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The su rvey  is devoted to d i f fe ren t  concepts  of the convergence  of l i n e a r  and n o n l i n e a r  o p e r a t o r s  

(d i sc re te ,  r e g u l a r ,  compac t ,  s table  c o n v e r g e n c e ,  e tc . ) .  At ten t ion  is paid to the app l i ca t ions  of 

these  concepts  to n u m e r i c a l  a n a l y s i s  me thods .  

I N T R O D U C T I O N  

The p r e s e n t  su rvey  is  devoted to c e r t a i n  fundamenta l  concepts  of the convergence  of o p e r a t o r s ,  a r i s i n g  

in the theory  of app rox ima te  me thods ,  but  be ing ,  it s e e m s  to us ,  of independent  i n t e r e s t .  F o r  l i n e a r  o p e r a -  

t o r s  An,  AE~(E,  F) (E and F a re  Banach  spaces)  these  concepts  are  def ined as follows: An ~ A is r e g u l a r  if 

!lAnu - Aull ~ 0 vuEE and f rom the boundednes s  of the sequence  (un)cE and the  r e l a t ive  c o m p a c t n e s s  of 

(Anu n) in F follows the r e l a t ive  c o m p a c t n e s s  of (Un) in E; An ~ A is  s table  if llAnu - Aull ~ 0 vuEE and the 

i n v e r s e s  Ag'EZ(F, E)exist, where  Iltnlll <- cons t  (n _> no); A n ~ A is compact  if IIAnu - Aull ~ 0 vuEE and for 

any bounded sequence  (Un)cE the sequence  (Anu n) is r e l a t i v e l y  compac t  in F.  

The concepts  Listed in Sec. 3 a re  s tudied in the s i tua t ion  of the so - c a t t e d  d i s c r e t e  conve rgence  (Secs. 1 

and 2) when An and A ac t ,  in g e n e r a l ,  in d i f fe ren t  spaces  connec ted  with each o ther  in a defini te  m a n n e r .  On 

the b a s i s  of these  concep t s ,  in Secs .  4 and 5 we study the conve rgence  of so lu t ions  of l i n e a r  and n o n l i n e a r  equa -  

t ions  of fo rm Anu n = Vn to the solut ion of equat ion Au = v, white in Sec. 6 we study the analogous  ques t ion  for  

e igenvalue  p r o b l e m s  of fo rm Anu n = kBnU n ,  Au = kBu and of fo rm An(k)u n = 0, A(k)u = 0. In Secs.  7-10 we 

i l l u s t r a t e  the a b s t r a c t  r e s u l t s  by appl ica t ion  to the method of m e c h a n i c a l  q u a d r a t u r e s  for  solving in tegra l  equa -  

t i o n s ,  to the method  of co l loca t ion  for so lv ing  i n t eg ra l  and d i f f e ren t i a l  equa t ions ,  and to the d i f fe rence  method  

for  so lv ing  b o u n d a r y - v a l u e  p r o b l e m s .  The ma in  ques t ion  here  is  how to e s t a b l i s h  the r e g u l a r ,  s t ab le ,  o r  c o m -  

pact  convergence  of the c o r r e s p o n d i n g  o p e r a t o r s .  Let  us me n t i on  one typical  fea ture  of the convergence  theo-  

r e m s  in Secs .  4-6 .  When s tudying the conve rgence  of so lu t ions  of the inhomogeneous  equa t ions  Anun = Vn, 

Au = v r e g u l a r  conve rgence  An ~ A and s table  conve rgence  An ~ A lead to equipotent  r e s u l t s  (Theorems  4.1,  

4.2, 5.1). When s tudying the e igenvatue  p r o b l e m s  Anun : kBnun,  Au = KBu with the aid of the s table  c o n v e r -  

gence An - XBn ~ A - XB we a re  able to prove  only the conve rgence  of the e igenva tues ,  white the e i g e n e t e -  

meri ts  can d ive rge ;  a pos i t ive  r e s u l t  here  holds only when An - kBn ~ A - XB r e g u l a r l y  for  al l  k in a n e i g h -  

borhood of the e igenva lue  k0 E a(A, B) be ing  s tudied,  inc lud ing  the point  X0 i t se l f .  In connec t ion  with th i s ,  in 

app l ica t ions  to conc re t e  approx imate  methods  we should t ry  to e s t a b l i s h  the r e g u l a r  convergence  of the c o r r e -  

sponding o p e r a t o r s  without a s s u m i n g  the inve r t ib iHty  of the l imi t  o p e r a t o r .  In a n u m b e r  of c a se s  this  can be 

done d i r ec t ly  (Secs. 8, 9); in some o the r  c a se s  (Secs. 7, 10) we obta in  the r e s u l t  needed  on the b a s i s  of the 

fol lowing s imple  a s s u m p t i o n :  i f B n  ~ B is  s tab le  and Cn ~ C is  compac t  and if ~ ( B ) = F  then An - -Bn  + Cn 

B + C = A  is r e g u l a r .  With the a im  of coherence  of the ba s i c  text  (Secs. 1-10) we have provided  only the m o s t  

n e c e s s a r y  l i t e r a t u r e  c i t a t ions .  Sect ion 11 con ta ins  a su rvey  of the l i t e r a t u r e  and c e r t a i n  s u p p l e m e n t s .  

In the text  we have not  expla ined  the fol lowing s t anda rd  no ta t ion :  ~ ( E ,  F) is the space of bounded l i n e a r  

o p e r a t o r s  (defined on all  E);  

W(A)~{uEE:Au=O}, ~(A)~{vEF:~=Au, uEE} 

a r e  the nu l l  space and the range  of o p e r a t o r  AE~ (E, F). By 

N = { I ,  2 . . . . .  n . . . .  } 

we denote the se t  of pos i t ive  i n t e g e r s  a n d b y  N ' ,  N", e t c . ,  i ts  inf ini te  s u b s e t s .  Wr i t i ng  a n --* a (n ~N')  denotes  

the conve rgence  of sequence  (an)nE N, to a as n ~ ~o ; wr i t i ng  a n --- cons t  (ll e N') denotes  that  the n u m b e r  s e -  

quence  (an)nEN' [s bounded f rom above by a cons t an t  not depending  on n .  We shal l  say that an a s s e r t i o n  is 

va l id  for  a l m o s t  al l  n if i t  is va l id  for n >- n 0, where  n o is some n u m b e r .  
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1 .  D i s c r e t e  C o n v e r g e n c e  o f  E l e m e n t s  a n d  F u n c t i o n a l s  

1.1. L e t  E a n d E  n (nEN) be  r e a l  ( K = R )  o r  c o m p l e x  ( K = C )  B a n a c h s p a c e s .  

o p e r a t o r s  Pn :E  - -  E n wi l l  be c a l l e d  a connec t ing  s y s t e m  for  E and En (n E N) if 

and 

II pnu II~n ~ II t~ II~ (hEN) vttfiE 

The s y s t e m  ) P =  (pn)nE~ of 

(1.1) 

[[ Pn (au + a' u') -- (ap,u + a'p~u')lle~-~ 0 
(1.2) 

(nEN) vu,  u '~E,  a, a'EK 

(asympto t i c  l i n e a r i t y  of Pn). We r e m a r k  tha t  if the connec t ing  o p e r a t o r s  Pn a r e  l i n e a r  and bounded ,  then by 

the p r i n c i p l e  of un i fo rm  b o u n d e d n e s s  (see [53]), f r o m  (1.1) we get  

1[ P,  t[ ~< const (nEN). (1.3) 

1.2. L e t  the Banach  s p a c e s  E and E n (n E N) and the connec t ing  s y s t e m  3 ~ ( p n )  fo r  t hem be g iven .  

Def in i t ion  1.1. The sequence  (un)~fiN,_cu of e l e m e n t s  u,EEn 5~-conve rges  to u E E  if Ilun - pnull ~ 0 (u~ N') ;  

we denote  tt~-,tt (nEN') o r  s i m p l y  u n -~ u ( n ~ N ' ) .  

Def in i t ion  1.2. The sequence  (Un)nE N of e l e m e n t s  u n ~ E n i s  : P - c o m p a c t  if any subsequence  {tt,~),~N,~j v Of 

it con ta ins  a : P - c o n v e r g e n t  subsequence  (Un)nEN,_CN- 

Def in i t ion  1.3. The sequence  (a*,)~EN,C_~ of func t iona l s  u~ E Er~ weak ly  5 ~ - c o n v e r g e s  to u*E E* if fo r  any 

: P - c o n v e r g e n t  s equence  (Un)neN' we have 

u.~u (nEN') =~ < Un, u~, ) ~ < u, u* > ( n E N ' ) ;  

. ,~  , 
we denote  u,~----~u (hEN') o r  s i m p l y  u ~ - - ~ u *  (nGN,). 

Def in i t ion  1.4. The sequence  (Un)nEN, u* EE n ,  is  weak ly  : P - c o m p a c t  if  any s u b s e q u e n c e  of  i t  con ta ins  a 

weak ly  :P - c o n v e r g e n t  subsequence .  

In ca se  E n = E ,  Pn = I (hEN) the concep t s  l i s t e d  deno te ,  r e s p e c t i v e l y ,  c o n v e r g e n c e  in the  n o r m  of 

sequence  (u,,)cE , i t s  ( r e l a t ive )  c o m p a c t n e s s ,  the weak* c o n v e r g e n c e  of sequence  (tt~)CE*, a n d i t s  weak* c o m -  

p a c t n e s s .  

1.3. F r o m  Def in i t ion  1.1 and p r o p e r t i e s  (1.1) and (1.2) of connec t ing  o p e r a t o r s  i t  fo l lows tha t  : P - c o n -  

v e r g e n c e  p o s s e s s e s  many  " c u s t o m a r y "  p r o p e r t i e s  of c o n v e r g e n c e .  We l i s t  the ma in  p r o p e r t i e s :  

u ,~u  (nEN), N'c_N=:>unou (nEN'); 

u~-~u~tl an II-~ II u It; 

un~O**ll .~ I1-+ o, 

in add i t i on ,  we can 2~ - a p p r o x i m a t e  each  u~ E ,  i . e . ,  fo r  i t  we can f ind a sequence  (Un), u n EE n ( e . g . ,  u n = PnU), 

such  that  u~ ~ u (nEN). 

If the connec t ing  o p e r a t o r s  Pn :E  - -  E n a r e  l i n e a r  and bounded ,  then f r o m  (1.3) fo l lows the add i t iona l  

p r o p e r t y  

~("}, ueE, I lu(~) -u l l -+0~p~u(") -~u .  (1.4) 

In the c a s e  of l i n e a r  bounded connec t ing  o p e r a t o r s  Pn : E -~ E n,  f r o m  (1.4) i m m e d i a t e l y  fo l lows the 1 . 4 .  

implication 

(tt(n))cE is relatively compact =~(PnU (n)) is :P-compact, 

The fo l lowing p r o p o s i t i o n  is a m o r e  p rofound  a s s e r t i o n .  

