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ABSTRACT

I n  t h i s  p a p e r  we i n v e s t i g a t e  c e r t a i n  g e n e r a l i z a t i o n s  

o f  t h e  s t r i c t  to p o lo g y  and o f  t o p o l o g i c a l  m e asu re  th e o r y .  

A lth o u g h  we a r e  p r i m a r i l y  i n t e r e s t e d  i n  non co m m u ta tiv e  

C * - a lg e b r a s ,  we do d e v o te  some a t t e n t i o n  t o  l i n e a r  s p a c e s  

o f  v e c to r - v a lu e d  f u n c t io n s .

I n  C h a p te r  I  n o t a t i o n  and te r m in o lo g y  a r e  e s t a b l i s h e d .

I n  C h a p te r  I I ,  we s tu d y  a p p ro x im a te  i d e n t i t i e s  ( i n  

B anach a l g e b r a s )  w h ich  a r e  i n t e r e s t i n g  i n  th e m s e lv e s  and 

a l s o  p r o v id e  a  u s e f u l  t o o l  f o r  s tu d y in g  s t r i c t  t o p o lo g ie s  

and to p o l o g i c a l  m e asu re  t h e o r y .  Our m ain  r e s u l t s  i n  Chap

t e r  I I  h a v e  to  do w i th  w e ll -b e h a v e d  and P - t o t a l l y  bounded 

ap p ro x im a te  i d e n t i t i e s  i n  t h e  f u n c t io n  a l g e b r a  Cq ( S )  .

We show t h a t  Cq (S )  h a s  a  0 - t o t a l l y  bounded  a p p ro x im a te  

i d e n t i t y  i f  and o n ly  i f  S i s  p a ra c o m p a c t and  t h a t  i f  S 

i s  c o n n e c te d  o r  l o c a l l y  c o n n e c te d  and  CQ(S ) h a s  a  w e l l -  

b eh av ed  a p p ro x im a te  i d e n t i t y ,  th e n  S i s  p a ra c o m p a c t. We 

a l s o  d e f i n e  s e v e r a l  o th e r  ty p e s  o f  a p p ro x im a te  i d e n t i t i e s  

and  g iv e  c o n d i t i o n s  on B anach a l g e b r a s  n e c e s s a r y  a n d /o r  

s u f f i c i e n t  t h a t  th e y  p o s s e s s  one o r  m ore o f  th e s e  t y p e s .

C h a p te r  I I I  i s  th e  c e n t r a l  c h a p te r  i n  o u r  p a p e r .  I n

v
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t h e  f i r s t  s e c t i o n  we c o n s id e r  th e  d o u b le  c e n t r a l i z e r  a l 

g e b r a  M(A) o f  a  C * -a lg e b ra  A w i th  i t s  s t r i c t  to p o lo g y  

(3 and  s t a t e  c e r t a i n  r e s u l t s  o b ta in e d  by R. C. Busby and 

D. C. T a y lo r .  Among th e  r e s u l t s  i n  th e  seco n d  s e c t io n  a r e  

t h e s e :  (1 )  M(A)^ i s  s e m i r e f le x i v e  i f  and  o n ly  i f  A i s  

d u a l ;  (2 )  M(A)^ i s  n u c l e a r  i f  and  o n ly  i f  A i s  f i n i t e 

d im e n s io n a l ;  (3 ) M(A)p h a s  a  (3 -co m p ac t u n i t  b a l l  i f  and 

o n ly  i f  A i s  a  s u b d i r e c t  sum o f  f i n i t e - d i m e n s i o n a l  

C * - a lg e b r a s ;  and  (4 )  M(A)p i s  (DF) o r  (WDF) i f  and 

o n ly  i f  l “ (A) i s  an  e s s e n t i a l  A -m odule. I n  S e c t io n  3 

o f  C h a p te r  I I I ,  we d e f i n e  m e a su re  c o m p ac tn e ss  o f  a  C * -a lg e b ra  

A and show t h a t  * -hom om orphic im ages o f  m e asu re  com pact 

C * -a lg e b ra s  a r e  m e asu re  co m p ac t, t h a t  t e n s o r  p r o d u c t s  o f  

m e asu re  com pact C * -a lg e b ra s  a r e  m e asu re  com pact and t h a t  

s u b d i r e c t  sums o f  m e asu re  com pact C * -a lg e b ra s  a r e  m e asu re  

com p ac t. We a l s o  show t h a t  a l g e b r a s  w i th  c o u n ta b le  a p p r o x i

m a te  i d e n t i t i e s  o r  s e r i e s  a p p ro x im a te  i d e n t i t i e s  ( p lu s  a  

c a r d i n a l i t y  c o n d i t io n )  a r e  m e asu re  com pact and t h a t  0 

w eak -*  com pact s u b s e t s  o f  p o s i t i v e  l i n e a r  f u n c t i o n a l s  i n  

t h e  a d j o i n t  o f  M(A) ,  w i th  t h e  s t r i c t  to p o lo g y , a r e  

0 - e q u ic o n t in u o u s .  We c o n c lu d e  C h a p te r  I I I  w i th  a  s tu d y  o f  

th e  S to n e - W e ie r s t r a s s  th e o re m  f o r  M(A) w i th  th e  s t r i c t  

to p o lo g y .

I n  C h a p te r  IV we d e f i n e  t o p o lo g ie s  0 Q, 0 1 , and  0 

v i
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f o r  C*(X:E) and a - a d d i t i v e ,  t - a d d i t i v e ,  and t i g h t  l i n 

e a r  f u n c t io n a l s  on C*(X:E) w here X i s  a  c o m p le te ly  

r e g u l a r  sp a c e  and E i s  a  normed s p a c e . We g e n e r a l i z e  

some o f  th e  w ork o f  S e n t i l l e s  by  show ing th a t -  th e  a d j o i n t  

sp a c e s  o f  C*(X:E) w i th  th e  to p o lo g ie s  g Q, and g 

a r e  th e  s p a c e s  o f  t i g h t . ,  a - a d d i t i v e  and t - a d d i t i v e  l i n e a r  

f u n c t i o n a l s ,  r e s p e c t i v e l y .  We a l s o  g iv e  a  v e c to r  m easu re  

c h a r a c t e r i z a t i o n  o f  t i g h t  l i n e a r  f u n c t io n a l s  on C*(X:E) 

and show t h a t  s e v e r a l  d i f f e r e n t  d e f i n i t i o n s  o f  t i g h t n e s s  

a r e  e q u i v a l e n t .  We c o n c lu d e  C h ap te r IV by show ing t h a t

C*(X :E)g h a s  t h e  a p p ro x im a tio n  p r o p e r ty  when E h as  th e  
p0

m e t r i c  a p p ro x im a tio n  p r o p e r t y  and by com pu ting  th e  d o u b le  

c e n t r a l i z e r  a l g e b r a s  o f  th e  a lg e b r a s  C*(X:E) and Cq (S :E )  

f o r  E a  C * -a lg e b ra , X , a  c o m p le te ly  r e g u l a r  s p a c e , and 

S , a  l o c a l l y  com pact H a u s d o rf f  s p a c e .
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INTRODUCTION

The a lg e b r a  C(X) o f  c o n t in u o u s  f u n c t io n s  on a  com

p a c t  H a u s d o rf f  sp a c e  -w ith th e  norm to p o lo g y  i s  a  m athem at

i c a l  o b je c t  t h a t  h a s  f a s c i n a t e d  many m a th e m a tic ia n s  f o r  

s e v e r a l  d e c a d e s . I n  1958 R. C. Buck p r e s e n te d  i n  [5 ]  th e  

r e s u l t s  o f  h i s  e f f o r t s  t o  f i n d  a  to p o lo g y *  w h ich  h e  c a l l e d  

p * on C*(S) * t h e  bounded co m p le x -v a lu e d  f u n c t io n s *  co n 

t in u o u s  on a  l o c a l l y  com pact s p a c e  S * so  t h a t  C*(S)p 

w ould e n jo y  many o f  th e  to p o l o g ic a l  v e c to r  sp a c e  p r o p e r t i e s *  

as  a  c la s s *  t h a t  C(X) d o e s .

B u c k 's  p a p e r  on P* th e  s t r i c t  to p o lo g y *  was fo llo w e d  

by  many o th e r s  on t h e  s t r i c t  to p o lo g y  and i t s  g e n e r a l i z a t i o n s .  

N e l l s  i n  [6 6 ] com puted th e  a d j o i n t  s p a c e  o f  C *(S :E )p  .

Conway in  [1 1 -1 3 ]  p ro v e d  s e v e r a l  im p o r ta n t  r e s u l t s .  P e r 

h ap s  h i s  m ost i n t e r e s t i n g  c o n t r ib u t i o n  was t o  th e  p ro b le m  

p o sed  by  Buck i n  [ 5] :  when i s  C*(S)p a Mackey sp a c e ?

Conway showed t h a t  p a ra c o m p a c tn e s s  o f  S i s  a  s u f f i c i e n t  

c o n d i t io n .  T h is  r e s u l t  was a l s o  o b ta in e d  in d e p e n d e n tly  i n  

[ 3 3 ] .

I n  [7 ]  C o l l in s  s tu d ie d  th e  s p a c e  S, (S )^ and i n  [8 ]  

C o l l in s  and D o rro h  o b ta in e d *  among o th e r  t h i n g s ,  th e  r e -

v i i i
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s u i t s  t h a t  C*(S)p h a s  th e  a p p ro x im a t io n  p r o p e r t y  and 

t h a t  Cq (S )  h a s  a  p - t o t a l l y  bounded  a p p ro x im a te  i d e n t i t y  

i f  S i s  p a ra c o m p a c t. D o rro h  i n  [1 8 ]  s tu d ie d  an  im p o r ta n t  

l o c a l i z a t i o n  p r o p e r t y  o f  P .

The s t r i c t  to p o lo g y  was g e n e r a l i z e d  i n  a  noncom m uta- 

t i v e  d i r e c t i o n  by  R. C. Busby [ 6 ] i n  h i s  s tu d y  o f  th e  

d o u b le  c e n t r a l i z e r  a lg e b r a  M(A) o f  a  C * -a lg e b ra  A .

D. C. T a y lo r  c o n t in u e d  t h i s  s tu d y  [5 7 -5 9 ]  w i th  c o m p u ta t io n s  

o f  th e  d u a l  s p a c e  o f  M(A) w i th  i t s  s t r i c t  to p o lo g y  and  

e x t e n s io n s  o f  P h i l l i p s *  Theorem  [1 4 , p .  32] and C onw ay's 

r e s u l t  on th e  M ackey p ro b le m  b e in g  o n ly  a  few  o f  th e  n ic e  

r e s u l t s  he  o b ta in e d .

The s t r i c t  to p o lo g y  was s tu d ie d  i n  a  B anach m odule 

s e t t i n g  i n  [ 5 1 ,5 2 ] .

S e v e r a l  a u th o r s  e x te n d e d  t h e  s t r i c t  to p o lo g y  to  C*(X) 

f o r  X c o m p le te ly  r e g u l a r  and n o t  n e c e s s a r i l y  l o c a l l y  com

p a c t .  Some o f  t h i s  w ork  i s  t o  b e  found  i n  [ 2 1 ,2 2 ,2 7 ,5 0 ,  

5 3 - 5 6 ,6 1 ,6 7 ] .  The w ork  o f  S e n t i l l e s  i s  e s p e c i a l l y  im p o r ta n t ,  

i n  o u r  o p in io n ,  a s  he  c o n n e c te d  th e  s t r i c t  to p o lo g y  w ith  

t o p o l o g ic a l  m e asu re  th e o r y  a s  i n i t i a t e d  i n  [ 62 ] and su b 

s e q u e n t ly  s tu d ie d  i n  [ 2 1 ,2 9 ,3 0 ,3 1 * 3 5 - 3 7 ] .

The m ain  p ro b le m  m o t iv a t in g  t h i s  t h e s i s  was t o  s tu d y  

nonco m m u ta tiv e  C * -a lg e b ra s  w i th o u t  i d e n t i t y ,  p a r t i c u l a r l y  

i n  th e  s t r i c t  to p o lo g y  c o n t e x t .  A pp rox im a te  i d e n t i t i e s  i n
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B anach  a l g e b r a s  a r e  s tu d ie d  s in c e  th e y  seem to  be a  u s e 

f u l  t o o l  f o r  q u e s t i o n s  a b o u t M(A)g and a r e  i n t e r e s t i n g  

i n  t h e i r  own r i g h t .

We a r e  p a r t i c u l a r l y  i n t e r e s t e d  i n  w e ll - b e h a v e d  a p p r o x i

m a te  i d e n t i t i e s  b e c a u s e  o f  T a y l o r 's  r e s u l t  t h a t  M(A)^ i s  

a  s t r o n g  M ackey s p a c e  i f  t h e  C * -a lg e b ra  A h a s  a  w e l l - b e 

h aved  a p p ro x im a te  i d e n t i t y .  We w ere  a l s o  i n t e r e s t e d  i n  th e  

q u e s t io n  p o sed  i n  [ 8 ] :  d o es  th e  e x i s t e n c e  o f  a p - t o t a l l y  

bounded a p p ro x im a te  i d e n t i t y  f o r  CQ(S ) im p ly  t h a t  S i s  

p a ra c o m p a c t?  We an sw er t h i s  q u e s t i o n  i n  t h e  a f f i r m a t i v e  

and a l s o  show t h a t  i f  S i s  c o n n e c te d  o r  l o c a l l y  c o n n e c te d  

and Cq ( S )  h a s  a  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y ,  th e n  

S i s  p a ra c o m p a c t.

R e tu r n in g  t o  t h e  s tu d y  o f  M(A) , f o r  a  C * -a lg e b ra  A , 

we f i r s t  s tu d y  to p o l o g ic a l  v e c to r  s p a c e  p r o p e r t i e s  o f  

M(A)p (M(A) w i th  th e  s t r i c t  to p o l o g y ) . Among o u r  r e s u l t s  

a r e  th e  f o l l o w in g :  M(A)^ i s  s e m i r e f l e x i v e  i f  and o n ly  i f

A i s  d u a l ;  M(A) h a s  a  {3-co m p ac t u n i t  b a l l  i f  and o n ly  i f  

A i s  a  s u b d i r e c t  sum o f  f i n i t e - d i m e n s i o n a l  C * - a lg e b r a s ;

M(A)p i s  n u c l e a r  i f  and o n ly  i f  A i s  f i n i t e - d i m e n s i o n a l ; . 

and M(A) i s  (DF) o r  (WDF) i f  and  o n ly  i f  J&°°(A) i s  

e s s e n t i a l  ( g e n e r a l i z in g  a  r e s u l t  i n  [ 5 ^ ] ) .

We n e x t  g e n e r a l i z e  t o p o l o g i c a l  m e a su re  th e o r y  to  a  

C * -a lg e b ra  c o n te x t  by  d e f i n in g  a  n o t i o n  o f  m e asu re  co m p ac t-

x
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n e s s  f o r  C * - a lg e b r a s .  U sing  t h i s  n o t i o n ,  we show t h a t  

C * -a lg e b ra s  w ith  c o u n ta b le  o r  s e r i e s  ap p ro x im a te  i d e n t i 

t i e s  ( p lu s  a  c a r d i n a l i t y  c o n d i t i o n )  a r e  m e asu re  com p ac t.

We a l s o  o b ta in  some perm an en ce  p r o p e r t i e s  o f  m easu re  com

p a c tn e s s  a s  we show t h a t  C * - te n s o r  p r o d u c ts  o f  m e asu re  com

p a c t  C * -a lg e b ra s  a r e  m e asu re  com pact and *-hom om orphic 

im ages o f  m e asu re  com pact C * -a lg e b ra s  a r e  m e asu re  com p ac t. 

F i n a l l y ,  we show t h a t  w eak -*  com pact s u b s e t s  o f  p o s i t i v e  

l i n e a r  f u n c t i o n a l s  i n  t h e  a d j o i n t  s p a c e  o f  M(A)^ a r e  

p - e q u ic o n t in u o u s . C h a p te r  I I I  c o n c lu d e s  w i th  some p a r t i a l  

r e s u l t s  on th e  S to n e - W e ie r s t r a s s  Theorem  f o r  M(A)p .

I n  C h a p te r  IV th e  l i n e a r  s p a c e  C*(X :E) i s  s tu d ie d

w ith  t h e  t o p o l o g ie s  P Q,P  and w h ich  we d e f in e d  so a s

t o  e x te n d  d e f i n i t i o n s  i n  [ 5 0 ] .  We d e f i n e  t h e  n o t io n s  o f

C T -a d d itiv ity , t - a d d i t i v i t y ,  and t i g h t n e s s  f o r  bounded  l i n e a r

f u n c t i o n a l s  on C*(X :E) and com pute d u a l  s p a c e s ,  show ing

t h a t  t h e  a d j o i n t  o f  C*(X :E) w i th  to p o lo g y  p (P Q,P 1 ) i s

th e  sp a c e  o f  t - a d d i t i v e  ( t i g h t ,  a - a d d i t i v e )  f u n c t i o n a l s .

We c h a r a c t e r i z e  t i g h t  f u n c t i o n a l s  i n  s e v e r a l  w ays and g iv e

a  v e c to r  m e asu re  r e p r e s e n t a t i o n  f o r  t i g h t  f u n c t i o n a l s .  Two

o th e r  r e s u l t s  i n  C h a p te r  IV a r e  a  c h a r a c t e r i z a t i o n  o f  th e

d o u b le  c e n t r a l i z e r  a lg e b r a  o f  C*(X :E) ( f o r  a  C * -a lg e b ra

E) and a  p r o o f  t h a t  C *(X :E )R h a s  th e  a p p ro x im a t io n  p r o -  
P 0

p e r t y  i f  E h a s  t h e  m e t r ic  a p p ro x im a t io n  p r o p e r t y .

x i
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We l i s t  s e v e r a l  u n s o lv e d  p ro b le m s t o  c o n c lu d e  th e  

t h e s i s .

We c o n c lu d e  w i th  some rem ark s  on o u r  num bering  con 

v e n t io n .  C h a p te r  I  h a s  o n ly  one s e c t io n  so ite m s  a r e  

num bered  c o n s e c u t iv e ly ,  e . g . ,  l» x  d e n o te s  ite m  x  in  

C h a p te r  I .  I n  C h a p te rs  I I , I I I ,  and IV ite m s  a r e  num bered 

i n  th e  fo rm  a*b*c ,  w here  i te m  a»b«c i s  ite m  c in  

S e c t io n  b o f  C h a p te r  a  .

x i i
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CHAPTER I  

PRELIMINARIES

The p u rp o s e  o f  t h i s  c h a p te r  i s  t o  p r e s e n t  some f a c t s  

and r e s u l t s  w h ich  we hope w i l l  f a c i l i t a t e  r e a d in g  o f  t h i s  

t h e s i s .  Many o f  th e  te rm s  u sed  i n  th e  t e x t  a r e  d e f in e d  

h e r e  and now here e l s e  i n  th e  t e x t .  F o r t h i s  rea so n *  

f a m i l i a r i t y  w i th  t h e  c o n te n t s  o f  C h a p te r  I  i s  h e l p f u l .

TOPOLOGY AND CONTINUOUS FUNCTIONS 

Our s ta n d a r d  r e f e r e n c e s  f o r  g e n e r a l  to p o lo g y  a r e  

[ 1 9 ,2 8 ] .  T h roughou t t h i s  p a p e r  S w i l l  a lw ay s d e n o te  

a  l o c a l l y  com pact H a u s d o r f f  s p a c e  and X a c o m p le te ly  r e 

g u la r  H a u s d o rf f  s p a c e .  A c o v e r in g  o f  a  t o p o l o g ic a l  s p a c e  

i s  l o c a l l y  f i n i t e  i f  e a c h  p o in t  i n  th e  sp a c e  h a s  a  n e ig h 

bo rhood  w h ich  m e e ts  o n ly  f i n i t e l y  many e le m e n ts  o f  th e  

c o v e r in g .  A H a u s d o rf f  s p a c e  Z i s  c a l l e d  p a rac o m p ac t 

i f  e a c h  open c o v e r  o f  Z h a s  an  o p en , l o c a l l y  f i n i t e  

r e f in e m e n t .  The n e x t  th e o rem  g iv e s  a  u s e f u l  c h a r a c t e r i 

z a t i o n  o f  l o c a l l y  com p ac t, p a rac o m p ac t H a u s d o rf f  s p a c e s .

1 .1  THEOREM [1 9 , p .  1 0 7 ] .  The s p a c e  S i s  p a ra c o m p a c t

1
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i f f  S i s  t h e  u n io n  o f  a  p a i r w i s e  d i s j o i n t  c o l l e c t i o n  o f  

open  and c lo s e d  a  com pact s u b s p a c e s .  The s p ace  o f  o r d i 

n a l s  l e s s  th a n  th e  f i r s t  u n c o u n ta b le  o r d i n a l ,  w ith  th e  

o r d e r  to p o lo g y , i s  n o t  p a ra c o m p a c t.

N ote th e  u s e  o f  ' ' i f f '  f o r  ' ' i f  and o n ly  i f ' 1 i n  

th e  s ta te m e n t  o f  th e  th e o re m . We s h a l l  fo l lo w  t h i s  co n 

v e n t io n  i n  th e  s e q u e l .

L e t  C*(X) d e n o te  t h e  s p a c e  o f  bounded  c o n t in u o u s  

s c a l a r - v a lu e d  f u n c t io n s  on X . 11 S c a l a r 1 1 r e f e r s  t o

e i t h e r  th e  r e a l  num bers o r  th e  com plex  num bers and we 

s h a l l  make i t  c l e a r  a t  e a c h  p o in t  w h ich  m ean ing  we a r e  

u s in g .  A f u n c t io n  f  m app ing  X i n t o  t h e  s c a l a r  f i e l d  

v a n is h e s  a t  i n f i n i t y  i f  {x e X : j f ( x ) |  .> e )  i s  a  su b 

s e t  o f  a  com pact s u b s e t  f o r  e a c h  e > 0 . A r e a l - v a lu e d  

f u n c t io n  f  i s  c a l l e d  u p p e r  se m ic o n tin u o u s  i f  { x : f ( x )  < a} 

i s  open f o r  e a ch  r e a l  num ber a  . L e t CQ(X) d e n o te  t h e  

e le m e n ts  o f  C*(X) w h ich  v a n is h  a t  i n f i n i t y  and Cc (X) 

d e n o te  t h e  s u b s e t  o f  C*(X) c o n s i s t i n g  o f  f u n c t io n s  w h ich  

v a n i s h  o u t s id e  a  com pact s u b s e t  o f  X .

LOCALLY CONVEX SPACES 

Our g e n e r a l  r e f e r e n c e  h e r e  i s  [ ^ 5 ] .  L e t E be  a  

v e c to r  s p a c e  ( r e a l  o r  co m p le x ) . A sem inorm  on E i s  a
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f u n c t io n  p from  E i n t o  th e  n o n n e g a tiv e  r e a l s  s a t i s 

f y in g  p (0 )  = 0  , p ( a x )  = |a j p ( x )  f o r  s c a l a r s  a  and

x e E * and p (x + y )  < p ( x )  + p ( y )  f o r  x ,y  e E . A l o 

c a l l y  convex  to p o l o g i c a l  v e c to r  s p a c e  ( l o c a l l y  convex  

s p a c e , f o r  s h o r t )  i s  a  v e c to r  s p a c e  E w i th  a  to p o lo g y  

T ,  w h ich  h a s  a  f a m ily  P o f  sem inorm s so  t h a t  th e  s e t s

{x e E: p ( x ) < e ]  f o r  p e P and  e > 0 fo rm  a  s u b 

b a s i s  f o r  th e  n e ig h b o rh o o d  sy stem  in  T o f  th e  o r i g i n .

The s p a c e  o f  c o n t in u o u s  l i n e a r  f u n c t i o n a l s  on E i s  c a l l e d  

t h e  a d j o i n t  ( a d j o i n t  s p a c e ) o f  E and  d e n o te d  E ' .

The w eak -*  to p o lo g y  on E ’ i s  t h a t  to p o lo g y  d e t e r 

m ined by  th e  sem inorm s f -* | f ( x ) |  , f o r  x  e E and 

f  € E ' . The a d j o i n t  o f  E ’ w i th  th e  w eak -*  to p o lo g y  i s  

E . The w eak -*  to p o lo g y  on E , t h i n k in g  o f  i t  a s  t h e  

a d j o i n t  o f  E* , i s  c a l l e d  th e  w eak to p o lo g y .

We assum e f a m i l i a r i t y  w i th  t h e  H ahn-B anach th e o re m ,

th e  open  m app ing  th e o re m , and  th e  u n ifo rm  b o u n d ed n e ss  

p r i n c i p l e  a s  p r e s e n t e d  in  [ ^ 5 ] .  We a l s o  assum e a  know

le d g e  o f  p o l a r  s e t s .  I f  E i s  a  l o c a l l y  convex  s p a c e  

and A c e ,  t h e  p o l a r  o f  A i n  E , d e n o te  A0 , i s  

{ f e E*: | f ( a ) j  < 1 , Va e A} . The s t r o n g  to p o lo g y  on 

E ' i s  t h e  to p o lo g y  o f  u n ifo rm  c o n v e rg e n c e  on bounded  

s e t s  o f  E ,  i . e . ,  a  n e t  { f&} c  E ' c o n v e rg e s  t o  0 i n

th e  s t r o n g  to p o lo g y  i f f  f o r  e v e ry  bounded s e t  B c  E ,
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{ fa 3 i s  e v e n tu a l l y  i n  B° . The seco n d  a d j o i n t  o f  E , 

d e n o te d  E ' ' , i s  th e  a d j o i n t  o f  E ' w i th  th e  s t r o n g  t o 

p o lo g y . I f  f o r  x  e E , we d e f in e  t h e  e le m e n t Fx in

E ' ’ by  m eans o f  th e  e q u a t io n  Fx ( f )  = f (x ) f o r  f  £ E ' ,

th e  map x -» Fx i s  a  o n e - to - o n e  v e c to r  sp a c e  homomorphism

o f  E i n t o  E ' 1 . I n  g e n e r a l ,  t h i s  map i s  n e i t h e r  o n to

n o r  c o n t in u o u s  when E h a s  i t s  i n i t i a l  to p o lo g y  and E * 1 

h a s  i t s  s t r o n g  to p o lo g y . I f  t h e  map i s  o n to ,  E i s  

c a l l e d  s e m i - r e f l e x i v e ; i f  i t  i s  o n to  and c o n t in u o u s ,  E 

i s  c a l l e d  r e f l e x i v e .

1 .2  THEOREM. A s p a c e  E i s  s e m i - r e f l e x i v e  i f f  e v e ry  

bounded w eak ly  c lo s e d  s u b s e t  o f  E i s  w eak ly  co m p ac t.

A s e t  H c  E ' i s  e q u ic o n tin u o u s  i f  H° i s  a  z e ro  

n e ig h b o rh o o d  i n  E . E v e ry  e q u ic o n tin u o u s  s e t  h a s  w eak -*  

com pact c l o s u r e ,  b u t  t h e  c o n v e rs e  f a i l s  i n  g e n e r a l .

An im p o r ta n t  to p o lo g y  f o r  a  l o c a l l y  convex s p a c e  E 

i s  t h e  M ackey to p o lo g y . T h is  i s  th e  to p o lo g y  o f  u n ifo rm  

c o n v e rg e n c e  on w eak-*  com pact convex  c i r c l e d  s u b s e t s  o f  

E ' . The M ackey to p o lo g y  i s  t h e  f i n e s t  l o c a l l y  convex  

to p o lo g y  on E f o r  w h ich  E ' i s  th e  a d j o i n t  sp a c e  [ 4 5 ] .

We s h a l l  c a l l  E a  M ackey sp a c e  i f  i t s  to p o lo g y  i s  th e  

M ackey to p o lo g y , o r  e q u i v a l e n t l y ,  i f  e v e ry  w eak -*  com pact
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convex  c i r c l e d  s u b s e t  o f  E ' i s  e q u ic o n t in u o u s .  We s h a l l  

c a l l  E a s t r o n g  Mackey sp a c e  i f  e v e ry  ■weak-* com pact (b u t 

n o t  n e c e s s a r i l y  convex and c i r c l e d )  s u b s e t  o f  E ’ i s  

e q u ic o n t in u o u s .  Some a u th o r s  have  u s e d  th e  te rm  11 s t r o n g  

Mackey s p a c e * ' t o  mean t h a t  e v e ry  w eak-*  c o u n ta b ly  com pact 

s u b s e t  o f  E ' i s  e q u ic o n t in u o u s ,  e . g . ,  s e e  [ 1 2 ] ,

MEASURE THEORY 

We s h a l l  d i s c u s s  some m e asu re  th e o r y  c o n c e p ts  f o r  

l o c a l l y  com pact H a u s d o rf f  s p a c e s  h e r e j  m ore g e n e r a l  

m e asu re  th e o r y  w i l l  be  sum m arized i n  C h a p te r  IV . L e t S 

b e  a  l o c a l l y  com pact sp a c e  and  B d e n o te  th e  sigm a a l g e 

b r a  g e n e ra te d  by  th e  c lo s e d  s u b s e ts  o f  S . B i s  c a l l e d  

t h e  B o re l sigm a a l g e b r a . Our r e f e r e n c e  f o r  m e asu re  th e o r y  

on l o c a l l y  com pact H a u s d o rf f  sp a c e s  i s  [ 4 7 ] .

1 .3  THEOREM [ 4 7 ] .  L e t L be a  bounded  l i n e a r  f u n c t io n a l  

on Cq ( S )  . Then th e r e  e x i s t s  a  u n iq u e  B o re l m easu re  p 

so t h a t  L (F ) = J f d p  f o r  a l l  f  e CQ(S) . F u r th e rm o re ,

I | l | |  =  H u l l  .

BANACH ALGEBRAS 

Our g e n e r a l  r e f e r e n c e s  f o r  t h i s  s e c t io n  a r e  [1 7 * 3 8 ] ,

A B anach a l g e b r a  i s  a  com plex  Banach sp ace  A w i th  a
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m u l t i p l i c a t i o n  s a t i s f y i n g  ||ab || < ||a || ||b || ,  w here ||x || 

d e n o te s  th e  norm o f  th e  e le m e n t x  i n  A .

I . 2!- DEFINITION. L e t A be  a  B anach a l g e b r a .  A

n e t  {ea 3 c  A i s  c a l l e d  an  a p p ro x im a te  i d e n t i t y  f o r

A i f :  ( i )  [|ea || < 1  Va and  ( i i )  l im  ||x e a  -  x|| =
a

= lim  | |e ox  -  xll = 0 Vx e A . 
a  a

1 .5  DEFINITION. L e t A b e  a  B anach a l g e b r a .  A i s  s a id

to  be  a  * - a l g e b r a  o r  an a l g e b r a  w i th  i n v o l u t io n  i f  t h e r e  

i s  a  l i n e a r  map *:A  -* A w h ich  s a t i s f i e s  th e  f o l lo w in g  

c o n d i t io n s  (w here  we d e n o te  by  x*  th e  im age o f  th e  e l e 

m ent x  e A u n d e r  th e  map * ) :

(1 )  ||x* || = ||x || (2 )  (x y )*  = y*x* f o r  a l l  x ,y  e A

(3 )  x** = x  Vx e A (4 )  (X a)*  = Xa* f o r  any  com plex

num ber X and a  e A (X d e n o te s  th e  com plex  c o n ju g a te  

o f  X) .

I f  A i s  a  B anach a l g e b r a ,  A can  be  im bedded n a 

t u r a l l y  i n  a  B anach a lg e b r a  w i th  i d e n t i t y .  L e t A.̂  d e 

n o te  th e  s e t  o f  o rd e re d  p a i r s  ( a , t )  w here  a  e A and 

t  i s  a  com plex  num ber. D e f in e  a  norm on A^ by 

II (a,, -fc) 1 | = ||a || + 111 . I f  A i s  a  * - a l g e b r a ,  A-̂  can  

b e  made i n t o  a  * - a lg e b r a  by  d e f i n in g  ( a , t ) *  = ( a * , t )  .
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D e fin e  a d d i t i o n  and s c a l a r  m u l t i p l i c a t i o n  c o o r d in a te w is e .

I f  ( a , t )  and  (a 1 , t 1 ) e A1 d e f i n e  t h e  p r o d u c t  

( a , t ) ( a 1 , t 1 ) = ( a a 1 + t a x + t 1a , t t 1 ) . N o te t h a t  A-L i s

a  B anach a l g e b r a  w ith  i d e n t i t y  c o n t a in i n g  A i s o m e t r i c a l l y  

and is o m o r p h ic a l ly  and t h a t  A1 i s  a  * - a l g e b r a  i f  A i s ,

w i th  th e  * - o p e r a t io n  on Aĵ  e x te n d in g  t h a t  on A . L e t 

I  d e n o te  t h e  i d e n t i t y  i n  A^ . I f  a  e A , th e  sp ec tru m  

o f  a  ,  d e n o te  Sp (x ) i s  t h e  s e t  o f  com plex  num bers X

su ch  t h a t  x  -  XI i s  n o t  i n v e r t i b l e  i n  A .

L e t A b e  a  * - a l g e b r a  and x  e A . Then x i s

c a l l e d  h e r m e tia n  i f  x  = x* and p o s i t i v e  i f  i t  i s  h e r -

m e tia n  and Sp ( x ) i s  a  s u b s e t  o f  th e  r e a l  nu m b ers.

1 .6  DEFINITION. L e t A be  a * - a l g e b r a .  A i s  c a l l e d  a

C * -a lg e b ra  i f  | |x ||2 = ||x*x|| f o r  a l l  x  e A . The te rm

B * - a lg e b r a  w i l l  a l s o  b e  u se d  in t e r c h a n g e a b ly  w i th  C *-a lg e~  

b r a  i n  t h i s  t h e s i s .

S in c e  t h i s  t h e s i s  i s  m a in ly  a b o u t C * - a lg e b r a s ,  we 

s h a l l  g iv e  s e v e r a l  exam p les  and s t a t e  c e r t a i n  s t r u c t u r e  

th e o re m s  we w i l l  u s e .  Two exam ples  o f  C * -a lg e b ra s  a r e  

th e  a l g e b r a  C(X) o f  c o n t in u o u s  f u n c t io n s  on a  com pact 

H a u s d o r f f  s p a c e  X and th e  a l g e b r a  B(H) o f  bounded 

l i n e a r  o p e r a t o r s  on a  H i l b e r t  sp a c e  H .
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L e t A and  B be  two * - a l g e b r a s .  A *-hom om orphism  

f  i s  an  a l g e b r a  homom orphism t h a t  s a t i s f i e s  f ( a * )  =

= ( f ( a ) ) *  f o r  a l l  a  € A .

The f o l lo w in g  s t r u c t u r e  th e o re m s  a r e  n ee d ed  i n  th e  

s e q u e l  [ 1 7 ] .

1 .7  THEOREM. L e t A b e  a  co m m u ta tiv e  C * -a lg e b ra  w i th o u t  

i d e n t i t y .  Then t h e r e  i s  a  l o c a l l y  com pact H a u s d o r f f  sp a c e  

S so  t h a t  A i s  i s o m e t r i c a l l y  * - is o m o rp h ic  t o  CQ(S ) * 

i . e . ,  t h e r e  i s  a  *-hom om orphism  h  m app ing  A o n to  Cq (S )  

su c h  t h a t  | |h ( a ) | |  = ||a || f o r  a l l  a  e A .

1 .8  THEOREM. L e t A be  a  co m m u ta tiv e  C * -a lg e b ra  w i th  

i d e n t i t y .  Then A i s  i s o m e t r i c a l l y  * - is o m o rp h ic  t o  th e  

a lg e b r a  C(M) o f  a l l  c o n t in u o u s  f u n c t io n s  on some com pact 

H a u s d o r f f  s p a c e  M .

1 .9  THEOREM. L e t A b e  a  C * -a lg e b ra  ( n o t  n e c e s s a r i l y  

c o m m u ta tiv e ) . Then A i s  i s o m e t r i c a l l y  * - is o m o rp h ic  w i th  

a  norm  c lo s e d  s e l f - a d j o i n t  s u b a lg e b r a  o f  B(H) , th e  

bounded l i n e a r  o p e r a t o r s  on some H i l b e r t  s p a c e  H .

L e t A be  a  B anach  * - a l g e b r a .  A l i n e a r  f u n c t i o n a l  

f  on A i s  s a id  t o  b e  p o s i t i v e  i f  f ( x * x )  > 0  Yx e A .
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1 .1 0  PROPOSITION ( C auchy-Schw arz I n e q u a l i t y ) .  I f  f  i s  

a  p o s i t i v e  l i n e a r  f u n c t i o n a l  on a B anach * - a l g e b r a  

th e n  | f ( a b ) | 2 < f ( a * a ) f ( b * b )  V a ,b  e A [ 3 8 ,  p .  187] .

We s h a l l  n e e d  one m ore th e o re m  a b o u t C * - a lg e b r a s .

1 .1 1  THEOREM [ 1 7 ] .  E v e ry  C * - a lg e b r a  A h a s  a  bounded  

ap p ro x im a te  i d e n t i t y .  The a d j o i n t  sp a c e  i s  a l g e b r a i c a l l y  

s p an n ed  by th e  p o s i t i v e  l i n e a r  f u n c t i o n a l s  ( e v e ry  p o s i t i v e  

l i n e a r  f u n c t i o n a l  on  A i s  c o n t in u o u s ) .

FACTORIZATION THEOREMS

L e t A b e  a  B anach a l g e b r a .  A B anach  sp a c e  V i s

c a l l e d  a  l e f t  A-m odu le  i f  t h e r e  i s  a  m app ing  from  A x V

i n t o  V , w hose v a lu e  a t  th e  p a i r  ( a , v )  i n  A x V i s

d e n o te d  a*v  , s a t i s f y i n g  th e  c o n d i t i o n s  t h a t  a .v  i s

l i n e a r  i n  a f o r  f i x e d  v and l i n e a r  i n  v  f o r  f i x e d

a  and (a b )« v  = a * (b * v )  f o r  a ,b  e A and v  e V . The

l e f t  A -m odule V i s  s a id  t o  b e  i s o m e t r i c  i f

IIa,-v || < ||a || ||v || f o r  a l l  a  e A and v  e V . Suppose t h a t

A h a s  a  bounded  a p p ro x im a te  i d e n t i t y  {ea 3 . The l e f t

A -m odule V i s  c a l l e d  e s s e n t i a l  i f  | |e „ .v -v |I  •* 0 f o r  —— ————  a  a.
a l l  v  e V .

The n e x t  th e o re m  i s  v e r y  im p o r ta n t  i n  o u r  w ork .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10

1 .1 2  THEOREM [2 6 ] . L e t A b e  a Banach a lg e b r a  w i th  a  

bounded a p p ro x im a te  i d e n t i t y  and V an  i s o m e t r ic  and 

e s s e n t i a l  l e f t  A -m odule . L e t e > 0 and x  e V . Then 

a a  e A and y  e V su ch  t h a t :

( i )  x  = a .y

( i i )  ||y -x || < e

( i i i )  ||a || < 1

( i v )  y  b e lo n g s  t o  t h e  c l o s u r e  o f  [ a * z |a  e A and z e V}.

I t  i s  p o in t e d  o u t  i n  [2 6 ]  t h a t  i f  th e  a p p ro x im a te  

i d e n t i t y  i s  c o n ta in e d  in  a  c lo s e d  cone i n  A , th e n  th e  

e le m e n t a  i n  1 .1 2  may be c h o sen  from  C . F o r exam p le , 

i t  i s  known t h a t  t h e  p o s i t i v e  e le m e n ts  o f  a  C * -a lg e b ra  form  

a  c lo s e d  cone and t h a t  a  C * -a lg e b ra  h a s  an a p p ro x im a te  

i d e n t i t y  c o n s i s t i n g  o f  p o s i t i v e  e le m e n ts .  Thus i f  A i s  

a  C * -a lg e b ra  t h e  e le m e n t a  i n  1 .1 2  can  b e  ta k e n  t o  be a  

p o s i t i v e  e le m e n t o f  A .
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CHAPTER I I  

APPROXIMATE IDENTITIES AND THE 

STRICT TOPOLOGY

The p u rp o s e  o f  t h i s  th e s i s *  a s  s t a t e d  i n  t h e  a b s t r a c t*  

i s  an a t te m p t t o  g e n e r a l i z e  t h e  th e o r y  o f  com m uta tive  

C * -a lg e b ra s  t o  a  n o ncom m uta tive  s e t t i n g .  A p a r t i c u l a r  

p ro b le m  a lo n g  t h i s  l i n e  i s  th e  q u e s t io n  o f  w hat i s  to  

s u b s t i t u t e  f o r  t h e  m axim al i d e a l  sp a c e  [3 8 ]  i n  th e  n o n 

com m uta tive  c a s e .  As e x p la in e d  i n  S e c t io n  2 o f  t h i s  

c h a p te r*  th e  ap p ro x im a te  i d e n t i t y  h a s  p ro v e n  to  be  a  u s e 

f u l  d e v ic e  f o r  a  l a r g e  c l a s s  o f  p ro b le m s , p a r t i c u l a r l y  

th o s e  c o n n e c te d  w i th  g e n e r a l i z a t i o n s  o f  th e  th e o r y  o f  th e  

s t r i c t  to p o lo g y  ( d e f in e d  i n  S e c t io n  1 ) .

S e c t io n  1 o f  C h a p te r  I I  c o n ta in s  p r e l im in a r y  m a t e r i a l  

r e l a t i n g  to  th e  s t r i c t  to p o lo g y . In  S e c t io n s  2 -7  r e l a t i o n 

s h ip s  b e tw een  th e  e x i s t e n c e  o f  c e r t a i n  ty p e s  o f  ap p ro x im a te  

i d e n t i t i e s  on a  C * -a lg e b ra  and o th e r  p r o p e r t i e s  o f  th e  

a l g e b r a  a r e  s tu d ie d .  I n  S e c t io n  8 , we s tu d y  a  p r o p e r ty  

o f  C * -a lg e b ra s  w h ich  a r o s e  from  t r y i n g  t o  d e c id e  w h e th e r  

e v e ry  C * -a lg e b ra  h a s  a  c a n o n ic a l  ap p ro x im a te  i d e n t i t y .

The m o st i n t e r e s t i n g  r e s u l t s  i n  C h a p te r  I I  a r e  i n  S e c t io n  3

11
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b e c a u se  th e y  a r e  r e l a t e d  t o  t h e  im p o r ta n t  Mackey p ro b le m  

p o se d  by  Buck [ 5 ] .

SECTION 1 . THE STRICT TOPOLOGY

I n  t h i s  c h a p te r ,  S w i l l  a lw a y s  d e n o te  a  l o c a l l y  

com pact H a u s d o r f f  s p a c e .  I n  t h i s  s e c t i o n ,  we p r e s e n t  d e 

f i n i t i o n s  and th e o re m s  p e r t i n e n t  t o  th e  s t r i c t  to p o lo g y , 

w h ich  was d e f in e d  and f i r s t  s tu d ie d  by  R. C. Buck [ 5 ] ,

2 . 1 . 1  DEFINITION. The s t r i c t  to p o lo g y  on C*(S) i s  t h a t  

l o c a l l y  convex  to p o lo g y  g iv e n  by  th e  sem inorm s f  -> ||f0 || 

f o r  f  e C*(S) and 0  e C q(S) . N ote t h a t  we may c o n s id e r

o n ly  n o n n e g a tiv e  0  and t h a t  t h e  s e t s

Y0 = { f  € C * (S ): | |f 0 || < 1 }  a c t u a l l y  fo rm  a  n e ig h b o rh o o d  

b a s i s  a t  t h e  o r i g i n .  I n  te rm s  o f  n e t s ,  a  n e t  { f^} in

C*(S) c o n v e rg e s  t o  z e ro  i n  th e  s t r i c t  to p o lo g y  i f f

f^0  -* 0 i n  t h e  norm  to p o lo g y  f o r  ea ch  0  e CQ(S ) . The

s t r i c t  to p o lo g y  i s  d e n o te d  £5 .

2 . 1 . 2  DEFINITION. A n o th e r  im p o r ta n t  to p o lo g y  f o r  C*(S) 

i s  th e  com pact open  to p o lo g y , d e n o te d  C -  Op . The sem i

norm s a r e  f  -> ||f*||K f o r  f  € C*(S) and K a  com pact

s u b s e t  o f  S ( | i f | |K = sup  { | f ( x ) | :  x  e K}) . C le a r ly  th e

sem inorm s f  -> ||f0 || ,  f o r  0  e C q(S) , a l s o  d e te rm in e  

t h e  com pact open to p o lo g y .  Thus (3 i s  a  f i n e r  to p o lo g y
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t h a t  C -  Op s in c e  i t  h a s  a  l a r g e r  f a m ily  o f  sem ino rm s.

A n e t  {f^}  i n  C*(S) c o n v e rg e s  t o  z e ro  i n  th e  com pact

open  to p o lo g y  (d e n o te d  f ^  -» 0 C -  Op) i f f  f fe -* 0 u n i 

fo rm ly  on a l l  com pact s u b s e t s  o f  S .

The f o l lo w in g  r e s u l t s  on t h e  s t r i c t  to p o lo g y  a r e  due 

t o  B uck [ 5 ] .

2 .1 .3  THEOREM. ( a )  The norm  to p o lo g y  and  P on C*(S) 

a g r e e  i f f  S i s  co m p ac t.

(b )  C * (S )g (C * (S ) w i th  to p o lo g y  p) i s  c o m p le te .

( c )  p i s  m e t r i z a b l e  i f f  S i s  co m p ac t.

(d )  A s e t  i s  p -b ounded  i f f  i t  i s  norm  b o u n d ed .

( e )  On bounded  s u b s e t s  o f  C*(S) p = C -  Op .

( f )  Cc (S ) i s  p -d e n s e  i n  C*(S) .

2 .1 . 4  THEOREM. L e t L b e  a  p - c o n t in u o u s  l i n e a r  f u n c t i o n a l

on C*(S) . Then t h e r e  i s  a  u n iq u e  r e g u l a r  B o re l  m e a su re

[i on S so  t h a t  L ( f )  = J f d p  f o r  f  e C *(S) . C o n v erse ly ., 

i f  p  i s  a  r e g u l a r  B o re l  m e asu re  on  S and  T ( f )  = J fd j i  

f o r  f  € C *(S) , th e n  T i s  a  p - c o n t in u o u s  l i n e a r  fu n c 

t i o n a l  on C *(S) .

I t  f o l lo w s  from  2 .1 .4  t h a t  p -c o n t in u o u s  com plex  homo-
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raorphism s o f  C*(S) a r e  g iv e n  by  e v a lu a t i o n  a t  p o in t s  o f  

S . T h is  f a c t ,  2 .1 .4 ,  and o th e r  r e s u l t s  be low  show t h a t  

C*(S)g h a s  many o f  t h e  same p r o p e r t i e s  a s  d o es  C*(X) 

w ith  i t s  norm to p o lo g y , w here  X i s  a  com pact H a u s d o r f f  

s p a c e .  I n  [ 5 ] Buck p o s e d  th e  q u e s t io n :  When i s  C *(S)^

a  M ackey s p a c e ?  A p a r t i a l  an sw er was g iv e n  by  Conway [ 1 2 ] .  

Theorem 2 .1 .5  -  2 . 1 . 9  a r e  due t o  h im .

