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Abstract

We propose two approximate dynamic programming methods to optimize the distribution oper-
ations of a company manufacturing a certain product at multiple production plants and shipping
it to different customer locations for sale. We begin by formulating the problem as a dynamic
program. Our first approximate dynamic programming method uses a linear approximation of
the value function and computes the parameters of this approximation by using the linear pro-
gramming representation of the dynamic program. Our second method relaxes the constraints
that link the decisions for different production plants. Consequently, the dynamic program de-
composes by the production plants. Computational experiments show that the proposed methods
are computationally attractive, and in particular, the second method performs significantly better
than standard benchmarks.



Supply chain systems with multiple production plants provide protection against demand uncertainty
and opportunities for production smoothing by allowing the demand at a particular customer location
to be satisfied by different production plants. However, managing these types of supply chains
requires careful planning. When planning the distribution of products to the customer locations,
one has to consider many factors, such as the current inventory levels, forecasts of future production
quantities and forecasts of customer demands. The decisions for different production plants interact

and a decision that maximizes the immediate benefit is not necessarily the “best” decision.

In this paper, we consider the distribution operations of a company manufacturing a certain prod-
uct at multiple production plants and shipping it to different customer locations for sale. A certain
amount of production, which is not a decision, occurs at the production plants at the beginning of
each time period. Before observing the realization of the demand, the company decides how much
product should be shipped to the customer locations. Once a certain amount of product is shipped
to a particular customer location, revenue is earned on the sales and shortage cost is incurred on
the unsatisfied demand. The product cannot be stored at the customer locations and the left over
product at the customer locations is disposed, possibly at a salvage value. The left over product at

the production plants is stored until the next time period.

Our work is motivated by the distribution operations of a company processing fresh produce that
will eventually be sold at local markets. These markets are set up outdoors for short periods of time,
prohibiting the storage of the perishable fresh produce. However, the processing plants are equipped
with storage facilities. Depending on the yield of fresh produce, the production quantities at the

processing plants fluctuate over time and are not necessarily deterministic.

In this paper, we formulate the problem as a dynamic program and propose two approximate
dynamic programming methods. The first method uses a linear approximation of the value function
whose parameters are computed by using the linear programming representation of the dynamic pro-
gram. The second method uses Lagrangian relaxation to relax the constraints that link the decisions
for different production plants. As a result of this relaxation, the dynamic program decomposes by

the production plants and we concentrate on one production plant at a time.

Our approach builds on previous research. Hawkins (2003) proposes a Lagrangian relaxation
method applicable to dynamic programs in which the evolutions of the different components of the
state variable are affected by different types of decisions, but these different types of decisions in-
teract through a set of linking constraints. More recently, Adelman & Mersereau (2004) compare
the Lagrangian relaxation method of Hawkins (2003) with an approximate dynamic programming

method that uses a separable approximation of the value function. The parameters of the separable



approximation are computed by using the linear programming representation of the dynamic pro-
gram. When applied to the inventory allocation problem described above, both of these methods run
into computational difficulties. For example, the Lagrangian relaxation method of Hawkins (2003)
requires finding a “good” set of Lagrange multipliers by minimizing the so-called dual function. One
way of doing this is to solve a linear program, but the number of constraints in this linear program is
very large for our problem class. We use constraint generation to iteratively construct the constraints
of this linear program, and show that this can be done efficiently because constructing a constraint
requires simple sort operations. Another way of finding a “good” set of Lagrange multipliers is to
use Benders decomposition to represent the dual function by using a number of cutting planes. We
show that we can keep the number of cutting planes at a manageable level by using results from
the two-stage stochastic programming literature and constructing a cutting plane requires simple
sort operations. The approximate dynamic programming method of Adelman & Mersereau (2004)
computes the parameters of the separable value function approximation by solving a linear program
whose number of constraints is very large for our problem class. We use constraint generation to
iteratively construct the constraints of this linear program and show that constructing a constraint
requires solving a min-cost network flow problem. Finally, we show that the value function approxi-
mations obtained by the two methods are computationally attractive in the sense that applying the

greedy policies characterized by them requires solving min-cost network flow problems.

The approximate dynamic programming field has been active within the past two decades. Most
of the work attempts to approximate the value function V'(-) by a function of the form , - ax Vi(-),
where {Vj(-) : k € K} are fixed basis functions and {ay : k € K} are adjustable parameters. The
challenge is to find parameter values {ay, : k € K} such that ), . dy Vi(-) is a “good” approxi-
mation of V(-). Temporal differences and @Q-learning use sampled trajectories of the system to find
“good” parameter values (Bertsekas & Tsitsiklis (1996)). On the other hand, linear programming-
based methods find “good” parameter values by solving a linear program (Schweitzer & Seidmann
(1985), de Farias & Van Roy (2003)). Since this linear program contains one constraint for every
state-decision pair, it can be very large and is usually solved approximately. Numerous successful
applications of approximate dynamic programming appeared in inventory routing (Kleywegt, Nori
& Savelsbergh (2002), Adelman (2004)), dynamic fleet management (Powell & Carvalho (1998),
Godfrey & Powell (2002), Topaloglu & Powell (2006)), revenue management (Adelman (2005)), mar-
keting (Bertsimas & Mersereau (2005)) and resource allocation under incomplete information (Yost
& Washburn (2000)). Of particular interest to us are the papers by Bertsimas & Mersereau (2005),
Yost & Washburn (2000) and Adelman (2005). The first two of these papers are applications of
the Lagrangian relaxation method of Hawkins (2003), whereas the third one is an application of the

linear programming-based method of Adelman & Mersereau (2004).



The literature on inventory allocation under uncertainty is rich and there exist a variety of ap-
proaches that are quite different than ours. We refer the reader to Graves, Kan & Zipkin (1981),
Tayur, Ganeshan & Magazine (1998) and Zipkin (2000) for detailed treatments of various approaches.
Two particularly interesting papers that emerge from this literature are Karmarkar (1981) and Kar-
markar (1987), where the author characterizes the form of the optimal policy and give bounds on the
optimal objective value for a multiple-period multiple-location newsvendor problem that is similar

to the problem considered in this paper.

In this paper, we make the following research contributions. We propose two approximate dy-
namic programming methods for a stochastic nonstationary multiple-plant multiple-customer in-
ventory allocation problem. Our first method uses a linear approximation of the value function and
computes the parameters of this approximation by using the linear programming representation of the
dynamic program. We show how to solve this linear program efficiently by using constraint genera-
tion. This is one of the few nontrivial linear programming-based approximate dynamic programming
methods where the underlying linear program can be solved efficiently. Our second method uses
Lagrangian relaxation to relax the constraints that link the decisions for different production plants.
We propose two approaches for minimizing the dual function, one of which is based on constraint
generation and the other one is based on Benders decomposition. We show that constructing a con-
straint in constraint generation or constructing a cutting plane in Benders decomposition requires
simple sort operations. Finally, we show that the greedy policies obtained by these two approximate
dynamic programming methods can be applied by solving min-cost network flow problems. Compu-
tational experiments show that our methods yield high-quality solutions. They also provide insights

into the conditions that render stochastic models more effective than deterministic ones.

The paper is organized as follows. Section 1 describes the problem and formulates it as a dynamic
program. Section 2 describes our first solution method that uses a linear approximation of the value
function, whereas Section 3 describes our second solution method that uses Lagrangian relaxation.
Section 4 shows that applying the greedy policies obtained by either one of these two solution methods

requires solving min-cost network flow problems. Section 5 presents our computational experiments.

1. Problem Formulation

There is a set of plants producing a certain product to satisfy the demand occurring at a set of
customer locations. At the beginning of each time period, a certain amount of production occurs
at each plant. Due to the randomness in the yield of the production processes, we assume that
the production quantities at the plants are random. Before observing the demand at the customer

locations, we have to decide how much product to ship from each plant to each customer location.



After shipping the product to the customer locations, we observe the demand. The unsatisfied
demand is lost. The left over product at the customer locations is disposed at a salvage value, but
the plants can store the product. Our objective is to maximize the total expected profit over a finite

horizon. We define the following.

7 = Set of time periods in the planning horizon. We have 7 = {1, ..., 7} for finite 7.
P = Set of plants.
C = Set of customer locations.

cijt = Cost of shipping one unit of product from plant ¢ to customer location j at time

period t.
p;jt = Revenue per unit of product sold at customer location j at time period ¢.
oj+ = Salvage value per unit of unsold product at customer location j at time period .

mj: = Shortage cost of not being able to satisfy a unit of demand at customer location j

at time period t.
hi;+ = Holding cost per unit of product held at plant ¢ at time period ¢.
@it = Random variable representing the production at plant ¢ at time period t.

Dj; = Random variable representing the demand at customer location j at time period ¢.

We assume that pj; + 75 > o0y, the production and demand occur in discrete quantities, and
the production and demand random variables for different plants, different customer locations and
different time periods are independent of each other and have finite supports. We let U be an upper
bound on the production random variables {Q;; : i € P, t € 7} and S be an upper bound on the

demand random variables {Dj; : j € C, t € T}. We define the following decision variables.

u;j¢ = Amount of product shipped from plant i to customer location j at time period ¢.

w;¢ = Total amount of product shipped to customer location j at time period t. That is,
we have wj; = ), p Uit

x;; = Amount of product held at plant ¢ at time period ¢.

r;+ = Beginning inventory at plant ¢ at time period t after observing the production.

