❛t f ∈ Ãu
M(S)✱ ✇✐t❤ S = {z ∈ R : arg(z) ∈ (πγ/2 − µπ, πγ/2)}

❛♥❞ f ∼M 0̂✳ ❙✐♥❝❡ µ > ω✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✷✳✷ t♦ t❤❡ ❢✉♥❝t✐♦♥ f ✐♥ S✱ ✉s✐♥❣ ❛ s✉✐t❛❜❧❡
r♦t❛t✐♦♥✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t f ≡ 0✳

■❢ γ = ω ✇❡ ✜① δ = πω/8 > 0✳ ▲❡♠♠❛ ✺✳✶✳✽ ❡♥s✉r❡s t❤❡r❡ ❡①✐st k1(δ), k2(δ) > 0 ✇✐t❤

|f(z)| ≤ k1e
−ωM(1/(k2|z|)), ✐❢ arg(z) ∈ [−3πω/8, πω/2]. ✭✺✳✶✷✮

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶✳✻✱ s✐♥❝❡ M ❛❞♠✐ts ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ρ(t)✱ t❤❡r❡ ❡①✐st
V ∈ MF (2ω, ρ(t)) ❛♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A,B, t0 s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ✭✺✳✸✮✳ ❈❤♦♦s❡ q2 > 0 s✉❝❤

t❤❛t k−1/ω2 > q2✱ ❛♥❞ t❛❦❡ a ∈ R s✉❝❤ t❤❛t

arg(a) =
ωπ

4
, 0 < |a| <

(
Aq2
2

)ω

.

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❡✈❡r② z ✇✐t❤ arg(z) ∈ [−πω/2, πω/2] ♦♥❡ ❤❛s

arg(a/z) ∈ [−πω/4, 3πω/4] ⊆ (−πω/2, πω).

❯s✐♥❣ ♣r♦♣❡rt② ✭■✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ MF (2ω, ρ(t))✱ ✇❡ s❡❡ t❤❛t

lim
|z|→0

Re

(
V (a/z)

|a|1/ωV (1/|z|)

)
= cos((arg(a)− arg(z))/ω)

✉♥✐❢♦r♠❧② ❢♦r arg(z) ∈ [−πω/2, πω/2]✳ ❲❡ ✜① 0 < ε < 1 s✉❝❤ t❤❛t

cos(3π/4) + ε ≤ cos(5π/8) + ε ≤ −1/3 < 0.

❲❡ ❞❡❞✉❝❡ t❤❛t ✇❡ ❤❛✈❡ ✭✺✳✻✮ ❛♥❞ ✭✺✳✼✮ ❢♦r arg(z) ∈ [−πω/2, πω/2] ❛♥❞ |z| < s1✱ s♠❛❧❧ ❡♥♦✉❣❤
❛♥❞ s✉❜❥❡❝t t♦ t❤❡ r❡str✐❝t✐♦♥ s1 < 1/(t0k2)✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

F (z) := f(z)eV (a/z), ❢♦r arg(z) ∈ [−πω/2, πω/2].

❚❤❡♥ ✇❡ s❡❡ t❤❛t F (z) ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Sω ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ Sω✳
■❢ arg(z) ∈ [−πω/2,−3πω/8]✱ ✇❡ ❤❛✈❡ t❤❛t arg(a/z) ∈ [5πω/8, 3πω/4]✳ ❚❤❡♥✱ s✐♥❝❡ f(z) ✐s

❜♦✉♥❞❡❞ ❜② K > 0 ✐♥ Sω ❛♥❞ ✉s✐♥❣ ✭✺✳✼✮ ❢♦r |z| < s1✱ ♦♥❡ ❤❛s

|F (z)| ≤ KeRe(V (a/z)) ≤ Ke(cos(5π/8)+ε)|a|1/ωV (1/|z|) ≤ Ke−|a|
1/ωV (1/|z|)/3.

❯s✐♥❣ ♣r♦♣❡rt② ✭■✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ MF (2ω, ρ(t)) ✇❡ s❡❡ t❤❛t

lim
|z|→0

V ((|a|/(3B)ω)(1/2|z|))
(|a|1/ω/(3B))V (1/|z|) = (1/2)1/ω < 1.

❲❡ ❞❡✜♥❡ b2 := (|a|/(3B)ω)/2✳ ❚❤❡♥ ❢♦r |z| < s2 < min(s1, b2/t0)✱ s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ t❤❛t

|F (z)| ≤ Ke−BV (b2/|z|), ✐❢ |z| < s2, arg(z) ∈ [−πω/2,−3πω/8].

❯s✐♥❣ ✭✺✳✸✮✱ ✇❡ s❡❡ t❤❛t

|F (z)| ≤ Ke−ωM(b2/|z|), ✐❢ |z| < s2, arg(z) ∈ [−πω/2,−3πω/8]. ✭✺✳✶✸✮

❲❡ ❞❡✜♥❡ C = max{Re(V (a/z)) : |z| ≥ s2, −πω/2 ≤ arg(z) ≤ −3πω/8} ❛♥❞ ✇❡ t❛❦❡

c1 := Kmax{exp(C), 1} <∞.

❚❤❡♥✱ s✐♥❝❡ ωM(t) ≥ 0 ✇❡ ❤❛✈❡ t❤❛t

|F (z)| ≤ c1 ≤ c1e
ωM(b2/|z|) ✐❢ |z| ≥ s2, arg(z) ∈ [−πω/2,−3πω/8]. ✭✺✳✶✹✮

❙✐♥❝❡ c1 ≥ K✱ ❢r♦♠ ✭✺✳✶✸✮ ❛♥❞ ✭✺✳✶✹✮ ✇❡ ❞❡❞✉❝❡ t❤❛t F ✐s M−✢❛t ✉♥✐❢♦r♠❧② ❢♦r arg(z) ∈
[−πω/2,−3πω/8]✳

■❢ arg(z) ∈ [−3πω/8, πω/2]✱ ✇❡ ❤❛✈❡ t❤❛t arg(a/z) ∈ [−πω/4, 5πω/8]✳ ❯s✐♥❣ ✭✺✳✸✮✱ ✭✺✳✼✮ ❛♥❞
✭✺✳✶✷✮✱ ❢♦r |z| < s1 ✇❡ s❡❡ t❤❛t

|F (z)| ≤ k1e
−ωM(1/(k2|z|))e(cos(arg(a/z)/ω)+ε)|a|1/ωV (1/|z|) ≤ k1e

−AV (1/k2|z|)+2|a|1/ωV (1/|z|).

◆♦✇✱ ♣r♦♣❡rt② ✭■✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ MF (2ω, ρ(t)) ❧❡ts ✉s ✇r✐t❡

lim
|z|→0

V (1/k2|z|)
V (1/|z|) = k

−1/ω
2 ,

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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s♦✱ ❢♦r |z| < s3 ≤ s2 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ t❤❛t V (1/k2|z|) ≥ q2V (1/|z|)✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

|F (z)| ≤ k1e
(−Aq2+2|a|1/ω)V (1/|z|), ✐❢ |z| < s3, arg(z) ∈ [−3πω/8, πω/2].

❙✐♥❝❡ |a| ❤❛s ❜❡❡♥ ❝❤♦s❡♥ s♠❛❧❧ ❡♥♦✉❣❤ ✐♥ ♦r❞❡r t❤❛t −Aq2 + 2|a|1/ω < 0✱ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✱
✇❡ ✜♥❞ t❤❛t F (z) ✐s M−✢❛t ✉♥✐❢♦r♠❧② ❢♦r arg(z) ∈ [−3πω/8, πω/2]✳

❈♦♥s❡q✉❡♥t❧②✱ F ✈❡r✐✜❡s ❡st✐♠❛t❡s ♦❢ t❤❡ t②♣❡ ✭✺✳✽✮ ✐♥ Sω ❛♥❞✱ ❜② ❘❡♠❛r❦ ✺✳✷✳✶✱ F ∈ Ãu
M(Sω)

❛♥❞ F ∼M 0̂✳ ❙✐♥❝❡
∑∞

p=0(mp)
−1/ω(M) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❞✐✈❡r❣❡♥t✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✷✳✷

t♦ t❤❡ ❢✉♥❝t✐♦♥ F (z) ✐♥ Sω✱ ❛♥❞ ❞❡❞✉❝❡ t❤❛t F (z) ≡ 0 ❛♥❞ f ≡ 0✳ �

■♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷✳✸ ✇❡ ♥❡❡❞ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ s✐t✉❛t✐♦♥s✿ ✐♥ ❝❛s❡ γ > ω(M) ✇❡
❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ ❛♥ M−✢❛t ❢✉♥❝t✐♦♥ f ✐♥ ❛ ✇✐❞❡ ❡♥♦✉❣❤ s❡❝t♦r ✭✇❤❛t ❡♥t❛✐❧s ✉♥✐q✉❡♥❡ss✮✱ ✇❤✐❧❡
✐♥ ❝❛s❡ γ = ω(M) ❛♥ M−✢❛t ❢✉♥❝t✐♦♥ F ✐♥ ❛ s❡❝t♦r ♦❢ ♦♣❡♥✐♥❣ πω(M) ❤❛s t♦ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥
♦r❞❡r t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✷✳✷✱ ✇❤❛t ✐s ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s❡r✐❡s∑∞

p=0(mp)
−1/ω(M)✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ s❡r✐❡s ❞✐✈❡r❣❡s✱ s♦ t❤❡
♣r❡✈✐♦✉s r❡s✉❧t ❡①t❡♥❞s ▲❡♠♠❛ ✺ ✐♥ ❬✷✾❪✳ ■♥❞❡❡❞✱ ✐♥ t❤❛t ✐♥st❛♥❝❡ t❤❡ ✈❡r② ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡r✐❡s
❛❧❧♦✇s ♦♥❡ t♦ tr❡❛t t❤❡ ❝❛s❡ γ > ω(M) ❜② r❡str✐❝t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ t♦ ❛ s❡❝t♦r ✇✐t❤ γ = ω(M)✱ ❛♥
❛r❣✉♠❡♥t ✇❤✐❝❤ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ ♦✉r ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥✳

❘❡♠❛r❦ ✺✳✷✳✹✳ ■♥ ♠♦st s✐t✉❛t✐♦♥s ✇❡ ❝❛♥ ♦❜t❛✐♥ ❝♦♥✈❡rs❡ st❛t❡♠❡♥ts t♦ ▲❡♠♠❛ ✺✳✷✳✷ ❛♥❞
▲❡♠♠❛ ✺✳✷✳✸✳ ❖❜s❡r✈❡ t❤❛t ✐❢ γ < ω(M) ❛♥❞ ✇❡ t❛❦❡ γ < µ < ω(M)✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✷ ✇❡ ❦♥♦✇
t❤❡r❡ ❡①✐sts ❛ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥ f ∈ Ãu

M(Sµ)✳ ❚❤❡♥ ✭t❤❡ r❡str✐❝t✐♦♥ ♦❢✮ f ✐s ❛ ❜♦✉♥❞❡❞
❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ Sγ t❤❛t ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Sγ ✱ ❛♥❞ t❤❛t
✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥s d = πγ/2 ❛♥❞ −d✳

❆♥❛❧♦❣♦✉s❧②✱ ✐❢ γ = ω ❛♥❞
∑∞

p=0((p+ 1)mp)
−1/(ω(M)+1) ❝♦♥✈❡r❣❡s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s❡r✐❡s∑∞

p=0(mp)
−1/ω(M) ❝♦♥✈❡r❣❡s t♦♦✳ ❍❡♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✹ t❤❡r❡ ❡①✐sts ❛ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥

f ∈ AM(Sω(M))✳ ❙✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ f ❛r❡ ▲✐♣s❝❤✐t③✐❛♥✱ ♦♥❡ ♠❛② ❝♦♥t✐♥✉♦✉s❧② ❡①t❡♥❞ f t♦
t❤❡ ❜♦✉♥❞❛r② ♦❢ Sω(M) ♣r❡s❡r✈✐♥❣ t❤❡ ❡st✐♠❛t❡s✱ ❛♥❞ ❛❣❛✐♥ ♦❜t❛✐♥ t❤❛t f ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥s
πω(M)/2 ❛♥❞ −πω(M)/2✳

❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡rs❡ ♦❢ ▲❡♠♠❛ ✺✳✷✳✷ ❛♥❞ ▲❡♠♠❛ ✺✳✷✳✸ ❢❛✐❧s ✐♥ ❝❛s❡ γ = ω(M)✱ t❤❡ s❡r✐❡s∑∞
p=0(mp)

−1/ω(M) ❝♦♥✈❡r❣❡s ❛♥❞
∑∞

p=0((p+ 1)mp)
−1/(ω(M)+1) ❞✐✈❡r❣❡s ✭❢♦r ✐♥st❛♥❝❡✱ t❤✐s ✐s t❤❡

s✐t✉❛t✐♦♥ ❢♦r t❤❡ s❡q✉❡♥❝❡ M1,3/2✱ s❡❡ ❊①❛♠♣❧❡ ✶✳✶✳✹✭✐✮✮✳ ❆❧t❤♦✉❣❤ ♥♦♥tr✐✈✐❛❧ ✢❛t ❢✉♥❝t✐♦♥s ✐♥

Ãu
M(Sω(M)) ❡①✐st ✐♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡r❡ ✐s ♥♦ ✇❛rr❛♥t② t❤❛t t❤❡② ❝❛♥ ❜❡ ❝♦♥t✐♥✉♦✉s❧② ❡①t❡♥❞❡❞

t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t♦r✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈✐❞❡ ❛ ✈❡rs✐♦♥ ♦❢ ❲❛ts♦♥✬s ▲❡♠♠❛ ❢♦r ❢✉♥❝t✐♦♥s ✐♥ s❡❝t♦r✐❛❧ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡
M−✢❛t ✐♥ ❛ ❞✐r❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺✳ ▲❡t γ > 0 ❜❡ ❣✐✈❡♥ ✇✐t❤ γ > ω(M)✳ ❙✉♣♣♦s❡ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧
r❡❣✐♦♥ Gγ ✱ ❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② T ≪ G✱ ❛♥❞ M−✢❛t ✐♥ ❛ ❞✐r❡❝t✐♦♥ θ ✐♥ Gγ ✳ ❚❤❡♥ f ≡ 0✳

Pr♦♦❢✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✶ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❡✈❡r② T ≪ Gγ ✇❡ ❤❛✈❡ ✭✺✳✾✮ ❢♦r s✉✐t❛❜❧❡
k1, k2 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ T ❛♥❞ ❢♦r ❡✈❡r② z ∈ T ✳ ❚❤❡♥✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾ ✐♠♣❧✐❡s t❤❛t f ∈ ÃM(Gγ)
❛♥❞ f ∼M 0̂✱ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✷✳✶✺ ❧❡❛❞s t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥✳ �

❘❡♠❛r❦ ✺✳✷✳✻✳ ❇② ❚❤❡♦r❡♠ ✸✳✷✳✶✺✱ ✐❢ γ ≤ ω(M) ✇❡ ❝❛♥ ✜♥❞ ❛ ♥♦♥tr✐✈✐❛❧ ❢✉♥❝t✐♦♥ f ∈ ÃM(Gγ)
s✉❝❤ t❤❛t f ∼M 0̂✱ s♦ ✐t ✐s ❜♦✉♥❞❡❞ ♦♥ ❡✈❡r② ♣r♦♣❡r ❜♦✉♥❞❡❞ s✉❜s❡❝t♦r T ♦❢ Gγ ❛♥❞ M−✢❛t ✐♥
❛♥② ❞✐r❡❝t✐♦♥ θ0 ∈ (−πγ/2, πγ/2)✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ✈❡rs✐♦♥ ♦❢
❲❛ts♦♥✬s ▲❡♠♠❛✳

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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✺✳✸ ❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❡①t❡♥s✐♦♥

❋r♦♠ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❇♦r❡❧✕❘✐tt✕●❡✈r❡②✱ ❚❤❡♦r❡♠ ✸✳✸✳✷✶✱ ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡
M ❛❞♠✐tt✐♥❣ ❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✇❡ ♠❛② ❣❡♥❡r❛❧✐③❡ ❚❤❡♦r❡♠ ✶ ✐♥ ❬✷✾❪✳

❚❤❡♦r❡♠ ✺✳✸✳✶✳ ●✐✈❡♥ γ > 0✱ s✉♣♣♦s❡ f ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ Gγ ✱ ✐t ✐s ❜♦✉♥❞❡❞
✐♥ ❡✈❡r② T ≪ Gγ ✱ ❛♥❞ ✐t ❛❞♠✐ts f̂ ∈ C[[z]] ❛s ✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥
θ ∈ (−πγ/2, πγ/2)✳ ❚❤❡♥✱ f ∈ ÃM(Gγ) ❛♥❞ f ∼M f̂ ✐♥ Gγ ✳

Pr♦♦❢✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✶✳ ❙❡❝t♦r✐❛❧ r❡❣✐♦♥s ♦❢ s♠❛❧❧ ♦♣❡♥✐♥❣✿ ■❢ γ < ω✱ ✇❡ t❛❦❡ γ < µ < ω✳ ❇② t❤❡ ❇♦r❡❧✲❘✐tt✲●❡✈r❡②
❚❤❡♦r❡♠ ✸✳✸✳✷✶ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f0 ∈ ÃM(Sµ) s✉❝❤ t❤❛t f0 ∼M f̂ ✐♥
Sµ✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ g := f −f0 ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ Gγ ✱ ❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② ♣r♦♣❡r ❜♦✉♥❞❡❞
s✉❜s❡❝t♦r ♦❢ Gγ ❛♥❞ ✐t ✐s M−✢❛t ✐♥ ❞✐r❡❝t✐♦♥ θ✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✶✱ ✇❡ s❡❡ t❤❛t g ✐s
M−✢❛t ✐♥ Gγ ✳

❚❤❡♥✱ ❢♦r ❡✈❡r② ♣r♦♣❡r ❜♦✉♥❞❡❞ s✉❜s❡❝t♦r T ♦❢ Gγ ✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A(T )✱
B(T )✱ C(T )✱ D(T ) > 0 s✉❝❤ t❤❛t

|f(z)−
p−1∑

n=0

anz
n| ≤ |g(z)|+ |f0(z)−

p−1∑

n=0

anz
n|

≤ ACpMp|z|p +BDpMp|z|p ≤ 2max(A,B)max(Cp, Dp)Mp|z|p,

❢♦r ❡✈❡r② z ∈ T ❛♥❞ ❡✈❡r② p ∈ N0✳ ❈♦♥s❡q✉❡♥t❧②✱ f ∈ ÃM(Gγ) ❛♥❞ f ∼M f̂ ✐♥ Gγ ✳

✷✳ ❙❡❝t♦r✐❛❧ r❡❣✐♦♥s ♦❢ ❧❛r❣❡ ♦♣❡♥✐♥❣✿ ■❢ γ ≥ ω✱ ✇❡ ♠❛② ❝❤♦♦s❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ℓ ❛♥❞ m✱ ❛♥❞
❢♦r ❛❧❧ j = −ℓ, . . . ,−1, 0, 1, . . . ,m ✇❡ ♠❛② ❝♦♥s✐❞❡r ❞✐r❡❝t✐♦♥s θj ∈ (−πγ/2, πγ/2) s✉❝❤ t❤❛t

θ0 := θ, θj :=θj−1 + πω/8, j = 1, . . . ,m, πγ/2− θm < πω/8;

θj :=θj+1 − πω/8, j = −1, . . . ,−l, −πγ/2 + θ−l > −πω/8.

❚❤❡r❡ ❡①✐sts ρ0 > 0 s✉❝❤ t❤❛t S0 = S(θ0, πω/4, ρ0) ⊆ Gγ ✳ ❲❡ ❛♣♣❧② t❤❡ ✜rst ♣❛rt ✐♥ t❤❡
s❡❝t♦r S0 ❛♥❞ ✇❡ s❡❡ t❤❛t f ∈ ÃM(S0) ❛♥❞ f ∼M f̂ ✐♥ S0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ f ❛❞♠✐ts f̂ ❛s ✐ts
M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❞✐r❡❝t✐♦♥s θ1 ❛♥❞ θ−1 ❢♦r |z| < ρ0✳ ❘❡♣❡❛t✐♥❣ t❤❡ ♣r♦❝❡ss ✇❡
s❡❡ t❤❛t f ∈ ÃM(Gγ) ❛♥❞ f ∼M f̂ ✐♥ Gγ ✳

�

❚❤❡ ♣r♦♦❢ ♦❢ ♦✉r ❧❛st st❛t❡♠❡♥t ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞✳

❈♦r♦❧❧❛r② ✺✳✸✳✷✳ ●✐✈❡♥ γ > 0 ❛♥❞ θ ∈ (−πγ/2, πγ/2)✱ ✇❡ ❤❛✈❡ t❤❛t

ÃM(Gγ) = {f ∈ H(Gγ) : f ✐s ❜♦✉♥❞❡❞ ✐♥ ❡✈❡r② ♣r♦♣❡r ❜♦✉♥❞❡❞ s✉❜s❡❝t♦r T ♦❢ Gγ

❛♥❞ f ❛❞♠✐ts M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❞✐r❡❝t✐♦♥ θ}.

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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❈♦♥❝❧✉s✐♦♥❡s ② tr❛❜❛❥♦ ❢✉t✉r♦

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ t❡s✐s ❡r❛ ❡①♣❧♦r❛r ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ❞❡ ❢✉♥❝✐♦♥❡s
② s✉ ❛♣❧✐❝❛❝✐ó♥ ❛ ❧♦s ❞❡s❛rr♦❧❧♦s ❛s✐♥tót✐❝♦s ② ❧❛ t❡♦rí❛ ❞❡ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞✱ ❛♥❛❧✐③❛♥❞♦ q✉é
r❡s✉❧t❛❞♦s ❞❡❧ ❝❛s♦ ●❡✈r❡② ♣✉❡❞❡♥ s❡r ❡①t❡♥❞✐❞♦s ❛ ❡st❡ ♠❛r❝♦ ❣❡♥❡r❛❧✳ ❯♥❛ ♣r✐♠❡r❛ ♠❡t❛
❛❧❝❛♥③❛❞❛ ❝♦♥ é①✐t♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ❡s ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❡♥tr❡ ❞✐✈❡rs❛s ♣r♦♣✐❡❞❛❞❡s
❞❡ ❧❛s s✉❝❡s✐♦♥❡s ♣❡s♦ ② ❧❛s ♥♦❝✐♦♥❡s ❞❡ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦✱ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ② ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✳
❉❡ ❡s❡ ❝❛♣ít✉❧♦✱ ❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✶✾ ♠❡r❡❝❡ ♠❡♥❝✐ó♥ ❡s♣❡❝✐❛❧ ♣♦rq✉❡ ❝❛r❛❝t❡r✐③❛ ❧❛ ❢♦r♠❛ ❞❡ ❧❛s
s✉❝❡s✐♦♥❡s ♣❛r❛ ❧❛s q✉❡ ❧❛ t❡♦rí❛ ❞❡ s✉♠❛❜✐❧✐❞❛❞ ❞❡s❛rr♦❧❧❛❞❛ ❡♥ ❬✻✵✱ ✽✽✱ ✽✾❪ ❡sté ❞✐s♣♦♥✐❜❧❡✳