2 .1 .5  THEOREM. L e t H c  C * (S )p . The f o l lo w in g  s ta te m e n ts  

a r e  e q u i v a l e n t :

(a )  H i s  u n i f o r m ly  bounded  a n d , f o r  e v e ry  e > 0 , t h e r e  

i s  a  com pact s e t  K c  s  so  t h a t  |n |(S S K )  < e f o r  a l l

P e H .

(b ) H i s  p - e q u ie o n t in u o u s .

(c )  H i s  u n i f o r m ly  bounded  and  f o r  e v e ry  n e t  { f&} in  

Cc (S ) su ch  t h a t  f & -> 0 C -  Op and  Hfa ll < 1 f o r  a l l  

a  , f a  -* 0 u n if o r m ly  on H .

2 .1 .6  THEOREM. L e t  S b e  p a ra c o m p a c t. I f  H i s  a  

P -w eak-*  c o u n ta b ly  com pact s u b s e t  o f  M (S) , th e n  H i s  

p - e q u ic o n t in u o u s .  H ence C *(S)p i s  a  s t r o n g  Mackey s p a c e .

A c r u c i a l  f a c t  u se d  i n  p r o v in g  2 .1 .6  i s  t h i s  r e s u l t  

o f  Conway:
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2 .1 .7  THEOREM. I f  S i s  th e  sp a c e  o f  p o s i t i v e  i n t e g e r s  

w i th  t h e  d i s c r e t e  to p o lo g y  and H c  a1 = m(S ) , th e n  th e  

f o l l o w in g  a r e  e q u i v a l e n t :

(a) H i s w eak ly  c o n d i t i o n a l l y  com pac t5

0 >) H i s p -w eak -*  c o n d i t i o n a l l y  com pact;

(c) H i s norm c o n d i t i o n a l l y  com pact;

(a) H i s P - e q u ic o n t in u o u s .

C onw ay 's n e x t  r e s u l t  i s  a  g e n e r a l i z a t i o n  o f  th e  c l a s 

s i c a l  A s c o li  th e o re m .

2 .1 .8  THEOREM. I f  P c  c * (S )  th e n  th e  f o l lo w in g  a r e  

e q u i v a l e n t :

(a )  F i s  P c o n d i t i o n a l l y  com p ac t5

(b )  P i s  u n if o r m ly  bounded  and C -  Op c o n d i t i o n a l ly  

co m p ac t;

( c )  P i s  u n if o r m ly  bounded  and f o r  e v e ry  com pact s e t

K c  s 5 F |K = { f | K:f  e P} i s  norm c o n d i t i o n a l l y  com pact 

i n  C*(K) ( f j K d e n o te s  th e  r e s t r i c t i o n  o f  f  t o  K) ;

(d )  P i s  u n if o r m ly  bounded and an  e q u ic o n tin u o u s  f a m ily .

2 .1 .9  EXAMPLE. L e t X d e n o te  t h e  s p a c e  o f  o r d in a l s  l e s s  

th a n  th e  f i r s t  u n c o u n ta b le  o r d i n a l  w ith  t h e  o r d e r  to p o lo g y . 

C*(X)g i s  n o t  a  M ackey s p a c e .
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We s h a l l  now m e n tio n  some o f  th e  w ork o f  C o l l in s  [7 ]  

and C o l l in s  and D orroh  [ 8 ] on th e  s t r i c t  to p o lo g y . The 

w ork o f  s e v e r a l  o th e r  a u th o r s  w i l l  b e  c o n s id e r e d  in  Chap

t e r s  I I I  and IV o f  t h i s  t h e s i s .

2 .1 .1 0  THEOREM. The f o l lo w in g  a r e  e q u iv a le n t  f o r  a  l o 

c a l l y  com pact s p a c e  S :

(a )  S i s  d i s c r e t e ;

(b )  C*(S)g i s  s e m i - r e f l e x i v e ;

( c )  e a ch  bounded  s u b s e t  o f  C*(S)g i s  p re c o m p a c t .

2 .1 .1 1  THEOREM. The fo l lo w in g  c o n d i t io n s  a r e  e q u iv a le n t :

( a )  C *(S)g i s  n u c l e a r  [ 4 9 ] ;

(b )  C *(S)p i s  s e m i - r e f le x i v e  and e v e ry  u n c o n d i t io n a l ly  

c o n v e rg e n t s e r i e s  i n  C *(S)g i s  a b s o lu t e ly  c o n v e rg e n t;

( c )  S i s  f i n i t e ,  i . e . ,  C *(S) i s  f i n i t e - d i m e n s i o n a l .

R e s u l t s  2 .1 .1 0  and  2 .1 .1 1  a r e  i n  [ 7 ] .  C o l l in s  and 

D orroh  p ro v e d  2 .1 .1 2  -  2 .1 .1 4  i n  [ 8 ] ,

2 .1 .1 2  THEOREM. C*(s )g h a s  t h e  a p p ro x im a t io n  p r o p e r ty

[ 4 9 ] .

2 .1 .1 3  THEOREM. The f o l lo w in g  a r e  e q u i v a le n t  f o r  l o c a l l y
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com pact S :

( a )  S i s  a com p ac t;

(b )  Cq (S ) h a s  a  s e q u e n t i a l  a p p ro x im a te  i d e n t i t y ;

(c )  C q ( S )  h a s  an  a p p ro x im a te  i d e n t i t y  w hose ra n g e  i s  a  

c o u n ta b le  s u b s e t  o f  C*(S) .

2 .1 .1 4  THEOREM. I f  S i s  p a ra c o m p a c t, CQ(S ) h a s  a  

c a n o n ic a l  ap p ro x im a te  i d e n t i t y  w hose ra n g e  i s  t o t a l l y  

bounded  i n  C (S )^  .

SECTION 2 . INTRODUCTION TO APPROXIMATE IDENTITIES.

The p ro b le m  o f  e x te n d in g  th e o re m s  a b o u t co m m uta tive  

B * a lg e b ra s  t o  th e  n o n -c o m m u ta tiv e  c a s e  h a s  r e c e iv e d  a  

g r e a t  d e a l  o f  a t t e n t i o n  i n  r e c e n t  y e a r s .  B ec au se  many 

p r o o f s  made i n  th e  co m m u ta tiv e  c a s e  make u s e  o f  t h e  s p e c t 

rum (= m axim al i d e a l  s p a c e ) ,  an  o b v io u s  q u e s t io n  i s :  w hat 

i s  t o  r e p l a c e  t h i s  d e v ic e  i n  th e  c a s e  o f  a  n o n -co m m u ta tiv e  

B * a lg e b ra ?  V a r io u s  p o s s i b l e  r e p la c e m e n ts  h av e  b ee n  s o u g h t;  

e . g . ,  s e e  Akemann [2 ]  an d  P e d e rs e n  [ 4 1 ,4 2 ] .  Much p r o g r e s s  

h a s  b ee n  made f o r  c e r t a i n  ty p e s  o f  p ro b le m s by  m eans o f  

r e s t r i c t i o n s  on a p p ro x im a te  i d e n t i t i e s  f o r  t h e  a lg e b r a  i n  

q u e s t io n  by  T a y lo r  [ 5 7 ,5 9 ]*  Akemann [ 3 ] ,  and  o th e r s .  The 

c l a s s  o f  p ro b le m s  s o lv e d  o r  s e e m in g ly  s u s c e p t i b l e  t o  t h i s  

te c h n iq u e  i s  r a t h e r  l a r g e .  T h is  f a c t  and  th e  p a u c i ty  o f
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r e s u l t s  f o r  t h i s  c l a s s  o f  p ro b le m s  o b ta in e d  by  s tu d y in g  

P rim  A [ IT ]  and  th e  s p a c e  o f  e q u iv a le n c e  c l a s s e s  o f  i r r e 

d u c ib le  r e p r e s e n t a t i o n s  s u g g e s t  t h a t  t h e  ap p ro x im a te  

i d e n t i t y  i s  a  u s e f u l  t o o l  f o r  e x te n d in g  many co m m u ta tiv e  

th e o re m s  t o  a  n o n - a b e l ia n  s e t t i n g .  A q u e s t io n  t h a t  a r i s e s  

im m e d ia te ly  i n  t h e  c a s e  o f  a  co m m u ta tiv e  B * a lg e b ra  i s :  

w ha t do r e s t r i c t i o n s  on th e  a p p ro x im a te  i d e n t i t y  im p ly  

a b o u t t h e  sp e c tru m  o f  A and  v i c e  v e r s a ?  A long t h i s  

l i n e ,  C o l l in s - D o r r o h  [ 8 ] c h a r a c t e r i z e  a c o m p ac tn e ss  o f  

t h e  s p e c tru m  and  a s k  f o r  n e c e s s a r y  and  s u f f i c i e n t  c o n d i

t i o n s  on  S t h a t  C q ( S )  ( i n  t h i s  c h a p te r ,  S a lw ay s  

d e n o te s  a  l o c a l l y  com pact H a u s d o r f f  s p a c e ) have  an  a p p r o x i 

m a te  i d e n t i t y  t h a t  i s  t o t a l l y  bounded  i n  t h e  s t r i c t  to p o 

lo g y .  T h is  p o r t i o n  o f  t h i s  t h e s i s  a n sw ers  t h i s  q u e s t i o n  

and  s e v e r a l  r e l a t e d  o n e s ,  in c lu d in g  some i n  t h e  non-com 

m u ta t iv e  c o n t e x t .

2 .2 . 1  DEFINITION. L e t A be  a  B anach  a l g e b r a .  An a p p r o x i 

m a te  i d e n t i t y  f o r  A i s  a  n e t  e A) (we g e n e r a l ly

w r i t e  s im p ly  {e^} ) w i th  l im  ||e ^ x  -  x || = l im  ||xe^  -  x || = 

= 0 f o r  x  e A and  HejJI <, 1 a l l  X . I t  i s  w e l l

known t h a t  a l l  B * a lg e b ra s  h av e  a p p ro x im a te  i d e n t i t i e s  [ 1 7 ] .

2 .2 . 2  DEFINITION. The d o u b le  c e n t r a l i z e r  a l g e b r a  M(A)
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o f  a  B * a lg e b ra  A was s tu d ie d  by  R. C. Busby [ 6 ] who d e 

f in e d  th e  s t r i c t  to p o lo g y  a s  t h a t  to p o lo g y  on M(A) g e n e 

r a t e d  by  th e  sem inorm s x  -» max {||xy || ,  ||yx|| ) f o r  

x  e M(A) and  y  e A . Two m o t iv a t in g  exam ples  f o r  th e  

d o u b le  c e n t r a l i z e r  a l g e b r a  c o n c e p t a r e  t h e  a l g e b r a  CQ(S ) 

o f  c o n t in u o u s  com plex  f u n c t io n s  on S w h ich  v a n is h  a t  i n 

f i n i t y  ( t h i s  c l a s s  i s  i d e n t i c a l  w i th  t h e  c l a s s  o f  a l l  com

m u ta t iv e  C * a lg e b ra s  by  th e  th e o rem  o f  G e lf a n d ) ,  w hose 

d o u b le  c e n t r a l i z e r  a l g e b r a  was i d e n t i f i e d  by  Wang [6 3 ]  a s  

C*(S) ,  t h e  a l g e b r a  o f  a l l  bounded  c o n t in u o u s  com plex 

f u n c t io n s  on S ; and  th e  a l g e b r a  o f  com pact o p e r a t o r s  on 

a  H i l b e r t  s p a c e  H ,  w hose d o u b le  c e n t r a l i z e r  a lg e b r a  

w as shown t o  b e  t h e  bounded  l i n e a r  o p e r a t o r s  on H by 

B usby. F o r a  d e f i n i t i o n  o f  M(A) and  some o f  i t s  p r o 

p e r t i e s ,  th e  r e a d e r  i s  r e f e r r e d  to  C h a p te r  I I I  o f  t h i s  p a 

p e r .  By M(A)g we s h a l l  mean M(A) endowed w i th  th e  

s t r i c t  to p o lo g y  p .

2 .2 .3  DEFINITION. I f  f  e C*(S) ,  t h e  s u p p o r t  o f  f  , 

s p t . f , i s  th e  c l o s u r e  i n  S o f  N ( f ) = ( x : f ( x )  4= ° )  •

2 . 2 A  DEFINITION. S i s  sham com pact i f  e a c h  c  com pact 

s u b s e t  i s  r e l a t i v e l y  co m pact.
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2 .2 .5  DEFINITION. L e t A be a  B * a lg e b ra  and {e^} b e  an  

a p p ro x im a te  i d e n t i t y  f o r  A . We s h a l l  be  i n t e r e s t e d  i n  

th e  f o l lo w in g  c o n d i t i o n s :

( a )  {e^3 i s  c o u n ta b le ,, i . e . ,  th e  ra n g e  o f  (e^}  i s  a

c o u n ta b le  s e t ;

(b )  {e^3 i s  s e q u e n t i a l , i . e . ,  A i s  th e  s e t  o f  p o s i t i v e

i n t e g e r s  w i th  t h e  u s u a l  o r d e r ;

( c ) (ex 3 i s  c a n o n ic a l , i . e . ,  e^ > 0 and i f  X1 < Xg

th e n  e, e. = e. ;
1 2 X1

(d )  {e^3 i s  w e ll - b e h a v e d  ( a f t e r  T a y lo r  [ 5 7 ] ) ,  i . e . ,

{e^3 i s  c a n o n ic a l  and i f  X € A and {Xn ) i s  a  s t r i c t l y

in c r e a s in g  s e q u e n c e  i n  A , t h e r e  i s  a  p o s i t i v e  i n t e g e r

N so  t h a t  e^e^  = e^e^  f o r  n ,m  > N ; 
n  m

( e ) {ex 3 i s  0 t o t a l l y  bo u n d ed , i . e . ,  t o t a l l y  bounded

i n  t h e  s t r i c t  to p o lo g y ;

( f )  {e^3 i s  a b e l i a n ;

(g )  {e^3 i s  c h a in  t o t a l l y  bounded , i . e . ,  i f  {1^3 i s  an

i n c r e a s i n g  s e q u e n c e  i n  A ,  th e n  [e . ) i s  g t o t a l l y
n

b o u n d ed ;

(h )  {e^} i s  a(M (A ),M (A )g) r e l a t i v e l y  com pac t, w here

a d e n o te s  th e  w eak to p o lo g y  on M(A) i n  th e  p a i r i n g  

w i th  i t s  g d u a l  ;

( i )  {e^} i s  sham co m p ac t, i . e . ,  {e^3 i s  c a n o n ic a l  and

i f  {X } i s  a  s e q u en ce  i n  A , th e n  t h e r e  i s  a  X i n  A
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so t h a t  X > Xn  f o r  a l l  i n t e g e r s  n  .

2 .2 .6  REMARK. A s e q u en ce  {en } i n  a  B * a lg e b ra  A w hich

s a t i s f i e s  l im  ||e nx  -  x || = lim  llxe^ -  x || = 0 i s  norm 
n

bounded  by  th e  u n ifo rm  b o u n d ed n ess  p r i n c i p l e  and th e  B*norm 

p r o p e r t y .  Thus i t  i s  n o t  n e c e s s a r y  t o  r e q u i r e  norm bounded 

n e s s  i n  2 . 2 .1  f o r  t h i s  c a s e .

2 .2 .7  REMARK. T a y lo r  [5 7 ] in t r o d u c e d  th e  n o t io n  o f  a  w e l l -  

behaved  a p p ro x im a te  i d e n t i t y  and u s e d  i t  t o  p ro v e  many i n 

t e r e s t i n g  im provem en ts o f  r e s u l t s  o f  P h i l l i p s  [ 1 4 ,  p .  3 2 ] ,  

Akemann [ 3 ] j  Bade [ 4 ] ,  C o ll in s - D o r r o h  [ 8] ,  and Conway 

[ 1 0 ,1 2 ,1 3 ]  .

SECTION 3 .  A CHARACTERIZATION OP PARACOMPACT SPACES.

Our m a in  r e s u l t  i n  t h i s  s e c t i o n ,  2 .3 .1 0 ,  an sw ers  two 

q u e s t io n s  p o se d  i n  [ 8] ,  Our i n t e r e s t  c e n t e r s  e x c lu s iv e l y  

on B * a lg e b ra s  w i th o u t  i d e n t i t y ;  f o r  t h e s e ,  we n e e d  in fo rm a 

t i o n  a b o u t i n c r e a s in g  se q u e n c e s  i n  th e  d i r e c t e d  s e t  o f  an  

a p p r o p r i a t e  i d e n t i t y  and a b o u t s u p p o r t s .  Lemmas 2 .3 .1  and

2 . 3 .2  p r o v id e  w hat we n e e d .

2 .3 .1  LEMMA. I f  A i s  a  B anach a lg e b r a  w i th o u t  i d e n t i t y ,  

{e^} an  a p p ro x im a te  i d e n t i t y  f o r  A ,  and  XQ e A ,  th e n
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aX e A so  t h a t  X > XQ .

P r o o f .  I f  t h e  c o n c lu s io n  d o es  n o t  ho ld ., th e n  V X e A ,

X < XQ * from  w h ich  i t  fo l lo w s  t h a t  e^ i s  an i d e n t i t y

f o r  A .

2 . 3 . 2  LEMMA. L e t [e . } h e  an  a p p ro x im a te  i d e n t i t y  f o r

( a )  I f  { e^ } i s  c a n o n ic a l ,  th e n  X-ĵ  < X2 im p l ie s

s p t  e. c  e-v1 {1} c  N (e. ) and X e A im p l ie s  t h a t  th e  Xx a 2  X2
s p t  e^ i s  com p ac t;

(h )  I f  K i s  a  com pact s u b s e t  o f  S ,  th e n  ax e A so

t h a t  | ex | > ^  on K .

P r o o f .  T h is  i s  s t r a i g h t f o n w a r d .

We a r e  m a in ly  i n t e r e s t e d  ( i n  S e c t io n  3 )  i n  tw o ty p e s  

o f  a p p ro x im a te  i d e n t i t i e s ,  v i z . ,  w e ll -b e h a v e d  o n e s , shown 

to  be  im p o r ta n t  by T a y lo r  [5 7 ]*  and  0 t o t a l l y  bounded  

o n e s , t h e  s tu d y  o f  w h ich  m o t iv a te d  t h i s  s e c t i o n .

2 .3 .3  LEMMA. L e t {e^} b e  an  a p p ro x im a te  i d e n t i t y  f o r  

C0 (S ) w h ich  i s  e i t h e r  0 t o t a l l y  bounded  o r  w e ll - b e h a v e d . 

Then th e r e  e x i s t s  a  c o v e r  o f  S by  c lo p e n  a com pact
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s e t s .

2 .3 . 4  REMARK. A l l  t o p o l o g ie s  b e tw e en  th e  com pact open 

and  th e  s t r i c t  a g r e e  on norm bounded  s e t s ,  ih u s  

113 t o t a l l y  b o u n d e d 1' may be  r e p l a c e d  i n  2 . 3 .3  by  ’ ' com

p a c t  open  t o t a l l y  b o u n d e d .’ ’

P r o o f .  We assum e t h a t  S i s  n o t  com pact i n  e i t h e r  c a s e  

t o  a v o id  t r i v i a l i t i e s .  Assume f i r s t  t h a t  {e^} i s  

£ t o t a l l y  boun d ed . R e p la c in g  {e^} by  ( | e ^ | 2 } , p e r 

fo rm in g  a  s t r a i g h t  fo rw a rd  c o m p u ta t io n  and u s in g  2 .3 .4 ,  

we may assum e t h a t  {e^} i s  com pact open  t o t a l l y  bounded 

and e^ > 0 f o r  e a c h  X . L e t x  e X and ch o o se  by

2 .3 .2  (b )  X1 € X so  t h a t  e^ (x )  > ^  . L e t

= {x e S: e^ (x )  > ^  } . Suppose t h a t  {K .̂} j  = 1 , • • • , n  

and  {X .̂} j  = 1 , • • • , n  h av e  b ee n  c h o se n  so  t h a t

(1) eX.  > W  on V l  j  =

( 2 ) Kj = {x e S :e x> (x ) > f o r  some i  , 1 < i  < o' }

"2
By 2 .3 .2  (b )  a g a in ,  ch o o se  ^n+1 e A so  t h a t  e^ >

n +1
on and  l e t  = (x  e S :e ^  (x )  > f o r  some i  ,

1  < i  < n+1} . By in d u c t io n  we o b ta in  se q u e n c e s  {Xn }

and  {E^} s a t i s f y i n g  (1 )  and  (2 )  a b o v e . L e t X = U ^  .
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X i s  c l e a r l y  a  com pact and c o n ta in s  x  . I t  i s  open 

s in c e  c  i n t e r i o r  o f  Kn+1 . To show t h a t  X i s

c lo s e d ,  ta k e  a  com pact s e t  K . I t  s u f f i c e s  t o  show

K fl X i s  c lo s e d  [ 2 8 ,  p .  2 3 1 ] .  The t o t a l  b o u n d ed n e ss  

c o n d i t io n  o f  {e^} g iv e s  th e  e x i s t e n c e  o f  an i n t e g e r  i Q 

so  t h a t  f o r  a l l  p o s i t i v e  i n t e g e r s  J ,  

m in
(3 )  1 < i  < i Q ||e X j -  eX i| |K < i

( | | f | |K = sup | f  (x )  i f o r  f  e ( ^ ( S ) )  .

L e t y  e D K w h ere  m > i Q .

By c o n s t r u c t io n  (y )  > | -  so  by  (3 )  t h e r e  i s  an  i n t e -
m+1

g e r  1 < i  < i Q so  t h a t  e^ (y )  > i  w h ich  shows t h a t

k>'
y  e K. . Thus X fl K = K fl U K, so  X fl K i s  c lo s e d .

1 i = l
F o r th e  o th e r  p a r t  o f  t h e  lemma, l e t  x  e X ,  assum e 

t h a t  {e^3 i s  w e ll - b e h a v e d , and c h o o se  by  2 . 3 .1  and  2 . 3 .2  

an  in c r e a s in g  s e q u e n c e  {Xn ) so  t h a t  e^ (x )  > 0  . L e t 

= s p t  e^ and  n o te ,  b y  2 . 3 . 2 ,  t h a t  c  i n t e r i o r  o f

• L e t X = UKn  and  n o te  t h a t  X i s  o p en , a  com

p a c t  and x  e X . From 2 .3 .2  ( a )  and  th e  d e f i n i t i o n  o f

w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y ,  i t  fo l lo w s  t h a t  [e . )
* i

i s  t o t a l l y  bounded  i n  th e  com pact open  to p o lo g y  and t h a t  

y € X im p l ie s  ex _ (y )  = 1 f o r  3 l a r g e  enou g h . W ith
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th e s e  o b s e r v a t io n s ,  th e  p r o o f  t h a t  X i s  c lo s e d  i s  th e  

same a s  i n  th e  f i r s t  p a r t  o f  th e  lemma.

2 .3 .5  REMARK. N ote  t h a t  i n  3 . 3 ,  U s p t  e. e x .
n = l  n

2 .3 .6  COROLLARY. I f  S i s  c o n n e c te d  and h a s  an  a p p r o x i

m a te  i d e n t i t y  t h a t  i s  e i t h e r  w e ll -b e h a v e d  o r  p t o t a l l y  

bo u n d ed , th e n  S i s  a co m p ac t.

2 .3 .7  PROPOSITION. L e t F b e  a  c lo s e d  s u b s e t  o f  S . I f  

Cq(S) h a s  e i t h e r  a  w e ll -b e h a v e d  o r  a  p t o t a l l y  bounded 

ap p ro x im a te  i d e n t i t y ,  th e n  P c o n ta in s  a  a  com pact s e t  

t h a t  i s  r e l a t i v e l y  c lo p e n  i n  F .

P r o o f .  L e t {e^} be  an  a p p ro x im a te  i d e n t i t y  w i th  e i t h e r  

o f  th e  p r o p e r t i e s  ab o v e . F o r  \  e A , l e t  d^ be th e  r e 

s t r i c t i o n  o f  e^ t o  F . S in c e  F i s  c lo s e d ,  {d^} <= Cq ( F ) .  

We c la im  t h a t  (d ^ ) h a s  th e  same p r o p e r ty  a s  {e^} d o e s j 

i . e . ,  t h a t  {d^} i s  a  w e ll - b e h a v e d  ( r e s p .  p t o t a l l y  

b o u nded ) a p p ro x im a te  i d e n t i t y  f o r  CQ(F ) . To show t h i s ,

i t  s u f f i c e s  t o  show t h a t  i f  f  e CQ(F) ,  th e n  th e r e  i s  an
*e x te n s io n  g i n  CQ(S ) o f  f  . L e t S d e n o te  th e  o n e -  

p o i n t  c o m p a c t i f i c a t io n  o f  S and  00 d e n o te  th e  p o in t  a t  

i n f i n i t y .  L e t f 1 b e  an  e x t e n s io n  o f  f  t o  F U {«>} ob
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t a in e d  by d e f i n in g  f 1 (°°) = 0 . S in c e  f  € Cq (F )  , f '  

i s  c o n t in u o u s  and e x te n d s  to  a  c o n tin u o u s  f u n c t io n  p on 

a l l  o f  S by  T i e t z e 's  Theorem s in c e  F U {«>} i s  c lo s e d  

i n  S . The r e s t r i c t i o n  g o f  p t o  S i s  c l e a r l y  an 

e x t e n s io n  o f  f  i n  C0 (S) . T h is  c o n c lu d e s  t h e  p r o o f  o f  

2 . 3 . 7 .

2 .3 .8  COROLLARY. I f  S i s  l o c a l l y  co n n e c te d  and CQ(S) 

h a s  an  a p p ro x im a te  i d e n t i t y  t h a t  i s  e i t h e r  w e ll -b e h a v e d  o r  

0 t o t a l l y  b ounded , th e n  S i s  p a ra c o m p a c t.

P r o o f .  By 1 . 1 , i t  s u f f i c e s  t o  show t h a t  S i s  a  d i s j o i n t  

u n io n  o f  c lo p e n  a com pact s u b s p a c e s . I n  a  l o c a l l y  co n 

n e c te d  s p a c e ,  t h e  com ponents a r e  c lo p e n  and c o n n e c te d  and 

so  a com pact by  2 .3 .7 .

2 .3 .9  LEMMA. S uppose t h a t  CQ(S ) h a s  a  P t o t a l l y  

bounded a p p ro x im a te  i d e n t i t y  and l e t  W be t h e  f a m ily  o f  

a l l  c lo p e n  a  com pact s u b s e t s  o f  S c o n s t r u c te d  by  th e  

m ethod o f  t h e  f i r s t  p a r t  o f  2 . 3 . 3 .  I f  V. c  W , th e n

U I  i s  c lo p e n  .

P r o o f .  We may assum e e. > 0 a s  i n  2 . 3 . 3 .  L e t X = U W 
K Wet(

and K be an  a r b i t r a r y  com pact s u b s e t  o f  S . S in c e  S
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i s  l o c a l l y  com pact^ i t  s u f f i c e s  t o  show t h a t  X H K i s  

c lo s e d .  W ith  e a ch  W i n  i s  a s s o c i a t e d  a  seq u en ce  

{e^f} from  th e  a p p ro x im a te  i d e n t i t y  su ch  t h a t  U s p t  e^  c  w

( s e e  2 .3 .4 )  and i f  y  e W e ^ ( y )  > ^  f o r  n  l a r g e  enough . 

From p t o t a l  b o u n d ed n e ss  o f  (e^:W  e n  = l ,2 j * * * }  ,

we g e t  a  s e t  {Wj_5i= 2 . . .  n  from  %( and  a s s o c i a t e d  i n t e 

g e r s  {n^} i  = l j * * * ,n  so  t h a t  f o r  any  V i n  and po 

s i t i v e  i n t e g e r  p

(4) i< i^ «e"i ' epl K<t  •
I f  y  e X fl K j th e n  y  e K fl W f o r  some I  e 1( , so

c h o o s in g  p l a r g e  enough so  t h a t  ep ( y )  > ^  we s e e  t h a t

e ^ - i ( y )  > 0 f o r  some 1 < i  < n  so  t h a t  y e Wi  . We
1 n

h av e  e s t a b l i s h e d  t h a t  X f l K  = K n U W .  so  X fl K i s
i = l  1

c lo s e d .  T h is  c o n c lu d e s  t h e  p r o o f  o f  2 . 3 . 9 .

n = l

I n  [8 ]  C o l l in s  and D o rro h  show t h a t  i f  S i s  p a r a -  

com pact th e n  Cq (S ) h a s  a  g t o t a l l y  bounded a p p ro x im a te  

i d e n t i t y  and a s k  tw o q u e s t i o n s :  (1 ) Does th e  e x i s t e n c e  o f  

a  P t o t a l l y  bounded a p p ro x im a te  i d e n t i t y  im p ly  th e  

e x i s t e n c e  o f  a  c a n o n ic a l  one t h a t  i s  p t o t a l l y  bounded?

And (2 )  d o es  th e  e x i s t e n c e  o f  a  g t o t a l l y  bounded a p p r o x i

m a te  i d e n t i t y  i n  C0 (S ) im p ly  t h a t  S i s  p a ra c o m p a c t?  We 

add  t o  t h e s e  a  t h i r d  q u e s t io n :  Does t h e  e x i s t e n c e  o f  a
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3 t o t a l l y  bounded a p p ro x im a te  i d e n t i t y  i n  Cq (S )  im p ly  

t h e  e x i s t e n c e  o f  a  w e ll -b e h a v e d  one?  The an sw er t o  a l l  

th e s e  q u e s t i o n s  i s  g iv e n  i n  2 .3 .1 0 .

2 .3 .1 0  THEOREM. T hese  a r e  e q u i v a l e n t :  (1 )  S i s  p a r a -  

com p ac t; (2 )  Cq (S )  h a s  a  c a n o n ic a l  a p p ro x im a te  i d e n t i t y

t h a t  i s  3 t o t a l l y  bou n d ed ; (3 )  C0 (S ) h a s  an  a p p ro x im a te

i d e n t i t y  t h a t  i s  3 t o t a l l y  bou n d ed .

P r o o f .  F o r t h e  f i r s t  i m p l i c a t i o n  s e e  [ 8 ] ,  S in c e  t h e

seco n d  im p l i c a t i o n  i s  t r i v i a l ,  we p ro v e  o n ly  t h a t  i f  {e^}

i s  a 3 t o t a l l y  bounded  a p p ro x im a te  i d e n t i t y  f o r  CQ(S )

th e n  S i s  p a ra c o m p a c t. Take W t o  b e  t h e  s e t  i n  2 . 3 . 9

and w e l l  o r d e r  i t .  L e t WQ b e  th e  f i r s t  e le m e n t i n  %

and ¥£  = WQ . I f  ¥  e y  , and  ¥  =j= WQ , l e t

¥ '  = ¥ \  (UV) .
V < ¥
V e y

Each s e t  ¥ '  i s  c lo p e n  and  ct com pact by  2 .3 .3  and 

2 .3 .9 .

I f  x e S and ¥  i s  th e  l e a s t  e le m e n t i n

{ ¥ :¥  e ^  and  x  e ¥} ,  th e n  x c l e a r l y  b e lo n g s  t o  ¥ '  .

The c o l l e c t i o n  { ¥ * :¥  € %} th e n  c o n s i s t s  o f  d i s j o i n t  s e t s

and so fo rm s a  p a r t i t i o n  o f  S by  c lo p e n  a com pact s u b 

s e t s .  ¥ e  a p p ly  1 .1  t o  c o n c lu d e  th e  p r o o f .
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SECTION 4 . NON-COMMUTATIVE RESULTS AND EXAMPLES.

T a y lo r  [5 7 ]  g iv e s  t h e  f o l l o w in g  exam ples  o f  B * a lg e -  

b r a s  w i th  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t i e s :  a lg e b r a s  

w i th  c o u n ta b le  a p p ro x im a te  i d e n t i t i e s ,  a lg e b r a s  w ith  

s e r i e s  a p p ro x im a te  i d e n t i t i e s  ( f o r  a  d e f i n i t i o n ,  s e e  Ake

mann [ 3 ] ) s u ch  a s  th e  com pact o p e r a t o r s  on a  H i l b e r t  s p a c e ,  

and s u b d i r e c t  sums o f  a l g e b r a s  h a v in g  w e ll -b e h a v e d  a p p r o x i

m a te  i d e n t i t i e s ,  s u ch  a s  d u a l  B * a lg e b ra s  w h ich  a r e  s u b d i r e c t  

sums o f  a l g e b r a s  o f  com pact o p e r a t o r s .

I n  t h i s  s e c t i o n ,  we g iv e  exam ples  o f  a lg e b r a s  w i th  

3 t o t a l l y  bounded  a p p ro x im a te  i d e n t i t i e s  u s in g  some te c h y ; 

n iq u e s  b o rro w ed  from  T a y lo r  and some o f  o u r  own. We a l s o  

g iv e  some p a r t i a l  r e s u l t s ,  e . g . ,  2 . 4 . 1 ,  r e l a t i n g  th e  e x i s 

te n c e  o f  a p p ro x im a te  i d e n t i t i e s  o f  one ty p e  to  e x i s t e n c e  o f  

a n o th e r  ty p e .

2 .4 .1  PROPOSITION. L e t A be  a  B anach a lg e b r a  w i th  a  

s e q u e n t i a l  c a n o n ic a l  a p p ro x im a te  i d e n t i t y  ( en 3 • Then 

[e n ) i s  3 t o t a l l y  bounded  and w e l l  b eh a v e d .

The p r o o f  r e q u i r e s  t h e  f o l lo w in g  o b s e r v a t io n  w hose 

p r o o f  i s  s t r a i g h t f o r w a r d :

2 .4 .2  REMARK. I f  { f^ )  i s  an  a p p ro x im a te  i d e n t i t y  f o r  A ,
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th e n  th e  l o c a l l y  convex to p o lo g y  on M(A) ( s e e  c h a p te r  

I I I *  S e c t io n  1 ) g e n e ra te d  hy  th e  sem inorm s 

x  -> max C llf^xl^ llxf^ ll}  a g re e s  w i th  th e  s t r i c t  to p o lo g y  

on norm bounded s e t s  i n  M(A) .

P ro o f  o f  2 . 4 . 1 .  L e t m and n 1 <  n 2 < • • •  be  p o s i t i v e

i n t e g e r s .  Choose a  p o s i t i v e  i n t e g e r  i Q so  t h a t  n^ > m

f o r  i  > i Q . Then em(e n _ -  e ^ )  = 0 f o r  i , J  > i Q by

th e  c a n o n ic a l  p r o p e r ty  so [en ) i s  w e ll - b e h a v e d . T o ta l  

b o u n d ed n e ss  i n  th e  s t r i c t  to p o lo g y  fo l lo w s  from  2 .4 .2  and 

th e  f a c t  t h a t  {en ) i s  w e ll - b e h a v e d . P a r t  ( a )  o f  th e  

n e x t  r e s u l t  was u s e d  by  T a y lo r  [5 7 ]  i n  h i s  s tu d y  o f  w e l l -  

behaved  i d e n t i t i e s .  We s h a l l  u s e  i t  i n  2 .4 .5  t o  show t h a t  

a lg e b r a s  w i th  c o u n ta b le  a p p ro x im a te  i d e n t i t i e s  h av e  ones 

w i th  o th e r  n ic e  p r o p e r t i e s .

2 .4 .3  LEMMA. L e t A be  a  B anach a l g e b r a .  ( a )  I f  {e^3 

i s  an  a p p ro x im a te  i d e n t i t y  f o r  A and [ f  } i s  an a p p r o x i

m ate  i d e n t i t y  f o r  th e  normed a l g e b r a  g e n e ra te d  by  {e^3 > 

th e n  i s  331 a p p ro x im a te  i d e n t i t y  f o r  A ; (b ) I f

{e^} i s  a  norm bounded n e t  i n  A and D a  d en se  s u b s e t  

in  th e  H e rm it ia n  p a r t  o f  th e  u n i t  b a l l  o f  A so  t h a t  

e^x  x and xe^  -» x f o r  ea ch  x  i n  D , th e n  {e^} i s  

an  a p p ro x im a te  i d e n t i t y  f o r  A . I n  p a r t  ( b ) ,  we assum e
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A i s  a  B * -a lg e b ra .

P r o o f .  T h is  i s  a  s t r a i g h t f o r w a r d  c o m p u ta t io n .

S e p a ra b le  B * a lg e b ra s  haye  many ty p e s  o f  ap p ro x im a te  

i d e n t i t i e s  a s  2 .4 .4  show s.

2 .4 .4  LEMMA. L e t A be  a  s e p a r a b l e  B * a lg e b ra . Then A

c o n ta in s  an a p p ro x im a te  i d e n t i t y  t h a t  i s  c a n o n ic a l ,  se q u e n 

t i a l ,  and a b e l i a n  (and by  2 .4 .1 ,  w e ll-b e h a v e d  and p t o 

t a l l y  b o u n d e d ) .

P r o o f .  L e t fx  1 b e  a  c o u n ta b le  d en se  s e t  i n  t h e  H erm i- n
t i a n  p a r t  o f  th e  u n i t  s p h e re  o f  A ,  and l e t

x  = 2 2 . S in c e  x  i s  a  p o s i t i v e  e le m e n t o f  A ,
n = l 2 n

th e  B * a lg e b ra  C g e n e ra te d  by  x  i s  i s o m e t r i c a l l y  ^ i s o 

m o rp h ic  to  th e  a lg e b r a  CQ(S ) , w here S i s  t h e  m axim al 

i d e a l  s p a c e  o f  C . S in c e  C0 (S ) i s  g e n e ra te d  by a  s in g l e

f u n c t io n ,  S i s  o com p ac t. We may s e l e c t  from  C(=C0 (S ))

an  a p p ro x im a te  i d e n t i t y  {e^} f o r  C p o s s e s s in g  a l l  th e  

p r o p e r t i e s  m e n tio n e d  in  th e  s ta te m e n t  o f  2 . 4 . 4 .  I t  rem a in s

o n ly  t o  show t h a t  (e ^ )  i s  an  a p p ro x im a te  i d e n t i t y  f o r  A .

A d jo in  a u n i t  I  t o  A in  th e  cu s to m ary  m anner so  t h a t

th e  a d jo in e d  a lg e b r a  i s  B* , h en c e  we have t h a t
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| | ( I  -  ®k )x  ( I  -  6^)11^ "* 0 - From [17* p .  143 we h av e  t h a t

H ( I  “  e ^ ' x n x n  t 1 "  ^  ^ I K 1 “  e~k) x  ( I  "  e k ) H

so  t h a t  | | ( I  -  ek )xn || = ||xn ( I  -  ek ) | |k  -» 0 . Thus a p p ly in g

2 .4 .3  (b )  t o  D = {xn 3 and [e^}  we s e e  t h a t  fe^}  i s  

an  a p p ro x im a te  i d e n t i t y  f o r  A .

2 .4 .5  DEFINITION. L e t [Ay] b e  a  f a m ily  o f  norm ed a l g e 

b r a s .  The s u b d i r e c t  sum* (E ) q * o f  t h e  f a m ily  {A^)

i s  t h a t  s u b s e t  o f  P A  c o n s i s t i n g  o f  a l l  a  = (a  ) e P i  
y e r  T  Y Y

so  t h a t  (y e r : | | a Y|| > e} i s  f i n i t e  f o r  ea c h  e > 0 .

The a l g e b r a i c  o p e r a t io n s  a r e  p o in tw i s e  and ||a || =

= sup  C || ay | | ; y e r } .

2 .4 .6  PROPOSITION. I f  A = (E Ay ) q and ea c h  Ay h a s  a

g t o t a l l y  bounded  a p p ro x im a te  i d e n t i t y *  th e n  so  d o es  A .

P r o o f .  The p r o o f  i s  th e  same a s  P r o p o s i t i o n  3 .2  i n  [5 7 ]  

w here  th e  same r e s u l t  i s  p ro v e d  f o r  w e ll -b e h a v e d  a p p r o x i

m a te  i d e n t i t i e s .

2 . 4 . 7  REMARK. P r o p o s i t i o n  2 .4 .6  i s  t r u e  when 1’t o t a l l y  

b o u n d e d ’ ’ i s  r e p l a c e d  by any  o f  th e  ty p e s  o f  a p p ro x im a te  

i d e n t i t i e s  l i s t e d  i n  S e c t io n  2* e x c e p t  c o u n ta b le  and  s e 
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q u e n t i a l .  D u a l B * a lg e b ra s  have  p t o t a l l y  bounded 

a p p ro x im a te  i d e n t i t i e s  by  2 .4 .6 ,  and  2 .4 .5  and 2 .4 .6  g iv e  

a  p r o o f ,  d i f f e r e n t  from  t h a t  i n  [ 8 ] ,  t h a t  CQ( S ) , f o r  S 

p a ra c o m p a c t, h a s  a  P t o t a l l y  bounded a p p ro x im a te  id e n 

t i t y .

2 .4 .8  CONJECTURE. We c o n j e c tu r e  t h a t  CQ(S ) h a s  a  w e l l -  

b eh a v ed  a p p ro x im a te  i d e n t i t y  i f  and o n ly  i f  S i s  p a r a -  

co m p ac t. As i n d i c a t e d  e a r l i e r ,  o u r  r e s u l t s  on t h i s  q u e s 

t i o n  a r e  in c o m p le te ,  b u t  we g iv e  an  exam ple i n  S e c t io n  6 

t h a t  i s  p e r h a p s  i l l u m i n a t i n g .

SECTION 5 . SHAM COMPACT SPACES AND APPROXIMATE IDENTITIES.

The d e f i n i t i o n  o f  sham com pact s p a c e  and sham com pact 

a p p ro x im a te  i d e n t i t y ,  g iv e n  in  2 .2 .5 .*  i s  m o t iv a te d  by  th e  

s p a c e  X o f  o r d i n a l s  l e s s  th a n  th e  f i r s t  u n c o u n ta b le  o r d i 

n a l  w i th  t h e  o r d e r  to p o lo g y , and th e  a l g e b r a  CQ(X) . F o r 

ex am p le , l e t  A = X w ith  t h e  u s u a l  o r d e r  and  i f  X. e A , 

l e t  f^  be  t h e  c h a r a c t e r i s t i c  f u n c t io n  o f  th e  i n t e r v a l  

[0 ,X ] . I t  i s  c l e a r  t h a t  ( f ^ )  i s  a  sham com pact a p p r o x i

m a te  i d e n t i t y  f o r  CQ(X) . We n o te  t h a t  C0 (X) c a n n o t 

h av e  a  p t o t a l l y  bounded  a p p ro x im a te  i d e n t i t y  s in c e  X 

i s  n o t  p a ra c o m p a c t. F u r th e rm o re , i t  c a n n o t h av e  a  w e l l -  

beh av ed  a p p ro x im a te  i d e n t i t y  e i t h e r  s in c e  i t  i s  pseudocom 
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p a c t .

2 . 5 . 1  PROPOSITION. L e t S be p se u d o c o m p a c t. I f  C q ( S )

h a s  a  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y ,  th e n  S i s  com

p a c t .

P r o o f .  L e t ( e^ )  l*e a  w e ll - b e h a v e d  a p p ro x im a te  i d e n t i t y

f o r  Cq (S )  , su p p o se  t h a t  S i s  n o t  com pact, and c h o o s e ,

by  2 . 3 . 1 ,  an  in c r e a s in g  se q u e n c e  [Xn ) so t h a t

e. + e -v f o r  any  i n t e g e r  i  . N ote t h a t
K± + i  ■;

e. < e. < • • * ,  i . e . ,  {e. } i s  an  i n c r e a s in g  se q u e n c e .
X1 X2 i

S in c e  t h e  seq u e n c e  {e^} i s  Cauchy i n  t h e  com pact open

to p o lo g y  and C (S ) i s  c o m p le te  i n  t h i s  to p o lo g y , t h e r e

i s  a  f u n c t io n  i n  ^ ( S )  so  t h a t  e^ -♦ f  u n if o r m ly  on

com pact s u b s e t s  o f  S . By [ 2 4 ,  Theorem  2] e. -* f  i n
i

norm  so  f  i s  i n  CQ( S ) . By 2 . 3 . 2 ,  f  = 1 on

U s p t  e. w h ich  th e n  i s  c o n ta in e d  in  th e  com pact s e t
i = l  K1
K = f - 1 { l}  . C h oosing  X e A so  t h a t  e^ s  l  on K ,

we o b ta in  a  c o n t r a d i c t i o n  t o  t h e  f a c t  t h a t  e. 4= e\
K1 i+ 1

f o r  a l l  i  .

2 . 5 . 2  REMARK. P r o p o s i t i o n  2 .5 .1  a d m its  th e  f o l lo w in g  n o n -  

a b e l i a n  g e n e r a l i z a t i o n ,  s t a t e d  h e r e ,  w i th o u t  p r o o f ,  f o r
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c o m p le te n e s s : S uppose a B* a lg e b r a  A h a s  a w e l l - behaved

a p p ro x im a te  i d e n t i t y  and M(A) s a t i s f i e s  t h e  f o l lo w in g  

c o n d i t i o n : w h en ev er {an ) _is an  i n c r e a s in g  seq u e n c e  in

A and [an ) c o n v e rg e s  i n  th e  s t r i c t  to p o lo g y  to  x i n  

M(A) ,  th e n  | |a n  -  x || -> 0 . Then A h a s  an  i d e n t i t y  and 

A = M(A) . (S ee  [ 2 4 ,  P r o p o s i t io n  2] t o  s e e  t h a t  t h i s  r e 

s u l t  in c lu d e s  2 . 5 . 1 . )

The n e x t  p r o p o s i t i o n  r e l a t e s  sham co m p ac tn e ss  o f  S ,  

e x i s t e n c e  o f  sham com pact a p p ro x im a te  i d e n t i t i e s  i n  CQ(S ) 

and th e  p r o p e r t y  (DP) o f  G ro th e n d ie c k .

2 .5 .3  DEFINITION. L e t E b e  a l o c a l l y  convex to p o l o g ic a l  

v e c to r  s p a c e  w i th  d u a l  E . The s p a c e  E i s  (DF) i f  

t h e r e  i s  a  c o u n ta b le  b a s e  f o r  bounded  s e t s  i n  E and  i f  

e v e ry  c o u n ta b le  i n t e r s e c t i o n  o f  c lo s e d  convex  c i r c l e d  

z e ro  n e ig h b o rh o o d s  w h ich  a b s o rb s  bounded  s e t s  i s  a  z e ro  

n e ig h b o rh o o d .

2 .5 .4  REMARK. The v e c to r  sp a c e  C *(S)p  i s  co m p le te  and 

t h e  g bounded  s e t s  c o in c id e  w i th  t h e  norm  bounded s e t s  

so  C*(S)g i s  (DF) i f  e a ch  c o u n ta b le  i n t e r s e c t i o n  o f  

c lo s e d  convex  c i r c l e d  z e ro  n e ig h b o rh o o d s  w h ich  a b s o rb s  

p o in t s  o f  C*(S) i s  a  z e ro  n e ig h b o rh o o d  [ 4 5 ,  p .  6 7 ] .
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We s h a l l  u se  th e  f o l lo w in g  rem ark  in  th e  p r o o f  o f  

Theorem 2 .5 .6 .

2 .5 .5  REMARK. W. H. Summers [5 ^ ]  h a s  r e c e n t ly  shown t h a t  

C (S )^  i s  (DP) i f  C*(N;C0 (S ) )  i s  e s s e n t i a l ,  w here

C (N;C0 (S ) )  i s  th e  B anach a l g e b r a  o f  a l l  norm bounded 

seq u e n c e s  from  Cq (S ) w i th  t h e  sup  norm to p o lo g y  (|| H^) 

and 11 e s s e n t i a l ' 1 m eans t h a t  llex f f n ) “ (^111^  ^  0 w here 

{e^} i s  any  a p p ro x im a te  i d e n t i t y  f o r  CQ(S ) and ( f n ) 

any  e le m e n t o f  c (NjC0 (S ) )  .

