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Approaching nonsmooth nonconvex minimization through second-
order proximal-gradient dynamical systems

RADU IO0AN BOT, ERNO ROBERT CSETNEK AND SZILARD CSABA LASZLO

Abstract. We investigate the asymptotic properties of the trajectories generated by a second-order dynami-
cal system of proximal-gradient type stated in connection with the minimization of the sum of a nonsmooth
convex and a (possibly nonconvex) smooth function. The convergence of the generated trajectory to a
critical point of the objective is ensured provided a regularization of the objective function satisfies the
Kurdyka—t.ojasiewicz property. We also provide convergence rates for the trajectory formulated in terms
of the Lojasiewicz exponent.

1. Introduction

Let f : R" — R U {+o00} be a proper, convex, and lower semicontinuous function,
and let g : R" — R be a (possibly nonconvex) Fréchet differentiable function with
B-Lipschitz continuous gradient, i.e., there exists § > Osuchthat [Vg(x)—Vg(y)| <
Bllx — y| for all x, y € R". In this paper, we investigate the optimization problem

inf [f(x)+ g(x)] e))
xeRn?

by associating to it the following second-order dynamical system of implicit-type

2

X))+ yx@)+x@) = prox; s (x(t) — AVg(x(t)))
x(0) = ug, x(0) = vo,

where ug, vop € R”, y, A € (0, 400) and
1
prox; ; : R" — R", prox, ,(x) = argmin {f(y) +—lly— x||2} , 3)
’ yE]R” 2)\

denotes the proximal point operator of Af.
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Dynamical systems of proximal-gradient type associated with optimization prob-
lems have been intensively treated in the literature. In [16], Bolte studied the conver-
gence of the trajectories of the first-order dynamical system

{fc(t) +x(1) = proj¢ (x(1) — AV (x(1)) @

x(0) = xo,

where g : R” — R is a convex smooth function, C € R” is a nonempty, closed,
and convex set, xo € R", and proj.- denotes the projection operator on the set C.
The trajectory of (4) has been proved to converge to a minimizer of the optimization
problem

it s &

provided the latter is solvable. We refer also to the work of Antipin [7] for further
results related to (4).
The following extension of the dynamical system (4)

X(1) + x(t) = prox; ; (x (1) — AVg(x(1)))
x(0) = xo,

(6)

where f : R" — R U {400} is a proper, convex and lower semicontinuous function,
g : R" — R is a convex smooth function and xo € R", has been recently considered
by Abbas and Attouch [1] in relation to the optimization problem (1). In case (1)
is solvable, the trajectory generated by (6) has been proved to converge to a global
minimizer of it.

In connection with the optimization problem (5), the second-order projected-gra-
dient system

(N

@) +yx@) +x@) =proje(x(t) — AVg(x(1)))
x(0) = ugp, x(0) = vo,

with damping parameter y > 0 and step size > > 0, has been considered in [7,8]. The
system (7) becomes in case C = R”" the so-called heavy ball method with friction.
This nonlinear oscillator with damping is, in case n = 2, a simplified version of the
differential system describing the motion of a heavy ball that rolls over the graph of
g and keeps rolling under its own inertia until friction stops it at a critical point of g
(see [14]).

Implicit dynamical systems related to both optimization problems and monotone
inclusions have been considered in the literature also by Attouch and Svaiter in [15],
Attouch, Abbas and Svaiter in [2] and Attouch, Alvarez and Svaiter in [9]. These
investigations have been continued and extended in [21-24].

The aim of this manuscript is to study the asymptotic properties of the trajectory
generated by the second-order dynamical system (2) under convexity assumptions for
f and by allowing g to be nonconvex. In the same setting, a first-order dynamical
system of type (6) attached to (1) has been recently studied in [25]. An asymptotic
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analysis for a gradient-like second-order dynamical system (which corresponds to (7)
when C = R") has been made in [29] (see also the recent review [30]) in the analytic
setting.

The main results of the current work are Theorem 16, where we prove conver-
gence of the trajectories to a critical point of the objective function of (1), provided
a regularization of it satisfies the Kurdyka—t.ojasiewicz property, and Theorem 20,
where convergences rates by means of the Lojasiewicz exponent are provided for both
the trajectory and the velocity. The convergence analysis relies on methods and tech-
niques of real algebraic geometry introduced by Lojasiewicz [32] and Kurdyka [31]
and extended to the nonsmooth setting by Attouch et al. [13] and Bolte et al. [17].

The explicit discretization of (2) with respect to the time variable ¢, with step size
hi > 0, damping variable y; > 0, and initial points xo := ug and x; := vg yields the
iterative scheme

X1 — 2Xf + Xg—1 Xk+1 — Xk
h? e

+ xp = prox; s (v — AVg(x)) Yk > 1.

For hj = 1 this becomes

1 1
X =11- Xr + rox, r (xx — AVg(x
k+1 ( 1+J/k) k 1+ykp ar (X g(x))

+

X — Xp—1) Yk > 1,
1+yk(k —1) Yk >

which is a relaxed proximal-gradient algorithm for minimizing f + g with inertial
effects. For inertial-type algorithms, we refer the reader to [3—5]. The dynamical system
investigated in this paper can be seen as a continuous counterpart of the inertial-type
algorithms presented in [26] and [34].

2. Preliminaries

In this section we introduce some basic notions and present preliminary results that
will be used in the sequel. The finite-dimensional spaces considered in the manuscript
are endowed with the Euclidean norm topology. The domain of the function f : R" —
R U {400} is defined by dom f = {x € R" : f(x) < 400}. We say that f is proper,
if dom f # (. For the following generalized subdifferential notions and their basic
properties, we refer to [33,35]. Let f : R" — R U {400} be a proper and lower
semicontinuous function. For x € dom f, the Fréchet (viscosity) subdifferential of f
at x is defined as

éf(x):{ueR”:1iminff(y)_f(x)_<”’y_x) zo}.

yox ly —xIl

For x ¢ dom f, we set (’;f(x) := (). The limiting (Mordukhovich) subdifferential is
defined at x € dom f by

Of(x) ={veR":3xy — x, f(xx) = f(x)and Iy € éf(xk), vy — vask — 400},
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while for x ¢ dom f, we set df (x) := @. Notice the inclusion éf(x) C af (x) for
each x € R".

In case f is convex, these notions coincide with the convex subdifferential, which
means that éf(x) =df(x)={velR": f(y) > f(x)+ (v,y —x) Vy € R"} for all
x € dom f.

