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Abstract We develop a fairly explicit Kuznetsov formula on GL(3) and dis-
cuss the analytic behavior of the test functions on both sides. Applications
to Weyl’s law, exceptional eigenvalues, a large sieve and L-functions are
given.
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1 Introduction

The Bruggeman—Kuznetsov formula [4, 12, 27] is one of the most powerful
tools in the analytic theory of automorphic forms on GL(2) and the corner-
stone for the investigation of moments of families of L-functions, including
striking applications to subconvexity and non-vanishing. It can be viewed
as a relative trace formula for the group G = GL(2) and the abelian sub-
group U x Uz € G x G where U is the group of unipotent upper triangular
matrices. The Kuznetsov formula in the simplest case is an equality of the
shape
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where

e n,meZ\{0},

® 5, is the Kronecker symbol,

e the sum on the left-hand side runs over an orthogonal basis of Hecke—
MaaB cusp forms u ; for the group SL>(Z) having spectral parameter #; and
Hecke eigenvalues A j(n) for n € N (and A j(—n) := £ ;(n) depending on
whether u ; is even or odd),

e 0y(n) is the Fourier coefficient of an Eisenstein series defined by

o;(n) = Z d{’dz_”,

dydy=|n|

o dypect = 7% tanh(;rt) dt is the spectral measure,

e /i is some sufficiently nice, even test function, and

e it is a certain integral transform of &, the sign being sgn(nm), described
in (1.2).

There have been many generalizations of the Kuznetsov to other groups of
real rank one or products thereof, see e.g. [5, 28, 31], the first of which covers
also the groups SL,(C), SO(n, 1) and SU(2, 1); see also [11, 15] for inter-
esting applications. For the groups GL(n), n > 2, Kuznetsov-type formulae
are available [17, Theorem 11.6.19], [36], but they are in considerably less
explicit form.

The power of the GL(2) Kuznetsov formula lies in the fact that one can
choose arbitrary (reasonable) test functions on either side of the formula, and
the relevant integral transforms are completely explicit in terms of Bessel
functions. In fact, we have

7 (x) = / T () dspect (12)
0

where

’

J*(t, x) =2misinh(r) ™! { J2it (A /%) — T2t (470 /%) }

12it(477ﬁ) - 1—2it(477\/;)
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this is best understood in terms of its Mellin transform:

G.(s) G/(1+s)
Gi(l—s) T G/2—s)

s s+ it s —it
Gi(s)=m F( 5 )F( 5 )

In addition, this transform can be inverted and is essentially unitary:

TE(@,s) = f TE@, x)x Vdx =
0

where

h(t) ~ /Ooji(t,x)hi(x) d—x.
0 X

There is a subtlety, as in the + case the image of the map & — h™ is not dense,
but its complement is well-understood. These formulas together with standard
facts about Bessel functions make it possible to apply the Kuznetsov formula
in both directions. Unfortunately, such explicit knowledge is not available for
GL(n),n > 3.

The aim of this article to provide a “semi-explicit” version of the
Kuznetsov formula for GL(3) together with some careful analysis of the
various terms occurring on both sides of the formula, and to give some ap-
plications in Theorems 1-4 below. On the way we will prove a number of
useful auxiliary results for GL(3) Whittaker functions, Eisenstein series and
Kloosterman sums that may be helpful for further investigation of GL(3)
automorphic forms. The proof of the Kuznetsov formula proceeds along clas-
sical lines: we compute the inner product of two Poincaré series in two ways:
by spectral decomposition and by unfolding and computing the Fourier ex-
pansion of the Poincaré series. The latter has been worked out in great detail
in [8].

The spectral side (8.1) of the GL(3) formula consists of three terms:

e the contribution of the cuspidal spectrum,
e the contribution of the minimal parabolic Eisenstein series,
o the contribution of the maximal parabolic Eisenstein series.

The arithmetic side (8.2) contains four terms:

o the diagonal contribution corresponding to the identity element in the Weyl
group,
1 1
e two somewhat degenerate terms' corresponding to <1 ) and ( 1),
1 1

e the contribution of the long Weyl element.

n all our applications they will be negligible.
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Interestingly, the two remaining elements in the Weyl group do not con-
tribute as long as ny, ny, my, mo are non-zero; in fact, these two furnish the
GL(2) formula which is hidden in the degenerate terms of the Fourier ex-
pansion of the Poincaré series. On the arithmetic side, the various variables
ni, ny,mi, my, D1, Dy appearing in the test function are explicitly coupled
similarly as on the right hand side of (1.1).

The spectral side (8.1) contains the weight function

dy dys |?

A1, v2) = (y1y2)3

o0 o0 -
/ / Wiy v (01, ¥2) F (1, y2)
o Jo

where Wv, v, 1s anormalized Whittaker function on GL(3) and F is any com-
pactly supported test function (or with sufficiently rapid decay at 0 and oo in
both variables). In principle this integral transform is invertible: it has been
shown in [18] that a natural generalization of the Kontorovich-Lebedev trans-
form inversion formula holds for Whittaker functions on GL(n), hence we
have a recipe to find a suitable F' to construct our favorite non-negative func-
tion &. Proceeding in this way would however considerably complicate the
analysis of the arithmetic side, and hence we take a different route which is
somewhat less precise, but more convenient for applications. In Proposition 3
below we show roughly the following: taking

1/2 [ 2 1¢4
F(y1, y2) = (nm(@ + 1)) 2 f1(n) o)yl () yiGnite)

for some fixed functions fi, f> with compact support in (0, oo) yields a non-
negative smooth bump function 4 with i (vy, v2) < 1 forv; =it; + O(1) and
rapid decay outside this range. In other words, % is a good approximation to
the characteristic function of a unit square in the (vq, v2)-plane. Integration
over 71, T» can now give a good approximation to the characteristic function
of any reasonable shape. Passing to a larger region in this way will in fact
improve the performance of sum formula and ease the estimations on the
arithmetic side.

The test functions on the arithmetic side are completely explicit in (8.3),
(8.4) and given as a multiple integral. At least in principle a careful asymptotic
analysis should yield a complete description of the behavior of this function,
but this seems very complicated. Nevertheless, we are able to give some non-
trivial (and in some cases best possible) bounds in Proposition 5 that suffice
for a number of applications that we proceed to describe.

The commutative algebra D of invariant differential operators of SL3(R)
acting on L2(SL3(R) /S03) is generated by two elements (see [17, p. 153]),
the Laplacian and another operator of degree 3. One class of eigenfunctions
of D is given by the power functions I, ,, defined in (2.11) below. A Maal}
form ¢ for the group SL3(Z) with spectral parameters vy, v is an element in
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L*(SL3 (Z)\SL3(R)/S03) that is an eigenfunction of D with the same eigen-
values as [, ,, and vanishes along all parabolics, that is,

/ ¢(uz)du=0
(SL3(Z)VUN\U

1 1
for U = {( 1 :)} and {( T*)} (and then automatically for the minimal
1 1

parabolic). We choose an orthonormal basis {¢;} = B C L2(SL3(Z)\SL3(R)/
SO3) of Hecke—MaaB cusp forms (i.e. Maal} forms that are eigenfunctions of

the Hecke algebra as in [17, Sect. 6.4]) with spectral parameters v{l ) , véj ) If
no confusion can arise, we drop the superscripts ().

This can be re-phrased in more representation theoretic terms. Let SL3(R)
= NAK be the Iwasawa decomposition where K = SO3, N is the standard
unipotent subgroup and A is the group of diagonal matrices with determi-
nant 1 and positive entries, and let a be the Lie algebra of A. An infinite-
dimensional, irreducible, everywhere unramified cuspidal automorphic rep-
resentation 7w of GL3(Ag) with trivial central character is generated by a
Hecke-MaaB} form ¢; for SL3(Z) as above. The local (spherical) represen-
tation 7o, is an induced representation from the parabolic subgroup N A
of the extension of a character x : A — C*, diag(xy, x2, x3) > x7"x3%x5°
with o1 + a2 + @3 = 0. In this way we can identify the spherical cuspi-
dal automorphic spectrum with a discrete subset of the Lie algebra af./ W
(W the Weyl group), where we associate to each Maal} form ¢; € B the
linear form [ = (1, ap, @3) € aé /W that contains the (archimedean) Lang-
lands parameters. A convenient basis in af. is given by the fundamental
weights diag(2/3, —1/3, —1/3), diag(1/3,1/3, —2/3) of SL3. The coeffi-
cients of [ = (a1, arp, @3) with respect to this basis can be obtained by evalu-
ating [ at the two co-roots diag(1, —1, 0), diag(0, 1, —1) € a and are given by
3v1, 3vp. We then have oy =2v| + vo, o = —v| + v, a3 = —v; — 2vp. With
this normalization, ¢ is an eigenform of the Laplacian with eigenvalue

1
,\=1—3v12—3u1v2—3u§=1—§(af+a§+a§), (1.3)

and the trivial representation is sitting at (v, v2) = (1/3, 1/3). The Ramanu-
jan conjecture states that the Langlands parameters o1, a2, a3 of Maall forms
are purely imaginary (equivalently, the spectral parameters v, v, are purely
imaginary). A Maal} form is called exceptional if it violates the Ramanujan
conjecture. Modulo the action of the Weyl group, we can always assume that
vy, Jvp > 0 (positive Weyl chamber). Switching to the dual Maall form if
necessary, we can even assume without loss of generality 0 < Jv; < Jv;.

A count of the MaaB forms ¢ € B inside the ellipse A < T2 described
by (1.3) is referred to as Weyl’s law. The number of such forms is known
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to be ¢T> + 0(T3) for some constant ¢, see [24, 29]. As a first test case
of the Kuznetsov formula we show a result of comparable strength as [24,
Proposition 4.5] that turns out to be a simple corollary of the Kuznetsov for-
mula. A similar upper bound has recently been proved by X. Li [26]. Let
L(¢p x ¢~> s) be the Rankin—Selberg L-function (see (4.2) below). Then the
following weighted count of the cuspidal spectrum in a small ball of radius
O(1) in ag holds.

Theorem 1 There are absolute constants cy, cy > 0, Ty, K > 1 with the fol-
lowing property: for all Ty, T>» > Ty we have

e
aliTy(Ti+T) < Y. (rele(qu x¢j,5)) <caTiTa(T + To).
) s=
v —iTy|<K
v —iTy <K

It is standard to estimate the residue from above, but due to possible Siegel
zeros a good lower bound is not known. If ¢ = sym?u for some Hecke—MaalB
form u € L*(SL, (Z)\hz) with spectral parameter v € iR, then Ramakrishnan
and Wong [30] have shown that no Siegel zeros exist:

rele(symzu X symzu, s) = (1 + |v|)0(1).
sS=

In general we will only be able to prove the following bounds: if ¢ has spectral
parameters vy, Vo, then setting C := (1+|vy 4+ v2|) (14 |vi ) (14 |v2]) we have

CTl<resLig x §,5) < C°. (1.4)

In particular it follows (after possibly enlarging the constant K in Theorem 1)
that in each ball inside ia* of sufficiently large constant radius, there exist
cusp forms. We will prove (1.4) in Lemma 2 below.

Miller [29] proved that almost all forms are non-exceptional, that is, the
number of exceptional forms ¢; € B with A ; < T2 is o(T?). This was, among
other things, strengthened in [24] to O(T3). By unitaricity and the standard
Jacquet—Shalika bounds towards the Ramanujan conjecture2 (cf. (2.4) below)
the spectral parameters vi, vo of an exceptional Maal3 form are of the form
(assuming 0 < Jv; < Jvy)

(1, v2) =Q2p/3,=p/3+iy), v =0, |pl=1/2,

see (2.8) below. It is an easy corollary of Theorem 1 that there are O (T27)
exceptional eigenvalues with y =T + O(1), but more can be shown which

2Better bounds are available by the work of Luo—Rudnick—Sarnak, but this is not needed here.
Even the value of the constant 1/2 is irrelevant.
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can be viewed as a density theorem for exceptional eigenvalues and interpo-
lates nicely between the Jacquet—Shalika bounds and the tempered spectrum.