2 .5 .6  THEOREM. T hese  a r e  e q u i v a le n t :  ( a )  C*(S) i s  (DF)j

(b )  S i s  a  sham com pact s p a c e  ( c )  CQ(S ) h a s  a  sham 

com pact a p p ro x im a te  i d e n t i t y .

P r o o f .  Assume t h a t  C*(S)g i s  (DP) and X i s  t h e
00

u n io n  o f  com pact s e t s  , i . e . ,  X =  U . F o r ea ch

i n t e g e r  n  ,  l e t  cpn  be a  f u n c t io n  i n  C0 (S ) so  t h a t

0 < cpn  < 1 and cpn  = 1 on . L e t

V = [ f  € Cb ( S ) : | | f  cpn || < l i Vn ) • V a b s o rb s  p o in t s  o f  
* . .

C (S) ; t h e r e f o r e  i t  i s  a  z e ro  n e ig h b o rh o o d  i n  t h e  s t r i c t  

to p o lo g y  by ( a ) .  I t  i s  o b v io u s  t h a t  t h e  s e t s  

{ f  e C * ( S ) : | |f  cp|| < 1} ( f o r  cp > 0 i n  Cq (S ) )  i s  a  b a s e  

a t  z e ro  f o r  th e  s t r i c t  to p o lo g y . Thus 3 cp > 0 i n  C0 (S)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 7

so  t h a t  ( f  e C * ( S ) : | |f  cp|| < 1} c  V . T h is  shows t h a t  

cp(x) > 1 f o r  x i n  X . F o r i f  n o t*  t h e r e  i s  an i n t e 

g e r  n  and a  p o in t  x Q in  so  t h a t  cp(xQ) < 1 .

By a s ta n d a r d  T Jry so h n 's  lemma a rg u m en t 3 f  e Cq (S ) so 

t h a t  f ( x 0 ) > 1 and  ||cp f || < 1 . T h is  c o n t r a d i c t i o n  

e s t a b l i s h e s  o u r  c la im , i . e . ,  X c  cp- 1 { l}  , so  X i s  r e 

l a t i v e l y  co m pact.

Suppose t h a t  (b )  h o ld s .  L e t A b e  th e  s e t  o f  a l l  

p a i r s  (K ,0 ) w here  K c  o c  s  ,  K i s  com pact and 0 i s

open w ith  com pact c l o s u r e .  I f  X = (K ,0 ) and X2 = (K -^C ^), 

we d e f i n e  X > \ ± i f  X = X2 o r  i f  01 c  k  . I f  X = (K ,0 ) 

l e t  f ^  b e  a  f u n c t io n  i n  C0 (S ) w h ich  s a t i s f i e s :  (1 )

0 < f x < 1 ; (2 )  f  s  1 on K ; and (3 )  s p t  f x c  0 .

The n e t  { f^}  i s  by  (b ) a sham com pact a p p ro x im a te  id e n 

t i t y  f o r  Cq (S ) .

Assume ( c ) ,  w i th  {e^} a  sham com pact a p p ro x im a te

i d e n t i t y ,  and l e t  ( f n ) b e  a  s e q u e n c e  c o n ta in e d  i n  t h e

u n i t  b a l l  o f  CQ(S ) ,  and  e > 0 . Choose a  seq u en ce

{Xn } from  A so  t h a t  ||e ^  f  -  f n || < e f o r  e a ch  i n t e g e r
n

n  . L e t XQ e A b e  su ch  t h a t  XQ > Xn  f o r  a l l  i n t e g e r s  

n  . Rem ark 2 .5 .5  and  th e  f o l l o w in g  c o m p u ta t io n  f i n i s h  th e  

p r o o f :

X > XQ im p l ie s  || ex f n  -  f j  =
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| |( 1  -  ex ) f n || = | |( 1  -  e ^ J C l  -  e , ) f n || <

| |( 1  -  e, ) f  || < e f o r  a l l  n . 
n

SECTION 6 .  METACOMPACT SPACES -  AN EXAMPLE.

We h av e  b e e n  u n a b le  t o  p ro v e  o u r  c o n j e c tu r e  t h a t  S 

i s  p a ra c o m p a c t i f  C q ( S )  h a s  a  w e ll - b e h a v e d  a p p ro x im a te  

i d e n t i t y  e x c e p t  i n  s p e c i a l  c a s e s  ( s e e  s e c t i o n  3 ) ,  b u t  we 

a r e  a b le  t o  g iv e  an  exam ple  t h a t  shows t h a t  m e taco m p ac t

n e s s  i s  n o t  s u f f i c i e n t  f o r  e x i s t e n c e  o f  a  w e ll -b e h a v e d  

a p p ro x im a te  i d e n t i t y .

2 . 6 . 1  EXAMPLE. L e t I  b e  th e  u n i t  i n t e r v a l  w i th  th e  

d i s c r e t e  to p o lo g y  and I*  * t h e  o n e - p o in t  c o m p a c t i f i c a -  

t i o n  o f  I  * w i th  «> d e n o t in g  th e  p o i n t  a t  i n f i n i t y .  S i 

m i la r ly *  l e t  N d e n o te  th e  p o s i t i v e  i n t e g e r s  w i th  d i s c r e t e  

to p o lo g y *  N* th e  o n e - p o in t  c o m p a c t i f i c a t i o n  o f  N * an d  

w t h e  p o i n t  a t  i n f i n i t y .  L e t S = I *  x N *S .((« * w )}  .

B e in g  an  open  s e t  i n  a  com pact H a u s d o r f f  s p a c e ,  S i s  l o 

c a l l y  com pact H a u s d o r f f .

To show t h a t  X i s  m etacom pact*  ta k e  an  open  c o v e r  

o f  X . F o r e a c h  p o i n t  ( ^ n )  * t h e r e  i s  a  f i n i t e  s e t

F o f  I  so  t h a t  a  member o f  U c o n ta in s  t h e  open  s e t  n
Un = { x * n ) ;x  £ Fn ) . S im i la r ly *  f o r  ea c h  p o i n t  (x*w)
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t h e r e  i s  a  f i n i t e  s e t  Gx o f  N w i th  a  member o f  t( 

c o n t a in i n g  th e  open  s e t  Wx  = { ( x ,n ) : n  $ Gx } . I f  

( x ,y )  e X and x  ^  «  and y  ^  w ,  ( x ,y )  i s  d i s c r e t e .

L e t Wx ^y  = { ( x ,y ) }  . I t  i s  e a s i l y  ch e ck ed  t h a t  t h e  s e t s  

{Wx ) ,  {Un } ,  and  {Wx  y ) fo rm  a  p o i n t - f i n i t e  open  r e 

f in e m e n t  o f  % . R e c a l l in g  t h a t  a  s p a c e  i s  m e tacom pact 

i f  e a c h  open  c o v e r  h a s  a  p o i n t - f i n i t e  open r e f in e m e n t ,  we 

s e e  t h a t  X i s  m e taco m p ac t.

B e fo re  we show t h a t  Cq(X) h a s  no  w e ll -b e h a v e d  

a p p ro x im a te  i d e n t i t y ,  we p o in t  o u t  t h a t  X i s  n o t  p s e u d o 

c o m p ac t; th u s  we c a n n o t s im p ly  a p p ly  2 . 5 . 1 .  I n  o u r  d e 

m o n s t r a t io n  t h a t  Cq(X) d o es  n o t  h av e  a  w e ll -b e h a v e d  

a p p ro x im a te  i d e n t i t y ,  we f i r s t  e x h i b i t  a  a (M (X ),C * (X )) 

c o n v e rg e n t  se q u e n c e  {pn } w h ich  i s  n o t  t i g h t , w here  a  

s u b s e t  H o f  M(X) i s  t i g h t  i f  i t  i s  bounded  and 

f o r  e a c h  e > 0 t h e r e  i s  a  com pact s e t  Kg i n  X so  

t h a t  | | i |( X N K g ) < 6 f o r  a l l  \i e H (\\x\ d e n o te s  th e

t o t a l  v a r i a t i o n  o f  p.) . We may th e n  a p p ly  C o r o l l a r y  3 .4

i n  [5 7 ]  t o  c o n c lu d e  t h a t  C0 (X) d o es  n o t  h av e  a  w e l l - b e 

h av e d  a p p ro x im a te  i d e n t i t y .

F o r  e a c h  p o s i t i v e  i n t e g e r  n  , l e t  pn  be  th e  mem

b e r  o f  M(X) d e f in e d  by th e  e q u a t io n  Mn ( f )  = f ( ( co, n ) )  -

-  f ( ( < » ,n + l ) )  f o r  f  i n  C*(X) . N ote t h a t  th e  t o t a l

v a r i a t i o n  o f  p n  s a t i s f i e s  t h e  e q u a t io n  |p n | ( f ) =
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= f  ( («>*n)) + f((co J,n + l ) )  f o r  f  i n  C*(X) and so 

||lin || < 2 f o r  e a c h  i n t e g e r  n  . We now show t h a t  ■* 0

i n  t h e  w eak -*  to p o lo g y  o f  M(X) . L e t f  € C*(X) and 

m e N . S in c e  f  i s  c o n t in u o u s  a t  (°°,n ) * f o r  ea ch  

e > 0 * t h e r e  i s  a  f i n i t e  s u b s e t  I £ n  o f  I  so  t h a t  

i f  x  £ I e ^n  * |f ( x * n )  -  f(«> *n)| < e . Thus th e r e  i s  a  

c o u n ta b le  s u b s e t  I n  o f  I  so  t h a t  i f  x  £ I n  ,  f ( x * n )  =

= f(«>*n) . I f  I f  i s  th e  u n io n  o f  th e  s e t s  { In } * we 

s e e  t h a t  i t  i s  c o u n ta b le  and i f  x  |  I f  ,  th e n  f ( x * n )  =

= f ( « , n )  f o r  a l l  i n t e g e r s  n  . Choose a  p o i n t  x f  $ .

Then th e  seq u e n c e  { (x f *n)}  c o n v e rg e s  t o  th e  p o in t  

(x f *w) so t h a t  f ( ( x f * n ) )  ■» f ( ( x f *w)) . Thus 

l im  f ( ( « , n ) )  = l im  f ( ( x f * n ))  = f ( ( x f *w)) so  t h a t

l im  f ( (« > ,n ) )  -  f ( ( o ° ,n + l ) )  = 0 * i . e . ,  |an (±*) -> 0 . S in c e

f  i s  a r b i t r a r y *  we h av e  shown t h a t  |an  -> 0 w eak -*  .

We n e x t  s e e  t h a t  {nn } c a n n o t b e  t i g h t :  L e t e = i

and  n o te  t h a t  a  com pact s e t  i n  X ca n  c o n t a in  o n ly  f i n i t e 

l y  many o f  t h e  p o i n t s  (c°*n) . I f  K i s  a  com pact s u b s e t  

o f  X and  (°°,p) $ K * we can  c h o o se  f  e C*(X) so  t h a t  

s p t  f  i s  com pact* f ( (« > ,p ) )  = 1 *  f  s  0 on K *  and.

0 < f  < 1 ,  i . e . *  so  t h a t

| | i p | ( X \ K )  > |n p ( f ) |  > | f ( ( « , p ) ) |  = 1 . A p p ly in g  [5 7 , 

C o r o l l a r y  3 . *!•.], we s e e  t h a t  CQ(X) d o es  n o t  have  a  w e l l -  

b eh av ed  a p p ro x im a te  i d e n t i t y  ( n o te  t h a t  X i s  n o t  p a r a -
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com pact by  [5 7 , 3 .1  and 3 . 2 ] ,

2 . 6 . 2  REMARK. The s p a c e  C*(X)g w here  X i s  a s  i n

2 .6 .1  i s  i n t e r e s t i n g  f o r  s e v e r a l  o th e r  r e a s o n s .  F i r s t  

C (X)^ i s  n o t  a  s t r o n g  Mackey s p a c e .  Conway [1 2 ]  h as  

shown t h a t  C*(X)g i s  s t r o n g  M ackey i f  X i s  p a ra c o m p a c t. 

The p ro b le m  o f  f i n d i n g  to p o l o g ic a l  c o n d i t io n s  on X n e 

c e s s a r y  and  s u f f i c i e n t  f o r  C*(X)^ t o  b e  a  s t r o n g  M ackey 

( o r  M ackey) s p a c e  i s  an  i n t r i g u i n g  p ro b le m . I f  we l e t

[in  b e  th e  e le m e n t o f  M(X) w hose v a lu e  a t  f  i n  C*(X) 

i s  f ( (« > ,n ) )  , a rg u m en ts  s i m i l a r  t o  th e  above show t h a t  

{nn } i s  w eak* Cauchy b u t  h a s  no  w eak -*  l i m i t  i n  M(X) , 

i . e . ,  M(X) i s  n o t  P w eak -*  s e q u e n t i a l l y  c o m p le te  ( s e e  

[ 8 , 5 . 1 ] ) .  C*(X)g i s  a l s o  n o t  s e q u e n t i a l l y  b a r r e l l e d  

( s e e  [ 65 ] ) .

SECTION 7 . MISCELLANEOUS REMARKS.

2 .7 .1  REMARK. I t  i s  e a sy  t o  show t h a t  i f  [e ^ ]  i s  a  sham 

com pact a p p ro x im a te  i d e n t i t y  f o r  a  ( p o s s i b ly  n o n - a b e l ia n )  

B anach a lg e b r a  A ,  th e n  {e^} c a n n o t be w e ll -b e h a v e d  

u n le s s  A h a s  an  i d e n t i t y .  The q u e s t io n  one r e a l l y  w an ts  

t o  an sw er i s  w h e th e r  A can  h av e  a n o th e r  a p p ro x im a te  id e n 

t i t y  t h a t  i s  w e ll -b e h a v e d  u n le s s  A h a s  an  i d e n t i t y  e l e 

m e n t. I f  A i s  c o m m u ta tiv e , t h e  q u e s t io n  i s  an sw ered  i n
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th e  n e g a t iv e  by  2 .5 .1  and 2 .5 .6  o f  t h i s  p a p e r .  We h ave

th e  f o l lo w in g  g e n e r a l i z a t i o n  o f  Theorem  4 .1  i n  [5 4 ]  ( s e e

C h a p te r  I I I  f o r  a  p r o o f ) .

2 . 7 . 2  THEOREM. T hese  a r e  e q u i v a l e n t ; (1 ) M(A) jis  (DP) ;

(2 )  M(A) i s  (WDF) ; (3 ) 4°°(A) i s  b o th  a  r i g h t  and a

l e f t  e s s e n t i a l  m odule ( ^ ( A )  i s  t h e  s e t  o f  a l l  bounded

se q u e n c e s  i n  A 5 ^°°(A) i s  a  r i g h t  e s s e n t i a l  m odule

means t h a t  i f  {f^}  i s  any  a p p ro x im a te  i d e n t i t y  f o r  A

and x  = {xn ) e ^ ( A )  th e n  lim  (su p  ||xn  f ^  -  xn ||)  = 0 ) .

2 .7 .3  PROPOSITION. L e t  A h av e  a  w e ll - b e h a v e d  a p p ro x im a te  

i d e n t i t y  and  su p p o se  t h a t  fe^} i s  a  sham com pact a p p r o x i

m a te  i d e n t i t y  f o r  A . Then A h a s  an  i d e n t i t y .

P r o o f .  L e t  x  = (x ^ )  e jJC0(A) ; we ca n  c h o o s e , by  in d u c 

t i o n ,  a  se q u e n c e  {X^} from  A so  t h a t

^  11 =  T  l | x "  %  '  ^  =  0

f o r  a l l  p o s i t i v e  i n t e g e r s  n  . By th e  sham com pact p r o 

p e r t y ,  ch o o se  e^ so  t h a t  X > Xfc f o r  a l l  i n t e g e r s  k  .

Thus e. e. = e, so  t h a t  e^ x^ = x  f o r  a l l  n  . Thus 
k  k

l im  (su p  ||x n  ex -  xn ||)  = 0 and l im  (su p  ||e x xn  -  xn ) = 0 ,
X X n

i . e . ,  4°°(A) i s  b o th  l e f t  and  r i g h t  e s s e n t i a l .  S uppose
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{fy}  i s  a  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y  f o r  A and 

Y i < y 2 < *•* i s  a  seq u e n c e  i n  T so  t h a t  0 ^  f  4=
CO i

4= f  f o r  a l l  i n t e g e r s  i  . S in c e  i  (A) i s  e s s e n t i a l ,
Yi+ 1

t h e r e  i s  an  e le m e n t y n i n  r  so  t h a t

1

f o r  a l l  p o s i t i v e  i n t e g e r s  i  . S in c e  { fy 3 i s  w e l l - b e 

h a v e d , t h e r e  i s  a  p o s i t i v e  i n t e g e r  N so  t h a t  n ,m  > N

im p l ie s  t h a t

f Y ( f Y " f V  ̂ °Y0 Yn  Ym

w h ich  f u r t h e r  im p l ie s  t h a t  | | f  -  f  || < i  f o r  n ,m  > N .
Yn  Ym

L e t C b e  t h e  co m m u ta tiv e  B* a l g e b r a  g e n e r a te d  by

{fv : y > N} . We c la im  t h a t  s p t  f  9  N (f  ) . I f
Yn  yN ^  YN+2

t h i s  i s  n o t  t r u e ,  th e n  s p t  f  = s p t  f  = s p t  f
y N yN+1 yN+2

and  so f  = f  = t h e  c h a r a c t e r i s t i c  f u n c t io n  o f  t h e
yN+1 N+2

s p t  f  by  2 .3 .2 ,  c o n t r a d i c t i n g  th e  c h o ic e  o f  { fv }“  .
YN Yn  u~±

Thus 3x e N (fv ) s p t  f  w h ich  im p l ie s  t h a t
N+2 yN

| | f  (x )  -  f v (x ) | |  = 1 . T h is  c o n t r a d i c t i o n  c o n c lu d e s
yN+3 y N

th e  p r o o f  t h a t  a  (n o n a b e l i a n ) B * a lg e b ra  A c a n n o t h av e  

b o th  a w e ll - b e h a v e d  and a  sham com pact a p p ro x im a te  id e n 

t i t y .
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I t  i s  e a sy  t o  g iv e  an  exam ple o f  a  0 t o t a l l y  bounded 

a p p ro x im a te  i d e n t i t y  i n  C0 (S ) t h a t  i s  n o t  c a n o n ic a l  (and  

a  f o r t i o r i *  n o t  w e l l - b e h a v e d ) .  Our n e x t  r e s u l t  p o in t s  o u t  

t h e  r a t h e r  i n t e r e s t i n g  f a c t  t h a t  i n  an  a b e l i a n  B * a lg e b ra  

a  c a n o n ic a l  c h a in  t o t a l l y  bounded  a p p ro x im a te  i d e n t i t y  i s  

w e l l - b e h a v e d .

2 . 7 .4  PROPOSITION. L e t {e^} b e  a  c a n o n ic a l  c h a in  t o t a l l y  

bounded  a p p ro x im a te  i d e n t i t y  f o r  Cq(S) . Then {e^} i s  

w e l l - b e h a v e d .

P r o o f .  L e t t^ n ) b e  311 i n c r e a s i n g  se q u e n c e  i n  A and

F = U s p t  f .  . Then F i s  c lo p e n  a s  i n  t h e  p r o o f  o f
n = l n

2 .3 .3  and* f o r  any  com pact s u b s e t  K o f  F , K c  N(e. )
N

f o r  some i n t e g e r  N * so  t h a t  e.. = 1  on K f o r  n  > N .
n

I f  X € A * l e t  K = s p t  e^ fl F l th e n  ~ e\  ) = 0
n  m

f o r  n  and  m l a r g e  enough by  th e  p r e c e d in g  re m a rk s . 

T h e r e f o r e  {e^} i s  w e ll - b e h a v e d .

T a y lo r  [5 7 ]  p r o v e s  s e v e r a l  i n t e r e s t i n g  th e o rem s a b o u t 

M(A) a s su m in g  t h a t  t h e  B * a lg e b ra  A h a s  a  w e ll -b e h a v e d  

a p p ro x im a te  i d e n t i t y .  From 2 . 4 .3  and  2 . 7 .4  we s e e  t h a t  

( lo o k in g  a t  t h e  a l g e b r a  g e n e r a te d  by  th e  a p p ro x im a te  id e n -
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t i t y )  an  a b e l i a n ,  c a n o n ic a l ,  and c h a in  t o t a l l y  bounded 

a p p ro x im a te  i d e n t i t y  f o r  A i s  a  w e ll -b e h a v e d  a p p r o x i

m a te  i d e n t i t y  so  T a y lo r ’ s th e o rem s h o ld  i n  t h i s  c a s e .

We c o n j e c tu r e  even  m ore , v i z . ,  t h a t  i f  A h a s  a  c a n o n i

c a l  c h a in  t o t a l l y  bounded a p p ro x im a te  i d e n t i t y ,  th e n  th e  

th e o re m s  i n  [5 7 ]  h o ld .  Our r e a s o n  f o r  b e l i e v i n g  t h i s  i s  

t h e  n e x t  p r o p o s i t i o n ,  w h ich  shows t h a t  a  c a n o n ic a l  c h a in  

t o t a l l y  bounded  a p p ro x im a te  i d e n t i t y  i s  ’ ’a lm o s t ’ ’ w e l l -  

b e h a v e d .

2 .7 .5  PROPOSITION. I f  {e^} i s  a  c a n o n ic a l  c h a in  t o t a l l y

bounded a p p ro x im a te  i d e n t i t y  i n  a  B anach a l g e b r a  A , th e n  

[ e ^ ]  s a t i s f i e s  t h e  f o l lo w in g  c o n d i t io n :  i f  e > 0 ,  { \n )

i s  an  i n c r e a s in g  se q u e n c e  i n  A , and X e A th e r e  e x i s t s

a  p o s i t i v e  i n t e g e r  N so  t h a t  n ,m  > N im p l ie s

i M v  -  ex > u  < e •n  m

P r o o f .  By c h a in  t o t a l  b o u n d ed n e ss  o f  {e.. ) , t h e r e  i s
n

a n  i n t e g e r  P so  t h a t  f o r  a l l  p o s i t i v e  i n t e g e r s  n

m i n  | | e x ( e x  -  e ^  ) | |  <  f  .  
l< p< P  x *p 2

Choose N > P so  t h a t  i f  N < n < p , 3 q > p  so  t h a t

We\ ( e\ “ ei )ll < € • I f  n *m > N 311(1 n  < m , choose
K n  q

q > m so  t h a t  l |e ^ (e ^  -  e^ ) || < € . Then
n  q
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2 .7 .6  EXAMPLE. We now g iv e  an  exam ple o f  an  a p p ro x im a te  

i d e n t i t y  t h a t  i s  w e ll -b e h a v e d  b u t n o t  0 t o t a l l y  bou n d ed . 

L e t R d e n o te  t h e  r e a l  l i n e  and A be  th e  s e t  o f  p a i r s  

( i , j )  w here  i  i s  any  p o s i t i v e  i n t e g e r  and j  = 0 o r

j  = 1 . O rder A a s  f o l l o w s :

1 )  ( i , j )  = ( i ' , 0 ' 1) i f  i  = i '  and 3 = o ' ,

2) ( j j ° )  >  ( i j l )  a l i  i n t e g e r s  i  and j  ;

3 )  ( i , 0 ) > (3, 0) i f  i  > 3 .

I f  X = ( i , 0 )  l e t  f ^  be  i n  Cq (R) s o  t h a t  0 < f^  < 1 

and f ^  = 1 on [ - i , i ]  and f^  s  0 o f f  [ - ( i + 1 ) ( i + 1 ) ]  .

I f  X = ( i , l )  , l e t  f ^  a g a in  be i n  Cq(R) s o  t h a t

0 < f x < 1 * f X^x i^  = 1 w here  x i  = + t ) 821(1

f^  s  0 o f f  [ j ^ j ;  ,  j ]  . The n e t  { f^3  i s  e a s i l y  s e e n

to  b e  w e ll -b e h a v e d  b u t  t h e  i n f i n i t e  se q u e n c e  { f ( i * l ) }  i s

c l e a r l y  n o t  0 t o t a l l y  b ounded .

2 .7 .7  EXAMPLE. I n  2 .3 .3 ,  we showed t h a t  i f  C0 (S) h a s

an  a p p ro x im a te  i d e n t i t y  t h a t  i s  w e ll -b e h a v e d  ( o r  0 t o t a l l y  

b o unded ) th e n  S c o n ta in s  a  c lo p e n  s e t  X so  t h a t  

CQ(S) = B!  ® b 2 w here  = { f e CQ( S ) : f  = 0  on X) and 

B2 = { f e C0 ( S ) : f  s  0 on S X} a r e  2 - s id e d  i d e a l s  o f  

Cq(S) . O bvious n oncom m uta tive  g e n e r a l i z a t i o n s  o f  th e
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above f a i l  a s  we now show. L e t A b e  th e  a l g e b r a  o f  

com pact o p e r a t o r s  on a  H i l b e r t  s p a c e  H ,[e ^ ry  e T} an 

o r th o n o rm a l b a s i s  f o r  H , and  A th e  s e t  o f  f i n i t e  s u b 

s e t s  o f  T o r d e r e d  by  i n c l u s i o n .  I f  X e A , l e t  P ^ . 

b e  th e  f i n i t e - d i m e n s i o n a l  p r o j e c t i o n  d e f in e d  by  th e  eq u a

t i o n

P, (h )  = £ < h ,e v > e f o r  h  e H .
K yeX Y

I t  i s  e a sy  t o  show t h a t  {P^} i s  a  w e ll - b e h a v e d  and t o 

t a l l y  bounded a p p ro x im a te  i d e n t i t y  f o r  A ,  b u t  A h a s  no 

n o n - t r i v i a l  d e c o m p o s itio n  a s  a  d i r e c t  sum o f  tw o - s id e d  

i d e a l s  [ 3 8 ] .

2 .7 .8  REMARK. I t  i s  p e rh a p s  w o r th  p o in t in g  o u t  t h a t  i f

Cq (S )  and  Cq (T) h av e  a p p ro x im a te  i d e n t i t i e s  w i th  c e r t a i n

p r o p e r t i e s ,  so- d o e s  Cq (SXT) and  th e  c o n v e rs e  i s  a l s o

t r u e .  Suppose f o r  exam ple t h a t  Cq (S )  h a s  a  w e ll -b e h a v e d

a p p ro x im a te  i d e n t i t y  {e^} and  Cq (T) h a s  a  w e ll -b e h a v e d

a p p ro x im a te  i d e n t i t y  [ f a ] . I f  f  and  g e CQ(S) and

Cq ( T )  r e s p e c t i v e l y  l e t  f  ® g  b e  t h e  f u n c t i o n  o n  S x T

d e f in e d  by  f  ® g ( s , t )  = f ( s ) g ( t )  . I t  i s  e a sy  to  s e e  t h a t

f  ® g e Cq (SXT) . B ecause  th e  a lg e b r a  g e n e r a te d  by

{ f  ® g | f  e Cn (S )}  i s  d e n se  i n  Cn (SXT) by  th e  S to n e -  
g c Cq (T ) 0

W e ie r s t r a s s  Theorem , t h e  n e t  [e^  ® f a ) w i th  d i r e c t e d  s e t
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a l l  p a i r s  (X ,a )  w here  (X ,a )  > (X , , a ’ ) i f  x > X '  and 

a  > a 1 i s  an  a p p ro x im a te  i d e n t i t y  f o r  Cq (SXT) w h ich  i s  

e a s i l y  s e e n  t o  b e  w e l l - b e h a v e d .  C o n v e rs e ly , i f  {e^} i s  

a  w e ll - b e h a v e d  a p p ro x im a te  i d e n t i t y  f o r  C0 (SXT) and  

t Q e T ,  t h e  n e t  o f  f u n c t io n s  ( f ^ )  d e f in e d  by  f ^ ( s )  

e ^ ( s , t Q) i s  a  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y  f o r  

C0 (S ) .

2 . 7 . 9  EXAMPLE. Our i n v e s t i g a t i o n s  o f  cr(M (A ),M (A )p r e 

l a t i v e l y  com pact a p p ro x im a te  i d e n t i t i e s  i s  i n  t h e  f i r s t  

s t a g e s  o n ly .  We w is h  t o  p r e s e n t  t h e  f o l l o w in g  ex a m p le , 

h o w ev e r, a s  i t  seem s i n t e r e s t i n g .  L e t S = th e  o r d i n a l s  

l e s s  th a n  f i r s t  u n c o u n ta b le  w i th  th e  o r d e r  to p o lo g y . Cq (S ) 

h a s  no  a (C * (S ) ,M (S )) r e l a t i v e l y  com pact a p p ro x im a te  id e n 

t i t y .  F o r ,  su p p o se  t h a t  Cq (S )  h a s  an  a p p ro x im a te  id e n 

t i t y  (e^}  w h ich  i s  cr(C *(S ),M (S) r e l a t i v e l y  co m p ac t.

N ote  t h a t  ( | e ^ j 2 ) i s  an  a p p ro x im a te  i d e n t i t y  w h ich  i s  

a l s o  c r(C * (S ),M (S )) r e l a t i v e l y  co m p ac t, so  we may s u p p o se  

ex > 0  . L e t X1 e A and = m in {x e S :y  > x  => e^ (y )  =

= 0} . C hoose X0 e A so  t h a t  e.. > |  on [ 0 , x , + l ]d a*2 3 x

and l e t  x 2 = m in  {x e S :y  > x  => e^ (y )  = 0} . N ote 

x 2 > x 2 + 1 so  x 2 > .

S uppose  an d  ’ " * x n  h a v e  b e e n  ch o s e n

so  t h a t :
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e\ k  > E7X on [ ° ^ xk - i +13 f o r  2 < k  < n

2) xk  = m in  {x € S :y  > x  => e\ ^ )  = ° )

3 ) xn  >  ^ - 1  > *** > x 2 > X1 •

By in d u c t io n  we s e l e c t  a  s e q u e n c e  (Xn ) i n  A and a

seq u e n c e  (xn ) from  X s a t i s f y i n g  1 )  and  2 ) and  3 ) .

L e t x  = lu b  {Xj^} . By a s s u m p tio n , 3 f  e C (S ) so  t h a t

e , c l u s t e r s  ct(C * (S ),M (S )  ) t o  f  . I f  y  > x  ,
n

ex ~ 0 ■f,° r  a11  n  so  ‘fcha‘fc f  (y)  = 0 • f f  y  < x  ,
n

th e n  t h e r e  i s  an  i n t e g e r  N so  t h a t  y  < xn  f o r  n  > N

so  t h a t  e, (y )  c l u s t e r s  t o  1 $ t h e r e f o r e  f ( y )  = 1 . 
n

We now show t h a t  f  c a n n o t b e  c o n t in u o u s  a t  x  . S in c e

{xn ) i s  s t r i c t l y  i n c r e a s i n g ,  x n < x  f o r  a l l  n  so  t h a t

ex (x )  = 0 f o r  a l l  n  and  so  f ( x )  = 0 j on t h e  o th e r  
n

h a n d , xn  -* x  ,  s o , i f  f  w e re  c o n t in u o u s ,  f  (x ) w ou ld

b e  th e  l i m i t  o f  t h e  c o n s ta n t  s e q u e n c e  f ( x n ) ,  i . e . ,  1 .

T h is  c o n t r a d i c t i o n  c o n c lu d e s  t h e  p r o o f  t h a t  CQ(S ) h a s  no 

g (C (S ) ,M (S ) ) r e l a t i v e l y  com pact a p p ro x im a te  i d e n t i t y .

Our l a s t  r e s u l t  2 .7 .1 0  a n sw e rs  o n ly  one o f  a  num ber o f  

q u e s t i o n s  o f  t h e  f o l l o w in g  fo rm : g iv e n  an  a l g e b r a  A w i th

an  a p p ro x im a te  i d e n t i t y  h a v in g  p r o p e r t y  P and  a n o th e r  

a p p ro x im a te  i d e n t i t y  ( e ^ )  ,  ca n  we s e l e c t  from  A a  su b 

s e t  aq ( c o f i n a l ,  p e r h a p s )  so  t h a t  e h a s  p r o "
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p e r t y  P . E asy  exam ples  show t h a t  th e  s u b s e t  aq i n

2 .7 .1 0  need  n o t  b e  c o f i n a l  i n  A .

2 .7 .1 0  PROPOSITION. I f  a  B anach a l g e b r a  A h a s  a  c o u n t

a b l e  a p p ro x im a te  i d e n t i t y  {f^} and  {e^} i s  a n o th e r  

a p p ro x im a te  i d e n t i t y ,  a  c o u n ta b le  AQ c  a so t h a t

[e^:X  e Aq ) i s  an  a p p ro x im a te  id e n t i t y *

P r o o f . Choose a  c o u n ta b le  s u b s e t  AQ o f  A so  t h a t  

l im  e ^ fv = lim  f  e. = f  f o r  ea c h  \  e T .
X€A0  Y x s a 0  y x y

SECTION 8 . PROPERTY (B) FOR BANACH ALGEBRAS.

The r e s u l t s  i n  t h i s  s e c t i o n  a r o s e  from  o u r a t te m p ts  

t o  an sw er th e  q u e s t i o n :  Does e v e ry  C * -a lg e b ra  h av e  a  c a 

n o n ic a l  a p p ro x im a te  i d e n t i t y ?  T h is  q u e s t i o n  l e d  t o  th e  

f o r m u la t io n  o f  P r o p e r ty  (B) ( d e f in e d  b e lo w ) f o r  B anach a l 

g e b r a s  and  an  i n v e s t i g a t i o n  o f  some o f  th e  perm an en ce  p r o 

p e r t i e s  o f  P r o p e r ty  (B) . F u r th e r  s tu d y  o f  th e  c a n o n ic a l  

a p p ro x im a te  i d e n t i t y  p ro b le m  l e d  u s  t o  c o n s id e r  g ro u p  a l 

g e b r a s  and t h e i r  g ro u p  C * -a lg e b ra s  [ 1 7 ] .  T h is  q u e s t i o n  

seem s t o  b e  v e r y  h a r d .  H ow ever, Akemann i n  [1 ]  g av e  an  

exam ple  o f  a  C * -a lg e b ra  w i th o u t  an  a b e l i a n  a p p ro x im a te  

i d e n t i t y .  The C * -a lg e b ra  h e  c o n s t r u c te d  may n o t  h av e  a  

c a n o n ic a l  a p p ro x im a te  i d e n t i t y ;  we a r e  s tu d y in g  h i s  ex 
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am ple now.

2 .8 .1  DEFINITION. L e t A be a  B an ach -*  a l g e b r a .  An e l e 

m ent a  e A i s  c a l l e d  f a c t o r i z a b l e  i f  3b e A , b = b*

so  t h a t  b a  = ab = a  .

2 .8 . 2  EXAMPLES. I f  A = CQ(S ) ,  th e n  a  e A i s  f a c t o r i 

z a b le  i f f  a  e Cc (S ) . I f  A = LCH ,  t h e  a lg e b r a  o f  com

p a c t  o p e r a t o r s  on some H i l b e r t  s p a c e ,  t h e  f a c t o r i z a b l e  e l e 

m e n ts  o f  A a r e  f i n i t e  r a n k  o p e r a t o r s .  N ote t h a t  i f  A 

h a s  an  i d e n t i t y  th e n  e v e ry  e le m e n t o f  A i s  f a c t o r i z a b l e .  

Thus th e  c o n c e p t i s  o f  i n t e r e s t  o n ly  i n  a lg e b r a s  w ith o u t  

i d e n t i t y .  A lso  n o te ,  ho w ev er, t h a t  t h e  a lg e b r a  A o f  o p e

r a t o r s  w i th  s e p a r a b l e  r a n g e  on a  n o n s e p a r a b le  H i lb e r t  sp a c e  

h a s  no  i d e n t i t y  b u t  e v e ry  e le m e n t o f  A i s  f a c t o r i z a b l e .  

F i n a l l y ,  n o te  t h a t  i f  x  = x* b e lo n g s  t o  a  C * -a lg e b ra  A

th e n  x  i s  f a c t o r i z a b l e  i f f  3 a  e A ,  a  > 0 and

||a || < 1 su ch  t h a t  ax = x  .

I n  s tu d y in g  ap p ro x im a te  i d e n t i t i e s  i n  C * -a lg e b ra s  we

w ere  l e d  t o  a s k  t h e  q u e s t i o n :  S uppose  A i s  a  C * -a lg e b ra  

and  x  and y  a r e  a r b i t r a r y  f a c t o r i z a b l e  e le m e n ts  o f  A . 

When d o e s  3 a  e A so  t h a t  ax  = x a  = x  and  ay  = y a  = y  ? 

T h is  q u e s t i o n  le d  u s  t o  d e f in e  P r o p e r ty  (B) f o r  B anach a l 
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g e b r a s .

2 .8 .3  DEFINITION. L e t  A b e  a  B anach * - a l g e b r a .  A i s  

s a id  t o  h av e  P r o p e r ty  (B) i f  w h en ev er x  and y  b e lo n g s  

t o  A and  a r e  f a c t o r i z a b l e  th e n  so  i s  x  + y  .

2 . 8 . 4  EXAMPLES. B anach a l g e b r a s  w i th  i d e n t i t y  h av e  P ro 

p e r t y  (B) t r i v i a l l y .  The a lg e b r a  LCH o f  com pact o p e 

r a t o r s  on a  H i l b e r t  s p a c e  H h a s  P r o p e r ty  (B) s in c e  f a c 

t o r i z a b l e  e le m e n ts  a r e  f i n i t e - d i m e n s i o n a l .  A l l  co m m u ta tiv e  

C * -a lg e b ra s  h av e  P r o p e r ty  (B) ; so  d o es  t h e  a l g e b r a  o f  o p e 

r a t o r s  h a v in g  s e p a r a b l e  ra n g e  on  a  n o n s e p a r a b le  H i l b e r t  

s p a c e .

2 .8 .5  THEOREM. L e t  A = ( 2 A , ) n w h ere  e a ch  A. h a s
te T  Z t

P r o p e r ty  (B) . Then A h a s  P r o p e r ty  (B) .

P r o o f .  T h is  i s  c l e a r  from  th e  d e f i n i t i o n  o f  a  s u b d i r e c t  

sum o f  B anach  a l g e b r a s .

2 .8 .6  COROLLARY. D ual B * - a lg e b r a s  [1 7 ]  h av e  P r o p e r ty  (B ).

P r o o f .  They a r e  s u b d i r e c t  sums o f  a lg e b r a s  o f  com pact o p e 

r a t o r s  .
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Our n e x t  r e s u l t  i s  t h a t  a  C * - a lg e b r a  w i th  P r o p e r ty  

(B) h a s  a  c a n o n ic a l  a p p ro x im a te  i d e n t i t y .  I t  was t h i s  

d i s c o v e r y  w h ich  s p u r r e d  o u r  i n t e r e s t  i n  P r o p e r ty  (B ). We 

n e e d  s e v e r a l  lemmas f i r s t .

2 . 8 . 7  LEMMA. L e t A b e  a  C * - a lg e b r a .  S uppose  t h a t  w hen

e v e r  a ^ a ^ X p X g  e A+ ( p o s i t i v e  p a r t )  and  a-x.^ = x± , 

i  = 1 ,2  ,  t h e r e  e x i s t s  a  e A+ t h a t  a x i  = x i  ,  i  = 1 ,2  . 

L e t  n  b e  a  p o s i t i v e  i n t e g e r  and  su p p o se  a  f i n i t e  s e t s  

{bi }^_1 and  c o n ta in e d  i n  A+ su ch  t h a t

b i y i  = y i  9 1 =: l * “ ‘ *n  • Then a  b , c  e A+ , so  t h a t  

f|b|| < 1  , ||c || < 1 ,  b e  = cb = b and  b y ± = y ± , 

i  = 1 ,  • • * ,n  .

P r o o f .  By in d u c t io n  ch o o se  d , i n  A+ so  t h a t  d ,y .  = y .
n - 1  n - 1  l i i

f o r  1 < i  < n - 1  . H ence d , (  J  y . )  = 2 y . . By in d u c -
“  “  1  i = l  1  i = l  1

+  n t i o n  a g a in ,  we s e l e c t  d e A so  t h a t  d (  S y . )  =
i = l  1

n - 1  n - 1  n
= d(. S yi- + y „ )  = 2 y . + y  = 2 y ,  . L e t  C b e  a  eom-

i= = l 1 n  i = l  1 n  i = l  1
n

m u ta t iv e  C * -s u b a lg e b ra  o f  A c o n t a in i n g  d and E y .  .
i = l  1

By 1 , 7 3 t h e r e  i s  a  l o c a l l y  com pact H a u s d o r f f  s p a c e  S so

t h a t  C i s  i s o m e t r i c a l l y  * - is o m o r p h ic  w i th  CQ(S ) . H ence 
n
E y . € C „(S) ,  so  we may s e l e c t  e le m e n ts  b and  c i n  

i = l  1 c
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A+ so  t h a t  ||b || < 1 ,  ||c || < 1 ,  be = c ,  b (2 y . ) = E y .  .
1 i = l  1

C om puting  i n  M(A) (w h ich  h a s  an  i d e n t i t y ,  d e n o te d  by I ) ,

we g e t  t h a t  0 < ( I - b ) y ,  ( I - b )  < ( I - b ) (  2 y j ( l - b )  = 0 so  
1 i = l  1

t h a t  ( u s in g  th e  B*-norm  p r o p e r t y )  ( I - b ) y i  = 0 ,  i . e . ,

b y ± = y i  f o r  1 < i  < n  .

2 .8 . 8  LEMMA. S uppose  th e  C * -a lg e b ra  A h a s  P r o p e r ty  (B ) . 

L e t 3 d e n o te  t h e  f a m ily  o f  a l l  f i n i t e  s u b s e t s  o f  A+ .

Then f a m i l i e s  {a.p :F  e 3} and {bp :F  e 3} ca n  b e  c h o sen

fro m  A+ so  a s  t o  s a t i s f y i n g  th e  f o l l o w in g  c o n d i t io n s :

( ! )  Ila p ll < 1 l|bFll < 1 f o r  e v e ry  F € 3 ;

(2 )  I f  G c  f  and  G 4= F th e n  a ^ a ^  = a & \

(3 )  b pa p = a p >

(4 )  I f  C (F) d e n o te s  th e  c a r d i n a l i t y  o f  F ,  th e n  

HapX -  xj| < -^ p r j  f o r  e a c h  x  € F .

P r o o f .  I f  F i s  a  s i n g l e t o n ,  we may c o n s id e r  t h e  commu

t a t i v e  C * - a lg e b r a  g e n e r a te d  by  th e  e le m e n t o f  F and  s e 

l e c t  a „  and  b „  u s in g  1 .7 .  We p ro c e e d  by  in d u c t io n  on
r  if

C (F) ,  t h e  c a r d i n a l i t y  o f  t h e  s e t  F . S uppose  we have

s e l e c t e d  a p  an d  b p  so a s  t o  s a t i s f y  (1 )  -  (4 ) f o r  a l l

F su c h  t h a t  C (F) < k  . Suppose F b e lo n g s  t o  3  and

h a s  k  + 1 ( d i s t i n c t )  e le m e n ts .  L e t m d e n o te  t h e  num-
k-hlb e r  o f  p r o p e r ,  n o n - v o id  s u b s e t s  o f  F (m = 2 -  2 ) .
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E ach  s u ch  s u b s e t  h a s  tw o e le m e n ts  o f  A+ a s s o c i a t e d  w i th  

i t  s a t i s f y i n g  (1 ) -  (4 ) ab o v e . D en o te  t h e s e  e le m e n ts  by  

( a i :1  is. a < 1113 321(1 < i  < m3 • N ext s e l e c t  e le m e n ts

®ta+l ^  bm+l in A+ so that WWl = Vt-1

||am+1x  -  x || < ij- j - f o r  a l l  x  e F . L e t z = Ex and

r e g a r d ,  by  1 .7 ,  t h e  co m m u ta tiv e  C * -a lg e b ra  g e n e ra te d  by  z 

as  C0 (S ) ,  f o r  some l o c a l l y  com pact S . Choose

f , g  e C0 (S ) so t h a t  0 < f  < 1 ,  0 < g < l  , f g  = f  and

| | f z  -  z || < . L e t am+2 and t>m+1 b e  t h e  e le m e n ts  o f

A w hose im ages  a r e  f  and g ,  r e s p e c t i v e l y ,  u n d e r  th e  

iso m o rp h ism  g u a r a n te e d  by 1 .7 .

H ence we h av e  th e  s y stem  o f  e q u a t io n s  b ^ a ^  = a^

i  = 1 , ***,m + l . By 2 . 8 . 7 ,  we c a n  c h o o se  e le m e n ts  a p  and

bp  in  A+ so t h a t  (1 )  and  (3 ) a r e  s a t i s f i e d  and su ch  t h a t

a^A^ = a^  ,  1 < i  < m+1 . Thus (2 )  i s  s a t i s f i e d  a l s o .  I t

re m a in s  t o  b e  shown t h a t  (4 ) i s  s a t i s f i e d .  W orking  in  

M(A) ,  we h av e  t h a t  | | ( I  -  am+1)x || < f o r  e v e ry  x  e F,

Thus | | ( I  -  a p )xl| = 11(1 -  a p ) ( I  -  am+1)xj| <

< | | ( I  -  s ^ ^ j x l l  < f o r  a l l  x  € F ,  i . e . ,

Ha^x -  x || < f o r  a l l  x  e F . T h is  c o m p le te s  th e  i n 

d u c t io n  s t e p  and  shows t h a t  th e  f a m i l i e s  {ap lF  £ 3Q and 

{bp lF  € 5} ca n  b e  c o n s t r u c te d  so  a s  t o  s a t i s f y  (1 )  -  ( 4 ) .
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2 .8 .9  THEOREM. L e t A be  a  C * -a lg e b ra  h a v in g  P r o p e r ty  

(B ). Then A h a s  a  c a n o n ic a l  ap p ro x im a te  i d e n t i t y .

P r o o f .  The f a m ily  {a^rP  e 3} o f  2 .8 .8  becom es a  n e t  i f  

3  i s  p a r t i a l l y  o rd e re d  by  in c l u s i o n .  T h is  n e t  i s  a  c a 

n o n ic a l  ap p ro x im a te  i d e n t i t y  f o r  A .

Our n e x t  r e s u l t  i s  t h a t  *-hom om orphic im ages o f  a lg e 

b r a s  w i th  P r o p e r ty  (B) h av e  P r o p e r ty  (B ) .

2 .8 .1 0  THEOREM. S uppose A i s  a  C * -a lg e b ra  w ith  P r o p e r ty  

(B) and C i s  th e  im age o f  A u n d e r  a  *-hom om orphism  f  . 

Then C h a s  P r o p e r ty  (B) .