We assume that the shipments occur in discrete quantities and the shipment costs are incurred on a
per-unit basis. In particular, we do not consider the economies of scale. Furthermore, we assume that

we are not allowed to hold more than L units of product at any plant. Therefore, since the production



random variables are bounded by U, the inventory at any plant is bounded by U + L. We emphasize
that the production quantities are modeled as exogenous random variables for ease of notation. We
can easily model the production quantities as decision variables by letting {q; : i € P, t € T} be
the decision variables representing the production quantities and {&;; : i € P, t € T} be the random
variables representing the yield of the production processes. In this case, we need to include the
production costs in the list of cost parameters and the production decision variables in the list of

decision variables above. The results in the paper continue to hold without almost any modifications.

By suppressing one or more of the indices in the variables defined above, we denote a vector
composed of the components ranging over the suppressed indices. For example, we have Q; = {Q :
i € P}y, re = {ri : i € P}. We do not distinguish between row and column vectors. We denote the
cardinality of set A by |.A|. In the remainder of this section, we define the one-period expected profit

function and formulate the problem as a dynamic program.

1.1. One-period expected profit function

If the amount of product shipped to customer location j at time period ¢ is wj; and the demand is
Dy, then the obtained profit is
Fji(wj¢, Dj¢) = pjr min{wje, Dji} + o max{wj; — Dj¢, 0} — mj max{Dj; — w;,0}.

Letting Fji(wj) = E{th(wjt,Djt)}, Fji(wj) is the expected profit obtained at time period ¢ by
shipping wj; units of product to customer location j. Using the fact that the random variable
Dj; takes integer values and pj; + 7y > 0j;, we can show that Fj;(-) is a piecewise-linear concave
function with points nondifferentiability being a subset of positive integers. In this case, Fj(-) can
be characterized by specifying Fj;(0) = —mj; E{Djt} and the first differences Fj;(wj; + 1) — Fji(wj¢)
for all wj; = 0,1,.... The latter can be computed by noting that

Fji(wje + 1, Dji) — Fje(wje, Dji) = {th D =

pjt +mj otherwise,

which implies that
Fjp(wje +1) = Fje(wje) = B{ Fjp(wje + 1, Dji) — Fje(wje, Djr) }
= 0t P{Djt <wji} + [pji + mje) P{Djr > wje + 1} (1)
Since the random variable Dj; is bounded by S, we have Fj;(s+1)—Fj(s) = oj; foralls = S, S+1, ...
by (1). Therefore, letting fjo = Fji(s + 1) — Fji(s), we can characterize Fj;(-) by specifying F};(0)
and fjgq for all s =0,...,5.
1.2. Dynamic programming formulation

Using r; as the state variable at time period ¢, we can formulate the problem as a dynamic program.

Since the inventory at any plant is bounded by U + L, letting R = U + L and R = {0,..., R}, we



use RIPl as the state space. In this case, the optimal policy can be found by computing the value

functions through the optimality equation

Vi(ry) = max — Z Z Cijt Wijt + Z Fji(wj) — Z F;(0) — Z hit it + E{Vig1(ze + Qi11)} (2)

i€P jeC jec jec i€EP
subject to x; + Z Ujjt = Tt ViecP (3)
jec
Zuijt—wjtzo V]GC (4)
i€P
xy < L VieP (5)
Uijt, Wity Tig € Ly VieP, jeCl. (6)

The reason that we subtract the constant } ... F:(0) from the objective function will be clear in
the proof of Lemma 1 below. Constraints (3) are the product availability constraints at the plants,
whereas constraints (4) keep track of the amount of product shipped to each customer location.

Lemma 1, which we prove in the appendix, gives an alternative representation of problem (2)-(6).

Lemma 1. The optimality equation

s
Vi(ri) = max Z Z Z [fist = cijt]Yijst — Z hit it + E{Viy1(ze + Qei1) } (7)

i€P jEC s=0 i€P
s
subject to  x; + Z Zyijst =Ty VieP (8)
jec s=0
D yijse <1 VjeC, s=0,...,8—1 (9)
i€P
Ty < L VieP (10)
xit,yijstEZJr VieP, jel, s=0,...,5 (11)

is equivalent to the optimality equation in (2)-(6). In particular, if (z},y;) is an optimal solution to
problem (7)-(11), and we let uf = Zf:o Yijst and wi, = Yicp Zf:o Yjjse for alli € P, j € C, then
(uy,wy,xy) is an optimal solution to problem (2)-(6). Furthermore, the optimal objective values of

problems (2)-(6) and (7)-(11) are equal to each other.

Throughout the paper, we use the optimality equation in (7)-(11). Letting Y(r¢) be the set of
feasible solutions to problem (7)-(11) and

s
pr(@e,ye) = > Y Y [fist — it igst — > bt T,

i€P jeC s=0 i€P

this optimality equation can succinctly be written as

Vi(r)) =  max pe(ze ye) + E{ Vi1 (@ + Quy1) } ¢- (12)
(zt,yt) €Y (re)



2. Linear Programming-Based Approximation

In this section, we approximate V;(ry) with a linear function of the form 6; + ZieP i e and use
the linear programming representation of the dynamic program in (12) to decide what values we
should pick for {6; : ¢t € T} and {0+ : i € P, t € T}. Previous research in Powell & Carvalho (1998),
Papadaki & Powell (2003) and Adelman (2005) shows that linear value function approximations can

yield high-quality solutions in the fleet management, batch service and revenue management settings.

Associating positive weights {a(r1) : 71 € RIP!} with the initial states, it is well-known that the

value functions can be computed by solving the linear program

min Z a(ry)vi(ry) (13)

7"167?,'73‘
subject to  vy(re) = pe(ae, ye) + E{vis1 (@+Quy1) }

Ve RIPL () € V(r), te T\ {r}  (14)

vr(r7) > pr(2r, yr) Vor, € R|P|a (zr,yr) € V(rr), (15)

where {v(r¢) : s € RIPI, t € T} are the decision variables. Letting {v}(r¢) : 7, € RIPI t € T} be
an optimal solution to this problem, if the weight for a particular initial state r; satisfies a(r1) > 0,
then we have vi(r;) = Vi(r1) (Puterman (1994)). Problem (13)-(15) has 7|R|I”! decision variables

and ) e >, eripl | V(rt)] constraints, which can both be very large.

To deal with the large number of decision variables, we approximate V;(r;) with a linear function
of the form 0y + 3, p Vit 5. To decide what values to pick for {0y :t € 7} and {¥;; :i € P, t € T},

we substitute 6; + Y. p Vit ri¢ for ve(ry) in problem (13)-(15) to obtain the linear program

min Z a(r) b + Z Za(7“1)7"i119z‘1 (16)

TlERIP‘ TlER‘PI 1€EP
subject to 0y + Z it Vit > pe(Te, yr) + Opp1 + Z [zit + E{Qit11}] i1
i€P iEP
Vo € ’R/|'P|’ (xtayt) € y(”)? le T\ {T} (17)
0r + ZWT Vir > pT(x’Ta yT) Ve R'P‘, (xT7 yT) € y(ﬁ—), (18)
iEP

where {0, :t € T}, {0+ : i € P, t € T} are the decision variables. The set of feasible solutions to the
problem above is nonempty, since we can obtain a feasible solution {ét :te T}, {@zt 1eP, teT}

by letting p; = max, c»| {max(%yt)ey(rt)pt(:z:t, yt)}, 6, = > p—y by and Uy =0forallieP, teT.

The following proposition shows that we obtain upper bounds on the value functions by solving
problem (16)-(18). Results similar to Proposition 2 below and Proposition 5 in Section 3 are shown
in Adelman & Mersereau (2004) for infinite-horizon problems. Our proofs are for finite-horizon

problems and tend to be somewhat simpler.



Proposition 2. If {0; :t € T}, {0y :i € P, t € T} is a feasible solution to problem (16)-(18), then
we have Vi(ry) < 0, + Y icp Oir it forallry e RIPl teT.

Proof. We show the result by induction. It is easy to show the result for the last time period.
Assuming that the result holds for time period ¢ + 1 and using the fact that {6 : t € T}, {Jy : i €
P, t € T} is feasible to problem (16)-(18), we have

0; + Z Dip it > ( max {pt(ﬂft,yt) + E{étJrl + Z 1§i,t+1 [zt + Qi1 }}

gy Tt,y1) €V (1) s

> max {Pt(xnyt) + E{ Vi1 (z + Qt+1)}} =Vi(ry). O
(zt,yt) €V (1)
The proposition above also shows that the optimal objective value of problem (16)-(18) is bounded
from below by > cr i @(r1) Vi(r1), which implies that problem (16)-(18) is bounded.