We will use the following closedness criterion concerning the graph of the limiting
subdifferential: if (xx)x>0 and (vk)r>0 are sequences in R” such that vy € 9f (xx) for
all k > 0, (xg, vg) — (x,v) and f(xx) — f(x)ask — 400, thenv € 9f (x).

The Fermat rule reads in this nonsmooth setting as: if x € R” is a local minimizer of
f,then 0 € 9f(x). Notice that in case f is continuously differentiable around x € R"
we have df (x) = {V f(x)}. We denote by

crit(f) ={x e R": 0 € 3f (x)}

the set of (limiting)-critical points of f. We also mention the following subdifferential
rule: if f : R" — R U {400} is proper and lower semicontinuous and i : R” — R
is a continuously differentiable function, then d(f + h)(x) = df (x) + Vh(x) for all
x e R™.

DEFINITION 1. (see, for instance, [2,15]) A function x : [0, +00) — R” is
said to be locally absolutely continuous, if is absolutely continuous on every interval
[0, T], T > 0, that is, one of the following equivalent properties holds:

(i) There exists an integrable function y : [0, T] — R” such that

t
x(t) = x(0) +/ y(s)ds Vr €[0,T];
0

(i1) x is continuous and its distributional derivative is Lebesgue integrable on [0, T'];
(iii) For every ¢ > 0, there exists n > 0 such that for any finite family of intervals
Iy = (ax, by) < [0, T] we have the implication

<1k NIj=@and Y |b —ar| < n) = Y llx(b) — x(@)l| <e.

k k

REMARK 1. (a) It follows from the definition that an absolutely continuous func-
tion is differentiable almost everywhere, its derivative coincides with its distributional
derivative almost everywhere and one can recover the function from its derivative
X = y by the integration formula (i).

(b) If x : [0, T] — R" (where T > 0) is absolutely continuous and B : R* — R”"
is L-Lipschitz continuous (where L > 0), then the function z = B o x is absolutely
continuous, too. This can be easily seen by using the characterization of absolute
continuity in Definition 1(iii). Moreover, z is almost everywhere differentiable and the
inequality ||z(-)|| < L||x(-)|| holds almost everywhere.

Further, we recall the following result of Brézis [27].
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LEMMA 2. Let f : R* — R U {+o00} be a proper, convex and lower semicon-
tinuous function. Let x € L2([0, T1,R"), T > 0, be absolutely continuous such that
X € L2([0, T1,R") and x(t) € dom f for almost every t € [0, T]. Assume that there
exists € € L2([0, T1, R") such that £(t) € 3f (x(t)) for almost every t € [0, T].
Then the function t —> f(x(t)) is absolutely continuous and for every t such that
x(t) € dom df we have

d
g S0 = (x(1), h), Yh € 3f (x(1)).

The following central results will be used when proving the convergence of the
trajectories generated by the dynamical system (2); see, for example, [2, Lemma 5.1]
and [2, Lemma 5.2], respectively.

LEMMA 3. Suppose that F : [0, 4+00) — R is locally absolutely continuous and
bounded below and that there exists G € LY([0, +00)) such that for almost every
t € [0, 400)

dF <G
TF@) =GO,

Then there exists lim;_, 4 F(t) € R.

LEMMA 4. If1 < p <00, 1 <r <00, F :[0,4+00) — [0, 4+00) is locally
absolutely continuous, F € L? ([0, +00)), G : [0,+00) — R, G € L" ([0, +00))
and for almost every t € [0, +00)

iF(t) < G(t)
dr - ’

then lim;— 1o F(t) = 0.

3. Existence and uniqueness of the trajectories

Existence and uniqueness of the trajectories of (2) are obtained in the framework
of the global version of the Cauchy—Lipschitz Theorem (see for instance [12, Theo-
rem 17.1.2(b)]), by rewriting (2) as a first-order dynamical system in a suitable product
space and by employing the Lipschitz continuity of the proximal operator and of the
gradient.

THEOREM 5. For every starting points ug, vo € R", the dynamical system (2) has
a unique global solution x € C?([0, +00), R").

Proof. By making use of the notation X (r) = (x(¢), x(¢)), the system (2) can be
rewritten as

{Xm = F(X(1)) ®

X(0) = (uo, vo),
where F : R" x R" — R" x R", F(u,v) = (v, prox,; (u — AVg)) — yv — u).



1296 R. I. BOT ET AL. J. Evol. Equ.

We prove the existence and uniqueness of a global solution of (8) by using the
Cauchy-Lipschitz Theorem. To this aim it is enough to show that F is globally Lips-
chitz continuous. Let be (u, v), (u, v) € R" x R". We have

| F(u,v) — F(u, v
= H (v — U, prox; ¢ (u - AVg(u)) — Proxy ¢ (ﬁ - AVg(ﬁ)) +y@—-v)+ u— u)) H

=\/||v — )12 41 prox; s (u — AVg(w)) — prox; s (& — AVg@) +y (@ —v) + @ — w)||.
We have
I prox, ; (u — 2Vg(w)) = prox; s (& — AVg@) + y (@ — v) + @ — w)>
= [l prox, s (u — AVg(w)) — prox, ; (1 — AVg @) 1> + ¥V — vl|I* + [[u — u]?
+ 2y (prox;, s (u — AVg(u)) — prox, s ( — AVg(@)), v — v)
+ 2(prox; s (u — AVg(u)) — prox; ; (& — AVg(@)), & — u)
+ 2y(v—v,u —u).
By the nonexpansiveness of prox; , and the B-Lipschitz property of Vg, we have

Il prox; s (u — AVg()) — prox; s ( — AVe@)|| < ll(u —u) — M(Vg(u) — V@]
< (1+2B)||u —ul.

On the other hand,
2y (prox; ; (u — AVg(w)) — prox; ; (& — AVg@)), v — v)
< yllprox,s (u — 2Vg(w)) — prox, ;s (it — AVg(@)|* + y[|v — v
<y + 282 lu —al* + v — v,
2(prox; ¢ (u — AVg(u)) — prox; ; ( — AVg@)), u — u)
< |l prox; s (u — AVg(u)) — prox, s (i — AVg@)|1> + [[u — ul*
< (41 +28))llu —ul?

2
I

and
2y —v,u—u) <y —vl* +ylu—ul
Consequently,
I prox; s (u — AVg(w)) — prox, ; (i — AVg(@)) + y (¥ — v) + (@ — u)|*
<G+ +28)7 + Dlu—ull* + (> +29) [0 — v,

which leads to

I F(u,v) — Fu,v)|| < \/(V + D2 = vlI> + (v +2)(A +218)? + Dllu — u|?