Theorem 2 For any ¢ > 0 we have

41p; 2
Z T |P/|<<8T+€.
¢ exceptional
yi=T+0()

Next we prove a large sieve type estimate for Hecke eigenvalues. Let
Aj(n, 1) denote the Hecke eigenvalues of the Hecke—Maal} cusp form ¢;.

Theorem 3 Let N > 1, T1, T» > Ty sufficiently large, and let «(n) be a se-
quence of complex numbers. Then

> ‘ > amAj@. 1)

n<p|<2r; =N
< |<2T,

2
1+
e (TETH(T + 1) + T1 TN )2

(1.5)
for any ¢ > O where ||a||2 = (Zn Ia(n)lz)l/z.

The first term is optimal on the right hand side is optimal. Most optimisti-
cally one could hope for an additional term of size N (instead of 71 1o N 2), but
in any case our result suffices for an essentially optimal bound of the second
moment of a family of genuine GL(3) L-functions. This seems to be the first
bound of this kind in the literature. For large sieve inequalities in the level
aspect (with very different proofs) see [14, Theorem 4] and [35].

Theorem 4 For T > 1 and any ¢ > 0 we have

3 L), 1/2)|" <. T

T<p| Y |<2r

More applications of the GL(3) Kuznetsov formula to the Sato-Tate dis-
tribution of GL(3) Hecke eigenvalues and a version of Theorem 2 for the
Langlands parameters at finite places will be given in a forthcoming paper [2,
Theorems 1-3].

After the paper was submitted, two other interesting approaches to the
GL(3) Kuznetsov formula have been developed independently by But-
tcane [10] and Goldfeld—Kontorovich [19]. The present technique, however,
gives the strongest bounds for the Kloosterman terms in the Kuznetsov for-
mula which are indispensable for applications to L-functions as in Theo-
rems 3 and 4. One may compare, for instance, with [19] for which the reader
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680 V. Blomer

is referred to the appendix which features in Theorem 5 another result of
independent interest.

It would be very interesting to generalize the present results and techniques
to congruence subgroups of SL3(Z) of the type

ES
Io(g) = v €SL3(Z) |y = | * (mod ¢q)
0

S ¥ ¥
* ¥ ¥

The analytic parts of the present argument (in particular the bounds for Whit-
taker functions and the corresponding integral transforms) work without any
change. One needs a more general Bruhat decomposition to calculate the
Fourier expansion of the relevant Poincaré series, and it would be useful
to have an explicit spectral decomposition for the space L?(I(¢)\b>). This
along with further applications will be addressed in [1].

2 Whittaker functions
Let vy, vy € C. We introduce the notation
Vo=V + 1 2.1)
and (as in the introduction)
o] =2v1 + vy, oy = —v| + V2, a3 = —v; — 2v;. (2.2)
The transformations

(vi,v2) = (=v1,v0) = (v2, —vo) = (—v2, —v1) = (—Vo, V1)
— (vo, —v2) (2.3)
leave {o1, g, @3} invariant, and they also leave {|Jvp|, |Jv1], |Sv2|} invari-

ant. For convenience we assume the Jacquet—Shalika bounds towards the Ra-
manujan conjecture

max (IR ], [Nea|, [Rez]) < % (2.4)
and we always assume unitaricity
{a1, a2, a3} = {—a1, —az, —o3}. (2.5)
It is elementary to deduce from (2.4) that
max ([N, [Rvy], [Rva]) < % (2.6)
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and to deduce from (2.5) that
Vo, V1, V2, a1, a2, a3 € IR (2.7)
or

{on, 0,03y €{p+iy, —p+iy, —2iy},
{vi,v2,v0} €{2p0/3, —p/3 +iy,p/3+iy}) (2.8)

or its translates under (2.3)

with p,y e R and |p| < 1/2 by (2.4). The choice

(a1, 2,03) = (p+iy,—p+iy, =2iy),

) _ (2.9)
(v1,v2,v0) = 2p/3,—p/3 +iy,p/3+iy)
is unique if we require Jvy > Jv; >0, y > 0.
Let
2 L ox\(y
h"=1{z= 1 | ‘y>0,xeR
= GL(R)/(0222) =SLr(R)/SO> and

I x2 x3\ [(yiy

h=1z= I x V1 ‘yl,y2>0,X1,X2,X3€R

1 1

= GL3(R)/(03Z3) = SL3(R)/SO3.

The group SL3(Z) acts faithfully on h3 by left multiplication.
The Whittaker function W;—Ll,vz : b3 — C is given by? (analytic continua-
tion in vy, vy of)

1 1 ur u3

Wi,uZ(Z) = / Ly, v, 1 1 wulz
R3 1 1
X e(—u1 F ur)duy dusr dus (2.10)
with
Iy, (2) = y11+2v1+vzy21+v1+2v2‘ 2.11)

3Some authors use different signs in the long Weyl element, but since the I, 1, function
depends only on yq, y, this leads to the same definition.
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Compared to [7]* we have re-normalized the indices v i — 1/3+v;. By

the formula of Takhtadzhyan—Vinogradov we have WE (z) = e(x; £

Vi, V2
x2) Wi, 0, (1, y2) where’
v 2 -1
yiy ° 103, (1 3
WV1,V2(YI’)’2)=8)’1)’2<;> Hﬂ2+2U’F(E+5W>
j=0
> 2 2),,3(vi—v2) du
x| K3, Qrya /14 1/2) K5, (2ry1v1 4 u?)u —
(2.12)
It is convenient to slightly re-normalize this function: let
2 ~1
1 3 1 3
. -3 .
Cyjpp ‘=T VOH)F(E-FEU]) F(§+§l%v1> (2.13)

and

Wvl,vz 01, 32) = Wvl,vg(yla yZ)Cvl,vz
2

r(fs2in
1 5 21(\SVJ

vi—v
3
—sel [

—1 3
hA!
Y1y2<—)
i »2

o ; d
< [ Ky @ TE 0Ky, @ryd T S
0 u

If v1, vy € iR, this changes the original Whittaker function only by a constant
on the unit circle, in the situation (2.9) it changes the order of magnitude by
a bounded factor. Often the Whittaker function is defined entirely without the
normalizing Gamma-factors in the denominator of (2.12) in which case it is
often referred to as the completed Whittaker function. It is convenient not to
work with the completed Whittaker function here, see Remark 3 below. (Of
course, W, 1,1, 18 not analytic in the indices any more.)

4In [17, p. 154, third display] the values of vy, vy are interchanged in the definition of /-
function, but the following formulas are again in accordance with Bump’s definition.

5The normalization is complicated: the leading constant in [17, (6.1.3)] should be 8 instead of
4, while the definition [33, (1.1)] differs from (2.10), in addition to the Gamma-factors, by a
factor 2.
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The GL(2)-analogue of this function is

1
see [17, p. 65].

We proceed to collect analytic information on the GL(3) Whittaker func-
tion. We have the double Mellin inversion formula ([17, p. 155], [7, (10.1)])

-1

Wy (y) i= 212 YK, Qry), (2.14)

3
yiy2m?2
2 1, 3:x
[Tizo I3 + 3i%))]

Wvl,vz (yl, )’2) =

L1 / [Goi TG+ oy I (Gls2 —a)))
Q2ri)? Jiey Jien At (L(sy + 52))
x y; lyy P dsydss. (2.15)

This implies in particular that W,, ,, is invariant under the transformations
(2.3) which is the reason for including the normalization constant ¢, ,,. Note
that

Woy v, 01, ¥2) = Wiy, (02, Y1) = Wi 5501, 2). (2.16)

Uniform bounds for Bessel functions are rare in the literature, but fre-
quently needed in the GL(2) theory. We are not aware of any uniform bound
for a GL(n) Whittaker function with n > 2. Although the proofs of Theo-
rems 1-5 do not require bounds for individual Whittaker functions, we record
here for future reference the following uniform result.

Proposition 1 Ler vy, vy € C satisfy (2.6)—(2.8) and write 6 = max(|Raq],
|[Maa|, [MNaz|) <1/2. Let 0 < 01 < 09 and € > 0. Then for any o1 < c1,c3 <
o> we have

e
~ Yiy2 i
W , <

v1,v2(Y1 2) 01,02,8 (]—|—|v1|—|—|vZ|)1/28<1+|V1|+|V2|)

(rmirm)
X _— .
I+ [vi| + |2

Remark 1 This result can be refined somewhat, in particular for small and
large yi, y». In the “transitional range” it is not too far from the truth. For in-
stance, if vi = v, =i T are large (and purely imaginary) and y; = y» = % T-—

ﬁTl/ 3, then the integral in (2.12) is non-oscillating, and it follows from

(2.12) and known properties of the K-Bessel function that Wvl,vz 1, y2) <
y1y2/T*3, whereas our bound gives Wvl,vz 1, y2) K y1y2 T‘g_%.
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684 V. Blomer

Proof Let us first assume that vy, v are purely imaginary; we write V; :=
Jvj. By (2.16) and the invariance under (2.3) we can assume without loss of
generality that

0<v <. 2.17)

By (2.15) and Stirling’s formula, we have

Wul,vz()ﬂ, y2)

—1

< YI)’Z/ / [T+ i+ o)™ [Hoy (1 + lin—ay) ™
01,02 1
(1+ 10 + 6l 2

2 3
g b4 . b4 .
xexp(T E vj|—Z E |ll‘1+05j|—z E lity — o
j=1 j=1

T _ _
+ thl +t2|)y1 Uy, @dn dt (2.18)

for o1 < c1, c2 < 0. It is elementary to check that

2

3

TE |Vj| E |lll+06] E lity — Olj|+ |l‘1+l2|<0 (2.19)
Jj=0

j 1

with equality if and only if
V] — Uy <1 < V1 + 20y, vy — vy <1 <201 + Dy, (2.20)

or

=201 — 1y <t <V — Dy, -V =20 <t <Dy — 1. (2.21)
For a < b let w, ;,(¢) be defined by

Wa b= min(l, e_%(t_b), e_%(a_t));

then the exp-factor in (2.18) is bounded by
Wi, —5y, 5425, ED Wiy —5; 25, 45, (12) + W25, —5,, 5, =5, FDW_5,-25,,5,—, (12),
and hence we have
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Applications of the Kuznetsov formula on GL(3) 685

Wi 01, 12) < ylyzf / (W, =5y .5, 425, (D Wi, 5, 25, +5, (12)
—00 J =00

+ W25, =y, 51—y (1D W, —255, 5,y (12))

. Gl , o
Xr[;:l(l-i-llfl-l-ajl) Z l_[i 1(1+|’t2_“1|) §

2 1

(A +1n+0)"
X yl—c1y2—02 dt1dny.

We consider only the first summand in the first line of the preceding display.
The second summand is similar. By a shift of variables, the first term equals

l <1y, / / wo 35, (1) wo, 35, (12)

s 11 — 302 T (1 n) " (1+|t1+3v1|)2

2 1

(1 + 11+ tzl)

(1+|t2+3v2|) (1+|t2|) (1+|t2—3v1|) = > dty diy. (2.22)

It is straightforward to estimate this expression. For convenience we provide
the details. We recall our assumption (2.17) and split the ¢#1, ¢, integration into
several ranges. Let V1 < R <1, and define

I_:={n =<} Igp:={R <t <2R}, T = {11 > 212},
J-={t <}, T+ ={n >}
We estimate the double integral in all 6 ranges for ¢y, ¢3 > 0:
vy vy . - ate 4
/ / <</ / min(1, e*") min(1, e*")((1 + v)(1 + Dp)) 2
— — —00 J—00
LI T A+ inp ™

+(2 1 dl‘zdl‘l
(I+ 1 +1n2l)

1+c

~ ORI AP | ~ .3
LA+ +) 7 (1+)2;

v o0 s T
// <</ / min(1, ¢¥1) min(1, e ¥ 7 =2) (1 4 )~
— j+ —00 171

c 71 cp—1
< (145 T2 1+ 10T (1410 —301) T dndn

c1t+cp

~ ORI BA- | - .3
LA+ 4+) 7 (1+)2;
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2R vy - -1
/ / <<f / min(l,eZ’Z)(1+v1) T (1+v2)—_1
Ir — R —0o0

(1 + |l2|) E dtz dt

x (1

5 ~ c1+
< (L+ )21+ 2

2R poo T oan cy—1
// <</ / min(1, G2 (1 + 1) 7 (1
IR J I+ —R Ji;

cp—1

(1+|t2—3v1|) = dtrdt

x (1

~ \er SN B azotl
LA+)2d+v) 2 A +R) 2

o0 Dy T i p cr—1
f/ <</ / min(1, e ®%27) min(1, e¥2) (1 + 5;) "7
I+ J- 2172 —00

cq —l [

x (1403 (1410 =3020) 7 (1+1nl) 2 dhdn

& (L4921 + )17

o0 o0 T T oa~ cr—1
/ f <<f f min(1, e¥C2~) min(1, e¥CM ) (1 4 5)) T
I J T+ 20, Jy

c1—1 cp—1

x (L4 F (1410 =3020) 2 (14 12— 30) * diodn
C (U4 )2(1 45172

Combining all 6 previous bounds, and summing over dyadic numbers R, we
obtain the bound of the proposition if v, v, € iR.