❊❧ t❡r❝❡r ❝❛♣ít✉❧♦ ❡stá ❞❡❞✐❝❛❞♦ ❛❧ ❡st✉❞✐♦ ❞❡ ❧❛ ✐♥②❡❝t✐✈✐❞❛❞ ② s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥
❞❡ ❇♦r❡❧ ❛s✐♥tót✐❝❛✳ ❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❡ ❡st✉❞✐♦✱ ❝♦♠♣❧❡t❛❞♦ ♣❛r❛ ❧❛ ✐♥②❡❝t✐✈✐❞❛❞
② s✉❝❡s✐♦♥❡s ♣❡s♦ ❣❡♥❡r❛❧❡s ② ❝❛s✐ ✜♥❛❧✐③❛❞♦ ♣❛r❛ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ② s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡
r❡❣✉❧❛r❡s✱ ❡s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❞♦s í♥❞✐❝❡s ω(M) ② γ(M)✱ ✉♥♦ ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ ② ❡♥ ❣❡♥❡r❛❧
❞✐st✐♥t♦s ✭✈❡r ❡❧ ❊❥❡♠♣❧♦ ✷✳✷✳✷✻✮✱ q✉❡ ♠✐❞❡♥ ❧❛ ❛♣❡rt✉r❛ ❧í♠✐t❡ ❞❡ ❧♦s s❡❝t♦r❡s ♣❛r❛ ❧♦s q✉❡ ❧❛
❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧ ❡s ✐♥②❡❝t✐✈❛ ♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s♦❜r❡②❡❝t✐✈❛✳ P✉❡st♦ q✉❡ ♣❛r❛ t♦❞♦s ❧♦s
❡❥❡♠♣❧♦s ❡♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❡❧ ✈❛❧♦r ❞❡ ❡st♦s í♥❞✐❝❡s ❝♦✐♥❝✐❞❡✱ ❡st❛ ❞✐✈✐s✐ó♥ ❤❛ r❡s✉❧t❛❞♦ ❞✐❢í❝✐❧
❞❡ ❞❡t❡❝t❛r✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧♦s ❈❛♣ít✉❧♦s ✹ ② ✺ s❡ ❛❝❡♥tú❛ ❡❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❡st♦s r❡s✉❧t❛❞♦s
r❡❧❛t✐✈♦s ❛ ❧♦s ❞❡s❛rr♦❧❧♦s ❛s✐♥tót✐❝♦s✳ ❊♥ ❡st❛ ❞✐r❡❝❝✐ó♥✱ ❡❧ ❚❡♦r❡♠❛ ❚❛✉❜❡r✐❛♥♦ ✹✳✷✳✶✹ ❝❧❛r✐✜❝❛
❝✉á♥❞♦ t✐❡♥❡ s❡♥t✐❞♦ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ❡♥ ❡st❡ ❝♦♥t❡①t♦✳ ❊♥ ❡s❡ ❝❛s♦✱ s❡ ❤❛
♣r♦♣♦r❝✐♦♥❛❞♦ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❡①♣❧í❝✐t❛ ② ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s ♥ú❝❧❡♦s ❞❡ ❛❝❡❧❡r❛❝✐ó♥✱ ❧♦ q✉❡ ♥♦s
♣❡r♠✐t❡ r❡❝✉♣❡r❛r ❧❛ ♠✉❧t✐s✉♠❛ ❞❡ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧✳ P♦r ú❧t✐♠♦✱ s❡ ❤❛ ♣r♦❜❛❞♦ q✉❡✱
❝♦♠♦ s✉❝❡❞❡ ❡♥ ❡❧ ❝❛s♦ ●❡✈r❡②✱ s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ✉♥ M−❞❡s❛rr♦❧❧♦ ❛s✐♥tót✐❝♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥
❤♦❧♦♠♦r❢❛ ❡♥ ❡❧ ♦r✐❣❡♥ ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ❛ ❧❛ r❡❣✐ó♥ ❞♦♥❞❡ ❞✐❝❤❛ ❢✉♥❝✐ó♥ ❡stá ❛❝♦t❛❞❛✳

❊st❛ t❡s✐s r❡♣r❡s❡♥t❛ ✉♥ ♣r✐♠❡r ♣❛s♦ ❤❛❝✐❛ ✉♥❛ ♠❡❥♦r ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ s❡
❛s✉♠❡♥ ❢r❡❝✉❡♥t❡♠❡♥t❡ ♣❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s ② s✉❝❡s✐♦♥❡s ♣❡s♦ ♠❡❞✐❛♥t❡ ❧❛ ♥♦❝✐ó♥ ❞❡ ❖✲✈❛r✐❛❝✐ó♥
r❡❣✉❧❛r✱ ❡①♣r❡s❛♥❞♦ ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s ❡♥ tér♠✐♥♦s ❞❡ ❝✐❡rt♦s ✈❛❧♦r❡s ❝✉❛♥t✐t❛t✐✈♦s✳ ❊st♦s
❤❛❧❧❛③❣♦s ② té❝♥✐❝❛s ♣r❡s❡♥t❡s ♣♦❞rí❛♥ ❛②✉❞❛r ❛ r❡s♦❧✈❡r ♦tr♦s ❛s✉♥t♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ✉❧tr❛✲
❤♦❧♦♠♦r❢♦ ② ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡✳ ❆♠❜♦s ❡stá♥ ❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✱ ❝♦♠♦ s❡ ❤❛ r❡s❛❧t❛❞♦
♠❡❞✐❛♥t❡ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧✱ ❧♦ q✉❡ ❤❛ ♣♦t❡♥❝✐❛❞♦ ♥✉❡str♦ ❡♥t❡♥❞✐♠✐❡♥t♦ s♦❜r❡
s✉ ❝♦♥❡①✐ó♥✳ ❯♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❛❞✐❝✐♦♥❛❧ q✉❡ ❡♠❡r❣❡ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ ♣♦t❡♥✲
❝✐❛❧ ❛❧ ❡st✉❞✐♦ ❞❡ ❝✐❡rt❛s ❡❝✉❛❝✐♦♥❡s✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❡❝✉❛❝✐♦♥❡s ❡♥ ❞✐❢❡r❡♥❝✐❛s✱ ❞❡❧ ♠ét♦❞♦ ❞❡
♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞✱ q✉❡ ♣r♦♣♦r❝✐♦♥❡ ✉♥ tr❛t❛♠✐❡♥t♦ ✉♥✐✜❝❛❞♦ ❞❡❧ ♣r♦❜❧❡♠❛✳

❊st❡ ❛♥á❧✐s✐s ❞❡ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ❞❡ ❢✉♥❝✐♦♥❡s s❡ ❤❛ ♦❝✉♣❛❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ❛q✉❡✲
❧❧❛s ❞❡✜♥✐❞❛s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ♣❡s♦✱ ❞❡ t✐♣♦ ❘♦✉♠✐❡✉✱ ② ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡✳
❙✐♥ ❡♠❜❛r❣♦✱ ❛❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣♦❞rí❛♥ s❡r ✈á❧✐❞♦s t❛♠❜✐é♥ ♣❛r❛ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s
❞❡✜♥✐❞❛s ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ ♣❡s♦✱ ♦ ✐♥❝❧✉s♦ ✉♥❛ ♠❛tr✐③ ♣❡s♦✱ ❝♦♠♦ ❤❛ s✐❞♦ r❡❝✐❡♥t❡♠❡♥t❡
❝♦♥s✐❞❡r❛❞♦ ♣♦r ❆✳ ❘❛✐♥❡r ② ●✳ ❙❝❤✐♥❞❧✳ ❆❞❡♠ás✱ ❧❛s ❝❧❛s❡s ❞❡ t✐♣♦ ❇❡✉r❧✐♥❣ s♦♥ ❛❞❡❝✉❛❞❛s
♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ♣r♦❜❧❡♠❛s s✐♠✐❧❛r❡s✱ ♦ s❡ ♣♦❞rí❛♥ ❝♦♥s✐❞❡r❛r ❝❧❛s❡s ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ✈❛r✐❛s ✈❛r✐✲
❛❜❧❡s ❝♦♠♣❧❡❥❛s ❞❡✜♥✐❞❛s ❡♥ ♣♦❧✐s❡❝t♦r❡s ✭♣r♦❞✉❝t♦s ❝❛rt❡s✐❛♥♦s ❞❡ s❡❝t♦r❡s✮ ♦ ❡♥ r❡❣✐♦♥❡s ♠ás
❣❡♥❡r❛❧❡s✳ ❆❧ ♠✐s♠♦ t✐❡♠♣♦✱ ❡❧ ❡st✉❞✐♦ ♣r❡s❡♥t❡ ❤❛ ✉t✐❧✐③❛❞♦ s♦❧♦ ♣❛r❝✐❛❧♠❡♥t❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥



✶✾✽ ❈❖◆❈▲❯❙■❖◆❊❙ ❨ ❚❘❆❇❆❏❖ ❋❯❚❯❘❖

❞✐s♣♦♥✐❜❧❡ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ♦ ❞❡ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✱ ♣♦r ❧♦ t❛♥t♦
s❡ ♣♦❞rí❛ ♣r♦❢✉♥❞✐③❛r ❡♥ ❛❧❣✉♥❛s ❞❡ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❞❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✳ ❋✐♥❛❧♠❡♥t❡✱ ♠❡r❡❝❡
❧❛ ♣❡♥❛ ♠❡♥❝✐♦♥❛r q✉❡✱ ❛✉♥q✉❡ ❧♦s ♠ét♦❞♦s ❞❡ M−s✉♠❛❜✐❧✐❞❛❞ s❡ ❤❛♥ ❛♣❧✐❝❛❞♦ ❡♥ ❬✻✵✱ ✻✶❪✱ s✉
❞❡s❛rr♦❧❧♦ ♣❡r♠❛♥❡❝❡ ❛ú♥ ❡♥ ✉♥ ♣❧❛♥♦ ❜❛st❛♥t❡ t❡ór✐❝♦✳

❆♥t❡s ❞❡ t❡r♠✐♥❛r✱ ② ❛ ❧❛ ❧✉③ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡st❛ t❡s✐s✱ s✉s ✐♠♣❧✐❝❛❝✐♦♥❡s ②
s✉s ❧✐♠✐t❛❝✐♦♥❡s✱ s❡ ❧✐st❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❛❧❣✉♥❛s ❧í♥❡❛s ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❢✉t✉r❛✳

� ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ♣❛r❡❝❡ q✉❡ t♦❞❛✈í❛ s❡ ♣✉❡❞❡ ❡①♣❧♦t❛r ❧❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ s✉❝❡s✐♦♥❡s ♣❡s♦ ②
❧❛ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✱ ❡st❛❜❧❡❝✐❞❛ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✶✱ ♣❛r❛ ❞✐❧✉❝✐❞❛r ❡❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ♦tr❛s
❝♦♥❞✐❝✐♦♥❡s q✉❡ ❛♣❛r❡❝❡♥ ❢r❡❝✉❡♥t❡♠❡♥t❡ ❝✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛♥ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ♦ ✉❧tr❛✲
❞✐❢❡r❡♥❝✐❛❜❧❡s ❞❡ ❢✉♥❝✐♦♥❡s✳ ❊♥ ❡st❛ ♠✐s♠❛ ❞✐r❡❝❝✐ó♥✱ s❡ ♣♦❞rí❛ ❛♥❛❧✐③❛r ❧❛ ♥♦❝✐ó♥✱ t❛♠❜✐é♥
❝❧ás✐❝❛✱ ❞❡ ❊✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ✭✈é❛s❡ ❬✶✸✱ ❙❡❝t✳ ✷✳✶❪✮✱ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✲
✉❧❛r ② ❧❛ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✳ ❆❞❥✉♥t♦ ❛ ❡st❡ ❝♦♥❝❡♣t♦ ✐♥t❡r✈✐❡♥❡ ✉♥ ♣❛r ❛❞✐❝✐♦♥❛❧ ❞❡ í♥❞✐❝❡s✱
❧♦s ❞❡ ❑❛r❛♠❛t❛✱ ❞✐st✐♥t♦s ❡♥ ❣❡♥❡r❛❧ ❞❡ ❧♦s ór❞❡♥❡s ② ❞❡ ❧♦s í♥❞✐❝❡s ❞❡ ▼❛t✉s③❡✇s❦❛✳ P♦r
❧♦ t❛♥t♦✱ ❡s ♥❛t✉r❛❧ ❡❧ ❛♥á❧✐s✐s ❞❡ s✐ ❡st♦s t❛♠❜✐é♥ ❞❡s❝r✐❜❡♥ ♣r♦♣✐❡❞❛❞❡s s✐❣♥✐✜❝❛t✐✈❛s ❞❡ ❧❛s
s✉❝❡s✐♦♥❡s ♣❡s♦✳ ❯♥❛ ❧í♥❡❛ ❞✐❢❡r❡♥t❡✱ ♠❡♥❝✐♦♥❛❞❛ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✸✸✱ t✐❡♥❡ q✉❡ ✈❡r ❝♦♥ ❧❛
❝♦♥s✐❞❡r❛❝✐ó♥ ❞❡ ❝❧❛s❡s ✉❧tr❛❤♦❧♦♠♦r❢❛s ② ✉❧tr❛❞✐❢❡r❡♥❝✐❛❜❧❡s ❞❡✜♥✐❞❛s ♣♦r ♠❡❞✐♦ ❞❡ ❢✉♥❝✐♦♥❡s
♣❡s♦✳ ❍❡♠♦s ♠♦str❛❞♦ ❡♥ ❬✹✺✱ ✹✼❪ q✉❡ ❧♦s r❡q✉❡r✐♠✐❡♥t♦s ✐♠♣✉❡st♦s s♦❜r❡ ❡st❛s ❢✉♥❝✐♦♥❡s
t✐❡♥❡♥ ✉♥❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❡♥ tér♠✐♥♦s ❞❡ ♣r♦♣✐❡❞❛❞❡s ♦ í♥❞✐❝❡s ❞❡ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r✳ ❙✐♥
❡♠❜❛r❣♦✱ ❝♦♠♦ ♦❝✉rr❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ s✉❝❡s✐♦♥❡s ♣❡s♦✱ ♣❛r❡❝❡ q✉❡ ♥♦ ❤❡♠♦s ❡①♣❧♦t❛❞♦ t♦❞❛✈í❛
t♦❞❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❛ ♣❛rt✐r ❞❡ ❡st❛s ♣♦t❡♥t❡s ❤❡rr❛♠✐❡♥t❛s✳