P r o o f .  L e t be  t h e  s u b s e t  o f  A fo rm ed  i n  t h e  f o l 

lo w in g  w ay: t a k e  th e  l i n e a r  sp an  o f  th e  s m a l le s t  o r d e r

i d e a l  (co n e  w i th  t h e  p r o p e r t y  t h a t  i f  0 < x  < y and  y 

b e lo n g s  t o  t h e  cone th e n  so  d o es  x  ) o f  A c o n ta in in g  th e  

f a c t o r i z a b l e  e le m e n ts  o f  A+ . N ote  t h a t  P r o p e r ty  (B) f o r  

A im p l ie s  t h a t  t h e  f a c t o r i z a b l e  e le m e n ts  i n  A+ fo rm  a  

co n e . A lso  n o te  i f  0 < x  < y  and  a a  e A+ , w i th  

||a || < 1 and ay  = y  t h a t  0 < ( I  -  a ) x ( I  -  a )  <

< ( I  -  a ) y ( I  -  a )  = 0 so  t h a t  ax  = x  by  f a m i l i a r  a r g u 

m e n ts . Thus i s  th e  l i n e a r  sp an  o f  th e  f a c t o r i z a b l e
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e le m e n ts  o f  A+ an d , by  P r o p e r ty  (B) a g a in ,  i f  

x  e Ka  a a  e A+ s a t i s f y i n g  ax  = x a  = x . In  [ 3 9 , 2tO] 

i t  i s  shown t h a t  f (K ^ )  = Kc w here  Kc i s  d e f in e d  a s  th e  

a n a lo g u e  i n  C o f  . H ence e v e ry  e le m e n t o f  Kc i s  

f a c t o r i z a b l e .  S in c e  Kc i s  c lo s e d  u n d e r  a d d i t i o n ,  t o  show

t h a t  C h a s  P r o p e r ty  (B) i t  s u f f i c e s  t o  show t h a t  i f

x  e C and x i s  f a c t o r i z a b l e  th e n  x  e Kc . Suppose

c = c* e A and cx  = xc  = x  . Then cx* = x*c  = x*  so

t h a t  we may su p p o se  x  = x*  (by  lo o k in g  a t  - g * *  ,  .

L e t J  b e  th e  co m m u ta tiv e  C * -a lg e b ra  g e n e r a te d  by  x  and

c . W r i te  x  = x+ -  x~ w h ere  x+, x ” e J + c  C+ and
+  -  + +  +  _ _ _

x x  = 0 . N ote t h a t  cx  = x  c = x  and  cx  x  c = x  .

C le a r ly  x + and  x "  e Kc so  x  e Kc .

We n e x t  w an t t o  c o n s id e r  a l g e b r a s  o f  ty p e

Cq (S :E )  = { f | f : T  E , f  i s  c o n t in u o u s ,  and

s -* | | f  ( s ) || e C0 (S )}  w h ere  S i s  l o c a l l y  com pact an d  E

i s  a  B * - a lg e b r a .  We make Cq (S :E )  i n t o  a  B * - a lg e b r a  w i th

p o in tw i s e  o p e r a t io n s  and in v o l u t i o n  and | |f | |  = sup | | f ( t ) | |  .
te S

A c la im  i s  made i n  [3 9 ] w h ich  am ounts t o  t h e  a s s e r t i o n  t h a t  

i f  E i s  th e  a l g e b r a  o f  com pact o p e r a t o r s  on a  H i l b e r t  

s p a c e  th e n  CQ(S :E )  h a s  P r o p e r ty  (B) f o r  any  l o c a l l y  com

p a c t  S . To o u r  s u r p r i s e ,  we d is c o v e r e d  t h i s  i s  n o t  t h e  

c a s e .  L e t T b e  th e  o n e - p o in t  c o m p a c t i f i c a t i o n  o f  th e
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p o s i t i v e  i n t e g e r s ,  d e n o te d  by  N . We w i l l  show i n  2 . 8 . 1 9  

t h a t  C*(T:LCH) = C0 (T:LCH) d o es  n o t  h a v e  P r o p e r ty  (B) 

i f  H i s  i n f i n i t e - d i m e n s i o n a l .

B e fo re  we do t h i s ,  i t  i s  n e c e s s a r y  t o  lo o k  a t  some 

exam ples  and  r e s u l t s  a b o u t f a c t o r i z a b l e  e le m e n ts  i n  B anach 

* - a l g e b r a s .

2 .8 .1 1  EXAMPLE. L e t  T b e  an  o p e r a t o r  on  a  H i l b e r t  s p a c e  

H . The ra n g e  p r o j e c t i o n  o f  T i s  t h e  s m a l l e s t  p r o j e c t i o n  

i n  t h e  s e t  {P e B (H ): P i s  a  p r o j e c t i o n  and  PT = TP = T}.

L e t A d e n o te  t h e  a l g e b r a  C*(N*:LCH) ,  i . e . ,  t h e  a l g e 

b r a  o f  c o n v e rg e n t  s e q u e n c e s  i n  t h e  com pact o p e r a t o r s  on H . 

We g iv e  a  c o u n te re x a m p le  t o  a  r e a s o n a b le  c o n j e c t u r e ,  nam ely  

t h a t  i f  g e A and  f  d e n o te s  t h e  s e q u e n c e  w hose n - t h  co 

o r d i n a t e  i s  t h e  r a n g e  p r o j e c t i o n  o f  g ( n )  th e n  f ( n )  c o n 

v e r g e s ,  i . e . ,  f  e A . L e t P and  Q b e  f i n i t e  r a n k  p r o 

j e c t i o n s  i n  H w i th  PQ = 0 . L e t  g  b e  t h e  se q u e n c e

(P , - |q , | p ,  • • • )  . Then f  i s  t h e  s e q u e n c e

( P ,Q ,P ,Q ,• • • )  and  f ( n )  c l e a r l y  d o es  n o t  c o n v e rg e  i n

LCH .

2 .8 .1 2  EXAMPLES. An a l g e b r a  may h av e  a  w e ll - b e h a v e d  a p p r o x i

m a te  i d e n t i t y  (an d  c e r t a i n l y  th e n ,  a  c a n o n ic a l  on e) w i th o u t  

h a v in g  P r o p e r ty  (B) . An exam ple  i s  g iv e n  i n  [ 4 1 ,  p .  135]
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o f  an  a l g e b r a  g e n e r a te d  by  tw o e le m e n ts  w h ich  d o es  n o t  

h av e  P r o p e r ty  (B) . We th o u g h t  f o r  a  w h i le  t h a t  t h e  p r o 

p e r t i e s  o f  a  C * - a lg e b r a  b e in g  l i m in a l  o r  h a v in g  c o n t in u o u s  

t r a c e  [1 7 ]  w ere  r e l a t e d  t o  h a v in g  P r o p e r ty  (B ) . T h is  i s  

n o t  s o . The a l g e b r a  o f  o p e r a t o r s  w i th  s e p a r a b l e  r a n g e  on 

a  n o n s e p a r a b le  H i l b e r t  s p a c e  h a s  P r o p e r ty  (B) b u t  i s  n o t  

l i m i n a l  and d o es  n o t  h a v e  c o n t in u o u s  t r a c e .  On th e  o th e r  

hand., C*(N*:LCH) i s  l i m i n a l  and  h a s  c o n t in u o u s  t r a c e  b u t  

d o es  n o t  h av e  P r o p e r ty  (B) a s  2 .8 .1 9  show s.

2 .8 .1 3  QUESTION. Does e v e ry  C * -a lg e b ra  h a v e  a  c a n o n ic a l  

ap p ro x im a te  i d e n t i t y ?  T h is  seem s v e r y  h a r d .

2 .8 .1 4  LEMMA.. S uppose  A and  B a r e  com pact o p e r a t o r s  

on a  H i l b e r t  s p a c e  H su ch  t h a t  0 < A < I  * 0 < B < I  

and  || A -  Bll < . L e t m (T ,X ) d e n o te  t h e  d im e n s io n  o f  

{h e H:Th = Xh] f o r  an y  o p e r a t o r  T e B(H) . Then

m (A ,l)  < I  m (B,X ) .
X > |

P r o o f .  S uppose  t h e  r e s u l t  i s  f a l s e .  L e t n  = m (A ,l)  and  

p = E m(B,X ) and  s u p p o se  n  > p . L e t {X .J1  < i  < n )  

X>§

b e  an  o r th o n o rm a l b a s i s  f o r  th e  e ig e n s p a c e  c o r r e s p o n d in g  

t o  t h e  e ig e n v a lu e  1 f o r  A . L e t  HQ b e  th e  su b sp a c e
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o f  H spanned  by th e  e ig e n v e c to r s  o f  B c o r re s p o n d in g  

t o  e ig e n v a lu e s  X > i  . N ote t h a t  t h e  d im en s io n  o f  HQ 

i s  p . F o r e a ch  1 < i  < n ,  l e t  x± = y i  + z ± w here  

y i  e Hq and z^ b e lo n g s  t o  t h e  o r th o g o n a l  com plem ent o f  

Hq . N ote t h a t ,  by  t h e  S p e c t r a l  Theorem , i f  x  e Hq ( th e  

o r th o g o n a l  com plem ent o f  Hq) th e n  ||Bxl| < -  ||x || . S in c e  

p < n  th e r e  a r e  s c a l a r s  { d ^ | l  < i  < n )  ,  n o t  a l l  z e ro ,

n  n  n  n
so  t h a t  E d .y .  = 0  . Thus 2 d .x .

i = l  1 1  i = l  1 1 i = l

= 2 d .z .
n

. ||B( z  a ±x  )|| = ||B( z  d ±z )|1 < ±  II z d ±x  II
1=1 1 1  i = l  i = l  2 1=1 1 1

•i n n
H ence ||A -  B|| > ----------  — |]a ( 2 d .x  ) -  B( 2 d .x  )||

“ n i=l 1 1 i=l 1 1
II 2 d±x  II 
i=l 1 1

— -  11 S a.x.  - b( 2 a±x )|| > i  .
i=l 1 1  i=l 1 1 2n

II 2 <
i = l

T h is  c o n t r a d i c t i o n  e s t a b l i s h e s  th e  lemma.

2 .8 .1 5  PROPOSITION. S uppose f  and g b e lo n g  t o

C*(N*:LCH) and  f g  = g w here  0 < f ,  0 < g , | |f | |  < 1 ,

||g || < 1 . Then sup { ran k  g (n )}  < -F 00 . 
n

P r o o f .  Choose p i n  N so  t h a t  n  > p im p l ie s  t h a t
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| | f ( n )  -  f(° ° ) || < whe r e  °° d e n o te s  th e  1 'p o i n t  a t  i n 

f i n i t y "  in  N* . By 2 .8 .1 4  m ( f ( n ) , l )  < I m ( f ( ° ° ) , \ )

< + «> , s in c e  f(°° )  i s  a com pact o p e r a t o r .  Thus

sup m ( f ( n ) , l )  < + »  so  t h a t  sup m ( f ( n ) , l )  < + <» .
n>p n
Hence sup ra n k  g ( n )  i s  f i n i t e  a l s o ,

n

2 .8 .1 6  LEMMA. S uppose T i s  a  com pact o p e r a to r  on a  H i l 

b e r t  sp a c e  and {en } i s  an  o r th o n o rm a l s e q u e n c e . I f

e > 0 t h e r e  i s  an  i n t e g e r  p so  t h a t  n  >  p => ||T (e  ) -

e n l l  > e .

2 .8 .1 7  EXAMPLE. A n o th er " o b v i o u s "  c o n je c tu r e  i s  t h a t

i f  f  e C*(N*:LCH) , th e n  f  i s  f a c t o r i z a b l e  i f

sup ra n k  f  (n ) < + «> . T h is  i s  f a l s e  a s  th e  fo l lo w in g  
n  n

exam ple show s. L e t f ( n )  = — tim e s  th e  p r o j e c t i o n  o n to

e^ w here  { e l , ,  n 0 ,  i s  an o r th o n o rm a l se q u en ce  inn  n n —jlj c j j j  • • •
sin i n f i n i t e - d i m e n s i o n a l  H i lb e r t  s p a c e  H . N ote t h a t  f

i s  n o t  f a c t o r i z a b l e  by  a p p ly in g  2 . 8 . 16 .

2 .8 .1 8  LEMMA. Suppose T i s  a  c o m p le te ly  r e g u l a r  s p a c e ,

K a com pact s u b s e t  o f  T , e > 0 ,  E a  B anach s p a c e , 

and f  a  c o n t in u o u s  f u n c t io n  from  K i n t o  E . Then f  

h a s  an  e x t e n s io n  g t o  T su ch  t h a t : [|g|| < |j f|j + € .
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I f  T i s  l o c a l l y  com pact, g may be c h o sen  in  CQ(T :E ) .

P r o o f .  F i r s t  we do a  s p e c i a l  c a s e .  Assume t h a t  f  i s

d e f in e d  by th e  fo rm u la  ( f o r  t  e K) f ( t )  = £ f . ( t ) e .
i = l  1 1

w here  { f * ^ E C*(K) and {e^} c  e  . E x tend  ea ch  f u n c 

t i o n  f ^  t o  g^ e C*(T) by  T i e t z e 's  Theorem and l e t  
n

h ( t )  = £ g i ( t ) e i  f o r  t  e T . L e t

0 = { t  e T : | |g ( t ) | |  < | |f | |  + e )  and l e t  P :T  -» [ 0 ,1 ]  be

c o n t in u o u s  and s a t i s f y  p s  1 on K , p = 0 on T \ 0 .
n

L e t g ( t )  = £ p ( t ) g . ( t ) e .  f o r  t  e T and n o te  t h a t
i = l  1 1

llsll < llf ll + e . L e t C(K) ® E d e n o te  th e  su b sp a c e  o f

C*(K :E) c o n s i s t i n g  o f  f u n c t io n s  r e p r e s e n t a b l e  i n  th e  fo rm  

assum ed f o r  t h e  s p e c i a l  c a s e  o f  t h e  th e o rem  done i n  th e  

p r e c e d in g  p a r a g r a p h . N ote C(K) ® E i s  a  l i n e a r  su b sp a c e  

o f  C*(K :E) .

L e t u s  assum e f o r  th e  t im e  b e in g  t h a t  a  seq u en ce  

{ fn }” _ l  c a n  b e  ch o sen  from  C(K) ® E so  t h a t  

|j f n  -  f | |  -* 0 . We w i l l  show below  t h a t  a seq u en ce  s a t i s 

f y in g  t h i s  c o n d i t io n  can  be  c h o s e n . By e x t r a c t i n g  a su b 

s e q u e n c e , i f  n e c e s s a r y ,  assum e t h a t  | | f n  -  f n _-L|| <

f o r  n  = 2 ,3 ,  *•* . L e t g-  ̂ b e  a  f u n c t io n  in  C*(T:E)

w h ich  e x te n d s  f ^  . The s p e c i a l  c a s e  o f  t h i s  th e o rem , 

done in  t h e  f i r s t  p a r a g r a p h , g u a r a n t e e s  t h e  e x i s t e n c e  o f

R eprodu ced  with perm ission  of the copyright owner. Further reproduction prohibited without perm ission .



63

. L e t h 1 be  an  e x t e n s io n  o f  f g -  i n  C*(T:E)

w h ich  s a t i s f i e s  ||h jJ | < ̂  . L e t g g = h 1 + ĝ  ̂ . Then

|| g2 -  g-jJI < and g2 e x te n d s  f  . S uppose  t h a t

s l * ' * ‘ , s n i n  C* ( T :E ) s a t i s f y :  (1 )  g ± e x te n d s  f i  

1 < i  < n i (2 )  | |g jL -  g i _1 || < f o r  2 < i  < n .

L e t h  be  an  e x t e n s io n  i n  C *(T :E ) o f  f  -  f  s a t i s -  n  v 7 n+1 n
f y in g  ||hn || < and  l e t  gn+1 = hn  + Sn  • Wote t h a t  

s n + l e x te n d s  f n+i  and IlSn+i " g j l  < p *  • By in d u c t io n ,  

we h av e  a  se q u e n c e  C s ^ n - l  — C* ( ^ :E ) s a t i s f y i n g  th e  f o l 

lo w in g  c o n d i t i o n s :  (1 )  gn e x te n d s  f n  and 

(2 )  IlSn+i -  gn ll < p j  • C le a r ly  th e n  {gn ) i s  Cauchy in

C *(T :E ) . I f  g  i s  t h e  l i m i t  o f  { g n ^ ^ i  'fcIien S e C *(T :E)

and g e x te n d s  f  . By m u l t i p l y in g  g b e  a  s u i t a b l y

ch o sen  f u n c t io n  p (c h o se n  by U ry s o h n 's  Lemma) t h a t  h a s  

v a lu e  one on K , we may a s s u r e  t h a t  ||g || < | |f | |  + e .

N ote t h a t  p ca n  b e  c h o sen  i n  Cc (T) i f  T i s  l o c a l l y  

com p ac t, so  t h a t  g € Cq (T :E ) .

A ll  t h a t  re m a in s  t o  b e  shown i s  t h a t  f  i s  th e  l i m i t

o f  a s e q u e n c e  { fn 3 in  C(K) ® E . L e t e > 0 . S in c e

f (K ) i s  b o u n d ed , K h a s  a  f i n i t e  open  c o v e r  

so  t h a t  i f  x , y  e CL | f ( x )  -  f ( y ) |  < e . L e t 

b e  a  p a r t i t i o n  o f  u n i t y  [1 9 ]  on K s u b o r d in a t e  t o  th e  

c o v e r  {CL }!?=1 . Then f o r  each  1 < i  < n 0 < ^  < 1
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<£.. e c*(K) and E cp. = 1 . Choose a p o in t  x . € 0 .
1 i = l  1 i  i

and  l e t  h  in  C(K) <8> E b e  th e  f u n c t io n  d e f in e d  by  th e  
n

e q u a t io n  h ( x )  = _ Z ^ i ( x ) f  (x ± ) f o r  x e K . N ote t h a t

IIh -  f | |  < e . H ence i t  i s  c l e a r  t h a t  th e  seq u en ce  
- -00
*•̂ n-’n = l can  be  c h o se n  a s  assum ed .

2 .8 .1 9  THEOREM. S uppose  t  i s  a  l o c a l l y  com pact H aus- 

d o r f f  s p a c e  and T c o n t a in s  a  p o in t  p w h ich  h a s  a  d i s 

c r e t e  se q u e n c e  CPn 3 ^ _ i E s  su c h  t h a t  pn -> p . Then i f  

H i s  an  i n f i n i t e - d i m e n s i o n a l  H i l b e r t  s p a c e  Cq (T:LCH) 

d o es  n o t  h av e  P r o p e r ty  (B)* w here  LCH d e n o te s  t h e  a l g e 

b r a  o f  com pact o p e r a t o r s  on H .

P r o o f .  L e t K = {pn } U {p} . C le a r ly  K i s  com pact and 

hom eom orphic to  N* * t h e  o n e - p o in t  c o m p a c t i f i c a t io n  o f

N , th e  s p a c e  o f  p o s i t i v e  i n t e g e r s  w i th  t h e  d i s c r e t e  t o 

p o lo g y . From 2 .8 .1 0  and  2 .8 .1 8 *  we s e e  t h a t  Cq (T:LCH) 

c a n n o t h av e  P r o p e r ty  (B) u n le s s  t h e  a l g e b r a  A = C*(N*:LCH) 

h a s  P r o p e r ty  (B ) . We s h a l l  show t h a t  A d o es  n o t  have  

P r o p e r ty  (B ) . L e t £en 3n= l b e  311 o r tI lo n o rm al  seq u e n c e  in  

H . F o r e a c h  n  e N* * l e t  f ( n )  d e n o te  t h e  p r o j e c t i o n  

o f  H o n to  t h e  s p a n  o f  e.^ . L e t f  d e n o te  th e  c o n s ta n t  

f u n c t io n  ( f ( n ) ) n  e N* i n  A . L e t  ( an 3n= l and b̂n ^ n = l 

b e  se q u e n c e s  o f  p o s i t i v e  r e a l  num bers s a t i s f y i n g :
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2 2an + t>n = 1 f o r  a l l  n , and an  c o n v e rg e s  upw ards to  

1 . L e t yn  = an e 1 + bn en+1 . N ote  t h a t  ||yn || = 1 f o r  

a l l  p o s i t i v e  i n t e g e r s  n  and yn  -» . F o r n  e N ,

l e t  g ( n )  d e n o te  th e  p r o j e c t i o n  o f  H o n to  yn . L e t 

g be  t h e  f u n c t io n  i n  A w i th  c o - o r d i n a t e s  g (n )  f o r  

n e N and g(«>) = f  (1 )  . (N ote t h a t  yn ■* e 1 im p lie s

t h a t  g ( n )  ■* f ( l ) . )  S in c e  f 2 = f  and g2 = g , f  and

g a r e  c l e a r l y  f a c t o r i z a b l e .  We w i l l  show t h a t  f  + g 

i s  n o t .  S uppose  3 a  e A so  t h a t  a ( f  + g )  = ( f  + g ) a  =

= f  + g . We may assum e t h a t  a > 0 and ||a || < 1 . By

th e  f a m i l i a r  C*-norm a rg u m e n t, we may th e n  assum e t h a t  

a f  = f  and ag  = g  . H ence a ( n ) ( e n ) = en  so  t h a t  f o r  

n  l a r g e  enough  ||a ( ° ° ) (e n ) -  en || < -^ . T h is  c o n t r a d i c t s  

th e  f a c t  t h a t  a(°°) e LCH , by  2 .8 .1 6 .

2 .8 .2 0  EXAMPLE. An i n t e r e s t i n g  q u e s t i o n  i s  w h e th e r  e v e ry  

C * -a lg e b ra  h a s  an  a b e l i a n  a p p ro x im a te  i d e n t i t y .  An exam ple 

i s  g iv e n  i n  [1 ]  t o  show t h i s  i s  n o t  t r u e .

In  lo o k in g  f o r  exam ples o f  C * - a lg e b r a s ,  i n  o u r  s tu d y  

o f  a p p ro x im a te  i d e n t i t i e s ,  we w ere  l e d  t o  g roup  a l g e b r a s  

and th e  g ro u p  C*-a l g e b r a s  o f  a  l o c a l l y  com pact t o p o l o g ic a l  

g ro u p  [ 1 7 ] .  L e t L '(G )  d e n o te  t h e  g roup  a l g e b r a  o f  th e  

l o c a l l y  com pact g ro u p  G and m d e n o te  H aar m easu re  on
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G . We w i l l  u s e  th e  sym bol C*(G) f o r  th e  g ro u p  C * -a lg e -

b r a  o f  G , f o r  th e  r e s t  o f  S e c t io n  8 . T here  i s  no

p ro b le m  o f  c o n f u s in g  t h i s  sym bol w ith  o u r  p r e v io u s  u s e  

o f  i t  t o  r e p r e s e n t  th e  s e t  o f  bounded c o n t in u o u s  f u n c t io n s ,  

s in c e  we s h a l l  n o t  u s e  i t  t h i s  way f o r  th e  r e s t  o f  C h ap te r  

I I .

2 .8 .2 1  DEFINITION. L e t G be  a  g roup  and U c  g . U i s  

s a id  t o  be  i n v a r i a n t  i f  xUx”1 c  U f o r  ea ch  x e G . U i s

s a id  t o  be sym m etric  i f  x  e U im p lie s  x " 1 e U .

2 .8 .2 2  LEMMA. L e t G b e  a com pact g roup  and W an open 

n e ig h b o rh o o d  o f  th e  i d e n t i t y  e . Then a an i n v a r i a n t  

open  s e t  U c o n ta in in g  e so  t h a t  U c  w .

P r o o f .  S uppose n o t .  Then 3W , a  n e ig h b o rh o o d  o f  th e

o r i g i n ,  so  t h a t  f o r  ea c h  n e ig h b o rh o o d  U o f  th e  i d e n t i t y

th e r e  a r e  e le m e n ts  x ^  e G and y ^  e U so  t h a t

XyyyXy1 i  W . R egard  {Xy} and { y ^  a s  n e t s .  S in c e  

flu = e , y ^  -* e  . By ta k in g  s u b n e ts  and u s in g  c o m p a c tn e ss , 

assum e t h a t  x ^  •* x Q e G . Hence x ^ y x " 1 -» e . T h is  

c o n t r a d i c t s  th e  f a c t  t h a t  W i s  a  n e ig h b o rh o o d  o f  e and 

co n c lu d e s  t h e  p r o o f  o f  th e  lemma.
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2 .8 .2 3  LEMMA. L e t G be a u n im o d u la r  [3 8 ]  l o c a l l y  com

p a c t  g roup  w ith  a  n e ig h b o rh o o d  b a s i s  a t  th e  i d e n t i t y  co n 

s i s t i n g  o f  i n v a r i a n t ,  sym m etric  s e t s .  Then L '(G )  h a s  an 

a b e l i a n  a p p ro x im a te  i d e n t i t y .

P r o o f .  L e t *U d e n o te  t h i s  n e ig h b o rh o o d  b a s i s  o f  sy m m e tric ,

i n v a r i a n t  s e t s .  F o r U e t( l e t  f y  b e  th e  f u n c t io n

(m (U ))” 1 tim e s  t h e  c h a r a c t e r i s t i c  f u n c t io n  o f  U , w here

m d e n o te s  H aar m e asu re  on G . I t  i s  e a s y  t o  s e e  t h a t  th e

n e t  { fy ) ,  w i th  th e  TJ's o r d e r e d  by  r e v e r s e  i n c l u s i o n ,  i s

a  bounded a p p ro x im a te  i d e n t i t y  f o r  L*(G) . I t  i s  a l s o

c l e a r  t h a t  f y (x y ) = f-y(yx) f o r  e v e ry  p a i r  x  and y  i n

G . We s h a l l  show t h a t  {fy} i s  c o n ta in e d  i n  t h e  c e n t e r

o f  L 1 (G) . L e t * d e n o te  c o n v o lu t io n  in  L' (G) . Then

i f  x  e G and f  e L 1 (G) , ( f * f IJ) ( x )  = J  f ( y ) f IJ(y “ 1x )d y  =
G

J  f ( y ) f u (x y "1 )dy  = J  f ( y “1x ) f u (y )d y  = J  f u ( y ) f ( y _1x )d y  =
G G G

( f u * f ) ( x )  . H ence f * f ^  = > f o r  e v e ry  f  € L '(G )  ,

i . e . ,  [ f y ]  i s  c o n ta in e d  i n  th e  c e n t e r  o f  L*(G) .

2 .8 .2 4  COROLLARY. I f  G i s  a  com pact g ro u p , L*(G) h a s  

an  a b e l i a n  a p p ro x im a te  i d e n t i t y .

We a r e  i n t e r e s t e d  i n  s tu d y in g  a p p ro x im a te  i d e n t i t i e s
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i n  th e  g ro u p  C * -a lg e b ra s  C*(G) [ 1 7 ,  1 3 .9 ]  o f  a  l o c a l l y

com pact g ro u p . Our n e x t  r e s u l t  c o n c e rn s  t h e  e x i s t e n c e  o f  

a b e l i a n  a p p ro x im a te  i d e n t i t i e s  i n  C*(G) .

2 .8 .2 5  THEOREM. S uppose  t h e  l o c a l l y  com pact g roup  G i s  

e i t h e r  (1 )  s e p a r a b l e ,  (2 ) a b e l i a n ,  (3 )  co m p ac t, (4 )  a  

g ro u p  w i th  an  i n v a r i a n t  n e ig h b o rh o o d  b a s i s ,  o r  (5 )  f i r s t  

c o u n ta b le .  Then C*(G) h a s  an  a b e l i a n  a p p ro x im a te  id e n 

t i t y .

P r o o f .  R e c a l l  t h a t  C*(G) i s  t h e  c o m p le t io n  o f  L '(G )  

u n d e r  a  s m a l le r  norm  th a n  th e  g iv e n  norm on L '(G )  . I f  

G i s  s e p a r a b l e ,  th e n  so  i s  L 1(G) [ 1 7 ,  1 3 .2 .4 ] .  Hence

C*(G) i s  s e p a r a b l e  and  so  h a s  an  a b e l i a n  a p p ro x im a te  

i d e n t i t y  by  th e  r e s u l t s  i n  S e c t io n  4 o f  t h i s  c h a p te r .  I f  

G i s  a b e l i a n ,  so  i s  C*(G) . I f  G i s  com pact o r  h a s  an  

i n v a r i a n t  n e ig h b o rh o o d  b a s i s ,  L ’ (G) h a s  an  a b e l i a n  

a p p ro x im a te  i d e n t i t y  by  2 .8 .2 3  and  2 .8 .2 4 .  T h is  a p p r o x i

m a te  i d e n t i t y  i s  c l e a r l y  an  a p p ro x im a te  i d e n t i t y  f o r  

C*(G) . F i n a l l y ,  i f  G i s  f i r s t  c o u n ta b le  th e n  L '(G )  

h a s  a  c o u n ta b le  a p p ro x im a te  i d e n t i t y ;  h e n c e , C*(G) h a s  a  

c o u n ta b le  a p p ro x im a te  i d e n t i t y  and we a p p ly  t h e  r e s u l t s  o f  

S e c t io n  4 a g a in .
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We h av e  t h r e e  m ore r e s u l t s  In  t h i s  c h a p te r .  The 

f i r s t  i s  s t a t e d  w i th o u t  p r o o f ,  s i n c e  i t s  p r o o f  i s  s i m i l a r  

to  t h a t  o f  2 .8 .2 3 .  The o th e r  tw o r e s u l t s  h av e  t o  do w i th  

P r o p e r ty  (B) and  c a n o n ic a l  a p p ro x im a te  i d e n t i t i e s  f o r  

L*(G) f o r  G a b e l i a n .

2 .8 .2 6  PROPOSITION. L e t G b e  a  l o c a l l y  com pact g ro u p . 

Then L '(G )  h a s  an  a p p ro x im a te  i d e n t i t y  { fy )  b a s e d  on

th e n  ^  * f u a  -  %  * %

2 .8 .2 7  PROPOSITION. L e t G b e  an  a b e l i a n  l o c a l l y  com

p a c t  g ro u p . Then L '(G )  h a s  P r o p e r ty  (B ).

P r o o f .  F o r f  e L*(G) , l e t  f  d e n o te  th e  F o u r ie r  t r a n s -
A

fo rm  o f  f  [ 4 6 ,3 8 ] ,  A lso  l e t  G d e n o te  t h e  c h a r a c t e r  
A .A.

g ro u p  o f  G . N o te  t h a t  f  € C q ( G )  s o  t h a t  i f  f  i s
A A A

f a c t o r i z a b l e  i n  L ' (G) ,  f  € Cc (G) . S in c e  f  -* f  i s  a
A

l i n e a r  m app ing , th e  f a c t  t h a t  i f  K c  g  i s  com pact th e n  
A A

ah  e L ’ (G) su ch  t h a t  0 < h  and  h  = 1 on K [4 6 ,

2 .6 .8 ]  shows t h a t  L*(G) h a s  P r o p e r ty  (B ) .

2 . 8. 28  PROPOSITION. L e t G b e  a  l o c a l l y  com pact a b e l i a n  

g ro u p . Then L*(G) c o n ta in s  an  a p p ro x im a te  i d e n t i t y
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[e x |X e A} s a t i s f y i n g :

(1 )  II e j  < 2  TX £ A 

<  ^2  '

P r o o f .  L e t  A = {f e  L'  (G ) :0  < f  < 1 , £  e  C ( G ) ,  | | f  |i < 2} .

f*i* f 2 = f 2 • T h is  i s  c l e a r l y  a  p a r t i a l  o r d e r i n g .  We

m ust show t h a t  A i s  d i r e c t e d  u n d e r  t h i s  o r d e r i n g .  T h is

f o l lo w s  from  [ 4 6 , 2 .6 .8 ]  w h ich  a s s e r t s  i f  K i s  a  com- 
A

p a c t  s u b s e t  o f  G ,  t h e r e  i s  an  e le m e n t g o f  L '(G )

su ch  t h a t  0 < g  < 1 , ||g || < 2 , and g s  1 on K . We

now show t h a t  ( f 3 f e/\  i s  311 a p p ro x im a te  i d e n t i t y  f o r

L '(G )  . From [ 4 6 ,  S e c t io n  2 .6 ]  we h av e  t h a t  {g € L '( G ) :g

h a s  com pact s u p p o r t )  i s  d en se  i n  L*(G) . I t  s u f f i c e s  to

show t h a t  i f  g e L '(G )  su ch  t h a t  g h as  com pact s u p p o r t ,
A A ,

th e n  3 f  e V so  t h a t  f  = 1 on th e  s u p p o r t  o f  g (hence
AA A

f* g  = g  s in c e  f g  = g  and L '(G )  i s  se m is im p le  [ 3 8 ] ) .  

T h is  i s  g u a r a n te e d  by  [ 4 6 ,  2 . 8 . 3 ] .  T h is  c o n c lu d e s  th e  

p r o o f .
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CHAPTER I I I  

DOUBLE CENTRALIZER ALGEBRAS

I n  t h i s  c h a p te r  we e x te n d  c e r t a i n  r e s u l t s  o f  Buck 

and o th e r s  c o n c e rn in g  th e  s t r i c t  to p o lo g y . We h av e  s e v e 

r a l  i n t e r e s t i n g  r e s u l t s  i n c lu d in g  c h a r a c t e r i z a t i o n s  o f  

n u c l e a r i t y  and s e m i r e f l e x i v i t y  f o r  th e  d o u b le  c e n t r a l i z e r  

a lg e b r a  o f  a  C * -a lg e b ra , endowed w i th  th e  s t r i c t  to p o lo g y .

We th e n  d e v e lo p  a  g e n e r a l i z a t i o n  t o  C * -a lg e b ra s  o f  to p o 

l o g i c a l  m easu re  th e o r y  and  o b ta in  many i n t e r e s t i n g  th e o 

rem s. F i n a l l y ,  we g iv e  some p a r t i a l  r e s u l t s  c o n c e rn in g  a  

g e n e r a l  S to n e - W e ie r s t r a s s  Theorem f o r  d o u b le  c e n t r a l i z e r  

a l g e b r a s \ a l th o u g h  o u r  r e s u l t s  on t h i s  to p i c  a r e  in c o m p le te , 

we f e e l  t h a t  te c h n iq u e s  d e v e lo p e d  i n  o u r s tu d y  o f  th e  

q u e s t io n  may le a d  u s  t o  a  s o l u t i o n .

I n  th e  f i r s t  s e c t i o n  o f  t h i s  c h a p te r ,  th e  d o u b le  c e n 

t r a l i z e r  a l g e b r a  o f  a  C * -a lg e b ra  i s  d e f in e d  and some o f  

i t s  im p o r ta n t  p r o p e r t i e s  l i s t e d .  Our r e f e r e n c e s  a r e  

[ 6 , 5 9 ] .

SECTION 1 . PRELIMINARIES.

3 .1 .1  DEFINITION. L e t A be  a  C * -a lg e b ra .  By a  d o u b le  
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c e n t r a l i z e r  on A we mean a  p a i r  ( T '^ T 11) o f  f u n c 

t i o n s  from  A t o  A su ch  t h a t  x T '( y )  = T* ' (x )y  f o r  

x , y  i n  A . We d e n o te  th e  s e t  o f  a l l  d o u b le  c e n t r a l i z e r s  

o f  A by  M(A) .

3 . 1 . 2  THEOREM. L e t ( T ' , T " )  e M(A) . Then

(1 )  T 1 and T 11 a r e  bounded l i n e a r  o p e r a to r s  from  A 

to  A .

(2 )  T '( x y )  = T '( x ) y  V x ,y  € A

(3 ) T ' *(x y ) = x T 11(y ) V x*y e A

3 .1 .3  LEMMA. I f  ( T ' , T I f ) 6 M(A) , | |T '| |  = | |T " |I  •

3 .1 . 4  DEFINITION. L e t L b e  a  f u n c t io n  from  A to  A .

L e t L* b e  th e  f u n c t io n  from  A t o  A s a t i s f y i n g  

L * (x ) = ( L (x * ) )*  Tx e A .

3 . 1 . 5  LEMMA. L e t (T ' , T " )  e M(A) . Then ( T " M ' * )  e M (A).

3 .1 .6  LEMMA. L e t ( T ' , T " )  and  ( S ' , S " )  b e lo n g  to  M (A). 

Then ( T 'S '^ S 1»T»1) e M(A) .

3 . 1 . 7  DEFINITION. L e t  (T 1 ,T '  ' )  and  ( S ' , S " )  b e lo n g  t o  

M(A) and X b e  a  com plex  num ber. D e f in e  * - a lg e b r a  and
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norm  s t r u c t u r e s  on M(A) a s  f o l l o w s :

(1 ) ( T M M ) + ( S ' , S " )  = (T ' + S S T "  + S " )

(2 )  \ ( T ' , T '  1) = (XT,XT' 1 )

(3 )  ( T ' ,T '  ' ) ( S » ,S ' ») = ( T 'S , , S , , T " )

(4 ) (T ’ , T ’ ' ) *  = (T * 1 T 1*)

(5) ||(T',T«*)II = Ill'll = IIT'MI .

3 .1 .8  THEOREM. M(A) ,  p r o v id e d  w i th  t h e  o p e r a t io n s  and

norm d e f in e d  i n  3 . 1 . 7 ,  i s  a  C * -a lg e b ra  w i th  i d e n t i t y .

3 . 1 . 9  THEOREM. V a e A , l e t  L& h e  th e  o p e r a t o r  i n  A d e 

f in e d  by  ^ a (b )  = ab ,  Tb e A , and l e t  R& b e  th e  o p e 

r a t o r  i n  A d e f in e d  by  Ra (b )  = b a  , Vb e A . Then

(La ,R a ) € M(A) • Mq JA -» M(A) be th e  map

|i0 (a )  = (La ,R &) Va e A . Then |iQ i s  an  i n j e c t i v e  

* -hom om orphism  and n 0 (A) i s  a  c lo s e d  tw o - s id e d  i d e a l  i n  

M(A) . The map n Q i s  s u r j e c t i v e  i f f  A h a s  an  i d e n t i t y .

M(A) i s  co m m u ta tiv e  i f  and  o n ly  i f  A i s  c o m m u ta tiv e .

3 .1 .1 0  DEFINITION. The s t r i c t  to p o lo g y  i s  t h a t  l o c a l l y

convex  to p o lo g y  on  M(A) g e n e r a te d  by  th e  sem inorm s

x  -* ||yx || and  x  -* ||xy || f o r  y  e A and x e M(A) ( r e 

g a r d in g  A a s  c o n ta in e d  i n  M(A) by  v i r t u e  o f  3 . 1 . 9 ) .

L e t 3 d e n o te  t h e  s t r i c t  to p o lo g y  on M(A) and M(A)g d e 
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n o te  M(A) endowed w i th  p .

3 .1 .1 1  PROPOSITION. A i s  p -d e n s e  i n  M(A) and M(A) i s  

p -c o m p le te .

3 .1 .1 2  EXAMPLES. Wang [6 3 ]  show ed t h a t  M(C0 (S ) )  = C*(S) . 

R e id  i n  [4 3 ]  shows t h a t  i f  A c  B(H) , th e n  M(A) =

[ t  e B(H) : tA  c  A and  A t £  A ,  t e  = e t  = t}  w here  e 

i s  t h e  p r o j e c t i o n  o f  th e  H i l b e r t  s p a c e  H o n to  A*H .

3 .1 .1 3  THEOREM. Suppose B i s  a  C * -a lg e b ra  c o n ta in in g  th e  

C * -a lg e b ra  A a s  a  tw o - s id e d  i d e a l .  Then th e r e  i s  a  u n iq u e  

* -hom om orphism  p :B  -» M(A) w i th  t h e  p r o p e r t y  t h a t

p ( x )  = H q ( x )  f o r  x  e A . L e t A^ = {x € B |xA  = {0} } . 

Then A0 i s  t h e  k e r n e l  o f  p . L e t PA d e n o te  th e  s t r i c t  

to p o lo g y  on B g e n e r a te d  by  A . Then p : ( B ,P A) *♦ M(A)g 

i s  a  c o n t in u o u s  v e c to r  s p a c e  homom orphism open o n to  i t s  

im ag e . S uppose t h a t  A° = {0} and  t h a t  B i s  p^  com

p l e t e .  Then \x i s  an  im b ed d in g  o f  B i n  M(A) and i s  

o n to  i n  t h i s  ca se*  i . e . ,  B = M(A) .

The n e x t  r e s u l t s ,  3 .1 .1 4  -  3 . 1 . 1 6 ,  a r e  due  to  D. C. 

T a y lo r  [ 5 9 ] •
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3 .1 .4  THEOREM. I f  A i s  a  C * -a lg e b ra ,  th e n

M(A)p = { a * f :a  e A, f  e M (A)1} = ( f - a :  a  e A and

f  e M (A)’ } j w here  a * f ( x )  = f ( x a )  and f * a ( x )  = f ( a x )

Vx e M(A) . U nder t h e  s t r o n g  to p o lo g y , M(A)^ i s  a  Ba- 

n ac h  s p a c e  t h a t  i s  is o m o rp h ic  w ith  A' .

3 .1 .1 5  THEOREM. L e t  A b e  a  C * -a lg e b ra  and {e^ : ^ e A3 

an a p p ro x im a te  i d e n t i t y  f o r  A . I f  H c  M(A)g th e  f o l 

lo w in g  a r e  e q u i v a l e n t :

(1 )  H i s  p - e q u ic o n t in u o u s 5

(2 )  H i s  u n if o r m ly  bounded  and e ^ . f  + f

u n ifo rm ly  on H ( s e e  3 .1 .1 4 ) .

U sing  3 .1 .1 5 *  T a y lo r  shows t h a t  P = P ' * w here  p» 

i s  th e  f i n e s t  l o c a l l y  convex  l i n e a r  to p o lo g y  on M(A) 

a g r e e in g  w i th  p on  bounded  s e t s  o f  M(A) . He a l s o  shows

t h a t  i f  A h a s  a  w e ll - b e h a v e d  a p p ro x im a te  i d e n t i t y ,  th e n

M(A)p i s  a  s t r o n g  M ackey s p a c e ,  i . e . ,  e v e ry  P -w eak-*com - 

p a c t  s u b s e t  o f  M(A)g i s  p - e q u ic o n t in u o u s .  T a y lo r  a l s o  

p ro v e s  th e  f o l l o w in g  r e s u l t  w h ich  we w i l l  n ee d  l a t e r  i n  

C h a p te r  I I I .

3 .1 .1 6  THEOREM. L e t  B be  a  C * -a lg e b ra  and A be  a  

c lo s e d  tw o - s id e d  i d e a l  o f  B . I f  f  e B 1 , 3 ^  € (B, p^)
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and f 2 € A1 = {g e B ' : g = 0 on A} so  t h a t  f  = f g .

F u rth e rm o re  i f  f  i s  a  p o s i t i v e  l i n e a r  f u n c t io n a l  on B 

th e n  so  a r e  f ^  and f 2 .

SECTION 2 . BASIC RESULTS.

We b e g in  o u r  s tu d y  o f  M(A) by  p ro v in g  some f a c t s . ,

3 .2 . 1  -  3 . 2 . 5 ,  w h ich  may b e  known b u t  do n o t  a p p e a r  ex 

p l i c i t l y  i n  t h e  l i t e r a t u r e ,  a s  f a r  a s  we know.

3 .2 .1  PROPOSITION. L e t S d e n o te  t h e  u n i t  s p h e re  i n  M (A).

Then S i s  c lo s e d  i n  th e  s t r i c t  to p o lo g y .

P r o o f .  S uppose ( T ^ T ^ )  i s  a  n e t  i n  M(A) and 

(T ^ ,T a ) -* ( T ,T ' )  s t r i c t l y .  R egard  A a s  c o n ta in e d  in  

M(A) and n o te  t h a t  th e  s t r i c t  to p o lo g y  on M(A) i s  a  ty p e  

o f  p o in tw is e  c o n v e rg e n ce  on A ,  i . e . ,  ( S ^ S a ) ■+ 0 

s t r i c t l y  i f f  Sa (x ) 0 i n  norm and  S ^ (x )  -* 0 i n  norm

f o r  e a c h  x  e A . Thus T ^ (x ) -* T (x )  f o r  ea ch  x  e A .

H ence ||T (x ) || < ||x|| f o r  a l l  x  e A , i . e . ,  ||T|| < 1 .

H ence |j ( T ,T ') | |  < 1  by  3 .1 .3 .

Our n e x t  r e s u l t  i s  a  p a r t i a l  g e n e r a l i z a t i o n  o f  C onw ay's 

' 'A s c o l i ' '  Theorem f o r  C*(S)p [ 1 1 ,1 2 ] .
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3 .2 .2  PROPOSITION. L e t F c  M(A) . The fo l lo w in g  a r e  

e q u i v a le n t :

(1 ) F i s  t o t a l l y  bounded i n  th e  s t r i c t  to p o lo g y ;

(2 ) F i s  norm bounded and t o t a l l y  bounded in  th e  kap p a

to p o lo g y  ( s e e  3 .2 .3 )  o f  some bounded a p p ro x im a te  i d e n t i t y  

f o r  A ;

(3 ) F i s  norm bounded  and  t o t a l l y  bounded  in  th e  k ap p a

to p o lo g y  o f  a l l  bounded a p p ro x im a te  i d e n t i t i e s  f o r  A .

3 .2 .3  DEFINITION. L e t A b e  a  C * -a lg e b ra  and (e x ) a  

bounded a p p ro x im a te  i d e n t i t y  f o r  A . The k ap p a  to p o lo g y  

a s s o c i a t e d  w i th  (e ^ )  i s  t h a t  l o c a l l y  convex  to p o lo g y  on 

M(A) g e n e ra te d  by th e  sem inorm s x  •* ||x e^ || and x  -» ||e^x || 

f o r  x  e M(A) [ 5 2 ] ,  F o r exam ple* i f  A = C0 (S) and a  

bounded  a p p ro x im a te  i d e n t i t y  i s  c h o se n  from  Cc (S ) , th e  

c o r r e s p o n d in g  k a p p a  to p o lo g y  i s  t h e  co m p ac t-o p e n  to p o lo g y . 

T h is  exam ple is *  i n  la r g e *  th e  m o t iv a t io n  f o r  th e  d e f i n i 

t i o n  o f  k ap p a  to p o lo g y  a s  g iv e n  i n  [ 5 2 ] .

P ro o f  o f  3 . 2 . 2 .  T h is  p r o p o s i t i o n  fo l lo w s  from  th e  f a c t  

t h a t  a l l  k ap p a  to p o l o g ie s  a g r e e  w i th  t h e  s t r i c t  to p o lo g y  on 

norm  bounded s u b s e t s  o f  M(A) . I t  i s  c l e a r  from  th e  d e 

f i n i t i o n  t h a t  0 i s  f i n e r  th a n  any  k ap p a  to p o lo g y . L e t 

{e^3 b e  an a p p ro x im a te  i d e n t i t y  i n  A and su p p o se  {f^}
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i s  a  n e t  in  t h e  b a l l  o f  M(A) su ch  t h a t  f . -♦ 0 in  th e  

k ap p a  to p o lo g y  a s s o c i a t e d  w i th  {e^} . L e t a  e A and  

e > 0 . Choose Xq so  t h a t  X > Xq im p l ie s

1| a  -  ex a|| < 1  and  | |a  -  a e j |  < §  . Choose b Q so  t h a t

b > b Q im p l ie s  H ^ e ^ U  < a rr t U e ^ f J  < ^  .

Then f o r  b > b Q ,  | | f b a|| < l l f ^ a  -  f fea|| + l l f ^  a || < € .

S im i l a r l y  | |a f b l| < e f o r  b > b Q ,  i . e . ,  f  -> OP .

The n e x t  r e s u l t  3 . 2 . 4  i s  a  g e n e r a l i z a t i o n  o f  2 .1 .3

( a ) .

3 . 2 . 4  PROPOSITION. L e t  A b e  a  C * - a lg e b r a .  The 0 and 

norm  to p o l o g ie s  on M(A) c o in c id e  i f f  A h a s  an  i d e n t i t y ,  

i . e . ,  i f f  A = M(A) .