(1.5) 

important for applications. 
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alent: 

Propos i t i on  1.1. Let  Pn : E - -  E n (n E N) be l i n e a r  and bounded.  Then the fol lowing condi t ions  a re  equ iv -  

(a) the sequence (u n) is ~-compact and the set of its ~ -limit points is compact in E; 

(b) a relatively compact sequence (u(n))cE ' exists such that [lu n - Pnu(n)1] -- 0. 

We note that the set of ~-[imit points of a ~ -compact sequence is not necessarily compact in E, but 

will be compact if E is separable. 

1.5. For any bounded sequence (Un)nE N, u n E E n, we define the measure of noncompactness 

((u,)) = in[ {E [ v N ' c N ~ ( N " c _ N ' ,  u"EE):]I un --p~u" I[ ~< s (hEN')}. 

If (u n) is unbounded, i.e., lira sup Hun I] = ~ then we set #((Un)) = ~o. The noncompactness measure possesses 
n@N 

the properties 

0~< ~ ((u~)) 4 lira sup ]l u~ I]; 
n~N 

1 ~ ((Un))= 0~=>(ttn) ~"  compact;, 

~((au,))=lal}~((tt,)), aEK; 

((u~ + u'.))-.< ~ ((u.)) + ~ ((u'.)). 

. ~ , 

1.6. P ropos i t i on  1.2. The fol lowing condi t ions  (a) and (b) a re  equ iva len t :  (a) u,- - - -~u (hEN); (b) Ilu*l] -< 

eonst (nEN); (pn u ' , u * } -  <u ,u* n ' } Ca ~ N) for each u' from some subset E'cE dense in E. 

By E~prCE* we denote the subspace of weakly ~-approximatable functionals: 

,,~ ~, tt-----~u (hEN). 

It turns out that not always Eappr = E . 

Proposition 1.3. If E is separable then * = E* Eappr and, furthermore, for any u* e E* there exists a 

, ~ , 

sequence (Un*), u* E S*, such that  u~-----~u , II u~ Jl-~ It u* I1 (hEN). 

P ropos i t i on  1.4. F o r  any u E E ,  IIull = 1, let the re  ex i s t  u '  EE, [lu'll = 1, such that  Ilu - u'tl < 1 and let 

the norm in E be G~iteaux-differentiable at point u'. Then Eappr is total over E, i.e., 

uEE, ( u, u* > = 0  vtt*EE~pF~u=O. 

1.7. A weakly ~-compact sequence (u n) is bounded. In many cases the converse also is true. 

�9 E E*, is weakly ~-compact. Proposition 1.5. If E is separable, then each bounded sequence (u~), u n 

Proposition 1.6. Let E possess the property that each bounded sequence of elements of E* contains a 

weakly* convergent subsequence. Let Pn : E ~ E n (n E N) be linear and bounded. Then each bounded sequence 

(u*), u* E S*, is weakly ~ - e o m p a c t .  

The p rope r ty  m e n t i o n e d  in P ropos i t i on  1.6 is p o s s e s s e d  by s e pa r a b l e  spaces ,  re f lex ive  spaces ,  and 

W C G - s p a e e s  [144]. 

, ~ , 
1.8. Convergence  u~-*u has been  def ined for  u n 6 En,  u E E ; conve rgence  u~----~u has been  def ined for  

u* ~ E*,  u* E E*. In the case  of H i lbe r t  spaees  both kinds  of eonve rgence  have m e a n i n g  for  u n e En,  u E E. 

P ropos i t i on  1.7. In the case  of Hi[ber t  spaces  E = E*,  E n = E* Ca eN) there  holds the imp l i ca t ion  

1.9.  R e m a r k  1.1. S o m e t i m e s  in app l i ca t ions  the connec t ing  o p e r a t o r s  have ,  as  t he i r  n a t u r a l  domain ,  

only a c e r t a i n  subspaee  E'C_E dense  in E.  Let  p~ : E '  --~ E n (n E N) sa t i s fy  on E,  ana logs  of condi t ions  (1.1) and 

(1.2). it t u r n s o u t  that  then p~ can be extended up to Pn :E ~ E n ,  such that  condi t ions  (1.1) and (1.2) a r e  fu l -  

f i l led  for  g0_~(p~) on the whole of E.  The ex t ens ion  is not  un ique ;  however ,  the d i f fe ren t  ex t ens ions  lead to 

equ iva len t  concepts  of d i s e r e t e  eonve rgence :  if 25= (~),  ~pn:E-+_E~, are  some o the r  ex t ens ions  with p r o p e r t i e s  

(1.1) and (1.2), then 
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~ c o n v e r g e n e e  can be c h a r a c t e r i z e d  also without drawing on the ex tens ions  

un -, uv*w > 0  :~tt'EE':I[tt--tt' [i-.< c, lira sup l[un--p'nu' [[~<E. 

2 .  D i s c r e t e  C o n v e r g e n c e  o f  O p e r a t o r s  

2.1. Le t  there  be given the Banach spaces  E,  F ,  En,  F n (he N), the connect ing  s y s t e m  3~=(pn) fo r  E,  

E n (n EN), and the connect ing s y s t e m  ~ ( q n )  for  F ,  F n (n EN): 

A 

E - + F  
['nA~ [qn 

En -+ F~. 

Definition 2.1. The sequence of operatorsAn:En-~Fn(nEN) 3~N-eonverges  to o p e r a t o r  A :E  ~ F if for  

any : P - c o n v e r g e n t  sequence (Un) we have 

ttn~ U (nEN)==> Anun ~ Au (heN); 

we denote An~-~A o r  s imply  A n ~ A. 

Definit ion 2.2. The sequence of o p e r a t o r s  B n : E~ ~ F* (n E N) weakly ~ - c o n v e r g e s  to B : E* ~ F* if 

for  any weakly :F - conve rge n t  sequence (u~) we have 

u*~--r (nEN)==~Bnu*~--~->Btt* (hEN); 

we denote Bn~--~_~B o r  s imply  B n ~ B.  

2.2. The following a s s e r t i o n s  re la te  to a n u m b e r  of obvious (or a lmos t  obvious) c o r o l l a r i e s  of the defi-  

n i t ions .  

P ropos i t ion  2.1. 

(a) 

The following condit ions a re  equivalent  fo r  An~:~ (En, Fn), AE~ (E, F) 

An--> A (hEN); 

(b) ]] An I I<const  (nEN), [1Anpnu'--qnAu' II-+0 (nEN') 

fo r  each  u'  in some subset  E'cE dense in E. 

We note that  P ropos i t ion  1.2 is a specia l  case  of  P ropos i t ion  2.1 (the case  of F n = F = K, qn = 1). 

P ropos i t ion  2.2. The impl icat ion 

An---~ A=~ A *---o A * 

is valid forAnEZ(En, F,,), AEZ(E, F). If each bounded sequence (Vn) , Vn6 Fn, is weakly N - c o m p a c t  (see P a r a -  

graph  1.7), then 

~N A* N~ A* 

3.  R e g u l a r ,  S t a b l e ,  a n d  C o m p a c t  C o n v e r g e n c e  o f  O p e r a t o r s  

3.1. As in the p reced ing  sec t ion ,  let 5~=(pn) and N=(qn)  be connect ing s y s t e m s  for  the Banaeh spaces  

E,  En (nEN) and F ,  F n (n EN), r e s p e c t i v e l y .  

Definit ion 3.1. The sequence of o p e r a t o r s  AnE[g (E n, Fn)(nEN) conve rges  r egu l a r l y  (or p roper ly )  to the 

o p e r a t o r  AEZ (E, F) if An -* A and the following r egu la r i t y  condit ion is fulfi l led:  ttnEEn, [] Un ]]~<const, (Anltn) ~" 

unEEn, [[unl[~<const, (Anun)is ~-  compact =~(ttn) is ~-compact. 

Definit ion 3.2. The sequence of opera tors /3nEZ (En, Fn) (hEN) conve rges  s tably to the o p e r a t o r  B62~ (E, F) 

if Bn---~B and the following stabi l i ty  condition is fulf i l led:  B;'E~Z(F~, En)exis ts  fo r  a lmos t  all n,  where  

[[ B 2 ' [ [ ~ c o n s t  (n>no). 

Definition 3.3. The sequence of o p e r a t o r s  CnE~(E,, Fn)(nEN)converges compac t ly  to the o p e r a t o r  

C~Z (E, F) if Cn~SC and the following c o m p a c t n e s s  condit ion is fulfi l led:  

unEEn, [[ un [[ ~< const (nEN)=~(Cnun) is ~-  compact. 
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3.2. We indica te  c e r t a i n  p r o p e r t i e s  of the o p e r a t o r s  s t e m m i n g  f rom Def in i t ions  3.1-3.3.  

P ropos i t i on  3.1. Let  A n ~ A be r e g u l a r .  Let  the set  of g~- l imi t  poin ts  of any ~ - c o m p a e t  sequence  be 

compac t  in E (see P a r a g r a p h  1.4). Then we can f ind n o such that  

dim 2/" (An) 4 dim W (A) (n > no), dim W (A) < c~ ; 

.N (A,~)cF~ (n >~ no), ~ (A)~_F are c losed;  ; 

indAn~<indA (n>~no), if codim.N(A)<~o;  

ind A,~-,,- - -  o~, if c o d i m ~ ( A ) =  oo. 

Thus ,  AE~g (E, F) and A~EZ (E~, Fn) a r e ,  at the [eas t ,  s e m i - F r e d h o t m  o p e r a t o r s .  

P r o p o s i t i o n  3.2. If A n ~ A is  r e g u l a r  and AE2~ (E, F ) i s  a F r e d h o [ m  o p e r a t o r ,  then we can find T > 0 such 

that  ,a~((A~u,))>~ ~/~((u,)) for  any bounded  sequence  (Un)), u n E E n.  

Here  1~  and ~ a re  n o n c o m p a e t n e s s  m e a s u r e s  c o r r e s p o n d i n g  toE ,  E~, K ~ and F,  F~, N (see P a r a g r a p h  

1.5). We note  that the r e v e r s e  inequal i ty  , ~  ((A~u~))-<. c ~  ((u~)) with c = lirn supnEN][ An li follows f rom the g~N- 

conve rgence  A n ~ A without b r i n g i n g  in the r e g u l a r i t y  condi t ion .  

P ropos i t i on  3.2 has the fol lowing c o r o l l a r y :  if An ~ A is r e g u l a r  and A is  a F r e d h o t m  o p e r a t o r ,  then 

T 
we can find 5 > 0 such that  A n + A n ~ A + A '  is r e g u l a r  for  any A'~EZ(En, F~) such that  A~ -~ A and I[ A '  I]--< g (hEN). 

P r o p o s i t i o n  3.3. [ fB  n ~ B is  s t ab le ,  then IlBull -> Tllull for  any u E E ,  where  T = 1/SUPn_>n0llBnll[ > 0. 