=< Lill(u,v) = @, )|,
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where Ly := \/max (v + D2 (v + (14282 + ).

Consequently, F is globally Lipschitz continuous, which implies that (8) has a global
solution X € C'([0, +00), R” x R"). This shows that x € C2([0, +00), R"). O

REMARK 6. Another Lipschitz constant can be obtained by using the inequalities:

2y (prox, ¢ (u — AVg(u)) — prox; ; (u — AVg@)), 7 — v)
< 2yl prox,; (4 — AVg(u)) — prox, s (1 — AVg@) |7 — v||
<2y +1B)lu —ullllv—vl,

2(prox, (u - AVg(u)) — Prox; s (ﬁ - ng(ﬁ)), u—u)
< 2| prox, s (u — AVg(u)) — prox; ; (i — AVg @) |l — ul|
<2(1+B)lu —ul?,

2y (U —v,u—u) <2yu—ull|v—vl,

and
20w — ull|v — vl < 7 —ul? + v —v]*.

In this case, one obtains the Lipschitz constant

Ly i= Jmax((y + D2 + 7B, 2+ 1B)2 + 72+ AB).

REMARK 7. Considering again the setting of the proof of Theorem 5, from Re-
mark 1(b), it follows that X exists almost everywhere on [0, +00) and that for almost
every t € [0, +00) one has

IXO)1 < LilX Ol = Jmax (( + D2 (v + 20+ 282 + D) XD

Hence, IIE(0)|2+ [x® 0|2 < \/maX (¥ + D% (v + 21+ 282+ 1)
\/||)'c(t)||2 + ||X(1)||2, for almost every ¢t € [0, +00), or, equivalently,

Ix@@O]1> <max ((y + D2, (v + (A +28)* + D) [£(0)]|*
+ max ((y + D% (7 + 21+ 29+ D) = DIZOI*.  9)

Similarly, by using L, one obtains for almost every ¢ € [0, +00)

Ix@@N1* <max((y + D>+ yrp, 2+ AB)* + ¥ 2 + 1) [x (D)
+ (max((y + D? + yA, 2+ 28> + ¥ (2 + AB) — DIIE®)|I*.
(10)
REMARK 8. Obviously, L1 > 2 and L, > 2. One can easily verify that L, < L,
provided y < V3. Moreover, if y < \/§, then

Ly =\/@+ 187+ v 2 +1B).
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However, for y > \/5 one may have L, > L and also L, < L. Indeed, for y =2

and A8 = 10, it holds

L, =+9,2>3=1L,
while for y = 2 and A8 = 1 it holds
Lo =+15</20=L;.

4. Asymptotic analysis

In this section, we will address the asymptotic behavior of the trajectory generated
by the second-order dynamical system (2). We begin the analysis with some technical
results.

LEMMA 9. Suppose that f + g is bounded from bellow and y, A > 0 satisfy the
following set of conditions:

1y
A:———+E(L2+2y +1)<0

2,2

B=——2 452 1)<0
(p) %ZLLZZK +) (L*+y*+1) <
+1 )2
C=-—-—_" 3ByAr —1 <0,
T 1)2 +38y <

where L := min(L1, Ly), and L1, Ly were defined as

Ly = \Jmax (7 + D2 (7 + (1 + 262 + 1)

and

L, = \/max((y + D24+ yAB, 2+ AB)% + y (2 + AB)).

Forug,vg € R, let x € C2([0, +00), R") be the unique global solution of (2). Then
the following statements are true

(@) % € L*([0, +00), R") and lim,_, {5 %(1) = 0;

(b) i € L*([0, +00), R") and lim;_, 40 X(t) = 0;

(¢) Flim;— oo (f + ) E@) + yx (@) +x()) € R.

Proof. Let T > 0. Since x € C2([0, T], R"), we have x, %, X € L2([0, T], R").
Further, by the 8-Lipschitz property of Vg, we have Vg € LZ([O, T1, R™). Moreover,
(9) ensures that x® e L2([0, T], R").

According to (2), we have X (1) 4 yx (1) + x(1) = prox, (x(t) — AVg(x(2))) for
all t € [0, +00), and hence

1
— X0 - %)’C(t) — Vg (x (1) € 9f (X (1) + yx(1) + x(1)). Y
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On the other hand, &£(1) = —%X(t) - %fc(t) — Vg(x(t)) € L2([0, T], R"), and hence
by Lemma 2 we have that t —> f (X (¢) + yx(¢) + x(¢)) is absolutely continuous and

;—tf(ic'(t)+w'c(t)+x(t)) = <x<3) (1) + yX(t) + (1), —%xm - %fc(t) - Vg<x<t)>>
(12)
for almost every ¢ € [0, T'].
Obviously,

8D +yED +x(0) = (xP )+ yED) +20). Vg0 +yE(0) +x(1)
13)
for almost every ¢ € [0, T']. By summing up the last two equalities, we get

d
FrAA gE@) + yx (1) + x(1))

= <x<3> () + yi(@) + i), VgE®) + yi() +x(1) — Vg(x (1) — %f(t) - %x(r)>

__1a _1+)’7 _ . 2 Y. 2 Y, 3 .
= 2Adt” i0)? 7 dt” (02 ||x(l)|| kllx(l)ll A<x (), x(1))

+ ({O O +yE0) +£0), Va0 + yE@®) +x(1)) ~ Ve x(1)))

for almost every ¢ € [0, T]. It is easy to check that (x® (1), X(r)) = % ‘ :11722”)3(1)“2 —
| () ||? for almost every t € [0, +00). Letc € (0, 1). We have

—§<x<3>(r>, i) = —c§<x<3>(r>, i) — (1 — c)%(x“)(r),x(z))

and
14 . .
~(1 =TV 50) = (alxOF +b15O1).
where ab = £ UA i , hence by using (9) and (10) one obtains that for almost every
t € [0, 4+00)

~(1 =TV, 5(0) = @L? + BN +aL? = DIEOI.
Consequently, for almost every ¢ € [0, 4-00) we have

—§<x<3>(r>,x(r>> —2 2||x<t)|| + (aL® + b) £

(aL2 E—a) lEol” (14)
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Further, for almost every ¢ € [0, +00) we have

(xD @ + yE@) + 20, V@GO + i) +x(0) — Vg )
< BIE @) + yxOIlIx® (1) + y i) + 2@
< BUE®) + yxOIIxD @) + I1E@) + yE @Oy i@ + 20])