P r o o f .  C le a r ly ,  we n e e d  o n ly  show t h a t  i f  t h e  norm and  0

t o p o l o g ie s  c o in c id e  on M(A) th e n  A h a s  an  i d e n t i t y .

I f  t h i s  i s  t h e  c a s e ,  t h e r e  e x i s t s  a  > 0 i n  A so t h a t

||x || < max { ||a x ||,  ||x a ||}  f o r  a l l  x  e M(A) . L e t C b e  th e

co m m u ta tiv e  C * -a lg e b ra  g e n e r a te d  by  a  . Then C may b e  

re g a r d e d  a s  t h e  a l g e b r a  C q ( S )  ,  w here  t h e  l o c a l l y  com pact 

s p a c e  S i s  t h e  m axim al i d e a l  sp a c e  o f  C . The in e q u a l i t y  

||x || < ||ax || f o r  x  e C im p l ie s  t h a t  l |a ( s ) | |  > 1  f o r  a l l
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s e S * by  U ry so h n ’ s lemma. Thus S i s  com pact* i . e . *

3e e c so  t h a t  e a  = ae  = a  . L e t y  e A . Then i f  I  

d e n o te s  t h e  i d e n t i t y  i n  M(A) * a [ ( I - e ) y y * ( l - e ) ]  = 0 =

[ ( I - e ) y y * ( I - e ) ] a  . H ence ( I - e ) y y * ( I - e )  = 0  and th u s  

ey  = y  = y e  from  th e  C*-norm p r o p e r t y .

3 .2 .5  PROPOSITION. L e t A b e  a  C * - a lg e b r a .  Then M(A)g 

i s  m e t r i z a b l e  i f f  A h a s  an  i d e n t i t y .

P r o o f .  I f  M(A)p i s  m e tr iz a b le *  t h e  open  m apping  th e o rem  

f o r  F r e c h e t  s p a c e s  [4 5 ]  a p p l ie d  t o  t h e  i d e n t i t y  m app ing  from  

(M (A)*norm ) t o  M(A)g y i e l d s  t h a t  t h e  p and  norm to p o 

l o g i e s  a g r e e .  A pply  3 . 2 . 4 .

The n e x t  r e s u l t  i s  u s e d  i n  t h e  p r o o f s  o f  some o f  th e  

p r i n c i p a l  r e s u l t s  o f  t h i s  c h a p te r .  L e t H be  a  H i l b e r t  

sp a c e  and  LCH d e n o te  t h e  a l g e b r a  o f  com pact o p e r a t o r s  and 

B(H) * t h e  a l g e b r a  o f  bounded  l i n e a r  o p e r a t o r s  on H . 

M(LCH) ca n  b e  c a n o n ic a l ly  i d e n t i f i e d  w i th  B(H) ( s e e  

3 .1 .1 3 ) .>  so  t h e  e x p r e s s io n  s t r ic t - L C H  to p o lo g y  on B(H) 

m akes s e n s e .

3 . 2 . 6  PROPOSITION. L e t H b e  a  H i l b e r t  s p a c e .  The u n i t  

b a l l  i n  B(H) i s  com pact i n  t h e  s t r ic t - L C H  to p o lo g y  i f f
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H i s  f i n i t e - d i m e n s i o n a l .

P r o o f .  I f  H i s  f i n i t e - d i m e n s i o n a l ,  LCH = B(H) and th e  

s t r i c t  to p o lo g y  i s  t h e  norm to p o lo g y . I t  i s  w e l l  known 

t h a t  t h e  bounded  c lo s e d  s e t s  i n  a  f i n i t e - d i m e n s i o n a l  norm ed 

sp a c e  a r e  com p ac t.

F o r th e  c o n v e rs e ,  n o te  t h a t  0 i s  f i n e r  th a n  th e  t o 

p o lo g y  o f  p o in tw i s e  c o n v e rg e n c e  on H . H ence th e  u n i t  

b a l l  o f  B(H) i s  com pact u n d e r  t h e  to p o lo g y  o f  p o in tw is e  

co n v e rg e n c e  on H . L e t x  e H and  ||x || = 1 . T h e re  a r e  

f i n i t e - r a n k  o p e r a t o r s  T ^ , i n  th e  b a l l  o f  B(H) so 

t h a t  i f  T i s  any  f i n i t e - r a n k  o p e r a t o r  i n  t h e  b a l l  o f  

B(H) ,  | |T (x ) -  T± (x ) | |  < 1 h o ld s  f o r  a t  l e a s t  one

1 < i  < n  . I f  H i s  n o t  f i n i t e - d i m e n s i o n a l ,  ch o o se  y e H

so  t h a t  ||y|| = 1 and  y  i s  o r th o g o n a l  t o  t h e  s e t

{ T ^ ( x ) |1 < i  < n} . L e t T (z )  = < z , x  >y f o r  z e H ,

w here  ' 1 < > 11 d e n o te s  t h e  in n e r  p r o d u c t  i n  H . T i s

a  f i n i t e - r a n k  o p e r a t o r  i n  t h e  u n i t  b a l l  o f  B(H) . B ut 

||T (x )  -  T ^ x MI2 = ||y  -  T ^ x ) ! ! 2 = llyll2 + llT ^ x )! !2 > 1 f o r  

a l l  1 < i  < n  . T h is  c o n t r a d i c t s  t h e  a s s u m p tio n  t h a t  H 

i s  i n f i n i t e - d i m e n s i o n a l .

The f o l lo w in g  q u e s t io n  i s  m o t iv a te d  by R e id 's  c h a ra c 

t e r i z a t i o n  o f  M(A) f o r  s u b a lg e b r a s  A o f  B(H) . S uppose
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= A'H and R:B(H) -* B(H^) i s  th e  map ta k in g  a e A 

to  e a  r e s t r i c t e d  t o  H-̂  , w here  e i s  th e  p r o j e c t i o n  

o f  H o n to  E± . I s  R(M(A)) = M (R(A)) ? N ote t h a t  ^  

i s  a H i l b e r t  s p a c e  by  1 .1 2 .

3 . 2 . 7 .  L e t A , H , ,  and  R b e  a s  a b o v e . Then R , 

r e s t r i c t e d  t o  M(A) 3 d e f in e s  an  is o m e t r ic  * - iso m o rp h ism  

o f  M(A) i n t o  B(H1 ) ( h e re  we a r e  ta k in g  M(A) c  b (H) by 

R e id ’ s T heo rem ). F u r th e rm o re  R(M (A)) = M (R(A)) .

P r o o f .  By R e i d 's  th e o re m , M(A) = { t e B ( H ) :e te = t  and 

tA  + At c  a } . Thus e commutes w i th  e v e ry th in g  in  M(A) 

so  R i s  a  *-hom om orphism . I f  x  € M(A) and R (x) = 0 

th e n  x e  = 0 so  x  = exe  = 0 . Thus R 

i s  o n e - to - o n e  and  so  an  is o m e tr y  [ 1 7 ] .  F i n a l l y ,  i f  

t  € M (R(A)) , l e t  s = e t e  . Then R (s )  = t  . T h is  con 

c lu d e s  th e  p r o o f .

Our n e x t  r e s u l t  r e l a t e s  th e  d o u b le  c e n t r a l i z e r  a lg e b r a  

o f  a  C * -a lg e b ra  A w i th  t h e  d o u b le  c e n t r a l i z e r  a l g e b r a  o f  

th e  c lo s e d  C * -s u b a lg e b ra  g e n e ra te d  by  an  a p p ro x im a te  id e n 

t i t y  f o r  A .

3 .2 .8  PROPOSITION. L e t A b e  a  C * -a lg e b ra  and  AQ th e
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C * -s u b a lg e b ra  o f  A g e n e ra te d  by  some a p p ro x im a te  i d e n t i t y  

f o r  A . Then M(AQ) i s  t h e  i d e a l i z e r  o f  AQ in  M(A) ,

i . e . ,  M(A0 ) = {x € M (A): xAQ + AQx  c  AQ} .

P r o o f .  L e t I  d e n o te  t h e  i d e a l i z e r  o f  AQ i n  M(A) and

l e t  {e^3 b e  th e  a p p ro x im a te  i d e n t i t y  f o r  A w h ich  g e n e 

r a t e s  Aq . We s h a l l  a p p ly  3 .1 .3 .  C le a r ly  AQ i s  an

i d e a l  i n  I  . S uppose  x e I  and  xAQ = {0} . Then

xe^ = 0 f o r  a l l  X , so  x  = 0 . L e t  pQ d e n o te  th e  t o 

p o lo g y  on M(A) g e n e r a te d  by  th e  sem inorm s x  -» ||xy || and

x  -» ||yx || f o r  x  e M(A) and  y  e AQ . From [5 1 , C or. 2 .3 ]  

we h av e  t h a t  P = pQ . S in c e  I  i s  p - c l o s e d ,  i t  i s  0 -com 

p l e t e .  Thus I  i s  P0 -c o m p le te .  H ence, by  3 .1 .3 ,  I  i s

c a n o n ic a l ly  is o m o rp h ic  w i th  M(AQ) .

The q u e s t io n  o f  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t io n s  on 

a  C * -a lg e b ra  A i n  o r d e r  t h a t  t h e  u n i t  b a l l  o f  M(A) be 

P -com pact i s  an  i n t e r e s t i n g  o n e , r a i s e d  by  C o l l in s  [7 ]  i n  

th e  co m m uta tive  c a s e .  We an sw er th e  q u e s t i o n  in  g e n e r a l  i n  

th e  n e x t  th e o re m .

3 .2 .9  THEOREM. L e t A be  a  C * -a lg e b ra .  Then M(A) h a s  a  

p -co m p ac t u n i t  b a l l  i f f  A = (EA^Jq w h ere  e a c h  A  ̂ i s  a  

f i n i t e - d i m e n s i o n a l  C * -a lg e b ra .
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P r o o f .  F i r s t . ,  s u p p o se  t h a t  A = (£A X) 0 w here  ea ch  Ax 

i s  a  f i n i t e - d i m e n s i o n a l  C * - a lg e b r a .  S in c e  th e  u n i t  b a l l  

i n  M(A) i s  0 -c o m p le te ,  i t  s u f f i c e s  to  show i t  i s  g - t o -  

t a l l y  b o u n d ed . L e t a  = (a ^ )  e A and  assum e, w i th o u t

lo s s  o f  g e n e r a l i t y ,  t h a t  ||a || < 1 . S in c e  ea ch  Ax i s

f i n i t e - d i m e n s i o n a l ,  i t  h a s  an  i d e n t i t y ,  i . e . ,  M(A^) = A^.

H ence M(A) = EAX = {a e IIA^: a  = (a ^ )  and

sup  Ha^ll < + 00} > w i th  p o in tw i s e  o p e r a t io n s  [ 5 9 ] .  L e t 

€ > 0 and ch o o se  a  f i n i t e  s e t  *" *-»^n  so  t h a t

SUP n ||a- |1 < e . F o r e a c h  1 < i  < n  ,  l e t  S . be  a
^  -  -  l

f i n i t e  s e t  i n  th e  u n i t  b a l l  o f  A ^  so t h a t  i f  x  e A ^

and  ||x || < 1 , th e n  m in  | |s - x || < e . Suppose
seS ^

x  = (xx ) e M(A) and  ||x || < 1 . L e t  y^  e s i  so  t h a t  

||x x> -  y ± || < e . L e t y  = (yx ) e M(A) w here  y x  ̂ = y ±

and yx = 0 i f  \  £  { ^ i ] i = l  • N ote  t h a t  | |( y - x ) a | |  < e 

and  | |a ( y - x ) | |  < e . S in c e  th e  s e t  o f  a l l  s u ch  e le m e n ts  y

i s  a  f i n i t e  s e t  d e p e n d in g  o n ly  on  a  and e , th e  u n i t

b a l l  o f  M(A) i s  g - t o t a l l y  b o u n d ed .

C o n v e rs e ly , su p p o se  t h e  u n i t  b a l l  o f  M(A) i s  0 - t o -  

t a l l y  boun d ed . L e t  S d e n o te  t h e  u n i t  b a l l  i n  A . Then

S i s  p - t o t a l l y  bounded  so  t h a t  aS  and Sa a r e  norm t o 

t a l l y  bounded (h e n c e , norm  r e l a t i v e l y  co m pact) f o r  ea ch  

a  € A . By [ 1 7 ,  p .  99] A i s  d u a l ,  i . e . ,  A = (EAX) Q

R eprodu ced  with perm ission  of the copyright owner. Further reproduction prohibited without perm ission .



84

w h ere  e a c h  A^ i s  th e  a lg e b r a  LCH^ o f  com pact o p e r a to r s  

on th e  H i l b e r t  s p a c e  . We s h a l l  show t h a t  i s  f i 

n i t e - d im e n s io n a l  f o r  ea ch  X . From 3 .1 .1 2 .,  M(A^) =

B(H^) . S in c e  M(A) = SB(H^) , i t  i s  c l e a r  t h a t  t h e  u n i t  

b a l l  i n  B(H^) i s  com pact i n  t h e  s t r i c t  to p o lo g y  d e f in e d  

by A^ = LCH^ , f o r  e a ch  X . By 3 .2 .6  we g e t  t h a t  

i s  f i n i t e - d i m e n s i o n a l  f o r  e a ch  X ; h e n c e  A^ = i s

f i n i t e - d i m e n s i o n a l  a l s o .

3 .2 .1 0  DEFINITION. L e t E be  a  l o c a l l y  convex  s p a c e  and 

E ’ i t s  a d j o i n t .  R e c a l l  t h a t  E i s  s a id  t o  be  (DF) ( th e  

te r m in o lo g y  i s  due t o  G ro th e n d ie c k )  i f  i t  h a s  a  c o u n ta b le  

b a s e  f o r  bounded  s e t s  and th e  u n io n  o f  a  c o u n ta b le  num ber 

o f  e q u ic o n t in u o u s  s e t s  i n  E ' i s  a g a in  e q u ic o n t in u o u s ,  

p r o v id e d  i t  i s  bounded  i n  t h e  s t r o n g  to p o lo g y  on E 1 . An 

e q u i v a l e n t  f o r m u la t io n  i s  t h a t  E h a s  a  c o u n ta b le  b a s e  

f o r  bounded  s e t s  and  any  c o u n ta b le  i n t e r s e c t i o n  o f  c lo s e d  

a b s o l u t e l y  con v ex  z e ro  n e ig h b o rh o o d s  i n  E w h ich  a b s o rb s  

bounded  s e t s  o f  E i s  a  z e ro  n e ig h b o rh o o d . I f  E i s  com

p l e t e ,  we n ee d  o n ly  ch eck  t h a t  t h i s  i n t e r s e c t i o n  a b s o rb s  

p o in t s  [ 4 5 ,  p .  6 7 ] .  S in c e  M(A)^ h a s  a  c o u n ta b le  b a s e  o f  

bounded  s e t s  and  i s  c o m p le te , i t  i s  (DF) i f  e a ch  c o u n t

a b l e  i n t e r s e c t i o n  o f  c lo s e d  a b s o l u t e l y  convex  z e ro  n e ig h 

b o rh o o d s  w h ich  a b s o rb s  p o i n t s  o f  M(A) i s  a  z e ro  n e ig h -
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b o rh o o d .

F o r t h e  c a s e  Cq (S )  , C o l l in s  and D o rroh  [8 ]  say

t h a t  C *(S)g h a s  (WDF) i f  e a c h  u n if o r m ly  bounded  r e a l  

se q u e n c e  i n  C0 (S ) h a s  an  u p p e r  bound i n  CQ(S) . They 

p o i n t  o u t  t h a t  t h i s  i s  e q u i v a l e n t  t o  r e q u i r i n g  t h a t  ea ch  

c o u n ta b le  i n t e r s e c t i o n  o f  z e ro  n e ig h b o rh o o d s  o f  ty p e  

Va  = { f e C * ( S ) : | |f a | |  < 1 } , f o r  some a  e CQ(S ) w h ich

a b s o rb s  p o in t s  o f  C *(S) , b e  a  3 z e ro  n e ig h b o rh o o d .

We u s e  t h i s  i d e a  t o  d e f i n e  p r o p e r t y  (WDF) f o r  M(A)g ,

3 .2 .1 1  DEFINITION. L e t A b e  a  C * - a lg e b r a .  M(A){J h a s

(WDF) i f ,  f o r  e a ch  H e rm it ia n  seq u e n c e  £an 3 n - l  i n  ^ 9

V = n V a b s o rb s  p o i n t s  o f  M(A) im p l ie s  V i s  a  $ 
n = l  n

z e ro  n e ig h b o rh o o d  i n  M(A) , w h ere  Vn  = {x e M (A ):||xan || < 1 

and  ||a nx|| < 1 }  .

C o l l in s  and D o rro h  a sk e d  w h e th e r  th e  p r o p e r t i e s  (DF) 

and (WDF) a r e  e q u i v a l e n t  f o r  C *(S)p a f t e r  f i r s t  show ing 

t h a t  (DF) was a t  l e a s t  a s  s t r o n g  a s  (WDF) . Summers 

[5 ^ ]  an sw ered  th e  q u e s t i o n  i n  th e  a f f i r m a t i v e  f o r  C*(S)g 

and  we h av e  th e  g e n e r a l i z a t i o n  o f  h i s  r e s u l t  t o  t h e  noncom - 

m u ta t iv e  c a s e .
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3 .2 .1 2  THEOREM. L e t A be a  C * -a lg e b ra .  Then th e  f o l 

lo w in g  a r e  e q u i v a le n t :

(1 ) M(A) i s  (DF) }

(2 ) M(A) i s  (WDF) j

(3 )  JE“ (A) = C*(N:A) i s  an  e s s e n t i a l  A -m odule u n d e r b o th

l e f t  and  r i g h t  a c t i o n .

P r o o f .  (1 )  im p l ie s  (2 ) i s  c l e a r .  To show (2 ) -* (3)* l e t

{e^} b e  an  a p p ro x im a te  i d e n t i t y  i n  A . Suppose

a  = {an }“ =1 e 4°°(A) ,  i . e . ,  Can }n= l i s  a  u n ifo rm ly bounded

seq u en ce  i n  A . L e t Vn  = {x e M (A): ||x an || < 1 and 
00

||anx|| < 1 }  and V = 0 Vn  . N o te  t h a t  V i s  c lo s e d  a b 

s o l u t e l y  convex  and a b s o rb s  p o in t s  o f  M(A) . By th e  a s 

su m p tio n  t h a t  A h a s  p r o p e r ty  (WDF) , we g e t  t h a t  V i s  

a  0 z e ro  n e ig h b o rh o o d . N ote t h a t  ex ^  I  i n  th e  s t r i c t  

to p o lo g y , w here  I  d e n o te s  t h e  i d e n t i t y  i n  M(A) . Hence 

a so  t h a t  X >  XQ im p l ie s  e^ -  I  e V , i . e . ,

| | ( e x -  I ) a n || < 1 and  ||a n (ex -  I ) | |  < 1 f o r  a l l  n  . H ence 

f o r  X > XQ ||e x an  -  a j |  < 1  and  lllan ex “ aJ  ^  1 f o r  a11 

n  . Thus A°°(A) i s  an  e s s e n t i a l  l e f t  A -m odule and an  e s 

s e n t i a l  r i g h t  A -m odule s in c e  a  w as an  a r b i t r a r y  seq u en ce  

i n  i “ (A) .

To p ro v e  (3 )  ** ( 1 ) ,  l e t  u s  assum e t h a t  4°° (A) i s  e s 

s e n t i a l .  L e t H = U H b e  a  s u b s e t  o f  th e  u n i t  s p h e re  i n  
n = l  n
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M(A)£ and e a ch  be  e q u ic o n t in u o u s .  We m u st show t h a t

H i s  e q u ic o n t in u o u s .  By ex a m in in g  D. C. T a y lo r 's  p r o o f  

[5 9 ] o f  h i s  c r i t e r i o n  f o r  0 - e q u i c o n t i n u i ty ,  we s e e  t h a t  

a  a  = {£^3^=1 e ^°°(A) 3 lla ll < 8 , so  t h a t  

(x  € M(A): ||x an || < 1  and ||a n x|| < 1} c  H° . Thus

H c  U h ° ° c  U (x  e M(A): | |x a l |  < 1 and  ||a . x | |  c  l } °  .
“  n = l  71 “  n = l  n  n

From [ ^ 5 ,  p .  36] we h a v e  t h a t  {x € M (A): ||x an || < 1 and

llanx ll ^  1 ] °  = P -w eak-*  c l o s u r e  o f  th e  s e t  sum

[x  e M (A): H x a J  < 1 } °  + [x  e M(A): ||anx|| < 1 } °  . L e t

and  P2 d e n o te  t h e  to p o l o g ie s  on M(A) g iv e n  by r i g h t  and

l e f t  m u l t i p l i c a t i o n s ,  r e s p e c t i v e l y ,  by e le m e n ts  o f  A .

T a y lo r  [5 9 ] h a s  shown t h a t  M(A)0 = M(A)1 = M(A)g . By
P1 2 p 

A la o g lu 's  Theorem  [^ 5 ]  a p p l ie d  t o  M(A)„ ,
P1

{x e M(A): ||x an || < 1 ) °  i s  p -w eak -*  com pact i n  M(A)g .

By A la o g lu 's  Theorem  a p p l ie d  t o  M(A)e ,
2

{x e M(A): ||a nx || < 1 ] °  i s  P -w eak -*  com pact i n  M(A)0 .

Thus th e  s e t  sum [x  e M(A): Ijxa^H < 1 } °  + {x € M (A):

1|anx|| < 1 } °  i s  p -w eak -*  com pact and h en c e  P -w eak -*  c lo s e d  

a s  a  s u b s e t  o f  M(A)g . Our n e x t  s t e p  i s  t o  c a l c u l a t e

{x e M(A): |ianx ll < 1 3 °  and {x e M(A): ||x an l| < 1 3 °  . F o r

f  € M (A)' and  b e M(A) l e t  f« b ( x )  = f ( b x )  and  b - f ( x )  =

f ( x b )  f o r  x  e M(A) and n o te  t h a t  f - b  and  b « f  e M (A)'

a l s o .  A lso  n o te  t h a t  i f  b e A f*b  and b . f  e M(A)0 .
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We s e e  t h a t  {f ‘ an : f* e M (A)1 an d  |jf || < 1 ) 5  

{x e M (A): ||a nx|| < 1 } °  . S uppose  f  e {x e M (A): ||a nx|| < 1 } ° .  

Then | f ( x ) |  < ||anx || f o r  a l l  x  e M(A) . D e f in e  a  l i n e a r

f u n c t i o n a l  g on anM(A) by  g ( a nx )  = f ( x )  . Then g

i s  w e l l  d e f in e d  and  ||g || < 1 , so  g  e x te n d s  t o  h  e M (A)1 

s u c h  t h a t  ||h || < 1 . I f  x  e M(A) ,  h* an (x )  = h ( a nx )  = 

g ( a nx )  = f ( x )  . H ence h *an  = f  so t h a t  

{ f . a n : f  e M (A ) ', | | f | |  < 1} = {x e M (A); ||a nx || < 1 } °  . S i 

m i l a r l y ,  {an - f :  f  e M (A)' ,  | | f | |  < 1} = {x e M (A): H x a J  < 1 } ° .

Thus H c  {an - f  + g . a n : | |f | |  < 1 ,  ||g || < 1 ,  n  = 1 ,2 ,3 ,  • • • }  .

We now show t h a t  H i s  (3 -e q u ic o n tin u o u s . S in c e  Z (A) i s  

e s s e n t i a l ,  by  a s s u m p tio n , we ca n  w r i t e  a n = a c n  and

= bRd w i th  ||d || < 1 ,  | |a || < 1 , ||c n || < 10 f o r  a l l  n  ,

^  llbn ll < 10 f o r  a11  n  • By T a y l o r 's  c r i t e r i o n  [5 9 ]  we 

m u st show t h a t  j | ( I  -  ex ) * h « ( I  -  e^ ) l | j  0 u n if o r m ly  f o r  

h  e H (w here  {e^} i s  an  a p p ro x im a te  i d e n t i t y  f o r  A and  

I  d e n o te s  t h e  i d e n t i t y  i n  M(A)} . S in c e  a  t y p i c a l  h  e H

i s  o f  fo rm  acn *f + g ’ t ^ d ,  w h ere  | |f | |  < 1 ,  ||g || < 1 ,

licn ll < 10 * llbn ll < 10 * t h i s  i s  c l e a r .  T h is  c o n c lu d e s  th e  

p r o o f  o f  3 . 2 . 1 2 .

Our n e x t  r e s u l t s  c o n c e rn  s e p a r a b i l i t y  o f  M(A)g .

3 .2 .1 3  PROPOSITION. I f  A i s  norm s e p a r a b l e ,  th e n  M(A)g
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i s  s e p a r a b l e .

P r o o f .  A i s  p d e n s e  i n  M(A) and p i s  w eak er th a n  

th e  norm  to p o lo g y  on  M(A) .

N ext we s p e c i a l i z e  t o  th e  c a s e  t h a t  A = C0 (S) .

Todd [6 0 ]  shows t h a t  i f  S i s  a  com pact th e n  C*(S)g 

i s  s e p a r a b l e  i f f  S i s  m e t r i z a b l e .  He m akes th e  f o l lo w in g  

c o n j e c tu r e :

3 .2 .1 4  CONJECTURE (TODD). C * (S )p i s  s e p a r a b l e  i f f  S i s  

s e p a r a b l e  and  m e t r i z a b l e .

We g iv e  a  c o u n te re x a m p le  t o  t h i s  c o n j e c tu r e  by  e x h i

b i t i n g  an  u n c o u n ta b le  d i s c r e t e  s p a c e  S s u ch  t h a t  X°°(S)g 

i s  s e p a r a b l e .  N o tin g  t h a t  Cq (S )  i s  n o t  s e p a r a b l e  f o r  

t h i s  s p a c e  S , we s e e  t h a t  th e  n o t i o n s  o f  norm  s e p a r a b i 

l i t y  o f  A and  P s e p a r a b i l i t y  o f  M(A) a r e  n o t  e q u iv a 

l e n t ,  ev en  i n  t h e  co m m u ta tiv e  c a s e .

3 .2 .1 5  THEOREM. L e t  I  d e n o te  th e  u n i t  i n t e r v a l  w i th  th e  

d i s c r e t e  to p o lo g y .  Then i° 0( I ) p  i s  s e p a r a b l e .

P r o o f .  L e t f  e j£°°(I)  , e > 0 , and  g  e Cq ( I )  , g > 0 .
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C hoose a  f i n i t e  s e t  0 = i < i < . . . < i  = 1  in  I
0 n

so t h a t  {x e I :  g(x)  > ----------------  } c  { iQ, - - ^ i  } #
2}|f|| + - S -  

llsll
L e t 0 = r n < r .  < •*• < r  = 1 be  r a t i o n a l  num bers so  u i  n
t h a t  r ^  < i j  < r j +1 f o r  1 < J < n - 1  . Choose r a t i o n a l  

num bers {qk ] k=0 so  t h a t  |q fc -  f ( i k ) |  < -jp-jj- , 0 < k  < n

D e f in e  a  f u n c t io n  h  on I  by  th e  fo rm u la

h ( x )
\  i f  r k  ^  x  < r k + l ’ °  < k  < “ - 1

qn i f  x  = 1

Check t h a t  | jg ( h - f ) | |  < e . S in c e  th e  s e t  o f  a l l  s u ch  h 

i s  c o u n ta b le ,  A °°(l)p i s  s e p a r a b l e .

3 .2 .1 6  PROPOSITION. I f  C *(S)g i s  s e p a r a b l e ,  e a ch  open 

a com pact s u b s e t  i s  s e p a r a b l e  and  m e t r i z a b l e .

P r o o f .  L e t X £  S b e  open  and ct com pact and  { f i } a  

c o u n ta b le  P -d e n se  s u b s e t ,  w h ich  we may assum e t o  b e  c lo s e d  

u n d e r  com plex  c o n ju g a t io n .  L e t 0  b e  a  n o n n e g a tiv e  f u n c 

t i o n  i n  Cq(S) su ch  t h a t  {x e Sj 0 (x ) > 0} = X . F o r 

f  e C *(S) , l e t  R ( f )  d e n o te  t h e  r e s t r i c t i o n  o f  f  t o  X. 

C o n s id e r  { R (0 f^ )” _2 and n o te  t h a t  R (0 f i ) e C0 (X) f o r  

e a ch  i  > 1 . T h is  s e t  s e p a r a t e s  p o in t s  o f  CQ(X) so  t h e  

a l g e b r a  i t  g e n e r a te s  i s  d e n se  i n  Cq(X) by  th e  S to n e -
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W e ie r s t r a s s  Theorem . Hence CQ(X) i s  norm s e p a r a b le  and 

so C(X*) (X* = th e  o n e - p o in t  c o m p a c t i f i c a t io n  o f  X) 

i s  s e p a r a b l e .  By a  w ell-know n  r e s u l t  f o r  com pact H aus- 

d o r f f  s p a c e ,  X* i s  m e t r iz a b le  and second  c o u n ta b le .

Hence X i s  m e t r iz a b le  and s e p a r a b l e .

3 .2 .1 7  PROPOSITION. L e t S be p a rac o m p ac t and l o c a l l y  

co m pact. C*(S)g i s  s e p a r a b le  i f f  S i s  m e t r iz a b le  and

th e  c a r d i n a l i t y  o f  S i s  l e s s  th a n  o r  e q u a l t o  t h a t  o f

th e  co n tin u u m .

P r o o f .  C o l l in s  h a s  shown t h a t  C*(S)p i s  s e p a r a b l e  o n ly  

i f  th e  c a r d i n a l i t y  o f  S is. l e s s  th a n  o r  e q u a l  t h a t  o f

th e  co n tin u u m . S in c e  S i s  p a ra c o m p a c t, i f  C*(S)g i s

s e p a r a b l e ,  by  1 .1  and 3 .2 .1 6 ,  S i s  a  t o p o l o g ic a l  sum o f  

m e t r iz a b le  s p a c e s .  Hence S i s  m e t r i z a b l e .

C o n v e rs e ly , su p p o se  t h a t  S i s  m e t r iz a b le  and th e  

c a r d i n a l i t y  c o n d i t io n  (ab o v e) on S i s  s a t i s f i e d .  Then 

S h as  a  d ec o m p o s itio n  in t o  < C o com pact s u b sp a c e s  

(C = th e  c a r d i n a l i t y  o f  th e  c o n tin u u m ). U sing  th e  f a c t  

t h a t  C0 (X) i s  s e p a r a b l e  i f  X i s  s e p a r a b l e  and m e t r iz a b le ,  

we can  do a  c o n s t r u c t io n  s u g g e s te d  by  th e  i° ° ( I )p  r e s u l t  

to  show t h a t  C*(S)g i s  s e p a r a b l e .  We le a v e  th e  d e t a i l s  

t o  th e  r e a d e r .
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R e s u l t s  3 .2 .1 6  -  3 .2 .1 8  a r e  p r o b a b ly  known, f o r  s i 

m i l a r  r e s u l t s  a p p e a r  i n  a p r e p r i n t  by  W. H. Summers [ 56] .

R e s u l t s  3 .2 .1 6  -  3 .2 .1 7  w ere  o b ta in e d  in d e p e n d e n tly  by

th e  a u th o r .  The n e x t  r e s u l t  was o b ta in e d  by  th e  a u th o r  

and D r. R o b e rt W h ee le r d u r in g  a c o n v e r s a t io n .

3 .2 .1 8  THEOREM. F o r a  l o c a l l y  com pact s p a c e  S , t h e  

f o l lo w in g  a r e  e q u i v a l e n t :

(1 )  C *(S)p i s  s e p a r a b l e ;

(2 )  th e  to p o lo g y  on S i s  s t r o n g e r  th a n  a  s e p a r a b l e  

m e t r iz a b le  to p o lo g y  on S ;

(3 )  (C (S ),C  -  Op) i s  s e p a r a b l e  w here  C(S) i s  th e  a l g e 

b r a  o f  a l l  c o n t in u o u s  f u n c t io n s  on S .

P r o o f .  We need  o n ly  show (1 )  ** (3 ) a s  W arner i n  [6 4 ] 

showed (2 ) «  ( 3 ) .  S uppose t h a t  C *(S)^ i s  s e p a r a b l e  and 

l e t  b e  a  c o u n ta b le  P -d e n se  s u b s e t  o f  C*(S) .

L e t e > 0 , K a  com pact s u b s e t  o f  S , and  g > 0 e C (S ).

L e t M = sup g (x )  and h ( x )  = f ( x )  i f  x < m
x€K M o th e r w is e

Then h  e C *(S) and g ( x )  = h ( x )  f o r  x e K . L e t 

0  e Cq (S )  such  t h a t  0 = 1  on K . Then f o r  some i  > 1 ,

| j ( f .  -  h )0 || < e ,  i . e . ,  sup  | | f .  (x )  -  f ( x ) | |  < € . H ence
CO XeK{ f .^ } .^  i s  C -  Op d e n se  i n  C(S) , i . e . ,  C(S) i s  s e p a 
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r a b l e  f o r  th e  C -  Op to p o lo g y .

C o n v e rs e ly , su p p o se  t h a t  i s  a s eq u en ce  o f

n o n n e g a t iv e  f u n c t io n s  d e n se  i n  C (S )+ = { f  € C ( S ) : f  > 0 

on S] w i th  th e  co m p ac t-o p e n  to p o lo g y .  We show t h a t  

C * (S )+ i s  p  s e p a r a b l e .  F o r a  n o n n e g a tiv e  r e a l  num ber 

a  and a  r e a l  f u n c t io n  f  i n  C(S) ,  l e t  f  a  a  b e  th e  

f u n c t io n  d e f in e d  by th e  e q u a t io n  f  A a ( x )  = f ( x )  i f  

f ( x )  < a  and f  A a ( x )  = a  o th e r w i s e .  Then i t  i s  c l e a r  

t h a t  th e  d o u b ly - in d e x e d  s e q u e n c e  { fn  A m}™=1 i s  a

c o u n ta b le  P -d e n s e  s u b s e t  o f  C*(S) .

Our n e x t  r e s u l t  i s  a  g e n e r a l i z a t i o n  o f  a  r e s u l t  o f  

C o l l in s  [7 ]  c o n c e rn in g  n u c l e a r i t y  [25* ^9] o f  M(A)g .

3 . 2 .1 9  THEOREM. M(A)^ i s  n u c l e a r  i f f  A i s  f i n i t e - d i 

m e n s io n a l .

P r o o f .  I f  A i s  f i n i t e - d i m e n s i o n a l ,  M(A) = A and p 

i s  t h e  norm  to p o lo g y . S in c e  f i n i t e - d i m e n s i o n a l  s p a c e s  a r e  

w e ll-k n o w n  t o  b e  n u c l e a r ,  t h e r e  i s  no  p ro b le m  w i th  t h i s  

h a l f  o f  t h e  th e o re m .

S u p p o se , on th e  o th e r  h a n d , t h a t  M(A)g i s  n u c l e a r .  

Then th e  u n i t  b a l l  i n  M(A) i s  p com pact s in c e  c lo s e d  

and  bounded  s e t s  i n  n u c l e a r  s p a c e s  a r e  co m p ac t. By 3 .2 .9 *  

A = ( 2 A ) n , w here  ea ch  A i s  a f i n i t e - d i m e n s i o n a l\ e A  ^  0  K
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C * - a lg e b r a .  Thus M(A) = S A, ( c o n f e r  3 . 2 . 9 ) .  We u s e  
Xe A K

a n o th e r  p r o p e r t y  o f  n u c l e a r  s p a c e s  t o  show t h a t  a  i s  

f i n i t e .  I n  n u c l e a r  s p a c e s  u n c o n d i t i o n a l ly  c o n v e rg e n t  s e 

q u en c es  a r e  a b s o lu t e ly  c o n v e rg e n t [4 -9 ,2 5 ] . S uppose t h a t  

A i s  i n f i n i t e  and c h o o se  an  i n f i n i t e  seq u e n c e  Ca.j_}~_2_ 

o f  d i s t i n c t  e le m e n ts  from  A . L e t  en d e n o te  t h e  id e n 

t i t y  e le m e n t i n  A  ̂ and l e t  e^  b e  th e  e le m e n t o f  
n

M(A) = E A^ w h ich  h a s  v a lu e  en  i n  t h e  c o - o r d i -
XeA

n a t e  and z e ro  i n  t h e  o th e r  c o - o r d i n a t e s .  L e t x  € A =

(S A . ) n b e  su ch  t h a t  x(X ) = i  e x(X ) = 0  i f
X CO CO

X t  t X J n - 1  •  111611 E  -  S  i  =  +  »  S O  t h a tn n-1  n=1 n n=1n

f e *}00 n i s  n o t  an  a b s o l u t e l y  summable seq u e n c e  i n  M(A)fl. *• n  n = l  P
We w i l l  c o n t r a d i c t  n u c l e a r i t y  o f  M(A)p by  show ing t h a t  

{e^} i s  u n c o n d i t i o n a l ly  c o n v e rg e n t ,  i . e . ,  t h a t  e v e ry  r e 

a rra n g e m e n t c o n v e rg e s .  L e t x  = (x ^ )  e A , e > 0 , and 

r  = {X e A :||x ^ || > e} . L e t P = {n: n  i s  an  i n t e g e r  and

*n - rj
t i v e  i n t e g e r s  and F D PQ = [0 ]  ,  th e n

e ,J|x 2 e ' | |  = sup ||xx e || < sup  \\xx || < 
neP 0 n  neP Q n  n  n eP 0 *n

H ence ( e ^ n - l  i s  u n c o n d i t i o n a l l y  c o n v e rg e n t .  S in c e

M(A)g i s  n u c l e a r ,  A m u st b e  f i n i t e  and th e r e f o r e  A i s

f i n i t e - d i m e n s i o n a l .
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The f o l lo w in g  th e o rem  r e l a t e s  th e  e x i s t e n c e  o f  a  

c o u n ta b le  a p p ro x im a te  i d e n t i t y  f o r  A w i th  m e t r i z a b i l i t y  

o f  a  k a p p a  to p o lo g y  on A .

3 .2 .2 0  THEOREM. L e t {ex } \eA  k e  a  canon:i-c a l  bounded

a p p ro x im a te  i d e n t i t y  f o r  a  C * -a lg e b ra  A . I f  A w i th  

th e  c o r r e s p o n d in g  k ap p a  to p o lo g y  i s  m e t r i z a b l e ,  th e n  th e r e  

i s  a c o u n ta b le  s u b s e t  AQ o f  A su ch  t h a t  {e^: X e XQ} 

i s  an  a p p ro x im a te  i d e n t i t y  f o r  A . H ence by 2 .7 .1 0 ,  

e v e ry  a p p ro x im a te  i d e n t i t y  f o r  A h a s  a  c o u n ta b le  s u b s e t  

w h ich  i s  a l s o  an  a p p ro x im a te  i d e n t i t y  f o r  A .

P r o o f .  Suppose t h a t  t h e  k ap p a  to p o lo g y  c o r re s p o n d in g  t o

{e^3 i s  m e t r i z a b l e .  S in c e  {e^} i s  c a n o n ic a l  and th e

kap p a  to p o lo g y  h a s  a  c o u n ta b le  b a s e  a t  z e r o ,  3 a  seq u e n c e

^1 < X2 < • • •  i n  A so  t h a t  t h e  s e t s

Vn  = {x e M(A): ||x ex || and  ||e^  x|| < | )  , f o r

n  = 1 , 2, 3 ,* * * j  fo rm  a  d e c r e a s in g  b a s e  a t  z e ro  f o r  t h e

k ap p a  to p o lo g y . We s h a l l  show t h a t  {&x }™-, i s  an  a p -
n

p ro x im a te  i d e n t i t y  f o r  M(A) . I t  s u f f i c e s  t o  show t h a t

th e  se q u e n c e  e, -  I  -» 0 i n  t h e  k ap p a  to p o lo g y , w here  I
n  n

i s  t h e  i d e n t i t y  i n  M(A) . F ix  a  p o s i t i v e  i n t e g e r  n  . I f

m > n  th e n  Xm > Xn  so  t h a t  (e^  -  I ) e ^  = 0 =
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= e^ (e^ -  I )  . H ence e^ -  I  e Vn  f o r  m > n . S in c e  
n  m m

(Vn 3n-1  fo rm s a  n e ig h b o rh o o d  b a s e  a t  z e ro  f o r  th e  k ap p a

to p o lo g y  on M(A) , e^ - 1 ^ 0  in  th e  k ap p a  to p o lo g y , 
n

The n e x t  few  rem ark s  a r e  o n ly  a  b e g in n in g  o f  o u r  a t 

te m p ts  t o  an sw er t h e  i n t e r e s t i n g  q u e s t io n :  F o r a  l o c a l l y  

com pact S , w hen do es  e v e ry  r e g u l a r ,  bounded B o re l mea

s u r e  have  com pact s u p p o r t?  T h is  i s  th e  same a s  a s k in g  

when i s  (C * (S )g ) ' = (C * (S ),C  -  O p ) ',  s in c e

(C * (S ),C  -  O p )' = [|i e M (S): th e  s u p p o r t  o f  p i s  com

p a c t} .

3 .2 .2 1  REMARK. I f  (C * (S )p ) '  = (C * (S ),C  -  O p )1, th e n  S 

i s  c o u n ta b ly  co m p ac t. F o r i f  (xn }n= i S  s  * 

p = £ s (xn )  e M( s ) * so  by  a s s u m p tio n  i t  h a s

com pact s u p p o r t  ( i f  x  € S 6 (x )  d e n o te s  th e  p o in t  m ass

a t  th e  p o in t  x ) .  S in c e  Cxn }n= i i s  c o n ta in e d  i n  t h e  su p 

p o r t  o f  p , C ^ n - l  i s  r e l a t i v e ly  co m p ac t. Thus i f  S 

i s  r e a lc o m p a c t [2 3 ] o r  m etacom pact [ 19 , 28] and 

M(S) = (C * (S ),C  -  O p)' , th e n  S i s  co m p ac t. As a n o th e r  

exam p le , assum e t h a t  M(S) = (C * (S ),C  -  O p)' and S h a s  

a  b a s e  f o r  a com pact s u b s e t s  c o n s i s t i n g  o f  open and c lo s e d  

a com pact s u b s e t s .  Then S i s  sham com pact f o r  each
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a com pact s u b s e t  i s  c o n ta in e d  i n  a  c lo p e n  cr com pact su b 

s e t .  Each o f  th e s e  c lo p e n  s u b s e t s  o f  S * b e in g  a  c lo s e d

s u b s e t  o f  a  c o u n ta b ly  com pact space*  i s  c o u n ta b ly  com pact 

and so  co m p ac t. A lso  i f  Cq(S) h a s  a  -w e ll-b eh av ed  bounded  

a p p ro x im a te  i d e n t i t y  and  M(S) = (C*(S)* C -  O p ) ',  th e n  S i s  

com pact by  2 . 5 . 1 .

3 .2 .2 2  PROPOSITION. S uppose S i s  a  l o c a l l y  s e p a r a b l e  

l o c a l l y  com pact to p o l o g ic a l  s p a c e  (e a c h  p o in t  h a s  a  s e p a 

r a b l e  n e ig h b o rh o o d ) . Then M(S) = (C * (S ) ,C  -  Op) 1 i f f  

S i s  sham com p ac t.

P r o o f .  I f  S i s  sham com pact* 0 and  th e  co m p ac t-o p en  

to p o l o g ie s  a g r e e  on C*(S) [6 3 ]*  so  t h a t  t h e  e q u a l i t y

(C *(S)*C  -  O p )’ i s  c l e a r .

C onv erse ly *  su p p o se  t h a t  M(S) = (C *(S)*C  -  Op) 1 and 

t h a t  K i s  a  com pact s u b s e t  o f  S . The l o c a l  s e p a r a b i l i t y  

c o n d i t io n  on S im p l ie s  t h a t  K i s  s e p a r a b l e .  L e t 

[xn }” _ i  £  S b e  a  c o u n ta b le  d e n se  s u b s e t  and  l e t  

11 = E 6 ( x n ) ( s e e  3 .2 .2 1 ) .  Then p e M(S) and K i s  co n 

t a i n e d  i n  t h e  s u p p o r t  o f  p . H ence i f  X £  s i s  a com pact*

and  X = U K  w here  K £  S i s  com pact and p e M(S) 
n = l n

h a s  c o n ta in e d  i n  i t s  su p p o rt*  th e n  3 i s  a  seq u en ce

o f  p o s i t i v e  num bers {cl,) *  so  t h a t  p = 2 c„P„ e M(S)
I I  H —a. q XI II
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and  h a s  s u p p o r t  c o n ta in in g  X . H ence X i s  r e l a t i v e l y  

com pact and S i s  t h e r e f o r e  sham co m p ac t.

Our n e x t  r e s u l t  i s  a  g e n e r a l i z a t i o n  o f  a  r e s u l t  i n  

[ 10] w h ich  s t a t e s  t h a t  i f  t h e r e  i s  a  bounded  p r o j e c t i o n  

from  C *(S) o n to  Cq(S) , th e n  S m u s t b e  p seu d o co m p ac t. 

A r e s u l t  s i m i l a r  t o  o u rs  h a s  b e e n  o b ta in e d  by  A. J .  L a z a r  

and  D. C. T a y lo r  [ 3 2 ] .

3 .2 .2 3  DEFINITION. L e t  A b e  a  C * - a lg e b r a .  Then A h as

p r o p e r t y  Q i f  t h e r e  d o es  n o t  e x i s t  a  s e q u en ce

fa„} “  n c  A so  t h a t :*• n Jn = l  —
(1 ) a n  = a n * ,  l|an || = 1 f o r  n  > 1 5

( 2 ) an am = 0 f o r  n  ^  m ;

(3 ) The p a r t i a l  sums o f  t h e  11 s e r i e s ’ ’ E Xn an  fo rm  a

Cauchy s e q u e n c e  i n  t h e  s t r i c t  to p o lo g y  f o r  ea ch

i  = ( *n ) « .

3 .2 .2 4  THEOREM [ 2 4 ] .  L e t S b e  a  l o c a l l y  com pact s p a c e .  

Then S i s  p seu d o co m p ac t i f f  Cq (S )  h a s  p r o p e r t y  Q .

3 .2 .2 5  THEOREM. Suppose A i s  a  C * -a lg e b ra  and t h e r e  i s  

a  bounded  p r o j e c t i o n  o f  M(A) o n to  A . Then A h a s  

p r o p e r t y  Q .
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P r o o f .  L e t P d e n o te  t h e  bounded  p r o j e c t i o n  o f  M(A)

o n to  A . Suppose t h a t  A d o es  n o t  h av e  p r o p e r t y  Q

and  l e t  {an } c  A b e  a  s e q u e n c e  s a t i s f y i n g  (1 )  -  (3 )  o f

3 .2 .2 3 .  F o r X = (Xn ) e x "  ,  l e t  T(X) = S Xn an  ( th e

p - l i m i t  i n  M (A)) . Then -» M(A) . N o te t h a t

l|T (X )|| < ||X|| . F o r || 2 Xn an || = max |X | < ||x|| , and 
n = l  l< n< p

th e  u n i t  b a l l  i n  M(A) i s  P - c lo s e d .