[But it is not  ob l iga to ry  t h a t ~  (B)=F.]  

Indeed,  llBull = t im IIBnPnUll -> T i i m  IlPnUll = Tllull. 

A l m o s t  obvious is the fol lowing p ropos i t i on .  

P r o p o s i t i o n  3.4. K C n ~ C is compact  and if the set  of N - l i m i t  points  of any N - c o m p a c t  sequence  is 

compac t  in F ,  then o p e r a t o r  C i s  comple te ly  con t inuous .  

R e m a r k  3.1. In ease  E~=E, p~=I e, F~=F, q~=I e, A~. AE~(E, F), I[A~--AII-~0 (hEN) we have:  A n ~ A 

is r e g u l a r  if d i m J F ( A ) < o o  and JC(A)c_F is  c losed ;  An ~ A is  s tab le  and r e g u l a r  if XA-~Z(F,  E); An-->A is c o m -  

pact  if A is comple te ly  con t inuous .  

3.3. Let  us c l a r i fy  the i n t e r r e l a t i o n  be tween  the three  kinds  of conve rgence .  

P ropos i t i on  3.5. If for  B~, C,EZ(E~, F~), B, C~N(E, F) we have ~ ( B ) = F  and 

Bn--> B is stable, , C n--> C is compact., 

then 

A~--B,~-t- C~ ~ B -1- C~A is regular. 

The proof  is e l e m e n t a r y  and follows f rom the def in i t ions .  It is cu r ious  that  th is  p ropos i t ion  admi t s  of 

i n v e r s i o n :  

P ropos i t i on  3.6. Let  A n - -  A be r e g u l a r ,  where  A~6Z(E~, F~) andAGZ(E,  F) a re  F r e d h o t m  o p e r a t o r s  with 

zero index.  Let  Eappr* be total  o v e r  E (see P a r a g r a p h  1.6). Then A n and A a re  F r e d h o t m  o p e r a t o r s  in the 

fo rm A n = B  n + C n ,  A = B  + C such that  B n --- B is  s t ab le ,  C n - -  C is  compac t ,  and B-16Z(F, E) exis t s .  

4 .  C o n v e r g e n c e  o f  I n v e r s e  O p e r a t o r s .  C o n v e r g e n c e  

T h e o r e m  f o r  L i n e a r  O p e r a t o r  E q u a t i o n s  

THEOREM 4.1. The fol lowing condi t ions  (a), (b), and (e) for  operatorsAnEZ(E,, Fn) (n6N) and 

AEZ(E, F) a re  equ iva len t :  (a) An ~ A is  r e g u l a r ,  A n (n _> n 0) a re  F r e d h o l m  o p e r a t o r s  with zero index,  w ( A ) ~ -  

{0}; Ib) An - -  A is s t a b t e , S ( A ) = F ;  (c) An - -  A is s table  and r e g u l a r .  If any one of the condi t ions  (a), (b), (e) 

is  fu l f i l led ,  then A-1ES~ (F, E ) a n d  A-21~Z (F~, E~)(n> no) ex i s t  and An 1 -~ A-  1 is s tab le  and r e g u l a r .  

Proof .  (a)=~(6). B e c a u s e  A n is  a F r e d h o l m  o p e r a t o r  with zero  index,  the s tab i l i ty  condi t ion for  An r e -  

duees  to the inequa l i ty  

IlAnu~ll>~11~nll vu~En, n>no, 
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with some 7 > 0. Argu ing  to the c o n t r a r y ,  let us a s s u m e  that  for  c e r t a i n  u n E E n we have 

I I~, , l f -  1, [IA~unll-'.-O (nEN'~N). 

On the ba s i s  of the r e g u l a r i t y  condi t ion the sequence (u n) is  3~-compac t ,  tt~-+tt (n~_N"C_N'), iI ~ II= 1. Then 

Anu n ~ Au (n E N") and Au = 0, despi te  condi t ion (a). Thus ,  the s tab i l i ty  condi t ion is fulf i l led.  

To prove t h a t . ~ ( A ) = F  we take any v E F  and we denote u n = An~qn v. Then Ilunll -< cons t ,  (Anu n) is 

N - c o m p a c t ,  and on the b a s i s  of the r e g u l a r i t y  condit ion (tin) is 5~-compaet,  u n ~ u (nGN'C_N) . Hence,  AnU n 

Au (nEN' ) .  But  Anu n = qnv ~ v, t he re fo re  v = Au and vE-~(A). 

(b) =~(c) To e s t a b l i s h  the r e g u l a r i t y  condi t ion  it is enough to note that  

Anun-+ ~, v =  Aw=~ltn-+ U. (4.1) 

Indeed,  u n - pn u = An 1 [(AnU n - qn v) + (qnAu - AnPnU)] , 

II un --  p~u II "-< const ill A~u~ - -  q~v I1-1-II q~Au- -  A~pnu Ill ~ 0. 

(c)=>(a). We only need  show that JF(A)={0}.  This  follows f rom Propos i t i on  3.3. 

If one of the condi t ions  (a), (b), (e) is fu l f i l led ,  then the ones  r e m a i n i n g  a re  ful f i l led  and A~-~G~ (F,, En) 

(n >- n 0) ex is t  by v i r tue  of the s tab i l i ty  condi t ion ,  while A-~GZ (F, E )  e x i s t s  in view of the condi t ions  Jg'(A)={0}, 

. ~ ( A ) = F .  We r ewr i t e  the impl i ca t ion  (4.1) e s t a b l i she d  above in the fo rm 

vn -+ v=~ A2 '  vn -> A-'v. 

Thus ,  A 2 ' ~  A -~. This  convergence  is s tab le  s ince  [! (Anb-l l l  = IIAnll -< eons t  (see P ropos i t i on  2.1); f rom the 

equ iva lence  of (a) and (b) it follows that the convergence  indica ted  is r e g u l a r  as we[[. T h e o r e m  4.1 has been  

proved.  

T h e o r e m  4.1 can be t r e a t e d  as  a conve rgence  t he o r e m for  the l i n e a r  equa t ions  Au = v and Anu n = v n with 

AeS~ (E, F), A,~e~ (E,,, F . )  (n~N).  

THEOREM 4.2. Let  one of the equ iva len t  condi t ions  (a), (b), (c) in The o r e m 4.1 be fulf i t led and let  

v,~ ~- v (nfiN), Vn E F n ,  v ~ F.  Then the equat ion Au = v has a unique solut ion u ~ E,  for  a lmos t  al l  n the equat ion 

Anu n = v n has the unique solut ion Un E En,  and u~-+tt with the e s t i m a t e  

c, ][ A~pn~t -  v~ [le~--< I[ u ~ -  P ~  [[e~ < c~ II A~pn~t--v~ []e~, (4.2) 

whe re c, = 1 !sup ]l A, I I > 0, c~ = sup I[ A21][ < ~ .  
~T/~ n'~-~ 0 

V n  

The proof follows i m m e d i a t e l y  f rom T h e o r e m  4.1; e s t i m a t e  (4.2) follows f rom the equal i ty  An(~ n - pn fi) = 

- AnPn~. 

5 .  C o n v e r g e n c e  T h e o r e m s  f o r  N o n l i n e a r  E q u a t i o n s  

5.1. As before  let the re  be given the Banach  spaces  E,  En (n E N) with connec t ing  s y s t e m  ~ = ( p n )  and 

the Banach  spaces  F ,  F n (n E N) with connec t ing  s y s t e m  ~ = ( q n ) -  We c o n s i d e r  the equat ions  J / ~ = v  and Jlnttn= 

Vn, where the (in g e n e r a l ,  non l inea r )  o p e r a t o r s  J/ and J/n act  f rom E into F and f rom En into F n ,  r e s p e c t i v e l y .  

At f i r s t  we fo rmu la t e  one e l e m e n t a r y  t e m m a  on the so lvab i l i ty  of n o n l i n e a r  equa t ions .  

LEMMA 5.1. Let  o p e r a t o r  J/ be F r S c h e t - d i f f e r e n t i a b l e  in the sphere  S = {uE E :Ilu - u~ -< 50}. Let  

[.g'(u~ E) and ]l Jt '  (u~ -.< a, 1I[~4'(~0)l-ll]~b ex is t .  F i n a l l y ,  let q (0 -< q < 1) be found such that 

II ~t' ( u ) -  ~ '  (u0)ll < ~- for uGS, 

II .z.o-~o II--< ~ -  

Then in S the equat ion . ~ u = v  has a unique solut ion u and 

ct 

-< II ~ -  uo il < r-=--4' ~ = ll[~r (.~ (~ 4uo-  ~)11, 
'1 + q  

II . ~ u  ~  v It ..< ~-.<0 II ~ u 0 - m  II. 
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Sketch of the Proof .  Having rewr i t t en  the equation ~ 4 u = v  as u = Tu with Tu=u--[,/t'(u~ -I (~4u--v), on 

the b a s i s  of the [ e m m a ' s  hypo theses  we es t ab l i sh  that  T S c S  and T sa t i s f ies  on S a L ipsch i t z  condit ion with 

cons tan t  q,  i . e . ,  we apply B a n a c h ' s  fixed point  p r inc ip le .  

THEOREM 5.1. Le t  the fol lowing condi t ions  be fulf i l led:  

(I) The equat ion ~ 4 a = v  has the solution u 6E and o p e r a t o r  ~ is F r 6 c h e t - d i f f e r e n t i a b l e  at point  u; 

(II) we can find 6 > 0 such that  the o p e r a t o r s  ~4n (nGN) a re  F r6che t -d i f f e r en t i ab [e  in the appropr i a t e  

sphe re s  { u n E E n : l l u n - p n u l l  <-5}, and for  any e >  0 we can find 6e > 0 (5e -<5)  such that  

il ~r (an) -  ~'n (P~)!I ~< e (ncg) for llun-pn~l ~< 8s (nON); 

(III) ]1 ~4npn~--Wn II-~0 (nEN); 

(IV) one of  the (equivalent) condi t ions  (a), (b), (e) of T h e o r e m  4.1 is fulfi l led for  A = r 1 6 2  (~)EZ (E, F), A n =  

~ ;  6on~)e:~ (En, F A .  