It remains to consider the situation (2.8). The exponential factor does not
change, but the fraction in the first line of (2.18) becomes now

—1

+ 10 —2V|) 2

(1+|t1+)/|

+|11+J/|
(1 + |t1 +5)"

+cp—1

- C—l

+p— p—

x (1 +|t2—y|) IR (1—|—|t2—y|) 2 (1+|t2+2y|) . (2.23)

This is independent of p, and the same calculation goes through. U
We recall an important formula of Stade [33] (cf. also (2.16) and observe
that Stade’s definition [33, (1.1)] of the Whittaker function has v; and v;

interchanged, and his Whittaker function is, up to Gamma-factors, twice our
Whittaker function).
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Applications of the Kuznetsov formula on GL(3) 687

Proposition 2 Let vy, v2, i1, u2, s € C. We use the notation (2.1) and (2.2),
and define similarly o and By, B2, B3 in terms of i1, 3. Then we have an
equality of meromorphic functions in s:

sdyrdys
(y1y2)?

0,0) OO~—~ 2
/0/0 W, 1, y2) Wiy o (01, y2) (¥132)

- +a;+B,
3 3s 1_[;" e F(s Oljz ﬂk)
T AT G [T TG + 2isvpI T 1M + 337

3 Integrals over Whittaker functions

For our purposes it is convenient to consider the double Mellin transform of
the product of Ww v, with some rapidly decaying function. We are not aware
of any explicit formula in the literature, but the next proposition gives an
asymptotic result which is sufficient for our purposes. This is one of the key
ingredients in this paper, and therefore we present all details of the lengthy
proof.

Proposition 3 Let A, X1, Xo > 1, 71, 70 > 0, and assume that t| + 1 is suf-
ficiently large in terms of A. Let v1, v» € C satisfy (2.6)—(2.8) and in addition
v, vy > 0. Let

=1 421, =211+ 1.

Fix two non-zero smooth functions fi, f> : (0, 0c0) — [0, 1] with compact sup-
port. Let ¢ > 0 and let

I =1(vi,v2, 11,0, X1, X?)

dyidy>
/ Wor o 1, ¥2) 1(X191) f2(X232) 9 95 3|
(y1y2)
If X1=X,=1, then
2
1< (13vi — Tl + 13 —nl)” ]_[ 14 |v;]) 2 (3.1)

Moreover, there is a constant ¢ depending on f1, fa such that the following
holds: if

Xi1=X2=1, T, T2 > 1, [Sv — 1] <c, |Sv2 — 12| <c,
(3.2)
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then

2
1= [T+~ (3.3)
=0

and if v, V2 are given by (2.9) and in addition

Xo> 1, lol >, y > (X1X2)*, ly —2l <c, 11l <ec,
(3.4)
then
2 1/2
= x X P T T+ v~ (3.5)
Jj=0

All implied constant depend at most on A, ¢, f1, f>» and the sign > should be
interpreted as “up to a sufficiently large constant”.

Remark 2 This should be roughly interpreted as follows: given 1, t>, X1, X»
as above, I as a function of vy, vy € {z € C: |3Jz] < 1/2} is under some tech-
nical assumptions a function with a bump at Jv; = 71 and IJv, = 17 of size
X1 X ;+maxj el (voviv2) Y2 with rapid decay away from this point. Most of
the time we will put X| = X> = 1. Only if we need a test function that blows
up at exceptional eigenvalues we will choose X7 to be large. The asymmetry

in X1, X7 in (3.4) and (3.5) is due to the special choice (2.9).

Proof By Parseval’s formula and (2.15) the double integral in question equals

/ ﬁ(_l—i_itl_“l)ﬁ(_l-f—itz—uz)
a/vJay) xy i xSl

[T PG +e) [Ty TG —a)))  duidus
_3 . )2
4TI (g +u) [T 1T (G + 3i30p)] G

(3.6)

Let us first assume that

1
< — . 3.7
il + 2] < 1OO(fl +12) (3.7

In this case the conditions (3.2) and (3.4) are void, so we only need to show
(3.1) and take X| = X, = 1. We apply Stirling’s formula to the I"-quotient.
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Applications of the Kuznetsov formula on GL(3) 689

We argue as in the proof of Proposition 1, see (2.19) and the surrounding
discussion. The exponential part is given by

2 3 3
3
ST ES SRS S TRSHS ol
j=0 Jj=1 j=l
T~
+Z|J(u1+uz)| :

As before let us write V; = Jv; and assume without loss of generality (2.17).
Using (2.20) and (2.21) together with the rapid decay of f; and f; it is easy
to see that by our present assumption (3.7) we can bound / by

Lafp +0)4

In the range (3.7) this is acceptable for (3.1).
Let us now assume

1
> 3.8
il + [v2] = 100(T1+T2) (3.8)

We want to shift the two contours in (3.6) to —oo. To check convergence, we
first shift the u-integral to Mu; = —2A — 1 for some large integer A. We
observe that

]’c\(s) <<B,f |S|—BCmS+B

for Ms > 0, any B > 0 and some constant C > 0 depending only on f (one
can take C :=sup{x > 0] f(x) # 0}). We also recall that the reflection for-
mula for the Gamma-function implies the uniform bound

| | ‘hs——
o i)

for Ns > 0, min,cz(Ns — n) > 1/50. It is now easy to see that the remain-
ing uj-integral for A — oo vanishes, and we are left with the sum over the
residues. Next we shift in the same way the uj-integral to —oo, and ex-
press (3.6) as an absolutely convergent double sum over residues. Let us first
assume that vy # 0 so that o1, ap, a3 are pairwise distinct. For j € {1, 2, 3}
we denote by k,/ two integers such that {j, k,/} = {1, 2, 3}. Similarly for
r €{1,2,3} lets,t be such that {r, s, ¢} = {1, 2, 3}. Then (3.6) equals
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ZZ aj+ak)F(_aj+0ll)F(ar;as)r(ar;a[)

o _3 —ajita
1<j¢r<31_[j OIF(Z 2l\svj)|47[ a1+ar 2F(%)
Jj#r

X ZZ oe,+ak

o — 1) (CHEE ), (%5 1), (45— 1),

fl( 1—|—o¢j+1t1—|—2n)f2( 1—ozr—|—lt2+2m)

—l4aj+it;+2n ,—
X1 i le o +itr+2m

A=) (2L ),

(3.9)

We can bound the second and third line of (3.9) by

1—Ra; Ney, . n—A . A
Yo <ann Xy Xy (U jag +inl) T (14 e —inl) " (3.10)

n,m

Here we have used that by (2.2) we have the following equality of multisets:

{(—oj +oap, —aj+ap, 0 —ag, 0 — o} \ {—aj + ;)

= {£3vg, £3v1, £3v;} (3.11)

for a certain choice of signs (depending on j, r) whenever j # r. In addition
we see that we have in the special case j =3, r € {1,2} (thatis, aj = —vy —
2vy, o =2V] + vy Or —V| 4+ 17)

1y 143 (I+oj + i)~ A0+ o — i)™
min((1 + [vi)X3, (1 + [12)) X7)

(3.12)
We will now carefully analyze all 6 terms 1 < «oj, & < 3, j # r in the main
term under the assumption 71, tp > 0, Jvr > Jv; > 0 and show that they all
satisfy the bound (3.1). Moreover, under the assumption (3.2), the term j = 3,
r =1 is of order of magnitude (3.3) and dominates all other terms. Similarly
we will show (3.5). We will first make the extra assumption

Z La.fi.fr X
(n,m)#(0,0)

lvi| > e.

This ensures that o1, 2, a3 are not too close together (note that |vo| must be
large by (3.8)). By Stirling’s formula, (3.11) and (2.9) (in the non-tempered
case),
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'F<—°"'+“">F<_°"'+°”)F("‘""‘S)F(“f—“f)
[0 11+ 3i3v)I 1 (=257)

{<<8 oo+ aDOD,  (j,ry={1,2} and v; €R,

2 _1 . (3.13)
=¢ [[,—o(1 +Iva])72,  otherwise.
The non-negativity of fi, f> implies that the absolute values of the Mellin
transforms |f1( 14+ a3 +in)], |f2( 1 — ay +itp)| are bounded from be-
low in the range (3.2) and (3.4) if c is sufficiently small. Combining (3.13)
and (3.12), we see that under the assumption (3.2) the term j = 3, r = 1 satis-
fies (3.3). Note that (3.2) forces |v1], |v2] to be sufficiently large and excludes
(2.8). Similarly, under the assumption (3.4) the term j =3, r =1 (if p > 0)
or the term j = 3, r = 2 (if p < 0) satisfies (3.5), whereas the other term is of
smaller order of magnitude. This is also consistent with (3.1).

It remains to show that all other terms satisfy (3.1), and are of lesser order
of magnitude than (3.3) and (3.5) under the respective conditions. Under the
assumption (3.2) all 5 terms (j,r) # (3, 1) satisfy |a; +it1] + |y — itp] >
3min(|vy], |Sv2]) + O(1) and can therefore be bounded by (recall (2.17))

2 1

Lo i fo 01174 l_[(l + val) 2
n=0

which is dominated by (3.3). Similarly, under the assumption (3.4) the 4 terms
(aj,er) {3, 1), (3,2)} satisfy |aj +it1| + ey — itz > 3|Sv2| + O(1) and
can therefore be bounded by

2

Leafifs 02l T (1 Ival) 72
n=0

—_

which is again dominated by (3.5). We proceed now to show (3.1) for X; =
X, = 1. It follows from (3.10) and (3.13) that all 6 terms o ; # o, contribute

. . —A
Le A fi.fo (A + oy + it (1 + |y — it2])

o Hizo(l + v DOD - (jry={1,2} and v; € R,
l—[,%:o(l + |Un|)_%, otherwise

to the main term. This is in agreement with (3.1) if we can show

1
|Saj + 11| + [Sey — 12| = = (|V1 — 1|+ 102 — ).
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This is clear for j = 1 or r = 3 by the positivity assumption vy, Vo, 71, 72 > 0
(recall the notation v; = Jv;), even without the factor 1/2. We check the
other 3 cases. In the case j =3, = 1 we have again the stronger inequality

|—V1 — 200 + 71 + 272| + 201 + V2 — 271 — 2| > |71 — V1| + |12 — V2]

which follows from the easy to check inequality |a|+ |b| < |a +2b|+|b+2al].
In the case j = 3, r =2 we need to show

- - - 1 - -
[=V1 =20+ 71 + 20 + |-V + 02 — 271 — T2 > §(|f1 — 01|+ |2 — Da).

If 7y — V1 and 1) — ¥y are of the same sign, the first term dominates the right
hand side; if ;1 — V1 <0, 75 — V2 > 0, the second term dominates the right
hand side; in either case we do not need the factor 1/2. Finally if 7} — v >0,
70 — Uy <0, we distinguish the two cases t; — ¥ greater or smaller than
vy — 12: in the former case the second term dominates the right hand side,
because |—v; + Vp — 211 — 12| > 2(11 — V1) — (V2 — 12), and in the latter the
first term dominates the right hand side, because |—v; — 2V + 71 4+ 212| >
2(Vy — 13) — (71 — V1). Finally the case j =2, r = 1 amounts to showing

1
|=V1+ b2+ 71 + 20+ 20 + V2 — 2711 — 2| > 2 (Ifl — 1|+ |2 — D2l)

which can be seen as above after interchanging indices.