� ▲❛ s✉❝❡s✐ó♥ ❞✉❛❧ ✐♥tr♦❞✉❝✐❞❛ ❡♥ ❧❛ ❙✉❜s❡❝❝✐ó♥ ✷✳✶✳✺ s✉❣✐❡r❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❝✐❡rt❛ ❞✉❛❧✐❞❛❞
❡♥tr❡ ❧♦s ❡s♣❛❝✐♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ▲❛ ❞✉❛❧✐❞❛❞ ❝❧ás✐❝❛ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❖r❧✐❝③✱ ❝♦♥str✉✐❞♦s
❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ♠♦♥ót♦♥❛ ② ❞❡ ❖✲✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ❝✉②❛ ✐♥✈❡rs❛ ❵♣♦r ❧❛ ❞❡r❡❝❤❛✬
❞❡t❡r♠✐♥❛ ❡❧ ❡s♣❛❝✐♦ ❞✉❛❧ ✭✈❡r ❬✽✻❪✮✱ ❛♣♦②❛ ❡st❛ ❝♦♥❥❡t✉r❛✳ P✉❡st♦ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♥t❡♦
ν♠ ♣✉❡❞❡ ✈❡rs❡ ❝♦♠♦ ✉♥❛ s✉❡rt❡ ❞❡ ✐♥✈❡rs❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧♦♥❛❞❛ f♠(x) = m⌊x⌋✱ ♣✉❡❞❡
❡s♣❡r❛rs❡ ❞✐❝❤❛ ❞✉❛❧✐❞❛❞✳

� ❯♥♦ ❞❡ ❧♦s ♦❜❥❡t✐✈♦s ♠ás ❡✈✐❞❡♥t❡s q✉❡ ❛❧❝❛♥③❛r ❡s ❡❧ ❡st✉❞✐♦ ❝♦♠♣❧❡t♦ ❞❡ ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❞❡
❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❇♦r❡❧✳ ❈♦♠♦ s❡ s❡ñ❛❧ó ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✸✳✶✾✱ s❡ ❡s♣❡r❛ q✉❡ S̃M = (0, γ(M)]
② SM = S̃u

M = (0, γ(M))✱ ❛❧ ♠❡♥♦s ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s✳ ❊♥ ❡st❡ ❝❛s♦✱ s♦❧♦
q✉❡❞❛ ❞❡t❡r♠✐♥❛r s✐ ❡❧ ✈❛❧♦r γ(M) ♣❡rt❡♥❡❝❡ ♦ ♥♦ ❛ ❛❧❣✉♥♦ ❞❡ ❡st♦s ✐♥t❡r✈❛❧♦s✳

❈✉❛♥❞♦ M ♥♦ ❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r✱ s❡ ❞❡❜❡ ♦❜s❡r✈❛r q✉❡ s♦❧♦ s❡ t✐❡♥❡ ✐♥❢♦r♠❛❝✐ó♥ ❛❝❡r❝❛ ❞❡
❧❛ ❡①t❡♥s✐ó♥ ♠á①✐♠❛ ❞❡ ❧♦s ✐♥t❡r✈❛❧♦s ❞❡ s♦❜r❡②❡❝t✐✈✐❞❛❞ ♣❡r♦✱ ❤❛st❛ ❞♦♥❞❡ s❛❜❡♠♦s✱ ♣❡r❢❡❝✲
t❛♠❡♥t❡ ♣♦❞rí❛♥ s❡r ✈❛❝í♦s✳ P♦r ❧♦ t❛♥t♦✱ s❡ ❞❡❜❡rí❛ ❞❡❞✐❝❛r ❛❧❣ú♥ ❡s❢✉❡r③♦ ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥
❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❡①t❡♥s✐ó♥ ❜❛❥♦ ❧❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ✭s♥q✮ ❥✉♥t♦ ❝♦♥✱ ♣♦s✐❜❧❡♠❡♥t❡✱ ❛❧❣✉♥❛
♦tr❛ ❝♦♥❞✐❝✐ó♥ ♠ás ❞é❜✐❧ q✉❡ ✭♠❣✮✳

� ▲❛ ❡①✐st❡♥❝✐❛ ❞❡ ♥ú❝❧❡♦s ❞❡ M−s✉♠❛❜✐❧✐❞❛❞ ❤❛ s✐❞♦ ♣r♦❜❛❞❛ ú♥✐❝❛♠❡♥t❡ ♣❛r❛ s✉❝❡s✐♦♥❡s ♣❡s♦
q✉❡ ❛❞♠✐t❡♥ ✉♥ ♦r❞❡♥ ❛♣r♦①✐♠❛❞♦ ♥♦ ♥✉❧♦ ✭✈❡r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✹✳✶✳✹✮✳ ❊s ✉♥ ♣r♦❜❧❡♠❛ ❛❜✐❡rt♦
❡❧ ❞❡t❡r♠✐♥❛r s✐ t❛❧❡s ♥ú❝❧❡♦s ❡①✐st❡♥ ♣❛r❛ s✉❝❡s✐♦♥❡s ❢✉❡rt❡♠❡♥t❡ r❡❣✉❧❛r❡s ❛r❜✐tr❛r✐❛s✳ ❊s✲
tr❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡st❡✱ s❡ ♣♦❞rí❛ t❛♠❜✐é♥ ✐♥t❡♥t❛r ❝❛r❛❝t❡r✐③❛r ❧❛s s✉❝❡s✐♦♥❡s q✉❡
♣✉❡❞❡♥ s❡r ❡s❝r✐t❛s ❝♦♠♦ ♠♦♠❡♥t♦s ❞❡ ✉♥ ♥ú❝❧❡♦ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞❀ ♦❜s❡r✈❡♠♦s q✉❡ ❧❛ s♦❧✉✲
❝✐ó♥ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ♥♦ s❡ ❝♦♥♦❝❡ ♥✐ s✐q✉✐❡r❛ ❡♥ ❡❧ ❝❛s♦ ●❡✈r❡②✱ ❝♦♠♦ ❤❛ s❡ñ❛❧❛❞♦ ❲✳ ❇❛❧s❡r ❬✼✱
♣✳ ✾✹❪✳ ❙❡ ❝♦♠❡♥tó ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✹✳✶✳✸ q✉❡✱ ♣❛r❛ ✉♥❛ s✉❝❡s✐ó♥ ♣❡s♦ M q✉❡ s❛t✐s❢❛❣❛ ✭❞❝✮✱
❝♦♥ 0 < ω(M) < 2 ② ♣❛r❛ ❧❛ q✉❡ ❡①✐st❛ ✉♥ ♥ú❝❧❡♦ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞✱ s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r q✉❡
♥♦ s♦❧♦ M ❡s ✭s♥q✮✱ s✐♥♦ q✉❡ ❞❡ ❤❡❝❤♦ γ(M) = ω(M)✳ ❯♥ ❛s✉♥t♦ ✐♥t❡r❡s❛♥t❡ s❡rí❛ ❡❧ ❡st✉❞✐♦
❞❡ ❧❛s ♣♦s✐❜❧❡s ✐♠♣❧✐❝❛❝✐♦♥❡s ♦ ❡q✉✐✈❛❧❡♥❝✐❛s ❡♥tr❡ ❞✐❢❡r❡♥t❡s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❡ t✐♣♦✱ ❝♦♠♦ ❧❛
❡①✐st❡♥❝✐❛ ❞❡ ♥ú❝❧❡♦s ❞❡ M−s✉♠❛❜✐❧✐❞❛❞✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❢✉♥❝✐♦♥❡s ♣❧❛♥❛s ❵❜✉❡♥❛s✬ ❡♥ s❡❝t♦r❡s

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✶✾✾

ó♣t✐♠♦s✱ ② ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ M s❛t✐s❢❛❣❛ ❛❧❣ú♥ ❝♦♥❥✉♥t♦ ❡s♣❡❝í✜❝♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❡♥tr❡ ✭s♥q✮✱
✭❞❝✮✱ ✭♠❣✮✱ 0 < γ(M) = ω(M) <∞✱ ❡t❝✳

� ❊❧ ❧❡❝t♦r ♣✉❡❞❡ ❤❛❜❡r ❛❞✈❡rt✐❞♦ q✉❡✱ ✐♥❝❧✉s♦ ❤❛❜✐é♥❞♦s❡ ❡st❛❜❧❡❝✐❞♦ ✉♥ ♠ét♦❞♦ ❞❡ s✉♠❛✲
❜✐❧✐❞❛❞ ♣❛r❛ ❧❛ s✉❝❡s✐ó♥ Mα,β ✱ ♣❛r❛❞ó❥✐❝❛♠❡♥t❡ ♥♦ s❡ s❛❜❡ s✐ ❧❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧∑∞

p=0

(
p!α
∏p

m=0 log
β(e+m)

)
zp ❡s Mα,β−s✉♠❛❜❧❡✳ ❊st❡ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ s✉r❣❡ ❞❡❧ ❤❡✲