§<2||x(r> +yiO 12+ 1P O + lyi@) + 5017
§(<2+y MEOI* + Qy? + DIFON? + IxP 017 + 6y (£@1), (1))
_B

((2 +yAHIEON? + y* + DO + 1xP @1 + 3y — ||x<t)||2)
By using (9) and (10), one obtains for almost every ¢ € [0, T']

@ @)% < L2012 + @2 = DIEO)

and hence,

(xP @+ yE0) + 10, VGO + i) + x(0) - Vgn)

d
sg(L2+y2+1>||5é<r)||2 ﬁ<L2+2y + DIE@O +3ﬁy tnx(r)nz

Consequently, for almost every ¢ € [0, T] we have

1
—(f + )@ +yx@) +x() + ——IIJC(I)II2

21 dt
(1+y2)—3wy
+ g ¥ ol +ﬁ dzux(r)n

< <(c - 1)% tal?—a+ g(L2 +y2+ 1)) 1E@))?
B

n <_% +al’ b+ S 427 + 1)) @)%

Recall that a, b and ¢ have been arbitrarily chosen such that ¢ € (0, 1) and ab =
y2(—o?
492
We chose
L? y L2y
= , a = and b := ————.
L?2+1 2(L2 4+ 1)L%x 2(L2+ DA

Then, for almost every ¢ € [0, T] we have

Y (f+ 9GO + i) +x@0) + — "(z)%ﬂ O + 2L 5. ()
a (f + &) +yx@) + x( 2}Lllx I . [l ()l 2)\ (X(1), x(1))

< A% + BIE ). (15)
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By integration, we get

1
(f + G + yx(T) + x(T)) + —II)'C'(T)I|2

2.,2
ccyc—=C 2cy
+ LRI+ ==
S IR+ 2]

= (f +&EO0) + yx(0) +x(0) + —II)'C'(O)II2

Y (5(1), 5(1))

ey’ - 0 2V 0). (0
+T|| (0 + == o (X()X( ))

T
+A/ Mme+B/ FHOIE
0 0
In other words,
1 C
(f +QED) +y(T) +x(T)) + () + cy (D> — ﬁnm)n2

1 C
= (f+QGEO) +yE0) +x(0) + 1F0) + cyx (0 — ﬁnxm)nz

T T
+Af Mmﬁm+3/ 15 (2)]|dz. (16)
0 0

By using that A < 0, B < 0, C < 0 and f + g is bounded from below, and by

taking into account that 7 > 0 has been arbitrary chosen, we obtain that X, X €

L2([0, +00), R"). Moreover, from (9) we obtain that x® e L2([0, +00), R").
Now, by using Lemma 4 and the fact that for almost every ¢ € [0, +00), we have

d
Enx(r)nz =2(%(1), ¥(1)) < [IXO|* + [1¥@)|I*
and
d
aua'c'(t)nz =2(i(1), xP (1) < IZO1* + Ix®P D%,

we obtain that lim,_, ; .o X(#) = 0 and lim;_, { ,, X(f) = 0.
Since T > 0 has been arbitrary chosen, we get from (15) that for almost every
t €10, +00)

d . . Lo 0 Ay? - 2,
a |:(f—|—g)(x(t) +yx() +x@) + HHX(I)H + 7l|x(t)|| (X(l) x(t))]

Now using Lemma 3, we obtain that the limit

1 2 c2y2
lim [(f+g)(5c'(t)+w'c(t)+x(t))+ﬁllic'(t)ll +7

t—+

Sl + <x(z) x(z))]

exists and is finite. Since

. L. 5 Ayr-C . 2, Y : —
lim [ﬁHX(I)” +T||X(f)|| —}-T(x(t),X(l‘))jI—

f—>+00
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one obtains that
lim (f+g)G@) +yx@)+x@) €R.
t—>+400

O

REMARK 10. The choice yAf < % guarantees that C < 0. Moreover, in this case
B > A. Indeed,

Boa=2(1-L )2 (2-L)-0
—A="|1-—= — —|=-—-——=]>0.
21 2 "= 37 12
COROLLARY 11. Suppose that f + g is bounded from bellow and /3 > y >
0, & > 0 satisfy the following condition

1 4 2 2
- —+ B2+ +y2+AB+y +1) <O.
ST e PR @i £y 4D
For ug, vo € R, let x € C%([0, +00), R") be the unique global solution of (2). Then
the following statements are true
(@) % € L*([0, +00), R") and lim,_, ;o %(t) = 0;
(b) ¥ € L*([0, +00), R") and lim; __, 40 X(t) = 0;
(¢) Flim;— oo (f + ) E@) + yx (@) + x(1)) € R.
Proof. Theconditiony < /3 ensures that L = \/(2 + AB)% 4+ ¥ (2 + AB), and hence
1

= — Z 2 2
B = (2+)\,3)2+V(2+)»,3)A+'B((2+Aﬁ) +y2+r8)+y +1) <0.

Under these auspices, it can proved that yA8 < %, hence, according to the previous
remark, C < 0 and A < 0. The statement follows from Lemma 9. O

LEMMA 12. Assume that f + g is bounded from below and vy, A satisfy the set
of conditions (p). For ug, vo € R", let x € C%([0, +00), R") be the unique global
solution of (2). Then the set of limit points of x, which we denote by w(x), is a subset
of the set of critical points of f + g. In other words,

w(x) = {x e R" : Iy —> o0 such that x(ty) — x, k —> +oo} C crit(f + g).

Proof. LetXx € w(x) and ty —> +oo such that x(#x) — X, k —> +00. We have
to show that 0 € 9(f + g)(x). From (11) we have for every k > 0

1
—x)'c'(tk) - %X(tk) — Vg (x(t)) € of (X () + yx(t) + x(t))
hence,

1
= = 1) - %xok) — Vg (x(t) + Ve E () + yi () + x (1)

€ 0f (X () + yx(te) + x(tx)) + Vg () + yx(te) + x(t))
=0(f +8)Xt) + yx(ty) +x(tx)) = o(f + &) (ur),
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where uy := X(tx) + yx(tx) + x(tx).

