{: SCISPACE

formerly Typeset

@ Open access « Posted Content - DOI:10.1101/2020.07.08.20149070
Approximate relationships between SIR and logistic models — Source link [4

David E. Clark, Gavin Welch, Jordan S. Peck

Institutions: Maine Medical Center

Published on: 10 Jul 2020 - medRxiv (Cold Spring Harbor Laboratory Press)

Topics: Logistic distribution, Population and Population proportion

Related papers:

« A Relationship Between SIR Model and Generalized Logistic Distribution with Applications to SARS and COVID-19
» Estimation of parameters in logistic and log-logistic distribution with grouped data.

« Subset selection from Type-| and Type-Il generalized logistic populations

» Deterministic and stochastic logistic models for describing increase of plant diseases

« Modeling individual tree mortality rates using marginal and random effects regression models

Share thispaper: @ ¥ M &

View more about this paper here: https:/typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-
2ihnIxI95g


https://typeset.io/
https://www.doi.org/10.1101/2020.07.08.20149070
https://typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-2ihnlxl95g
https://typeset.io/authors/david-e-clark-46pqqipwyi
https://typeset.io/authors/gavin-welch-55bsfmo5id
https://typeset.io/authors/jordan-s-peck-1m6vhgxb5b
https://typeset.io/institutions/maine-medical-center-28qol9bi
https://typeset.io/journals/medrxiv-3o5ewbzz
https://typeset.io/topics/logistic-distribution-3kdgriow
https://typeset.io/topics/population-3rqw3kx3
https://typeset.io/topics/population-proportion-1r1zuhz3
https://typeset.io/papers/a-relationship-between-sir-model-and-generalized-logistic-30f2bgaww9
https://typeset.io/papers/estimation-of-parameters-in-logistic-and-log-logistic-3th3s6mfd5
https://typeset.io/papers/subset-selection-from-type-i-and-type-ii-generalized-wzsmbe3h4t
https://typeset.io/papers/deterministic-and-stochastic-logistic-models-for-describing-brrksq42ie
https://typeset.io/papers/modeling-individual-tree-mortality-rates-using-marginal-and-2w65imgce5
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-2ihnlxl95g
https://twitter.com/intent/tweet?text=Approximate%20relationships%20between%20SIR%20and%20logistic%20models&url=https://typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-2ihnlxl95g
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-2ihnlxl95g
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-2ihnlxl95g
https://typeset.io/papers/approximate-relationships-between-sir-and-logistic-models-2ihnlxl95g

medRXxiv preprint doi: https://doi.org/10.1101/2020.07.08.20149070; this version posted July 17, 2020. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
It is made available under a CC-BY-NC-ND 4.0 International license .

APPROXIMATE RELATIONSHIPS BETWEEN SIR AND LOGISTIC MODELS

David E. Clark MDI’Z*, Gavin Welch Pth, Jordan S. Peck PhD'

MaineHealth Integrated Quality and Safety'
Maine Medical Center, Center for Outcomes Research and Evaluation®

Portland ME

*Corresponding author: Center for Outcomes Research and Evaluation
Maine Medical Center
509 Forest Avenue
Portland ME 04101

NOTE: This preprint reports new research that has not been certified by peer review and should not be used to guide clinical practice.


https://doi.org/10.1101/2020.07.08.20149070
http://creativecommons.org/licenses/by-nc-nd/4.0/

medRXxiv preprint doi: https://doi.org/10.1101/2020.07.08.20149070; this version posted July 17, 2020. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
It is made available under a CC-BY-NC-ND 4.0 International license .

ABSTRACT

Infectious epidemics are often described using a three-compartment Susceptible-
Infectious-Removed (SIR) model, whose solution can be shown to involve generalizations of the
logistic distribution. Using mathematical relationships relating these generalized logistic
distributions, the population proportion remaining Susceptible can be approximated using the
inverse of a standard cumulative logistic distribution, while the population proportion actively
Infectious can be approximated using the density of a logistic or log-logistic distribution.
Conversely, the parameters of an underlying SIR model can be approximately inferred from

population-based data that have been estimated using logistic and/or log-logistic models.

KEY WORDS
Epidemic, Logistic Growth Curve, SIR Model, Generalized Logistic Distribution,

Logistic Distribution, Log-logistic Distribution, Approximation


https://doi.org/10.1101/2020.07.08.20149070
http://creativecommons.org/licenses/by-nc-nd/4.0/

medRXxiv preprint doi: https://doi.org/10.1101/2020.07.08.20149070; this version posted July 17, 2020. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
It is made available under a CC-BY-NC-ND 4.0 International license .