❝❤♦ ❞❡ q✉❡ ❡♥ ❡❧ ♠ét♦❞♦ ❞❡ Mα,β−s✉♠❛❜✐❧✐❞❛❞ ❧❛ s✉❝❡s✐ó♥ ❡s r❡❡♠♣❧❛③❛❞❛ ♣♦r ❧❛ s✉❝❡s✐ó♥
❞❡ ♠♦♠❡♥t♦s meV ❝♦♥str✉✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ▼❛❡r❣♦✐③ V ✳ ❊st❡ ❢❡♥ó♠❡♥♦✱ q✉❡
❡s ❡s♣❡❝✐❛❧♠❡♥t❡ ♠♦❧❡st♦ ❝✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛♥ ♠ét♦❞♦s ❞❡ s✉♠❛❜✐❧✐❞❛❞ ❞❡ ♠♦♠❡♥t♦s✱ ❡s ❡♥
❣❡♥❡r❛❧ ✉♥❛ ❞❡❜✐❧✐❞❛❞ ❞❡❧ ♠ét♦❞♦ ❞❡ s✉♠❛❜✐❧✐❞❛❞ ❞❡ ❇♦r❡❧✱ ♣✉❡st♦ q✉❡ ♥♦ ❤❛② ♥✐♥❣ú♥ ♣r♦✲
❝❡❞✐♠✐❡♥t♦ s✐st❡♠át✐❝♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✐♥❢♦r♠❛❝✐ó♥ ❛❝❡r❝❛ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❣❧♦❜❛❧ ❞❡ ✉♥❛
❢✉♥❝✐ó♥ ❛♥❛❧ít✐❝❛✱ t❛❧ ❝♦♠♦ s✉ ♣r♦❧♦♥❣❛❝✐ó♥ ❛♥❛❧ít✐❝❛ ♦ ❧❛ ♣♦s✐❝✐ó♥ ❞❡ s✉s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡♥
tér♠✐♥♦s ❞❡ s✉s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❚❛②❧♦r ❡♥ ✉♥ ♣✉♥t♦✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ✉♥ tr❛❜❛❥♦ r❡❝✐❡♥t❡ ❞❡
❖✳ ❈♦st✐♥ ② ❳✳ ❳✐❛ ❬✷✹❪ s❡ ❤❛ ♣r♦❜❛❞♦ ❧❛ 1−s✉♠❛❜✐❧✐❞❛❞ ❞❡ ❧❛ s❡r✐❡ ❛♣❛r❡♥t❡♠❡♥t❡ ✐♥❣❡♥✉❛∑∞

p=0 p
p+1zp✱ ② ❧❛ ♣r✉❡❜❛ r❡q✉✐❡r❡ ❞❡ ❤❡rr❛♠✐❡♥t❛s ② ❝♦♥❝❡♣t♦s s♦✜st✐❝❛❞♦s ❝♦♠♦ ❧❛ ❛♥❛❧✐③✲

❛❜✐❧✐❞❛❞ ❞❡ s✉s ❝♦❡✜❝✐❡♥t❡s ② ❡❧ ✉s♦ ❞❡ tr❛♥s✲s❡r✐❡s✳ ❱❛❧❞rí❛ ❧❛ ♣❡♥❛ ❝❧❛r✐✜❝❛r s✐ ❡st♦ ❡s ♣♦s✐❜❧❡
❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✱ ② s✐ ❧❛ ✈❛r✐❛❝✐ó♥ r❡❣✉❧❛r ♣✉❡❞❡ ❛rr♦❥❛r ❛❧❣♦ ❞❡ ❧✉③ ❡♥ ❡st❡ ❛s✉♥t♦✳

� ❊s r❡❧❡✈❛♥t❡ ✈❡r✐✜❝❛r s✐ ❡s ♣♦s✐❜❧❡ r❡❞❡✜♥✐r ❧❛ ♥♦❝✐ó♥ ❞❡ M−s✉♠❛❜✐❧✐❞❛❞ ❞❡ ♠♦❞♦ q✉❡ ❡❧
❚❡♦r❡♠❛ ❚❛✉❜❡r✐❛♥♦ ✹✳✷✳✶✹ ❡sté ❞✐s♣♦♥✐❜❧❡ ♣❛r❛ ❞♦s s✉❝❡s✐♦♥❡s ♣❡s♦ M ❛♥❞ L✱ ❝♦♠♣❛r❛❜❧❡s
♣❡r♦ ♥♦ ❡q✉✐✈❛❧❡♥t❡s ② ❝♦♥ ω(M) = ω(L)✳ P✉❡st♦ q✉❡ ❡❧ ▲❡♠❛ ❞❡❲❛ts♦♥ ✸✳✷✳✶✺ ♣❛r❛ ❞❡s❛rr♦❧❧♦s
❛s✐♥tót✐❝♦s ♥♦ ✉♥✐❢♦r♠❡s s❡ ✈❡r✐✜❝❛ ♣❛r❛ r❡❣✐♦♥❡s s❡❝t♦r✐❛❧❡s ❛r❜✐tr❛r✐❛s✱ ❡s ♣♦s✐❜❧❡ q✉❡ s❡
❤❛②❛♥ ❞❡ ❝♦♥s✐❞❡r❛r ❞❡s❛rr♦❧❧♦s ❛s✐♥tót✐❝♦s ✉♥✐❢♦r♠❡s✳ ❊♥ ❡st❛ s✐t✉❛❝✐ó♥✱ ❣r❛❝✐❛s ❛ ✉♥ t❡♦r❡♠❛
❞❡ ❙✳ ▼❛♥❞❡❧❜r♦❥t ❬✼✷✱ ❙❡❝t✳ ✷✳✹✳■❪✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r r❡❣✐♦♥❡s ❞❡ ❝❛s✐❛♥❛❧✐t✐❝✐❞❛❞ ♣❛r❛ ❧❛
s✉❝❡s✐ó♥ ♠ás ♣❡q✉❡ñ❛✱ ❞✐❣❛♠♦s L✱ q✉❡ ♥♦ t✐❡♥❡♥ ❡st❛ ♣r♦♣✐❡❞❛❞ ♣❛r❛ ❧❛ ♠ás ❣r❛♥❞❡✱ M✱ ♣♦r
❧♦ t❛♥t♦ ❡❧ ❚❡♦r❡♠❛ ❚❛✉❜❡r✐❛♥♦ ❞❡❜❡rí❛ s❡r ❝✐❡rt♦ ❡♥ ❡st❡ ❝♦♥t❡①t♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞❛❞♦ q✉❡
❡❧ í♥❞✐❝❡ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❧❛ s✉❝❡s✐ó♥ ❝♦❝✐❡♥t❡ ❡s ω(M/L) = 0✱ ♣❛r❛ r❡❝✉♣❡r❛r ❧❛ ♠✉❧t✐s✉♠❛
s❡ ❞❡❜❡rí❛ ♣r♦♣♦r❝✐♦♥❛r ✉♥❛ ♥✉❡✈❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♥ú❝❧❡♦ ❞❡ s✉♠❛❜✐❧✐❞❛❞✱ ❞❡✜♥✐❞♦ s♦❧❛♠❡♥t❡ ❡♥
❡❧ ❡❥❡ r❡❛❧ ♣♦s✐t✐✈♦✳ ❆❞❡♠ás✱ ❧❛ ❢✉♥❝✐ó♥ ❛s♦❝✐❛❞❛ ωM/L ♣✉❡❞❡ s❡r ❞❡ ✈❛r✐❛❝✐ó♥ rá♣✐❞❛✱ ♣♦r ❧♦
q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ▼❛❡r❣♦✐③ ♥♦ s♦♥ út✐❧❡s ② ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ♥ú❝❧❡♦s r❡q✉✐❡r❡ ❝♦♥s✐❞❡r❛r
✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞✐st✐♥t♦✳

� ▲❛s té❝♥✐❝❛s ❞❡ ♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞ ❞❡s❛rr♦❧❧❛❞❛s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✹ ♥♦s ♣❡r♠✐t✐rá♥ tr❛❜❛❥❛r ❛❧
♠✐s♠♦ t✐❡♠♣♦ ❝♦♥ M− ② ❝♦♥ k−s✉♠❛❜✐❧✐❞❛❞✳ ❊st♦ ❧❧❡✈❛ ❛ ❝♦♥s✐❞❡r❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡
s✉♠❛❜✐❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❡♥ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❢♦r♠❛❧ ❞❡ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ❡❝✉❛❝✐♦♥❡s✳
❊♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❡♥ ❞✐❢❡r❡♥❝✐❛s ❛♣❛r❡❝❡ ❡❧ ❧❧❛♠❛❞♦ ♥✐✈❡❧ 1+ ✭✈é❛♥s❡ ❧♦s tr❛❜❛❥♦s ❞❡
●✳ ■✳ ■♠♠✐♥❦ ❬✹✵✱ ✹✶❪✮✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ s✉❝❡s✐ó♥ M1,−1✳ ❙✐❡♠♣r❡ q✉❡ ❧♦s ♦tr♦s ♥✐✈❡❧❡s
❞❡ ❧❛ s♦❧✉❝✐ó♥ ❢♦r♠❛❧✱ ❛♣❛rt❡ ❞❡❧ 1+✱ s❡❛♥ ❞✐st✐♥t♦s ❞❡ 1✱ ♣♦❞r❡♠♦s ❛♣❧✐❝❛r ♥✉❡str♦ ♠ét♦❞♦ ❞❡
♠✉❧t✐s✉♠❛❜✐❧✐❞❛❞✳ ◆♦ ♦❜st❛♥t❡✱ ❡①✐st❡ ✉♥❛ s✐t✉❛❝✐ó♥ ✐♥t❡r❡s❛♥t❡ ❡♥ ❧❛ q✉❡ s❡ ♥❡❝❡s✐t❛ ❛♣❧✐❝❛r
✉♥ ♣r♦❝❡s♦ ❞❡ ❛❝❡❧❡r❛❝✐ó♥ ♣❛r❛ ❧❛ s✉❝❡s✐ó♥ ●❡✈r❡② ❞❡ ♦r❞❡♥ 1 ② ❧❛ s✉❝❡s✐ó♥ M1,−1✱ ② ♣❛r❛ ❡❧
q✉❡ ❡s ✐♠♣r❡s❝✐♥❞✐❜❧❡ r❡s♦❧✈❡r ♣r❡✈✐❛♠❡♥t❡ ❡❧ ❛s✉♥t♦ ♣❧❛♥t❡❛❞♦ ❡♥ ❡❧ ❛♣❛rt❛❞♦ ❛♥t❡r✐♦r✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞





✷✵✶

❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✇♦r❦

❚❤✐s t❤❡s✐s ❤❛❞ t❤❡ ❛✐♠ ♦❢ ❡①♣❧♦r✐♥❣ ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s
❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❛♥❞ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② t❤❡♦r②✱ ❛♥❛❧②③✐♥❣ ✇❤✐❝❤
r❡s✉❧ts ❢r♦♠ t❤❡ ●❡✈r❡② ❝❛s❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤✐s ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳ ❆ ✜rst ♦❜❥❡❝t✐✈❡ s✉❝✲
❝❡ss❢✉❧❧② ❛❝❝♦♠♣❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✷ ✐s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ s❡✈❡r❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛♥❞ t❤❡ ♥♦t✐♦♥s ♦❢ ♣r♦①✐♠❛t❡ ♦r❞❡r✱ r❡❣✉❧❛r ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳
❋r♦♠ t❤❛t ❝❤❛♣t❡r✱ ❚❤❡♦r❡♠ ✷✳✷✳✶✾ ❞❡s❡r✈❡s ❛ s♣❡❝✐❛❧ ♠❡♥t✐♦♥ ❜❡❝❛✉s❡ ✐t ❝❤❛r❛❝t❡r✐③❡s t❤❡ s❤❛♣❡
♦❢ t❤❡ s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ t❤❡ s✉♠♠❛❜✐❧✐t② t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✻✵✱ ✽✽✱ ✽✾❪ ✐s ❛✈❛✐❧❛❜❧❡✳

