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Introduction

Let A be the harmonic operator on R

A =
1
2

(
− ∂2

xx + x2
)
.

Properties of A
This operator is self-adjoint, with compact resolvent.

The spectrum of A is explicit

AΦj = λjΦj , (Φj) = Hermite functions, λj = j + 1/2.
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The model

Model of a single trapped ion:
i∂tψe = ωAψe +

Ω

2
ψe + (u + u∗)ψg , (t , x) ∈ (0,T )× R,

i∂tψg = ωAψg −
Ω

2
ψg + (u + u∗)ψe, (t , x) ∈ (0,T )× R,

ψe(0, x) = ψ0
e(x), ψg(0, x) = ψ0

g(x), x ∈ R.

(1)

ω,Ω are large real numbers ! Ω� ω � 1.
u is the control function, superposition of 3 lasers:

u(t , x) = u0ei(Ωt−
√

2η0x)+ur ei((Ω−ω)t−
√

2ηr x)+ubei((Ω+ω)t−
√

2ηbx).
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The model

Physical constraints on the control function:

u(t , x) = u0ei(Ωt−
√

2η0x) +ur ei((Ω−ω)t−
√

2ηr x) +ubei((Ω+ω)t−
√

2ηbx),

(u0,ub,ur ) ∈ C3.
t 7→ (u0(t),ub(t),ur (t)) is piecewise constant.
at each time t , there is at most one control “on".
η are the Lamb-Dicke parameters, assumed small

η � 1.
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The model, main assumptions


i∂tψe = ωAψe +

Ω

2
ψe + (u + u∗)ψg , (t , x) ∈ (0,T )× R,

i∂tψg = ωAψg −
Ω

2
ψg + (u + u∗)ψe, (t , x) ∈ (0,T )× R,

ψe(0, x) = ψ0
e(x), ψg(0, x) = ψ0

g(x), x ∈ R.

Ω� ω � 1, η � 1.

u(t , x) = u0ei(Ωt−
√

2η0x) +ur ei((Ω−ω)t−
√

2ηr x) +ubei((Ω+ω)t−
√

2ηbx).

Problem
Can we control this systems with such controls ?
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Our result: Approximate controllability

Theorem

Let (ψ0
e, ψ

0
g) and (ψ1

e, ψ
1
g) of unit (L2)2 norm.

Then ∀δ > 0, ∃(ℵ, η0, ρ0), such that for all (ω,Ω) with 2Ω ≥ 3ω
and

η ≤ η0, KT = ℵ/η, ωη

K
≥ ρ0,

there exists a control u(t , x) as above, furthermore satisfying

sup{|u0(t)|, |ur (t)|, |ub(t)|} ≤ K ,

such that the solution (ψe, ψg) of (1) with initial data (ψ0
e, ψ

0
g)

satisfies, for some β of modulus 1,∥∥∥(ψe(T ), ψg(T ))− β(ψ1
e, ψ

1
g)
∥∥∥

0×0
≤ δ.
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Comments

• Many different interpretations of the conditions
η ≤ η0, KT = ℵ/η, ωη

K ≥ ρ0:
K fixed, then η � 1, T = T ∗/η, and ω ≥ ω∗/η.
T fixed: η � 1, K = K ∗/η, ω ≥ ω∗/η2.
ω,Ω fixed: η � 1, η/K � 1, T = T ∗/(Kη).
K = η: η � 1, ω � 1, T = T ∗/η2.

•We always have ω � K .

• If, at time T , the control is turned off, the solution stays in a δ
neighborhood of the target trajectory.

• Can be generalized for all norms ‖(·, ·)‖k×k , see later.
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Bibliography

• Approximate controllability:
Through a stabilization approach: Beauchard, Coron,
Mirrahimi, Rouchon, Turinici, Nersesyan...
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Agrachev...
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The Cauchy problem

Notations

‖ψ‖k =
∥∥∥Ak/2ψ

∥∥∥
L2(R)

, ∀ψ ∈ D(Ak/2)

‖(ψ1, ψ2)‖k×k =
(
‖ψ1‖2k + ‖ψ2‖2k

)1/2
, ∀(ψ1, ψ2) ∈ D(Ak/2)2


i∂tψe = ωAψe +

Ω

2
ψe + fψg , (t , x) ∈ (0,T )× R,

i∂tψg = ωAψg −
Ω

2
ψg + fψe, (t , x) ∈ (0,T )× R,

ψe(0, x) = ψ0
e(x), ψg(0, x) = ψ0

g(x), x ∈ R.