The number of decision variables in problem (16)-(18) is 74 7|P|, but the number of constraints
is still as many as that of problem (13)-(15). We use constraint generation to deal with the large
number of constraints. The idea is to iteratively solve a master problem, which has the same objective
function and decision variables as problem (16)-(18), but has only a few of the constraints. After
solving the master problem, we check if any of constraints (17)-(18) is violated by the solution. If
there is one such constraint, then we add this constraint to the master problem and resolve the
master problem. In particular, letting {0; : t € T}, {0 : i € P, t € T} be the solution to the

current master problem, we solve the problem
max max T, Yt) + Y x; } — D i 19

e cRIP] { (@090 (re) {pt( t yt) ;; i,t+1 Lit ;) it zt} ( )
for all t € T\ {7} to check if any of constraints (17) is violated by this solution. Letting (7, &, §¢)
be an optimal solution to problem (19), if we have py(Z¢, ) + > ;cp 1§i7t+1 Tit — D iep it Fir > Op —
ét+1 — D iep E{Qi,tH} 19i,t+1v then the constraint

0 + Z it Vit > pe(Te, Ut) + Opp1 + Z [Zit + E{Qi 41} ]0iss1

i€P ieP

is violated by the solution {0; : t € T}, {Jy : i € P, t € T}. We add this constraint to the master

problem and resolve the master problem. Similarly, we check if any of constraints (18) is violated by

the solution {6; : t € T}, {Jy :i € P, t € T} by solving the problem

max { (mﬁ;gaé};](”) {pT(x’ﬁ yT)} - Z éiT Ti’r}' (20)

[Pl
rrER ieP

We summarize the constraint generation idea in Figure 1.



Fortunately, problems (19) and (20) are min-cost network flow problems, and hence, constraint
generation can be done efficiently. To see this, we write problem (19) as

S
max Z Z Z [fjst - Cijt} Yijst + Z [éi,t-i-l — hzt] Tit — Z éit Tit

i€P jeC 5=0 ieP ieP
subject to  (9), (10)

S

Tit+ Y Y Yijst —Tie =0 Viep (21)
jec s=0

rie < R VieP (22)

Tity Tity Yijst € Ly VieP,jel, s=0,...,5.

We let {n;; : i € P} be the slack variables for constraints (22). We define new decision variables
{Gst : j€C, s=0,...,5 — 1}, and using these decision variables, we split constraints (9) in the
problem above into Y, p yijst — (jst = 0 and (i < 1forall j € C, s =0,...,5—1. In this case, the

problem above can be written as

S
max Z Z Z [fist = cije] yigst+ Z [@i,t-‘rl — hig) i — Zﬁit Tit (23)

i€P jEC s=0 icP P

subject to  (10), (21) (24)
rit +10it = R VieP (25)
Zyzjst—sttZO Vjecl, s=0,...,5-1 (26)
icP
Gist <1 vjiel,s=0,...,5—-1 (27)

Tity Tity Yijst, Nit> Gjs't € Loy VieP,jel s=0,...,5 §=0,...,5—1. (28)

Defining three sets of nodes O = P, O = P and O3 = C x {0,...,S — 1}, it is easy to see that
problem (23)-(28) is a min-cost network flow problem that takes place over a network with the set
of nodes O1 | O2 | O3 J{¢} shown in Figure 2. Corresponding to each decision variable in problem
(23)-(28), there exists an arc in the network in Figure 2. The arc corresponding to decision variable
1+ leaves node ¢ € O; and enters node ¢ € Oy. The arc corresponding to decision variable x;; leaves
node ¢ € Oz and enters node ¢. Whenever s € {0,...,S5 — 1}, the arc corresponding to decision
variable y;js leaves node i € Oy and enters node (j,s) € O3. The arc corresponding to decision
variable y;js: leaves node i € Oz and enters node ¢. The arc corresponding to decision variable
nit leaves node ¢ € Op and enters node ¢. Finally, the arc corresponding to decision variable (jg
leaves node (j,s) € O3 and enters node ¢. Constraints (25), (21) and (26) in problem (23)-(28) are
respectively the flow balance constraints for the nodes in O, O2 and O3. The flow balance constraint

for node ¢ is redundant and omitted in problem (23)-(28). The supplies of the nodes in O; are R.

We note that problem (20) is also a min-cost network flow problem, since it is a special case of

problem (19).
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3. Lagrangian Relaxation-Based Approximation

This section proposes a method to approximate the value functions that is based on the observation
that if we relax constraints (9) in problem (7)-(11), then the set of feasible solutions to this problem
decomposes by the elements of P. Associating positive Lagrange multipliers {\jst : j € C, s =

0,...,5—1, t € T} with these constraints, this suggests solving the optimality equation

S
V) (r) = max Z Z Z [fist — Cijt| Yijst — Z hit i

i€P jeC s=0 i€P
S—1
YD N [1 -y yz‘jst} +E{V (2 + Q1)) (29)
jEC 5=0 ieP
subject to  (8),(10), (11) (30)
Yijst < 1 VieP, jeC, s=0,...,5—1, (31)

where we use the superscript A to emphasize that the solution depends on the Lagrange multipliers.
Recalling constraints (9), we note that constraints (31) would be redundant in problem (7)-(11), but

we add them to problem (29)-(31) to tighten the relaxation. For ease of notation, we let

s
Vi(ri) = {(:rit,yit) €74 % ZE“HS) R Z Zyijst =Tt

jec s=0
zy < L

Yijst <1 VjEC,s:O,...,S—l},

S
pzt Tit, y’Lt E E f]st Czyt Yijst — hit i,

jeC s=0

where we use yi = {yijst : j €C, s =0,...,5}. In this case, problem (29)-(31) can be written as

S—1
VAr) =max Y pulmin,vi) + YD Ajst [1 -3 yijst} +E{V (2 + Q1)) (32)
icP jec s=0 i€P
subject to  (zit, yir) € Vi(rit) VieP. (33)

The benefit of this method is that the optimality equation in (32)-(33) decomposes into |P| optimality

equations, each involving a one-dimensional state variable.

Proposition 3. If {Vlﬁ(m) :rit € R, t € T} is a solution to the optimality equation

Vii\(rit) = max (ri2) {pzt Lt yzt Z Z )\]st Yijst + E{ it+1 xzt + Qz t—i—l)}} (34)
Tit

(wit,Yit) €V JeC 5=0

for all i € P, then we have

. S—1
SOED I IPIENEDACDE

t'=t jeC s=0 ieP

11



Proof. We show the result by induction. It is easy to show the result for the last time period.
Assuming that the result holds for time period ¢t + 1, the objective function in (32) can be written as

5-1
sz‘t(iﬁit, Yit) + Z Z Ajst [1 - Zyijst} Z Z Z Ajstr + ZE{ D (@it + Qir1) }-

1€EP jec s=0 i€EP t'=t+1 jeC s=0 iEP
The result follows by noting that both the objective function above and the feasible set of problem

(32)-(33) decompose by the elements of P. O

Therefore, the optimality equation in (32)-(33) can be solved by concentrating on one plant at
a time. The optimality equation in (34) involves a one-dimensional state variable, but it requires
solving an optimization problem involving 1 + |C|(1 + S) decision variables. The following result

shows that this optimality equation can be solved efficiently.

Lemma 4. Problem (34) can be solved by a sort operation.

Proof. Using backward induction on time periods, it is easy to show that V T +1(7i¢+1) is a concave
function of r;;41 in the sense that VH_I(?“Z +1— 1)+ V, t+1(TZ 41+ 1) < 2V, t+1(7"z t+1) for all
rit+1 = 1,..., R — 1. This implies that IE{ 1 (it + Qig+1 } is also a concave function of x;.
Therefore, letting A1 = { t+1 L+ 14+ Qi1 } IE{ t+1 (04 Qit+1) } forall/=0,...,L—1
and associating the decision variables {z;p 411 : £ =0, ..., L —1} with these first differences, problem

(34) can explicitly be written as

L-1
max Z Z f]st Cz]t Yijst — zt Tit— Z Z Ajst Yijst + E{ i,t+1 Qz 441 } + Z Az[ 41 Zilt+1

jeC s=0 jec s=0 £=0
s
subject to x4 + Z Z Yijst = Tit
jeC s=0
L—1
Tit — Z Zigg+1 =0 (35)
(=0
Yijst < 1 VjielC, s=0,...,5-1 (36)
Zigg+1 < 1 vVi=0,...,L—1 (37)
Tity Yijsts Zitg+1 € Ly vielC, s=0,...,58 ¢=0,...,L —1.

Dropping the constant term in the objective function and using constraint (35) to substitute é::_ol Zit, 441
for z;, the problem above becomes

max Z Z f]st ngt Yijst — Z Z )\jst Yijst + Z lt+1 — zt] Zilt+1

jeC s=0 jec s=0
subject to (3 )(37)

Z Z Yijst + Z Zigt+1 = Tit

jec s=0
Yijsts Zig7t+1€Z+ VjEC, s=0,...,58 ¢=0,...,L—1.
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The result follows by noting that the problem above is a knapsack problem where each item consumes

one unit of space. O

Proposition 5 shows that the optimality equation in (32)-(33) provides upper bounds on the value

functions.