According to Lemma 9, limy_—, 4 oo x(#x) = 0 and limg_, 1 o X(#x) = 0. Further,
Vg is continuous, hence limg—, 1 oo[—Vg(x(#)) + Vg (X (tx) + yx () + x (1)1 =
—Vg(x) + Vg() = 0. Consequently,

lim  (ug, vk) = (%, 0).
k—> 400

We show that limg— 100 (f + &) (ux) = (f +g)(X). Since f is lower semicontinuous,
one has

liminf f(ug) > f(x).
k—> +o00
Further we have for every k > 0

up = X(t) + y i) + x (1) = prox;  (x (1) — 2Vg(x(1)))

1
= argmin | f(y) + ﬁlly — (x () — )»Vg(x(lk))llz}
yeR" L

i 1 A
= argmin | f(y) + —lly - x> + (y — x (), Vg(x (1)) + §||Vg(x(rk>)||2]
yeR" L

[ 1
= argmin | f(y) + ley — x>+ (y — x (@), Vg(XUk)))] .
yeR" L

Hence, for every k > 0 we have

1
f ) + o, ek = x()1? + Gk — x (), Vg(x (1))
— L _
= FE + 5 IF = x@)I* + (% = x(1), Vg (x(@)).
Taking the limit superior as k —> 400, we obtain

limsup f(ur) < f(X).

k—> +00

This shows that limg_, 4~ f(ur) = f(X) and, since g is continuous, we obtain
lim (f +&)uk) = (f + 8 X).
k—> 400
By the closedness criterion of the graph of the limiting subdifferential, it follows that

0ed(f+o@).
O

LEMMA 13. Assume that f + g is bounded from below and y, \ satisfy the set of
conditions (p), and let the constants L, A, B and C be defined as in Lemma 9. For
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ug, vo € R”, let x € C2([0, +00), R") be the unique global solution of (2). Consider
the function

1 C
H:R" x R" x R" — RU {+00}, H(u,v.w) = (f +g)(w) + 7—lJu — v)|? - ﬁ||w||2.

Then the following statements are true
(Hy) for almost every t € [0, +00) it holds

d
I (HE@) +yx@) +x(0), y(1 —o)x@) +x(t), x(1))) <0
and the limit
z—liono HG@) +yx@) +x@),y(1 —o)x@) + x(), x(1))
2

exists and is finite, where ¢ = L§_+l
(H3) for almost every t € [0, +00) and for every a > 0 we have

1
w(r) = (—Vg(x(l)) + V() + yx (1) + x(1)) — Xay)'c(t)),
L. | . C.
- X(X(t) + (I —a)yx()), _Xx(t)>

€ dHG@) +yx(@) +x(@), yax(t) +x(1), X))

and

BAY + 2a+ 1)y — C
A

1
lw®l = (ﬁ + K) IX@1 + X @)1I;

(H3) for X € w(x) and ty —> +00 such that x(ty) — X as k —> 400, and for
every a > 0 we have

H(& (1) + yx () + x (@), ay x (1) + x (&), x (%)) — H(X, X, 0) as k —> +o0.

Proof. (Hp). From (15) we have that for almost every ¢ € [0, +00)
d [(f T QG + yi0) +x(0) + o [£0) + ey i O - £||»'c<t)||2}
dr 21 2X
< AlE@I* + BIE®)],
Taking into account that A < 0, B < 0, we obtain that for almost every ¢ € [0, +00)
j—t (HX@) +yx(@) +x(@0), y(1 = o)x(t) +x(1), x(1)))

d ) : - L2 €
= o |+ OGO + i) +x0) + 5 IE0) + cyi I = 15

<0.
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By Lemma 3 it follows that the limit
IE)IROOH()'C'(I) +yx@)+x@),y(1—o)x@) +x(t),x(t)) e R

exists.
(H3). From (11) we have that for every ¢ € [0, +00) it holds

I, . .. .
—XX(I) - %X(t) = Vg(x (@) € af (X)) + yx (1) + x(1)),
hence
1

—ch'(t) - %X(t) —Vgx () +Vg@E@®) +yx@) +x(@) € 0(f +g)E@) + yx(0) +x(2)).

Since for every (u, v, w) € R" x R" x R"
1 1 C

0H (u, v, w) = (8(f+g)(u) + —(u— v)) X {——(u - v)} X {——w} ,

A A A

we get

IH (X (1) + yx() +x(1), yax(t) + x(1), X(1))
1
= (3(f + &)X @) +yx@) +x(1) + X(ﬁé(t) + (1 - a))/fC(t)))

L. | . C.
X {_X(x(t) +( —a))/X(t))} X {_Tx(t)}’
consequently,
1
w(r) = (—Vg(X(t)) + V(X (1) + yx () +x(1)) — Xayi(t)),

L., 1 . C.
5 F0) +( —a)VX(t)),—KX(I)>
€IHG@) +yx() +x(), yax(t) +x(1), X (1))

for every ¢ € [0, 400).
From the f—Lipschitz continuity of Vg, we get for every ¢ € [0, +-00)

lw® < <ﬂ+l> 1% () + '(t)||+22||'(t)ll—gll'(t)ll
w < Iy X 24 3 X S X

Bry + Qa+ 1)y — C
A

1
=< (ﬂ + X) IX@1 + [lx @)1l

(H3).Leta > 0,x € w(x) and ty —> 400 such that x(tz) —> X as k —> +o0.
According to the proof of Lemma 12, itholds ( f +g) (X (fx) +y x (tx)+x (1)) — (f+
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g)(x) as k —> +-o00. Further, from Lemma 9 we have X(fy) —> 0 and x(fx) —> 0
as k —> +o00. Hence,

H () + yx () + x (), ay X (1) + x (), x(t))

1
= (f + &) E (W) + yx () + x(0) + —[1¥(@) + (1 = a)y i)l

—%||f€(lk)||2 — (f+9Kx®x)=Hx,x,0)as k — +oo.

O

LEMMA 14. Assume that f + g is bounded from below and y, \ satisfy the set of
conditions (p), and let the constants L, A, B and C be defined as in Lemma 9. For

uo, vo € R”, let x € C2([0, +00), R") be the unique global solution of (2). Consider
the function

H:R"xR" x R" — RU {+o0}, H(u, v, w) = (f + LI S
: , LU, W) = g)(u)+2kllu V|| 2

2
wil~.
Il

Suppose that x is bounded and let a > 0. Then the following statements are true

@ o+ yx +x,ayx +x,x) Ccrit(H) = {(u,u,0) e R”*" xR" xR" : u €
crit(f + gk

(b) tgnjoo dist((X(t) +yx (@) +x(@), ayx@) +x@), X)), o(X +yx +x,ayx +
x,x)) =0;

(c) H is finite and constant on (X + yXx + x, ayx + x, X);

(d) w(X + yx +x,ayx + x, X) is nonempty, compact and connected.