(2)

Here f = f (t , x) is real valued.
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The Cauchy problem

Theorem

Let T > 0. Let f : (0,T )× R→ R, f ∈ L∞((0,T ); C0
b(R)).

Then, for all initial data (ψ0
e, ψ

0
g) ∈ L2(R)2, there exists a unique

solution (ψe, ψg) of (2) in C([0,T ]; L2(R)2), and ∀t > 0,∥∥(ψe(t), ψg(t))
∥∥

0×0 =
∥∥∥(ψ0

e, ψ
0
g)
∥∥∥

0×0
.

Moreover, if (ψ0
e, ψ

0
g) ∈ D(Ak/2)2 and f ∈ L∞((0,T ); Ck

b (R)),
then (ψe, ψg) ∈ C([0,T ];D(Ak/2)2).
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Sketch of the proof

Step 1: Prove that the map

Ψe(ψe, ψg)(t) = S(t)e−iΩt/2ψ0
e + i

∫ t

0
S(t − s)e−iΩ(t−s)/2f (s)ψg(s) ds,

Ψg(ψe, ψg)(t) = S(t)eiΩt/2ψ0
g + i

∫ t

0
S(t − s)eiΩ(t−s)/2f (s)ψe(s) ds,

on Y = C([0,T ];D(Ak/2)2) endowed with the norm∥∥(ψe, ψg)
∥∥

Y = sup
t∈[0,T ]

{
e−λt ∥∥(ψe(t), ψg(t))

∥∥
k×k

}
,

is a contraction, for a good choice of λ. (S(t) = exp(−itωA)
is the free Schrödinger semigroup).
Step 2. A priori estimates for smooth solutions.
Step 3. Limit for low-regularity data.
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An approximate system: Law-Eberly

Let us consider the approximate system
i∂tφe =

(
u∗0 + v∗r a + v∗b a†

)
φg , (t , x) ∈ (0,T )× R,

i∂tφg =
(

u0 + vr a† + vba
)
φe, (t , x) ∈ (0,T )× R,

(3)

with
a =

1√
2

(
x + ∂x

)
, a† =

1√
2

(
x − ∂x

)
.

Here vr and vb respectively correspond to −iηur et −iηub.

Advantage: This system is exactly controllable !
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An approximate system: Law-Eberly

Let us consider the approximate system
i∂tφe =

(
u∗0 + v∗r a + v∗b a†

)
φg , (t , x) ∈ (0,T )× R,

i∂tφg =
(

u0 + vr a† + vba
)
φe, (t , x) ∈ (0,T )× R,

(3)

with
a =

1√
2

(
x + ∂x

)
, a† =

1√
2

(
x − ∂x

)
.

Here vr and vb respectively correspond to −iηur et −iηub.

Advantage: This system is exactly controllable !
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Some spectral theory

The operators a and a† respectively are the annihilation and
creation operators.

A = a†a +
1
2

= aa† − 1
2
,

aΦ0 = 0,
{

aΦn+1 =
√

n + 1 Φn,

a†Φn =
√

n + 1 Φn+1,
∀n ∈ N.

Notations: For M ∈ N, we define

VM = span
{

Φj ; 0 ≤ j ≤ M
}
.
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Law-Eberly, a refined version

Theorem (Law Eberly revisited)

For all (φ0
e, φ

0
g), (φ1

e, φ
1
g) ∈ V 2

M of same (L2)2-norm, there exist
T > 0 and a control t 7→ (u0(t), vr (t), vb(t)) such that

(φe, φg) solution of (3) with initial data (φ0
e, φ

0
g) satisfies

(φe(T ), φg(T )) = β(φ1
e, φ

1
g) for some β ∈ C of unit modulus.

∀t ∈ [0,T ], (φe(t), φg(t)) ∈ V 2
M .

There is at most one control “ON"
There are at most 2M switching times.
Imposing |u0| ≤ K0 and |vr |, |vb| ≤ K1, then one can take
any T s. t. T ≥ T ∗, with

T ∗ =
(M + 1)π

K0
+

π

K1

M∑
j=1

1√
j
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Sketch of the proof

• if u0 is the only active control:

i∂tφe = u∗0φg , i∂tφg = u0φe, (t , x) ∈ (0,T )× R.