Proposition 5. We have V;(r;) < VXry) for all s € RIP! t € T

Proof. We show the result by induction. It is easy to show the result for the last time pe-

riod. We assume that the result holds for time period ¢t + 1, fix r, € RIPl and let (Te,7) =

argmax(xt’yt)ey(n){pt(xt, yt) + E{V}H(xt + Qt+1)}}. We have

Vi(re) = Zpit(fﬁz‘t, Jit) + E{Vig1 (& + Q1) }
ieP

S—1
< Zpit(i”it, Git) + Z Z Ajst [1 - Z?)i]’st] +E{VA (8 + Q1) } < VN (my),
icP jec s=0 ic€P
where the first inequality follows from the induction assumption and the fact that \j; > 0 for all
jecl,s=0,...,8—1and (&, 4:) € Y(r¢). Noting the objective function of problem (32)-(33), the

second inequality follows from the fact that (Z;, 9i¢) € Vi(ri) for all i € P. O

By Proposition 5, we have Vi(r;) < V{*(r1) for any set of positive Lagrange multipliers. If the
initial state is known, then we can solve miny>q Vl’\(rl) for a particular initial state r; to obtain
the tightest possible bound on the value function at r;. If, however, the initial state is not known
and we need to obtain a “good” approximation to the value function for all possible initial states,
then we can associate positive weights {a(r1) : 71 € RIPI} with the initial states. Assuming that
> reripl a(r1) = 1 without loss of generality, we can obtain a possibly tight bound on the value

function by solving the problem

TR ORI ED i) 3) SUIHEED Wb ST AN

rie€RIPI ri€RIPItET jeC s=0 ri€RIPI i€EP
—mm{zzzW D IDIRTE mmm}
- teT jeC s=0 reRIPIIEP 71 ER
—mm{zzzAng S Gilra >} )
- teT jeC s=0 iEP F1ER

where the first equality follows from Proposition 3, 1(-) is the indicator function and we let 3;(7i1) =
> rert?l 1(ri1 = 741) a(r1). The objective function of problem (38) is called the dual function. In

the following two sections, we propose two methods to minimize the dual function.
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3.1. Constraint generation
In this section, we formulate problem (38) as a linear program that has a large number of constraints.

Similar to Section 2, we deal with the large number of constraints by using constraint generation.

Since {Vi}(rit) : rit € R, t € T} is a solution to the optimality equation in (34), for any set of

Lagrange multipliers A, > . cp >, Bi(ri1) V4(r:1) can be computed by solving the linear program

min Z Z Bi(ri1) vir (ri1)

iEP ri1€ER
S—1
subject to vt (rit) = pir(it, yir) = > Y Njst Uigst + E{vigg1 (@i + Qier1) }
jecC s=0

v Trit € R, (acl-t,yit) c y,'(nt), 1€ 73, t e T\ {7‘} (39)

S—1
Vir (Tir) 2= Pir(Tir, Yir) — Z Z NjsrYijsr Y Tir € Ry (Tir, yir) € Vi(rir), 1 € P, (40)
jec s=0

where {vi (i) : it € R, i € P, t € T} are the decision variables. Therefore, we can find an optimal

solution to problem (38) by solving the linear program

5-1
min Z Z Z Ajst + Z Z Bi(ri1) vi (1) (41)

teT jeC s=0 i€EPri1€ER
subject to  (39), (40) (42)
Ajst =0 vjel, s=0,....5-1,teT, (43)

where {vit(rit) : 14 € R, 1 € P, t € T}, {\jst : j€C, s=0,...,8—1, t € T} are the decision
variables. It is easy to see that the set of feasible solutions to the problem above is nonempty.
Furthermore, Proposition 5 and (38) show that the optimal objective value of this problem is bounded

from below by ZmeR“’\ a(ry) Vi(r).

The number of decision variables in problem (41)-(43) is 7| P||R|+7|C|S, which is manageable, but
the number of constraints is Y e > icp D, er |Vi(rit)|, which can be very large. We use constraint
generation to deal with the large number of constraints, where we iteratively solve a master problem
that has the same objective function and decision variables as problem (41)-(43), but has only a few

of the constraints. The idea is very similar to the one in Section 2.

In particular, letting {0 (ry) : 7t € R, i € P, t € T}, {stt :j€C, s=0,...,85-1,t€T} be

the solution to the current master problem, we solve the problem

S5-1
max {pit(l‘z’t, Yit) — Z Z Njst Yijst + E{ O 1 (it + Qi,t+1)}} (44)

(@it,yie) EVi(T4t) eC =0

for all 7y € R, i € P, t € T\ {7} to check if any of constraints (39) in problem (41)-(43) is

violated by this solution. Letting (&;,9;t) be an optimal solution to problem (44), if we have

14



Dit (iita Zyzt) — EjEC ZSS:_OI j\jst Z-}ijst + E{’f)@t_;_l(i'it + Q¢,t+1)} > Ut (Tit), then the constraint

Vit (rie) > pit(ZTit, it) — Z Z Njst Dijst + E{vip41(Zit + Q1) }
jec s=0

is violated by the solution {0 (ri) :rs € R, i € P, t € T}, {S\jst :j€C, s=0,...,5-1,teT}.
We add this constraint to the master problem and resolve the master problem. Similarly, we solve the
problem max(;, . )eyi(ri,) {piT (@ir, yir)—zjec ZS )\ Njsr yUST} for all r;; € R, i € P to check if any
of constraints (40) in problem (41)-(43) is violated by the solution {0;(ry) : 7t € R, i € P, t € T},
{stt:jec, s=0,...,8—-1,teT}.

If 0; 441(ris+1) is a concave function of 741 in the sense that

Vigr1(riprr — 1) + i1 (Tigr1 + 1) < 20441 (rie1) (45)

for all ;441 = 1,..., R — 1, then problem (44) has the same form as the problem considered in
Lemma 4 and can be solved by a sort operation. This makes constraint generation very efficient.
In general, it is not guaranteed that the solution to the master problem will satisfy (45). To ensure

that (45) is satisfied, we add the constraints
Uit(rit—1)+vit(rit+1) < 2’[)@'15(7“@'15) Vrg=1,....R—1,ieP, teT (46)

to the master problem before we begin constraint generation. By the following lemma, adding
constraints (46) to problem (41)-(43) does not change its optimal objective value. Therefore, we can

add constraints (46) to the master problem without disturbing the validity of constraint generation.

Lemma 6. Adding constraints (46) to problem (41)-(43) does not change its optimal objective value.

Proof. We let {v},(rt) :ris € R, i € P, t € T}, {X,,:j€C, s=0,..., S—1,t €T} be an

jst -
optimal solution to problem (41)-(43) and {V;}" (rit) : ri+ € R, t € T} be obtained by solving the
optimality equation in (34) with the set of Lagrange multipliers A*. As mentioned in the proof of
Lemma 4, we have Vzi‘* (ra — 1)+ V;g\*(rit +1) < 21/;2\*(7‘2-,5) forallry=1,...,R—1,i€P,teT.
We now show that {V) (ri) :rp € R, i €P, t €T}, {Ni,:7€C, s=0,...,8—1, t €T} is also

jst

an optimal solution to problem (41)-(43) and this establishes the result.

Since {V;} (rit) : rit € R, t € T} solves the optimality equation in (34), we have

Vﬁ\ (rzt) > pzt Tit, yzt Z Z )\Jst Yijst + E{ t+1 xzt + Qi t+1)}
jec s=0

for all rjy € R, (xit,yit) € Vi(rit), i € P, t € T. Therefore, {Vzi‘*(ﬂt) crg ER, 1 €P, t€Th,
{)\Jst jel, s=0,...,5-1, t € T} isfeasible to problem (41)-(43). We now show by induction that
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vl (i) > Vlg\*(rlt) forallry € R, i € P, t € T, which implies that {Vli‘* (rie) :rie €ER, 1 €P, t €T},

Ng:7€C, 5=0,...,5—1, t € T} is an optimal solution to problem (41)-(43). It is easy to show
the result for the last time period. Assuming that the result holds for time period ¢ + 1 and noting
constraints (39) in problem (41)-(43), we have
S—1
Vg (rit) > max {pit(ivit, Yit) — Z Z Nigt Yigst + B0}y (e + Qi,t—i—l)}}

(it ,yit) EVi(rae) ec =0

> max (i) {pzt Lit, yzt Z Z )‘jst Yijst + E{ t+1 xzt + Qi t+1)}} = Vzi\ (Tit)' g
Tit

(it,yit )€V ec s=0

3.2. Benders decomposition

We begin this section by showing that >, .p > < Bi(ri) VA (ri1) is a convex function of A. This
result allows us to solve problem (38) through Benders decomposition, which represents the dual

function by using a number of cutting planes that are constructed iteratively.

We use some new notation in this section. In particular, we let 22, (rit), {yi’\jst(mt) cjeC, s=
.,S} be an optimal solution to problem (34). We use the superscript A and the argument
ri+ to emphasize that the solution depends on the Lagrange multipliers and the state. We let Vl?
and Aj; respectively be the vectors {Vzi‘(nt) crig € R} and {Njge = s = 0,...,5 —1}. We let

Y)\

gt = {yi)‘jst(""it) trig € R, s =0,...,5 — 1} be the |R| x S-dimensional matrix whose (7, s)-th

component is yf} o+(rit). Finally, we let P} be the |R| x |R|-dimensional matrix whose (i, 7; ¢+1)-th

component is P{z3,(rit) + Qit+1 = Tits1}-
The following proposition shows that >, » >, cx Bi(ri1) V3 (ri1) is a convex function of .

Proposition 7. For any two sets of Lagrange multipliers A and 5\, we have

—ZYzﬁ\‘tp‘jt Z jt+1 Jt+1 Aj,tﬂ}

jec jec

A pA A 3
- Pit Pi,t+1 E Y;j,tJrQ P‘j,t+2 - >‘j,t+2} e P P 41 zr 1 E zJT ]7' - ]7']
jec jec

forallie P, teT.