By c o n s id e r in g  th e  co m m u ta tiv e  C * - a lg e b r a  g e n e r a te d  

by  f an 3 n - l  u s i n § H ahn-B anach  th e o re m , c o n s t r u c t

a  se q u e n c e  {^n )n = i  E A' so  'fcha‘t  Il0n ll = 1 311(1

0n (a n 2 ) = 1 f o r  u  > 1 . F o r  x  e A , l e t  S (x )  d e 

n o te  t h e  s e q u e n c e  w hose n - t h  c o - o r d i n a t e  i s  0n (x an ) •

S in c e  ||x an || *♦ 0 S (x )  e c Q . N o te  t h a t  ||s|| < 1 and  t h a t  

S i s  l i n e a r .  F i n a l l y ,  n o te  t h a t  SoPoT p r o j e c t s  SL° 

o n to  Cq * i n  v i o l a t i o n  o f  a  w e ll-k n o w n  th e o rem  o f  P h i l l i p s .  

T h is  c o n t r a d i c t i o n  shows t h a t  A m u st h av e  p r o p e r t y  Q .

Our n e x t  r e s u l t  i s  m o t iv a te d  by  a  r e s u l t  o f  Rotm an 

and F in n e y  [ 2 0 ] .

3 .2 .2 6  DEFINITION. L e t  A b e  a  r i n g  and X , an  A -m odule . 

X i s  s a id  t o  b e  p r o j e c t i v e  i f ,  w h en ev er Y and Z a r e  

A -m o d u le s, f :X  -* Y an  A -m odule hom om orphism , and g :Z  -» Y 

a  s u r j e c t i v e  A -m odule hom om orphism , t h e r e  e x i s t s  h :X  -> Z
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so  t h a t  f  = goh .

F in n e y  and Rotman show t h a t  Cc (S ) i s  a  p r o j e c t i v e  

C (S )-m o d u le  (C (S ) i s  t h e  s e t  o f  a l l  c o n t in u o u s  f u n c t io n s  

on S) i f f  S i s  p a ra c o m p a c t. We a sk e d  th e  a n a lo g o u s  

q u e s t io n  f o r  C*(S) and  CQ(S ) .

3 .2 .2 7  LEMMA.. Suppose t h a t  Cq (S )  i s  a  p r o j e c t i v e  

C*(S) m o d u le . Then S i s  sham co m p ac t.

P r o o f .  From P r o p o s i t i o n  3 .1 ,  p ag e  132 , o f  H om o lo g ica l 

A lg e b ra  by  H e n ri C a r ta n  and Sam uel E i le n b e r g ,  we hav e  t h a t  

t h e r e  i s  a  s e t  B and  C * (S )-m odu le  homom orphisms

cppi CQ(S ) -* C*(S) VP £ B  and  a  f a m ily  [ f p :(3 € B} c  cQ(S )

so  t h a t  f o r  g  e Cq (S )

(1 )  cpp(g) = 0 f o r  a l l  b u t  f i n i t e l y  many {3 e B ; and

( 2 ) g  = ^ ( S ) ^  •

S in c e  CQ(S ) = CQ(S)*C0 (S ) by 1*12 , ea ch  cp̂  a c t u a l l y  

maps i n t o  CQ(S ) . L e t s b e  a  com pact and g > 0 i n

Cq (S ) so  t h a t  g  i s  s t r i c t l y  p o s i t i v e  on X . L e t 

B0 C B  b e  f i n i t e  so  t h a t  (3 ^  Bq =* cpg(g) = 0 . Then

6  -  Bc V ? (S )fB  = = = ■
H ence E cp^(f^ ) = 1 on X . B u t 2 e cq ( s ) »

p€Bn peBn
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so  X i s  r e l a t i v e l y  co m p ac t. T h e re fo re  S i s  sham com

p a c t .

3 .2 .2 8  THEOREM. Cq (S )  i s  a  p r o j e c t i v e  C*(S) m odule i f f  

S i s  com pact.

P r o o f .  By 3 .2 .2 7 ,  S i s  sham co m pact. H ence C*(S) = C(S) 

and Cc (S ) = CQ(S ) [ 6 3 ] .  Thus Cc (S ) i s  a p r o j e c t i v e

C(S) m odule and so  S i s  p a rac o m p ac t by  th e  R o tm an-F inney

r e s u l t .  A sham com pact p a rac o m p ac t sp a c e  i s  com p ac t.

3 .2 .2 9  THEOREM. M(A)jg i s  s e m i r e f le x iv e  i f f  A i s  a  d u a l  

C * -a lg e b ra  [ 1 7 ,  p .  9 9 ] .

We n ee d  a  lemma from  g e n e r a l  to p o lo g y .

3 .2 .3 0  LEMMA. L e t X be  a  r e g u l a r  (and  H a u s d o r f f )  to p o lo 

g i c a l  sp a c e  and  F a  d en se  su b sp a c e  o f  X . X i s  com pact

i f  e v e ry  n e t  i n  F h a s  a  c l u s t e r  p o in t  i n  X .

P r o o f .  S uppose X i s  n o t  com pact and  l e t  V. be an  open

c o v e r  o f  X w i th o u t  a  f i n i t e  s u b c o v e r . By r e g u l a r i t y ,  con 

s t r u c t  a n o th e r  Of' o f  X so  t h a t  t h e  c l o s u r e s  o f  t h e  s e t s

in  Of' r e f i n e s  U . N ote t h a t  no  f i n i t e  s u b s e t  o f  Of'
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c o v e rs  F . L e t H d e n o te  th e  s e t  w hose e le m e n ts  a r e  f i 

n i t e  u n io n s  o f  s e t s  i n  ^  . F o r  ea ch  s e t  h  i n  H , l e t  

x h e. FVh . Then th e  n e t  {xh :h  e H} , w i th  H o r d e r e d  

by s e t  i n c l u s i o n ,  c a n n o t hav e  a  c l u s t e r  p o i n t  i n  X .

T h is  c o n t r a d i c t s  th e  s u p p o s i t io n  t h a t  X i s  n o t  co m p ac t.

P ro o f  o f  3 .2 .2 9 .  F i r s t  we n ee d  some n o t a t i o n .  L e t {B^} 

b e  a  f a m ily  o f  norm ed a lg e b r a s  o r  v e c to r  s p a c e s .  By 

( 2 ^ ) 1  we d e n o te  th e  s e t  [b = (b ^ )  e IlB^rS ||bx || < + 00} 

w i th  p o in tw i s e  o p e r a t i o n s .  By 2B^ we d e n o te  th e  s e t  

{b = (b ^ )  e IlB^r sup  ||b^ || < + «} w i th  p o in tw i s e  o p e r a 

t i o n s .

I f  A i s  d u a l ,  A = (2A ^)Q w here  A^ i s  th e  a l g e 

b r a  o f  com pact o p e r a t o r s  on th e  H i l b e r t  sp a c e  . Then 

M(A) = LB(HX) and M (A)’ = (2AĴ )1 and  (M (A)’ ) '  =

= ( (Z A ^ )^ ) ' = 2A*^ = SB(H^) = M(A) s in c e  th e  second  d u a l  

( b id u a l )  o f  t h e  a l g e b r a  o f  com pact o p e r a t o r s  on i s

B(H^) [ 1 6 ,1 7 ] .  I f  we n o te  t h a t  th e  s t r o n g  to p o lo g y  on

M(A)p e q u a ls  t h e  norm  to p o lo g y  on ( S A ^  , t h e  a rg u m en t 

f o r  th e  f i r s t  a s s e r t i o n  o f  3 . 2 .2 9  i s  c o m p le te .

C o n v e rs e ly , assum e t h a t  M(A)g i s  s e m i r e f l e x i v e .  To 

show t h a t  A i s  d u a l ,  i t  s u f f i c e s  [17* p .  99] t o  show t h a t  

aS and  Sa a r e  r e l a t i v e l y  w eak ly  com pact f o r  ea ch  a  e A , 

w h ere  S d e n o te s  t h e  u n i t  b a l l  o f  A . By 3 .2 .3 0 ,  i t  i s
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enough  to  p ro v e  t h a t  ea c h  n e t  i n  aS ( o r  S a) h a s  a  

■weak c l u s t e r  p o i n t  i n  A . L e t  (x a ) b e  a n e t  i n  S and 

a  € A . S in c e  M(A)^ i s  s e m i r e f l e x i v e ,  t h e  u n i t  b a l l  i n  

M(A) i s  a(M (A ),M (A )p) co m p ac t. H ence 3 x Q e M(A) so  

t h a t  (xa ) c l u s t e r s  a(M (A )g, M (A)g) t o  x Q . We s h a l l  

p ro v e  t h a t  c l u s t e r s  -weakly t o  a x Q . L e t f  e A'

and g be a  H ahn-B anach e x t e n s io n  o f  f  t o  M(A) . Then 

g . a  e M(A)p so  t h a t  { g .a ( x a  -  x Q)} c l u s t e r s  t o  z e r o ,

i . e . ,  { g (axQ -  ax a ) )  c l u s t e r s  t o  z e r o .  H ence

{ f ( a x a  -  ax Q)} c l u s t e r s  t o  z e r o .  Thus c l u s t e r s

■weakly t o  ax Q a s  c la im e d  and aS (an d  s i m i l a r l y  Sa) 

a r e  r e l a t i v e l y  w e a k ly  co m p ac t. T h is  c o n c lu d e s  t h e  p r o o f  

o f  3 .2 .2 9 .

E. Me Char en  [3 4 ]  h a s  shown t h a t  i f

1(A ) = [x  e A " :  xA +  Ax A} , th e n  1(A ) = A "  i f f  A

i s  d u a l .  A lso  sh e  h a s  shown t h a t  M(A) and 1(A ) a r e  

c a n o n ic a l ly  is o m o r p h ic .  S in c e  M(A)y  i s  is o m o rp h ic  t o  

A' 1 , t h e r e  i s  a  n a t u r a l  im bed d in g  o f  M(A) i n t o  A11 . 

By c h e c k in g  o u t  A rens  M u l t i p l i c a t i o n  [3 4 ]  on A' * , we 

s e e  t h a t  th e  im age o f  M(A) u n d e r  t h i s  im b ed d in g  i s  co n 

t a i n e d  i n  1(A ) . I f  M(A)p i s  s e m i r e f l e x i v e ,  th e n  th e  

im age o f  M(A) i n  A' 1 i s  a l l  o f  A' 1 . S in c e  1(A ) 

c o n ta in s  th e  im age o f  M(A) , a s  n o te d  a b o v e , 1(A ) = A*1
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so  t h a t  A i s  d u a l  by h e r  r e s u l t .  Hence h e r  th e o re m  im 

p l i e s  o u r s .  On t h e  o th e r  h a n d , o u r  th e o rem  im p l ie s  h e r s .

F o r  i f  A i s  d u a l ,  by  o u r  th e o re m , t h e  im age o f  M(A)

(u n d e r  th e  c a n o n ic a l  im b ed d in g  i n t o  A11) = A ' ' . H ence 

1(A ) = A*1 s in c e  i t  i s  sq u e e z e d  in - b e tw e e n . F o r t h e  co n 

v e r s e ,  we n ee d  t o  s e e  t h a t  1 (A ) i s  c o n ta in e d  i n  t h e  c a 

n o n ic a l  im age o f  M(A) i n  A1 ‘ . S uppose  F e 1(A ) .

Then i f  a e A and  F& d e n o te s  t h e  im age o f  a  u n d e r  

th e  c a n o n ic a l  im b ed d in g  i n t o  A’ ' ,  w r i t e  FFa  FT (a )

and  F&F = Fg ( a ) • N ote t h a t  T and  S a r e  maps from  A

i n t o  A * We show t h a t  (T ,S )  e M(A) . L e t a ,b  e A .

Then Fa T (b ) = FT (b ) = Fa  F Fb = FS ( a )  Fb = FS (a )b  *
H ence a T (b )  = S (a )b  s in c e  t h e  map a  -» Fa  i s  o n e - to - o n e  

on A . H ence (T ,S )  e M(A) .

We n ee d  to  c h e ck  t h a t  F^T s )  = F * t h a t

f ( ( T , S ) )  = F ( f )  f o r  a l l  f  e A' (w h ich  i s  i s o m e t r i c a l l y  

is o m o rp h ic  t o  M (A)^) . I t  s u f f i c e s  t o  show t h a t

F Fa  = F (T ,S ) Fa  f o r  a11 a  e A * F o r  th e n  F Fa ^ f  ̂ =

= F ( T jS )Fa ( f ) Vf € A1 ,  h e n c e  F ( a . f )  = P ( T jS ) ( a * f )  f o r

a l l  f  € A* . B u t A' = { a - f :  f  € A' ,  a  e A} [5 9 ]  so

p  = f ( t 3s ) •
L e t f  s  A> . Then ( P ( T jS ) Pa ) ( f ) = P ( T ; S ) ( a - f )  =

= f ( ( T ,S ) ( L a>Ea ) )  = f  ( (L T ( a ) ,E T ( a ) ) )  = f ( T ( a ) )  = PT ( a ) ( f )  =

= (F Fa ) ( f ) • We h a v e , o f  c o u r s e ,  made th e  i d e n t i f i c a t i o n s
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r e s u l t i n g  .from Im bedding  A i n t o  M(A). Hence F =

= '  so  P = and th e  p r o o f  t h a t

E. M cC h aren 's  r e s u l t  and  o u r  3 .2 .2 9  a r e  e q u i v a le n t  i s  

c o m p le te .

3 .2 .3 1  DEFINITION. L e t A b e  a  l o c a l l y  convex s p a c e .

Then A i s  s a id  t o  h av e  th e  a p p ro x im a t io n  p r o p e r t y  i f ,  f o r  

any  z e ro  n e ig h b o rh o o d  V and t o t a l l y  bounded  s e t  B i n

A , t h e r e  i s  a  c o n t in u o u s  l i n e a r  o p e r a t o r  S , o f  f i n i t e  

r a n k ,  on A so  t h a t  S (x )  -  x  e Y f o r  a l l  x  e B [ 2 5 ] .

I f  A i s  a  norm ed s p a c e  and S can. b e  ch o se n  so  t h a t  

||S|S < 1 * th e n  A i s  s a id  t o  h av e  t h e  m e t r ic  ap p ro x im a

t i o n  p r o p e r t y . F o r  m ore in f o r m a t io n ,  s e e  [ ^ 9 ] ,

I n  3 .2 .3 2  b e lo w , and P2 d e n o te  t h e  to p o lo g ie s

on M(A) g e n e r a te d  by  l e f t  and  r i g h t  m u l t i p l i c a t i o n s ,  

r e s p e c t i v e l y ,  by  e le m e n ts  o f  A .

3 .2 .3 2  THEOREM. S uppose  t h e  C * -a lg e b ra  A h a s  th e  m e t r ic

a p p ro x im a t io n  p r o p e r t y .  Then M(A)fi and  M(A)a h av e
P1 2

t h e  a p p ro x im a t io n  p r o p e r t y .

P r o o f .  We p ro v e  th e  r e s u l t  f o r  (3-̂  > Q 'ther a rgum en t

i s  s i m i l a r .  L e t K b e  a  ^  t o t a l l y  bounded s u b s e t  o f
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M(A) . By th e  u n ifo rm  bo u n d ed n ess  p r i n c i p l e ,  K i s  norm

bounded . L e t d = sup ||x || and e > 0 . Suppose t h a t  
xeK

a > 0 e A and ||a || < 1 . Choose 0 < b < I  , 0 < c <. 1

in  A so  t h a t  ||a -b || < -j|— and cb = be = b . S in c e  th e

s e t  cK i s  a  norm t o t a l l y  bounded s u b s e t  o f  A, th e r e

e x i s t s  a  f i n i t e - r a n k  o p e r a t o r  T on A su ch  t h a t  

||T|| < 1 and ||T (c x )  -  cx|| < f o r  x e K . L e t

S: M(A) -» M(A) be  th e  o p e r a to r  d e f in e d  by th e  e q u a t io n

S (x )  = T (c x )  f o r  x  € M(A) . N ote t h a t  ||S || < 1 and 

t h a t  | |b (S (x )  -  x ) || = | |b (S (x )  -  c x ) || = | |b (T (c x )  -  cx(| < |  

f o r  x € K . H ence | |a ( S ( x )  -  x ) | |  < | | ( a - b ) ( S ( x )  -  x ) | |  +

||b ( S ( x )  -  x ) | |  < ( 4 )  (2 d ) + | =  € .

S in c e  S i s  c l e a r l y  o f  f i n i t e  r a n k ,  we need  o n ly  v e 

r i f y  t h a t  S i s  c o n t in u o u s  on M(A) w i th  th e  ^  to p o lo g y . 

To t h i s  en d , l e t  xa  -* 0 ^  , w ith  {xa } 5  M(A) . Then 

cxa  -> 0  in  norm so  ||S (x a )|| = ||T (c x a )|| -> 0 s in c e  T i s

norm  c o n t in u o u s .  Thus S (x -,) ■+ 0 s in c e  th e  norm to p o -
1

lo g y  i s  f i n e r  th a n  0^ on M(A) .

3 .2 .3 3  COROLLARY (C o ll in s - D o r r o h  [ 8 ] ) .  S uppose t h a t  S i s  

l o c a l l y  com p ac t. Then C *(S)g h a s  t h e  a p p ro x im a tio n  p r o 

p e r t y .

P r o o f .  I t  i s  w e ll-k n o w n  t h a t  C*(X) f o r  X a com pact
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H a u s d o rf f  s p a c e  h a s  t h e  m e tr ic  a p p ro x im a tio n  p r o p e r ty  

[ 1 5 ,2 5 ] .  C0 (S ) i s  an i d e a l  i n  C0 (S *) (S* = th e  o n e -

p o in t  c o m p a c t i f i c a t io n  o f  S ) so Cq (S )  h a s  th e  m e tr ic

a p p ro x im a tio n  p r o p e r t y  by 3 .2 .3 4  b e lo w . Then a p p ly  3 .2 .3 2 .

3 .2 .3 4  LEMMA. L e t A b e  a  Banach a l g e b r a  and I  an 

i d e a l  i n  A su ch  t h a t  I  h a s  a  bounded  a p p ro x im a te  id e n 

t i t y .  I f  A h a s  th e  m e tr ic  a p p ro x im a t io n  p r o p e r t y ,  th e n  

so  d o es  I  .

P r o o f .  L e t € > 0 and K c  1 su ch  t h a t  K i s  t o t a l l y  

b ounded . Choose a  e I  9 ||aj| < 1 so  t h a t  ||a x -x || < - |  

f o r  x  e K [ 9 ] ,  L e t T:A -> A be  o f  f i n i t e  r a n k  such  

t h a t  ||T|| < 1 and ||T (x ) -  x || < ^  f o r  x e K . D e fin e

S : I  -» I  by  S (x )  = aT (x ) . H ence | |S ( x ) -  x || < ||S (x )  -a x || +

II ax -x || < e f o r  x e K . T h e re fo re  I  h a s  th e  m e tr ic  

a p p ro x im a tio n  p r o p e r t y .

SECTION 3 . TOPOLOGICAL MEASURE THEORY.

The n e x t  to p i c  we ta k e  up i s  o u r  g e n e r a l i z a t i o n  o f  

t o p o l o g ic a l  m e asu re  th e o r y .  T h is  i s  an  im p o r ta n t  s u b je c t  

t h a t  was i n i t i a t e d  i n  a  c l a s s i c  p a p e r  by V a r a d a r a ja n  [ 62 ] .

The p ro b le m s h av e  t o  do w i th  s tu d y in g  c e r t a i n  c l a s s e s  o f  

l i n e a r  f u n c t io n a l s  on C*(X) w here  X i s  a  c o m p le te ly  r e 
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g u la r  s p a c e .  Many o f  th e s e  r e s u l t s  a r e  s t i l l  v e r y  i n t e 

r e s t i n g  i n  th e  c a s e  t h a t  X i s  l o c a l l y  co m p ac t. Topo

l o g i c a l  m e asu re  th e o r y  i s  i n t i m a t e l y  c o n n e c te d  w i th  th e  

im p o r ta n t  Mackey p ro b lem  o f  Buck [ 5 ] ,  m e n tio n e d  e a r l i e r .

We h av e  g e n e r a l i z e d  many o f  t h e  to p o l o g ic a l  m e asu re  th e o r y  

r e s u l t s  f o r  l o c a l l y  com pact s p a c e s  t o  th e  C * -a lg e b ra  s e t 

t i n g .

The r e l e v a n t  d e f i n i t i o n s  and  th e o rem s on to p o l o g ic a l  

m e asu re  th e o r y ,  i n  t h e  c l a s s i c a l  c a s e ,  h av e  b e e n  p la c e d  in  

t h e  p r e l im i n a r y  s e c t io n s  o f  C h a p te r  IV . The r e a d e r  s h o u ld  

r e a d  th o s e  s e c t io n s  b e f o r e  h e  r e a d s  an y  f u r t h e r  i n  C h ap te r  

I I I ,  i n  o r d e r  t o  hav e  a  p e r s p e c t i v e  f o r  r e a d in g  o u r  th e o 

rem s.

3 .3 .1  DEFINITION. L e t A b e  a  C * -a lg e b ra .  S uppose  { fa }

i s  a  n e t  i n  M(A) . W r i te  f  *0  i f  th e  f o l lo w in g  th r e e

c o n d i t io n s  a r e  s a t i s f i e d :

(1 )  0  < f a  < I  f o r  a l l  a  ;

(2 )  f a  ^  f p f o r  P ^  a  ;
(3 ) f a  “* 0 i n  th e  s t r i c t  to p o lo g y .

3 .3 .2  REMARK. I f  A = CQ(S ) ,  we can  r e p l a c e  (3 ) i n

3 .3 .1  by  th e  a s s u m p tio n  t h a t  f a  ■» 0 p o in tw i s e  on S ,  by

D i n i 's  th e o re m .
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3.3.3 DEFINITION. L e t $ be a  p o s i t i v e  l i n e a r  f u n c t i o n a l  

on M(A) . Then § is s a id  t o  b e  a - a d d i t i v e  i f  f o r  any  

s e q u e n c e  ( f n ) 5  M(A) su c h  t h a t  "* 0 * 5

i s  c a l l e d  t - a d d i t i v e  i f  f o r  any  n e t  C ^ }  £  M(A) su ch  

t h a t  0 , "* 0 * F i n a l l y ,  § i s  c a l l e d  t i g h t

if $ is P continuous. For any arbitrary linear functional 

$ e M (A )' write § = §1 -  §2 + iŜ  “ 3-5ij. 3 where 

§1 ,$2,§3 , and are positive linear functionals on

M(A) . This decomposition is unique [17]. § is said to

be a-additive (T-additive, tight) if $3/$2*53 5 4

are a-additive (T-additive, tight). Let Ma (A) , (A)

and M^(A) denote the a-additive, T-additive, and tight

linear functionals in M (A)' .

3 .3 . 4  PROPOSITION. Mt (A) = Mt (A) £  Mo (A) .

P r o o f .  A l l  we n e e d  t o  p ro v e  i s  t h a t  i f  $ i s  a  p o s i t i v e

l i n e a r  f u n c t i o n a l  i n  MT (A) ,  th e n  § e M^(A) . Choose

an  in c r e a s i n g  bounded  a p p ro x im a te  i d e n t i t y  {e^} f o r  A 

s a t i s f y i n g  0 < e^ < I  VX . N o te  t h a t  I  -  0 so  t h a t

§ ( I  -  e ^ )  0 . L e t  ( I  -  d e n o te  th e  p o s i t i v e

s q u a r e  r o o t  o f  I  -  e^ ,  f o r  e a c h  X . Then 

I I * - ( I  -  ^ ) 1 / 2 i| = sup  I I* ( ( I  -  eX) 1 / a x ) || <
1 l|x||<l
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< “ e x )1//2$ (x * x )1//2 < p | | 1 //2§ ( I  -  ex ) ly/2 j  0

Thus | | # . ( I  -  ex )|| = ||t#- ( I  -  ex ) 1 / 2 ] . ( I  -  ex ) 1 /2 || < 

p * ( I  -  ex ) 1//2 || ^  0 . H ence $ i s  0 c o n t in u o u s ,  i . e . ,

§ € Mt (A) .

I n  th e  c l a s s i c a l  c a s e  o f  t o p o l o g ic a l  m e asu re  th e o r y  

( s e e  C h a p te r  XV), t h e  s u p p o r t  o f  a  p o s i t i v e  m e asu re  p 

on a  c o m p le te ly  r e g u l a r  sp a c e  i s  d e f in e d  a s  t h e  PI(Z:Z 5  X 

i s  a  z e ro  s e t  and  |i (Z )  = |i(X )}  . I f  t h e  s u p p o r t  o f  n 

i s  t h e  em pty s e t ,  p i s  s a id  t o  h e  e n t i r e l y  w i th o u t  su p 

p o r t  [ 3 0 ] ,  The n e x t  tw o th e o rem s d e v e lo p  th e  a n a lo g u e  o f  

m e a s u re s  e n t i r e l y  w i th o u t  s u p p o r t .

3 . 3 . 5  THEOREM [ 58] .  L e t f  e M (A)* . Then f  = t ± + f Q 

w h ere  ^  € M(A)^ and  f g e A1 = {g e M (A)1: g = 0 on A}. 

The d e c o m p o s itio n  i s  u n iq u e .  F u r th e rm o re , i f  f  i s  a  p o 

s i t i v e  l i n e a r  f u n c t i o n a l ,  th e n  so  a r e  f ^  and f 2 .

3 . 3 . 6  DEFINITION. L e t A h e  a  C * -a lg e h ra .  We sa y  t h a t

A i s  m easu re  com pact i f  Ma (A) = M^(A) . T h is  d e f i n i t i o n  

c o in c id e s  w i th  t h a t  g iv e n  i n  C h a p te r  IV f o r  t h e  c a se  

A = CQ(S ) .

The n e x t  r e s u l t  shows t h a t  i f  A i s  n o t  m e asu re  com

R eprodu ced  with perm ission  of the copyright owner. Further reproduction prohibited without perm ission .



I l l

p a c t ,  th e n  th e  s i t u a t i o n  i s  th e  w o rs t  p o s s i b l e ,  i . e . ,  t h e r e

i s  an  e le m e n t o f  M (A) w hich  a n n i h i l a t e s  A . o ' '

3 .3 . 7  THEOREM. S uppose t h a t  A i s  n o t  m easu re  co m p ac t.

Then th e r e  i s  a  n o n z e ro  p o s i t i v e  l i n e a r  f u n c t io n a l  i n  

Ma n Aa ( s e e  3 . 3 . 5 ) .

P r o o f .  By h y p o th e s i s ,  th e r e  i s  a  p o s i t i v e  l i n e a r  f u n c t io n a l  

g  i n  Ma (A) b u t  n o t  i n  M^(A) . By 3 .3 .5 *  w r i t e  

g = g1 + g2 w i th  g.^ and gg p o s i t i v e  l i n e a r  f u n c t io n a l s  

on M(A) su ch  t h a t  g.^ e M(A)^ = M^(A) and  g 2 € Ax .

Then g 2 e Mg (A) s in c e  g 2 = g  -  g1 and  Mt (A) c  Ma (A) .

The n e x t  r e s u l t  i s  t h e  a n a lo g u e  o f  t h e  r e s u l t  t h a t  

a  L in d e lo f  (a com pact, i n  th e  l o c a l l y  com pact c a s e )  s p a c e  

i s  m e asu re  co m p ac t.

3 .3 . 8  THEOREM. Suppose A h a s  a  c o u n ta b le  ap p ro x im a te  

i d e n t i t y .  Then A i s  m e asu re  co m pact.

P r o o f .  We may assum e t h a t  A h a s  a  bounded a p p ro x im a te  

i d e n t i t y  (e n ) s a t i s f y i n g  en  < em f o r  n  < m and 

0 < en  < I  f o r  a l l  n  . I f  A i s  n o t  m easu re  co m pact, 

t h e r e  i s  a  n o n z e ro  p o s i t i v e  l i n e a r  f u n c t io n a l  g i n
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fl Aa by 3 . 3 . 7 .  H ence g ( e n ) = 0 f o r  a l l  n  . But 

I  -  e ^ O  so  g ( en ) g ( I )  = llgll ^  0 • T h is  c o n t r a d i c t i o n  

e s t a b l i s h e s  th e  r e s u l t .

A s e t  X i s  s a id  t o  have  m e asu re  com pact c a r d i n a l  i f  

th e  s e t  X w i th  th e  d i s c r e t e  to p o lo g y  i s  m e asu re  com pact, 

i . e . ,  i f  e a ch  c o u n ta b ly  a d d i t i v e  m e asu re  d e f in e d  on a l l  su b 

s e t s  o f  X w h ich  v a n is h e s  on p o in t s  o f  X i s  i d e n t i c a l l y  

z e ro .  The n e x t  r e s u l t  i s  m o t iv a te d  by  th e  r e s u l t  [3 0 ]  t h a t  

a  p a ra c o m p a c t l o c a l l y  com pact sp a c e  w ith  m e asu re  com pact 

c a r d i n a l  i s  m e asu re  com pact ( s e e  1 . 1 ) .

3 .3 . 9  THEOREM. S uppose A = ( E A. ) w here  A i s  a  s e t  
XeA K

h a v in g  m e asu re  com pact c a r d i n a l  and e a ch  A^ i s  m easu re  

com p ac t. Then A i s  m e asu re  co m pact.

P r o o f .  N ote t h a t  M(A) = E M(A- ) . S uppose A i s  n o t  
XeA K

m e asu re  com pact and  t h a t  g i s  a  n o n z e ro  p o s i t i v e  l i n e a r

f u n c t io n a l  i n  MQ(A) H A 1 . N ote t h a t  g = 0 on M(A^)

( i . e . ,  th e  c a n o n ic a l  im age o f  M(A^) i n  M(A)) . L e t 1^ 

d e n o te  t h e  i d e n t i t y  i n  M(A^) . L e t bX d e n o te  th e  e l e 

m ent o f  M(A) w hose X - th  c o o r d in a te  i s  1^ and w hose 

a - t h  c o o r d in a te  i s  z e r o ,  f o r  a  ^  X . F o r an y  s u b s e t  AQ

o f  A , l e t  |i(A n ) = g (  E bX) . N ote  t h a t  \i v a n i s h e s
U  1 e A
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on  p o i n t s  o f  A . A s t r a i g h t f o r w a r d  c o m p u ta t io n  shows 

t h a t  p i s  a - a d d i t i v e  a s  a  m e asu re  on A , u s in g  th e  

f a c t  t h a t  g e Ma (A) . A lso  n (A ) = § ( l )  4  0 . The

e x i s t e n c e  o f  p c o n t r a d i c t s  th e  a s s u m p tio n  t h a t  A h a s

m e asu re  com pact c a r d i n a l .  H ence A i s  m e asu re  com p ac t.

3 .3 .1 0  COROLLARY. L e t S be  l o c a l l y  com pact and  p arac o m - 

p a c t .  Then S i s  m e asu re  com p ac t.

P r o o f .  We m u st show t h a t  CQ(S ) i s  m e asu re  com pact ( s e e  

C h a p te r  IV ) . By 1 .1 ,  S i s  a  t o p o l o g ic a l  sum o f  ct com

p a c t  s p a c e s  Sa  so  CQ(S ) = ( 2 C 0(Sa ) ) 0 . A pp ly  3.3.9 and

3.3.8.

The c o n c e p t o f  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y  was 

d i s c u s s e d  b e f o r e  (C h a p te r  I I ) .  A r e a s o n a b le  c o n j e c tu r e  i s  

t h a t  i f  A h a s  a  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y ,  th e n  

A i s  m e asu re  co m p ac t. We p ro v e  a  s p e c i a l  c a s e  o f  t h i s  th e o 

rem , f o r  a lg e b r a s  h a v in g  a  s e r i e s  a p p ro x im a te  i d e n t i t y  [3].

A s e r i e s  a p p ro x im a te  i d e n t i t y  f o r  a  C * -a lg e b ra  i s  a  f a m ily  

( f a }ae r  o f  p r o j e c t i o n s  i n  A s u ch  t h a t ,  f o r  ea ch  a  e A ,

| | a ( 2 f  ) a  -  all -* 0 a s  P ru n s  th ro u g h  th e  f i n i t e  s u b s e ts  
aeP

o f  T . I t  i s  e a s y  t o  s e e  t h a t  t h e  n e t  { E f a : F f i n i t e
aeF

c  r )  i s  a w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y  f o r  A , w here
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t h e  F 's  a r e  o r d e r e d  by  in c l u s i o n .

3 .3 .1 1  THEOREM. S uppose  A h a s  a  s e r i e s  a p p ro x im a te  id e n 

t i t y  { e^ : X e A }  w ith  A h a v in g  m e asu re  com pact c a r d i n a l .  

Then A i s  m e a su re  co m p ac t.

P r o o f .  We assum e A i s  i n f i n i t e  ; o th e r w i s e  A h a s  an

i d e n t i t y ,  A = M(A) and 0 i s  t h e  norm  to p o lo g y  so  t h a t

A i s  t r i v i a l l y  m e a su re  c o m p a c t. L e t  F be  a  n o n z e ro

p o s i t i v e  l i n e a r  f u n c t i o n a l  i n  M(J(A) f) Ax . F o r AQ 5  A ,

d e f i n e  n ( A0 ) = F ( E e ^ )  . We w i l l  show t h a t  H i s  a  n o n -
XeA0

z e ro  a - a d d i t i v e  m e a su re  d e f in e d  f o r  a l l  s u b s e t s  o f  A w h ich

v a n i s h e s  on p o i n t s  o f  A . L e t { An 3̂ =1 b e  a  d e c r e a s in g

c o l l e c t i o n  o f  s u b s e t s  o f  A s u ch  t h a t  fi A = {0} . L e t
n = l  n

x_ = s  e. . The s e q u e n c e  {x }“ ,  i n  M(A) i s  boun d ed .
l i  ^ _  a A XI l i —JL

n
We c la im  t h a t  xn  -» 0 0 ; i t  s u f f i c e s  t o  show t h a t

lie x  II h> 0 and  ||x  e II -» 0 f o r  any  v € A . T h is  i s  c l e a ry n  n  1 n  y
s in c e  {e^} c o n s i s t s  o f  o r th o g o n a l  p r o j e c t i o n s  and  n Afi

i s  em p ty . Thus P-(An ) = F (xn ) ** 0 s i n c e  F e Ma (A) and  

{xn } i s  c l e a r l y  d e c r e a s in g .  S in c e  u (A ) = F ( I )  0  0 , th e

e x i s t e n c e  o f  1jl c o n t r a d i c t s  th e  a s s u m p tio n  t h a t  A h a s

m e asu re  com pact c a r d i n a l .
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3 .3 .1 2  LEMMA [ 6 ] ,  S uppose A and  B a r e  C * -a lg e b ra s

and ®:A-» B i s  a  s u r j e c t i v e  (o n to )  *-hom om orphism . Then 

a F:M(A) -» M(B) s u ch  t h a t  F i s  a  ^-hom om orphism  e x te n d 

in g  ® and s u ch  t h a t  P maps th e  i d e n t i t y  o f  M(A) o n to  

th e  i d e n t i t y  o f  M(B) . F u r th e rm o re , P i s  c o n t in u o u s  

when M(A) and M(B) a r e  g iv e n  t h e i r  r e s p e c t i v e  s t r i c t  

t o p o l o g ie s .

3 .3 .1 3  THEOREM. Suppose §:A  ■* B i s  a  s u r j e c t i v e

"-hom om orphism  and A i s  m e asu re  com p ac t. Then B i s  

m e asu re  com p ac t.

P r o o f .  Suppose g i s  a  p o s i t i v e  l i n e a r  f u n c t i o n a l  i n  

Ma (B) D Bx . L e t F:M(A) ■+ M(B) be  th e  e x t e n s io n  o f  i

w hose e x i s t e n c e  i s  g u a r a n te e d  by  3 .3 .1 2 .  L e t

F ':M (B ) t -* M (A)' d e n o te  t h e  a d j o i n t  map. L e t h  = P ’ (g )  .

I f  a  e A , h ( a )  = ( F '( g ) ) ( a )  = g ( P ( a ) )  = g ( $ ( a ) )  = 0

s in c e  g = 0 on B . Suppose (a n ) 5  A and a ^ O  . Then 

h ( an ) = g ( P ( a n ) )  *♦ 0 s in c e  E p r e s e r v e s  o r d e r ,  i s  norm 

d e c r e a s in g  and  p c o n t in u o u s .  Thus h  € Ma (A) and  h = 0

on A . S in c e  A i s  m e asu re  com pact, h  = 0 . L e t 

and I B d e n o te  t h e  i d e n t i t y  e le m e n ts  i n  M(A) and  M(B)
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r e s p e c t i v e l y .  Then 0 = h ( I A) = ( F '( g ) ) ( I A) = g ( F ( I A) )  = 

g ( I B) = ||g || . H ence g = 0 so B i s  m easu re  com pact 

s in c e  g was an  a r b i t r a r y  p o s i t i v e  l i n e a r  f u n c t io n a l  i n  

Ma (B) w h ich  a n n i h i l a t e s  B .

3 .3 .1 ^  COROLLARY. I f  A and B a r e  * - is o m o rp h ic  ^ - a l 

g e b ra s  th e n  A i s  m e asu re  com pact i f  and o n ly  i f  B i s .

3 .3 .1 5  COROLLARY,. S uppose X and  Y a r e  hom eom orphic

l o c a l l y  com pact to p o l o g ic a l  s p a c e s .  Then X i s  m easure  

com pact i f f  Y i s .

3 .3 .1 6  COROLLARY. S uppose S i s  a  m easu re  com pact to p o 

l o g i c a l  sp a c e  and F a  c lo s e d  s u b s e t  o f  S . Then F i s

m e asu re  com p ac t.

P r o o f .  L e t R:Cq (S ) -» Cq (F )  d e n o te  th e  r e s t r i c t i o n  map.

By 2 .3 .7 ,  R i s  s u r j e c t i v e .  H ence Cq (F ) i s  m easu re  

c o m p ac t.

An im p o r ta n t  p ro b lem  i n  t h e  com m uta tive  t o p o l o g ic a l  

m e asu re  th e o r y  i s  t h e  d e t e r m in a t io n  o f  th e  P ro h o ro v  s p a c e s .  

A c o m p le te ly  r e g u l a r  s p a c e  X i s  c a l l e d  P ro h o ro v  (s e e  

C h a p te r  IV ) i f  e v e ry  w eak -*  com pact s u b s e t  o f  th e  p o s i t i v e
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t i g h t  m e asu re s  on X i s  u n ifo rm ly  t i g h t  [ 6 2 ] .  I t  i s  

known t h a t  l o c a l l y  com pact s p a c e s  a r e  P ro h o ro v . Our n e x t  

r e s u l t  i s  a  g e n e r a l i z a t i o n  o f  t h i s  com m u ta tiv e  r e s u l t .

3 .3 .1 7  THEOREM. Suppose H c  M(A)^ i s  p w eak-*  com pact 

and  c o n s i s t s  o f  p o s i t i v e  l i n e a r  f u n c t i o n a l s .  Then H i s  

P e q u ic o n tin u o u s .

P ro o f .  We u s e  t h e  c r i t e r i o n  f o r  p e q u i c o n t i n u i ty  i n  [ 5 9 ] .

N ote t h a t  H i s  norm  bounded . S uppose t h a t  6 A3

i s  an  a p p ro x im a te  i d e n t i t y  f o r  A s u ch  t h a t  0 < e^ < I

VX e A and {e^} i s  i n c r e a s in g .  L e t e > 0 . S in c e

I  -  ■> 0^ ,  t h e  s e t s  [P  e H: F ( I  -  e ^ )  < e )  form  a

P -w eak-*  open  c o v e r  o f  H . The co m p ac tn e ss  o f  H im p l ie s

t h a t  we can  ch o o se  a  f i n i t e  s e t  from  A so  t h a t

H c  U {F e H :F ( I  -  e, ) < e ]  . Choose \ n i n  A su ch  
~  i = l  i

t h a t  XQ > Xi  , i  = 1 , • • • , n  . Then X >  XQ im p lie s

0 < 1 -  ex < I  -  e x .  for  1 < 1 < n so th a t " e\ )  < e

f o r  a l l  $ e H . H ence, l e t t i n g  d^ d e n o te  t h e  p o s i t i v e

s q u a re  r o o t  o f  I  -  e^ , ||d^*F*d^|| = d ^ * F * d ^ (I)  = F ( I  -  e^ ) < e

f o r  X > X Q . Thus | | ( I  -  ex ) - p . ( I  -  e j f l  = IIa®• F • a®|| <

| | d J |2 ||dx *F«dx || < e  f o r  X > XQ . Thus H i s  P -e q u ic o n -

t i n u o u s  by  T a y lo r 's  c r i t e r i o n  [ 5 9 ] .
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3 .3 .1 8  QUESTION. Our d e f i n i t i o n s  o f  a - a d d i t i v i t y ,  t i g h t 

n e s s ,  and  T - a d d i t i v i t y  f o r  e le m e n ts  o f  M (A)’ w ere  made 

i n  te rm s  o f  p o s i t i v e  f u n c t i o n a l s .  One n a t u r a l  q u e s t i o n  

t h a t  a r i s e s  i s  t h i s :  s u p p o se  F e M (A)1 an d , f o r  e v e ry

seq u en ce  {an } c  A su ch  t h a t  an4- 0 ,  F (a n ) -» 0 . I s  P 

a - a d d i t i v e ,  i . e . ,  i f  we w r i t e  P = P ^ -  P2+ iF ^ -  iP ^  w here

i s  a  s e t  o f  p o s i t i v e  l i n e a r  f u n c t i o n a l s  on M(A) , 

i s  E Ma (A) • 1116 q u e s t i o n  i s  an sw ered  a f f i r m a 

t i v e l y  i n  t h e  co m m uta tive  c a s e  u s in g  l a t t i c e  s t r u c t u r e .

A s i m i l a r  q u e s t i o n  may b e  a sk e d  a b o u t t - a d d i t i v e  and t i g h t  

f u n c t i o n a l s .  I t  i s  c l e a r  t h a t  we n e e d  c o n s id e r  o n ly  H er- 

m i t i a n  l i n e a r  f u n c t i o n a l s ,  i . e . ,  f u n c t i o n a l s  w h ich  a r e  

r e a l - v a lu e d  on  H e rm itia n  e le m e n ts .  The q u e s t io n  f o r  t i g h t  

f u n c t i o n a l s  h a s  b e e n  an sw ered  by  D. C. T a y lo r .

3 .3 .1 9  THEOREM.[ 5 9 ] .  S uppose A i s  a  C * -a lg e b ra .  Then 

M(A)g i s  a  B anach s p a c e  w h ich  i s  i s o m e t r i c a l l y  o r d e r  i s o 

m o rp h ic  t o  A’ .

Our n e x t  r e s u l t  g e n e r a l i z e s  t h e  id e a  o f  a  m e asu re  en 

t i r e l y  w i th o u t  s u p p o r t  w h ich  we d i s c u s s e d  i n  t h e  p a r a g r a p h  

p r e c e d in g  3 . 3 . 5 .  I f  B i s  a  v an  Neumann a l g e b r a  [1 6 ,1 7 ]  

and  f  s B ' ,  t h e r e  i s  a  s m a l l e s t  p r o j e c t i o n  Ef  i n  th e  

s e t  {P: P i s  a  p r o j e c t i o n  i n  B and f* P  = f}  . Ef  i s
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c a l l e d  th e  s u p p o r t  o f  f  . S uppose  we r e g a r d  A a s  a  

s u b s e t  o f  M(A) i n  th e  c a n o n ic a l  w ay. M (A )11 i s  a  

von Neumann a l g e b r a  and  any  p o s i t i v e  l i n e a r  f u n c t i o n a l  on 

M(A) h a s  an  e x t e n s io n  to  M (A)’ ' t h a t  i s  c o n t in u o u s  w i th  

r e s p e c t  t o  th e  a (M (A )’ ' ,M (A )' )  to p o lo g y .

I f  A = C0 (S ) , f u n c t i o n a l s  P e CQ(S )*  = M(S) su ch  

t h a t  F = 0 on A c o r re s p o n d  u n d e r  t h e  m app ing  d e f in e d  

in  2 .1 .1 4  t o  m e a su re  e n t i r e l y  w i th o u t  s u p p o r t .  L e t PS 

d e n o te  t h e  S to n e -C e c h  c o m p a c t i f i c a t i o n  o f  S [ 2 8 ] .  B o re l 

m e a s u re s  on S ca n  b e  th o u g h t  o f  a s  B o r e l  m e a s u re s  on PS 

and  B o r e l  m e a s u re s  e n t i r e l y  w i th o u t  s u p p o r t  a r e  m e a su re s  

w hose s u p p o r t  i s  c o n ta in e d  i n  PS v. S .

Our n e x t  r e s u l t  i s  an  a n a lo g u e  o f  t h i s  id e a  i n  th e  

n o n co m m u ta tiv e  c a s e .

3 .3 .2 0  THEOREM. L e t P be  a  p o s i t i v e  l i n e a r  f u n c t i o n a l  on 

M(A) and  l e t  H d e n o te  th e  cr(M(A) ' ’ ,M(A) ' ) - c o n t in u o u s  

e x t e n s io n  o f  P t o  M(A) ‘ 1. L e t Eg. d e n o te  t h e  s u p p o r t  

o f  H i n  M (A)1 1 and  I A d e n o te  t h e  p r i n c i p a l  i d e n t i t y  

o f  A w h ich  i s  t h e  i d e n t i t y  o f  t h e  a (M (A )1 ' ,M (A )’ ) c l o 

s u r e  o f  A i n  M (A)1 1 . Then F = 0 on  A i f f  I AEH = 0 .

P r o o f .  Suppose t h a t  P = 0 on A . L e t Ce^3 b e  311 i n ” 

c r e a s i n g ,  p o s i t i v e  a p p ro x im a te  i d e n t i t y  f o r  A . Then
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ex -* I A o (M (A )" ,M (A )1) [ 4 8 ] .  S in c e  H i s  

c(M (A )' 1 ,M (A )' )  c o n t in u o u s ,  = l im  F ( e \ )  = 0 * Le-t

I  d e n o te  t h e  i d e n t i t y  i n  M (A)' 1 . Then H *(I -  I ^ )  = H 

so  t h a t  I  -  ^  %  * i . e . *  Eh1 a  = 0 *

C o n v e rs e ly , s u p p o se  t h a t  = 0 . Then H (IA) =

H*Eh ( I a ) = H(EhI a ) = 0 . I f  a  e A su ch  t h a t  0 < a  and 

1!a || < 1 ,  th e n  a  < I A so  t h a t  F (a )  < H (IA) = 0 ,  i . e . ,

P = 0 on A .

T h e re  a r e  many q u e s t io n s  s u g g e s te d  by  o u r  w ork on g e 

n e r a l i z e d  t o p o l o g ic a l  m e asu re  t h e o r y .  "What we have  p r e s e n 

t e d  h e r e ,  to g e th e r  w i th  t h e  n e x t  r e s u l t ,  i s  o n ly  a  b e g in 

n in g .  As a  c o r o l l a r y  t o  t h e  th e o re m  on t e n s o r  p r o d u c ts  b e 

low , we have  t h a t  f i n i t e  p r o d u c t s  o f  l o c a l l y  com pact mea

s u r e  com pact s p a c e s  a r e  m e asu re  com p ac t.

F o r  t h i s  r e s u l t ,  we n ee d  t h e  c o n c e p t o f  th e  C * - te n s o r  

p r o d u c t  o f  C * - a lg e b r a s .  We s k e tc h  th e  c o n s t r u c t io n  and r e 

f e r  t h e  r e a d e r  t o  [4 8 ]  f o r  a  m ore d e t a i l e d  t r e a tm e n t .

