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Abstract. Let us consider a system of non-linear second order parabolic differen-
tial equations which include functionals

(N Fi[] = fi(t,®,2,2(¢,¢) (@ =1,...,m),
where
. >, o2
= — 1 —_——
F =% a,;_zl %ap (1, 2) 034075 "

T=(Tyyee0s®p), 2=(2,...,2m), < R", (t,2)e[0,T)xG, T < + 0.
For fixed te[0,T) we denote by z(t, ) = (2!(t, "), ..., 2™(t, -)) the function
2(t,"): Gaz —>2(t, ) e R"*,

which is an element of the space of continuous functions Oy, (G).

In particular, equations (1) may be considered as differential-integral or charge
equations which are applied especially to the Markov stochastic processes and to the
description of flow of underground water.

For system (1) we consider the first Fourier’s boundary problem and to the sol-
utions of this problem we apply the iterative method, so we obtain the existence
theorem. We shall show a construction of two sequences which will approximate uni-
formly and monotonically the solution of our equation. Moreover, it will be the expo-
nential type of approximation. In these constructions we shall use results due to
J. Szarski [3]-[5].

1. Notation, definitions and assumptions. Let G be open and bounded

set in the space (zy, ..., 7,,) such that boundary &G is a finite union of C*
surfaces.

We denote
D=0,T)xG, o¢=(0,T)x0G,

8y ={(t,2):t=0,2eG, X=8+0, D=D+Z.
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Let us assume that the quadratic forms

2 aiy(t, 2)0 ks (6 =1,...,m)

a,f=1

are positive definite in D.

A function z(¢, #) is called regular in D if 2 is continuous in D and
" 0z/0t, 0z|0x,, 0*z|0x, Oz, aTe continuous in D.

For system (1) we consider the following. first Fourier's boundary
problem:

Find the regular solution z(¢, ) in D fulfilling the boundary condition

(2) z(t,z) =0 for (t,x)eX.
We dencte by C,, (@) the space of continuous functions
2(1): @2z — 2(z) e R,
and for the subspace of those 2z which are bounded we intrcduce the norm

Izl = max max{ [ (2)]: = eG}.

In the space O, (G) the following order is introduced: for
2 = () ooy () €On(@), & = (31(), -, 5™(") € C(B)
the inequality # <% means that
2/ (®) <#(x) for arbitrary ze@, j =1,...,m.

Let fi(t,z,2,8) (i=1,...,m), where 2z =(21,...,2") and
8 = (s1,...,8™), be defined for (¢, z) € D, 2z arbitrary and s € C,,(G).

We introduce the following assumptions:

(H;) the functions f'(t,=,2,8) (i =1,...,m) are continuous in
D and fulfil locally the Holder condition with respect to =z,

(L) the functions f(t,,z,8) (+ =1, ..., m) satisfy the Lipschitz

condition with respect to z and s: for arbitrary z,%,s,§ we have the
inequality

m ™
If' ¢, =, 2, 8) —f(t, 2, 2, §)| <L12 |27 —éﬂ'l_i_LzZI[sJ'_é’i“’
j=1 j=1

where L,, L, are positive constants,

(W) the functions fi(¢,w,2,s) (¢ =1,...,m) are non-decreasing
with respect to 2 and s,

(H,) the coefficients ais(¢,z) (¢ =1,...,m; a,f =1,...,m) are
continuous with respect to ¢,z and are bounded in D, moreover, they
fulfil locally the Holder condition with respect to z.
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The functions wu(t, ) = (ul(t, =), ey u™(t,z)) and  w(t,2) =

(v*(t, @), ..., v™(t, ®)), regular in D, satisfying the differential in-
equalities

(3) Fi[ui]gfi(t;a”u(tyw)’u(t7 ))y
4) Fi['vi]>fi(t;$9'U(t’w)a'u(ty')) (t=1,...,m)

in D and the boundary condition (2), will be called the lower and upper
functions for problem (1), (2) in D, respectively.
AssuMpTION A. Let us assume that there exists at least one pair

Uuo(t, x), vo(t, ) of lower and upper functions for problem (1), (2) in D,
respectively.