Finally we need to treat the case 0 # |v1| < € and |v2| > |t1| + |12|. Here
the condition (3.4) is empty, and if 71, 7o are sufficiently large, the condition
(3.2) is also empty, so we only need to show the upper bound (3.1) for X| =
X> = 1. We return to (3.9) and partition the 6 terms (j, r) into three pairs

{3.2,3. b}, {2,3).01,3}, {@D,1,2}
The contribution of the first pair is
i (_1)n+m
o0 n'm!
LCR =R —mICR —m) fi(=1 = v = 2v 451 +20)

F(3v2 n_m)nj O|F(2 2l0v1)|47'[ 2+v1+3v2

(r(—3“1 m) fo(—1+vi — vo +itr + 2m)
X

TV

FCE —m) fo(—1—2v; — vy + ity + 2m)
+ 7-[21)1

@ Springer



Applications of the Kuznetsov formula on GL(3) 693

For |v1| < & the second line can be bounded by the mean value theorem. Then
we use the functional equation sI7(s) = I"(s 4+ 1) of the Gamma-function in
connection with Stirling’s formula as before and bound the preceding display
by

2
Lagips (ler +in|+ v +inl) 7 TTO +val)”

n=0

D=

and argue as before. The same argument with different indices works for the
pair {(2, 3), (1, 3)}. The last pair is only a small variation; its contribution is
given by

0 (_1)n+mn—3/2

2 nim4T 5o 17 (3 + 3i3v))]

n,m=0

(ﬁ(—l —vi4 v +iti42n) (=1 —2v] — vy +itr + 2m)

2 2

5 rE2 —mreEt —mrER —mrEeE —m
a8 —n —m)

+ A(=1+2v +va 4 it +20) (=1 + v — v2 + its + 2m)
L TSR DS - DGR -l (5 =),

=S~ —m)

For small vy, this can again be estimated by the mean value theorem giving
the crude bound

Lafifo (2 +it|+[v2 — itzl)_A(l + Ivzl)o(l)

which is admissible for (3.1). This completes the proof of the proposition
under the additional assumption that o1, a2, 3 are pairwise distinct, that is
v1 # 0. The case v = 0 follows by continuity. U

An inspection of the proof, in particular (3.9)—(3.13), shows that for 7{, 12
sufficiently large one has
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|I(U1, v, 1,1, 1, 1)|2

2m)3  ~
L!fl(—l +it — v +2it1p —21)
33voviva|
X fo(=1+2it) —2v; + ity — )|’ (3.14)

for vy, 12 € iR in a neighborhood of i 71, i 72, respectively, and it is very small
outside this region.

4 Maass forms

Let I' = SL3(Z). We denote by

* ok ok * ok k
P=|x x x| CT, Pi=|*x x x| CI
0 0 = 0 01
the maximal parabolic subgroup, and by
1 % =
U3=10 1 x|CrI
0 0 1

the standard unipotent group. Analogously, let U, := ( (1) ’i‘) C SLy(Z).

A MaaB cusp form ¢ : I'\h3 — C with spectral parameters vy, v, (that is,
of type (1/3 + v, 1/3 4+ v2) in the notation of [17]) for the group I” has a
Fourier expansion of the type

$(2) = Z Z A¢(m1,M2)

mip=1my7#0 1m2|
cen(ma) |mym3| y
X Z Wvlg,vZ 2 ml < 1) Z thVz
y€U\SLy(Z) 1
4.1)
with Wf 1, a8 in (2.10) and ¢y, ., as in (2.13). The Fourier coefficients are

given by

1 1 1
///d)(z)e(—mlxl—mzxz)dxldxde3

A¢,(m1 ,my) -~

W, m m
il v (MY, Imaly2).
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We have
Ap(my,mp) = Ap(my, —my),

see [17, Proposition 6.3.5]. Hence one can alternatively write the Fourier ex-
pansion as a sum over my,mo > 1, y € U\GL>(Z). We will use this obser-
vation in the proof of Lemma 1.

It is expected that vy, v» are imaginary, but we certainly know that (2.6)—
(2.8) hold. If ¢ is an eigenfunction of the Hecke algebra (see [17, Sect. 6.4]),
we define its L-function by L(¢, s) := Zm Ap(1,m)ym™", and the Rankin—
Selberg L-function by

|A¢(m1 M2)|

L($x ,5):=2(Bs) ) (42)

mi,my ml m2

It follows from [25, Theorem 2] or [6, Corollary 2] that the coefficients are
essentially bounded on average, uniformly in v:

Z |Ag(m, 1)}2<<x(x(1+ i)+ [al))". (4.3)

m=<x
The space of cusp forms is equipped with an inner product

- dy1d
(D1 ¢2) = / $1(2)$20) dxi dxydxs 222
r\y’ (y1y2)

It is known that L(¢ x (/5, s) can be continued holomorphically to C with the
exception of a simple pole at s = 1 whose residue is proportional to ||¢ || [17,
Theorem 7.4.9]. The proportionality constant is given in the next lemma.

Lemma 1 For a Hecke eigenform ¢ as in (4.1) with Ag(1,1) =1 we have
1p11? < ress—1 L(¢ x @, 5).

Remark 3 This lemma shows that the normalization of the Whittaker func-
tions W, ,,, is well chosen in the sense that an arithmetically normalized cusp
form Ay (1, 1) = 1 should roughly have norm 1. The main point is that Wv, W
has roughly norm 1 with respect to the inner product

yiy2

(f,g):=/0 fo F 1, y2) g1, y2) det i Y1472

1] )P
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Proof This is standard Rankin—Selberg theory. We use the maximal parabolic
Eisenstein series

1
E(z,s;1):= Z det(yz)® = 5 Z det(yz)®, MNs>1.

yeP\I' yeP\I
It follows from (5.7) below that

6] = 5() es(, 9EC. 5. 1)

We follow the unfolding argument of [17, pp. 227-229] and [16, Sect. 3].
Unfolding the Eisenstein series, we see

dyydy>

_ 1
(6, 6E .5, 1) == fp 6P (22) dr dindsy T,

2
1 ~
Let F denote a fundamental domain for {( 1 I)}\Fﬁ, and let GL,(Z) :=
1

{(V 1) |y € GLZ(Z)} C GL3(Z). Then Pl\f)3 is in 2-to-1 correspondence
with GL(Z)\F . Inserting the Fourier expansion of one factor and unfolding
once again, we obtain

(¢, 9E(,5, 1)
> A
= Z Z | ¢(m1 m22)| / / |VVU1 VZ(mly]’ |m2|y2)|
el el |mymo|

% ( 12 )sd)’ld)’z

O1y2)?
L(¢><¢ S)/ / s dyidys
Wop o, (01, ¥2) -
£(3s) [Wor [Oi2) (y1y2)?
The lemma follows now easily from Stade’s formula. g

We are now ready to prove (1.4).

Lemma 2 For an arithmetically normalized Hecke—Maaf} cusp form ¢ with
spectral parameters vi, vy as above we have

(14 1vol) (T4 i ) (14 1w21)) " < 17 e (14 vol) (14 vil) (14 1v21))*
forany e > 0.
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Proof We conclude from Lemma 1 that as in (4.3) the upper bound follows
directly from [25, Theorem 2] or [6, Corollary 2]. We proceed to prove the
lower bound. The idea is taken from [13, Lemma 4]. We can assume that one
of vy, vy is sufficiently large. Since Ay (1, 1) =1, we have

1,1 gl
Wul,vz(yl,y2)=/0/O/0¢(Z)e(—x1—x2)dx1dx2dx3-

for any y1, y» > 0. By Cauchy—Schwarz we get

i Lol 2
\Wvl,vz(yl,yz)FS(/O/O/o|¢>(z)|2dX1dxde3) | Wop o, 01, 32

Integrating this inequality and using Cauchy—Schwarz again, we find

Rl e 2 12 dy1dy>
L J1 Y12
o poo ol el rl 2 dxy dxydxzdy; dy, \'/*
< 9(2)| 3
1 J1Jo JoJo y2)
12
dyidy>
Wy 01, 32) | ¥E 2 )
(// [Wore i 1y2)?

Since [1, oo)2 x [0, 1] is contained in a fundamental domain for SL3 (Z)\f)3
(see e.g. [21]), we obtain together with Proposition 2 that the right hand side
is

1+oj+oi 1/2

R I

< ||¢||< : 2) = |l
]_[] 0|F(2 2lmsvj)l

The left hand side is
12dy1dy>
/ / ‘Wl)] l)z(yl yZ)‘ ( ) / 3y3

2

dyidy
// 1,32 () 252

Y12

Again by Proposition 2, this is

=< ((1+ wol) (L + [vil) (14 [v2l)) ™
+ 0 (((1+1vol) (14 i) (1 + [val)) )
> (14 wol) (14 i) (14 wal)) ™2

1/2

if one of vy, vy is sufficiently large. 0
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We briefly discuss cusp forms u : SLy(Z)\h> — C for the group SL,(Z)
and spectral parameter v € iR (Selberg’s eigenvalue conjecture is known for
SLy(Z)). A cusp form u has a Fourier expansion

wo= Y 2 W, (il )em)

m=0

where W, was defined in (2.14). Similarly as in Lemma 1 we see that an
arithmetically normalized newform u has norm

llull* = / |u(z))|
SLy(Z)\bh?

Indeed, the Eisenstein series E(z,s) = %ZyeUz\SLz(Z) J(yz)® has residue
3/m at s =1, hence by (2.14)

zdxdy

=2L(Ad%u, 1). (4.4)

w |p(m)|? 4r
lull? = = res 3
35=1 = lm| |T(1/2+v)|

00 ; dy
x/ mly Ko 2l K (2 ) y* 55

27 5 4
= r(Ad%u, 1) —
3¢(2) |[7(1/2+v)[?
F(1+;+1_J)1-v(1—;+1_J)1-v(1+;—l_))1—v(1—;—1_1)
X
8

=2L(Ad%u, 1);
the evaluation of the integral follows from [20, 6.576.4] or Stade’s formula
for GL(2). Again we see that an arithmetically normalized cusp form u is

essentially L2-normalized, and W, has roughly norm one with respect to the
inner product

o — d
(for= f(y)g(y)det(y )—§
0 )y

5 Eisenstein series

There are three types of Eisenstein series on the space L>(I"\h>) according
to the decomposition

L*(SLy(Z)\D*) = L @ Loy, @ C- 1.
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The first term gives rise to minimal parabolic Eisenstein series: for z € b
and N, Ry sufficiently large we define the minimal parabolic Eisenstein
series

E@zvi,v)i= Y lyun(y2)
yeUs\I'

where 1, ,, was defined in (2.11). It has meromorphic continuation in v; and
v, and its non-zero Fourier coefficients are given by

1,1l pl
/ / f E(z,v1, v2)e(—mix1 — maxn)dxidxydxs
0o JO0 JO

. A(vl,vz)(ml,mZ) Wvl,vz(ml)’l, lm2a|y2)
|mymz| (1 +3v9)¢ (1 +3v1)¢(1 +3v2)

_ Ay vy (m1, mp) Wvl,vz(mlyl, |m2|y2)cv_1}‘)2 5.1)
lmyms| (14 3v0)s (1 +3v1) (1 +3) '

(cf. (2.12) and (2.13) for the notation) where
Ay, vy (M1, m2) = [my |22 mo |21 20 s, 3y, (Imi ], Ima))

and oy, ., (m1, my) is the multiplicative function defined by

1pV2(k1+k2+2) p(U1+U2)(k1+k2+2)
‘ 1 pvz(k1+1) p(U1+V2)(k1+l) )‘
—vok 1 1 1
)(1 p2vz p2(v1+1}2)

1 pvz pv1+v2 )’
1 1 1

Ovi, v (pklv pkz) =p

This is a combination of [7, (6.5), (6.7), (6.8), (7.3), Theorem 7.2]. An alter-
native description is given as follows: A(,, ,,)(m1, m2) is defined by