Then we can find 6 0 (0 < 5 0 -< 6) such that  fo r  a lmos t  all  n the equation~ntt~ =Vn has  a unique solution 

Un m the sphere  IlUn - pnu[I -< 60. M o r e o v e r ,  un~u with the e s t ima te  (el, c2 = e o n s t  > 0) 

Cl ][ ,Anpn~l-- "On J[F n < [I ~ln - -  Pn ~l 111~ n < C2 I[ 'f~n!Pn ~ - -  "On [IF n" (5.1) 

Proof .  By v i r tue  of the s tabi l i ty  condit ion and of P ropos i t ion  (2.1), 

1[ J'n (P,U)/] < a = cons[, ]l[~g' (Pnu)l-'[[ < b = c o n s t  ( n >  no). (5.2) 

We fix q ~ (0, 1). By condit ion (II) we can find 50 > 0 such that  

sup I[ ~4; (un)-- ~4; (p~u)l ] < q (hEN). (5.3) 
Jlun--p~tl-.<~o 

Fina l ly ,  condit ion (IID enables  us to take it that  

1[ ~4~p~u--v~ ]14 ~~ ( l - q )  (n>~no). (5.4) 
b 

Inequal i t ies  (5.2)-(5.4) s ignify that  the hypotheses  of L e m m a  5.1 have been fulfi l led fo r  the equation ,AnUn= vn 

when n -> n o ( instead of ~4, E ,  F ,  u ~ e tc . ,  we should cons ide r  jr En, F~, ~0 p ~ ,  e tc . ) .  The t h e o r e m ' s  a s -  

se r t ion  follows immed ia t e ly  f r o m  the [ emma .  

5.2. We shall  now reckon  the spaces  E,  F ,  En,  F n (n ~ N) to be rea l .  Using the concept  of the ro ta t ion 

[76] of comple te ly  cont inuous v e c t o r  f ields (or the equivalent  concept  of the degree  of  a mapping) ,  we can 

e s t ab l i sh  the conve rgence  of the approx ima te  solut ions for  a ce r ta in  c l a s s  of equat ions  with nondi f ferent iab te  

o p e r a t o r s .  We cons ide r  the equat ions  Au : F N u = 0  and A~u~+Nnun=O with l inear  o p e r a t o r s  A~:g(E, F), 

An~Z (En, Fn)and non l inea r  comple te ly  continuous o p e r a t o r s  N : ~ c E ~ F ,  N n : ~ c E n ~ F ~ .  Here  ~ c E ,  ~ n c E ~  

a re  nonempty  bounded open se t s  with c l o s u r e s  f~, fin and bounda r i e s  8f~, 8f~n cons i s ten t  among  t h e m s e l v e s  by 

the fol lowing eondi t ions:  

u n ~ ,  an ~ u (n~N'c_N)::~uC~; (5.5) 

un~O~, un-~ u (n~N'~_N)=~u~Og2. 

THEOREM 5.2. Let  the following condi t ions  be fulf i l led:  

(I) One of the (equivalent) condi t ions  (a), (b), (c) f r o m  T h e o r e m  4.1 is fulfi l led fo r  A~Z (E, F), A ~ Z  (E~, F~) ; 

(II) .~3n-~3-8 is c o m p a c t ,  i . e . ,  

Un~n (n@N):==~(~un) is ~ -  compact; 

(III) the equation A a @ ~ a = 0  does not have solut ions on 8~,  and the ro ta t ion  of the comple te ly  cont inuous 

v e c t o r  f ield u~A-~g3a on boundary  a~2 is n o n z e r o :  

)' (I-I- A-~N; 09.)=/=0. (5.6) 
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Then the se t  ~gc~  of so lu t ions  of equat ion At tq-~u:O is  n o n e m p t y ,  the se t  ~ of so lu t ions  of e q u a -  

t ion Anu,,-{-~nUn=O i s  nonempty  for  a l m o s t  art  n.  Any sequence  (Un) wi th  u:E~ is 3 ~ - c o m p a c t  and i ts  5 ~  

In p a r t i c u l a r ,  if  og c o n s i s t s  of one point  ~ [of t o p o l o g i c a l  index n o n z e r o  by  v i r tue  of (5.6)], po in ts  be long  to % 

then an--> ~t. 

R e m a r k  5.1. L e t  the open bounded  s e t s  ~ ' c F  and ~'n c F n  (nEN) be c o n s i s t e n t  a n a l o g o u s l y  to (5.5): 

vvE~'  a(vn):%E~'n, %.+ca (nEN); 

vnE~'~ , % .+ ca (ns 

G 
canE09~'~ , can-+ ca (nEN'cN)~caEOg/. 

Taking  as  fu l f i l l ed  the condi t ion (I) in T h e o r e m  5.2, we se t  S2 = A-lgt  ' ,  S2 n = AntS2n . Then the c o n s i s t e n c y  con -  

d i t ions  (5.5) a r e  fuKi i ted  fo r  ~2 and ~2n; condi t ion  (5.6) is  equ iva l en t  to the condi t ion  

~ (I.@ ~A-*; ~ ' )  ~0.  

R e m a r k  5.2. Condi t ion (II) in T h e o r e m  5.2 c a n b e  r e p l a c e d b y  the l e s s  r e s t r i c t i v e  cond i t ions :  sup%E% II~ttnil 

cons t  (hE N) and A~-~k~n.+A-~k~ is  r e g u l a r  vk~[0, 1], i . e . ,  

5 ~ G 
g t n ~ n ,  a n .+ lt=::>~nltn --->- ~ t t ;  

unE~n, (Anltn § ~nun)  is Q- compact ~(un) is ~ -  compact. 

In such a fo rmu la t i on  T h e o r e m  5.2 r e m a i n s  in fo rce  a l so  fo r  a c e r t a i n  c l a s s  of equa t ions  with n o n c o m p a c t  

o p e r a t o r s  ~ : ~ . + F .  See [199] r e g a r d i n g  th i s .  

5.3. Scheme of the P r o o f  of T h e o r e m  5.2. F r o m  cond i t ions  (I) and (II) it  fo l lows tha t  A T ~ n . + A - ~ i s  
c o m p a c t .  The p roo f  of the i n v a r i a n c e  of the r o t a t i o n  has  a b a s i c  d i f f icu l ty :  if the c o m p a c t  c o n v e r g e n c e  Tn 

T holds  fo r  the c o m p l e t e l y  cont inuous  o p e r a t o r s  T n : ~n ~ En and T : ~ ~ E and if T does  not  have f ixed  po in ts  

on agt, then for  a l m o s t  a l l  n the o p e r a t o r  T n does  not  have f ixed  po in ts  on ~2 n,  and 

y(l--Yn; & q n ) = y ( I - - Y ;  d~) (n>no). 

Having e s t a b l i s h e d  t h i s ,  we shaft  have 

and when n >- 0 the equat ion  A~ttn@52nun=O has  the so lu t ion  Un ~ fin. F r o m  the equa l i t y  ~ - k  AnLJ~nttn=O and the 

~ - c o m p a c t n e s s  of (A;~nUn)we obta in  the 3 ~ - c o m p a c t n e s s  of  (Un). If ~n-+u. (nEN'cN), then A;~ffan.+A-~3~t, 
and u - k A - ~ = 0 ,  A ~ t + ~ = 0 .  

6. The Eigenvalue Problem 

6.1. Let E, F, En, F n (n EN) be eompiex Banach spaces; ;~ = (Pn) be the conneeting system for E, 

E n (nGN), ~ =(q~) be the connecting system for F, Fn (nEN); A (k) E~ (E, F), An (k) E~ (E,, Fn) (nEN) depend on 

the parameter 3.. We consider the problems 

and A (),) u : 0  (6.1) 

A n (k) t6 = 0. (6.2) 

L e t  A be some  domain  (an open connec t ed  set)  in the c o m p l e x  p lane .  We in t roduce  the cond i t ions :  

1 ~ A n ( k ) ~  A(X) is r e g u l a r  fo r  each  h CA; 

2 ~ fo r  e ach  k E h the o p e r a t o r s  A (k) EZ (E, F), A n (k)E~ (En, Fn) (hEN) a r e  F r e d h o l m  with ze ro  index;  

3 ~ t h e r e  e x i s t s  k '  E A such tha t  J~ (A (k'))~{0}; 

4 ~ the o p e r a t o r - v a l u e d  funct ions  A ( . ) :A.+ 2~ (E, F), An (.):A-+5~ (E,,, F,,) (n E N) a r e  h o l o m o r p h i c * ;  

5 ~ the o p e r a t o r - v a l u e d  funct ions  An( .  ) (n E N) a r e  u n i f o r m l y  bounded  on e a c h  c l o s e d  bounded  s u b s e t  

A o C A ,  i . e . ,  NA n (X)ll - c(A O) = cons t (k~  A0; n E N). 

*We r e c a l l  [73] tha t  A(X) i s  h o i o m o r p h i c  in A if for  any u~ E,  v* EF* the funet ion a u , v , : A  ~ C, au ,v . (X)  = 

{A(X)u, v* ) ,  is  h o i o m o r p h i c .  
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By E we denote [the spectrum of problem (6.1) in A] the set of those X eA for which a bounded inverse to 

A (~,), defined on the whole of F, does not exist; the spectrum E n of problem (6.2) in A is defined mlalogousiy. 

From conditions 2~ ~ it follows (see [123, 80, 81, for instance) that E consists of isolated eigenvMues of 

finite root multiplicity (a condensation of the eigenvMues to the boundary of domain A is possible). 

THEOREM 6.1. Let conditions 1~ ~ be fulfilled. Then the following statements are valid. 

1. For each X 0~E the sequence (Xn), X nEEn, X n ~ k 0 (n ~n0), exists. Conversely, if k n ~X 0EA, 

knEE n (nEN'CN), then 7% E E. 

2. If u~ ]}u ~ I=1, A,~(k,,)u~ and },~-+XoEA (nEN'CN), then the sequence  (u~ is  5 ~ - c o m p a c t  and fo r  

the l i m i t  po in ts  u~ E we have Ilu~ = 1, A(~0)u ~ = 0. 

~o*~F* --> _ 3. If ,l- =, II v~ l l=  1, IA~ 0',,)]* v ~ = 0  and ~= XoEA (nEN'CN), then the sequence  (Vn*) is  weak ly  ~ - c o m p a c t  

and  fo r  the l i m i t  po in t s  v* ~ F* we have v* # 0, [A 0v0)]*v* = 0. 

R e m a r k  6.1. S t a t e m e n t  1 in T h e o r e m  6.1 r e m a i n s  in f o r c e  if one of  the fo l lowing (equivalent)  cond i t ions  

is  fu l f i l l ed  i n s t e a d  of 1~ 

(a) An(X) ~ A(X) is  r e g u l a r  fo r  e ach  },EA\E; 

(b) An(~,) ~ A(X) is  s t a b l e ,  for  e a c h  t, E A \ E .  The r e m a i n i n g  s t a t e m e n t s  in T h e o r e m  6.1 lose  f o r c e .  

6.2. The roo t  s u b s p a c e  W(/, 0) of p r o b l e m  (6.1), c o r r e s p o n d i n g  to 1'0 ~ E, is  the l i n e a r  hull  of a l l  p o s s i b l e  

e i g e n e t e m e n t s  and ad jo in t ed  e l e m e n t s  of i t ,  c o r r e s p o n d i n g  to X 0 E E; the J o r d a n  chain  {u ~ u 1 . . . . .  uk}of length  

k + 1 of e l e m e n t s  a d j o i n e d  to uoE~ (A (Xo)) i s  de f ined  by the cond i t ions  

A 0,o) u0 = 0 (uO 4= 0), 

A (Xo) u 1 + A'  0'o) u~ = 0, 

A (},0) u2 q- A'  0.o) u' + ~ A" (}'o) u~ = 0, (6.3) 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  . o . o . . . 