The ratio of populations < φe,Φn > and < φg ,Φn > oscillate at
frequency |u0|.

• If vr is the only active control:

i∂tφe = v∗r aφg , i∂tφg = vr a†φe, (t , x) ∈ (0,T )× R.

The ratio of populations < φe,Φn > and < φg ,Φn+1 > oscillate
at frequency |vr |

√
n.

 Idea: Put everything on (φe, φg) = (0,Φ0), and use
reversibility to conclude.
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Formal derivation : Lamb-Dicke approximation

 Step 1: η � 1 =⇒ e−i
√

2ηx ' 1−
√

2iηx :

uLD(t , x) =
(

u0eiΩt + ur ei(Ω−ω)t + ubei(Ω+ω)t
)

(1− i
√

2ηx).

−→ Approximate system (ψ̃e, ψ̃g).

 Step 2: Interaction frame. Let
φ̃e = S(−t)eiΩt/2ψ̃e, φ̃g = S(−t)e−iΩt/2ψ̃g . The system
becomes

i∂t φ̃e = eiΩtS(−t)(uLD + u∗LD)S(t)φ̃g , (t , x) ∈ (0,T )× R,

i∂t φ̃g = e−iΩtS(−t)(uLD + u∗LD)S(t)φ̃e, (t , x) ∈ (0,T )× R,

φ̃e(0, x) = ψ0
e(x), φ̃g(0, x) = ψ0

g(x), x ∈ R.
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Formal derivation: the averaging approximation

 Computation of S(−t)xS(t). Remark that
√

2x = a + a† and
that eitωA(a + a†)e−itωA = e−iωta + eiωta†. Hence

eiΩtS(−t)(uLD + u∗LD)S(t)
= u0e2iΩt

(
1− iη

(
e−iωta + eiωta†

))
+ u∗0

(
1 + iη

(
e−iωta + eiωta†

))
+ur ei(2Ω−ω)t

(
1− iη

(
e−iωta + eiωta†

))
+u∗r eiωt

(
1 + iη

(
e−iωta + eiωta†

))
+ubei(2Ω+ω)t

(
1− iη

(
e−iωta + eiωta†

))
+u∗be−iωt

(
1 + iη

(
e−iωta + eiωta†

))
.

 Averaging: Cancel all oscillatory terms !
Yields Law-Eberly equations by setting vb = −iηub, vr = −iηur
as announced.
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Our approach

Our approach is as follows:
1 To precisely measure the error done in the previous

approximations for initial and target data in V 2
M .

2 To truncate initial and target data to go back to the
previous item
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Approximate controllability in V 2
M

Let M ∈ N.

From Law-Eberly’s theorem, the time should be

T ≥ T ∗ =
(M + 1)π

K0
+ 2

π

K1

M∑
j=1

1√
j

under the constraints |u0| ≤ K0 et |vb|, |vr | ≤ K1.

We want to consider the constraints |u0|, |ur |, |ub| ≤ K . Since
vb = −iηub and vr = −iηur , we take K0 = K and K1 = ηK : for
η ≤ 1/2

√
M,

TK =
3π
√

M
η

.

Fix T as above.
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Approximate controllability in V 2
M

Let (ψ0
e, ψ

0
g) and (ψ1

e, ψ
1
g) in V 2

M of unit (L2)2-norm.

Define (φ0
e, φ

0
g) = (ψ0

e, ψ
0
g) and

(φ1
e, φ

1
g) =

(
S(−T ) exp(iΩT/2)ψ1

e,S(−T ) exp(−iΩT/2)ψ1
g
)

Then Law-Eberly’s theorem provides a control u that steers
solutions of Law-Eberly approximate equations (3) from (φ0

e, φ
0
g)

to β(φ1
e, φ

1
g), for β ∈ C of unit modulus.