Ay (1,m) = Z d(l)lldgzdg[3
didydz=m

and the symmetry and Hecke relation

A(vl,vz) (ma 1) = A(vl,V2)(la m) == A(Vz,vl)(la m)s

n m (5.2)
Ay (nm)y= /’“<d)A(V1,V2)<E’ 1>A<v1,v2>(1v g),

d|(n,m)

cf. [17, Theorems 6.4.11 and 10.8.6] and note his different choice of the
I -function.
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Next we define maximal parabolic Eisenstein series. Let s € C have suf-
ficiently large real part and let u : SL>(Z)\h?> — C be a Hecke-MaaB} cusp
form with ||u|| = 1, spectral parameter v € iR and Hecke eigenvalues A, (m).
Then we define

E(z,s;u) = Z det(yz)*u(m(yz)) (5.3)

yeP\I'

where

5 yiy2 X2y1 X3 v2 X
Tihd— b7, yioox r—>< 1)

1
is the restriction to the upper left corner. It has a meromorphic continuation
in s, and as the minimal parabolic Eisenstein series it is an eigenform of all
Hecke operators; in particular for s = 1/2 4 p it is an eigenform of T (1, m)
with eigenvalue

Bo(Lmy= Y Ju(d)d;"dy",
dydy=|m|

see [17, Proposition 10.9.3]. We extend this definition to all pairs of integers
by the Hecke relations (5.2). Coupling this with [17, Proposition 10.9.1], we
conclude that the non-zero Fourier coefficients

1 p1 p1
//f E(z,1/2+ p;u)e(—mixy — maxz) dxy dxz dx;
0J0 JO

are proportional to

B uy(my,m2) W

mma| e o 2o (M1 Imaly2). (5.4)

W=

and the proportionality constant is

C
L(u,1+3p)L(Ad%u, 1)1/2

(5.5)

for some absolute non-zero constant c. This can be seen by setting m; =
my = 1 and comparing with [32, Theorem 7.1.2] in the special case G =
GL(3), M =GL(2) x GL(1), m =1, s = 3u and observing (4.4).

A degenerate case of (5.3) occurs if we choose ¢ to be the constant function
(of course, this is not a cusp form). For s sufficiently large and z € h3 let

E(z,s,1) := Z det(yz)®. (5.6)

yEeP\I'
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This function has a meromorphic continuation to all s € C, and it has a simple
pole at s = 1 with constant residue

rsE(z,5.1) = I(F(3/2);(3)n‘3/2)*1 L

3 = %, 5.7

see [16, Corollary 2.5].% As the constant function on SL, (Z)\h2 is the residue
of an Eisenstein series on SLQ(Z)\UZ, the Eisenstein series (5.6) is a residue
of a minimal parabolic Eisenstein series and has only degenerate terms in its
Fourier expansion.

6 Kloosterman sums

As usual we write

. * md+nd_
Sim,n,c):= Z e<7c )

d (mod ¢)

for the standard Kloosterman sum. We introduce now GL(3) Kloosterman
sums; the following account is taken from [8].
Forny,ny,mi,my € Z, D1, D € N we define

S(my,ma,ny,n2, Dy, D7)

. miBi+ni(Y1Dy —ZB)
- TIEX o = )

B1,Cy (modDy)
By, Cs (mod D3)
(D1,B1,C1)=(D3,B,,Cr)=1
D1 C+B1By+C D,=0(D1D>)

e mo By +ny(YoDy — Z2By)
D,

(6.1)

where Y1, Y>, Z1, Z> are chosen such that
Y1Bi+Z,Cy =1 (mod D), YoBy + Z,Cyr =1 (mod D»).

It can be shown that this expression is well-defined [8, Lemmas 4.1, 4.2].
Clearly it depends only on m 1, n| (mod D1) and m3, ny (mod D3), and satis-
fies [8, Properties 4.4, 4.5]

S(my1,mp,n1,n2, D1, D) = S(ma, my,np,ny, Da, Dy)
= S(n1,n2,my, ma, D1, D2). (6.2)

6Note that the Eisenstein series in [16, p. 164] differs by a factor two from our definition. In
[17, Theorem 7.4.4] our definition is used, but the factor 1/2 seems to have got lost in the last
display of p. 224 and the following argument.
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702 V. Blomer

Moreover, if p1 p» =¢q192 =1 (mod D D»), then [8, Property 4.3]
S(pimi, poma, gimi, goma, Dy, D2) = S(my, ma, my, ma, Dy, D).
Finally we have the factorization rule [8, Property 4.7]
S(m1,ma,n1,na, D\ D}, D,D})
= S(D_/lzDéml,D_/zlelmz, ni, ny, Dy, Dz)
X S(D_lzDzml,D_zlemz,nl,ng,Di,D/z) (6.3)

whenever (D D5, Di Dé) =1 and inverses are taken with respect to the prod-
uct of the respective moduli, that is,

DDy =DyDy=1(mod D{D}),  D|Dj=D,Dy=1 (mod D; D).
This implies in particular

S(my,mo,ny,ny, Dy, Dy) = S(Damy,ny, D1)S(Dymy, ny, D7),

(6.4)
(D1, Dy) =1
For a prime p and / > 1 we have [8, Property 4.10]
S(my,ma,n1,nz, p. p') = S(n1,0, p)S(ma, nap, p')
+S(m1,0, p)S(n2, map, p')
+é8=1(p— D). (6.5)

Essentially best possible (“Weil-type”) upper bounds for S(my, my,ny, no,
D1, D») have been given by Stevens [34, Theorem 5.1]. The dependence on
m1,mo, ny, ny has been worked out in [9, p. 39].

Lemma 3 For any integers ni,ny,my,my € Z \ {0}, D1, D> € N and any
e > 0 we have

S(my1,mo,ny,n2, D1, D7)
1/2
& (D1 D) /**¢((Dy, D) (mina, [D1, D21)(many, [Dy, Dal))"

where |., .] denotes the least common multiple. In particular,

> ) [Sm.£1,n,1, D1, Dy)| < (X1 X)) (n,m)* (6.6)
Di=X1 D2=X>

if mn # 0. All implied constants depend only on ¢.

@ Springer



Applications of the Kuznetsov formula on GL(3) 703

Proof It remains to show (6.6) which is straightforward:

> ) |SGn. 1,01, Dy, D)

Di1=X1 D2=X»

L& XN N dd)' Y YT Y D'

dilm da|n D D<X1/D Dy<X»/D>
[d1.d2]IDD Dy

did 1/2
< (XX NS j—( 1) 7 (X1 X2 (n, m
[d, da] O
dy|m dy|n

Next we define a different class of Kloosterman sums: If D | D;, we put
S(my,n1,n2, D1, D2)
. Ty e<m1C1+n1C_1C2)e( nyCy )
' Dy Dy/Dy )’

C1(D1),Ca2(Dy)
(C1,D1)=(C2,D2/Dy)=1

Again this sum depends only on m, n; (mod D) and ny (mod D;/Dy), and
for p1g1 =1 (mod Dy), pag> =1 (mod D,) we have [8, Property 4.13]

S(mip1.n1q1p2, n2g2, D1, D2) = S(my, ny,na, D1, Dy).
We have the factorization rule [8, Property 4.15]
S(my,n1,nz, D1 D}, D2D5)
- — — - _ .
=S(m D}, n Dy, naD} , Dy, D2)8(mi D1, n1 s, na Dy, D}, D)

whenever (D>, Dé) = 1 and all terms are defined. Finally we have for a prime
number p and 1 <[ < k [8, Properties 4.16, 4.17]

p? =p?t plimy plim
S(my,ny,na, pl,p') =3 —p*-1, pI=l imy, pliny
0, otherwise
and
S(ml,nl,nz, pl,pk) =0
unless

e k<2l and p*~*|ny, or
e k=2l or
e k> 2l and p*=% | n,.
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In particular
S'(ml, ni,n2, D1, D) =0 unless D% | n1Ds.
A sharp bound was proved by Larsen [8, Appendix]:

S(my, ny,na, D1, Dy) < min((na, D2/ D1) DY, (my,ny, D1)D2)(Dy Dy)E.
(6.7)

7 Poincaré series

Let F : (0,00)> — C be a smooth compactly supported function (or suffi-
ciently rapidly decaying at 0 and oo in both variables). Let

F*(y1, y2) := F(y2, y1).

For two positive integers my,my and z € h3 let Foym, (2) = e(mix2 +
mox2) F(m1y1, may2). Then we consider the following Poincaré series:

Poymy @ =D Fpmy(v2).

yeUs\I"
Unfolding shows

S dyidy;
(@, Pryma) = f (2 Py (2) dxy doxy dovy e
Us\b? 1y2)

00 00 1 1 1

=/ f / f f ¢(Z)€(—m1X1 —mQ)CQ)dxl d)Cde3
dyidy»

X F(myyi,may2) ——= (7.1)

(1y2)?

for an arbitrary automorphic form ¢. In particular, if ¢ is given as in (4.1), we
find

5 m1 mz
© Ap(mi, my) ~ ——dyi1dy
f / Zem LR Wy My, may2) F(myy1, mays) Y y3
mimy 1y2)
———dy1dy>
= muma Ag(my, mo) / / Wopn 01, 320 FOT, 32) (y a2
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We want to apply (7.1) also with ¢ = P,, ,, where ny, n; is another pair of
positive integers. The Fourier expansion of Py, ,, has been computed explic-
itly in [8, Theorem 5.1]: For m1, m> > 0 we have

///Pnl,nz(z)e(—mlm—m2X2)dX1dX2dX3=Sl+Sza+Szb+S3,
o Jo

(7.3)
where

S1="0m;,nOmy,n, F(M1y1,12y2),

Soq = Z Z S(emy,n1,n2, D1, D2)Jrp(y1, y2, €emy, n1, n2, D1, D7),
e=x1 Di|Dy
sz%:ng

Szb= Z Z S(GmZ’n29n15D27 Dl)
e=x1  Dy|D;
mlD%=n2D1

x Jpx(y2, y1,€ma,n2,n1, D2, D1),

Z Z S(exmy, eama, ny, na, D1, D)

€1,62=%1Dy,D;

x J(y1, y2, €1m1, €2ma,ny,ny, Dy, D).

The Kloosterman sums have been defined in Sect. 6 and the weight functions
are given as follows:

Jr(y1, y2,m1,ny, na, Dy, D2)

—}’2)’2/ e(—m1X1y1)€<nlD2y2' el )
! R2 D% x12+1

( ny Dy x2 )
X e .
ylyzD2 X%+x§+1

) )
(n1D2y2 x1 +x2 +1 4,D xp+1

xl—l—l y1y2D x%—i—x%—i—]

J(y1, y2,my,ma,ny,np, Dy, D7)

= (y1yz)2/z e(—mix1y1 — mzxzyz)e<—
R\

) dxidxy, (7.4)

ni1D; X1x3+X2>
D%yz x32—|—x%+1

Xe( naDy x2(x1x2 —x3) + X1 )
D3yi (X1X2—X3)2+x1+1
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’

n1D, \/(X1XQ—X3)2+X12+1
xF\ 5 )
Diy2 x5 +x5+1

2 2
D VX5 +xs +1
g b2 )dxl dxy dxs,. (1.5)

D3y1 (xixa —x3)2+x7 +1

8 Spectral decomposition

We have the following spectral decomposition theorem [17, Proposi-
tion 10.13.1]: If ¢ € L2(I"\h?) is orthogonal to all residues of Eisenstein
series, then

~ o dvidv;
¢_;<¢,¢]>¢j +/(0) /(O)(QS,E(.,v1,v2)>E(.,v1,v2) @ni?

+ Z/(0)<¢, E(,1/24 w; uj))E(., 1/2+ s uj)du
J

1 du
+— | (6. EC 124w D)EC,1/2+ pu;1) ——
2mi Jo) 2mi

where the first j-sum runs over an orthonormal basis of cusp forms ¢; for
SL3(Z) and the second j-sum runs over an orthonormal basis of cusp forms
u;j for SLy(Z).

Therefore we have for 4 positive integers ny, ny, my, my an equality of the
type

<Pn|,n2, Pml,m2>
ninamim

+ .-+ (continuous spectrum).