1 A(k) (Xo)uO=O" A (~.o) uk + A' (~,o) u~-~ + 1 A" (ko) u k-2 + . . .  + ~., 

The m u l t i p l i c i t y  u(u ~ of e i g e n e l e m e n t  u ~ is  the g r e a t e s t  length  of the J o r d a n  cha ins  s t a r t i n g  f r o m  u ~ The 

o p e r a t o r - v a l u e d  funct ion [A(X)] -~ has  a pole  a t  point  X 0 and i t s  o r d e r  >t equa l s  the l a r g e s t  m u l t i p l i c i t y  v(u ~ of 

the eigenetementsuOEJF(A(ko)), i . e . ,  x =  max ~(uO)< oo. 
u ,~ ' (a (~ .o ) )  ,uo~-o 

The p r o p e r  s u b s p a e e  J/ '(A0,0)) is  d e c o m p o s e d  into the d i r e c t  sum 

(A (Xo)) = W,  + dr2 + . . .  + ~ I  

of  s u b s p a c e s  J k  c o n s i s t i n g  of e i g e n e l e m e n t s  of l ike  m u l t i p l i c i t y  Zk ,  so that  z = ~<t > �9 �9 �9 > ~ l  -> 1. Le t  

{u 1,~ u 2,~ . . . . .  u m,~  be a b a s i s  of ~(A(Xo))  m a d e  up of the b a s e s  of ~'~ . . . . .  W~ and le t  {uJ ,~  uj,1 . . . . .  uj,Vj} 

be  a J o r d a n  chain  of m a x i m u m  length  [ i . e . ,  vj = v(uJ,~ _ 1] s t a r t i n g  f r o m  uJ,~ (j = 1, 2 . . . . .  m) .  Then the 

l i n e a r  hul l  of e l e m e n t s  uJ, k,  k = O, 1 . . . . .  vj ,  j = 1, 2 . . . . .  m ,  c o i n c i d e s  with W(X0). 

L e t  p~ :W(X0) ~ E n (hE N) be l i n e a r  o p e r a t o r s  such  tha t  IP~ u - pnu[I - -  0 (n EN) for  e ach  u E W(k0). We 

fix some  v~6~/" ([A~ (k~)l*)cF ~, II v~ li = 1, and  we denote  

~0) = max I< An (Xo),-~-~176 v*~ )1, 
] = I  . . . . .  m 

~(~)= max I(  A,,(~'o)p~176 ]'~ v*~ )1, 
]=l,...,llt 

v ] > l  

1 A "  o 1o ~)* ~ ) =  max [(A~(Xo)pOu],~+A (Xo)pOui,~+W. ~(ko)p,~u,, ) l  
]~ l , . . . , rn  n 

'v]~2 

e t c . ,  v i z . ,  the a p p r o x i m a t i o n  e r r o r s  of the roo t  r e l a t i o n s  (6.3) fo r  the chosen  b a s i s  W(A(Xo) ). It i s  c l e a r  tha t  

4 k ) ~ 0  (n6N) ,  k = 0 , 1  ..... ~ -  1. 

THEOREM 6.2. L e t  cond i t ions  1~ ~ be fu t f i t l ed .  Then fo r  Xn E Y'n, Xn - -  X0 ~ E,  and u~ 0'~)), 
!lu~ = 1, the e s t i m a t e s  

I x ~ -  ~o I< c I(~0>):/~ + (~(f)~(~-~ + . . .  + ~ - :~ l ,  (6.4) 

A c c o r d i n g  to P r o p o s i t i o n  3.3 s t ab le  c o n v e r g e n c e  at  po in t s  k E E is i m p o s s i b l e .  
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d ~  ( n, p O ~  (A (k0))) -.< c [J k~-- k 0 [ +  max II An (k0) p~176 [I], (6.5) 
] ~ I  . . . .  ,m 

w h e r e  c = cons t  and dEn is  the d i s t a n c e  in the m e t r i c  of s p a c e  En,  a r e  va l id .  

R e m a r k  6.2. If qn : F ~ F n (n ~ N) a r e  l i n e a r  and bounded ,  then e s t i m a t e  (6.4) can be given the m o r e  

v i s ib l e  f o r m  

w h e r e  e 5 -< c /6  x - 1 ,  c = c o n s t ,  

(6.6) 

en.~=max max [( An(k) p~ (k) u, v~ } I, (6.7) 
1~,-~oI=5 uQ W (~,o) ,llull=l 

5 is  any pos i t i ve  n u m b e r  such that  the d i s k  IX - k01 --- 5 i s  con ta ined  in A. If Pn : E ~ E n (n E N) a r e  a l so  

l i n e a r ,  then we can se t  p~ = Pn (n E N). 

6.3. Le t  us c o n s i d e r  the p r o b l e m s  with a l i n e a r  o c c u r r e n c e  of the p a r a m e t e r :  

Au=kBu, A, BE~(E,F); (6.8) 

Anu,,- - kB,,u,,, A~, B,,E~ (En, F,,). (6.9) 

F o r  such p r o b l e m s  the r e s u l t s  of the p r e c e d i n g  p a r a g r a p h s  can be ex t ended .  By a(A,  B) we denote the s p e c -  

t r u m  of p r o b l e m  (6.8), i . e . ,  the se t  of those  k E C  for  which A--kBE~(E, F)does  not  have a bounded  i n v e r s e  

def ined  on the whole of  F .  We a s s u m e  that  cond i t ions  2 ~ and 3 ~ a r e  fu l f i l l ed  fo r  A(~,): = A - kB and An(~,): = 

A n - LB n. L e t  koE~(A, B)F/A, whi le  5 > 0 i s  su f f i c i en t ly  s m a l l ,  so that  the d i sk  Ik - k01 --- 5 is  con ta ined  in A 

and in th is  d i sk  t h e r e  a r e  no o t h e r  po in ts  of ~(A, B) b e s i d e s  k 0. We in t roduee  the nota t ion:  ~/(k0)_cE is the 

roo t  s u b s p a c e  of p r o b l e m  (6.8) [of the o p e r a t o r - v a l u e d  funct ion A (k) - A - XB] c o r r e s p o n d i n g  to ko; W* (k0)___F* 

is  the roo t  s u b s p a c e  of the p r o b l e m  A ' v *  = M3*v* ad jo in t  to (6.8), c o r r e s p o n d i n g  to k0; W~ (k0; B)_cE~ is  the 

l i n e a r  hul l  of the roo t  s u b s p a c e s  of p r o b l e m  (6.9), c o r r e s p o n d i n g  to the e i g e n v a l u e s  f r o m  d i sk  IX - k0l -< 5; 

W~ (ko; &)cF~ is  the ana logous  l i n e a r  hull  fo r  the p r o b l e m  ad jo in t  to (6.9). 

We note tha t  in the ca se  given cond i t ions  (6.3) def in ing  the Jo rdan  chain  {u ~ u 1 . . . . .  u k} take  the f o r m  

(A--koB)uo:o (u0=# 0), 

(A - -  koB ) u I ~ Btt o, 
. . . . . . . . . . .  (6.1o) 

(A - -  k0 B) u ~ = Bu ~-1 . 

THEOREM 6.3. Le t  cond i t ions  1~ ~ be fu l f i l l ed  fo r  the l i n e a r  o p e r a t o r - v a l u e d  funct ions  A (k) = A - 

AB, An(k) = A n - AB n. Then s t a t e m e n t s  1-3  in T h e o r e m  6.1 [ w i t h E = , ( A ,  B)F1A, En=*(A,,B~,)F1A] and the fo l -  

lowing s t a t e m e n t s  4 -6  a r e  va l id .  

4. F o r  each  u ~ W(k0) the sequence  (u,,), u~EWn (k0; &), un-->a (n>~n0), e x i s t s .  C o n v e r s e l y ,  any sequence  

(u n) with u n EWn(k0; 6), Ilunl] = 1, is  ~ - c o m p a c t  with l i m i t  po in t s  u EW(X0), Ilult = 1. M o r e o v e r ,  fo r  [he open -  

Lug 

0~.(W,(X0; [), p~y0 ,o ) )=max[  max dE.(u,,, p,~ max dE~(p~u, W~(X0; ~))) 
j Un~Wn(~,o;5) uQW (go) I I. ] lgnt]=l  ] luN~l 

t h e r e  holds  the c o n v e r g e n c e  OEn(Wn(ko; 6), Pn~ ~ 0, and ,  hence ,  d imWn(ko;  5) = d i m W ( k  o) fo r  a l m o s t  a l l  

n .  Here  P~ :W(ko) ~ En (n E N) a r e  any l i n e a r  o p e r a t o r s  such  tha t  [[ p~u--pnu ][ ~0  (hEN) VaEPY (ko). 

5. F o r  each  v* E W*(k0) the sequence  (v~), ~EW~ (ko; ~), v~S__~v* (n>~ no), e x i s t s .  C o n v e r s e l y ,  any s e -  

quence (v*) with v~ E * W~(ko; 5), IIv~[] = 1, i s  weak ly  ~ - c o m p a d t  with l i m i t  po in t s  v* ~W*(k0) , v* ~ O. 

6. The e s t i m a t e s  

I z,,-Xo I-.< c~W", I ~.,,- ko I~< c~,,, (6.11) 

de~(u~ P~176 c [  [kn-k~ [](A"--k~176 "<c[[k'-k~ (6.12) 

ee  n (Wn (ko; ~), p~ (Xo)) ~<c~' n (6.13) 
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a re  va l id ,  where  c = cons t ,  k n is  any e igenva lue  of p r o b l e m  (6.9) f rom the disk IX - Xol -< 5, while U~ is any 

n o r m e d  e i g e n e l e m e n t  (Anun ~ = XnBnu~ IlU~ = 1); i n is the a r i t h m e t i c  m e a n  of the e igenva lues  of p r o b l e m  (6.9) 

f rom the disk IX - k01 -< 5, where  each  of them is taken as m a n y  t i m e s  as i ts  root  mu l t i p l i c i t y  (the d i mens ion  

of the c o r r e s p o n d i n g  root  subspace) ;  z is the g r e a t e s t  l eng thof  the Jo rdan  chains  of p r o b l e m  (6.8), c o r r e s p o n d -  

ing to k0E~ (A, B) N A; 

~ . =  max max I ( (A . - -k0B. )  n~ B n~ * 
~ ' n  - -  ~ , r n  , v .  } I, (6.14) 

vn (~IVn(X,;5) u.u'O_.W(~e).l]ull=l 
(A--I.oB)u=Bu' 

Ilo;ll=~ 

s ' . =  max ]1 ( A . - - k 0 B . ) p ~ 1 7 6  ]]&. (6.15) 
u,u 'Ew(~o), l lulI~l  

(A--~.oB)u=Ba' 

In c l a r i fy ing  the def in i t ions  of en and e~ we r e m a r k  that  for  each u 6W(X 0) there  ex i s t s  a uniquely  defined 

u '  EW(k 0) such that (A - k0B)u = B u '  [for rtEJF(A--koB ) t h i s  wil l  be u '  = 0]. The quan t i t i e s  en and e~ c h a r a c -  

t e r i ze  the a c c u r a c y  of the approx ima t ion  of the roo t  r e l a t i ons  (6.10) by o p e r a t o r s  A n and Bn.  We note as well  

that  the f i r s t  of e s t i m a t e s  (6.11) somewhat  c o a r s e n s  and s imp l i f i e s  e s t i m a t e  (6.4), which, i t i s  c l e a r ,  i s  va l id  

in the given case .  