Proof. (a) By definition,

(X +yx+x,ayx +x,x)
={(® 7,2 € R : 3 — +oos. t. (1) + yite) + x(t),
ayx(t) +x(t), X(%x)) — (¥,,2), k = 400}.

According to Lemma 9, X (tx) —> 0, x(fx) —> 0 as #fz —> 400, and hence

(X +yx+x,ayx +x,x) =w(x,x,0)
={(x,x,0) e R" x R" x R" : 3, — +o00 such that x(t;) — X, k — 400}
={x,x,0) e R" xR" xR" : ¥ € w(x)}.

According to Lemma 12,

(7,%,0) e R" x R" x R" : T € w(x))
C{(x,X,0) e R" x R" x R" : x € crit(f + g)} = crit(H).
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(b) Obviously
0=< tj)r{lm dist((x(r) + yx (@) + x(@), ayx(t) + x(1), x(1)),

o(X +yx+x,ayx +x,x))

< tkin}roo dist((X (1) + yx (1) + x(0x), ay x (1) + x (), X (1)),

w(X+yx+x,ayx +x,x)) =0.
(c) According to Lemma 9,
lim (f+gGE@) +yx@)+x@)=1€R.
f—>+00

Let (x,x,0) € (X + yx 4+ x,ayx + x, x). Then there exists ty —> 400 such that
(X (te) + yx(ty) + x(tr), ayx(tr) + x(tx), x(tx)) — (%, x,0) as k —> +o00. From
Lemma 13(H3) one has
H(x,x,0) = tkinloo HG(t) + yx ) + x(t), ayx () + x(t), X (4))
lim [(f 4+ g)Gw) + yx(n) + x(%))
ty—>+00

1 C
om0 + (1 = a)yyx(m)ll* — ﬁnx(rk)nz} =1

Hence, H takes on w(X 4+ yx + x, ayx + x, x) the constant value /.

Finally, (d) is a classical result from [28]. We also refer the reader to the proof of
Theorem 4.1 in [6], where it is shown that the properties of w (x) of being nonempty,
compact and connected are generic for bounded trajectories fulfilling lim;_, 0 X () =
0 (see also [17] for a discrete version of this result). O

The convergence of the trajectory generated by the dynamical system (2) will be
shown in the framework of functions satisfying the Kurdyka—L.ojasiewicz property.
For n € (0, +oc], we denote by ©,, the class of concave and continuous functions
¢ : [0, 1) — [0, 400) such that ¢(0) = 0, ¢ is continuously differentiable on (0, ),
continuous at 0 and ¢’(s) > 0 for all s € (0, n). In the following definition (see
[11,17]), we use the distance function to a set, defined for A C R" as dist(x, A) =
infyeq |x — y|| forall x € R”.

DEFINITION 2. (Kurdyka—Lojasiewicz property) Let f : R" — R U {400} be
a proper and lower semicontinuous function. We say that f satisfies the Kurdyka—
Lojasiewicz (KL) property at x € domdf = {x € R" : 9f(x) # @} if there exist
n € (0, +o0], a neighborhood U of X and a function ¢ € ®,, such that for all x in the
intersection

UNn{xeR": f(X) < f(x) < f(X) +n}

the following inequality holds

¢ (f(x) = f(x))dist(0, 3f (x)) > 1.
If f satisfies the KL property at each point in dom af, then f is called a KL function.
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The origins of this notion go back to the pioneering work of Lojasiewicz [32],
where it is proved that for a real-analytic function f : R" — R and a critical
point x € R” (that is V f(x) = 0), there exists & € [1/2, 1) such that the func-
tion | f — f@@)|?|Vf|I~! is bounded around ¥. This corresponds to the situation
when ¢(s) = C(1 — 60)~'s'=?. The result of Lojasiewicz allows the interpretation of
the KL property as a re-parametrization of the function values in order to avoid flat-
ness around the critical points. Kurdyka [31] extended this property to differentiable
functions definable in an o-minimal structure. Further extensions to the nonsmooth
setting can be found in [11,18-20].

One of the remarkable properties of the KL functions is their ubiquity in appli-
cations, according to [17]. To the class of KL functions belong semi-algebraic, real
sub-analytic, semiconvex, uniformly convex, and convex functions satisfying a growth
condition. We refer the reader to [10, 11,13, 17-20] and the references therein for more
details regarding all the classes mentioned above and illustrating examples.

An important role in our convergence analysis will be played by the following
uniformized KL property given in [17, Lemma 6].

LEMMA 15. Let Q C R" be a compact set and let f : R" — R U {400} be a
proper and lower semicontinuous function. Assume that f is constant on Q2 and f
satisfies the KL property at each point of Q2. Then there exist &, > 0 and ¢ € O,
such that for all x € Q and for all x in the intersection

x eR":dist(x, Q) <e}N{x eR": fX) < f(x) < f(X) +n} 17
the following inequality holds
¢'(f(x) = (@) dist(0,8f (x)) > 1. (18)
We state the first main result of the paper.

THEOREM 16. Assume that f + g is bounded from below and y, A satisfy the set
of conditions (p), and let the constants L, A, B and C be defined as in Lemma 9. For
ug, vo € R”, let x € C%([0, +00), R") be the unique global solution of (2). Consider
the function

1 C
H:R"xR" x R" — RU {400}, H(u,v,w) = (f + g)(u) + ﬁ““ —U||2 - gl|w||2.

Suppose that x is bounded and H is a KL function. Then the following statements are
true

(a) & € L'([0, +-00), R");

() ¥ € L([0, +00), R");

(c) there exists X € crit(f + g) such that lim;_—, 1 5 x(t) = X.

Proof. Letbec := L%—il Consider an arbitrary (x, x,0) € o(X+yx+x, (1—c)yx+
x, x). Then one has

Am (HE@ +y (@) +x(0), y (1= 0x (@) +x(0), £(1)) = HE, X, 0).
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Case 1. There exists f > 0 such that
H@E (@) +yx(@) +x(@@), y(1 — )i (0) +x(1), (1)) = H(x, X, 0).
We have for almost every ¢ € [0, +00) that

d
I [HGE@) + yx@) +x(0), y(1 — 0)x (@) + x (1), (1))] < AllxOI1* + BlIZ 0|7
<0.