INTRODUCTION

Models of infectious epidemics in a population have often been based on a system of
differential equations describing the theoretical transition of individuals through a series of states
from Susceptible (S) to Infectious (I) to Removed (R). Recent experience has also shown value
in fitting emerging infection data to a logistic growth curve for the purpose of short-term
planning. The aim of this study is to show how assumptions and analyses using one of these
approaches may be approximately transferred to the other.

The SIR model, attributed to Kermack and McKendrick (1927), is a three-compartment
model where individuals transition from Susceptible to Infectious at a rate proportional to the
product of the number of individuals in these two compartments, and then move from Infectious
to Removed at a rate proportional to the number of individuals in the Infected compartment.

This may be expressed as the system of differential equations

X'(t) = ‘X‘% (Eq. 1X)
Y'(t) = % —yY (Eq. 1Y)
Z'(t) =yY (Eq. 17),

where X is the number Susceptible, Y is the number Infectious, and Z is the number Removed.
Bohner and colleagues (2019) have shown that a solution to the SIR system described

above is given by
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B/(B-v) -B/(B-v)
= Yo Yo ,(B-v)t
X(t) = x, (1 + x) (1 +2e ) (Eq. 2X)
B/(B=v) —-B/(B-v)
= Yo Yo ,(B-y)t B-p)t
Y() =y, (1+ x) (1+ e ) e (Eq. 2Y)
Z(t) = 1= (xo + yp)f/ B (xo + )’oe(ﬁ_wt)_w(ﬁ_w (Eq. 22),
subject to initial conditions x¢ and yo, with xo+ yo < 1.
Using the substitutions
c=1/(B-v) (Eq.3),
- Xo
u = olog (yo) (Eq. 4),
and
Lo
_ Xo+Yo
A= x (222 (Eq.5),
Equations 2X, 2Y, and 2Z simplify to
1
X@®)=42 <—(1+e = /a),;a> (Eq. 6X)
et-w/a
Y(t) =12 (m) (Eq. 6Y)
1
ZB=1-4 <(1+e(t—u)/a)ﬁ"‘1> (Eq. 6Z).

It is apparent that these results are affected not only by the ratio #/y (sometimes called Ry), but
also by the difference —7; the quantity So is equivalent to Ry / (Ro-1). It is also apparent that

there is some resemblance to a logistic model.
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APPROXIMATING X () WITH AN INVERSE LOGISTIC CURVE

With the substitution € = o, Equation 6X may be rewritten

X(@t) = ,1<1 — {1 — —(He(t_m)a}) .

The bracketed term is the Cumulative Distribution Function (CDF) of a “Type 2” Generalized
Logistic Distribution (Johnson et al, 1994), which may be abbreviated GL2 and is sometimes
also called a “Reversed Generalized Logistic Distribution” (El-Saidi et al, 1996). It is a special
case of the Richards Model (Richards, 1959), which has been widely used in biology and
population studies. The GL2 Distribution is similar to the Logistic Distribution, and is identical
when 8=1. X(7) involves the inverse of a GL2 Distribution, so a reasonable approximation

might be expected using the inverse of a Logistic Distribution, which may be written

1 1
(1+e-(Eb)/a) — (14e(t-b)/a)

1—Ly(t)=1—

The mean, variance, and other moments of a GL2 Distribution can be calculated in terms
of the Gamma Function and its derivatives, and demonstrate that it will be negatively skewed
(longer tail to the left) if @ > 1 and positively skewed if & < 1 (Dubey, 1969; El-Saidi et al,
1996). However, it is easier to work with the median and other quantiles of the distribution,

which do not require special functions.
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Any quantile g of a GL2 Distribution can be obtained by inverting its CDF, that is, by

equating the CDF to ¢ and solving for ¢, which results in

L \1/6
tyorz = it + o log ((E) - 1) (Eq. 7).

The quantiles for a Logistic Distribution can be obtained from the same equation, letting &=1.
Since X(?) is a linear transformation of the inverse of a GL2 Distribution, the quantile g for X(r)
will equal the quantile 1-q for the underlying GL2 distribution. The parameters of the SIR model
can therefore be used along with Equation 7 to approximate X(¢) with the inverse of a Logistic
Distribution. One useful point of reference is the median, which is obtained when g = .5, and
any other quantile can be used along with the median to estimate parameters for a logistic curve.
A Logistic Distribution will be symmetric with mean, mode, and median all equal to b.
Equating the median and .75 quantiles for a Logistic Distribution to those for a GL2 Distribution

with =00 results in the approximate relationships

1 1/[3’0’
b%ﬂ+0’10g<(1TS) —1>

and

pto 10g((1—1.75)1/ﬁa_ 1) -b

log((l_l_75) - 1)

If xo is much less than 1, the .75 quantile of the GL2 Distribution may be less than 0, in which

a=s

case the Logistic Distribution may instead be fitted to the median and the 1-xo/A quantile, where

t=0. In either case, if the parameters of an SIR model are known, parameters a and b can be
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derived from these relationships to create a logistic curve ALx(f) whose inverse 1-ALx(t) will

approximate X(¢).