❚❤❡ t❤✐r❞ ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ✐♥❥❡❝t✐✈✐t② ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝
❇♦r❡❧ ♠❛♣✳ ❚❤❡ ♠❛✐♥ ♦✉t❝♦♠❡ ♦❢ t❤✐s st✉❞②✱ ❝♦♠♣❧❡t❡❞ ❢♦r ✐♥❥❡❝t✐✈✐t② ❢♦r ❣❡♥❡r❛❧ ✇❡✐❣❤t s❡q✉❡♥❝❡s
❛♥❞ ♥❡❛r❧② ✜♥✐s❤❡❞ ❢♦r s✉r❥❡❝t✐✈✐t② ❛♥❞ str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✱ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t✇♦ ✐♥❞✐❝❡s
ω(M) ❛♥❞ γ(M)✱ ♦♥❡ ❢♦r ❡❛❝❤ ♣r♦❜❧❡♠ ❛♥❞ ❣❡♥❡r❛❧❧② ❞✐✛❡r❡♥t ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✷✳✷✻✮✱ ♠❡❛s✉r✐♥❣ t❤❡
❧✐♠✐t ♦♣❡♥✐♥❣ ♦❢ t❤❡ s❡❝t♦rs ❢♦r ✇❤✐❝❤ t❤❡ ❇♦r❡❧ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡ ♦r✱ r❡s♣❡❝t✐✈❡❧②✱ s✉r❥❡❝t✐✈❡✳ ❙✐♥❝❡
❢♦r ❛❧❧ t❤❡ ❡①❛♠♣❧❡s ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡s❡ ✐♥❞✐❝❡s ❝♦✐♥❝✐❞❡s✱ t❤✐s ❞✐✈✐s✐♦♥ ❤❛s ❜❡❡♥
❤❛r❞ t♦ ❞❡t❡❝t✳ ❋✐♥❛❧❧②✱ ✐♥ ❈❤❛♣t❡rs ✹ ❛♥❞ ✺ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡s❡ r❡s✉❧ts r❡❣❛r❞✐♥❣ ❛s②♠♣t♦t✐❝s
✐s str❡ss❡❞✳ ■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ❚❛✉❜❡r✐❛♥ ❚❤❡♦r❡♠ ✹✳✷✳✶✹ ❝❧❛r✐✜❡s ✇❤❡♥ t❤❡ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② t♦♦❧
♠❛❦❡s s❡♥s❡ ✐♥ t❤✐s ❝♦♥t❡①t✳ ■♥ t❤❛t s✐t✉❛t✐♦♥✱ ❛♥ ❡①♣❧✐❝✐t ❛♥❞ ❞❡t❛✐❧❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
❛❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧s ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞✱ ❛❧❧♦✇✐♥❣ ✉s t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ♦❢ ❛ ❢♦r♠❛❧ ♣♦✇❡r
s❡r✐❡s✳ ❋✐♥❛❧❧②✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t✱ ❛s ✐t ❤❛♣♣❡♥s ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡✱ ♦♥❡ ♠❛② ❡①t❡♥❞ t❤❡
M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❛t t❤❡ ♦r✐❣✐♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ t♦ t❤❡ r❡❣✐♦♥
✇❤❡r❡ ✐t ✐s ❜♦✉♥❞❡❞✳

❚❤✐s ❞✐ss❡rt❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ✜rst st❡♣ t♦✇❛r❞s ❛ ❜❡tt❡r ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ❢r❡✲
q✉❡♥t❧② ❛ss✉♠❡❞ ❢♦r ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❛♥❞ ✇❡✐❣❤t s❡q✉❡♥❝❡s t❤r♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❖✲r❡❣✉❧❛r
✈❛r✐❛t✐♦♥✱ ❡①♣r❡ss✐♥❣ q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ✐♥ t❡r♠s ♦❢ s♦♠❡ q✉❛♥t✐t❛t✐✈❡ ✈❛❧✉❡s✳ ❚❤❡s❡ ♣r❡s❡♥t
✜♥❞✐♥❣s ❛♥❞ t❡❝❤♥✐q✉❡s ♠✐❣❤t ❤❡❧♣ t♦ s♦❧✈❡ ♦t❤❡r ✐ss✉❡s ✐♥ t❤❡ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ ✉❧tr❛❞✐✛❡r✲
❡♥t✐❛❜❧❡ s❡tt✐♥❣s✳ ❇♦t❤ s❡tt✐♥❣s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞✱ ❛s ✐t ❤❛s ❤✐❣❤❧✐❣❤t❡❞ t❤❡ st✉❞② ♦❢ t❤❡ ❇♦r❡❧
♠❛♣✱ ❡♥❤❛♥❝✐♥❣ ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡✐r ❝♦♥♥❡❝t✐♦♥✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ✐♠♣❧✐❝❛t✐♦♥ t❤❛t ❡♠❡r❣❡s
❢r♦♠ t❤✐s ✇♦r❦ ✐s t❤❡ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❝❡rt❛✐♥ ❡q✉❛t✐♦♥s✱ ♣❛rt✐❝✉❧❛r❧② ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s✱
♦❢ t❤❡ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞✱ s♦ ♣r♦✈✐❞✐♥❣ ❛ ✉♥✐✜❡❞ tr❡❛t♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❚❤✐s ❛♥❛❧②s✐s ♦❢ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❤❛s ❜❡❡♥ ♣r✐♠❛r✐❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤
t❤♦s❡ ❞❡✜♥❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡✱ ♦❢ ❘♦✉♠✐❡✉ t②♣❡✱ ❛♥❞ ✐♥ t❤❡ ♦♥❡✲✈❛r✐❛❜❧❡ s✐t✉❛t✐♦♥✳
❍♦✇❡✈❡r✱ s♦♠❡ ♦❢ t❤❡ ♦✉t❝♦♠❡s ♠✐❣❤t ❜❡ ❛❧s♦ ✈❛❧✐❞ ✐♥ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss❡s ❞❡✜♥❡❞ ❜② ♠❡❛♥s
♦❢ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦r ❡✈❡♥ ❛ ✇❡✐❣❤t ♠❛tr✐①✱ ❛s ✐t ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ❝♦♥s✐❞❡r❡❞ ❜② ❆✳ ❘❛✐♥❡r
❛♥❞ ●✳ ❙❝❤✐♥❞❧✳ ❆❧s♦✱ t❤❡ ❇❡✉r❧✐♥❣ t②♣❡ ❝❧❛ss❡s ❛r❡ s✉✐t❛❜❧❡ ❢♦r t❤❡ st✉❞② ♦❢ s✐♠✐❧❛r ♣r♦❜❧❡♠s✱
♦r ♦♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ✐♥ ♣♦❧②s❡❝t♦rs
✭❝❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ s❡❝t♦rs✮ ♦r ♠♦r❡ ❣❡♥❡r❛❧ r❡❣✐♦♥s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ♣r❡s❡♥t st✉❞②
❤❛s ♦♥❧② ♣❛rt✐❛❧❧② ❡♠♣❧♦②❡❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ r❡❣✉❧❛r ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥
t❤❡♦r②✱ s♦ s♦♠❡ ♦❢ t❤❡ ❝♦♥❝❧✉s✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ♠✐❣❤t ❜❡ s❤❛r♣❡♥❡❞✳ ❊✈❡♥t✉❛❧❧②✱ ✐t ✐s
✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t✱ ❛❧t❤♦✉❣❤ M−s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ❬✻✵✱ ✻✶❪✱ t❤❡✐r



✷✵✷ ❈❖◆❈▲❯❙■❖◆❙ ❆◆❉ ❋❯❚❯❘❊ ❲❖❘❑

❞❡✈❡❧♦♣♠❡♥t r❡♠❛✐♥s st✐❧❧ ♦♥ ❛ q✉✐t❡ t❤❡♦r❡t✐❝❛❧ ♣❧❛♥❡✳
❇❡❢♦r❡ ❝♦♥❝❧✉❞✐♥❣✱ ❛♥❞ ✐♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ t❤❡✐r ✐♠♣❧✐❝❛✲

t✐♦♥s ❛♥❞ ❧✐♠✐t❛t✐♦♥s✱ s♦♠❡ ♣♦ss✐❜❧❡ ❢✉t✉r❡ ❧✐♥❡s ♦❢ r❡s❡❛r❝❤ ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✳

� ■♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✐t s❡❡♠s t❤❛t ♦♥❡ ♠❛② st✐❧❧ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✇❡✐❣❤t
s❡q✉❡♥❝❡s ❛♥❞ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✱ ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✐♥ ♦r❞❡r t♦ ❡❧✉❝✐❞❛t❡ t❤❡ ♠❡❛♥✐♥❣
♦❢ ♦t❤❡r ❝♦♥❞✐t✐♦♥s ❢r❡q✉❡♥t❧② ❛♣♣❡❛r✐♥❣ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ ✉❧tr❛❞✐✛❡r✲
❡♥t✐❛❜❧❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s✳ ■♥ t❤✐s s❛♠❡ ❞✐r❡❝t✐♦♥✱ ♦♥❡ ♠✐❣❤t ❜❡ ❣✉✐❞❡❞ t♦ ❝♦♥s✐❞❡r t❤❡✱ ❛❧s♦
❝❧❛ss✐❝❛❧✱ ♥♦t✐♦♥ ♦❢ ❊✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✭s❡❡ ❬✶✸✱ ❙❡❝t✳ ✷✳✶❪✮ ✇❤✐❝❤ ✐s ✐♥ ❜❡t✇❡❡♥ r❡❣✉❧❛r ❛♥❞
❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ❆tt❛❝❤❡❞ t♦ t❤✐s ❝♦♥❝❡♣t✱ ❛♥ ❡①tr❛ ♣❛✐r ♦❢ ✐♥❞✐❝❡s✱ ❑❛r❛♠❛t❛ ✐♥❞✐❝❡s✱ ❣❡♥✲
❡r❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ ♦r❞❡rs ❛♥❞ ▼❛t✉s③❡✇s❦❛ ✐♥❞✐❝❡s✱ ❝♦♠❡ ✐♥t♦ ♣❧❛②✳ ❍❡♥❝❡✱ ♦♥❡ ✐s t❡♠♣t❡❞
t♦ ❛♥❛❧②③❡ ✇❤❡t❤❡r ♦r ♥♦t t❤❡② ❛r❡ ❛❧s♦ ❞❡s❝r✐❜✐♥❣ s✐❣♥✐✜❝❛♥t ♣r♦♣❡rt✐❡s ♦❢ ✇❡✐❣❤t s❡q✉❡♥❝❡s✳
❆ ❞✐✛❡r❡♥t ❧✐♥❡✱ ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✶✳✸✸✱ ❤❛s t♦ ❞♦ ✇✐t❤ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ✉❧tr❛❤♦❧♦✲
♠♦r♣❤✐❝ ❛♥❞ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s ❞❡✜♥❡❞ ❜② ♠❡❛♥s ♦❢ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✳ ❲❡ ❤❛✈❡ s❤♦✇♥
✐♥ ❬✹✺✱ ✹✼❪ t❤❛t t❤❡ r❡q✉✐r❡♠❡♥ts ✐♠♣♦s❡❞ ♦♥ t❤❡s❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s
♦❢ ♣r♦♣❡rt✐❡s ♦r ✐♥❞✐❝❡s ♦❢ ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s ❢♦r t❤❡ ✇❡✐❣❤t s❡q✉❡♥❝❡ ❝❛s❡✱ ✐t
s❡❡♠s t❤❛t ✇❡ ❤❛✈❡ ♥♦t ♣✉t t♦ ✇♦r❦ ②❡t ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤✐s
♣♦✇❡r❢✉❧ ♠❛❝❤✐♥❡r②✳

� ❚❤❡ ❞✉❛❧ s❡q✉❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✶✳✺ s✉❣❣❡sts t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ ❞✉❛❧✐t② ❜❡✲
t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡s✳ ❙✉♣♣♦rt✐♥❣ t❤✐s ❝♦♥❥❡❝t✉r❡ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❞✉❛❧✐t② ♦❢ ❖r❧✐❝③
s♣❛❝❡s ✇❤✐❝❤ ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ ❛ ❖✲r❡❣✉❧❛r② ✈❛r②✐♥❣ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ f ✇❤♦s❡ r✐❣❤t
✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ g ❞❡t❡r♠✐♥❡s t❤❡ ❞✉❛❧ s♣❛❝❡ ✭s❡❡ ❬✽✻❪✮✳ ❙✐♥❝❡ t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ν♠ ❝❛♥ ❜❡
s❡❡♥ ❛s ❛ s♦rt ♦❢ ✐♥✈❡rs❡ ♦❢ t❤❡ st❡♣ ❢✉♥❝t✐♦♥ f♠(x) = m⌊x⌋✱ s✉❝❤ ❛ ❞✉❛❧✐t② ♠✐❣❤t ❜❡ ❡①♣❡❝t❡❞✳

� ❖♥❡ ♦❢ t❤❡ ♠♦st ❡✈✐❞❡♥t ♦❜❥❡❝t✐✈❡s t♦ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡ ❝♦♠♣❧❡t❡ st✉❞② ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢
t❤❡ ❇♦r❡❧ ♠❛♣✳ ❆s ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❘❡♠❛r❦ ✸✳✸✳✶✾✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t S̃M = (0, γ(M)]
❛♥❞ SM = S̃u

M = (0, γ(M)) ❛t ❧❡❛st ❢♦r str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ♦♥❧② r❡sts t♦
❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ ✈❛❧✉❡ γ(M) ❜❡❧♦♥❣s t♦ s♦♠❡ ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s ♦r ♥♦t✳