Proof. We show the result by induction. It is easy to show the result for the last time period. We
assume that the result holds for time period ¢+ 1. Letting yi),‘f(rit) = {yi)\jst(rit) :jecC, s=0,...,5},

since (23(it), ¥} (ri)) is an optimal solution to problem (34), we have

‘/Z‘?(rit) = Pit(fff\t(ﬁt yzt 7"'Lt Z Z )\]St yzjst th + E{ t+1 zt 7"'Lt +Q; t+1)}
]GC s=0

V?("”zt) > pzt( n(rzt yzt rzt Z Z Ajst Z/Ust Tit +E{ t+1 zt th + Qi t+1)}
jec s=0
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Subtracting the first expression from the second one, we obtain

V;i\ (rit) 7"'Lt Z Z yz]st 7"'Lt jst )\jst]

jec s=0

+ E{V t+1 zt(rlt) + Qz t+1) ‘/;,);f+1($z{\1f(rit) + Qi,t—l—l)}-

The expectation on the right side above can be written as
A
> Plaf(ri) + Qisr = ripia} | Vi (rige) = VA (rien)]
T’i’z+1ER
which implies that (47) can be written in matrix notation as
A A
Vi = Vi 2 = Y ¥ [Ne = Ml + PR [V — Vi),
jec

The result follows by using the induction assumption

A
Vt+1>Vzt+1 Z jt+1 Jt+1 >‘j,t+1 - zt+lz jt+2 Jt+2 >‘j,t+2}
jec jec
Pzt+1Pt+2 ’LT IZ 'LJT JT_
jec

in (48) and noting that the matrix P} has positive entries.

: A _ DA DA A A A A
Letting 117, = Py Py ... Pyy_, Y5, with 117, = Y7, we have
Z Hz]l ]1 Z Hz]2 ]2 - - Z HZ]T JT T ]
jec jec jec

by Proposition 7. In this case, letting [3; be the vector {3;(ri1) : ri1 € R}, we obtain

Z Z Bi(ri1) Tz1 Zﬁz ZZﬁi‘@?—ZZZ@HQ\jt[;\jt—)\jt]-

i€P ri1€ER i€P icP teT i€P jeC

(47)

Ajr]

(49)

Therefore, > ;cp >, cr Bi(ri1) VA (ri1) has a subgradient, and hence, Theorem 3.2.6 in Bazaraa,

Sherali & Shetty (1993) implies that D, cp > . Bi(ri) VA(ri1) is a convex function of .

Our use of Benders decomposition to solve problem (38) bears close resemblance to Benders

decomposition for two-stage stochastic programs (Ruszczynski (2003)). We iteratively solve a master

problem of the form

S—1
min ZZZ)\jst—i—v

te7 jeC s=0
subject to vZZﬁiVii\n—ZZZﬂin‘;[/\jt—/\?t} Vn=1,...,k—1
i€P teT ic€P jeC
Ajst >0 vVjel, s=0,...,.5-1,te

17
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at iteration k, where v, {\j:j €C, s=0,...,5—1, t € T} are the decision variables. Constraints
(51) are the cutting planes that represent the function » ,cp > cr Bi(ri1) VA (ri1) and they are
constructed iteratively by using the solution to the master problem and the subgradient provided
by (49). Since the decision variable v only appears on the left side of constraints (51), it is easy to
see that the set of feasible solutions to the master problem is nonempty. We have k = 1 at the first
iteration. Therefore, the master problem does not include cutting planes at the first iteration and
its optimal objective value is —oo. In practical implementations, we add the constraint v > —M to
the master problem at the first iteration, where M is a large but finite number. This ensures that

the optimal objective value of the master problem is bounded from below by —M.

We let (v¥, \¥) be the solution to the master problem at iteration k. After solving the master
problem, we compute Vzi‘k (ri1) for all r;3 € R, i € P. By Lemma 4, this can be done very efficiently.
From (51), we always have
G ma {zm LYY s m} YAV =S AV ().

ne{l k=1 (5 teT ieP jeC iep i€P reR
where the inequality follows from (49). If we have v* = 3. 5 > rer Bilrin) V{l\k(rﬂ), then for any

set of positive Lagrange multipliers A, we have

ZZZ/\ysﬁZZ@'(M)Vi (ri1) ZZZ)\JstJrv

teT jeC s=0 i€P meR teT jeC s=0
_ZZZ)‘]st max {Zﬁzvﬁ\ ZZZﬂZHUt ]}
teT jeC s=0 ne{l,k=1} ieP teT ieP jeC
S—1
S 3)3) DEPREEEES {z@m“—zzz@ngz [Aﬁ—xzﬂ}
teT jEC s=0 ne{lk—1} | f teT icP jeC
—1
SZZ ]st+2/82 ZZZ)\]st+Z Z /81 Tzl Tzl)
teT jeC s i€EP teT jeC s=0 i€P ri1€R

where the first inequality follows from the fact that (v*, A¥) is an optimal solution to the master prob-
lem and the second inequality follows from (49). Thus, if we have vF =", > rier Bilria) Vl’l\k (rin),
then \* is an optimal solution to problem (38) and we stop. On the other hand, if we have
vk < Yicp Zme’lz Bi(ri1) Vﬁ‘k (r;1), then we construct the constraint

v 4V =33 T B, e - A, (53)

icP teT i€P jeC

add it to the master problem, increase k£ by 1 and resolve the master problem. We summarize the

Benders decomposition idea in Figure 3.

By using an argument similar to the one used to show the convergence of Benders decomposition
for two-stage stochastic programs, we can show that the Benders decomposition method described

above terminates after a finite number of iterations with an optimal solution to problem (38).
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Proposition 8. The Benders decomposition method for solving problem (38) terminates after a

finite number of iterations with an optimal solution.

Proof. There are a finite number of solutions in Y;(7). Therefore, there is a finite set of |R| x S-

dimensional matrices such that Y}, takes a value in this set for any \. Similarly, there exists a finite

ijt
set of |R| x |R|-dimensional matrices such that P} takes a value in this set for any A\. Consequently,

there exists a finite set of S-dimensional vectors such that 3; Hﬁjt takes a value in this set for any A.

Letting pj} be the vector {pi(x} (i), ¥ (i) : rie € R}, we write (34) in matrix notation as

A
t_pzt Z ijt ]t+Pth;t+1
jec

Using this expression and backward induction on time periods, it is easy to show that

A A A A A pA A
Vi =pph+Piph+ P Paps+...+ PYPy.. . P — P — E E L35 Ajt- (54)
teT jec

Since there are a finite number of solutions in Y;(r;), there exists a finite set of |R|-dimensional
vectors such that pf;t takes a value in this set for any A. This implies that there exists a finite set of
scalars such that 5; [Pu +Piph+PAPypy+...+ Py PS5 .. PA 1p”] takes a value in this set for

any A. Using (53) and (54), we write the constraint added to the master problem at iteration k as

k k k
U>Zﬁlpzl+ lpz2 +f)z)i P2 pz3+ +‘Pz>i f)z>2\ . ZT lpm- ZZZﬁlHUt

iEP teT i€P jeC

There exist a finite number of possible values for (; Hf‘; and (; [pil P1 pZ2 P;}k P2 pz3 oot
Pfik Pfik . Pf"ffl pf‘f ] . Therefore, the constraint added to the master problem at iteration £ is one of
the finitely many possible constraints. Using the finiteness of the number of possible cutting planes,
we can show the result by following the same argument in Ruszczynski (2003) that is used to show

the finite convergence of Benders decomposition for two-stage stochastic programs. U

One problem with Benders decomposition is that the number of cutting planes in the master
problem can grow large. We note that since a new cutting plane is added at each iteration, the
objective value of the master problem does not decrease from one iteration to the next. If we drop
the loose cutting planes that are satisfied as strict inequalities from the master problem, then the
objective value still does not decrease from one iteration to the next. It turns out that we can
indeed drop the loose cutting planes from the master problem and still ensure that the Benders

decomposition method terminates after a finite number of iterations with an optimal solution.

Lemma 9. Assume that we drop the loose cutting planes from the master problem at iteration k

whenever the objective value of the master problem at iteration k is strictly larger than the objective
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value at iteration k — 1. In this case, the Benders decomposition method for solving problem (38)

terminates after a finite number of iterations with an optimal solution.

Proof. The proof follows from an argument similar to the one in Ruszczynski (2003) and uses the

finiteness of the number of possible cutting planes. O

In general, dropping all loose cutting planes is not a good idea, since the dropped cutting planes
may have to be reconstructed at the later iterations. In our computational experiments, we drop the

cutting planes that remain loose for 50 consecutive iterations.

We note that we are not restricted with the methods given in Sections 3.1 and 3.2. Since
the objective function of problem (38) is a convex function with subgradients characterized as in
Proposition 7, there exist other methods, such as subgradient search, to minimize this nonsmooth
convex function. For our problem class, Benders decomposition yields small master problems that can
be solved easily. However, subgradient search may be a more attractive option for large applications

where solving the master problem becomes problematic.

4. Applying the Greedy Policy

This section shows that applying the greedy policies characterized by the value function approxima-

tions requires solving min-cost network flow problems.

Letting {6 : t € T}, {9}, : i € P, t € T} be an optimal solution to problem (16)-(18), the value
function approximations obtained by the method given in Section 2 are of the form 5 + 3, 97, 3.
On the other hand, letting {)\;st :j€C, s=0,...,8—1, t € T} be an optimal solution to problem
(38) and noting Proposition 3, the value function approximations obtained by the method given in
Section 3 are of the form

T S—1
DD N+ Vit (ra).

t'=t jEC s=0 i€P

As mentioned in the proof of Lemma 4, V;;\* (ri) is a concave function of ry. Therefore, the value
function approximations obtained by the methods given in Sections 2 and 3 are of the form 0, +

> icp Vit(rit), where 0; is a constant and Vit (r;) is a concave function of 7.