3 .3 .2 1  DEFINITION. L e t A and  B b e  C * -a lg e b ra s  and 

A 0  B d e n o te  t h e  a l g e b r a i c  t e n s o r  p r o d u c t  o f  A and B , 

r e g a r d e d  a s  a  s e t  o f  b i l i n e a r  fo rm s on A' x B' . D e f in e  

i n v o l u t i o n  f o r  11 e le m e n ta ry  t e n s o r s ' ’ a  0  b by  (a 0 b )*  = 

a*  0  b*  and e x te n d  l i n e a r l y .  I f  ( f , g )  € A' X B' ,  l e t
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n  n
f  ® g (  E a.®  b . )  = £ f ( a . ) g ( b .  ) . I f  f  and g a r e  p o -

i = l  1 1  1=1 1 x
s i t i v e ,  f  ® g i s  p o s i t i v e  [ ^ 8 ] .  The C*- t e n s o r  p r o d u c t  

o f  A and  B i s  th e  c o m p le t io n  o f  A ® B u n d e r  th e  norm 

a Q , d e f in e d  f o r  x  e A ® B by a Q(x )  = sup (v :

f  and  g a r e  p o s i t i v e  l i n e a r  f u n c t i o n a l s  o f  norm < 1  on

A and B r e s p e c t i v e l y ,  and y  e A®B su ch  t h a t

f® g(y*y ) 4  0} . From a  s l i g h t l y  d i f f e r e n t  v ie w p o in t ,  i f  

we l e t  TTfgg d e n o te  t h e  r e p r e s e n t a t i o n  o f  A®B a s s o c i a 

t e d  w i th  th e  p o s i t i v e  f u n c t io n a l  f  ® g [1 7 , P a r .  2 ] ,

th e n  a  (x )  = sup ||tt,,.*. (x ) || ,  w here  f  and g a r e  p o s i -
u f®g 1 s

t i v e  l i n e a r  f u n c t i o n a l s  o f  norm < 1  on A and B r e s p e c 

t i v e l y .

We s h a l l  l e t  A ® B d e n o te  t h e  C * - te n s o r  p r o d u c t  o f  A
-ao

and B.

3 .3 .2 2  THEOREM. S uppose A and B a r e  m e asu re  com pact.

Then so  i s  A ® B .
a 0

P r o o f .  R egard  A a s  a  s u b s e t  o f  M(A) and B as a  su b 

s e t  o f  M(B) i n  t h e  n a t u r a l  w ay. Suppose t h a t  I i s  a

e - a d d i t i v e  p o s i t i v e  l i n e a r  f u n c t i o n a l  on M(A ® B) and
a 0

$ ^  0 . We s h a l l  show t h a t  $ ^  0 on A ® B . F i r s t ,  we
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show t h a t  M(A ® B) c o n ta in s  n a t u r a l l y  im bedded c o p ie s  o f  
0

M(A) and M (B).

L e t a '  e M(A) and  H-j_( a,’ ) = ( L a ',R a ')  w here  L a ' i s
n

t h e  l i n e a r  map on A ® B d e f in e d  by  L a '(  H a .®  b . )  =
i = l  1 1

n  n
2 a ' a .  ® b . , f o r  2 a . ® b . e A ® B , and

i = l  1 1  i = l  1 1
n  n

R a’ ( 2 a .  ® b . )  = 2 a . a '  ® b . . R a ' and La* a r e  W e il
l s  1 1 i = l  1 1

n
d e f in e d .  F o r i f  2 a^  ® b.^ = 0 ,  i . e . ,  r e p r e s e n t s  th e  

n
z e ro  fo rm  so t h a t  2 cp(a. )t|f (b ) = 0 f o r  a l l  cp € A' ,

i = l  1 1

tjt € B ' th e n  2 a 'a ^  ® b i  s  0 a l s o  s in c e  i f  cp e A' and

t]r e B* , th e n  2 cp(a' a . (b . ) = 2 p ( a . ) i H b . )  w here 
i = l  1 1 i = l  1 1

p  = cp • a '  . Thus L a ' i s  w e l l - d e f in e d ;  s i m i l a r l y ,  R a'

i s  w e l l - d e f in e d .  We now show t h a t  L a ’ and  R a ' a r e

bounded  o p e r a to r s  on A ® B so  t h a t  th e y  may b e  ex te n d e d

to  a l l  o f  A ® B .
a 0

F i r s t ,  l e t  u s  assum e t h a t  a 1 e A . L e t cp b e  a  p o 

s i t i v e  l i n e a r  f u n c t i o n a l  on B . We w an t t o  show t h a t

I l l ^ t Z a ' a ^ ) !  < | | a ' | | | | ^ ( E a 1®bi )|| .

L e t ,  and  be th e  H i l b e r t  s p a c e s  c o n s t r u c 

t e d  from  A,B and A®B by m eans o f  th e  p o s i t i v e  f u n c -
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t i o n a l s  cp, ty, and cp ®  . S a k a i n o te s  [ 4 8 ,  p . 6 l ]  t h a t

Hcp®i|; i s  u n i t a r i l y  e q u iv a le n t  t o  ®  (w here ' ' ® '  1 

d e n o te s  t h e  t e n s o r  p r o d u c t  o f  H i l b e r t  s p a c e s  d e f in e d  i n  

D ix m ier [ 1 6 ,  p .  2 1 ] ) .  By m aking  th e  a p p r o p r i a t e  i d e n t i 

f i c a t i o n s ,  we a r e  a b le  t o  r e s t r i c t  o u r  a t t e n t i o n  to  th e  

p r e - H i l b e r t  sp a c e  A^ ® w here  A^ d e n o te s  th e  p r e -  

H i l b e r t  sp a c e  c o n s t r u c te d  from  cp and  A  and B^ d e 

n o te s  t h e  p r e - H i l b e r t  s p a c e  c o n s t r u c te d  from  iji and B .

L e t 1^ and  1^ d e n o te  th e  i d e n t i t y  o p e r a t o r  on H  ̂ and

H^ r e s p e c t i v e l y ,  ih e n  IS  ̂ ® ^ ( S a 1 a^  ® b ^ )  =

( V a , )  ® V  • ® ^ < Eai  ® b i »  • H enoe

IIV*(2a'ai ® biMI = lln¥ ® V Sa'ai ® V 11  ̂
n V a’ > ® V  lln<? ® V 23!  ® bi )  ̂ = 

llty3') ® 1̂1 IIVt(Sai ® biMI •
The f i r s t  e q u a l i t y  and th e  l a s t  f o l lo w  b e c a u se  1 1 ^  and

Sl^ ® a r e  u n i t a r i l y  e q u i v a l e n t ,  a s  n o te d  a b o v e .

Our p ro b le m  th e n  re d u c e s  t o  co m p u tin g  th e  norm o f  t h e

o p e r a t o r  n ^ ( a ')  ® 1^ on A^ ® B^ . By u s in g  3 .2 .2 3

( f o l lo w in g  t h i s  th e o re m ) p lu s  th e  f a c t  t h a t  i s  norm

d e c r e a s in g ,  we s e e  t h a t

I l i y a ' )  ® 1*11 < l |I \p (a ' )11 l | l t ll < II a* j| .

Thus

Hn<p®*(E a ’a i  ® b i }11 1  l ,a ' 11 l|ntp®*(I:ai  ® b i )!l
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s o  t h a t  LqI i s  a  bounded  l i n e a r  o p e r a t o r  on A 0  B o f

norm < | |a ' | |  and  so  e x te n d s  t o  A 0  B . S im i la r ly *  R
a0 a?

e x te n d s  t o  a l l  o f  A 0  B w i th  norm < ila 'll . 
a Q

In  th e  above  d is c u s s io n *  we assum ed  t h a t  a '  e A . 

Now su p p o se  t h a t  a '  e M(A) and t h a t  {a^} i s  a  n e t  i n
i

A su ch  t h a t  aa  -* a '  i n  th e  s t r i c t  to p o lo g y .  Assume 

f u r t h e r  t h a t  ||a ^ || < | | a ' | |  f o r  a l l  a  . Then 

a 0 ( La , ( 2 a .  0  b . ) )  = oc0 ( E a 'a .  0  b ± ) =

cp®'!' ( y * ( E ( a 'a .  )*®b *) (2 a* a .® b . )y
s u P j v/ -------------------- : 0 < *  e A* *

iMI < 1 * 0 < t  € A* * Util < 1 * cp0ilr(y*y) ^  0 * y e  A0B} . 

S uppose  y = Ec^ ® d^ . S in c e  we may r e g a r d  cp a s  an  e l e 

m ent o f  M(A)p * i n s e r t i n g  Bc^ 0  d^ f o r  y  i n  t h e  above 

e x p r e s s io n  and  e v a lu a t i n g  cp 0  $ ,  we g e t  t h a t  

a Q( S a , a i  0  b ± ) = l im  a ^ E a ^  ® b± ) . T h is  l a s t  f a c t  f o l 

low s from  th e  p - c o n t i n u i t y  o f  cp . H ence a 0 (La i <

l im  ||a^ || a 0 (2 a ^  0  b . )  < | | a ' | | a 0 (2 a i  0  b ± ) . Thus ||La J  <

| |a ' | l  f o r  a r b i t r a r y  a '  e M(A) and a  s i m i l a r  r e s u l t  h o ld s  

f o r  Ra i . By u s in g  th e  f a c t  t h a t  a Q i s  a  c r o s s  norm 

(a Q(x 0 y ) = | |x | | | |y | |)  we s e e  t h a t  ||Ra ,|l = ||La , | |  = ||a* || .

I t  i s  a l s o  c l e a r  t h a t  i f  x*y  € A 0  B * th e n  xL&,( y )  =

Ra , ( x ) y  so  t h a t  by  c o n t i n u i t y  o f  L , and  R , * we
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g e t  t h a t  (L ,R  ) € M(A ® B) .
0

We may sum m arize t h e  p r e c e d in g  a rg u m en ts  by s a y in g  

t h a t  Xlj_:M(A) ■» M(A ®a B) d e f in e d  by E j_ (a ')  = (La , ,R a , )  

i s  a  * - iso m o rp h ism  i n t o .  S im i l a r l y  we may d e f i n e  a  

* - iso m o rp h ism  H^iIY^B) + M(A ®a  B) w i th  H ^ b ' )  =

<Lb ’ jRb> ) fOT e M(B) W here Lb .< I;ai ® V  =
Za. ® b 'b .  and I L . f S a .  ® b . )  = Za. ® b . b '  .

1  X D 1 v X X 7 X X

We a r e  now re a d y  t o  p ro v e  th e  th e o re m . F i r s t  n o te

t h e  f o l l o w in g  f a c t :  i f  {a^} c  M(A) and a^  -» op th e n

Hi ( a ' ) *+ OP , i . e . ,  i n  t h e  s t r i c t  to p o lo g y  on M(A ® B) x n  a 0

d e f in e d  by A ® B . F o r n o te  t h a t  by  th e  u n ifo rm  bound-  
0

e d n e ss  th e o re m  fllan ll^n = l i s  b o u n d ed j th u s  i t  s u f f i c e s  t o

v e r i f y  t h a t  La , and  Ra , c o n v e rg e  t o  z e ro  p o in tw is e  as  
n  n

o p e r a t o r s  on A ® B . T h is  i s  c l e a r .  S im i l a r l y  i f  

( b ^ )  c  m(B) and  b ^  *+ op th e n  H g ^ n )  "* 0 i n  ’fcIie s t r i c t  

to p o lo g y  o f  M(A ®a  B) d e f in e d  by  A ® B .

W ith  t h e s e  rem ark s  i n  m in d , one s e e s  t h a t  t h e  l i n e a r  

f u n c t i o n a l  5^ on M(A) d e f in e d  by  th e  e q u a t io n  $1 (x )  = 

« ( % ( *  ) ) ,  f o r  x  € M(A) ,  i s  a  n o n -z e ro  a - a d d i t i v e  p o s i 

t i v e  l i n e a r  f u n c t i o n a l .  By m e asu re  co m p ac tn e ss  o f  A ,

3 a  e A+ so  t h a t  § ( ^ ( a 2 ) ) >  0 . D e f in e  a  l i n e a r  f u n c 

t i o n a l  on M(B) by  th e  e q u a t io n

#2 (y )  = $ ( ll1 ( a ) n 2 ( y ) l lL( a ) )  and n o te  t h a t  §2 i s  n o n z e ro ,
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a - a d d i t i v e ,  and p o s i t i v e .  M easure co m p ac tn e ss  o f  B th e n

y i e l d s  th e  e x i s t e n c e  o f  b e B+ so  t h a t

i  (E L(a )II2 ( b ) I lL( a ) ) >  0 . S in c e  i t  i s  e a s i l y  checked  t h a t

n i ( a ) n 2 (b ) E L(a )  = a 2 ® b , we have t h a t  § ( a 2® b ) > 0 ,

i . e . ,  § does n o t  a n n i h i l a t e  A ® B . S in c e  I  i s  an

a r b i t r a r y  a - a d d i t i v e  l i n e a r  f u n c t io n a l  on M(A ® B) ,
a 0

i t  fo l lo w s  t h a t  A ® B  i s  m e asu re  com p ac t. 
a 0

We We now s t a t e  and p ro v e  th e  lemma u se d  i n  t h i s  p r o o f .
I

3 .3 .2 3  LEMMA. L e t and  H2 b e  2 H i l b e r t  s p a c e s  and

H1 ® H2 130 ’fcIie c o m p le t io n  o f  ® H2 w i th  th e  in n e r  p r o 

d u c t d e f in e d  f o r  e le m e n ta ry  t e n s o r s  by

< x x® x 2 , y x® y 2> = < x 1 , y 1>< x 2 , y 2> w i th  x 1 ,y 1 e Hx and 

x 2 e H2 . Suppose T e B ^ ^ )  and I 2 i s  th e  i d e n t i t y  o p e 

r a t o r  on H2 . L e t T ® I 2 b e  t h e  o p e r a t o r  on H^® H2 

d e f in e d  by T ® I 2 (EXj® g± ) = E T ^ )  ® y ± . Then

T ® I 2 e B ^ ®  H2 ) and | |t  ® I 2 || < | |t || so t h a t  T e x te n d s

to  a l l  o f  %  ® H2 .

P r o o f .  L e t Ex^ ® y \ be an  e le m e n t o f  H-j® H2 . We may 

s u p p o se  t h a t  {y^} ^  o r th o n o rm a l s e t .  Then

||T ® I 2 (EXi® y i ) | |2 = ||S T (x i ) ® y i H2 = S ||T (x i ) | |2 <

I|t | |2 E ||xi | |2 = ||T ||2 ||Sxi ® y i H2 . H ence | |t  ® Igll < | |t || a s
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c la im e d .

SECTION 4 . STONE-WEIERSTRASS THEOREMS.

The f i n a l  s e c t i o n  o f  t h i s  c h a p te r  h a s  t o  do w ith  a  

g e n e r a l  S to n e - W e ie r s t r a s s  Theorem f o r  th e  d o u b le  c e n t r a l -  

i z e r  a lg e b r a  o f  a C * -a lg e b ra .  Our r e s u l t s  i n  S e c t io n  4 

a r e  o n ly  p a r t i a l  o n e s 5 we h av e  n o t  f i n i s h e d  w o rk in g  o u t 

t h e  d e t a i l s  o f  b e t t e r  and m ore g e n e r a l  r e s u l t s .

The f i r s t  p r o p o s i t i o n  i s  a b o u t LCH ,  th e  a lg e b r a  

o f  com pact o p e r a to r s  on th e  H i lb e r t  s p a c e  H and i t s  

d o u b le  c e n t r a l i z e r  a lg e b r a  B(H) .

3 .4 .1  PROPOSITION. L e t A = LCH and  B b e  a  0 c lo s e d  

* - s u b a lg e b ra  o f  B(H) w h ich  s e p a r a t e s  th e  s e t  c o n s i s t i n g  

o f  th e  p u re  s t a t e s  o f  A to g e th e r  w ith  th e  z e ro  f u n c t io n a l  

on M(A). We w i l l  th i n k  o f  th e  p u re  s t a t e s  o f  A a s  b e in g  

p u re  s t a t e s  o f  M(A) w h ich  a r e  p c o n tin u o u s  [ 5 9 ,  ^ 1 ,^ 2 ] .  

Then B = B(H) .

P r o o f .  From th e  r e s u l t  A12 in  [ 1 7 ] ,  we h av e  t h a t  th e  

c l o s u r e  o f  B i n  t h e  u l t r a s t r o n g  o p e r a to r  to p o lo g y  [1 6 ]  

i s  th e  d o u b le  com m utant [ 38] o f  B i f  we can  show t h a t  

B*H = { b (x ) :  b € B , x  e H) i s  d en se  i n  H . Suppose t h a t  

B*H i s  n o t  d en se  i n  H . Then a  h  e H * l|h|| = 1 , so
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t h a t  h i s  o r th o g o n a l  t o  B*H . H ence < b ( h ) , h  > = 0 

V b e B ,  w h ere  ' '<  > ' r d e n o te s  th e  i n n e r  p r o d u c t  i n  

H . Thus B do es  n o t  s e p a r a t e  t h e  p u r e  s t a t e  o f  B(H)

T -* < T ( h ) ,h  > , f o r  T e B(H) , from  th e  z e ro  f u n c t i o n a l .

S in c e  t h i s  p u r e  s t a t e  i s  £ - c o n t in u o u s  on B(H) , we have

a r r i v e d  a t  a  c o n t r a d i c t i o n  and c o n c lu d e  t h a t  B*H i s  d en se  

i n  H .

N ext we show t h a t  th e  d o u b le  com m utant o f  B i s  

B(H) by show ing  t h a t  th e  com m utant o f  B c o n s i s t s  o n ly  

o f  s c a l a r  m u l t i p l e s  o f  t h e  i d e n t i t y  o p e r a t o r ,  i . e . ,  t h a t  

th e  i d e n t i t y  r e p r e s e n t a t i o n  o f  B i s  i r r e d u c i b l e .  I f  

n o t ,  t h e r e  a r e  o r th o g o n a l  i n v a r i a n t  s u b sp a c e s  and YL̂ .

L e t h x e ^  and h£ e H£ so  t h a t  Hh-JI = ||h 2 || = 1 .

I f  T € B , < T ^  -  h 2 ) ,  h 1 -  h 2 > = < T (h 1+ h 2 ) ,  h±+ h g >

so  th e  p u re  s t a t e s  o f  B(H) d e te rm in e d  by ^  -  h2 and 

h-j + h 2 a r e  e q u a l  on B(H) , s in c e  th e y  a r e  e q u a l  on B . 

Thus h^+  h 2 i s  a  m u l t i p l e  o f  h ^ -  h g . T h is  i s  n o n s e n s e  

and h e n c e  we c o n c lu d e  t h a t  th e  d o u b le  com m utant o f  B i s  

B(H) a s  c la im e d .

S um m arizing  th e  above a rg u m e n ts , we hav e  shown t h a t  

B i s  d e n s e  i n  B(H) w i th  r e s p e c t  t o  t h e  u l t r a s t r o n g  op e

r a t o r  to p o lo g y .  We now show t h a t  (B (H )p ) ' £  (B (H ), u l t r a 

s t r o n g  o p e r a t o r  t o p o lo g y ) ' w h ich  w i l l  p ro v e  t h a t  B = B(H) 

by  m eans o f  th e  s e p a r a t i o n  th e o rem  f o r  l o c a l l y  convex
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s p a c e s .  L e t P b e  a  p o s i t i v e  l i n e a r  f u n c t i o n a l  c o n t in u o u s

on B(H) i n  th e  s t r i c t  to p o lo g y .  U sin g  [17* p .  8 3 -8 4 ]

we h av e  t h e  e x i s t e n c e  o f  s e q u e n c e s  H and

^ i ^ i - l  •f>roin ’fcile P o s i t i v e  r e a l s  so  t h a t  D u  < + «> ,

llx-ll = 1  f o r  i  > 1 and P (T ) = U . <  T x . ,x .>  f o r  
1 “  i = l

T e LCH. I t  i s  e a s y  t o  se e  t h a t  t h i s  f o rm u la  f o r  P a c 

t u a l l y  h o ld s  f o r  a l l  T e B(H) . By u s in g  th e  f a c t  t h a t  

P i s  th e  f i n e s t  l o c a l l y  con v ex  to p o lo g y  a g r e e in g  w i th  i t 

s e l f  on norm bounded  s e t s  [5 9 ]  o f  M(A) , we s e e  t h a t  t h e  

e x p r e s s io n  f o r  F (T ) d e f i n e s  a  P c o n t in u o u s  l i n e a r  f u n c 

t i o n a l  on norm bounded  s e t s  o f  B(H) , h e n c e  a  P c o n t in u o u s  

l i n e a r  f u n c t i o n a l  on B(H) . R e c a l l  t h a t  LCH i s  p d e n se  

in  B(H) and  o u r  c la im  f o l l o w s .

S in c e  t h e  u l t r a s t r o n g  to p o lo g y  i s  d e f in e d  by sem inorm s
00 p

A *♦ L < Ax. , x .  > w h ere  S ||x . || < + 00 * F i s  c l e a r l y  u l t r a -
n = l  1

s t r o n g ly  c o n t in u o u s  on B(H) .

Our n e x t  r e s u l t  i s  r e l a t e d  t o  Glimm’ s w ork  on th e  

S to n e - W e ie r s t r a s s  Theorem  [ 1 7 ] .  S in c e  A i s  an  i d e a l  i n  

M(A) , p u re  s t a t e s  o f  A e x te n d  to  P c o n t in u o u s  p u r e  

s t a t e s  o f  M(A) [59.* 4 1 ,4 2 ] .  T hese  a r e ,  i n  f a c t ,  e x a c t ly  

th e  P c o n t in u o u s  p u r e  s t a t e s  o f  m (A ). S t a t e s  o f  A a l s o  

e x te n d ,  u n iq u e ly ,  t o  s t a t e s  o f  M(A) w h ich  a r e  p c o n t in u o u s .  

When we s p e a k  o f  p u r e  s t a t e s  and  s t a t e s  o f  A a s  e le m e n ts
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o f  M(A)p , a r e  s p e a k in g  o f  t h e s e  f u n c t i o n a l s  e x te n d e d

t o  M(A) so  a s  t o  p r e s e r v e  P c o n t i n u i t y  a n d /o r  p u r e 

n e s s .

3 . 4 . 2  LEMMA. Suppose B i s  a  p - c l o s e d  s e l f - a d j o i n t  su b -

a l g e b r a  o f  M(A) c o n t a in in g  th e  i d e n t i t y  o f  A and s e 

p a r a t i n g  th e  s t a t e s  o f  A . Then B = M(A) .

P r o o f .  L e t  B^ and M(A)^ d e n o te  t h e  s e l f - a d j o i n t  e l e 

m e n ts  i n  B and  M(A) , r e s p e c t i v e l y .  I f  B /  M(A) ,

th e n  B^ /  M(A)^ . N o tin g  t h a t  B1 i s  p - c l o s e d ,  we h a v e , 

by  d u a l i t y  t h e o r y ,  a  r e a l  l i n e a r  f u n c t i o n a l  f  w h ich  i s  

p c o n t in u o u s  on M(A)1 so  t h a t  f  = 0 on B1 , b u t  f  

i s  n o t  i d e n t i c a l l y  z e r o .  E x ten d  f  t o  a l l  o f  M(A) i n  

th e  o b v io u s  way and n o te  t h a t  t h e  e x t e n s io n ,  w h ich  we s h a l l  

d e n o te  by  g ,  i s  a  p c o n t in u o u s  h e r m i t i a n  ( r e a l  v a lu e d  

on h e r m i t i a n  e le m e n ts  o f  M(A)) f u n c t i o n a l .  S in c e  A i s  

a  C * - a lg e b r a ,  we may w r i t e  f  = h ^ -  h 2 w here  h^  and  h ^ .  

a r e  p o s i t i v e  l i n e a r  f u n c t i o n a l s  on A . E x te n d in g  h 1 and  

h 2 ( u n iq u e ly )  t o  p c o n t in u o u s  p o s i t i v e  l i n e a r  f u n c t io n a l s  

p ^  and p 2 , r e s p e c t i v e l y ,  on M(A) ,  we have  t h a t  

g = P-l" P 2 . S in c e  g ( l )  = 0 ,  Up^U = ||p 2 || = P;L( I )  = p 2 ( I ) .  

Thus t h e  s t a t e s  —- —  p , and  — p ^  a g re e  on B , b u t
IIp J  1 IIp 2II 2
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n o t  on M(A) . T h is  i s  a  c o n t r a d i c t i o n  t o  th e  a s s u m p tio n  

t h a t  B £  M(A) .

3 . 4 . 3  DEFINITION. L e t A be  a  C * -a lg e b ra .  A i s  c a l l e d  

l i m i n a l  i f  th e  im age o f  A u n d e r  e v e ry  i r r e d u c i b l e  r e 

p r e s e n t a t i o n  i s  a  s u b s e t  o f  th e  com pact o p e r a to r s  on th e  

H i l b e r t  sp a c e  o f  th e  r e p r e s e n t a t i o n .  A i s  c a l l e d  a n t i -  

l i m i n a l  i f  A c o n ta in s  no n o n z e ro  tw o -s id e d  c lo s e d  l i m i 

n a l  i d e a l .

3 . 4 . 4  LEMMA. S uppose  A i s  a  C * -a lg e b ra  su ch  t h a t  e v e ry  

s t a t e  o f  A i s  a  w eak -*  l i m i t  o f  a  n e t  o f  p u re  s t a t e s  on 

A . I f  f  i s  a  s t a t e  i n  M(A)^ ,  th e  f  i s  a  P w eak-*  

l i m i t  o f  a  n e t  o f  0 c o n t in u o u s  p u re  s t a t e s  o f  M(A) .

P r o o f .  U sin g  D. C. T a y lo r ’ s m ethods [5 9 , Th. 2 .1 ]  and 

{17} 1 .6 . 1 0 ] ,  we may f a c t o r  f  = a . g . a  w here  g i s  a  

0 c o n t in u o u s  s t a t e  o f  M(A) and a  e A+ . L e t { fa } be 

a  n e t  o f  0 c o n t in u o u s  p u r e  s t a t e s  o f  M(A) so  t h a t  

f Q(x ) -> g ( x )  f o r  x  e A . Then a - f a «a -> a - g . a  = f  

0 w eak-*  on M(A) . We may assum e t h a t  f a (a 2 ) = 

l l a . f  *a|| ^  0 f o r  any  a . L e t CL = — - -a -- . Then
f a ( a 2 )

-  f a<a 2 ) ■* s ( a 2 > = f ( I )  = 1  • 0a ( a - f a - a )  -* f
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P w eak -*  on M(A) . N ote t h a t  ca ( a *;E'a ' a ) i s  a  P c o n 

t i n u o u s  s t a t e  o f  M(A) f o r  a l l  a  . We need  to  ch e ck  

t h a t  i t  i s  a  p u re  s t a t e  o f  M(A) . T h is  i s  h a n d le d  by 

th e  n e x t  lemma.

3 .4 .5  LEMMA. S uppose f  i s  a  p u r e  s t a t e  o f  M(A) and 

a  e A+ su ch  t h a t  f ( a 2 ) = 1 . Then a * f* a  i s  a  p u re  

s t a t e  o f  M(A) a l s o .

P r o o f .  L e t I  d e n o te  th e  i d e n t i t y  i n  M(A) . L e t II be  

th e  c a n o n ic a l  i r r e d u c i b l e  r e p r e s e n t a t i o n  d e f in e d  by  f  

su ch  t h a t  f ( a )  = < 11 (b ),hQ, h 0> w h ere  hQ i s  th e  im age 

o f  I  i n  th e  H i l b e r t  s p a c e  d e f in e d  by f  and 11< , > ' ! 

d e n o te s  th e  i n n e r  p r o d u c t  i n  t h i s  H i l b e r t  s p a c e  [17* S ec

t i o n  2 ] .  Then a « f « a ( x )  = < n (x )(S Ia (^ 0 ) )  * ( n ( a ) h Q)>  .

From [1 7 , 2 . 5 . 1 ] ,  we o b ta in  t h a t  e v e ry  p o s i t i v e  f u n c t i o n a l  

g  d o m in a te d  by  a « f* a  i s  o f  t h e  ty p e

g ( x )  = < i y r ( n a (h 0 ) )  , T (na (h0 ) )  > W here T i s  a  p o s i t i v e  

o p e r a t o r ,  o f  norm < 1 , on th e  H i l b e r t  sp a c e  o f  th e  r e 

p r e s e n t a t i o n  and T commutes w i th  a l l  o p e r a to r s  in  II(M (A)), 

S in c e  XI i s  i r r e d u c i b l e ,  T i s  a  m u l t i p l e  o f  th e  i d e n t i t y  

o p e r a t o r .  H ence g i s  a  m u l t i p l e  o f  a * f* a  , i . e . ,

a * f» a  i s  a  p u re  s t a t e  [1 7 ,  S e c t io n  2 ] .
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3 .4 .6  THEOREM. L e t A be an  a n t i l i m i n a l  C * -a lg e b ra  su ch

t h a t  any two n o n z e ro  tw o - s id e d  c lo s e d  i d e a l s  o f  A h ave 

n o n z e ro  i n t e r s e c t i o n .  L e t Q d e n o te  t h e  |3 w eak -*  c l o 

s u r e  o f  th e  p u re  s t a t e s  o f  A ( i . e . ,  t h e  P c o n t in u o u s

p u r e  s t a t e s  o f  M(A)) . I f  B i s  a  p c lo s e d  s e l f - a d j o i n t  

s u b a lg e b r a  o f  M(A) c o n t a in i n g  th e  i d e n t i t y  o f  M(A) su ch  

t h a t  B s e p a r a t e s  Q fl M(A)^ ,  th e n  B = M(A) .

P r o o f .  Prom [17., 1 1 .2 .4 ] ,  we h av e  t h a t  e v e ry  s t a t e  o f  A 

i s  a  a (A ’ ,A ) - l i m i t  o f  a  n e t  o f  p u r e  s t a t e s  on A . H ence, 

by 3 . 4 . 4 ,  e v e ry  s t a t e  i n  M(A)^ i s  a  P w eak -*  l i m i t  o f  a  

n e t  o f  p u r e  s t a t e s  i n  M(A)g , i . e . ,  Q fl M(A)^ c o n ta in s  

th e  s t a t e s  i n  M(A)^ . By 3 . 4 . 2 ,  B = M(A) .

3 . 4 . 7  REMARK. I f  A h a s  th e  p r o p e r t i e s  o f  3 . 4 . 6 ,  th e n  so

does  M(A) . F o r i f  I  i s  an  i d e a l  i n  M(A) and  1 ^ 0 ,

th e n  i n  A /  {0} .

3 .4 .8  EXAMPLE. F o r  a  s e p a r a b l e  H i l b e r t  s p a c e  H ,

A = B(H)/LCH h a s  t h e  p r o p e r t i e s  i n  th e  h y p o th e s i s  o f

3 .4 . 6 .
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CHAPTER IV 

VECTOR-VALUED FUNCTIONS

I n  t h i s  c h a p te r  we d i s c u s s  t h e  b a s i c  th e o r y  o f  to p o 

l o g i c a l  m e asu re  th e o r y  a lo n g  w i th  t h e  r e c e n t  w ork  o f  S en - 

t i l l e s  w h ich  h e lp s  make c l e a r  th e  c o n n e c t io n  b e tw e en  to p o 

l o g i c a l  m e asu re  th e o r y  and th e  s t r i c t  to p o lo g y . We th e n  

p r e s e n t  o u r  c o n t r i b u t i o n s  t o  th e  th e o r y  i n  S e c t io n s  2 and 

3 .  I n  S e c t io n  4 , we com pute th e  d o u b le  c e n t r a l i z e r  a l g e 

b r a s  o f  tw o a l g e b r a s  o f  v e c to r - v a lu e d  f u n c t i o n s .  The m ost 

i n t e r e s t i n g  r e s u l t s ,  i n  o u r  o p in io n ,  a r e  4 .2 .3 . ,  4 . 3 . 2 ,  

4 . 3 . 4 ,  4 . 3 . 7 ,  4 .3 .1 2 ,  and 4 .3 .1 3 .

SECTION 1 . PRELIMINARIES.

We f i r s t  n ee d  t o  d e v e lo p  some a d d i t i o n a l  m e asu re  

t h e o r y .  A good r e f e r e n c e  f o r  t h i s  i s  [ 6 2 ] .  L e t X d e 

n o te  a  c o m p le te ly  r e g u l a r  t o p o l o g ic a l  s p a c e .  The B a i r e  

a l g e b r a  o f  X , d e n o te d  Ba (X) i s  th e  s m a l l e s t  a l g e b r a  

o f  s u b s e t s  o f  X c o n ta in in g  th e  z e r o - s e t s  o f  f u n c t io n s  i n  

C*(X) . We u s e  ®a (X) t o  d e n o te  t h e  s m a l l e s t  a - a l g e b r a  

c o n t a in i n g  th e  z e r o - s e t s .  In  t h i s  c h a p te r ,  C*(X) a lw ays 

m eans r e a l - v a lu e d  c o n t in u o u s  f u n c t io n s  and a l l  l i n e a r  s p a -
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c e s  c o n s id e r e d  a r e  r e a l  l i n e a r  s p a c e s . A  p o s i t i v e  B a ir e  

m e asu re  n on X i s  a  n o n - n e g a t iv e ,  f i n i t e ,  p o s i t i v e  

r e a l - v a l u e d ,  f i n i t e l y - a d d i t i v e  s e t  f u n c t io n  on B*(X) so  

t h a t  A  6 B*(X) => \i ( A )  = sup { |i(Z ): z c  A  , Z a  z e ro  

s e t  o f  X}. A  B a i r e  m e asu re  i s  th e  d i f f e r e n t  o f  two p o 

s i t i v e  B a i r e  m e a s u re s .  The c o l l e c t i o n  o f  a l l  B a i r e  mea

s u r e s  and p o s i t i v e  B a i r e  m e a su re s  a r e  d e n o te d  M(X) and 

M+ (X) r e s p e c t i v e l y .  I f  m i s  a  B a i r e  m e a s u re , th e  s e t  

f u n c t io n s  m+ (A) = sup {m(B): B c  a  , B e  B*(X)} ,  f o r  

A  e Ba (X) ,  and  m “ ( A )  = -  i n f  fm (B ): B e B*(X) and

B £  A) , f o r  A  e B*(X) , a r e  e le m e n ts  o f  M+ (X) and

m = m+ -  m” . L e t |m | = m+ + m . Then |m | e M+ (X)

and i s  c a l l e d  t h e  a b s o lu t e  v a lu e  o f  th e  B a i r e  m e asu re  m . 

M(X) w i th  th e  norm ||m|| = m+ (X) + m“ (X) i s  a  Banach 

s p a c e .  T h e re  i s  an  e q u i v a l e n t  d e f i n i t i o n  o f  M(X) t h a t  

i s  som etim es u s e f u l .  L e t m be a  f i n i t e l y - a d d i t i v e  s e t

f u n c t io n  on B*(X) . Then m e M(X) i f f  (1 )  |m (A )| < C

f o r  some C > 0 and  a l l  A € B*(X) and (2 ) f o r  any

A e 311(1 € > 0 ,  t h e r e  i s  a  z e r o - s e t  Z £  A so

t h a t  |m (B ) | < € f o r  a l l  B c  A S Z  .

The a d jo in t  o f  C*(X) can be id e n t i f i e d  w ith  M(X) . 

I f  $ e C*(X)' , th e re  i s  a un ique B a ire  m easure m e M(X) 

such th a t  $ ( f )  = Jfdm  f o r  f  e C*(X) . C onversely , 

i f  $ i s  d e fin e d  by th e  p reced in g  fo rm ula  f o r  m e M(X) ,
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th e n  $ e M(X) . F u r th e rm o re , | |l |j  = J|m|| . The c o r 

re s p o n d e n c e  i s  a  v e c to r  sp a c e  homomorphism and p r e s e r v e s  

o r d e r ,  t h a t  i s ,  § i s  a p o s i t i v e  l i n e a r  f u n c t io n a l  

( 4 ( f )  > 0  f o r  f > 0  i n  C*(X )) i f f  m e M+ (X) [6 2 ,

Theorem 6 ] .

We s h a l l  he  p a r t i c u l a r l y  i n t e r e s t e d  i n  th r e e  c l a s s e s

o f  m e asu re s  on X . A B a i r e  m easu re  m i s  s a id  to  he

C T -add itive i f  ra(Zn ) “* 0 f o r  e v e ry  seq u en ce  fzn 3n=l

o f  z e r o - s e t s  o f  X su ch  t h a t  Zn+1 £  Zn  Vn and

H Z  = [0 ]  (we d e n o te  t h i s  by Z I 0)  . A m easu re  
n = l n n
m e M(X) i s  c a l l e d  t - a d d i t i v e  i f  m(Za ) -» 0 f o r  e v e ry  

n e t  [Za 3 o f  z e r o - s e t s  o f  X s u ch  t h a t  Za  £  Z^ f o r  

a  > p and  n z a  = [0 } (we d e n o te  t h i s  hy  Za \  0}  . The

m e asu re  m e M(X) i s  c a l l e d  t i g h t  i f  f o r  e v e ry  € > 0 ,

a  a  com pact s e t  Ke £  X so t h a t  jm |# (X NK £ ) < € , 

w here  f o r  E £ X  |m |* (E )  = sup { |m | ( Z ) : Z i s  a  z e r o - s e t  

o f  X and Z £  E} .

I f  $ e C *(X )1 , 5 i s  c a l l e d  g- a d d i t i v e  i f

§ ( f  ) -» 0 f o r  e v e ry  s e q u en ce  ( f n 3n=l i n  c * (x ) su ch

t h a t  f n+1 < f n  Vn a-nd f n  *♦ 0 p o in tw is e  on X (we d e 

n o te  t h i s  by f  ^ 0 ) . The f u n c t i o n a l  $ e C *(X )! i s  

c a l l e d  t - a d d i t i v e  i f  4 ( f a ) ■* 0 f o r  e v e ry  n e t  ( f a ) £  C*(X) 

su ch  t h a t  f a  < fp  f o r  a  > 0 and f a  -» 0 p o in tw is e  on 

X . F i n a l l y ,  I  e C *(X )' i s  c a l l e d  t i g h t  i f  4 ( f a ) ** 0
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f o r  e v e ry  n e t  {f a } c o n ta in e d  in  t h e  u n i t  b a l l  o f  C*(X)

su ch  t h a t  f  a  -> 0 C -  Op .

In  [6 2 ] ,  i t  i s  shown t h a t  i f  § e  .C*(X)' and

( T - a d d i t iv e *  t i g h t )  i f f  m i s  c - a d d i t i v e  ( r - a d d i t iv e *  

t i g h t ) .  I d e n t i f y i n g  f u n c t io n a l s  and  th e  c o r re s p o n d in g  

B a ire  m easu res*  we d e n o te  th e  c l a s s  o f  c - a d d i t i v e *  t - a d d i 

t iv e *  and t i g h t  f u c n t io n a l s  ( c - a d d i t iv e *  r - a d d i t i v e *  and 

t i g h t  B a i r e  m e a s u re s )  by  Ma (X) * (X) * and M^(X) *

r e s p e c t i v e l y .  N ote t h a t  M^(X) c  (X) c  M^(X) .

One o f  t h e  b ig  p ro b le m s o f  t o p o l o g ic a l  m easu re  th e o r y

i s  t o  d e te rm in e  w hen Mf (X) = Ha (X) . T h is  p ro b le m  i s

f i r s t  m e n tio n e d  i n  [ 62 ] and h as  b e e n  s tu d ie d  by  many 

a u t h o r s .  Some good r e f e r e n c e s  f o r  th e  i n t e r e s t e d  r e a d e r  

a r e  [21* 2 9 , 30* 3 1 , 3 5 -3 7 , 50* 62* 67 ] .  A s p a c e  X s a t 

i s f y i n g  MQ(X) = Mt (X) i s  c a l l e d  m easu re  co m p ac t. I f  X

i s  a  s e t*  n o t  n e c e s s a r i l y  w ith  a  to p o lo g y *  X i s  s a id  t o  

h ave  m e asu re  com pact c a r d i n a l  i f  X * e q u ip p ed  w ith  th e  

d i s c r e t e  to p o lo g y , i s  m e asu re  co m p ac t. The q u e s t io n  o f  

w h e th e r  e v e ry  s e t  h a s  m e asu re  com pact c a r d i n a l  i s  a  deep 

q u e s t io n  o f  s e t  th e o r y  w hich  i s  r e l a t e d  t o  th e  e x i s t e n c e  o f  

Ulam m e a su re s  [2 3 ]  and th e  q u e s t io n  o f  w h e th e r  e v e ry  d i s 

c r e t e  sp a c e  i s  r e a lc o m p a c t [ 2 3 ] .  F o r a  l o c a l l y  com pact 

space*  Mt (X) = Mt (X) [ 3 5 ] .  M easure co m p ac tn e ss  i s  a  t o 

rn e M(X) su ch  t h a t th e n  5 i s  c - a d d i t i v e
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p o l o g i c a l  p r o p e r t y ,  I . e . ,  I f  X and Z a r e  hom eom orphic 

t o p o l o g ic a l  s p a c e  X i s  m e asu re  com pact i f f  Z i s  .

In  C h a p te r  I I I  we spoke o f  m e asu re  com pact ^ - a l g e 

b r a s  ( s e e  3 . 3 . 6 ) .  I f  X i s  a  l o c a l l y  com pact s p a c e ,  X 

i s  m e asu re  com pact i f f  Mff(X) = M^(X) . I f  A i s  a  com

m u ta t iv e  C * -a lg e b ra  th e n  A i s  i s o m e t r i e a l l y  * - is o m o rp h ic  

w i th  th e  a l g e b r a  CQ(S ) f o r  some l o c a l l y  com pact H a u s d o rf f  

s p a c e ; i t  i s  c l e a r  t h a t  A i s  m e asu re  com pact i n  t h e  s e n s e  

o f  C h a p te r  I I I ,  3 . 3 . 6 ,  i f f  S i s  m e asu re  c o m p ac t, i . e . ,  

i f f  Ma (S ) = Mt (S ) = M^(S) . C lo sed  s u b s e t s  o f  m e asu re  

com pact s p a c e s  a r e  m e a su re  co m p ac t. C o u n ta b ly  i n f i n i t e  

p r o d u c t s  o f  l o c a l l y  com pact m e asu re  com pact s p a c e s  a r e  

m e asu re  com pact [ 2 9 ] ,  I f  X i s  L in d e lS f ,  th e n  X i s  

m e asu re  com pact [ 2 9 ] . I f  X h a s  m e asu re  com pact c a r d i n a l  

and X i s  p a ra c o m p a c t, th e n  X i s  m e asu re  com p ac t.

I n  S e c t io n  3 o f  C h a p te r  I I I ,  we p ro v e  th e o re m s  w h ich  

e x te n d  m ost o f  t h e s e  r e s u l t s  f o r  l o c a l l y  com pact X to  t h e  

n o n -co m m u ta tiv e  C * -a lg e b ra  s e t t i n g .  S ee , e . g . ,  3 . 3 . 4 ,  

3 . 3 . 7 a  3 . 3 . 8 ,  3 . 3 . 9 a  3 . 3 .1 3 a  3 . 3 . 2 2 .

F . D. S e n t i l l e s  and  o th e r  h av e  e x te n d e d  B u c k 's  s t r i c t  

to p o lo g y  P to  C*(X) f o r  X c o m p le te ly  r e g u l a r  ( i n 

s te a d  o f  th e  m ore r e s t r i c t i v e  r e q u ir e m e n t  t h a t  X b e  l o 

c a l l y  c o m p a c t) ; s e e  [ 2 1 ,  2 2 ,  27 , 5 0 , 55 , 6 l ] . I n  d o in g  s o , 

c o n n e c t io n s  w ere  e s t a b l i s h e d  b e tw e en  th e s e  new ' ' s t r i c t ' '
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to p o l o g ie s  and some a s p e c t s  o f  t o p o l o g ic a l  m e asu re  th e o r y .  

In  o u r  o p in io n ,  t h e  b e s t  w ork so  f a r  i s  t h a t  in  [2 1 ] and  

[ 5 0 ] ,  We s h a l l  d e s c r i b e  t h e  w ork  o f  S e n t i l l e s .

The to p o lo g y  PQ on C*(X) i s  d e f in e d  t o  b e  th e  

f i n e s t  l o c a l l y  convex  l i n e a r  to p o lo g y  a g r e e in g  w i th  th e  

co m p ac t-o p e n  to p o lo g y  on norm  bounded  s e t s .  L e t PX d e 

n o te  th e  S to n e - Cech c o m p a c t i f i c a t i o n  o f  X [1 9 ] and  i f  

f  e C*(X) ,  l e t  f  d e n o te  t h e  u n iq u e  c o n t in u o u s  e x t e n 

s io n  o f  f  t o  pX . F o r e a c h  com pact s e t  Q £  p x \ X  ,

l e t  CQ(X) = { f € C * (X ):f  = 0  on Q} . L e t PQ b e  th e

to p o lo g y  on C*(X) d e f in e d  by th e  sem inorm s f  -» ||fh || 

f o r  f  e c * ( X )  and h  e C^(X) . L e t p be t h e  i n t e r s e c 

t i o n  o f  t h e  t o p o l o g ie s  p A , w h ere  Q v a r i e s  th ro u g h  a l l  

com pact s e t s  i n  p X \ X . I f  we i n s t e a d  a l lo w  Q t o  v a r y  

th r o u g h  t h e  z e r o - s e t s  ( o f  c o n t in u o u s  f u n c t io n s  d e f in e d  on 

PX) c o n ta in e d  i n  pX X , t h e  to p o lo g y  i s  c a l l e d  P1 .

L e t p d e n o te  t h e  to p o lo g y  o f  p o in tw i s e  c o n v e rg e n c e  on

X and  C -  Op t h a t  o f  u n ifo rm  c o n v e rg e n c e  on com pact 

s u b s e t s  o f  X and  || || t h e  norm  to p o lo g y  on C*(X) .

S e n t i l l e s  shows t h a t  p < C -  Op < PQ < p < P-l < || ||

and t h a t  a l l  t h e s e  t o p o l o g ie s  a r e  l o c a l l y  convex  and H aus-

d o r f f .  He a l s o  shows t h a t  C*(X )B i s  t o p o l o g i c a l l y  and
Q

i s o m e t r i c a l l y  is o m o rp h ic  w i th  C *(P X \ Q) w i th  t h e  s t r i c t  

to p o lo g y  d e f in e d  by  CQ(pXV Q) ( i n  B u c k 's  s e n s e ) .  I t  i s
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known t h a t  £ = |3q i f  X i s  l o c a l l y  com pact [ 1 8 ,5 1 ] .

S e n t i l l e s  [5 0 ]  m akes a  v e r y  im p o r ta n t  c o n t r ib u t i o n  

when h e  c a l c u l a t e s  th e  a d j o i n t  s p a c e s  o f  C*(X) endowed 

w i th  t h e  t o p o l o g ie s  ,  f3 ,  and  . I t  i s  t h i s  r e 

s u l t  w h ich  a l lo w s  him  to  u s e  t h e  i n t e r p l a y  b e tw een  to p o 

l o g i c a l  m e asu re  th e o r y  t e c h n iq u e s  and  f u n c t i o n a l  a n a l y t i c  

te c h n iq u e s  t o  o b t a in  a  d e e p e r  u n d e r s ta n d in g  o f  b o th  to p o 

l o g i c a l  m e asu re  t h e o r y  and h i s  s t r i c t  t o p o l o g ie s .  S en

t i l l e s  shows t h a t  C*(X)p = Mt (X) ,  C*(X)p = Ma (X) and 

C*(X)p = ^ ( X )  and  t h a t  X i s  m e asu re  com pact i f f  

= {3 . He a l s o  p r o v e s  many o th e r  i n t e r e s t i n g  r e s u l t s  

w h ich  we w i l l  l i s t  a s  we n e e d .