Hence, for every ¢ > 7 it holds
HGE@® +yx@) +x@),y(A —o)x@®) +x@1),x(#) < HX, X, 0).
On the other hand,

HGE@) +yx@) +x@),y(1 —o)x@) + x(@), x(1))
> tjgl—oo (HE@) +yx@) +x@), y(1 —o)x@) +x(), X)) = H(X, X, 0),

hence
HX@) +yx@)+x@),y(1 —c)x(t) +x(),x(t)) = H(x,x,0)

for every t > 1.
Consequently,

d
% [HGE®) +yx@) +x(0), y(1 —o)x() +x(1), ()] =0

for every t > 7, which means that
0 < Alli(®) >+ BlIx(0]*> <0

for every t > 1.

But A < 0 and B < 0, hence x(¢) = 0 and X¥(¢) = 0 on [f, +00). This leads to
%, % € LY([0, 400), R") and to the fact hat x () = X is constant on [7, +00).

Case II. For every t > 0

HGE@) +yx@)+x@),y(1 —co)x(t) +x@),x() > HX, X, 0).

Let Q = w(X + yx +x, (1 —c)yx + x, x). According to Lemma 14, H is constant
and finite on 2 and €2 is nonempty, compact and connected. Since H is a KL function,
by Lemma 15, there exist ¢, > 0 and a concave function ¢ € ©, such that for every
(x,x,0) € Q2 and every

(x,y,2) € {(u,v,w) € R" x R" x R" : dist((u, v, w), Q) < ¢}

N{u,v,w) e R" xR" xR": Hx,x,0) < Hu,v,w) < HX,x,0) + n}
(19)
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the following inequality holds
¢ (H(x,y,z) — H(, X, 0))dist((0,0,0), dH (x, y,z)) > L. (20)
Since
tjf?roo (HE(@) + yx(0) +x@), y(1 —0)x(t) +x(1), X(2))) = H(X, X, 0)
and
HGE@) +yx@) +x@),y(1 —co)x(t) +x(),x(t)) > H(x, x,0),

there exists #; > 0 such that

HE®) +yx@) +x@),y(A —o)x() +x(t), x(t)) < Hx,x,0) +nVt > 11.

Since lim;—, 40 dist((X (1) + yx(t) + x (1), y (1 — 0)x(#) + x(1), x(1)), 2) = 0,
there exists , > 0 such that

dist((X () + yx(@) +x@), y(1 —c)x () + x(2), x(2)), Q) < €, YVt > 1.
Hence, for every t > T = max(t1, t,) we have

¢ (HE®) + () +x(0), y(1 — o)X () +x(1), (1)) — H(X, X, 0))-
dist((0,0,0), 0H (X (t) + yx(1) + x(1), y (1 — 0)x(t) + x(t), £(1))) > 1.

On the other hand, for every ¢ € [T, +00),
dist((0,0,0), 0H (X(t) + yx(t) + x(1), y(1 — o)x(t) + x (), x(1))) < [[w®)],
where

1
w(r) = (—Vg(X(t)) +VEE®) +yx(0) +x(1) — ~(1 =)y i),

1 .. . C,
- X(X(l) + cyx(t)), —KX(I)>
since, according to Lemma 13 (H5),
w(@) € dHG () + yx(@) +x@), y(1 —o)x () + x(1), x(1)).

Further,

Bry +(3 —20)y —C

. @)

Ly ..
lw®| < (ﬁ + X) lX@1 +
which leads to

P HGE®) +yi () +x(0), y(1 = )X (1) +x(1), £ (1))
—H(X,x,0) GIXOI + pllx@) = 1V € [T, +00),
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wheres:=ﬂ+%>0andp:=w>0.

We have
%fﬂ(l‘l(f(l‘) +yx@) +x@), y(1 —o)x(1) + x@), x(1) — H(X, X, 0))
=@ (HE@) +yx() +x(@), y(1 = )x(t) + x(1), (1)) — H(F, X, 0))-
;—tH()'c'(t) +yx()+x@), y(1 —o)x(t) +x(1), X (1))
and since

d
EH(J'C'(I) +yR@) 4+ x(0), y(1 = x(1) +x(1), £(1) < Ax0)]* + BIE0)]* <0

and

P HE®) + i@ +x@), y(1 = )X(1) +x(1), ¥(1)) — HEX, X, 0))
1
sIE@I + pllx@)|

we get for every ¢ € [T, 4+00)

>

d .. . . . S

E‘/’(H(x(’) +yx(®) +x(@), y(I —o)x(1) + x(1), x(1)) — HX, x,0))
. 2 . 2
_ Allet)ll + BIIfC(t)II _
s+ pllx @)l
Since ¢ is bounded from below, similarly as in the proof of Lemma 9, we obtain that
()11 1% )11

SIECN A+ pIEOI sIEON 4 pllEC)

By using the arithmetical-geometrical mean inequality, we have

21

e L'([0, +00), R).

— — i
\/ Ol 1E0) OOl 10 o0, B,

SIEON+ pIEON sIEOT+ pIEOI — sIEOT+ pIEO)]

Hence,
. o 1)1 £
FOI+IRON= P oo piron T SEON+ 200
oy BEOUEOI o

sIECI+ pllx Il

This shows that x, ¥ € L!([0, +00), R"), hence, according to Lemma 3, there exists
lim, 0o x(2) = X. O

REMARK 17. Similar regularizations of the objective function as the one consid-
ered in this section have been used in [25] for studying first-order dynamical systems,
but also in [26,34], in the investigation of non-relaxed forward-backward methods
involving inertial and memory effects in the nonconvex setting.
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REMARK 18. Since the class of semi-algebraic functions is closed under addition
(see for example [17]) and (u, v) — «a|lu — v||2 and w — o/||w||2 are semi-algebraic
for a, @’ > 0, the conclusion of the previous theorem holds if the condition H is a KL
function is replaced by the assumption that f + g is semi-algebraic.

REMARK 19. Assume that y, A > 0 fulfill the set of conditions (p) and that f 4 g
is coercive, that is
lim (f + g)(u) = +o0.
[lu]|— 400
For ug, vg € R, let x € C2([0, +00), R") be the unique global solution of (2). Then
x is bounded.

Indeed, notice that f + g is bounded from below, being a proper, lower semi-
continuous and coercive function (see for example [35]). From (16) it follows that
X(T) + yx(T) 4+ x(T) is contained for every 7" > 0 in a lower level set of f + g,
which is a bounded set due to the coercivity assumption. Combining this fact with
Lemma 9 one can easily derive that x is bounded.

5. Convergence rates

In the context of optimization problems involving KL functions, it is known (see
[10,18,32]) that convergence rates of the trajectory can be formulated in terms of the
so-called Lojasiewicz exponent.