K qn : F ~ F n {n EN) a re  l i n e a r  and bounded ,  we have 

a. ~< ~ < c max (ll A.P ~  q.Au II-~-li B.P ~ 11. (6.16) 
tt (;'~V(~o). Ilul[=l 

R e m a r k  6.3. Let  condi t ions  2 ~ and 3 ~ and one of the fol lowing (equivalent)  condi t ions  ins tead  of 1 ~ be 

ful f i l led:  

(a) A n - kB n ~ A - kB is  r e g u l a r  for  each  *EA\~ (A, B); 

(b) A n - kB n ~ A - kB is  s table  for  each kEA\~(A, B) (of. R e m a r k  6.1). 

Then dim Wn(k0; 5) -> dim W(k 0) for  a l m o s t  al l  n and s t a t e m e n t s  2-6 of T h e o r e m  6.3 lose fo rce .  But  if for  a l -  

m o s t  all  n it happens  that  dimWn(X0; 5) = dim W(k0), then the conve rgence  An - kBn ~ A - kB wil l  be r e g u l a r  

also for  k = 7,. o and the s t a t e m e n t s  in T h e o r e m  6.3 wil l  be val id .  

6.4. Let  us e o n s i d e r  the ease  of p ro j ec t ion  methods .  Let  E and F be s e pa r a b l e  complex  Banach  spaee s ,  

E.~E  and F~%F be f i n i t e - d i m e n s i o n a l  s u b s p a c e s ,  d im En = dim F n ,  and q~E~ (F, F ) b e  p r o j e c t o r s ,  qnF = Fn  

(n E N). As A., B.ES~ (E., F.) we take the r e s t r i c t i o n s  A n = q n A I E n ,  B n = qn B I En ,  i . e . ,  Eq. (6.9) has the fo rm 

q,, (A--kB) u~ = 0  (u~EE.). (6.17) 

THEOREM 6.4. Let  A, B, CE.Y(E,F), where  B and C are  comple te ly  eon t inuous ,  .~(A-i-C)=F and 
~/ ' (A--X'B)={0} for  some X'EC.  Let  I I v - q n V l I F ~  0 (nEN) f o r e a e h v ~ F a n d  

I] qn (A + C) u. I]~. >~ ~/II u. II~ (n > no; ~.~!E,,) 

with some cons t an t  y > 0 not  depending  on n and u n E E n .  Then the s t a t e m e n t s  in T h e o r e m s  6.1 and 6.3 with 

A = C a re  val id  for  p r o b l e m s  (6.8) and (6.17); m o r e o v e r ,  e s t i m a t e s  (6.11)-(6.13) take the f o r m  

tX.--X0 [-.<c l~ ~*W ~ * , .~ , ! 2 n - x 0 I < c ~ . ~ ,  ( 6 . 1 8 )  

d E (u ~ .Af (A --  koB)) -% cs~/u, 0 E (IF. (X0; ~), W (ko)) < cs., (6.19) 

whe re 

.an= max d e (it, En) , s*=  max ]] v*--q~v* I],-., (6.20) 
uGW (~.o) .ltull=l n v*~w*(7%) .tlv*][=l 

q~E~ (F*, F*) is the p r o j e c t o r  conjugate  to q n ~  (/~, F)  . 

R e m a r k  6.4. Note that  in the hypotheses  of T h e o r e m  6.4 the re  ex i s t  p r o j e c t o r s  p,E~ (E, E) such that  

pn E = E  n a n d  Ilu n - p n u l l  ~ 0 (hEN) for  e a c h u [ E .  It is c l e a r  that 

~.~< max []tt--p,,u[t~<c~., e =  1 -t- lira sup ]l p~ [1~0o. 
uCw(~0),llull~l 

6.5. Let  E be a s epa rab l e  re f lex ive  complex  Banach  space con t inuous ly  and dense ly  imbedded  in a Hi i -  

b e r t  spaee H. Then H is con t inuous ly  and dense ly  imbedded in E* (which below we take as F): 
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EcHcE*.  

Le t  E,,cE (hEN) be  f i n i t e - d i m e n s i o n a l  s u b s p a o e s  and qn be  o r t h o p r o j e e t o r s  in H, p r o j e e t i n g  onto En;  they  

a d m i t  of ex t ens ion  by  continuity up to p r o j e c t o r s  qng2Z (E*, E*). The p r o j e c t i o n  me thod  (6.17) fo r  so lv ing  p r o b -  

l em (6.8) i s ,  in the e a s e  g iven ,  G a l e r k i n ' s  m e t h o d .  

THEOREM 6.5. L e t A ,  B, CC:g(E, E*), where  I3 and C a r e  c o m p l e t e l y  con t inuous ,  ~ (A - -  ~,'B) -= {0} .for 

some  X' E C, and l e t  

I(Au + Cu, u)[ > W 11 u 112e VuEE (6.21) 

with some  3' > 0. L e t  qn be o r t h o p r o j e c t o r s  in H,  qn H = En,  

dz(u, En)--+O (hEN) vuEE. (6.22) 

Then s t a t e m e n t s  1-5  in T h e o r e m s  6.1 and 6.3 with A = C and the e s t i m a t e s  

[ kn - -  }'0 l ~  C @nSn )I]~r [ ~n - -  X0 I "~ Cen~n , (6.23) 

max de(tin, d~ ( A - -  k0B))-.< "~m ~ n  
U n@~/"( An--LnB n) 

I1~11 =t (6.24) 

max de(un, J~((A--XoB)*)<c(s*~) TM, 
Un~_~,V't ( At,--Z, nen)*) 

Oe (Wn (Xo; ~), W 0'o))'-< c-n, Oe (W; (Xo; ~), W* (Xo)) 4 cs*~, (6.25) 

w h e r e  

% -  max de(u,  En), 
uCW/(M) ,llul[~ t 

a r e  va l id  fo r  p r o b l e m s  (6.8) and (6.17). 

a ~ -  max de(u,  E , ) ,  
u~W*(~o),[lul]~l 

This  t h e o r e m  is  a s  wel t  a c o r o l l a r y  of T h e o r e m s  6.2 and 6.3 with An=q,,A ] En, Bn=q,~Bi E,,Eg (E,,, E;), 
space  EI~ c o i n c i d e s ,  by  s t r u c t u r e  of the e l e m e n t s ,  with E n and has  the n o r m  ][u~ lie. ~ sup I(un, u~)HI dual  to 

n n~Er~:ltunl[E=l �9 

E n (this n o r m  is  a weak  n o r m ,  induced  f r o m  E*,  and  t] qn 115~(z.,e~ ) < 1 a l though ,  in g e n e r a l ,  [[ q~ I]~ce*.e*l ~ c~). 

Condi t ion (6.22) p e r m i t s  us to c o n s t r u c t  in a n a t u r a l  m a n n e r  the connec t ing  s y s t e m  5~=(pn) fo r  E and En (n E N) 

such  tha t  u~-+u wi l l  denote  I]Un - u[I - -  0, u n E En ,  u E E.  The connec t ing  s y s t e m  for  E* and E* (n e N) wi l l  be  

Q = (qn). F r o m  (6.21) i t  fo l lows tha t  An + Cn ~ A + C i s  s t a b l e ,  ~ ( A + C  }= F ,  whi le  f r o m  the c o m p l e t e  con-  

t inu i ty  of B, Ce:~ (E, E*) i t  fo l lows tha t  B n ~ B,  C n ~ C is  c o m p a c t  [see (1.5)]; on the b a s i s  of P r o p o s i t i o n  3.5, 

A n - M3 n - -  A - XB is  r e g u l a r  fo r  e ach  X~ C, and T h e o r e m s  6.1 and 6.3 a r e  a p p l i c a b l e  with A = C. 

R e s u l t s  on the c o n v e r g e n c e  of p r o j e c t i o n  m e t h o d s ,  ana logous  to T h e o r e m s  6.4 and 6.5, a r e  va l id  fo r  

p r o b l e m  (6.1) wi th  a n o n l i n e a r  o c c u r r e n c e  of p a r a m e t e r  X; the c o r r e s p o n d i n g  f o r m u l a t i o n s  a r e  ob ta ined  on the 

b a s i s  of T h e o r e m s  6.1 and 6.2. 

R e m a r k  6.5. L e t  the h y p o t h e s e s  of T h e o r e m  6.5 be  fu l f i l l ed  wi th  C = 0 and le t  A* = A,  B* = B.  Then 

W O,o)=.~(A--XoB), i . e . ,  e s t i m a t e s  (6.23) and (6.24) a r e  va l id  with ~ = 1. 

7 .  M e t h o d  o f  M e c h a n i c a l  Q u a d r a t u r e s  

7.1. We c o n s i d e r  the i n t e g r a l  equa t ion  

it) = i 0 (t, s) u (s) dr  (s) + v (t), (7 U 

D 

where  D is  a c o m p a c t  m e t r i c  space  (e. g . ,  a c l o s e d  bounded  domain  in Rm) ,  p is  a r e g u l a r  (see [50]) bounded  

m e a s u r e  on D (e. g . ,  the L e b e s g u e  m e a s u r e ) ,  v : D ~ K and G :D • D -~ K a r e  cont inuous  func t ions .  Le t  t h e r e  

be  given a c e r t a i n  c o n v e r g e n t  q u a d r a t u r e  f o r m u l a  

f W (s) dt~ (s) = 2 ~jnw (sjn) + % (W) (n~N) (7.2) 
D ]~I  

with nodes  Sin E D and coe f f i c i en t s  ~ jn  E K (j = 1 . . . . .  n ;  n E N); the c o n v e r g e n c e  of f o r m u l a  (7.2) s i g n i f i e s  tha t  

r ~ 0 (nEN) fo r  any funct ion w cont inuous  on D. 
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Having replaced the integral in (7.1) by quadrature formula (7.2), in which we drop the remainder term, 

we arrive at the equation 

u~ (t) = 2 ~jna (t, sj~) u~ (sin) + ~ (t), (7.3) 
/=I 

which is  equ ipo ten t  with the l i n e a r  s y s t e m  of equa t ions  

Ui~= ~,~ %n G (Sin, Sin) Ujn + ~v (s~n) ( i =  1 . . . . .  rt) (7.4) 
j=l 

in Uin = Un(Sin) , i = 1 ..... n. Here the equipotency is to be understood in the following sense: if un(t) is a 

solution of Eq. (7.3), then Uin = Un(Sin) (i = I, .... n) is a solution of system (7.4); conversely, if Uin (i = i, 

.... n) is a solution of system (7.4), then the solution of Eq. (7.3) can be recovered by the formula 

n 

u~ (t) = "~  %i,,G (t,  sj~) ttj. + v (t). 