_ Z <Pn1,n2v ¢j><¢], Pml,m2>
I n1namim;
We refer to the right hand side as the spectral side and to the left hand side as
the arithmetic side.
We proceed to describe the spectral side and the arithmetic side more pre-
cisely. We define an inner product on L?((0, 00)?, dyy dyz/(y1y2)3) by

dy1dy,
()3

(f,g):=/0 /0 FO1, 9280, ¥2)

Let {¢;} denote an arithmetically normalized orthogonal basis of the space
of cusp forms on L2(SL3 (Z)\h3) that we assume to be eigenfunctions of the
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Hecke algebra with eigenvalues Aj(my, my). Let {u;} be an arithmetically
normalized orthogonal basis of the space of cusp forms on L?(SLy(Z)\h?)
that we assume to be eigenfunctions of the Hecke algebra with eigenvalues
Aj(m) and spectral parameter v; € iR.

Proposition 4 Keep the notation developed so far. Let F : (0, 00)> — C be
a smooth compactly supported function, and let my, my, ny, ny € N. Then for
some absolute constant ¢ > 0 the following equality holds:

Wl)],vza F)

Z Aj(l’ll,nz)Aj(ml,”Q)‘
;112

}2

f / Ay op) (11, 12) Ay 1) (M1, M2)
(47”)2 0 Joy 121 +3v9)Z (1 +3v) (14 3vp) |2
|(WV1 Vs | dvidvy

Boiuy(ni,n2)Bouy(my,me), .
. Z/ () o) (W, 1 2 F)|du
i © |LGuj, 143w >L(Ad°uj, 1) e

=31+ 2o + X + X3, (8.1

Z 1 é”l n anl n ”1 ”2?
1,11 2,n2

S(em1,n1,n2,D1,D2) ~ ninymi
Yoy = § § . ,
2a DD Jesr DD
e=+1 DD,

sz%=n|D2
S(emy,ny,n1, Dy, D) -~ ninymy
E = N nl ,
w=2, 2 D1 D; Jer -\ Dip, ) 82)
e==+1 D;| Dy
m1D§=n2D1

Z Z S(eymy, eomy,ny, ny, D1, D7)

DD,
€1,e2=+1Dy,Dy

minyDy y/maniDs
D> ’ D '

X ~761,€2(
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The weight functions J and J are given by

- 5 o0 o0 o0 e.¢] X1X2
Jary=a [ [ e(—eAxlyoe(yz- ‘ )
0 Jo J-ooJ-oo xy+1
A b %)
X e ) 3
yiy2 xy+x5+1

i+l 4 JxE+1
XF(yZ' )

i+l Ty x4y

- dyi d
x F(Ayr, ) dx; dooy 2222 (8.3)

Y1y,

t-7€1,€2 (Al ’ AZ)

) o o 0 0 o
=(A1A2)” / / / / ’ e(—€1A1x1y1 — €A2x2y2)
0 0 — — —00

Ay x1x3+x2 A1 xa(x1x2 — x3) + X1
e _;.x2+x2+1 ¢ _;'(x —x3)2+x2+1
3+ X3 1X2 — x3)° +x7 +

XF(&.Wz—mV“f“ﬂ AR )

» x32+x§+1 "y (xlxz—X3)2+x12+1

I dvyid
x F(A1y1, Azyz) dxy dxs dxy 21222 (8.4)

yiy2

Proof The spectral side (8.1) follows from’ (7.2) in combination with (5.1)
and (5.4), (5.5). Note that E(z, 1/2 4+ i, 1) does not contribute because it has
only degenerate terms in its Fourier expansion.

Upon combining (7.1) and (7.3), we obtain the arithmetic side (8.2) after
applying a linear change of variables

s [ n
1 Dy Do, 15 2 s

"Even though W,,l ,v, just fails to be in L2((0, 00)2, dyldy2/(y1y2)3), the inner products exist
by the decay properties of F.
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in (7.4) and observing sz% = n1D; (and with interchanged indices for

3op), and
ny Dy niD;
1= 1, 2 > 2
y mngy y szfy

in (7.5). O

Formally (8.1) and (8.2) resemble the GL(2) Kuznetsov formula, but in its
present form it is relatively useless as long as we do not understand the trans-
forms |(Wvl e ) |> and J.J fora given test function F. The present formu-
lation has the important advantage that the weight functions on the arithmetic
side (8.2) do not depend on ny, no, my, my, D1, D; individually, but only in a
coupled fashion. This is, of course, a well-known phenomenon in the GL(2)
world.

We choose now

F(yla y2) = Ff,X],Xz,R],Rz,‘[],tz(ylv y2)
172 i(114272) i (1242
= (RiR2(R1 + Ry)) / f(Xl)’l)f(Xzyz)yi(r'Jr my;(tﬁ ™ (8.5)

for X1, X2, R, Ro > 1, 11,70 >0, 71 + 12 > 1 and f a fixed smooth,
nonzero, non-negative function with support in [1, 2]. Analytic properties of
(Wvl,vz, F) have been obtained in Proposition 3. We summarize some bounds
for the weight functions occurring on the arithmetic side in the following
proposition.

Proposition 5 With the notation developed so far, we have
IFII* < (X1X2)*Ri Ra(Ry + Ro). (8.6)

Let C1,Cy>0,e>0. Then

2/3\ C
< X?X2R Ry (R + Rz)(l;rf:rz ) @7

Je:F(A)
=0, ifA<(100X1)732+(100X;X,)73/4,

and
Ter.er (A1, A2) < (X1X2)’RiR2(R) + R2)

(1A X\ 144X+ X0\ @
T+ T2 1+ T (8.8)
x (X1 +AD (X2 + A2)),

Ter,e,(A1, A2) =0, if min(A; A3, A2AT) < (100X, X2)73/2.
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In the special case when A1, Ay <1, X1=1,Xo=X>1,Ri+ Ry <11+ 1
this can be improved to

) 1+ A7 AP X\
Ter,e2(A1, A2) K X“R1Ry
T+ 1T
4/3 42/3
14+ A5 A
x(—) (Ri+R)X)". (89
T+

Let g be a fixed smooth function with compact support in (0, 00). Then for
R1, Ry > 1 sufficiently large we have

00 poo 7 7
gl = 18| =+ ) Je . e,(A1, A2)dT1dT2
o Jo Ry R

4/3 2/3

14 A] (X1 + X»2)
X1X2)2R R,(R{ + R
L (X1 X2)"R1R2 (R + 2)( R1+R2 )
X(1+A4/3 2/3(X +X2)>
R+ Ry
x (RiRy(X1 + A (X2 + A2))". (8.10)

On the left hand side we have suppressed the dependence of J¢, ¢, on t1, 12.

Remark 4 The bounds (8.7), (8.8), (8.10) are not best possible, but (8.9) is
likely to be best possible. The important feature is that (8.7) and (8.8) effec-
tively bound A1, A, from below, and therefore D1, D; in (8.2) from above.
For example, for the contribution of the long Weyl element, we can essentially
assume

(mn2) '3 (myn )23 D, < (m1n2)?3(man )13

T+ ’ T+

Dy <
if X1 = X» = 1. It is instructive to compare this with the GL(2) situation:
one can construct a sufficiently nice test function % on the spectral side with
essential support on [T, T + 1] such that the integral transforms A* in (1.1)

. 12
are negligible unless ¢ < %

The bound (8.10) shows that integration over 71, T2 can be performed at
almost no cost, in other words, we save a factor (Ry R2)! ¢ compared to trivial
integration.

Remark 5 Choosing f(y1, y2) = e 270112 (y1y)190 (say), the two y-
integrals in (8.4) can be computed explicitly using [20, 3.471.9], giving two
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Bessel- K -functions with general complex arguments. It is not clear how to
take advantage of this fact.

Proof Equation (8.6) is clear. We proceed to prove (8.7). Let us write
fli=xt+1,  EH=xi+xI+1
in (8.3). The support of f restricts the variables to
GV ESVESI0 (VIR ND CLESC ) cu

X2/2X1) < &6 <2Xa/ X1, 8.11)

1/2 ~1

(A2X1X§) <&76 1 <8(A%X1X3)

The second set of conditions in (8.11) implies & = A% 3X% and & =

A8/3(XX»)?%. Hence the second part of (8.7) is clear and a trivial estimation
shows

Je:r(A) € RiRa(Ry + R2) X7 X».

In certain ranges this can be improved by partial integration. We have

3 RiR»(R| + R») i
u7e;F(A) A2 i(11—12) / / / / Xl +1 h

—‘zi‘[l

X (x12+x%+1)

V2X1X2 Ax )— —
e e S (X1Ay1) f(X2y2)
(x12+ 1) (y1y2<x%+x§+ 1

,/x12+x%+1
Xf(X1y22—>
X +1

e(—Ayrexy)

. [ 2
AX, *2FI4/x] +1 s o dvid
8 f( 2 Y )y1 D) =30 g yidys

iy xP+x?+1 ny;

We can assume that Cj is an integer. Then C; successive integrations by parts
with respect to y; yield an additional factor

Alx 1)\ 14+ A3\
<c (( 2 )(A|x1|+ |22| +—)> <q <7) (8.12)
+n Ey1y2 ) n+n

in the support of f.
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The bound (8.8) can be shown similarly, but the estimations are a little
more involved. Here we write

£1i= (0 —x3) +xi+1, H=xI+x3+1 (8.13)
and truncate
XA =y =2A)7 (XA) T <y <2(Xa40) 7
(2X1X243) " <&%6 " <2(X1X243) 7, (8.14)
(2X1X247) 7 =85 <2(X1X247)
This implies
£ =5 =A"A X x)2 g =xE=40A X (8.15)

which yields in particular the second part of (8.8) as well as

2/3 4/3 2/3 4/3

X1X2,
2/3

X K A5 X1X7, X K Aj

(8.16)

2/3 4/3 4/3

X3 <KL ATA X1 X, x1x —x3 K AYTAT X Xo.

For future purposes we study the volume of the set of (xy, x2, x3) defined by
(8.15) or by

£=25(1+0(/Ry), & =E1(1+01/Ry)). (8.17)

Lemma 4 For &1, E> > 1 and any ¢ > 0 we have

/ / / dxidxydxs < (51 82)'/2F¢.

X1,X2,X3
satisfying (8.15)

Moreover,

(uluz)l/z
dxidxyd Z152R1Ry)* .
/// x1dxydx3 K (E1582R 1Ry ——— RiR

X1,X2,X3
satisfying (8.17)

We postpone the proof to the end of this section. A trivial estimation now
implies

RiR2(Ry + Ry) ///
Al A dxidxyd
Teier(A1, A2) L ————5— (A1 Ay x1dxydx3

X1,X2,X3
satisfying (8.15)

K RiR(Ri + R)(X1X2)* (X1 + AD (X2 + Ar))’.
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Alternatively we write

R1R2(Ry + R2) [ 3
Jer.ea (A1, A2) = [(T1=—12) Ai(ta—11) (yryp) i)
(A1A2)2A2 1 2A] 2—T] 0 0

o) o) o) 31'1'1 3i1:2
—32 —3
X/ / / 51 52
—00 J—00 J —0O
Ay  x1x3+x2

x e(—e€jA1x1y1 — €2A2x2)’2)e<__ 7)
Y2 x3+x3+1

( A1 x2(x1x2 —x3) + X1
xel——-~ 3
YU (g —x3)? +xj + 1

)7(X1A1y1)

f(xuu /0mn_w@2+xf+1)7@TA )
X : 2A2Y2
» x32+x%+1

/.2 2
(X2A1 x3+x2+1
X f .

Y1 (x1x2 — x3)2 + xl2 +1

dyi d
:)dxldxng3—Xl—X% (8.18)
yiy2

using the notation (8.13). We can assume that Cy, C; are integers. Integrating
by parts C times with respect to y; and C, times with respect to y, introduces
an additional factor

Aqlxp(x1xp — x3) +x 1 G
<<C1’C2(( i )<A1IX1|+ 11x2(x1 22 3) + X1 +_))
n+n yiéi Vi

Aslxix3 + x 1 G2
8 (< 2 )(A2IXZ|+ 2 123 2 +_>>
1+ 0 362 »2

and (8.8) follows by (8.16) and the same argument that led to (8.7).