The greedy policy characterized by the value function approximations {6; + Yicp Vit(ry) -t € T}

makes the decisions at time period t by solving the problem

max {pt(xt, yt) + 0; + Z E{Vz’,tﬂ(wit + Qi,t—l—l)}}-

(w1,y) €YV (re) icP
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Since E{ffmﬂ(xit + Qz’,t+1)} is a concave function of x;, letting Ajp 41 = E{Vi,tﬂ (+1+ Qz’,t+1)} —
E{‘z’t+1(€ + Qi,tH)} for all £ = 0,...,L — 1 and associating the decision variables {zj 141 : £ =

0,...,L — 1} with these first differences, the problem above can be written as
S L-1
max > > > [fist — ci)yigst — O hiewie + 0+ > E{Vier1 Qi) } + DD Airyt Ziggat
i€P jEC 5=0 iE€P i€P i€P (=0
S
subject to x; + Z Z Yijst = Tit VieP (55)
jecC s=0
L-1
Tip — Z Zigg+1 =0 VieP (56)
=0
Dy <1 Vjec, s=0,....,8-1 (57)
icP
Zig,t+1§1 VieP, £=0,...,L—1 (58)
Tity Yijsty Ril,t+1 S/ VieP, jEC, s=0,...,58 ¢=0,...,L—1.
We define the new decision variables {(js : j € C, s = 0,...,S—1}, and using these decision variables,

we split constraints (57) into ) ;cp yijst — Cjst = 0 and (js¢ < 1forall je€C, s =0,...,5—1. In this

case, dropping the constant terms in the objective function, the problem above can be written as

s -1
max [fist — Cijt] Yijst — Y hiz i + Dig i1 Ziet41 (59)
200

i€P jEC s=0 i€P i€P (=0

subject to  (55), (56), (58) (60)
Zyz]stié-]stzo V]GC,SZO,,S*l (61)
i€P
ot < 1 Vjiec, s=0,....,8 1 (62)
Tit, Yijsts Zitt+1, Cjs't € Loy VieP,jel, s=0,...,5,

¢=0,...,L—1, & =0,...,8—1. (63)

Defining three sets of nodes O; = P, Oy = P and O3 = C x {0,...,S — 1}, it is easy to see that
problem (59)-(63) is a min-cost network flow problem that takes place over a network with the set
of nodes O1 | O2|J O3 J{¢} shown in Figure 4. Corresponding to each decision variable in problem
(59)-(63), there exists an arc in the network in Figure 4. The arc corresponding to decision variable
xi leaves node ¢ € O and enters node i € Q3. Whenever s € {0,...,5 — 1}, the arc corresponding
to decision variable y;;s leaves node i € O; and enters node (j,s) € Oz. The arc corresponding
to decision variable y;;s: leaves node ¢ € O1 and enters node ¢. The arc corresponding to decision
variable z;s;41 leaves node i € O and enters node ¢. Finally, the arc corresponding to decision
variable (j¢ leaves node (j,s) € Oz and enters node ¢. Constraints (55), (56) and (61) in problem
(59)-(63) are respectively the flow balance constraints for the nodes in O1, Oy and Os. The supplies

of the nodes in Oy are {ry :i € P}.
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5. Computational Experiments

In this section, we numerically test the performances of the approximate dynamic programming

methods given in Sections 2 and 3.

5.1. Experimental setup and benchmark strategy

All of our test problems involve 41 customer locations spread over a 1000 x 1000 region. We let
cijt = €d;;, where € is the shipping cost applied on a per-mile basis and d;; is the Euclidean distance
from plant ¢ to customer location j. From (1), the expected profit function at customer location j at
time period ¢t depends on o;; and pj; + 7;¢, and hence, we let mj; = 0 without loss of generality. For
allieP,jeC,teT, wesample oj;, pjr and hj from the uniform distributions over [0.57,1.54],
[0.55,1.5p] and [0.5h, 1.5 h] respectively. In all of our test problems, we let ¢ = 1.6, p = 1000 and

h = 20. We vary the other parameters to obtain test problems with different characteristics.

We model the production random variables through mixtures of uniformly distributed random

variables. In particular, we let Q;; = ZnN:1 1(X;t = n) U}, where Xj; is uniformly distributed over
{1,..., N} and U}} is uniformly distributed over {af},...,b}}} for all n = 1,..., N. This allows us
to change the variance of Q) in any way we like by changing N and {(al},b}) : n = 1,...,N}.
Furthermore, we can accurately approximate any random variable with a discrete distribution and
a finite support by using mixtures of uniformly distributed random variables. When presenting the

results, we give the coefficients of variation of the production random variables.

The benchmark strategy we use is the so-called rolling horizon method. For a given rolling horizon
length K, this method solves an optimization problem that spans K time periods and uses the point
forecasts of the future production quantities. In particular, if the state vector at time period ¢ is ry,

then the rolling horizon method makes the decisions by solving the problem

t+K—-1 t+K—-1 t+K—-1
max. = Z Z Z Cije Uijt' + Z Z Fip(wjer) — Z Z hi @i (64)
t'=t ieP jeC t'=t jeC t'=t €P
subject to Zu’ﬁ + X = Tyt VieP (65)
jec
Zuijt’+xit'_xi,t’—l:E{Qit/} VZEP, t/:t+1,7t+K—1 <66)
jec
Zul]t/_w]tlzo V]EC, t,:t,,t“l—K_l (67)
i€EP
Ty < L VieP, t =t,....t+K—1 (68)
uijt/7 th/’xit/€R+ VZEP, JEC, t,:t,,t+K—1 (69)

(If we have t + K — 1 > 7, then we substitute 7 for ¢t + K — 1 in the problem above.) Although this

problem includes decision variables for time periods ¢, ...,t+ K — 1, we only implement the decisions
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for time period ¢ and solve a similar problem to make the decisions for time period ¢+ 1. The rolling
horizon method is expected to give better solutions as K increases. For our test problems, increasing

K beyond 8 time periods provides marginal improvements in the objective value.

We let a(ry) = 1/|R|P! for all 7; € RIPI. Setup runs showed that changing these weights does

not noticeably affect the performances of the methods given in Sections 2 and 3.

5.2. Computational results

In Section 3, we give two methods to minimize the dual function. Setup runs showed that the Benders
decomposition method in Section 3.2 is significantly faster than the constraint generation method in

Section 3.1. Therefore, we use the Benders decomposition method to minimize the dual function.

However, the Benders decomposition method has slow tail performance in the sense that the
improvement in the objective value of the master problem slows down as the iterations progress.
We deal with this difficulty by solving problem (38) only approximately. In particular, letting A* be
an optimal solution to problem (38) and (v*, \¥) be an optimal solution to the master problem at

iteration k, we have

)3)3) BEPRE ZZZMWJWHbmA"ZZZMW i}

te7 jeC s=0 teT jeC s=0 teT i€P jeC
SEEY oy bﬁm DR RWLATEO]
teT jeC s=0 neflk=1} {icp teT icP jeC
S—1 S—1
SZZZ ;t+zﬂl ZZZ)‘st+ZZﬂzrzl i 7’11)
teT jeC s=0 i€P teT jeC s=0 i€P ri1€R
S—1
< Z Z st + Z Z ﬁz Tzl 11 Tzl)
teT jeC s=0 i€EPri1€ER

where the first inequality follows from the fact that (v*, AF) is an optimal solution to the master
problem, the second inequality follows from (49) and the third inequality follows from the fact that A*
is an optimal solution to problem (38). Therefore, the first and last terms in the chain of inequalities
above give lower and upper bounds on the optimal objective value of problem (38). In Figure 5, we
plot the percent gap between the lower and upper bounds as a function of the iteration number & for
a particular test problem, along with the total expected profit that is obtained by the greedy policy
characterized by the value function approximations {3/, >~ ,cc ZS | )\k w2 icp Vn’f\k (rie) st € T}.
This figure shows that the Benders decomposition method has slow tail performance, but the quality
of the greedy policy does not improve after the first few iterations. Consequently, we stop the Benders
decomposition method when the percent gap between the lower and upper bounds is less than 10%.
This does not noticeably affect the quality of the greedy policy. Such slow tail performance is also

reported in Yost & Washburn (2000). Magnanti & Wong (1981) and Ruszczynski (2003) show that
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choosing the cutting planes “carefully” and using regularized Benders decomposition or trust region

methods may remedy this difficulty.