2. Iterative method. Existence theorem. If «(t,2) and o(f,x) are
the lower and upper functions for problem (1), (2) in .D and if 2(t, z) is
the regular solution for this problem (in our case we shall assume that
there exists a solution) and conditions (W) and (L) hold, then from Szarski’s
theorem on the differential-functional inequalities [3], [5] we obtain

(5) u(t,z) <z, ) <v(t,x) for (t,x)eD.
In particular, if Assumption A holds, then

(6) uo(t, 2) < 2(t, @) < v5(t, @) for (1, x) e D.

We shall start from arbitrary functions (¢, ) and v,(?, =) (of course,
the functions %, and v, are the lower and upper functions for problem (1),
(2) in D) and we shall construct two sequences of the lower {u,(, )} and
upper {v,(¢, )} functions using the iterative method. In details, this
construction will be explain in following theorems.

THEOREM. Let the functions fi(t,x,z,8) (i =1,...,m) fulfil con-
ditions (Hj), (L), (W), let the coefficients aiz(t,x) (i =1,...,m; a,p
=1, ..., n) fulfil conditions (H,) and let Assumption A be satisfied. Assume
that the successive terms of sequences {u,(t,x)} and {v,(t, )} are defined
as regular solutions in D of the linear parabolic equations

() Filu;] =f‘(ta By Uy (ty &)y Upy (2 7)),
(8) F‘['o;] =fi(tya’: Vp_1(ty @)y v, (L, )) (t=1,...,m)
satisfying the boundary condition (2).

Then

(1) there ewist wumique regular solutions wu,(t,x) and wv,(t, ) for

n =1,2,... of system (7), (8) with condition (2) in D,
(ii) the inequalities
Uy (B, 2) < U, (2, @), (8, 2)<v,,(,x) (v=1,...,m)
hold for (t,z)e D,
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(iii) the functions u,(l,x) and v,(t,z) (n =1,2,...) are the lower
and upper functions for problem (1), (2) in D, respectively,
(iv) lim [v, (¢, ) —u,(t, )] = 0 wniformly in D,

n—o0

(v) the function
z(t, x) = lim u, (¢, x)

n—oo
is the regular unique solution of problem (1), (2) in D.

Proof. Ad (i). Using assumptions (H,), (L) about the functions
J* and using the regularity of uy(t, ), we conclude that fi(t, z, u,(t, z),
(%, *)) are continuous in D and fulfil locally the Holder condition. More-
over, since the coefficients a, fulfil conditions (H,), there exists a unique
regular solution u,(¢, x) of system

F'['MI] =fi(t’ Z, uo(t, @), uo(t, ))
with condition (2) in D. Using the same method, we obtain (i) for every ».
Ad (ii). It follows from (3) for » = 0 and from (7) for » = 1 that
Fi[ug —uj] <fi(t, x, wo(t, @), ue(t, )) _f‘(t; x,y Uo{ty ), Ue(l, )) =0
(z2=1,...,m)
in D and %,—u, =0 on Z.
Hence by the theorem on differential inequalities [2] we have
uo(t, ) <y (¢, ) in D.
By assuming a sufficient inequality for u, ,(f,2) and using mon-
otonicity, we get for every =
(9) Uo(t, o) < U (t, &) < oon S Uy (E, @) < U, (8, 2) < ... in D.

In the same way we obtain the inequality

(10) oo <0,(8:2) <V, (t, @) < ... < (L, ) < 0o(t,2)  in D.

Ad (iii). By the definition of the function w,(f, #) and by condition
(W) for f* using (9) we obtiin the following inequality

F'[u]] —fi(t, 2, ua(t, @), us (2, )
=fi(t’ Ty Ug(l, X), uy(2, )) —fi(t, zy uy(t, 2), uy(t, 1)) <0 in D,

80, by (3), the function u,(¢, «) is the lower function for problem (1), (2)
in D. The proof of the induction step is the same as above, since {u,, (¢, x)}
is the sequence of the lower functions for problem (1), (2) in D.