In the sequel, we always consider this control !
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Approximate controllability in V 2
M

Theorem

Let (ψ0
e, ψ

0
g) and (ψ1

e, ψ
1
g) in V 2

M and the above control:
∀δ > 0,∃η0 = η0(δ,M), ∃ρ0 = ρ0(δ,M), s. t. ∀K , ∀(ω,Ω) with
2Ω ≥ 3ω and

η ≤ η0, TK =
3π
√

M
η

,
ωη

K
≥ ρ0,

the solution of the complete system (1) with initial data (ψ0
e, ψ

0
g)

satisfies ∥∥∥(ψe(T ), ψg(T ))− β(ψ1
e, ψ

1
g)
∥∥∥

0×0
≤ δ.
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Sketch of the proof

In the interaction frame:

ξe = S(−t)eiΩt/2ψe, ξg = S(−t)e−iΩt/2ψg .

Compare these with the functions (φe, φg).

In the interaction frame, the equations read as follows:{
i∂tξe = eiΩtS(−t)(u + u∗)S(t)ξg ,

i∂tξg = e−iΩtS(−t)(u + u∗)S(t)ξe,
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Sketch of the proof

We set εe(t , x) = ξe − φe, εg(t , x) = ξg − φg , and we have to
study
(with f = u + u∗, fLD = uLD + u∗LD with Lamb-Dicke
approximation, and fLE Law-Eberly approximation)

i∂tεe = eiΩtS(−t)f (t , x)S(t)εg + eiΩtS(−t)(f − fLD)S(t)φg

+
(

eiΩtS(−t)fLDS(t)− fLE (t , x)∗
)
φg , (t , x) ∈ (0,T )× R,

i∂tεg = e−iΩtS(−t)f (t , x)S(t)εe + e−iΩtS(−t)(f − fLD)S(t)φe

+
(

e−iΩtS(−t)fLDS(t)− fLE (t , x)
)
φg , (t , x) ∈ (0,T )× R,

εe(0) = 0, εg(0) = 0.

blue: Error coming from the Lamb-Dicke approximation.
red: Error coming from the averaging approximation.
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Sketch of the proof

Can be put under the form{
i∂tεe = eiΩtS(−t)f (t , x)S(t)εg + hLDe(t , x) + ∂thme(t , x),

i∂tεg = e−iΩtS(−t)f (t , x)S(t)εe + hLDg(t , x) + ∂thmg(t , x).

with

hLDe(t , x) = eiΩtS(−t)(f (t)− fLD(t))S(t)φg(t),

hme(t , x) =

∫ t

0

(
eiΩsS(−s)fLD(s, x)S(s)− fLE (s, x)∗

)
φg(s) ds, · · ·

We prove ‖hLD‖0 ≤ Cη2K (M + 1) and

‖hme‖0 ≤ C
K

ω − K
(M + 1)3/2.

Then, by energy techniques, supt∈[0,T ]

∥∥(εe(t), εg(t))
∥∥

0×0 is
small for η small and ωη/K large.
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In (L2)2

For δ > 0, we set M large enough so that dist((ψ0
e, ψ

0
g),V 2

M) and
dist((ψ1

e, ψ
1
g),V 2

M) are small. We then look at (ψ̃0
e, ψ̃

0
g), (ψ̃1

e, ψ̃
1
g)

in (V 2
M)2 of unit norm s.t.∥∥∥(ψ0

e, ψ
0
g)− (ψ̃0

e, ψ̃
0
g)
∥∥∥

0×0
≤ δ

3
,
∥∥∥(ψ1

e, ψ
1
g)− (ψ̃1

e, ψ̃
1
g)
∥∥∥

0×0
≤ δ

3
.

We then apply the previous theorem to (ψ̃0
e, ψ̃

0
g), (ψ̃1

e, ψ̃
1
g), with

the parameters as in the previous theorem∥∥∥(ψe(T ), ψg(T ))− β(ψ1
e, ψ

1
g)
∥∥∥

0×0
≤ δ.

Indeed, the truncature error stays constant.
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In D(Ak/2)2

Again, two main steps:
In V 2

M for ‖(·, ·)‖k×k

For data in D(Ak/2), a truncation argument with M large
enough.
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In V 2
M

Theorem

For (ψ0
e, ψ

0
g) and (ψ1

e, ψ
1
g) in V 2

M , and the control constructed
above:
∀δ > 0, ∃ηk = ηk (δ,M),∃ρk = ρk (δ,M), s.t. ∀K , ∀(ω,Ω) with
2Ω ≥ 3ω and

η ≤ ηk , TK =
3π
√

M
η

,
ωη

K
≥ ρk ,

the solution of the exact system (1) with initial data (ψ0
e, ψ

0
g)

satisfies ∥∥∥(ψe(T ), ψg(T ))− β(ψ1
e, ψ

1
g)
∥∥∥

k×k
≤ δ.