I n  th e  r e s t  o f  C h a p te r  IV , e x c e p t  f o r  S e c t io n  4 , we 

e x te n d  many o f  th e  above m e n tio n e d  r e s u l t s  t o  v e c to r - v a 

lu e d  f u n c t io n s .

I n  w h a t f o l lo w s  E w i l l  a lw a y s  d e n o te  a  r e a l  norm ed 

l i n e a r  sp a c e  ( i n  m o s t o f  t h e  r e s u l t s ,  i f  n o t  a l l  o f  them ,

E c o u ld  b e  any  l o c a l l y  convex  s p a c e ,  b u t  we f e e l  t h a t  no 

t a t i o n  i s  made s im p le r  by  r e s t r i c t i n g  o u r s e lv e s  t o  t h i s  c a s e ) .  

L e t X d e n o te  a  c o m p le te ly  r e g u l a r  t o p o l o g ic a l  sp a c e  and 

l e t  C*(X :E) d e n o te  t h e  s e t  o f  a l l  bounded c o n t in u o u s  f u n c 

t i o n s  from  X t o  E . C*(X :E) i s  a  r e a l  l i n e a r  s p a c e .

We d e f i n e  t h e  to p o lo g y  on C*(X:E) to  b e  th e

f i n e s t  l o c a l l y  convex  l i n e a r  to p o lo g y  a g r e e in g  w i th  th e
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c o m p ac t-o p e n  to p o lo g y  on norm bounded  s e t s .  F o r Q a  

com pact s u b s e t  o f  PXNX , t h e  to p o lo g y  P ^  on C*(X:E) 

i s  t h a t  to p o lo g y  d e f in e d  by  th e  sem inorm s f  ■+ ||h f || , 

w here  h e C^(X) and f  e C*(X:E) . Then f 1 and p 

a r e  d e f in e d  as  th e  i n t e r s e c t i o n  o f  to p o lo g ie s  p ^  , ex 

a c t l y  a s  i n  t h e  s c a l a r  c a s e .

N ote t h a t  we may r e s t r i c t  o u r s e lv e s  to  n o n n e g a tiv e  

f u n c t io n s  i n  CL i n  d e f i n in g  th e  p n sem inorm s and th e  

r e s u l t i n g  to p o lo g y  i s  p~ . A lso  n o te  t h a t  i f  X i s  l o -  

c a l l y  com p ac t, th e n  0 = PQ i s  t h e  to p o lo g y  d e f in e d  f o r  

C*(X :E) by  Buck i n  [5 ]  and s tu d ie d  i n  [6 6 ] .  T h a t p Q 

c o i n c id e s  w ith  B u c k 's  to p o lo g y  i n  th e  c a s e  X i s  l o c a l l y  

com pact fo l lo w s  from  [ 51] •

In  [ 5 0 ] ,  P0 ,  a s  d e f in e d  by  S e n t i l l e s ,  i s  com pared 

w i th  s e v e r a l  o th e r  ' ’ s t r i c t  t o p o l o g i e s ’ ’ i n  th e  l i t e r a t u r e .  

We now d e f in e  th e s e  t o p o l o g ie s  f o r  C*(X:E) and s t a t e  th e  

g e n e r a l i z a t i o n  o f  S e n t i l l e s ’ th e o rem  t o  C*(X:E) w ith o u t  

p r o o f ,  s in c e  th e  p r o o f  i n  [ 50] g o es  th ro u g h , w ith  o b v io u s  

m o d i f i c a t i o n s .  L e t U)̂  d e n o te  t h e  to p o lo g y  on C*(X:E) 

d e f in e d  by th e  sem inorm s f  -» | |h f || ,  f o r  f  e C*(X:E) , 

w here  h  i s  a  bounded r e a l - v a lu e d  f u n c t io n  on X su ch  

t h a t  ( x : |h ( x ) l  > e} i s  com pact f o r  each  e > 0 and l e t  

u>2 d e n o te  th e  to p o lo g y  on C*(X :E) d e f in e d  by th e  sem i

norm s f  -> | |h f |1 w here  h  i s  a  n o n n e g a tiv e  r e a l - v a lu e d
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f u n c t io n  on X w h ich  i s  bounded  and s a t i s f i e s  t h e  c o n d i

t i o n  t h a t  [x  e X: h ( x )  >  6 ) i s  com pact f o r  ea ch  e > 0 . 

Summers s tu d ie d  ou2 i n  th e  s c a l a r  c a s e  i n  [ 5 3 ,5 5 ] .  F i 

n a l l y ,  l e t  m d e n o te  t h e  m ixed to p o lo g y  y [C  -  Op, || |j]

on C*(X:E) a s  d e f in e d  by  W iweger [ 68 ] .

4 .1 .1  THEOREM, ( a )  PQ = m and p Q h a s  a  b a s e  o f  n e ig h 

bo rh o o d s  o f  t h e  fo rm  W(KjL, a i ) = n [ f :  < a i ) w here

0 < a i  •* oo and i s  a  com pact s u b s e t  o f  X ,  f o r  ea ch

1 .
(b ) e 0 = » !  = ®2 .

I f  S i s  l o c a l l y  com pact, m o st o f  th e  r e s u l t s  f o r  

C*(S)p go th ro u g h  f o r  C *(S :E)p  , p e rh a p s  w i th  th e  a d d i 

t i o n a l  a s s u m p tio n  t h a t  E i s  co m p le te  (C *(S :E )p  i s  com

p l e t e  i f f  E i s  c o m p le te ) .  F o r  exam p le , p and C -  Op 

c o in c id e  i f f  S i s  sham com p ac t. The norm to p o lo g y  i s  p 

i f f  X i s  com p ac t.

Conway i n  [1 1 ]  p ro v e s  an  i n t e r e s t i n g  c h a r a c t e r i z a t i o n  

o f  C*(S)p a s  a  p r o j e c t i v e  l i m i t  o f  B anach s p a c e s .  H is  

p r o o f  e x te n d s  e a s i l y  t o  t h e  c a s e  C *(S :E ) . I n  [ 1 1 ] ,  Con

way a l s o  a s k s  a b o u t th e  Mackey p ro b le m  f o r  C *(S :E)p  . 

U sin g  th e  m ain  te c h n iq u e  in  [5 7 ]  we h av e  th e  fo l lo w in g  

th e o re m .
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4.1.2  THEOREM. Suppose S i s  a  l o c a l l y  com pact H aus- 

d o r f f  s p a c e  and Cq(S) h a s  a w e ll -b e h a v e d  a p p ro x im a te  

i d e n t i t y  and E i s  a  Banach s p a c e .  Then C *(S :E ) i s  a  

s t r o n g  Mackey s p a c e .

4.1.3  COROLLARY. I f  S i s  p a ra c o m p a c t and E i s  a  B anach 

space., th e n  C *(S :E ) i s  a  s t r o n g  Mackey s p a c e .

The f o l lo w in g  a n a lo g u e  o f  S e n t i l l e s '  th e o re m  r e l a t i n g  

t h e  to p o lo g y  o f  p o in tw i s e  c o n v e rg e n c e  d e n o te d  p th e  

co m p ac t-o p en  to p o lo g y  d e n o te d  C -  Op 3 and  th e  norm and 

s t r i c t  to p o l o g ie s  h o ld s .  The p r o o f  w h ich  i s  s i m i l a r  t o  

t h a t  o f  S e n t i l l e s  i s  o m i t te d .

4.1.4  THEOREM, ( a )  P < C -  Op < < P 2 < || || on

C*(X :E) . (b )  The to p o l o g ie s  C -  Op th ro u g h  || || a r e

a l l  e q u a l  i f f  X i s  co m p ac t. ( c )  I f  X i s  l o c a l l y  com

p a c t*  P = P0 . (d ) X i s  com pact i f f  p i s  b a r r e l l e d

[45] i f f  p i s  b o r n o lo g i c a l  [45] i f f  p i s  m e t r i z a b l e  

i f f  p i s  n o rm a b le . ( e )  X i s  p seu d o co m p ac t i f f  P^ i s  

b a r r e l l e d  i f f  P1 i s  b o r n o lo g i c a l  i f f  P1 i s  m e t r iz a b le  

i f f  P1 i s  n o rm a b le .
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SECTION 2 . THE STRICT TOPOLOGIES p AND Px FOR VECTOR- 
VALUED FUNCTIONS._________________________________________________________

As i n  S e c t io n  1 , l e t  E b e  a  r e a l  norm ed l i n e a r  s p a c e ,

X a  c o m p le te ly  r e g u l a r  s p a c e ,  and  C*(X :E) d e n o te  th e

r e a l  l i n e a r  s p a c e  o f  hounded  c o n t in u o u s  f u n c t io n s  from  X

t o  E . When no  o th e r  to p o lo g y  i s  e x p l i c i t l y  m e n tio n e d ,

C*(X :E) i s  t o  b e  assum ed  g iv e n  t h e  norm to p o lo g y .

4 .2 .1  DEFINITION. L e t § e C*(X :E)» . Then $ i s  s a id  

t o  b e  q - a d d i t i v e  i f  f o r  e v e ry  se q u e n c e  [ f n ] C*(X) su ch  

t h a t  $ (f n s )  jj u n if o r m ly  f o r  g i n  C*(X :E) o f  

norm  < 1 . S im i l a r l y ,  $ i s  s a id  t o  b e  t - a d d i t i v e  i f ,  

w h en ev e r { f a } i s  a  n e t  i n  C*(X) s u ch  t h a t  f a |  0 , 

th e n  $ ( f a s )  ^  0 u n if o r m ly  f o r  g  i n  C*(X :E) o f

norm  < 1 .

4 . 2 . 2  REMARK. The d e f i n i t i o n s  i n  4 . 2 . 1  g e n e r a l i z e  t h e  

u s u a l  o n e s .  In  o r d e r  t o  s e e  t h i s ,  we n e e d  o n ly  show t h a t  

i f  0  e C *(X )’ an d  0  i s  a  p o s i t i v e  l i n e a r  f u n c t i o n a l ,  

t h e n  0  i s  a - a d d i t i v e  ( t - a d d i t i v e )  i n  t h e  s e n s e  o f  [ 62] 

im p l ie s  i t  i s  a - a d d i t i v e  ( r - a d d i t i v e )  i n  t h e  s e n s e  o f  

4 . 2 . 1 .  T h is  f o l l o w s  im m e d ia te ly  from  1 .1 0 .

4 .2 .3  THEOREM. L e t  0 e C * (X :E )’ . Then (a )  0  i s
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a - a d d i t i v e  i f f  0  i s  (3^ c o n t in u o u s  on C*(X :E) ;

(b )  0  i s  t - a d d i t i v e  i f f  0  i s  p c o n t in u o u s  on C *(X :E ).

P r o o f .  ( a )  S uppose  t h a t  0  i s  a - a d d i t i v e .  We w ish  to

show t h a t  0 e (C *(X :E)p  ) ’ . I t  c l e a r l y  s u f f i c e s  t o  show

t h a t  0  e (C *(X :E )e ) ’ f o r  an  a r b i t r a r y  z e r o - s e t  Q c o n -
Q

t a in e d  i n  P X \X  . L e t Q be  a  z e r o - s e t  o f  0X su ch  

t h a t  • S in c e  Q i s  a  com pact Gfi, h a s

a  c o u n ta b le  a p p ro x im a te  i d e n t i t y  Chn 5n -1  s a t i s f y i n g  

0 < h ^  < 1 Vn and  1 -  h ^  0 on  X . Thus

0 ( ( l - e n )g )  -» 0 u n if o r m ly  f o r  g  i n  C * (X :E ) ' i n  th e  n a 

t u r a l  w ay, i . e . ,  i f  g  e CL.(X) an d  0 e C * (X :E )'

g * 0 (h )  = 0 (g h )  Vh e C*(X :E) . W ith  t h i s  n o t a t i o n  we hav e

shown t h a t  ||e n *0 -  0\\ ^  0 . Thus 0  e w = {p: p e C * (X :E )! 

and  l l e n * P  ~ Pll °}» C le a r ly  W i s  a  B anach sp a c e  and

an  e s s e n t i a l  l e f t  Cq (X) -m odu le  i n  th e  la n g u a g e  o f  C h ap te r  

I .  By 1 .1 2 ,  i f  p e w , p = a*q  w h ere  a  e C^(X) and

g € W . C le a r ly  th e n  W c  ( c * ( X iE ) fi ) '  . Thus
Q

0  € (C * (X :E )e ) '  f o r  e a c h  com pact z e r o - s e t  Q c p x ^ X  5 
Q

h en c e  0  e ( C * ( X :E ) ^ )  ' .

C o n v e rs e ly , su p p o se  t h a t  0  i s  ^  c o n t in u o u s ,

||011 < 1 , e > 0 ,  and  {fn } 5  c* (X) s u ch  t h a t

l l f n l l  < 1 Vn 311(1 f n J 0 on x  . F o r f  e C*(X) , l e t  7
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d e n o te  th e  u n iq u e  c o n t in u o u s  e x t e n s io n  o f  f  to  px  .

L e t K = n ( t  e PX: f „ ( t )  > -J} . Then K i s  a  com pact
n = l ~

nonem pty  s u b s e t  o f  PXN X . S in c e  K =

n n { t  e p X :fn ( t )  > -  i )  K i s  a  com pact Gfi and
n = l m=l

h e n c e  a  z e r o - s e t  o f  pX . S in c e  0  e C*(X :E)fi t h e r e  a r e
K

a r e  f u n c t io n s  0 < h  < 1 i n  CK(X) and i|i e C*(X:E) 

w i th  ||i|r|| < 2  so  t h a t  0 = h*\|f . Thus | 0 ( f ) | = |i] i (h f ) j  < 

2 ||h fj| f o r  a l l  f  e C*(X :E) . L e t 0 = { t € PX: h ( f )  < .

Then 0 i s  open* K c  o * and pXN 0 i s  com p ac t. S in c e

0 £  K * t h e r e  i s  an  i n t e g e r  N so  t h a t  { t € PX: f n ('fc) >

| )  c o  f o r  n  > N . Then i f  g  e C*(X:E) and j|g|| < 1 *

| 0 ( f ng ) l  < 2 | |h f n g|i < 2 ||h f n || < e f o r  n  > N . Hence

0 ( f n g )  0 u n ifo rm ly  f o r  g o f  norm  < 1  i n  C*(X :E) ,

i . e . *  0  i s  a - a d d i t i v e .

(b )  The p r o o f  o f  t h i s  e q u iv a le n c e  i s  s i m i l a r  t o  t h a t  g iv e n  

i n  ( a )  and so  i s  o m i t te d .

SECTION 3 . THE TOPOLOGY P Q ON C *(X :E ).

In  t h i s  s e c t io n  we c h a r a c t e r i z e  t h e  d u a l  s p a c e

C *(X :E)p * show t h a t  C *(X :E)^ h a s  th e  a p p ro x im a tio n

p r o p e r t y  i f  E h a s  th e  m e t r ic  a p p ro x im a t io n  p ro p e r ty *  and

g iv e  a  v e c to r -  v a lu e d  m e asu re  r e p r e s e n t a t i o n  f o r  e le m e n ts

o f  C*(X:E)g * g e n e r a l i z i n g  th e  w ork i n  [66]. We a l s o  
p 0
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e x te n d  4 .2 .3 .

4 .3 .1  DEFINITION. L e t F e C * ( X :E ) ' .  Then F i s  s a id  

t o  be  t i g h t  i f  F (g a ) -* 0 f o r  e v e ry  n e t  {ga ) c  c*(X :E ) 

su ch  t h a t  ||ga || < 1  Va and ga  -* 0 u n ifo rm ly  on com

p a c t  s u b s e ts  o f  X .

4 .3 .2  THEOREM. L e t F e C * (X :E ) '. The fo l lo w in g  s t a t e 

m en ts  a r e  e q u i v a l e n t :

(1 )  F e C *(X :E)e ' ;
p 0

(2)  F i s  t i g h t ;

(3 ) The r e a l  l i n e a r  f u n c t io n a l  T on C*(X) d e f in e d  f o r  

f  > 0 i n  C*(X) by th e  e q u a t io n  T ( f ) =

sup { F (g ) : | |g ( x ) | |  < f ( x )  j Vx e X , g € C*(X :E)} and ex 

te n d e d  by  l i n e a r i t y  t o  a l l  o f  C*(X) i s  t i g h t ;

(4 ) i f  e > 0 ,  3 com pact Kg 5  X so  t h a t  i f

f  e C*(X:E) and | |f | |  < 1 , th e n  f  = 0 on K€ im p l ie s

t h a t  | F ( f ) | < 6 5

(5 ) F ( f a g ) ^  0 u n ifo rm ly  f o r  g e C*(X:E) o f  norm < 1 3 

f o r  e v e ry  n e t  { fa } c  C*(X) su ch  t h a t  | | f a || < 1  Va and 

f a  -> 0 C -  Op.

P r o o f .  (1 )  =* (2 )  . S uppose F i s  P;Q c o n tin u o u s  and 

g a  0 u n ifo rm ly  on com pact s u b s e ts  o f  X . S in c e
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a g r e e s  w i th  t h e  com p ac t-o p en  to p o lo g y  on norm bounded s u b 

s e t s  o f  C*(X :E) ,  g a  ■+ °  ; h en c e  F (g a ) ■» 0 .

(2 ) => ( 1 ) .  S in c e  i s  d e f in e d  a s  th e  f i n e s t  l o c a l l y

convex  l i n e a r  to p o lo g y  a g r e e in g  w ith  th e  co m p ac t-o p en  t o 

p o lo g y  on norm bounded s e t s  a  l i n e a r  f u n c t io n a l  F on 

C*(X :E) i s  c o n t in u o u s  i f f  i t s  r e s t r i c t i o n  to  norm

bounded s u b s e t s  o f  C*(X :E) i s  c o n t in u o u s  i n  th e  co m p ac t-

open  to p o lo g y , i . e . ,  i f f  F i s  t i g h t .

(5 )  => ( 3 ) .  F o r f  > 0  i n  C*(X) d e f i n e  T ( f )  = 

sup {F(g) : | |g ( x ) | |  < f ( x ) ,  Vx e X) . We f i r s t  w an t t o  

show t h a t  we ca n  e x te n d  T t o  a  r e a l  l i n e a r  f u n c t io n a l  on 

C*(X) . In  o r d e r  t o  e s t a b l i s h  t h i s ,  a l l  we n eed  to  show 

i s  t h a t  T (f+ g )  = T ( f )  + T (g ) , f o r  f , g  > 0  in  C*(X ).

L e t h  e C*(X :E) so  t h a t  ||h || < f+ g  . F o r x e X

s u ch  t h a t  f ( x )  + g ( x )  > 0  , d e f in e  h -^ x )  = 'f l x j + g ^ 'x )

™ a h2 (x) = f 'f x f f i  g (x )  • l f  f  1W  + 8 (* ) = °  ’ l e t
h ^ x )  = h 2 (x )  = 0 . N o te t h a t  and  h 2 e C*(X :E) and

I lh J  < f  and ||h 2 || < g  . Thus P (h )  = F ^ )  + P (h 2 ) <

T ( f )  + T (g ) . T ak in g  th e  supremum o v e r  a l l  su ch  f u n c t io n s

h  ,  we g e t  T (f+ g ) < T ( f )  + T (g ) . F o r t h e  o th e r  i n 

e q u a l i t y ,  l e t  e > 0 and  h ^ h g  e C*(X :E) w i th  Hh-JI < f  ,

| |h 2 || < g  and 0 < F ^ )  < T ( f )  < F ^ )  + |  and

0 < F (h 2 ) 1  1  F (h 2 ) + |  . Then T ( f ) + T (g ) < F (h ^ )  +

F (h 2 ) + e = F (h 1+ h 2 ) + e < T (f+ g )  + e . S in c e  e > 0 i s

R eprodu ced  with perm ission  of the copyright owner. Further reproduction prohibited without perm ission .



u o!S S!L U J0d j n o iq iM  pajiqjiiojd uoqonpojdaj ja q p n j j 0 u m o  jq6uAdoo aqj jo uc>!SS!W J0d \j\m  paonpojday

• i  <  j :

qOBa JCOJ 0 2 (jj)il sm£L * 0X) < T> JOJ 3 > (jj).L 8M-

*  ^ j >  §  axqxssod i t b  J0 AO umraojcdns aqq §uxqB,i * 3  >  l ( § ) d |  

e °-o < v jx  uaqj, • i  > ||q || qxjqq qons ( a :x ) * 0  3 q

XTB j o j  3 > | (q ^ jja  J soxidcttx ®xi < v q-eqq os °a

osooqo * ( q ^ j ) a  = ( § ) d  snq j, * q ° j  = § Ptre f -I > ||q|[ 

f (aiX)*D 3 q uaqj 'asxMJaqqo o = (x)q ptre o f  (x)°°J 

jx  ^Jxj§  =  ( x ) ^  ^uxjaci * v  snios xoj  ™j >  j |9 | |  qt2qq o s  

(a*X)*0 3 § pixe 0 < 3 q-91 f I < ■* XM • I < <* Jaqumu

X ' b o j  qo'Bs j o j  o £  ( j j ) i  q - ^ ^ q  uwoqs a q  oq stiXBUiaJt q i

* 0 «- (VJ)S,

u a q q  f I  <  J  q o 'e a  j o j  o  £  JT  Ptre f I  <  x xoj
Y -  I  > ll jJ  “ DJ || > (®J " X>J ) ^  > 0 oouaH * I  < J  J o j

_ _ i>q->o
-X>j;q-q>0 <̂ns q'eqq qs§ 9M- ^snxnox'eo iCaaquaatax© raojca

*(x)*0 u x  o <  J  IT B  xoj j j j || >  ( j ) i  >  o uatffi * I  >  lldll

qisqq -̂Aqxoxxdnixs aoj *aumssv * X < •* aAxqxsod XT’© ôj
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(1 ) =* ( 4 ) .  S uppose  F i s  c o n t in u o u s  and  e > 0 . 

By 4 . 1 .1 ,  t h e r e  i s  a  bounded  n o n n e g a tiv e  u p p e r  se m ic o n -  

t i n u o u s  f u n c t io n  g w h ich  v a n i s h e s  a t  i n f i n i t y  su c h  t h a t  

| F ( f ) | < ||g f || f o r  a l l  f  e C*(X :E) . I f  | |f | |  < 1  and 

f  s  0 on K£ = {x e X: g ( x )  >  e )  , th e n  | F ( f ) |  < e .

(4 ) =* ( 5 ) .  S uppose  t h a t  (4 )  h o ld s  and t h a t  

{ fa } 5  C*(X) , | | f a || < 1  and f a  -» 0 C -  Op. ¥ e  w an t to  

show t h a t  F ( f a g )  •* 0 u n if o r m ly  f o r  g  i n  C *(X :E) o f  

norm  < 1 . C le a r ly ,  we may assum e t h a t  f a  > 0 Va and 

t h a t  ||f|1 < 1 . L e t  e >  0 and l e t  Ke be th e  com pact 

s u b s e t  o f  X g iv e n  by  ( 4 ) .  Choose a Q so  t h a t  a  > a Q

im p l ie s  llf a llK < 6 . L e t  h a  = m in  { fa *€ } . Then i f

g e C*(X ;E) and ||g || < 1 , | F ( f a g  -  h ag)j < e f o r  a  > a Q

s in c e  f a  -  h a  = 0 on K£ . T h u s, f o r  a  > a Q ,

|F ( f a g ) |  < | F ( f a g ) -  F (h a g ) |  + |F ( h a g ) |  < 2e . H ence

F ( f a g )  ^  0 u n if o r m ly  f o r  g i n  th e  u n i t  b a l l  o f  C*(X:E) .

(3 ) =* ( 1 ) .  S uppose  t h a t  T i s  t i g h t .  Then, from

S e n t i l l e s '  r e s u l t  M. = C*(X)„ and 4 .1 .1 ,  3 a  bounded
x p 0

n o n n e g a tiv e  u p p e r  s e m ic o n tin u o u s  f u n c t io n  h  v a n i s h in g  a t  

i n f i n i t y  su ch  t h a t  | |T (g ) || < ||hg || f o r  a l l  g  e C*(X) .

L e t  f  £ C*(X :E) . Then |F ( f ) |  < T ( |j f | |)  < | | | | f | |h | |  = ||hf|J ; 

t h e r e f o r e  F i s  c o n t in u o u s  by  4 .1 .1  a g a in .  We hav e

shown (2 )  => (1 )  => (2 )  and  (1 )  => (4 )  => (5 ) =* (3 )  => (1 )  , so

th e  p r o o f  o f  4 .3 .2  i s  c o m p le te .
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4 .3 .3  REMARK. We h av e  th e  f o l lo w in g  im provem ent o f  4 .2 . 3 ,  

w hose p r o o f  i s  c l e a r  i f  we lo o k  a t  4 .2 .3  a lo n g  w ith  th e  

p r o o f  o f  (5 )  => (3 ) i n  4 . 3 . 2  and make th e  o b s e r v a t io n  t h a t

(3 ) =* (5 ) i n  4 .3 .2  i s  t r i v i a l  ( a l th o u g h  we d id  n o t  p ro v e  

4 .3 .2  t h i s  w ay ).

4 .3 .4  THEOREM. L e t F e C*(X:E)» .

(a )  The f o l lo w in g  a r e  e q u i v a l e n t :  (1 )  F i s  a - a d d i t i v e ;

(2 )  F i s  c o n t in u o u s ;  (3 ) i f  T i s  d e f in e d  i n  te rm s

o f  F a s  i n  4 . 3 . 2 ,  T i s  a - a d d i t i v e .

(b )  The f o l lo w in g  a r e  e q u i v a le n t :  (1 )  F i s  t - a d d i t i v e ;

(2 )  F i s  p c o n t i n u o u s ;  (3 ) i f  T i s  d e f i n e d  i n  te rm s

o f  F a s  i n  4 - .3 .2 , T i s  T - a d d i t i v e .

The n e x t  t o p i c  we ta k e  up i s  th e  a p p ro x im a tio n  p r o 

blem  i n  C *(X :E)fi ( s e e  3 .2 .3 1 ) ,  w h ere  we g e n e r a l i z e  a  
p 0

r e s u l t  i n  [ 2 1 ] .  The f o l lo w in g  lemma i s  w e ll-k n o w n .

4 .3 .5  LEMMA. L e t X be  a  c o m p le te ly  r e g u l a r  s p a c e , C a

com pact s u b s e t  o f  X , K a com pact s u b s e t  o f  C*(X)e
p 0

and  e > 0 . Ih e n  a a f i n i t e  p a r t i t i o n  o f  u n i t y  ( s e e

4 - .3 .6 )  on x  311(1 p o i n t s  {ci | 1 < i  < n )  i n  C

so  t h a t  i f  P i s  th e  l i n e a r  o p e r a t o r  on C*(X) d e f in e d  
n

by th e  e q u a t io n  P f ( x )  = 2 g . ( x ) f ( c . )  , th e n  P i s
i = l  1 1
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P Q c o n t in u o u s ,  ||p || < 1 , P i s  o f  f i n i t e  r a n k  and

|| P f  -  f | |  c  < e f o r  f  e K .

4 .3 .6  DEFINITION. L e t X be  a  c o m p le te ly  r e g u l a r  sp a c e

311(1 (f a} E c*(x ) such that 0 < f a < 1 for each a •
The fa m ily  { fa } i s  c a l l e d  a  p a r t i t i o n  o f  u n i t y  on X i f

t h e  s e t s  s p t  f a  ( s e e  2 .2 .3 )  fo rm  a  l o c a l l y  f i n i t e  co v e r

o f  X and E fa  = 1 on X .

I f  t h e r e  i s  a  c o v e r in g  Cl o f  X so  t h a t  s p t  f a  £  a  

f o r  each  a  e a  ,  th e n  ( f a ) i s  c a l l e d  a  p a r t i t i o n  o f

u n i t y  s u b o r d in a t e  t o  Cl .

4 .3 .7  THEOREM. L e t E be a  norm ed l i n e a r  s p a c e  w i th  th e

m e t r ic  a p p ro x im a t io n  p r o p e r t y  and X a  c o m p le te ly  r e g u l a r

H a u s d o rf f  s p a c e .  Then C *(X :E)R h a s  t h e  a p p ro x im a tio n
p 0

p r o p e r t y .

P r o o f .  L e t e > 0 , Q, a  t o t a l l y  bounded  s u b s e t  o f  

C*(X:E) and h  a  n o n n e g a tiv e  bounded u p p e r  se m ic o n tin u o u s  

f u n c t io n  on X w h ich  v a n is h e s  a t  i n f i n i t y  su ch  t h a t  

||h || < 1 . S in c e  Q i s  norm b ounded , l e t  u s  assum e t h a t  Q

i s  a  s u b s e t  o f  t h e  u n i t  b a l l  i n  C*(X :E) .

L e t C = ( x ;h ( x )  > - |)  . Then C i s  com pact. N ote

t h a t  D = ( f ( x ) :  f  e Q, x  € C) i s  a  t o t a l l y  bounded s u b s e t
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o f  E . Hence th e r e  i s  a  f i n i t e  r a n k  o p e r a to r  T on E ,

w ith  |tT|| < 1 3 su ch  t h a t  ||T (d )  -  dj| < Vd e D . S in c e

T i s  f i n i t e - r a n k ,  t h e r e  i s  a f i n i t e  s e t  (cp^: 1 < i  < n} c

E ' and  a  f i n i t e  s e t  { e ^  1 < i  < n} 5  E so  t h a t  
n

T (e )  = 2 cp. ( e ) e .  f o r  e e E . Thus T ( f ( x ) )  =
i = l  1 1

n
= 2 cp. o f  ( x ) e .  f o r  f  e C*(X :E) . S in c e  t h e  s e t

i = l  1 1
{ c p ^ f : 1 < i  < n  ,  f  e Q] i s  a  PQ t o t a l l y  bounded s u b s e t

o f  C*(X) , t h e r e  i s ,  by  4 .3 .5 *  a  f i n i t e - r a n k  o p e r a t o r  P

on C*(X) w i th  j|P|| < 1 ,  s u ch  t h a t  P i s  c o n t in u o u s  f o r

th e  to p o lo g y  on  C*(X) and s u c h  t h a t

||P(<p± o f ) -  (cp± o f ) | | c  < |  f o r  f  € Q and 1 < i  < n .

F u r th e rm o re ,  we may assum e P g iv e n  by a  fo rm u la  su ch  a s

t h a t  i n  4 . 3 . 5 .  L e t S b e  t h e  l i n e a r  o p e r a t o r  on C*(X :E)

d e f in e d  f o r  f  e C*(X :E) by  th e  e q u a t io n  S f ( x )  =

2 P(cp. o f ) ( x ) e .  f o r  a l l  x  e X . N ote t h a t  S i s  p c o n -  
i = l  1 1
t i n u o u s  and  o f  f i n i t e  r a n k . I n  o r d e r  t o  com pute ||s || ,  we

w r i t e  P m ore e x p l i c i t l y .  As i n  4 .3 .5 *  l e t  C S jl1 < 1 < m}

b e  a  p a r t i t i o n  o f  u n i t y  on X and  {c^.: 1 < J < m} 5  C so

t h a t  P f ( x )  = 2 g . ( x ) f ( c  .)  Vf e C*(X) . I f  f  e C*(X :E)
3=1 ^ n

and x  e X , th e n  S f ( x )  = 2^P(cpi 0f ) ( x ) e i  =

= 2 2 g ( x ) ( c p . ° f ( c . ) ) e .  = 2 S i ( x ) (  2  cpi ° f ( c . ) e i ) =
i = l  o = l 3 1 3 1 0=1 3 1=1 3

= 2 g . ( x ) T ( f  (c  . ) )  . Thus | |S f ( x ) | |  < max | |T ( f ( c . ) ) | |  < | |f | |
0=1 3 3 l<j<m J
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an d  so  ||s || < 1 .

W hat re m a in s  t o  be  shown i s  t h a t  |ih (S f  -  f ) | |  < e f o r

f  e Q . I f  x  e XV c  , h ( x )  < |  so  t h a t

| |h ( x ) ( S f ( x )  -  f  ( x ) ) || < ( § ) ( 2 | | f | | )  < e . I f  x  € C , th e n

| |S f ( x )  -  f  ( x ) || < || §  P(cpi o f ) ( x ) e  -  S cp± o f ( x ) e  || +
i = l  1 1 i = l  1 1

+ | |T ( f ( x ) )  -  f ( x ) | |  < |  + - |  = € . Thus i f  x  e C ,

||h ( x )  (S f  -  f ) ( x ) || < e s in c e  ||h || < 1 . H ence

| |h ( S f - f ) | |  < e Vf e Q and th e  p r o o f  i s  c o m p le te .

Our l a s t  r e s u l t s  i n  S e c t io n  3 h a v e  t o  do w i th  a  v e c to r

m e a su re  r e p r e s e n t a t i o n  f o r  t i g h t  l i n e a r  f u n c t i o n a l s  on 

C*(X :E) .

4 . 3 . 8  DEFINITION. L e t X b e  a  c o m p le te ly  r e g u l a r  s p a c e  

and  E a  norm ed l i n e a r  s p a c e .  By M (X :E ') we d e n o te  th e  

s e t  o f  a l l  s e t  f u n c t io n s  m d e f in e d  on  Ba (X) 3 w ith  ra n g e  

i n  E ' j w h ich  s a t i s f y  t h e  f o l l o w in g  tw o c o n d i t i o n s :

(a )  t h e  m e a su re  m (* )e  d e f in e d  f o r  e e E by  m (* )e (A ) =

= m (A )(e )  ̂ A e B*(X) ,  b e lo n g s  t o  M(X) ;
n

(b ) 3 C > o so  t h a t  S ||m(A1 )|| < C f o r  e v e ry  p a r t i t i o n

o f  X i n t o  s e t s  X± € B*(X) . L e t  M ^ X rE 1) ,  Mt (X :E ')  and  

Mt ( X :E ')  d e n o te  t h e  s e t  o f  m e M (X:E’ ) so  t h a t  f o r  ea ch  

e e E m (• ) e € MCT(X ), Mt (X ), and  Mt (X) , r e s p e c t i v e l y .
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4 .3 .9  PROPOSITION. L e t m e M (X :E ') and A e B*(X) .

L e t |m |(A ) = sup { ^ ||m ( A i ) | | :  {Aj_} c  b *(X) i s  a p a r t i 

t i o n  o f  A} . Then |m | e M(X) . I f  m e Ma ( X :E ') 

(Mt ( X :E ') )  , th e n  |m | e Ma (X)(Mt (X )) .

P r o o f .  The p r o o f  o f  th e  f i r s t  a s s e r t i o n  and th e  p r o o f  o f  

t h e  a s s e r t i o n  t h a t  m e M ^ X rE ’ ) im p l ie s  |m| € M^(X) a r e  

s t r a i g h t f o r w a r d .

S uppose t h a t  m e Mo (X :E*) ,  A e Ba (x ) 811(1 e e E . 

Prom [ 6 2 ,  TH. 18] t h e r e  i s  a  u n iq u e  c o u n ta b ly  a d d i t i v e  

( r e g u l a r )  m e asu re  mg on Ba (x ) w h ich  e x te n d s  m (* )e  .

L e t m '(A ) = me (A) f o r  A e Ba (x ) • By  r e g u l a r i t y  and

u n iq u e n e s s  o f  e x t e n s io n  m’ e M (X :E ') and  |m | = |m.11 on

Ba (X) . A lso  m' i s  c o u n ta b ly  a d d i t i v e  i n  norm , i . e . ,  i f

^ W n = l  i s  a  d i s J’o in 'b c o l l e c t i o n  i n  Ba (X) ,
co p

||m*( U A^) -  E m*(A _)|| :» 0 . H ence by  m o d ify in g  s ta n d a r d
n = l 71 n = l  p

a rg u m e n ts  s u ch  a s  [ 4 7 ,  TH. 6 . 2 ] ,  |m 1| i s  c o u n ta b ly  a d d i 

t i v e .  H ence |m | i s  a - a d d i t i v e .

4 .3 .1 0  DEFINITION. L e t m e M (X :E ') and  f  e C*(X :E) .

The i n t e g r a l  o f  f  w i th  r e s p e c t  t o  m , d e n o te d  I fdm ,
X

i s  t h e  r e a l  num ber r  i f  f o r  € > 0 t h e r e  i s  a  f i n i t e  

p a r t i t i o n  P ( e )  o f  X i n t o  e le m e n ts  o f  B*(X) so  t h a t
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| S m(Ai ) ( f ( x 1 ) )  -  n |  < € i f  {A.}* =1 5  B*(X) i s  any

p a r t i t i o n  o f  X r e f i n i n g  P (e )  and  c h o ic e

o f  p o i n t s  su ch  t h a t  e A± f o r  1 < i  < n  .

4 .3 .1 1  LEMMA. L e t f  e C*(X :E) and m e M(X:E«) . Then

f fdm e x i s t s  and  | f  fdmj < f | | f | |d |m | .
X J X _ J X

4 .3 .1 2  PROPOSITION. L e t m e M(X:E>) and  E ( f )  = f fdm
J X

f o r  f  e C*(X :E) . Then F e C*(X:E)« and  ||f || = |mj (X ).

I f  m e M(J( X :E ') o r  m e Mt (X :E ')  ,  th e n  F i s  a - a d d i 

t i v e  o r  t i g h t ,  r e s p e c t i v e l y .

P r o o f .  A pp ly  4 .3 .1 1  and 4 .3 .9  p lu s  S e n t i l l e s '  r e s u l t s  [ 5 0 ] ,  

f o r  a l l  a s s e r t i o n s  b u t  th e  e q u a l i t y  |Jf || = |m | (X) . By 

4 .3 .1 1 ,  i t  i s  c l e a r  t h a t  ||f || < |m | (X) .

F o r th e  r e v e r s e  i n e q u a l i t y ,  i t  s u f f i c e s  t o  show t h a t
n
£ m ( Z . ) ( e . )  < ||f || + e f o r  e v e ry  e > 0 , f i n i t e  s e t  

i = l  1 1 ”
c o n ta in e d  i n  th e  u n i t  b a l l  o f  E ,  and d i s j o i n t

c o l l e c t i o n  {Zi 3 i =i  o f  z e r o - s e t s  such  t h a t  m(Zi ) ( e i ) > 0

f o r  1 < i  < n  .

Suppose t h a t  { Z ^ " ^  311(1 ^e i ^ i = l  a r e  s e t s  as  above

and € > 0 . F o r  p e  M(X) ,  l e t  | |a | d e n o te  th e  t o t a l

v a r i a t i o n  o f  (i [ 4 7 ] .  Choose d i s j o i n t  c o z e r o - s e t s  {D^} ,
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1 < i  < n  , so  t h a t  Z± c  in  and |m (» )e i | (D >v Z±) < -  j

and f u n c t io n s  [ f ^ :  1 < i  < n} c  c*(X ) such  t h a t

0 < f i < l , l < i < n , f i = l  on and f .  = 0 on

X D. . For f  € C*(X) and e € E , l e t  f® e(x ) = f ( x ) e ,  
1 n

Vx e X . N ote t h a t  f®e e C*(X:E) . Then 2 m ( Z .) ( e - )  =
i = l  1 1

2 f f  .®e.dm < | 2 f  f -® e .d m | + e < |F (  2 f .® e . ) l  +
i = l  Zj_ “  i = l  \  1 “  i = l  1

+ e < | |f H + e . H ence |m| (X) < ||f || a s  c la im e d .

4 .3 .1 3  THEOREM. S uppose F i s  a  t i g h t  l i n e a r  f u n c t io n a l  

on C*(X:E) . Then 3 m e Mt (X :E ! ) so  t h a t  F ( f )  = J  fdm

Vf e C*(X:E) .

P r o o f .  F o r g e C*(X) and e e E , l e t  g® e(x) = g ( x ) e

Vx e X . L e t C*(X)®E d e n o te  th e  l i n e a r  su b sp a c e  o f

C*(X :E) spanned  by  a l l  f u n c t io n s  g®e f o r  g e C*(X) and

e e E . By u s in g  p a r t i t i o n s  o f  u n ity .,  we s e e  t h a t  C*(X)®E

i s  p 0-d e n s e  i n  C*(X :E) .

F o r e e E ,  l e t  F ( f )  = F (f® e) f o r  a l l  f  € C*(X ).

S in c e  F e C*(X :E)q , F e C*(X)a s o  by  S e n t i l l e s  r e -  P o e Po
s u i t s  [ 5 0 ] ,  th e r e  i s  a  u n iq u e  me e M^(X) so  t h a t  F0 ( f )  =

= J x fdme Vf e C * ( X )  * Wote t h a t  H J I  = ^  M I N I

[ 6 2 ,  TH. 6 ] ,  F o r A e B*(X) , l e t  m (A )(e) = me (A) .

N ote t h a t  m(A) 6 E« and m (- )e  e Mt (X) VA e B*(X) and
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P
Ve e E . We show t h a t  Z ||m(A ^)|| < ||p || , f o r  e v e ry  p a r 

t i t i o n  { -^ 3 ^ -1  o f  X i n t o  B a ir e  s e t s -> e x a c t ly  a s  i n  th e  

l a s t  p a r t  o f  4 .3 .1 2 .  Hence m e M ^ X iE 1) . N ote t h a t  

F ( f )  = J fdm Vf e C*(X) ® E . By 4 .3 .1 2  and P0 -d e n s e n e s s

o f  C*(X) ® E , F ( f )  = f h o ld s  Vf e C*(X:E) .
J X

SECTION 4 . EXAMPLES.

L e t E b e  a  C * -a lg e b ra ,  X * a  c o m p le te ly  r e g u l a r  

k - s p a e e  [ 1 9 ] ,  and  S , a  l o c a l l y  com pact H a u s d o r f f  s p a c e .

We s h a l l  com pute t h e  d o u b le  c e n t r a l i z e r  a lg e b r a s  M (C *(X :E)) 

and  M(C0 ( S :E ) )  . I n  4 . 4 . 1 ,  C*(X :M (E)p) d e n o te s  th e  s e t

o f  a l l  f u n c t io n s  f  , c o n t in u o u s  from  X i n t o  M(E) w i th  

t h e  s t r i c t  to p o lo g y , su ch  t h a t  t h e  r a n g e  o f  f  i s  a  p -  

bounded  (h e n c e , norm  bounded ) s e t  i n  M(E) . C*(X:M (E)p)

i s  a C * -a lg e b ra ,  w i th  | |f | |  = sup | | f ( x ) | |  Vf e C*(X :M (E)p) ,

s in c e  i f  fsX  ■» M(E) th e n  f  i s  i n  C*(X: M (E)p) i f f  

f e  e C*(X :E) Ve e E .

4 .4 .1  THEOREM. M (C*(X ;E)) = C*(X:M (E)p ) and M(Cq ( S :E ) )  = 

C *(S:M (E)p ) .

P r o o f .  We p ro v e  o n ly  t h e  f i r s t  a s s e r t i o n ,  as  th e  seco n d  

h a s  a  s i m i l a r  p r o o f .

We s h a l l  u s e  t h e  c r i t e r i o n  i n  3 .1 .1 3 .  F i r s t ,  n o te
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t h a t  C*(X :E) i s  an i d e a l  i n  C*(X :M (E)p) . F o r exam p le ,

i f  g € C*(X:M (E)p ) , f  € C*(X :E) , and  K com pact c  x  ,

c h o o s e , by 1 .1 2  and  2 .2 .1 8 ,  e £ E and  h  e C*(X :E) so

t h a t  f  = eh on K . Then g f  = g eh  on K . S in c e

ge £ C*(X :E) ,  g f  i s  c o n t in u o u s  on K . H ence g f  e

C*(X :E) s in c e  X i s  a  k - s p a c e .

U sin g  th e  u n ifo rm  b o u n d ed n e ss  p r i n c i p l e  and th e  f a c t  

t h a t ,  i f  f : X -» M(E) ,  f  e C*(X :M (E)p) i f f  f e  e C*(X :E) 

Ve e E , we s e e  t h a t  C*(X :M (E)p) i s  c o m p le te  i n  t h e

s t r i c t  to p o lo g y  d e f in e d  by  C*(X :E) . S in c e

g £ C*(X :M (E)p) s a t i s f i e s  g f  = 0 Vf e C*(X :E) o n ly  i f

g  = 0 ,  we h av e  t h a t  C*(X :M (E)p) = M (C *(X :E)) by 3 .1 .1 3 .
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PROBLEMS

1 . D e te rm in e  c o n d i t io n s  on S n e c e s s a r y  and s u f f i c i e n t  

f o r  Cq (S )  t o  h av e  a  -w e ll-b eh av ed  a p p ro x im a te  i d e n 

t i t y .  As a  s t a r t  c o n s id e r  m e tacom pac t and no rm a l S .

I t  i s  p o s s i b l e  t h a t  th e  e x i s t e n c e  o f  a  m e taco m p ac t, 

n o rm a l, n o n -p a ra c o m p a c t s p a c e  S i s  in d e p e n d e n t o f  

th e  ax iom s o f  s e t  t h e o r y .  T h is  p ro b le m  seem s v e r y  

d i f f i c u l t .

2 . "What d o es  a  w e ll -b e h a v e d  a p p ro x im a te  i d e n t i t y  f o r  A 

(C h a p te r  I I I )  h av e  t o  do w i th  A b e in g  m easu re  com

p a c t?

3 .  F in i s h  th e  v e c to r - m e a s u r e  r e p r e s e n t a t i v e  o f  t - a d d i t i v e  

and  t i g h t  l i n e a r  f u n c t i o n a l s  i n  C h a p te r  IV .

4 .  D oes e v e ry  C * -a lg e b ra  h av e  a  c a n o n ic a l  a p p ro x im a te  id e n 

t i t y ?

5 . C o n s id e r  Q u e s tio n  3 .3 .1 8 .
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R o b e r t A. F o n te n o t  was b o rn  i n  V i l l e  P l a t t e ,  L o u is ia n a  

on S ep tem b er 25 , 19 4 6 . He g r a d u a te d  from  V i l l e  P l a t t e  H igh 

S ch o o l i n  May, 1 964 . In  J u n e , 1 9 6 4 , h e  e n r o l l e d  a t  L o u i s i 

an a  S t a t e  U n iv e r s i t y ,  from  w h ich  h e  r e c e iv e d  th e  B .S . d e g re e  

cum la u d e  in  May, 1 968 . He e n t e r e d  g r a d u a te  s tu d y  a t  L o u i

s ia n a  S t a t e  U n iv e r s i t y  i n  S ep te m b e r , 1968 , and i s  p r e s e n t l y  

a  P h .D . c a n d id a te  i n  t h e  D ep a rtm en t o f  M a th e m a tic s . F o r th e  

f i r s t  t h r e e  y e a r s  o f  g r a d u a te  s tu d y ,  he  h e ld  an  NSF T r a in e e -  

s h ip  and p a r t - t i m e  te a c h in g  a s s i s t a n t s h i p ;  t h i s  p a s t  y e a r  

he h a s  b ee n  s u p p o r te d  by  a  D i s s e r t a t i o n  Y ear F e llo w s h ip  

aw arded  by  L o u is ia n a  S t a t e  U n iv e r s i t y .  The a u th o r  m a r r ie d  

th e  fo rm e r  M ary Jo  McCormick in  1969 .
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