The proof of (8.9) is a small variant of the preceding argument. We need
to save an additional power of R; + R, which comes from a more careful
treatment of the yy, y>-integral. Let n > 0 be small. If 1 —|—A41‘/3A§/3X <(Ri1+
RZ)I*”, we replace C1 in (8.8) by C1 + nil saving a factor

4/3 (2/3 o —1/n
1+A1A2X>
—_—— >R+ R».
< R+ R P
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The same argument works if 1 + A?/ 3A3/ 3x < (R| 4 R2)'". In the remain-
ing case

2

1+ A 2

PAYPX = (Ri+R)'™ and 1+ A4V X = (Ri+Ry)'™

it is enough to show
Jerer (A1, A2)dTidty < RiR2X*((R1 + R)X); (8.19)

then the bound (8.9) follows with ¢ 4+ n(C1 + C3) instead of €. To this end, we
combine as before (8.18) and the first part of Lemma 4, and need to show that
the y; and y, integral in (8.18) are both < (71 + )2 < (R + Ry~ V2.
Our present assumption X1 =1, Xo = X > 1, A1, Ay <1 together with the
size constraints (8.14)—(8.16) imply that the y; integral is of the form

> =3i(t1+12) dyi
Yy e(—€1A1X1y1)w(A1)’1)y— (8.20)
0 1

where w is a smooth function with support in [1,2] and w/ (y) « j 1 uni-
formly in all other variables. We can assume that €; = sgn(x1) and |x| <
71 + 172, otherwise we can save as many powers of t; + 1 as we wish by
repeated partial integration. In that case we make another change of variables
and re-write (8.20) as

© /3 3(11 +12) dy;
/ 6(—(f1 + 1) —logyl))w<—y1 —.
0 21 27 |x1] V1

A standard stationary phase argument bounds this integral by (t1 + 12)
we cut out smoothly the region y; = 1 4+ O ((t] + 1)~ /%) which we estimate
trivially. For the rest we apply integration by parts. The treatment of the y;
integral is very similar. Here our assumptions imply that the integral is of the
form

~1/2.

o . A X1x3+x ~ d
/ yzg,mm)e(__z_#)w(“zwﬂ,
0

Y2 x3+x3+1 2
and the same stationary phase-type argument gives a saving of (t; 4+ 2) /2.
Finally we prove (8.10). Let
Z:=RiRy( X1+ A1(X2+ Az).
As before we see that we can assume
1+ A%BA;‘/S(Xl +X2) > (R + Ry)'™" and 8.21)

1+ AP A3 (X, + X0) = (R + Ry
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Applications of the Kuznetsov formula on GL(3) 715

otherwise we integrate trivially over 71, t3. In the situation (8.21) it is enough

to show®
o0 o0 T T
f / g<—>g(—>.7el,ez(Al,A2)dfl dr
o0 oo Ry Ry

&L RiRy(Ry + Ro)(X1X2)?Z¢; (8.22)

then the bound (8.10) follows with € + n(C{ 4+ C3) instead of ¢. In order to
show (8.22), we integrate (8.18) explicitly over 11, T2 and observe that

00 0O ) o Ali(T'_Q)Aé(U_n)
Lol e(w)e(% dndr
o0 J OO

3. 3
- (nyp)¥atmgr e

217 Ay(y)3EP)T\2T T A (niya)3E

Since g is smooth, g is rapidly decaying, and up to a negligible error of Z~4
we can restrict &1, & to

fo A (1+0(5))
1= —F5 7 = s
A (y1yn)? RiZ¢
2/3
o= e (1 (77))
2="—>53 .
AT (y1y2)? Ry Z*

2/3,.2/3 _ — 2/3,.2/3 — J—
We note that A7 (A7 (yiy)?) ™' =< &1, AV (AT (my2)?) ™! < &5 in the
notation of (8.15). Hence a trivial estimate bounds the left hand side of (8.22)

(8.23)

by
(&&ﬂ&+m)///
< dxydxydx;
(A1A2)?
X1,%2,X3
satisfying (8.23)
and the desired bound follows from the second part of Lemma 4. 0

It remains to prove Lemma 4: the conditions & < Z, & < ZE, are equiv-
alent to

x%sz—l, X

X2X3 Er—1 x32
MTEY) ST W
2 2 2

8Recall that Je,,e, (A1, Ap) depends on 17, 77 although this is not displayed in the notation.
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716 V. Blomer

Hence
1/2
/// dxidxydx; <8/ / (x | )1/2dx3dx2
§1<E1,6<&)

< (8182)*1og(1 4 &).

This proves the first part of the lemma. The second part is more technical
The conditions (8.17) imply

5 C
E(1-—=—)—1-x2<x?<&(1+—)—1-2x2,
2( Rz) x5 x5 < 2( + R2> x5

Z1( —c/Rl) —1 x3 (8:24)
x5 +1 (x§+1)2
<<x1— X2X3 >2<El(1+C/R1)—1_ x3
- x5 +1 x5 +1 (x3 4+ 1)2

for some constant ¢ > 0. We separate four cases for the range of x3

Case 1. If (Z1(1 +¢/R1) — (x5 +

1) < x%, then the condition on x; is
empty.

Case 2. Let us assume

(B1(1 —¢/R) — 1) (x5 +1) <x3 < (E1(1 +¢/Ry) — 1) (x5 +1). (8.25)

Then the volume of the x;-region is

<2<El(1—|—c/R1)—1_ X2 )1/2<2< 2c B )1/2
- X341 G +D2) T \ROg+D/)

The region (8.25) and the second inequality in (8.24) have a non-empty inter-
section only if

Zr(1 —c¢/R E5(1 R
E1(1+c/Ry) E1(1—c/Ry)

If R{, Ry > 2c¢ (which we may assume), this condition is empty unless &5 >
1 E1. This implies x3 < 35,/&) and x3 + 1

= &y /&1. In the following we
will frequently use the inequality /A

—V/B<(A—B)A™'2forA> B >0.
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Applications of the Kuznetsov formula on GL(3) 717

Since we are assuming that =, & are sufficiently large, we can deduce from
(8.25) and the second inequality in (8.24) that the volume of the x3-region is

=12 12
<<min< 2 L) (8.27)

Ry Ry

(uniformly in x7) and hence the total contribution under the assumption (8.25)
18

(8,8y)!/? T = = J
2 N e B2 R+ mn
0e@®260) R"7(R1 + R2) (x5 + 1) x2€(8.26) R"7(R1 + R»)

The region (8.26) describes an interval of length O ((R} s R, 1)Ez /1) for
x%, hence the total contribution is

<

172

= dz/ ( 1 1 ) (81812
R*(Ri+ Ry) 5> \R

+
172 172
1 R, RiRy
as claimed.
Case 3. For a parameter 1/3 <« < ¢/R; consider the region
(B1(1=20) = 1)(x3+1) <x3 < (B1(1 —a) = 1)(x3 +1).  (8.28)

The procedure here is very similar to case 2. The x1-volume is at most

_ ABi/R (H (1+ c> | x? )—1/2<< g/
“ @2+ 2\ TR 241 Ri(2 + 1)1/2a1/2°

The region (8.28) and the second inequality in (8.24) have a non-empty inter-
section only if

Ex(1—c/Ry)
5101 -a)

Ex(l+c¢/Ry)

21— 2a) (8.29)

2
I <x;<

In particular this implies x% +1x E,/Z. As in (8.27) we see that the x3-

volume is < Ezl/ 2 min(R, ! &), hence the total contribution in the present
subcase is

— . —1 — . -1 ~1/2

Z1min(R; ", @) Eimin(R; ", a) &, ( 1 12
< / ——dn K +aol/

ne®2) — Riall? Ri'2 g2\ R)/?
< (8152
R1R>
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718 V. Blomer

Case 4. Finally we consider the region x32 < (&1/3 - 1)(x§ + 1). In this
case the x-volume is

— 2 —1/2 ~1/2
_ AZie/R (El(l—{—i)—l— x3 ) / < oh -
T (D2 Ry x5+ 1 Ri(x3+D'/2

The length of the x3 interval is at most

- dcEy
T Ra(Ex(14¢/Ry) —1—x)l/2

Hence the total contribution is at most

=172
.:11/ Erdxy
< Loz RiRy(x2 + DV2(E2(1 4 ¢/Rj) — 1 —x3)!/2
x2<Er(14+¢/Ry)—1 R1Ra(x2 Cp) c/R; x5
g ~1/2
(a1a2>1/2+/ &,/
RiR> 1<2<E(14¢/Ry)—1 RIRyx(E2(1 +¢/Rj) — 1 —x)1/2

Erdxo
<

This last integral can be computed explicitly:

f dx _log(x) —log(Z +/Z(Z — x2))

x(Z —x)1/2 N ’

and the desired bound follows. This completes the proof of the lemma. [

9 Proofs of the theorems

For the proof of Theorem 1 we choose ny =n, =m| =m, = 1 and combine
(8.1), (8.2), Lemma 1 and Propositions 3 and 5. We choose 71 = R| = T7,
7o =Ry =T, and X| = X» =1 in (8.5), fix a function f and drop all these
parameters from the notation of F. By the second part of (8.7) and (8.8), the
Kloosterman terms X»,, X5, X3 are finite sums over D1, D, and hence are
O (T T>)~'%9) by the first part of (8.7) and (8.8). The diagonal term (8.6) is
=< T1T>(T1 4+ T3). On the spectral side, we drop the Eisenstein spectrum and
large parts of the cuspidal spectrum to conclude by (3.3) and Lemma 1 the
upper bound

7 -1
Z (rele(s, ¢j x¢))) KL TTo(T1+T»)
. §=

v/ =iTi|<c

v —iTy|<c
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for some sufficiently small ¢ and 71, T» > T, and hence

= -1
Z (rele(s, ¢j x¢))) Lk TTo(T1 + T») 9.1
. §=
v —iTi|<K
W —iTy <K

for any K > 1 by adding the contribution of Ok (1) balls. To prove the lower
bound, we choose (once and for all) K so large that

| F|?

N~

> 11172 {Woy 1 F)|* <

max(jvi” —iTy|. vy ~i )= K

which is possible by (9.1) and (3.1). We bound the Eisenstein spectrum triv-
ially: the second line of (8.1) contributes O ((T} + T>)¢) by known bounds
for the zeta function on the line s = 1, the third line contributes similarly
o(T, + Tr)'*®) by Weyl’s law for SL;(Z) and lower bounds for the L-
functions in the denominator [22, 23]. Hence we obtain

DI 2 1
o 117 Wap, P72 SIFIP + O((Th + To) '),
v/ —iTi|<K
vy —iTy|<K

and the lower bound in Theorem 1 follows from (3.1) and (8.6) for Ty, T
sufficiently large. O

The proof of Theorem 2 proceeds similarly. As mentioned in the introduc-
tion, as a direct corollary of Theorem 1 we find that the number of exceptional
MaaB forms ¢; with y; =T + O(1) is O(T?). In order to prove Theorem 2,
it is therefore enough to consider those Maal3 forms with |p;| > . Moreover,
by symmetry it is enough to bound only Maal} forms satisfying (2.9). In (8.5)
wetake m =Ry =T, Ri=1,11=0,X;=1, X, = X =T? for some § > 0
to be chosen later. With this data, the spectral side, after dropping
e the tempered spectrum,

o the Fisenstein spectrum, and
e those parts of the non-tempered spectrum not of the form (2.9) with
lojl > €,
is by (3.5) (note that (3.4) is satisfied) and the upper bound of (1.4) at least
>TEX? Y xl
¢; asin (2.9)

yi=T+0(1)
lojl=e
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On the arithmetic side, the diagonal term is < T2x? by (8.6). Next by (8.7)
we have

|S(+1,1, 1, Dy, D? )IT_102

—100
D} g

Do LT?°X )
Dkl

<X

and

IS(£1,1,1, D2, D)
D3

D2<<X1/2

by (6.7). (Note that we are exchanging X and X, for X»5.) The long Weyl
element contributes at most

S(£1,1,1,1, D1, Dy)| [ 1+ X/D,\ ¢
(TX2)1+8 Z | ( 1 2)|< + / 2)

D1,Dy<X D1D, r
14+ X/D;\ < X
x (%) < (TXQ)HZE? 9.2)

which follows by combining (8.9) and (6.6). Choosing X = T completes the
proof of Theorem 2. U

We proceed to prove Theorem 3. Again we choose X1 = X =1, Ry =11,
R, =T5 in (8.5), fix a function f and then drop Ri, R>, X1, X», f from the
notation of F and keep only 71, 2. We also fix a suitable non-negative smooth
function g with support in [1/2, 3] as in Proposition 5. Let T := max(71, T>).
The left hand side of (1.5) is, by (3.3) and the upper bound of (1.4),

2T 2T2 B )
/ / WV1,U27 F‘[1,‘L’2>‘ dTl dtZ
||¢J|| T

We cut the n-sum into dyadic intervals, insert artificially the function g and
bound the preceding display by

2

< > amAjn,1)

n<N

CND ) T T
J

<[ (5 )e(3)10n Fod e

2

> amA;jm. 1)

M<n<2M
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Next we add artificially the continuous spectrum getting the upper bound

e (%) |<Wv1,v2,Frl,r2)|2
(NT) ;}13(2// ()(B) D

M<n<2M

g(F) Wy vy, Fry )2
LLLL
(47Tl) 0 J ) |§(1-i-3l)o)f(l+3v1)é'(1-1-31)2)|2

> amAy,

M<n<2M

o0 g Tl |<W2vJ M——V s Fry, r2>|2
/ / / > 5 d‘L’] d‘L’2
2w 2 ), IL(1+3M upPL(L, Ad%u )

2
du).