We a s s u m e  E n = F n = E = F = C(D) to b e  t h e  s p a c e  of cont inuous  funct ions  u : D  -~ K with n o r m  llull = 

m a x t E D l u ( t ) [ ;  Pn = qn = I (n~N). By T we denote  the i n t e g r a l  o p e r a t o r  f r o m  Eq.  (7.1) a n d b y  Tn i t s  ana log  

f r o m  Eq. (7.3): 

n 

(T.) (t) = I Q (t, s ) .  (~) d~ (~), (F..) (t) = ~  ~%0 (t, sj.) u (sjA. 
D j = l  

It is  c l e a r  tha t  T, T~GZ (C (D), C (D)) a r e  c o m p l e t e l y  con t inuous .  It t u r n s  out  that  T n ~ T is  c o m p a c t ;  in the 

g iven  c a s e  th i s  s i g n i f i e s  tha t  

tlTnu-- Tull-~O vuCC (n); 

IlUnH -< 1 (nEN):::~(Tnu~) is  r e l a t i v e l y  c o m p a c t  in C(D). The s econd  of t h e s e  r e l a t i o n s  is  v e r i f i e d  without  d i f f i -  

cu l ty  b y  us ing  A r z e l a ' s  t h e o r e m ,  t ak ing  into account  the un i fo rm  cont inu i ty  of G on the c o m p a c t u m  D x D and 
n 

the i nequa l i t y  ~_~ [~y,,[~ const (n E N) s t e m m i n g  f r o m  the c o n v e r g e n c e  of the q u a d r a t u r e  f o r m u l a .  The f i r s t  of 
j=i 

the two s t a t e d  r e l a t i o n s  a l so  is  obv ious :  

',]T.tt--Tu[] = m a x  [?~ (0 (t, s) u (s))/~O, 
t~D 

b e c a u s e  the s y s t e m  of func t ions  d g = { G ( t ,  S) Is i s  c o m p a c t  in C(D). Thus ,  T n ~ T is  c o m p a c t .  By 

P r o p o s i t i o n  3.5 

I - - k Y  n-+ I - - k T  (nEN) is regular VkCK. (7.5) 

If the h o m o g e n e o u s  i n t e g r a l  equa t ion  u = Tu has  only  the ze ro  so lu t ion ,  then condi t ion  (a) of T h e o r e m  4.1 is  

fu l f i i l ed  fo r  the o p e r a t o r s  A = I - T ,  A n  = I--T~s (C (D), C (D)), A c c o r d i n g  to T h e o r e m  4.2,  Eq.  (7.3) has  a 

unique Un fo r  a l m o s t  a l l  n and the s equence  (Un) c o n v e r g e s  u n i f o r m l y  to the so lu t ion  ~ of Eq.  (7.1) wi th  the 

e s t i m a t e  

c,g...< max I~  (t) - -  ~ ff)[ < c2~,~ .  = ~ )  [~, (O (/, s) 7t (s)) 1. 
tED 

7.2. By v i r t ue  of (7.5), the h y p o t h e s e s  of T h e o r e m s  6.1 and 6.3 (here we se t  A = A n 

a r e  fu l f i l l ed  fo r  the p r o b l e m s  

x f a (t, s) u (s) d~ (s) It (t) 
D 

and 

= I ,  B = T ,  B n =  T n) 

(7.6) 

n 

un ( t )=  x ~ %.~ (t. sj.) .~ (sin). (7.7) 
] = I  

Without  r e p e a t i n g  the r a t h e r  lengthy f o r m u l a t i o n s  of the s t a t e m e n t s  of t h e s e  t h e o r e m s ,  we m e r e l y  r e m a r k  tha t  

e s t i m a t e s  (6.11)-(6.13) a r e ,  in the  c a s e  g iven ,  va l id  with 

~n-.< s~ -.<c max max [?~ (O (t, s)u(s)) I. 
uCw(~,o),llulI=l ~D 
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P r o b l e m  (7.7) i s  equ iva l en t  to the e igenva lue  p r o b l e m  of l i n e a r  a l g e b r a  

n 

j=t 

7.3. L e t  us c o n s i d e r  the e igenva lue  p r o b l e m  

A(k)u~-~tt(t)  --  f G( t '  s' i~) t t ( s )d~(s )=O (7.8) 
D 

with a n o n l i n e a r  o c c u r r e n c e  of the p a r a m e t e r  X. An a p p l i c a t i o n  of  the q u a d r a t u r e  f o r m u l a  (7.2) l e a d s  to the 

p r o b l e m  
t i  

A n (),) ttn=--a ~ (t) - -  ~ r (t, Sjn, ~.) an (Sin), (7.9) 
j=l 

equ iva l en t  to the s y s t e m  of equa t ions  

n 

u~=~f~ ~jnG (s~, s/~, ).) usn ( i =  1 . . . . .  n). 
]~1  

We in t roduce  the fo l lowing a s s u m p t i o n s :  

O ( t ,  S,  ~.) is  holomorphic in X~A~C; 

G (t, s, ),), OG (t, s, ~) is continuous in (t, s) ED Y. D;  
0X 

max~[a(t,s,~+Ax)-a(t,,,~) 0 a ( ~ , ~ /  dl~l (s) -~o ~s* AX~O; 
[:QD ~ I 6~ 

Equat ion  (7.8) has  only the ze ro  so lu t ion  fo r  some  M E A. Unde r  t h e s e  a s s u m p t i o n s  the h y p o t h e s e s  of T h e o r e m s  

6.1 and 6.2 a r e  fu l f i l l ed  fo r  p r o b l e m s  {7.8) and (7.9). E s t i m a t e s  (6.4) and (6.5) t ake  the f o r m  

Ixn-Xol-.<c&/~, d ( .  ~ ~(A(X0))~< :o'/~ 

s~ = max max max] % (G (t, s, ),) u (s)) ]. 
u~.~z(z,o),llul[=l [ x - X d = 5  t~D 

7.4. We c o n s i d e r  the n o n l i n e a r  i n t e g r a l  equa t ion  

~ t t ~ u  (t) - -  f G (t, s, u(s))  d~ (s) ~ 0 .  (7.10) 
o 

An app l i ca t i on  of q u a d r a t u r e  f o r m u l a  (7.2) l eads  to the equa t ion  

~4~tn~Itn (t) - 2 ~jnG (t, s j~, un (s j~))~O, (7.11) 
j=l 

equ iva l en t  to the  s y s t e m  of equa t ions  

n 

Z u~.= %.O(s~., sj., uj.) (i--1 . . . . .  n) 
2=1 

in Uin = un(Sin),  i = 1 . . . .  , n. Le t  the fo l lowing cond i t ions  be fu l f i l l ed :  Equat ion  (7.10) has  the so lu t ion  u(t);  

G(t,  s ,  u) is  cont inuous  and has  a cont inuous  p a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  to u when t ~ D ,  s ~D,  lu - u(s) l  --< 

5; the  lineal" h o m o g e n e o u s  equa t ion  

u ( t ) =  ! H (t, s) u (s) dt~ (s), H (t, s ) =  o6 (t, s, u (s)) 
Ou 

has  only the ze ro  so lu t ion .  Then the h y p o t h e s e s  of  T h e o r e m  5.1 a r e  fu l f i l l ed  fo r  o p e r a t o r s  ~ and r  and by  

th i s  t h e o r e m  Eq.  (7.11) h a s ,  fo r  a l m o s t  a l l  n ,  a unique so lu t ion  fin c l o s e  to 2;  the e s t i m a t e  

cl~,,~<max]un(t)--u(t)l~<c2~n, ~ n = m a x [ % ( G ( t , s , u ( s ) ) ] ,  
tED tCo 

is  va l id .  

The h y p o t h e s e s  of T h e o r e m  5.2 a r e  fu l f i l l ed  if G(t, s ,  u) is  only  cont inuous  and T(I - T;  a i d  ~ 0, w h e r e  

T :C(D) - - C ( D )  is  the i n t e g r a l  o p e r a t o r  of Eq. (7.10), 9 c C ( D )  i s  some  bounded  open s e t .  

* H e r e  I~i i s  the to ta l  v a r i a t i o n  of m e a s u r e  p (Ipl  = p if ~t is  pos i t i ve ) .  
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8.  M e t h o d  o f  C o l l o c a t i o n  

8.1. L e t  p be  some  m e a s u r a b l e  funct ion on [a, b] such tha t  

b b 

dt 
fP ( t ) d t < ~176  i -~Ff< :~. 
(Z a 

By L~ we denote  the s p a c e  of  func t ions  s q u a r e - s u m m a b l e  on [a, b] wi th  weight  p ,  

il v il~g= o if) Iv (t) l~dt] '/2. 

By H 0m we denote  the s p a c e  of func t ions  u : [a, b] ~ K a b s o l u t e l y  cont inuous  t o g e t h e r  wi th  t h e i r  d e r i v a t i v e s  up 

to o r d e r  m I and such  tha t  u (m) 2 - ELp,  

rrt--1 

[] u ]IH? =~_j max [u(a) ( t ) ! +  l[ u(m)iI~. 
k~O a4t~<b 

We do not  exc lude  the c a s e  m = 0 and take  H~ = L ; .  F i n a l l y ,  b y  ~ we denote  the s p a c e  of bounded  func t ions  

R i e m a n n - i n t e  g r a b i e  on [a, b ], 

The s p a c e s  L~, H g ,  ~ a r e  B a n a c h  s p a c e s .  