APPROXIMATING Y(¢#) WITH A LOGISTIC OR LOG-LOGISTIC CURVE

The quantity 1 - X(¢) , or a similar logistic curve, describes the proportion of the
population that has acquired the disease. This is valuable from the public health perspective, and
is often the focus of attention. However, Y(¢) is also important because it reflects the proportion
of the population actively suffering from the disease at a given time, and may therefore be
valuable for short-term planning within a health care delivery system.

With the substitution 8 = fo— 1, Equation 6Y can be rewritten

_ o 9 et-W/o
Yo =4 (5) {o(1+e(t—u)/a)9+1} ’

where the expression inside the brackets is the Probability Density Function (PDF) for another
GL2 Distribution. By equating the median and another convenient quantile as described above,

the parameters for another Logistic Distribution can be derived, whose PDF may be written

e—(t-d)/c

Ly'(t) = e (tro-G-07c)
An approximation for Y(t) is then obtained by multiplying Ly’(¢) by the quantity Ao /@, which is
also equal to A/ 7.

If fo— 1 is much less than 1, the GL2 Distribution describing Y(¢) will be too skewed to

be approximated well by a symmetric Logistic Distribution. However, Log-Logistic (LL)

Distributions are similarly skewed, and can serve this purpose. A LL random variable may be
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defined as one whose logarithm has a Logistic Distribution. LL Distributions have been used for
many areas of time-to-event analysis; they are similar to Log-Normal Distributions, but have
more convenient mathematical properties (Clark and El-Taha, 2015).

The PDF of a standard two-parameter LL Distribution is constrained to be 0 when 7 =0,
so to allow yo > 0 it is necessary to employ a three-parameter or “shifted” LL Distribution
(Ahmad et al, 1988), which may be abbreviated LL3. An LL3 random variable has an additional

parameter (here represented by k), resulting in CDF

LL3y(t) = ﬁ (Eq. 8)
1+(=5)
g
and PDF
E (ﬂ)h_l
LL3,'(t) = 24 (Eq. 9).

Quantiles of an LL3 distribution can be obtained by inverting Equation 8 to get

1/h
tqez = 9 (ﬁ) +k (Eq.10),

which has the convenient result that the median is simply g+k.
Y(¢) may be approximated with an LL3 Distribution by first considering k to be a

sufficiently small quantile (e.g., 0.005) of Y(#). Using this value of k along with the median and
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0.75 quantiles, it is possible to derive

1 1/6
g%ﬂ-l—O'lOg((TS) —1>+k

and

=
IR
)
o
—~
-
(N
N
ul
~—

u+olog ((1_1_75)1/6 - 1) -k

log

If the .75 quantile of the GL2 Distribution is less than 0, then the LL3 Distribution may instead
be fitted to the median and the 1 - (xo+yo) /A quantile, where t=0. In either case, Y(f) may then be

estimated as Ao /0 * LL3y’(¢).

APPROXIMATING Z(¢t) WITH A LOGISTIC OR LOG-LOGISTIC CURVE

Equation 6Z can be rewritten

Z(t):(l—/l)+/1{1— ! } :

(1+e(t-w/a)P

where the bracketed term is the CDF of a GL2 Distribution with @ = fo-1. Thus, if Y(¢) has
been approximated using the PDF of a logistic or three-parameter log-logistic function, Z(f) can
be approximated using the CDF of the same function, that is, either (1-1) + A Ly (¢) or

(1-4) + A LL3y(¢). This makes sense from the SIR model, since all subjects pass through the

Infectious compartment and are then absorbed by the Removed compartment.

ESTIMATING THE SIR MODEL FROM POPULATION DATA
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10
Once initial conditions xp and yo have been specified, the SIR model depends only upon
the parameters fand ¥ but these are difficult to separate if limited to the equations described
above. Fortunately, a brief consideration of the Digamma Function will produce a useful result.
The Digamma Function, often abbreviated ¥, is defined as the first derivative of the logarithm
of the more familiar Gamma Function. It has many interesting properties, but it suffices here to

know that

W +1) = Pw)—1/u  (Eq 11).