We summarize our results in Tables 1-4. In these tables, the first column gives the characteristics
of the test problems, where 7 is the length of the planning horizon, |P| is the number of plants, P is the
number of plants that serves a particular customer location (we assume that each customer location
is served by the closest P plants), & is the average salvage value, @ is the total expected production
quantity (that is, Q = E{ DoteT Dicp Qit}) and V is the average coefficient of variation of the
production random variables (that is, V' is the average of {\/Var(Qu)/E{Qi} :i € P, t € T}). The
second set of columns give the performance of the linear programming-based method (LP). Letting
{0F +>_icp Uiy it + t € T} be the value function approximations obtained by LP, the first one of these
columns gives the ratio of the total expected profit that is obtained by the greedy policy characterized
by these value function approximations to the total expected profit obtained by the 8-period rolling
horizon method (RH). To estimate the total expected profit that is obtained by the greedy policy,
we simulate the behavior of the greedy policy for 500 different samples of {Q;; : i € P, t € T}. The
second column gives the number of constraints added to the master problem. The third column gives
the CPU seconds needed to solve problem (16)-(18). The fourth and fifth columns give what percents
of the CPU seconds are spent on solving the master problem and constructing the constraints. The
third set of columns give the performance of the Lagrangian relaxation-based method (LG). Letting
{2t 2 jec ZSS;& Nispr + 2 iep V2 (ri) : t € T} be the value function approximations obtained
by LG, the first one of these columns gives the ratio of the total expected profit that is obtained
by the greedy policy characterized by these value function approximations to the total expected
profit obtained by RH. The second and third columns give the number of cutting planes and the
CPU seconds needed to solve problem (38) with 10% optimality gap. The fourth and fifth columns
give what percents of the CPU seconds are spent on solving the master problem and constructing
the cutting planes. Letting A\ be a trivial feasible solution to problem (38) consisting of all zeros,
the sixth column gives the ratio of the total expected profit that is obtained by the greedy policy
characterized by the value function approximations {3/ _; > ¢ Zf:_ol Agst/ + iep VA (i) it € T}
to the total expected profit obtained by RH. Consequently, the gap between the columns labeled

“Prf” and “In Prf” shows the significance of finding a near-optimal solution to problem (38).

There are several observations that we can make from Tables 1-4. On a majority of the test
problems, LP performs worse than RH, whereas LG performs better than RH. (Almost all of the
differences are statistically significant at the 5% level.) The CPU seconds and the number of con-
straints for LP show less variation among different test problems than the CPU seconds and the

number of cutting planes for LG. Comparing the columns labeled “Prf” and “In Prf” shows that
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finding a near-optimal solution to problem (38) significantly improves the quality of the greedy policy
obtained by LG. For some test problems, the greedy policy characterized by the value function ap-
proximations {3} _, >~ ¢ ZSS;& A?St, + > iep V' (rit) : t € T} performs better than LP. Therefore,
simply ignoring the constraints that link the decisions for different plants can provide better policies
than using linear value function approximations. Nevertheless, this approach is not a good idea in
general. The last row in Table 3 shows that the total expected profit obtained by this approach can
be almost half of the total expected profit obtained by RH.

Our computational results complement the findings in Adelman & Mersereau (2004) in an inter-
esting fashion. Adelman & Mersereau (2004) show that if the linear programming-based method uses
nonlinear approximations of the value functions, then it provides tighter upper bounds on the value
functions than does the Lagrangian relaxation-based method. However, for our problem class, if the
linear programming-based method uses nonlinear approximations of the value functions, then con-
straint generation requires solving integer programs, which can be computationally prohibitive. Con-
sequently, although Adelman & Mersereau (2004) show that the linear programming-based method is
superior to the Lagrangian relaxation-based method when it uses a nonlinear “approximation archi-
tecture,” our computational results indicate that the linear programming-based method along with

a linear “approximation architecture” can be inferior to the Lagrangian relaxation-based method.

We proceed to examine Tables 1-4 in detail. Table 1 shows the results for problems with different
values of P. For each value of P, we use low, moderate and high values for the coefficients variation
of the production random variables. As the number of plants that can serve a particular customer
location increases, the performance gap between LG and RH diminishes. This is due to the fact that
if a customer location can be served by a large number of plants, then it is possible to make up an
inventory shortage in one plant by using the inventory in another plant. In this case, it is not crucial
to make the “correct” inventory allocation decisions and RH performs almost as well as LG. It is
also interesting to note that the performance of the greedy policy characterized by the value function
approximations {7 _; > ¢ S A?St, + D iep V' (riy) i t € T} gets better as P decreases. This
shows that if P is small, then simply ignoring the constraints that link the decisions for different

plants can provide good policies. Finally, the performance gap between LG and RH gets larger as

the coefficients of variation of the production random variables get large.

Table 2 shows the results for problems with different values of &. As the salvage value increases,
a large portion of the inventory at the plants is shipped to the customer locations to exploit the
high salvage value and the incentive to store inventory decreases. This reduces the value of a dy-
namic programming model that carefully balances the inventory holding decisions with the shipment

decisions, and the performance gap between LG and RH diminishes.
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Table 3 shows the results for problems with different values of Q. As the total expected production
quantity increases, the product becomes more abundant and it is not crucial to make the “correct”

inventory allocation decisions. As a result, the performance gap between LG and RH diminishes.

Finally, Table 4 shows the results for problems with different dimensions. The CPU seconds and
the number of constraints for LP increase as 7 or |P| increases. However, the CPU seconds and the
number of cutting planes for LG do not change in a systematic fashion. (This has been the case
for many other test problems we worked on.) Nevertheless, as shown in Figure 5, the quality of the
greedy policy obtained by LG is quite good even after a few iterations and problem (38) does not
have to be solved to optimality. This observation is consistent with that of Cheung & Powell (1996),
where the authors carry out only a few iterations of a subgradient search algorithm to obtain a good

lower bound on the recourse function arising from a multi-period stochastic program.

6. Conclusion

We presented two approximate dynamic programming methods for an inventory allocation problem
under uncertainty. Computational experiments showed that the Lagrangian relaxation-based method
performs significantly better than the linear programming-based method and the rolling horizon
method. It appears that a model that explicitly uses the full distributions of the production random
variables can yield better decisions than the linear programming-based method and the rolling horizon
method, which use only the expected values of the production random variables (see problems (16)-
(18) and (64)-(69)). The magnitude of the improvement obtained by the Lagrangian relaxation-based
method over the other methods depends on the problem parameters. Tables 1-4 indicate that the
Lagrangian relaxation-based method is particularly useful when a customer location can be served
by a few plants, when the salvage value for the product is low, when the product is scarce and when

the variability in the production quantities is high.

The Lagrangian relaxation-based method offers promising research opportunities. There are many
dynamic programs where the evolutions of the different components of the state variable are affected
by different types of decisions and these different types of decisions interact through a few linking
constraints. For example, almost every problem that involves dynamic allocation of a fixed amount
of resource to independent activities is of this nature. It is interesting to see what improvement the
Lagrangian relaxation-based method will provide over other solution methods in different application

settings.
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8. Appendix

Proof of Lemma 1. Since Fj(-) is a piecewise-linear concave function with points of nondiffer-
entiability being a subset of positive integers, noting that fj;i = oj; for all s = S,S +1,... and
associating the decision variables {zj : s = 0,...,S5} with the first differences of Fj(-), problem

(2)-(6) can be written as

s
Vi) =max =Y cjruge+ > Y fistzist — O hitwis + E{Vip1 (2 + Qi) }

ieP jeC jeC s=0 ieP
subject to  (3),(5)

s
Zuijt—zzjstzo Vjec
iEP s=0
Zjst < 1 vjiel,s=0,...,5-1
Uijt, Tit, Zjst € Loy VieP, jel, s=0,...,5.

(See Nemhauser & Wolsey (1988) for more on embedding piecewise-linear concave functions in op-
timization problems.) Defining the new decision variables {y;j : i € P, j € C, s =0,...,5} and

substituting Zf:o Yijst for u;j¢, the problem above becomes

s s
Vi(ry) = max  — Z Z Z Cijt Yijst + Z Z fist Zjst — Z hit zit + E{Vis1(ze + Qry1)}  (70)

i€P jEC s=0 jec s=0 P
subject to  (5) (71)
S
Tit + Z Z Yijst = Tit VieP (72)
jecC s=0
S S
SN wijst— > zjs =0 vjec (73)
i€P s=0 s=0
2o < 1 VjieC s=0,....,5—1 (74)
Tity Yijsts Zjst € Zy VieP, jel, s=0,...,5. (75)

By Lemma 10 below, we can substitute ) . p¥ijst for zjs in problem (70)-(75), in which case

constraints (73) become redundant and the result follows. ]

Lemma 10. There exists an optimal solution (z7,y;, 2¢) to problem (70)-(75) that satisfies 3 ;cp Yjjsr =

zig foralljeC, s=0,...,5.
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Proof of Lemma 10. We let (x},y;, 2;) be an optimal solution to problem (70)-(75), Z= = {(j, s) :
Y icp Yiist > Z;st} and 7= = {(j,s) : Ziepy;(jst < z;‘fst}. If we have |Z7| + |Z| = 0, then we
are done. Assume that we have |Zt| 4+ |Z7| > 0. We now construct another optimal solution
(4,91, %) with [ZF| + |I7| < || + |Z7|, where we use ZF = {(j,s) : S iep ijst > Zjst} and
I ={(j,s) : > icp Uijst < Zjst}. This establishes the result.

Assume that (j/,s') € 7. Since (z},y;,2}) satisfies constraints (73), there exists s” such that
(4',8") € T~. (If we assume that (j',s”) € Z~, then there exists s’ such that (j',s') € ZT and the

proof remains valid.) We let 6 = 3, p y& oy, — 25, > 0 and assume that § < 2%, — D iep Yijrgm-

We pick i1,...,1, € P such that y;“lj,s,t + ...+ y;‘nj,s,t > 6 and y;klj,s,t +...+ yjikn,l,j’s’t < 9.
We let 2;; = zj,, éjst:z;st forallteP, jel, s=0,...,5 and
(0 ific{i1,....in1}, j=4, s=5
y;j’s’t—i_"'—i_y;j’s’t—d ifi=in, j=j,s=5¢
Z)ijst - yz}lsut + y;kjlslt lfl & {il, v ,in_l}, j = jl, S = 8// (76)
y;knj’s”t - y;j’s’t T y;nfhj’s’t +d ifi=in, j= .jla s=s"
Yiist otherwise.