Using a similar method, we obtain that {v,({, )} is the sequence of
the upper functions for problem (1), (2) in D.
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From the last two results and by (9), (10) and (5) it follows that
(11) wt,x) <y, o)< ...<y(t,2)<...<2(l,2)<..:
WLt e) < <0yt T) < v0(t, ) for (1, x) e D.

Ad (iv). Using mathematical induction, we shall first show the fol-
lowing inequality

N [m(L,+ Ly)t]"

(12) wi(t,z) < n=1,...,m) for (t,z) e D,

7!
where
w,(t, 8) = v,(t, ) —u,(t, ),
(13) N = max max [v(t, 2) —ug(t, )]

L /)
but owing to the regularity of the functions %, and v, we have N = const
< -} o0.
By (13) we obtain inequality (12) for » = 0. Let inequality (12)
hold for w, . Since the functions f* fulfil assumption (L), we get by (7), (8)
and (11)

Fi[w;;+l] =fi(t’ xy v, (2, ), v, (2, )) —fi(t’ x, u,(t, x), u,(t, ))

<L12(”£—u£)+l§2 llv,{(t,-)—u,{(t, i
j=1 j=1

< Ly D) whAmILyfwy(t, ).

i=1

By the definition of norm in the space @ ,(G) :1d ty ircquality
(12) we get

[m(L,+ L,)t]"
n!

[0, (2, ) < N ’

50, we finally obtain

[m (L, + Ly) "+ e
n!

(14) F'lwj,I< N (t=1,...,m) for ({,x)e D,

where w}_,(t,2) =0 for ({,x) e X.
Let us consider the comparison system of equations

P A

(15) F [M:;+l] = !

(i=1,...,m) in D

with boundary condition

Mi (t,)=0 ,on Z.
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The functions

[m (L, + Lp)t]"*!
(n+1)!

are the regular solutions of the comparison system in D.

Applying the theorem on differential inequalities [2] to systems
(14) and (15), we find that

-M;:a+1(t’ z) =N

(i =1,...,m)

[m (L, 4 L,)t]"*!

'w:;+1 (t,2) < Mfm+l (ty2) =N n+1)!

(t=1,...,m)

for (t,x)eD,
80, the induction step is proved and inequality (12) is proved.
As a direct conclusion from formula (12) we get
(16) lim [v,(t, ) —u,(t,2)] =0 uniformly in D.
n—00
Ad (v). The functional sequences {,} and {v,} are monotonous and
(16) holds, so there exists a continuous function U(¢, z) such that

amn u,(t,z) > U(t,x) and o,(t,z)>U(t,x) (n—> )
uniformly in D.

Since the functions f* fulfil condition (W), we conclude by (11), (17)
that the right-hand sides of system (7) are bounded in .D. Then by Po-
gorzelgki’s theorem [1] about the properties of weak singular integrals

(the solution of system (7) can be expressed by these integrals) we get

u,(t, z) satisfying locally (uniformly with respect to =) the Lipschitz
condition with respect to z.

Let us now consider the system of equations
(18) Fi[#] =f‘(t;w: ut, =), U(t, )) (t=1,...,m)
with condition (2) in D. By the fact that the functions f* fulfil conditions
(H,), (L) and by the above conclusions we get that the right-hand sides
of system (18) are continuous and fulfil locally the Holder condition.
By Assumption (H,) about the coefficients a}; there exists a regular sol-
ution z(¢, z) of problem (18), (2) in D.

On the other hand, by the fact that the functions f* fulfil conditions
(L), (Hy) and by (17) we get

(19) lim fi(t, ®, u, (1, @), u, (¢, *)) = fi{t, x, U, 2), U, *))

uniformly in D.
Applying the comparison theorem on the differential inequalities
and using (19), we get

(20) lim w,(t, #) = 2({,«) uniformly in D.

n—>00
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Morcover, with (17) we obtain
2(t,z) = U(t,z) for (t,z)eD,

8o, the function z(t, ) is a regular solution of problem (1), (2) in D.
The uniqueness of the solution of this problem follows directly from
J. Szarski’s results [4].
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