■♥ ❝❛s❡ M ✐s ♥♦t str♦♥❣❧② r❡❣✉❧❛r✱ ♦♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡
♠❛①✐♠❛❧ ❡①t❡♥t ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s✱ ❜✉t ❛s ❢❛r ❛s ✇❡ ❦♥♦✇ t❤❡② ❝♦✉❧❞ ♣❡r❢❡❝t❧② ❜❡
❡♠♣t②✳ ❙♦✱ s♦♠❡ ❡✛♦rts s❤♦✉❧❞ ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦rs
✉♥❞❡r t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✭s♥q✮ ♣❧✉s ♣♦ss✐❜❧② s♦♠❡ ♦t❤❡r ❝♦♥❞✐t✐♦♥ ✇❡❛❦❡r t❤❛♥ ✭♠❣✮✳

� ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ M−s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧s ❤❛s ♦♥❧② ❜❡❡♥ ♣r♦✈❡❞ ❢♦r ✇❡✐❣❤t s❡q✉❡♥❝❡s ❛❞♠✐tt✐♥❣
❛ ♥♦♥③❡r♦ ♣r♦①✐♠❛t❡ ♦r❞❡r ✭s❡❡ ❘❡♠❛r❦ ✹✳✶✳✹✮✳ ■t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ♦r
♥♦t t❤❡② ❡①✐st ❢♦r ❛♥ ❛r❜✐tr❛r② str♦♥❣❧② r❡❣✉❧❛r s❡q✉❡♥❝❡✳ ❈❧♦s❡❧② r❡❧❛t❡❞ t♦ ✐t✱ ♦♥❡ ♠✐❣❤t ❛❧s♦
tr② t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s❡q✉❡♥❝❡s t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ♠♦♠❡♥ts ♦❢ ❛♥ M−s✉♠♠❛❜✐❧✐t②
❦❡r♥❡❧❀ ✇❡ ♥♦t❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐s ♥♦t ❡✈❡♥ ❦♥♦✇♥ ✐♥ t❤❡ ●❡✈r❡② ❝❛s❡✱ ❛s
❲✳ ❇❛❧s❡r ❬✼✱ ♣✳ ✾✹❪ ♣♦✐♥t❡❞ ♦✉t✳ ■t ✇❛s ❝♦♠♠❡♥t❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✶✳✸ t❤❛t✱ ❢♦r ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡
M s❛t✐s❢②✐♥❣ ✭❞❝✮✱ 0 < ω(M) < 2 ❛♥❞ ❢♦r ✇❤✐❝❤ ❛ ❦❡r♥❡❧ ♦❢ M−s✉♠♠❛❜✐❧✐t② ❡①✐sts✱ ♦♥❡ ♠❛②
❞❡❞✉❝❡ t❤❛t ♥♦t ♦♥❧② M ✐s ✭s♥q✮✱ ❜✉t ✐♥❞❡❡❞ γ(M) = ω(M)✳ ❆♥ ✐♥t❡r❡st✐♥❣ ✐ss✉❡ ✇♦✉❧❞ ❜❡ t❤❡
st✉❞② ♦❢ t❤❡ ♣♦ss✐❜❧❡ ✐♠♣❧✐❝❛t✐♦♥s ♦r ❡q✉✐✈❛❧❡♥❝❡s ❛♠♦♥❣ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❦✐♥❞✱ s✉❝❤
❛s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❦❡r♥❡❧s ♦❢ M−s✉♠♠❛❜✐❧✐t②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❵✜♥❡✬ ✢❛t ❢✉♥❝t✐♦♥s ✐♥ ♦♣t✐♠❛❧
s❡❝t♦rs✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t M s❛t✐s✜❡s s♦♠❡ s♣❡❝✐✜❝ s❡t ♦❢ ♣r♦♣❡rt✐❡s ❛♠♦♥❣ ✭s♥q✮✱ ✭❞❝✮✱ ✭♠❣✮✱
0 < γ(M) = ω(M) <∞✱ ❡t❝✳

� ❚❤❡ r❡❛❞❡r ♠❛② ❤❛✈❡ ♥♦t✐❝❡❞ t❤❛t ❡✈❡♥ ✐❢ ❛ s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞ ❢♦r t❤❡ s❡q✉❡♥❝❡Mα,β ❤❛s ❜❡❡♥
❞❡✈❡❧♦♣❡❞✱ ✐t ✐s ♣❛r❛❞♦①✐❝❛❧❧② ✉♥❦♥♦✇♥ ✐❢ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

∑∞
p=0

(
p!α
∏p

m=0 log
β(e +

m)
)
zp ✐s Mα,β−s✉♠♠❛❜❧❡✳ ❚❤✐s ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠ ❛r✐s❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐♥ t❤❡ ♠❡t❤♦❞

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖
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♦❢ Mα,β−s✉♠♠❛❜✐❧✐t② t❤❡ s❡q✉❡♥❝❡ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ♠♦♠❡♥t s❡q✉❡♥❝❡ meV ❝♦♥str✉❝t❡❞ ❢r♦♠
❛ ▼❛❡r❣♦✐③ ❢✉♥❝t✐♦♥ V ✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥✱ ✇❤✐❝❤ ✐s s♣❡❝✐❛❧❧② ❞✐st✉r❜✐♥❣ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤
♠♦♠❡♥t s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞s✱ ✐s ✐♥ ❣❡♥❡r❛❧ ❛ ✇❡❛❦♥❡ss ♦❢ t❤❡ ❇♦r❡❧ s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞✱
s✐♥❝❡ t❤❡r❡ ✐s ♥♦t ❛ s②st❡♠❛t✐❝ ♣r♦❝❡❞✉r❡ t♦ ✜♥❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢
❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥✱ s✉❝❤ ❛s t❤❡ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦r t❤❡ ♣♦s✐t✐♦♥ ♦❢ ✐ts s✐♥❣✉❧❛r✐t✐❡s✱ ✐♥
t❡r♠s ♦❢ ✐ts ❚❛②❧♦r ❝♦❡✣❝✐❡♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❛ r❡❝❡♥t ✇♦r❦ ❜② ❖✳ ❈♦st✐♥ ❛♥❞ ❳✳ ❳✐❛ ❬✷✹❪ t❤❡
1−s✉♠♠❛❜✐❧✐t② ♦❢ t❤❡ ❛♣♣❛r❡♥t❧② ♥❛✐✈❡ s❡r✐❡s

∑∞
p=0 p

p+1zp ❤❛s ❜❡❡♥ s❤♦✇♥✱ ❛♥❞ t❤❡✐r ♣r♦♦❢
r❡q✉✐r❡s s♦♣❤✐st✐❝❛t❡❞ t♦♦❧s ❛♥❞ ❝♦♥❝❡♣ts s✉❝❤ ❛s t❤❡ ❛♥❛❧②③❛❜✐❧✐t② ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡
✉s❡ ♦❢ tr❛♥ss❡r✐❡s✳ ■t ✇♦✉❧❞ ❜❡ ✇♦rt❤② t♦ ❝❧❛r✐❢② ✐❢ t❤✐s ❝♦✉❧❞ ❜❡ ❞♦♥❡ ✐♥ ♦✉r s✐t✉❛t✐♦♥ ❛♥❞ ✐❢
r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❝♦✉❧❞ ❜r✐♥❣ s♦♠❡ ❧✐❣❤t t♦ t❤✐s ✐ss✉❡✳

� ■t ✐s r❡❧❡✈❛♥t t♦ ✈❡r✐❢② ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞❡✜♥❡ t❤❡ M−s✉♠♠❛❜✐❧✐t② ♥♦t✐♦♥ ✐♥ s✉❝❤ ❛ ✇❛②
t❤❛t t❤❡ ❚❛✉❜❡r✐❛♥ ❚❤❡♦r❡♠ ✹✳✷✳✶✹ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r t✇♦ ❝♦♠♣❛r❛❜❧❡ ❜✉t ♥♦t ❡q✉✐✈❛❧❡♥t ✇❡✐❣❤t
s❡q✉❡♥❝❡s M ❛♥❞ L ✇✐t❤ ω(M) = ω(L)✳ ❙✐♥❝❡ ❲❛ts♦♥✬s ▲❡♠♠❛ ✸✳✷✳✶✺ ❢♦r ♥♦♥✉♥✐❢♦r♠ ❛s②♠♣✲
t♦t✐❝s ❤♦❧❞s ❢♦r ❛r❜✐tr❛r② s❡❝t♦r✐❛❧ r❡❣✐♦♥s✱ ♦♥❡ ♠✐❣❤t ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝s✳
■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❛♥❦s t♦ ❛ t❤❡♦r❡♠ ♦❢ ❙✳ ▼❛♥❞❡❧❜r♦❥t ❬✼✷✱ ❙❡❝t✳ ✷✳✹✳■❪ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
r❡❣✐♦♥s ♦❢ q✉❛s✐❛♥❛❧②t✐❝✐t② ❢♦r t❤❡ s♠❛❧❧❡r s❡q✉❡♥❝❡✱ s❛② L✱ t❤❛t ❞♦ ♥♦t ❤❛✈❡ t❤✐s ♣r♦♣❡rt② ❢♦r
t❤❡ ❜✐❣❣❡r ♦♥❡ M✱ s♦ t❤❡ ❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠ s❤♦✉❧❞ ❜❡ tr✉❡ ✐♥ t❤✐s ❝♦♥t❡①t✳ ❍♦✇❡✈❡r✱ s✐♥❝❡
t❤❡ ❣r♦✇t❤ ✐♥❞❡① ♦❢ t❤❡ q✉♦t✐❡♥t s❡q✉❡♥❝❡ ✐s ω(M/L) = 0✱ ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ ♠✉❧t✐s✉♠ ❛
♥❡✇ ❝♦♥❝❡♣t ♦❢ s✉♠♠❛❜✐❧✐t② ❦❡r♥❡❧✱ ❞❡✜♥❡❞ ❥✉st ♦✈❡r t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s✱ s❤♦✉❧❞ ❜❡ ❣✐✈❡♥✳
▼♦r❡♦✈❡r✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥ ωM/L ♠❛② ❜❡ r❛♣✐❞❧② ✈❛r②✐♥❣✱ s♦ ▼❛❡r❣♦✐③ ❢✉♥❝t✐♦♥s ❛r❡
✉s❡❧❡ss ❛♥❞ ❛ ❞✐✛❡r❡♥t ♣r♦❝❡❞✉r❡ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧s✳

� ❚❤❡ ♠✉❧t✐s✉♠♠❛❜✐❧✐t② t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✹ ✇✐❧❧ ❛❧❧♦✇ t♦ ✉s ✇♦r❦ ❛t t❤❡ s❛♠❡ t✐♠❡
✇✐t❤ M− ❛♥❞ k−s✉♠♠❛❜✐❧✐t②✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ s✉♠♠❛❜✐❧✐t② ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s s♦❧✉t✐♦♥s ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡q✉❛t✐♦♥s✳ ■♥ t❤❡ st✉❞② ♦❢ ❞✐✛❡r❡♥❝❡
❡q✉❛t✐♦♥s✱ t❤❡ s♦✲❝❛❧❧❡❞ ❧❡✈❡❧ 1+ ✭s❡❡ t❤❡ ✇♦r❦s ♦❢ ●✳ ■✳ ■♠♠✐♥❦ ❬✹✵✱ ✹✶❪✮✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ s❡q✉❡♥❝❡ M1,−1✱ ❛♣♣❡❛rs✳ ❲❤❡♥❡✈❡r t❤❡ ♦t❤❡r ❧❡✈❡❧s✱ ❛♣❛rt ❢r♦♠ t❤❡ 1+✱ ♦❢ t❤❡ ❢♦r♠❛❧
s♦❧✉t✐♦♥ ❛r❡ ❞✐st✐♥❝t ❢r♦♠ 1 ✇❡ ♠✐❣❤t ❛♣♣❧② ♦✉r ♠✉❧t✐s✉♠♠❛❜✐❧✐t② ♠❡t❤♦❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡
✐s ❛♥ ✐♥t❡r❡st✐♥❣ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❡ ♥❡❡❞s t♦ ❛♣♣❧② ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♣r♦❝❡ss ❢♦r t❤❡ ●❡✈r❡②
s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r 1 ❛♥❞ t❤❡ s❡q✉❡♥❝❡ M1,−1✱ ❛♥❞ ❢♦r ✇❤✐❝❤ t❤❡ ✐ss✉❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧❛st
♣❛r❛❣r❛♣❤ ♥❡❡❞s t♦ ❜❡ ♣r❡✈✐♦✉s❧② s♦❧✈❡❞✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞
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◆♦t❛t✐♦♥