It is easy to check that ZSS:() Uijst = ZSS:O Ypjse for all i € P, j € C, which implies that (2, g, ) is

feasible to problem (70)-(75) and yields the same objective value as (z},y;, z;). Therefore, (&, i, 2t)

is an optimal solution. Furthermore, (76) implies that

=i e s
Zgij“ =9 2iepYipsm +0 Hi=j s=5"
r Zz‘ep y;‘kjst otherwise.
Since we have Zj = zj, for all j € C, s = 0,...,5 and ) ;cpTijst = Djcp Yijr Whenever

(j,$)2{(j",s'), (5", s")}, the elements of ZT and I~ are respectively the same as the elements of
I* and Z~, except possibly for (j',s") and (j/,s"”). Since we have Y. p Jijrst = Zhgy = Zjrsits
we have (j,s)¢Z" and (j',s')¢Z~. Finally, since we have Yoiep Uijist = DiepYiprsme + 0 <
Doiep Yijrom t Zjrom — Diep Yijrom = Zjrsmt, we have (5, s")¢IT. Therefore, we have [Z7| = |Z1| -1

and |Z| < |Z~|. The proof for the case § > 2oy — D iep Yijrgry follows from a similar argument. [J
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Step 1. Initialize the sets {N}! : t € T} to empty sets. Initialize the iteration counter k to 1.

Step 2. Solve the master problem at iteration k

min Z a(ry) 01 + Z Za(Tl)Tﬂﬁil

r1€RIPI ri€RIPI i€P
subject to 915 + Z T’Zg 191'15 > pt(x?, yt") + 9t+1 + Z [l'?t + E{Qi7t+1}]’lgi7t+1
eP ieP
VneNF teT\{r}
97+ng—l9if > pr(2,y7) VnGNf.
ieP

Let {6f :t €T}, {9% :i€P, t €T} be an optimal solution to this problem.
Step 3. For all t € T \ {7}, solve problem (19) with s = 0% and 0,4, = ﬁﬁtﬂ for all ¢ € P. Letting

(r¥, 2F . y¥) be an optimal solution to this problem, if we have

(2, uf) + Zﬁz b1 Ty — Zﬁzt riy > 0F — 0y — ZE{Qi,t-H} 05 i1,

i€eP ieP 1€P
then let NFT1 = NF|J{k}. Otherwise, let N*1 = NF.

Step 4. Solve problem (20) with ¥, = V% for all i € P. Letting (r¥, 2%, y¥) be an optimal solution to
this problem, if we have

k
T?yT Z’ﬁZT ZT > 9
i€EP

then let NF*+1 = ¥ |J{k}. Otherwise, let N**1 = NE.

Step 5. If we have N1 = N} for all t € T, then {0 : t € T}, {0% :i € P, t € T} is an optimal
solution to problem (16)-(18) and stop. Otherwise, increase k by 1 and go to Step 2.

Figure 1: Constraint generation method to solve problem (16)-(18).
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Yijst
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Figure 2: Problem (23)-(28) is a min-cost network flow problem. In this figure, we assume that

P={A,B},C={C,D} and S = 2.

Step 1. Initialize the iteration counter k to 1.
Step 2. Solve the master problem (50)-(52). Let (v*, \*) be an optimal solution to this problem.
Step 3. Compute {Vﬁ‘k (r1) : 71 € R, i € P} by solving the optimality equation in (34) with A = A,

Step 4. If we have v* =Y., > rper Bilrin) Vzi\k (r:1), then A\* is an optimal solution to problem (38)
and stop. Otherwise, add constraint (53) to the master problem (50)-(52), increase k by 1 and
go to Step 2.

Figure 3: Benders decomposition method to solve problem (38).
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Figure 4: Problem (59)-(63) is a min-cost network flow problem. In this figure, we assume that
P={A,B},C={C,D}, S=2and L =4.
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Figure 5: Percent gap between the lower and upper bounds on the optimal objective value of problem
(38) (on the left side) and total expected profit that is obtained by the greedy policy characterized
by t?e value function approximations {37 _; >~ ¢ ZSS;& )\?St/ +Diep Vzg\k (rit) : t € T} (on the right
side).
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Problem parameters LP LG

(1,|P|, P,5,Q,V) Prf #Cn Cpu %Mp %Cg | Prf #Ct Cpu %Mp %Cg InPrf
(14,9, 2, —-200,2000,0.90) | 0.96 153 21 41 59 1.04 28 10 64 36 1.00
(14,9, 4, —200,2000,0.90) | 0.97 129 20 39 60 1.02 187 374 74 26 0.96
(14,9, 8, —-200, 2000, 0.90) | 0.97 137 25 34 66 1.02 259 578 74 26 0.95
(14,9, 2, -200,2000,0.95) | 0.94 130 18 42 58 1.08 28 9 65 35 1.01
(14,9, 4, —200, 2000, 0.95) | 0.95 172 26 38 62 1.04 114 129 70 30 0.92
( )
( )
( )
( )

14,9, 8, —-200,2000,0.95) | 0.96 153 28 33 67 1.04 278 493 71 29 0.91
14,9,2,-200,2000,0.99) | 0.92 135 19 44 56 1.25 28 8 65 34 1.11
14,9,4,-200,2000,0.99) | 0.92 174 26 37 63 1.10 110 115 69 31 0.88
14,9, 8, -200,2000,0.99) | 0.91 143 26 32 68 1.09 275 432 69 31 0.86

Table 1: Computational results for problems with different numbers of plants that serve a customer
location.

Problem parameters LP LG
(1,|P|, P,7,Q,V) Prf #Cn Cpu %Mp %Cg | Prf #Ct Cpu %Mp %Cg In Prf
(14,9,4,100,2000,0.90) | 0.99 139 20 37 63 1.01 10 4 69 31 0.99
(14,9,4,0,2000,0.90) 0.98 130 19 39 61 1.01 17 8 69 30 0.99

(14,9,4,—-200,2000,0.90) | 0.97 129 20 39 60 1.02 187 374 74 26 0.96
(14, 9,4, —300,2000,0.90) | 0.83 143 22 38 62 1.09 736 4334 87 13 0.77
(14,9,4, 100, 2000,0.95) | 0.99 201 29 36 64 1.01 11 4 70 29 0.99

(14, 9,4, 0,2000, 0.95) 0.99 177 26 37 63 1.01 17 7 69 31 0.98
(14,9,4, —200,2000,0.95) | 0.95 172 26 38 62 1.04 114 129 70 30 0.92
(14,9,4,—300,2000,0.95) | 0.90 142 21 36 64 1.11 605 2225 80 20 0.77
(14,9,4,100,2000,0.99) | 0.99 131 20 39 61 1.01 11 4 70 30 0.99

(14, 9,4, 0,2000, 0.99) 0.98 139 21 39 61 1.01 18 7 67 33 0.99
(14,9,4,—200,2000,0.99) | 0.92 174 26 37 63 1.10 110 115 69 31 0.88
(14,9,4, —300,2000,0.99) | 0.95 152 23 36 64 1.06 582 1968 79 21 0.91

Table 2: Computational results for problems with different salvage values.

Problem parameters LP LG

(1,|P|, P,7,Q,V) Prf #Cn Cpu %Mp %Cg | Prf #Ct Cpu %Mp %Cg In Prf
(14,9, 4, —200, 1000, 0.91 0.93 142 17 41 59 1.07 412 428 76 24 1.06
(14,9, 4, —200,2000,0.90) | 0.97 129 20 39 60 1.02 187 374 74 26 0.96
(14,9, 4, —200,4000,0.87) | 0.94 162 32 33 67 0.99 52 133 68 32 0.90
(14,9, 4, —200,1000,0.96) | 0.88 131 16 42 58 1.14 402 334 73 27 1.13
(14,9, 4, —200,2000,0.95) | 0.95 172 26 38 62 1.04 114 129 70 30 0.92
(1
(1
(1
(1

4,9,4,-200,4000,0.95) | 0.90 141 29 34 66 1.04 56 137 68 32 0.81
4,9,4,-200,1000,0.98) | 0.76 144 17 42 57 1.50 363 232 69 31 1.45
4,9,4,-200,2000,0.99) | 0.92 174 26 37 63 1.10 110 115 69 31 0.88
4,9,4,—-200,4000,0.98) | 0.76 142 29 33 66 0.98 47 103 68 32 0.54

NaNat] Na N 2Nusd NEB 2 s NI

Table 3: Computational results for problems with different total expected production quantities.

Problem parameters LP LG
(r,|Pl, P,5,Q,V) Prf #Cn Cpu %Mp %Cg | Prf #Ct Cpu %Mp %Cg In Prf
(8,9,4,—200,1000,0.92) 0.79 115 7 26 73 1.28 332 112 72 28 1.21

(14,9,4, —200,2000,0.90) | 0.97 129 20 39 60 1.02 187 374 74 26 0.96
(21,9,4,—-200,3000,0.93) | 0.91 176 40 41 58 1.04 830 17911 99 1 0.90
(14,4, 4,—-200,2000,0.91) | 0.85 40 3 6 94 1.12 1637 6090 92 8 1.11
(14,9,4, —200,2000,0.90) | 0.97 129 20 39 60 1.02 187 374 74 26 0.96
(14, 14,4, —-200,2000,0.93) | 0.91 216 67 67 33 0.98 523 4175 96 4 0.93

Table 4: Computational results for problems with different dimensions.
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