Sylvain Ervedoza Approximate controllability for a single trapped ion



Intro Cauchy Approximations Justification Conclusion In V 2
M In (L2)2 In D(Ak/2)2

Sketch of the proof

We do as before, except that we need stronger estimates on
the error terms:

‖hLD(t , x)‖k ≤ C1(k)η2K (M + 1)(k+2)/2,

‖hm(t , x)‖k ≤ C2(k)
K

(ω − K )
(M + 1)(k+3)/2.

 Yields the proof similarly by standard energy estimates.
(induction on k ).
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In D(Ak/2)

Theorem

Let (ψ0
e, ψ

0
g) and (ψ1

e, ψ
1
g) in D(Ak/2)2 of unit (L2)2-norm.

Then ∀δ > 0, ∃(ℵ, ηk , ρk ), such that for (ω,Ω) with 2Ω ≥ 3ω
and

η ≤ ηk , KT = ℵ/η, ωη

K
≥ ρk ,

there exists a control u(t , x) as above, satisfying the additional
constraints

sup{|u0(t)|, |ur (t)|, |ub(t)|} ≤ K .

such that the solution (ψe, ψg) of (1) with initial data (ψ0
e, ψ

0
g)

satisfies, for some β ∈ C of modulus 1,∥∥∥(ψe(T ), ψg(T ))− β(ψ1
e, ψ

1
g)
∥∥∥

k×k
≤ δ.
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A word on the proof

Again, we do a truncation argument, but this is more subtle !

 The truncature (εe, εg) is solution of
i∂tεe = eiΩtS(−t)f (t , x)S(t)εg , i∂tεg = e−iΩtS(−t)f (t , x)S(t)εe.
But the equation is not isometric on D(Ak/2)2 !

One shall do a commutator estimate

< f (t , x)ψ1,Akψ2 >=< f (t , x)Ak/2ψ1,Ak/2ψ2 > + a reminder.
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To bound the reminder

To bound the reminder, we use

sup
{
‖∂x f‖L∞((0,T )×R) , · · · ,

∥∥∥∂k
x f
∥∥∥

L∞((0,T )×R)

}
≤ C Kη,

But the time is given T '
√

M
Kη

.

We then obtain

sup
t∈[0,T ]

∥∥(εe(t), εg(t))
∥∥
`×` ≤ C

√
M sup

t∈[0,T ]

∥∥(εe(t), εg(t))
∥∥

(`−1)×(`−1)

+
∥∥(εe(0), εg(0))

∥∥
`×` .

Miracle !
√

M sup
t∈[0,T ]

∥∥(εe(t), εg(t))
∥∥

(`−1)×(`−1)
' δ

M(k−`)/2 ,∥∥(εe(0), εg(0))
∥∥
`×` '

δ

M(k−l)/2 .
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Conclusion

Constructive method in the limits

η � 1, KT = ℵ/η, ωη

K
� 1,

based on the finite dimension.
Remark: We have estimates on ℵ when the initial and
target states are in D(Ak/2)2 and we control approximately
in D(A`/2)2 pour ` < k .
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Conclusion

Can we do better than Law Eberly on the simplified model
? For instance, we used only two controls.
 Problem in combinatorics and graph theory.
Cf Brockett’s talk
More intricate models ? Two ions coupled through
oscillations...
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Conclusion

Can we do local exact controllability ?
Preliminary question : Consider

i∂tψ = (−∂xx + x2)ψ + f (t)η(x)ψ, (t , x) ∈ (0,T )× R.

Local exact controllability of this equation around the
ground state trajectory exp(−iλ0t)Ψ0?

Can we choose a profile function η = η(x) such that any
initial data ψ0 near Ψ0, there exists a real valued control
function f = f (t), such that the solution ψ satisfies
ψ(T ) = exp(−iλ0T )Ψ0 ?
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Thanks

Thank you for the attention !

Based on
S. Ervedoza and J.-P. Puel. Approximate controllability for a
system of Schrödinger equations modeling a single trapped
ion. Ann. Inst. H. Poincaré Anal. Non Linéaire,
26(6):2111–2136, Nov.–Dec. 2009
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