▲✐st ♦❢ ❙②♠❜♦❧s

α(a) ✉♣♣❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ♦❢ t❤❡ s❡q✉❡♥❝❡ a = (ap)p∈N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

α(f) ✉♣♣❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ♦❢ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ f ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

A,L,M s❡q✉❡♥❝❡s ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ✇✐t❤ t❤❡ ✜rst t❡r♠ ❡q✉❛❧ t♦ 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

a, ℓ,♠ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts ♦❢ A✱ L ❛♥❞ M✱ r❡s♣❡❝t✐✈❡❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

AM(G) ❈❛r❧❡♠❛♥ ✉❧tr❛❤♦❧♦♠♦r♣❤✐❝ ❝❧❛ss ♦❢ ❘♦✉♠✐❡✉ t②♣❡ ✐♥ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

Ãu
M(G) ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ❛❞♠✐tt✐♥❣ ✉♥✐❢♦r♠ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

ÃM(G) ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ❛❞♠✐tt✐♥❣ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ G✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

β(a) ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ♦❢ t❤❡ s❡q✉❡♥❝❡ a = (ap)p∈N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

β(f) ❧♦✇❡r ▼❛t✉s③❡✇s❦❛ ✐♥❞❡① ♦❢ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ f ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

Br t❤❡ ❇♦r❡❧ ♠❛♣ ❢♦r r−✐♥t❡r♣♦❧❛t✐♥❣ ✉❧tr❛❞✐✛❡r❡♥t✐❛❜❧❡ ❝❧❛ss❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

B̃ ❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

C[[z]] ❛❧❣❡❜r❛ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✐♥ z ✇✐t❤ ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts✳

C[[z]]M ❝❧❛ss❡s ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

C{z}M,d s❡t ♦❢ M−s✉♠♠❛❜❧❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✐♥ ❞✐r❡❝t✐♦♥ d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

C{z}M s❡t ♦❢ M−s✉♠♠❛❜❧❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

D(z, r) ♦♣❡♥ ❞✐s❦ ❝❡♥t❡r❡❞ ❛t z ✇✐t❤ r❛❞✐✉s r > 0✳

dM(t) ❢✉♥❝t✐♦♥ ❝♦♥♥❡❝t✐♥❣ ♣r♦①✐♠❛t❡ ♦r❞❡rs t♦ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✭❞❝✮ st❛❜❧❡ ✉♥❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦r ❞❡r✐✈❛t✐♦♥ ❝❧♦s❡❞♥❡ss ❝♦♥❞✐t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

δω(M)(τ) ✐♥t❡❣r❛t✐♦♥ ♣❛t❤ ❢♦r t❤❡ e−❇♦r❡❧ tr❛♥s❢♦r♠ ✐♥ ❞✐r❡❝t✐♦♥ τ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

EM ❈❛r❧❡♠❛♥ ✉❧tr❛❞✐✛❡r❡♥t❛❜❧❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ❘♦✉♠✐❡✉ t②♣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

e1 ∗ e2 t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧s e1 ❛♥❞ e2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

e1 ⊳ e2 t❤❡ ❦❡r♥❡❧ ♦❢ ❛❝❝❡❧❡r❛t✐♦♥ ❢r♦♠ t❤❡ ❦❡r♥❡❧ e2 t♦ e1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

f❧♦✇, f
✉♣ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s ❢♦r ❖✲r❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹



✷✵✻ ◆❖❚❆❚■❖◆

gr gr = (pr)p∈N ❢♦r r ∈ R\{0} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

γ(M) ❚❤✐❧❧✐❡③✬s ❣r♦✇t❤ ✐♥❞❡① ❢♦r M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

G(d, γ) s❡❝t♦r✐❛❧ r❡❣✐♦♥ ✐♥ R ❜✐s❡❝t❡❞ ❜② t❤❡ ❞✐r❡❝t✐♦♥ d ∈ R ♦❢ ♦♣❡♥✐♥❣ πγ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

Gγ s❡❝t♦r✐❛❧ r❡❣✐♦♥ ✐♥ R ❜✐s❡❝t❡❞ ❜② t❤❡ ❞✐r❡❝t✐♦♥ d = 0 ♦❢ ♦♣❡♥✐♥❣ πγ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

H(C) ❡♥t✐r❡ ❢✉♥❝t✐♦♥s s♣❛❝❡✳

H(U) ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❛♥ ♦♣❡♥ s❡t U ⊂ R✳

Hp p−t❤ ♣❛rt✐❛❧ s✉♠ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ s❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

H H(0) = {z ∈ C : Re(z) > 0}✱ t❤❡ ♦♣❡♥ r✐❣❤t ❤❛❧❢✲♣❧❛♥❡ ♦❢ C ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

H(c) t❤❡ ♦♣❡♥ ❤❛❧❢✲♣❧❛♥❡ {z ∈ C : Re(z) > c} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

IM, Ĩ
u
M, ĨM ✐♥❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

λ(a) ❡①♣♦♥❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ a = (ap)p∈N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✭❧❝✮ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥✈❡①✐t② ❝♦♥❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

M(lc) ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ♠✐♥♦r❛♥t s❡q✉❡♥❝❡ ♦❢ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

µ(a) ❧♦✇❡r ♦r❞❡r ♦❢ t❤❡ s❡q✉❡♥❝❡ a = (ap)p∈N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

µ(f) ❧♦✇❡r ♦r❞❡r ♦❢ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ f ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻̂
M

̂
M = (Mp/p!)p∈N0 ❢♦r ❛♥② s❡q✉❡♥❝❡ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

M̂ M̂ = (p!Mp)p∈N0 ❢♦r ❛♥② s❡q✉❡♥❝❡ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✭♠❣✮ ♠♦❞❡r❛t❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

MF (γ, ρ(t)) ▼❛❡r❣♦✐③✬s ❝❧❛ss ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥ Sγ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ρ(t) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

N ♥❛t✉r❛❧ ♥✉♠❜❡rs {1, 2, . . . }✳

N0 N ∪ {0}✳

ν♠(t) ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢ q✉♦t✐❡♥ts ♠ ♦❢ ❛ s❡q✉❡♥❝❡ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✭♥q✮ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❝♦♥❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

OM(S) s❡t ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♦❢ M−❣r♦✇t❤ ♦♥ S ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷

ORV ❝❧❛ss ♦❢ ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

(Pγ) ♣r♦♣❡rt② ✉s❡❞ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ γ(M) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

R ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳

ρ(a) ✉♣♣❡r ♦r❞❡r ♦❢ t❤❡ s❡q✉❡♥❝❡ a = (ap)p∈N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

ρ(f) ✉♣♣❡r ♦r❞❡r ♦❢ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ f ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

RV ✱ Rρ ❝❧❛ss ♦❢ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ❛♥❞ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ✐♥❞❡① ρ ✳ ✹✵

❏❆❱■❊❘ ❏■▼➱◆❊❩ ●❆❘❘■❉❖



✷✵✼

sa sa = (ap+1)p∈N s❤✐❢t❡❞ s❡q✉❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ a = (ap)p∈N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

S ♠❛♣ t❤❛t s❡♥❞s ❡❛❝❤ ❝♦♥✈❡r❣❡♥t ♣♦✇❡r s❡r✐❡s ✐♥t♦ ✐ts ♥❛t✉r❛❧ s✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

S(d, γ) ✉♥❜♦✉♥❞❡❞ ♦♣❡♥ s❡❝t♦r ✐♥ R ❜✐s❡❝t❡❞ ❜② t❤❡ ❞✐r❡❝t✐♦♥ d ∈ R ♦❢ ♦♣❡♥✐♥❣ πγ ✳ ✳ ✳ ✳ ✹✸

S(d, γ, r) ♦♣❡♥ s❡❝t♦r ✐♥ R ❜✐s❡❝t❡❞ ❜② ❛ ❞✐r❡❝t✐♦♥ d ∈ R ♦❢ ♦♣❡♥✐♥❣ πγ ✇✐t❤ r❛❞✐✉s r > 0 ✶✵✽

Sγ ✉♥❜♦✉♥❞❡❞ ♦♣❡♥ s❡❝t♦r ✐♥ R ❜✐s❡❝t❡❞ ❜② t❤❡ ❞✐r❡❝t✐♦♥ d = 0 ♦❢ ♦♣❡♥✐♥❣ πγ ✳ ✳ ✳ ✳ ✹✸

SM, S̃
u
M, S̃M s✉r❥❡❝t✐✈✐t② ✐♥t❡r✈❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✭s❧❝✮ str♦♥❣❧② ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❝♦♥✈❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

SM,df̂ M−s✉♠ ♦❢ f̂ ✐♥ ❞✐r❡❝t✐♦♥ d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✭s♥q✮ str♦♥❣ ♥♦♥q✉❛s✐❛♥❛❧②t✐❝✐t② ❝♦♥❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

T ≪ G T ✐s ❛ ♣r♦♣❡r ❜♦✉♥❞❡❞ s✉❜s❡❝t♦r ♦❢ ❛ s❡❝t♦r✐❛❧ r❡❣✐♦♥ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

T ≺≺ S T ✐s ❛ ♣r♦♣❡r ✉♥❜♦✉♥❞❡❞ s✉❜s❡❝t♦r ♦❢ ❛♥ ✉♥❜♦✉♥❞❡❞ s❡❝t♦r S ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

T̂e✱ T̂−e ❢♦r♠❛❧ e−▲❛♣❧❛❝❡ ❛♥❞ e−❇♦r❡❧ tr❛♥s❢♦r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

T−e,τ e−❇♦r❡❧ tr❛♥s❢♦r♠ ✐♥ ❞✐r❡❝t✐♦♥ τ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

Te,τ e−▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ✐♥ ❞✐r❡❝t✐♦♥ τ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷

ω(M) ❙❛♥③✬s ❣r♦✇t❤ ✐♥❞❡① ❢♦r M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

ωM(t), hM(t) ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ s❡q✉❡♥❝❡ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

≈ ❡q✉✐✈❛❧❡♥❝❡ s②♠❜♦❧ ❢♦r s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

- ❝♦♠♣❛r❛❜✐❧✐t② s②♠❜♦❧ ❢♦r s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

≃ ❡q✉✐✈❛❧❡♥❝❡ s②♠❜♦❧ ❢♦r t❤❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

� ❝♦♠♣❛r❛❜✐❧✐t② s②♠❜♦❧ ❢♦r t❤❡ s❡q✉❡♥❝❡s ♦❢ q✉♦t✐❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

∼ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡ ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥s ❛t ∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

∼ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡ ❜❡t✇❡❡♥ s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

∼u
M ✉♥✐❢♦r♠ M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

∼M M−❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

●❧♦ss❛r②

❛❝❝❡❧❡r❛t✐♦♥ ❦❡r♥❡❧ ♦❢ t✇♦ str♦♥❣ ❦❡r♥❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

❛❧♠♦st ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

❛❧♠♦st ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❛❧♠♦st ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

❛❧♠♦st ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❯♥✐✈❡rs✐❞❛❞ ❞❡ ❱❛❧❧❛❞♦❧✐❞



✷✵✽ ◆❖❚❆❚■❖◆

❛s②♠♣t♦t✐❝ ❇♦r❡❧ ♠❛♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺

❜✐❞✉❛❧ s❡q✉❡♥❝❡ ♦❢ ❛ ✇❡✐❣❤t s❡q✉❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r r❡❣✉❧❛r❧② ✈❛r②✐♥❣ s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r ❖✲r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

❝♦♠♣❛r❛❜❧❡ s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
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