We open the squares and apply the Kuznetsov formula, that is, we replace the
three terms of the shape (8.1) with the four terms (8.2). We estimate each of
them individually. The diagonal term contributes by (8.6)

X dv1 dvy

Y a@m)Buy, 1)

M<n<2M

2
L (NT)* max > Jaim)]
M<n<2M

S ()2 )+ i

K (NT)* TETH(Ty + To) lle]f3

This is the first term on the right hand side of (1.5). In the term X, in (8.2)
the condition D; | D>, D% =nD, is equivalent to Dy = nd, D = nd? for
some d € N; hence its contribution is at most

S(em,n, 1,nd, nd>
< (NT)SAI?EZ)&I Z ‘Ol(n)ot(m)} Z Zl (em nn nd, nd?)|

243
- M<nm<2M e=+1 d

S - 7 ml/2 e
p— — — =75 T14T1]|.
_ g T] g T2 G,F I’ld3/2 1 2
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By (8.7), the d-sum is finite, hence in combination with (6.7) this is bounded
by

K(NTY max Y Jamam)|T™%" < N°T™'Pa]?.
M<N
M<n,m<2M

In the term X5, in (8.2) the condition D, | Dy is redundant, and the argu-
ment of je r* equals (n/(m D3))1/ 2. As before we see that this contributes at
most N¢T ~100||¢||2.

Finally the long Weyl element finally contributes by (8.10)

€ (NT)" max > Jemam)|
M<n,m<2M

Z Z |S(eim, e3,n,1, D1, D3)]
DD,

€1,e2=%1D1,D;

o0 T1 1% vmD1 /nDj
8 Fl 8 FZ Ter,e0| ——, dtidn

D; D

Lcy,c; (NT)® max T1To(Ty + T) E |l (n)ee(m)|
M<N
M<n,m<2M

D3 |s<e1m,62,n,1,Dl,Dz)|(1+M/Dz)cl
€1,6p=x1D1,D; D1 D> h+1

1 ©
% ( +M/D1> (9.3)
h+1T

for any C1, C; > 0. Recalling the notation T = max(77, 73) and using (6.6),
it is straightforward to see that the previous display is

K (NTY*(Ti ToN?) ||ef3.
This is the second term on the right hand side of (1.5). O

Finally we prove Theorem 4. To this end, we express L(¢;, 1/2) by an
approximate functional equation. As we are summing over the archimedean
parameters of the L-functions, we need an approximate functional equation
whose weight function is essentially independent of the underlying family.
This has been obtained in [3, Proposition 1], and we quote the following spe-
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cial case. For a Maal} form ¢; as in Theorem 4 put

) ) (])
1 2v1 + vy 1 +v
=7+~ (n,)z-ﬁf,
1 O 9,
)3 =+ — 2 nj = min_|(n;)| = |02,

4 2 1<I<3
3
1_[ (77])1

Moreover, for a multi-index n € Ng we write |n| =n(1) + --- +n(6) and

21—1) — —n(2l
l_[(nj —n( )( ) n( )

Proposition 6 Let G : (0,00) — R be a smooth function with functional
equation Go(x) + Go(1/x) = 1 and derivatives decaying faster than any neg-
ative power of x as x — 00. Let M € N and fix a Maaf; form ¢ as above.
There are explicitly computable rational constants c, ¢ € Q depending only
onn, £, M such that the following holds for

a0
G():=Gow) + Y. c,,,m,-"(xa—) Go(x).
O<|n|<M *
O<tl<|n|4+M

For any ¢ > 0 one has

L Ai(1,n) n L A:(1,n) n
L@;UD:E / G( )+x§ / G( )
J - ﬁ /Cj ]n:1 ﬁ v/Cj

+0(n;Mc; ), 9.4)

where |kj| = 1 and the implied constant depends at most on ¢, M, and the
function Gy.

It is now a simple matter to prove Theorem 4. We can assume that T is
sufficiently large. Let

8 ‘e
Ge(x):= (xa—) Go(x).
b
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Then the Mellin transform G (s) is rapidly decaying on vertical lines s =
o > 0. By (9.4) and Mellin inversion we have

> L@ 1)

= vy <27

wg T3 ()

C<2M D) D <op =T34

2
i O(U;MC}/HE " T—100)>

TE
T <o, vy <21

Aj(n, 1)
Z nl/2+e+it dt

n§T3/2+e

—T¢

2
+O(n;M+1/4T1/2+s+T—100)> ,

noting that C; < r)jT2 &« T?3. This is at most

Ai(n,1)
e J
<T (ﬁl_f}‘s Z ‘ Z 1/ 2retit

T<p |y |<ar n=Te

+T Z (1+‘vl(j)—véj)‘)_ZMH/z).
T<p w5 |<2T

2

By Theorem 3 and (4.3) the first term is O(T379). By Theorem 1 or (9.1) it
is easy to see that the second term is also O (7°1¢). This completes the proof
of Theorem 4. U
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Appendix: A theorem of Goldfeld—Kontorovich

A very nice application of the GL(3) Kuznetsov formula has been given re-
cently in [19]. The purpose of this appendix is to illustrate how the methods
of this paper directly yield a version of [19, Theorem 1.3] with considerably
better error terms and without assuming the Ramanujan conjectures. We keep
the notation developed so far.

Theorem 5 For ni,ny,mi,my € N, P =ninomymy, T sufficiently large,
one has

hr(vi,v2)

J

hr(vy,v
= Omi=nm Y 7(7‘22) +0((T?P'2 + T3P? + P33)(T P)?)
my=ny — |||l

where 6 < 7/64 is a bound towards the Ramanujan conjecture on GL(2).
Here ht is non-negative, uniformly bounded on {|9v1| < 1/2} x {|{Rwy] <
1/2}, hy <1 on {(vi,v2) | ¢ < v, Iy < T, |Nvy], |NRva| < 1/2} for some
absolute constant ¢ > 0, and h1 (v1,v2) < (1 + [v1]/T)(A + |v2|/T))~A.

For comparison, the error term in [19, Theorem 1.3] (scaled down by
T73R) is O(T3¢ P?), but see also [19, Remarks 1.8, 1.19] where possible
improvements are mentioned. A more precise discussion on the asymptotic
behavior of the test function 27 can be found in Remark 6 below.

Injecting Theorem 5 into the estimates of [19, Sect. 9] and using only 6 <
1/3, we obtain the following corollary. For a Hecke—Maal3 form ¢ for SL3(Z)
let p(¢) be one of ¢, sym?¢ or Adg. Let i be a smooth test function whose
Fourier transform has support in (—4§, §) for some § > 0. Define D(p(¢), V)
asin [19, Sect. 1.4].

Corollary 6 (Goldfeld—Kontorovich) Assume the generalized Riemann hy-
pothesis and the Ramanujan conjectures. Suppose

8 <5/23, o(¢) = sym>¢ or Ad ¢,
§ <10/13, p(P) = ¢.

Then one has
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726 V. Blomer
hr<v1,vz>)‘1 ht(v1, v2)
L D ), ) ——=
(; 19,12 ; P@-¥) e,

loglog T
logT )’

/ Y OW, (0 dx + 0(
where
Wo(x)=1, p(d) =0 or sym*¢,

p(p) =Ad¢.

sin(2w x)

W, =1- ,
p(¥) 2w x

In particular, the symmetry types are unitary or symplectic, respectively.

This improves the range of the support of v by about a factor 3 compared
to [19, Theorem 1.13] (see also [19, Remarks 1.18, 1.19]).

Proof of Theorem 5 Let g be a fixed, smooth, non-negative, compactly sup-
ported test function. Let Ry, R, be sufficiently large, and write R = R| + R».
We choose F as in (8.5) with X; = X7 = 1 and integrate the equality in

Proposition 4 against
[T (5 )e(3 ) aman

as in (8.10). From Proposition 3, the above mentioned lower bounds for L-
functions [22, 23] on the line Ns = 1 and Weyl’s law for GL(2) we conclude
that the Eisenstein contribution in (8.1) is O (R34 P?*+¢). From Proposition 3
and Proposition 5 we conclude by the same calculation as in (9.3) that the long
Kloosterman sum X3 in (8.2) contributes O (R*+¢ P1/2%¢)_ Similarly, if P <
R3¢ the other two Kloosterman contributions Yo+ 2hp are O (R_loo), and
are otherwise O (R>T¢) which follows after a straightforward estimate using
Proposition 5 and (6.7). Hence in either case their contribution is O (Pd/3+ey,
We conclude

hR,,R,(V1,V2)

ZAj(”h”Z)Aj(ml,mZ) L

j
=6mi=m Hp, g, + O((R*P'2 + R*P? + PPP)(RP)") (10.1)

my=np

where

thRz(vl,vz)—// ( )(""2)|<WV,V2, F)[*dr dr
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and Hg, g, = [,° fooog( )8 (# )||F|| dt| dt;, but we only need to know
that this quantity is independent of ni,ny, mi, ms.

The weight function hg, g, is uniformly bounded and non-negative. It fol-
lows directly from Proposition 3 that

Asvl \sv2

hR,.R,(V1,v2) <1 for |Rvy], |Rv2| <1/2, R

€supp(g), (10.2)

and rapidly decaying outside the region l}é‘ L |}?| € supp(g). In other words,

hR, r, is a good approximation of the characteristic function on the square
Jv; <X Ry, Svy < Ry,
Applying (10.1) with ny =np, =m| =my =1, we see that

th,Rz(vla VZ) 3+¢
HR]’R2=ZW+O(R )

Hence we obtain

hR,,rR,(V1,v2)

Y A1, n2)Aj(mi, mo) e

J

hR, rR,(V1,12) 2p1/2 | p3pb | p5/3
=5%3%2W+0((R P2+ RPP? + P>PP)(RP))

whenever Rj, R, are sufficiently large. Piecing together dyadic squares, we
obtain Theorem 5. O

Remark 6 The proof of Proposition 3 gives much more precise information
on the weight function 47 in Theorem 5. By (3.14), we see that hg, g, de-
scribed in (10.2) satisfies the more precise asymptotic relation

RiR2(R1 + R2) (M) (@

>, v, v €1R,
[Viv2 (v +12)| Ry

hR,,r,(Vi,12) ~ ¢

for Ry, Ry — oo, where the constant ¢ > 0 is given by

3
_(271) //|f( 1—1x—2ly)f( 1—2zx—zy)| dxdy

27)? ~
:(;) </R\f(—1—ix)\2dx>

for the weight function f in the Poincaré series (8.5). In particular, by varying
g one has the flexibility to prescribe asymptotically any reasonable bump
function on the tempered spectrum.
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