DEFINITION 3. Let f : R" — RU{+o0} be a proper and lower semicontinuous
function. The function f is said to fulfill the Lojasiewicz property, if for every x €
crit f there exist K, e > 0 and 6 € (0, 1) such that

|f(x) — f®)|? < K||x*| for every x fulfilling ||x — X|| < € and every x* € 3 (x).
The number 6 is called the Lojasiewicz exponent of f at the critical point x.

In the following theorem, we obtain convergence rates for both the trajectory gen-
erated (2) and its velocity (see, also, [10,18]).

THEOREM 20. Assume that f + g is bounded from below and y, A satisfy the set
of conditions (p), and let the constants L, A, B and C be defined as in Lemma 9. For
ug, vo € R, let x € C2([0, +00), R") be the unique global solution of (2). Consider
the function

1 C
H:R" xR x R" — RU {+00}, H(u, v,w) = (f + &) () + o—llu - vl|I* — ﬁnwnz.

Suppose that x is bounded and let x € crit(f + g) be such that lim;__, { o x(t) =X
and H fulfills the Lojasiewicz property at (x, X, 0) € crit H with Lojasiewicz exponent
0.

Then, there exist ay, az, az, as > 0 and ty > 0 such that for every t € [tg, +00) the
following statements are true
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(a) if6 € (0, %), then x converges in finite time;
(b) if6 = 5, then | x(t) — X|| < are™" and | ()| < aje™*';

(©) if6 € (3. 1), then |x(t) =T || < (a3t +az) %=1 and [|¥(0)|| < (a3t +as)” 51,

Proof. Let be s := B + % > 0 and p = w > 0, as defined in
. . _ A+Br? : —
Lemma 13. The function g : [0, +00) — R, g(r) = PV attains at ro =

(sA—pB)—~/(sA—pB)>+(s+p)>AB

GIp)B > (0 its maximum. Hence, for m := max (? g(ro)) <
0, it holds

AlEON? + BIEOI < m(sIIED ]+ plE@ODAE @] + [E@)])

for every ¢ € [0, +00).
We define for every ¢ € [0, +00)

+00
o) = / UEGN + 1E0)ds.
t
Lett € [0, +00) be fixed. For T > t we have
lx(@) — x|l =

T T
x(T) —x —/ X($)ds| = [lx(T) — x| +/ [l (s)[1ds.
t 12

By taking the limit as T — +o00, we obtain

+o00
lx(r) =% < / [x()llds < o (r). (22)
t

Further, for T > t we have

T T
lE@I = || x(T) —/ X(s)ds| < [[x(D] +/ 1% (s)llds.
t t

By taking the limit as T — 400, we obtain
+00
X < / 1X(s)llds < o (2). (23)
t
We have seen in the proof of Theorem 16 that, if there exists 7 > 0 such that

HE@® +yx@) +x@),y(1 —c)x@) +x(@), () = H(x, X, 0),

then x is constant on [7, +00), and hence the conclusion follows automatically.
On the other hand, if for every # > 0 one has

HE@) +yx@)+x@),y(1 —o)x(t)+x(@),x(1)) > HX, X, 0),
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then, according to the proof of Theorem 16 and (21), there exists 7y > 0 such that for
every t € [tg, +00)
d . . . . __ _
K (HED + £ +x0), y (1= () +x(0), £(1) = HE X, 0)'

_ AlEOIP + BIE@)|?
sIE@I+ plEO)]

and
G@) +yx@) +x@), (1 —co)yx@) +x@), x@®) — &, X,0)] <e.

Hence, for every ¢ € [tg, +00)

d
MAE@+ IO+ 3 (HED +yE0) +x(0), y A= () +x(0), £0) — HF. X, o'’ <o,

(24)
and
[G@) +yx@) +x(@), (1 —o)yx@) +x(), X)) — (X, X,0)[| <e,
where M = —% > 0. If we integrate (24) on the interval [¢, T], where T > t > 1,
we obtain

T
M/ xS+ 1) IDds + (HE(T) + yx(T) +x(T), y (1 — 0)x(T) + x(T), x(T))
t
— HGE, %, 00!
< (H@E®) + yi(t) +x(0), y(1 — )% (1) + x(1), £(1)) — HE, %,0)' 77,

hence
Mo (1) < (H@E@) + yi(0) +x(0), y (1 = () +x(0), ¥(0) = HEX,0)' ™7 ¥ = 1.
Since 6 is the Lojasiewicz exponent of H at the point (¥, X, 0) € crit H, we have
|HE@) + y i) + x(0), y(1 — ) (0) + x(1), £(1)) — HE %, 0)° < K[|lx*],
for every t € [y, +00) and every
xT € dHE @) +yx@) +x(), y(1 — )% (1) + x(t), x(1)).

According to Lemma 13(H>), there exists some X* € 9 H (X (1) + yx(¢) +x(1), y (1 —
¢)x(t) 4+ x(t), x(¢)) such that for almost every ¢ € [ty, +00)

X1 < sIEO+ plx@) < NAXOI + @)D,
where N = max(s, p). Hence,

Mo (1) < (KNI + i) 7
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for almost every ¢ € [fg, +00). Buto (t) = —|[|X(¢)|| — ||x(¢)]], and consequently, there
exists o > 0 such that for almost every ¢ € [fg, +00)

5(t) < — alo (1) 7. (25)

Ifo = %, then 6 (t) < —a(o(t)) for almost every ¢ € [fg, +00). By multiplying
with e®' and integrating on [fg, ], we get that there exist a1, ao > 0 such that

o(t) < are™®' Vi € [19, +00),
hence, by (22) and (23), we get
lx (@) —X|| < are™®" and ||x(1)|| < aje™"*' Vit € [1g, +00),

which proves (b).
Assume now that 0 < 6 < % By using (25) we obtain

= 1—26
(N o() <—«

d oy =
ar -9 -0’

for almost every ¢ € [#g, +00).
By integration we get

(0 (1) TF < —at + B Vi € [1g, +00).

where o > 0. Hence, there exists 7 > 0 such that 6 (T) < 0Vt € [T, +00), which
implies that x is constant on [T, +00).
Assume now that % < 0 < 1. By using (25) we obtain

LT = L ey ow 2ol

for almost every ¢ € [#g, +00).
By integration we get

o (t) < (ast +az) T Vi € [t9, +00).

where a3, ag > 0.
From (22) and (23) we have

Ix(t) — Xl < (@3t +as) 77 and [l£(0)]| < (ast + as)” 71 Vi € [19, +00),

which proves (c). O
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