Previous authors (Dubey, 1969; El-Saidi et al, 1996) have shown that the mean of a GL2

Distribution is

E)=u+o(¥YAQ)-Y®O)) (Eq.12).

Combining Equations 11 and 12, the difference between the means of two GL2 Distributions
with the same values of ¢ and o, one of which has &= o and the other of which has 8= fo-1
is simply

c(1/(Bo—-1)) = 1/y

Therefore, if an inverse logistic estimate with parameters a and b has been made for X(¢) and a
logistic estimate with parameters ¢ and d or an LL3 estimate with parameters g, &, and k has been
made for Y(7), the difference in their means can be used to estimate ¥, that is, either

1/y=d—»b
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or

~ 9@/h) _
1/ = sin(r/h) thk=b

Other sources of information may also provide an estimate for 1/y (which may be
interpreted as the mean duration of the Infectious state). Once y has been estimated, £ can be
estimated numerically by determining the value of £ that minimizes the difference between the
approximated median (for either X or Y ) and the median of the corresponding GL?2 distribution
(Equation 7). Combining Equations 6X and 6Y also shows that when 7 =u, X(¢) = Y(¢), so fcan
be derived by first estimating &« (where the difference between the approximations for X and Y is
minimized) and then solving for £ using Equations 3 and 4.

Thus, if the observed data for a population undergoing an epidemic can be summarized
by a logistic equation for the Susceptible proportion and a logistic or LL3 equation for the
Infectious proportion, then the parameters of an underlying SIR model can be inferred. Logistic
or LL curves can be estimated from observed data by least squares, maximum likelihood, or
other methods. In particular, the LL distribution is a standard option for most statistical software
programs used in time-to-event analysis.

To illustrate how models based upon observed population data can be interchanged with
the SIR model, Figure 1 shows the exact solutions for a specified compartmental model,
corresponding logistic or log-logistic approximations, and a reconstitution of the SIR model
derived from the parameters of the logistic or log-logistic approximations. Since the
approximations are valid for any specification of xo and y, piecewise analyses are also possible,

for example if some public health or medical intervention may have changed the effective values
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of fand/or y. Figure 2 demonstrates how the values of X(i) and Y(i) at some point ¢ = i can be

treated as a new xo and yy to start a revised model for the next time period.

DISCUSSION

Using a logistic curve to approximate X(¢) is obviously inexact, and will be closest when
Po is close to 1, that is when /y is large. The logistic approximations for Y(¢) and Z(¢) are also
inexact, and will be closest when o -1 is close to 1, that is when B/ is close to 2. The log-
logistic approximations for Y(¢) and Z(¢) will generally be preferable when fo-1 is less than
about 0.5, that is when 3/ is greater than 3. The quantiles used for curve-fitting may also need
to be adjusted when working with the tails of the distributions. However, given the uncertainty
underlying any model, these approximations may be close enough to be useful. If not, the
realization that the SIR model can be solved in terms of a GL2 Distribution may itself be of some
value.

The ability to easily relate an SIR model to a model based on probability distributions
may have direct value to communities responding to an acute epidemic. The facility with which
an epidemic can be understood and modeled directly influences how quickly local interventions
can be designed and implemented. Epidemic modelers typically rely on labor-intensive contact
tracing and patient testing to approximate the key variables to inform an SIR model. This work
must often be repeated in different geographical areas as the parameters for a particular
infectious agent may differ depending on the nature of the community in which it is spreading.
Most epidemiologists are more familiar with statistical distributions than with differential

equation modeling, which may limit their ability to utilize the insights of an SIR model.
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In any serious epidemic (including seasonal influenza) cumulative infection and
symptomatic tracing data are published periodically. Those who are seeking to build models for
specific purposes (such as hospital supply planning) can fit the available data to logistic or log-
logistic curves using commonly available statistical software, to estimate parameters and rapidly
build their own informative models. Being able to relate these findings to the more sophisticated
class of SIR models using the simple methods described here may increase confidence in any
predictions and improve understanding of the underlying dynamics of disease spread and

resource requirements.
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FIGURE LEGENDS

Figure 1: Comparison of SIR model solution (solid lines) with derived approximations (dashed
lines) and reconstituted results (dotted lines) for initially specified xo = .99, yo = .01, £=.30, and

y=.05.

Figure 2: SIR model solutions (solid lines) and approximations (dashed lines) for initially
specified xo = .99, yo = .01, =.30, and y=.05, changing at t =i = 20 to x; = .33, y; = .50, f=.15,

and y=.05.
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