We c o n s i d e r  the p r o b l e m  

II v I1.~ = sup I~ ( t )  l. 
a. .Kt~.b 

Obvious ly ,  the i m b e d d i n g  ~ L ~  is  con t inuous .  

u(m)-~-~/ /=f ,  bjll=~j ( j = l  . . . . .  rn), (8.1) 

w h e r e  f ~ ,  yjCK, ~ Z ( H ~ ,  ~ )  i s  some  c o m p l e t e l y  con t inuous  o p e r a t o r ,  bj a r e  c e r t a i n  l i n e a r  con t inuous  func-  

t i onMs  o v e r  H~ n (when m = 0 the  '~ooundary" cond i t ions  a r e  absen t ) .  We s e e k  an a p p r o x i m a t e  so lu t ion  of p r o b -  

[era (8.1) in the f o r m  

k=O k = 0  

w h e r e  ~k(t) a r e  p o l y n o m i a l s  o r t h o g o n a l  with weight  p (~k is  a p o l y n o m i a l  of d e g r e e  k): 
b 

f P (t) ~ (t) ~j (0 at  = akj (k, j = O, 1, 2 . . . .  ). 
a 

The c o e f f i c i e n t s  a k (or b k) a r e  d e t e r m i n e d  f r o m  the cond i t ions  

[u(~m)~, c~U,,-- fl,=,i=O (i=O, 1 . . . . .  n), 
(8.3) 

bju, = ~j (] = 1 . . . . .  m), 

w h e r e  t i = t i ,  n E [a, b]  (i = 0, 1 . . . . .  n) a r e  the z e r o s  of p o l y n o m i a l  7rn+t(t). 

t3y Pn we denote  the  L a g r a n g e  p r o j e c t o r  that  a s s o c i a t e s  wi th  any funct ion v i t s  i n t e r p o r a t i o n p o l y n o m i a l  of 

d e g r e e  <-n, such  tha t  (PnV)(ti) = v(t i) (i = 0, 1 . . . . .  n) .  Condi t ions  (8.2) and (8.3) a r e  equ iva l en t  to the p r o b l e m  

u(ff)@P~c~un=PJ, biu~=~j ( ] = 1  . . . . .  m). (8.4) 

F~= F =  L~ X K "~, [ bl A~= [ d--~" -~ Pn~, bl, a~ b,,], a'~ . b,,,]. We se t  E ~ = E = H o ,  p~=Ie,  q~=le, A = L d - F a - + ~ ,  . . . . . . . .  

F o r  such  a cho ice  of s p a c e s  the o p e r a t o r s  A, A~@g(E, F) a r e  F r e d h o i m  and t h e i r  i nd i c e s  equa l  z e r o .  P r o b -  

terns  (8.1) and (8.4) can be  w r i t t e n  as  the equa t ions  Au = v and AnU n = v n ,  w h e r e  v = (f, (p~ . . . . .  g0n)~ F ,  Vn = 

(Pn f ,  ~ot . . . . .  r  F .  L e t  us  show tha t  

][ A~ - - A  [[~(e,pl ~ 0  (nfiN). 

Indeed ,  b y  the E r d 6 s  - T u r a n  t h e o r e m  (see [1151) [I v--Pnv IIL~-+O vv~.~, h e n c e  sup ]l v--P~v [ [ e ~ 0  fo r  any r e l a -  
vCS~ 

t i ve ty  c o m p a c t  s e t  J c N .  The se t  JZ= {v ] v - -gu ,  uEH~, JJ u 1!,,~4 1} is  such  a s e t  and ,  t h e r e f o r e ,  

= sup Hp~u-~ul !z~-*0 .  
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m 
Let  us a s sume  that  the homogeneous  p rob l em c o r r e s p o n d i n g  to (8.1) has only the zero  solution in Hp . 

Then condit ion (a) in T he o re m  4.1 is fulfil led (see R e m a r k  3.1). By T h e o r e m  4.2,  p rob lem (8.4) is uniquely 

solvable fo r  a lmos t  all n ,  i . e . ,  condit ions (8.2) and (8.3) define the unique approximat ion  ~n to the solution 

of p rob lem (8.1). The sequence (fin) conve rges  in the n o r m  in H~ n to ~; the es t imate  

is val id [note that  u(~)C5~ by vir tue  of the condit ions imposed  on p rob lem (8.1)]. 

8.2. Jus t  as  s imply  we obtain a convergence  t heo rem fo r  the e igenvalue p rob lem of f o r m  

tt ( '~ ) -k- ~ t t  = X~t t ,  b j t t  - -  Xc j tt = O ( j  = l . . . . .  m ), 

where  ~, N ~  (H 2, ~) are  comple te ly  cont inuous,  bj ,  c) ~ (H~n) *. Here  the col locat ion method leads to the 

p rob l em 

tZ~(m) •  ~" 1. n q ~ U , :  Pn~ t tn ,  b / u n - - X c i u n = O  ( j : l  . . . .  m). 

In the given ease e s t i m a t e s  (6.11)-(6.13) are  valid with 

~.-.<~<c max II u (~)--P.u(m)llL~ 
u~W(%o) ,[lUllHm=l ~ 

0 

8.3. We now a s sume  that  the o p e r a t o r s  ~ : H ; ' ~ 5 ~ ,  b y : H ' ~ - + K  (j = 1 . . . . .  m) a re  non l inear ,  and,  as b e -  

fo re ,  ~ is comple te ly  continuous and f E ~ .  Le t  p r o b l e m  (8.1) have the solution ~ ~ H p ,  let the o p e r a t o r s  m e n -  

t ioned be cont inuously  F r6ehe t -d i f f e ren t i ab le  at point ~ ,  and let the homogeneous  p rob lem 

u(~+~'(u)~=0,  b) (~)u=0 (y=l  . . . . .  m) 

have only the zero  solution in H m.  Under  the a s sumpt ions  made  the hypotheses  of Theo rem 5.1 a re  fulfi l led,  

acco rd ing  to which condit ions (80.2) and (8.3) define,  fo r  a l m o s t  all n ,  the unique approximat ion  u n in a ne igh-  

bo rhood  of fi; the convergence  II ~ . - ~ l l ~  -+~ holds with e s t ima te  (8.5). 
D 

When the o p e r a t o r s  bj a re  l inear  we can apply T h e o r e m  5.2 as  well ,  which p e r m i t s  us to waive the dif-  

fe rent iabi l i ty  condition on o p e r a t o r  ~. 

9 .  A D i f f e r e n c e  M e t h o d  f o r  O r d i n a r y  D i f f e r e n t i a l  E q u a t i o n s  

9.1. We cons ide r  the n u m e r i c a l  d i f ferent ia t ion fo rmula  

s k 

u (k) ( t ) = f z  -k ~ bs,ktt  ( t@j /0  ~ (D~k)u)(t), (9.1) 
j = - - r  k 

where  b j , k  E R,  r + s -> k. It is said to be convergen t  if (I)h(k)u)(t) ~ u (k)(t) fo r  any smooth  function (say,  fo r  

u E C ~~ at any point of  sm oo t hne s s .  The s imples t  convergen t  n u m e r i c a l  d i f ferent ia t ion fo rmula  is given by the 

o p e r a t o r  @ = (0h)k, where  D h = h - t  (S h - I) is the s imples t  f i r s t - o r d e r  d i f ference  o p e r a t o r ,  (Shu)(t) = u(t + h). 

P ropos i t i on  9.1. The n u m e r i c a l  d i f ferent ia t ion fo rmu la  (9.1) conve rges  if and only if D(h k) is r e p r e s e n -  

table in the f o r m  

/ sie - k  ~ sk--k <o-{ D . ) - -  a~, ~s,,GR, ~ ~s,k=l .  
j j = - - r  k 

r k-}-sk--k 

The po lynomia l  ~ ~y-rk,~U is ca l led  c h a r a c t e r i s t i c  fo r  the (convergent)  n u m e r i c a l  d i f ferent ia t ion f o r -  
j = O  

mula  (9.1). The location of  its roots  plays  an impor t an t  ro le  in the quest ion on the convergence  of the d i f fe r -  

ence methods  cons t ruc t ed  on the bas i s  of fo rmula  (9.1). 

9.2. We cons ide r  the equation 

m 

-~ (9 .2)  

k ~ 0  

whose coeff ic ients  ak(t) and f ree  t e r m  v(t) a re  continuous and w-pe r iod i c ,  and am(t) ~ 0 for  all tE R. We seek 

an w-pe r iod ic  solution of Eq. (9.2). We shall  seek  the approx imate  solution in the fo rm of an w-pe r iod ic  net  
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funct ion u h : R h - -  K, w h e r e  R h = {iht i = 0, •  • . . . .  }, h = w/n;  the co -pe r iod i c i t y  of u h s i g n i f i e s  that  uh(ih + 

nh) = uh(ih) (i = 0, • . . . .  ). We r e p t a e e  the d e r i v a t i v e s  in Eq.  (9.2) with the a id  of some  c o n v e r g e n t  n u m e r i c a l  

d i f f e r e n t i a t i o n  f o r m u l a  of  f o r m  (9.1), exeep t  that  fo r  the a p p r o x i m a t i o n  of the h ighes t  d e r i v a t i v e  (k = m) we 

sha l l  r e q u i r e  tha t  the r o o t s  of the  c o r r e s p o n d i n g  c h a r a c t e r i s t i c  p o l y n o m i a l  not  l ie  on the unit  c i r c l e  I ~1 = 1 in 

the c o m p l e x  p lane .  Thus ,  the d i f f e r ence  a p p r o x i m a t i o n  of p r o b l e m  (9.2) has  the f o r m  

m 

Ahuh~ Z ak (t) D(~k)Uh (t) = `o (t), tEl~t,. (9.3) 
k = 0  

Equat ion  (9.3) a c t u a l l y  r e p r e s e n t s  a s y s t e m  of n ( in t r ins ic )  equa t ions  in the n ( in t r ins ic )  c o o r d i n a t e s  of the 

co -pe r iod ic  ne t  funct ion Uh. 

We a s s u m e  tha t  E = C (m), F = C, E h = C(h m) , -  F h = C h a r e  s p a c e s  of co -pe r iod ic  func t ions  and ne t  func-  

t ions  with the usua l  n o r m s  

tlu 1t,~ = 11 u ]lc(m)= max l] u(k)IIo, II ~ 1]o = I] ̀ o ]lc = max [`o (t)l, 
O~.k-.<m O-~t~<m 

= max I vh (]h)l" Iluh G =  It uh IIc(m)h =0~k~<mmax II O~G it0, tl "Oh IlO = ]t ̀ oh [tCh O~<]~<n 

F u r t h e r ,  we def ine the connec t ing  o p e r a t o r s  p,C2g (E, Eh) and qhE2g (F, F h) as  o p e r a t o r s  of  r e s t r i c t i o n  of  a 

function on a ne t :  (PhU)(t) = u(t),  (qhv)(t) = v(t) fo r  t 6 R h. Al though ~P~(Ph) and C = ( q h )  and c o n s i s t  of l ike  

o p e r a t o r s ,  the d i s c r e t e  e o n v e r g e n e e s  c o r r e s p o n d i n g  to t hem a r e  d i f f e r en t  b e c a u s e  of the d i f f e r e nc e  of the 

n o r m s  in E h and F h. 

P r o p o s i t i o n  9.2. F o r  the o p e r a t o r s A h ~ Z  (C~m), C~). and A s Z ( C ( ' ) ,  C) def ined  in (9.2) and (9.3) t h e r e  ho lds  

the  r e g u l a r  NN - e o n v e r g e n e e  Ah ~ A (11 ~N).  

P r o o f .  The E ~ - c o n v e r g e n c e  A h ~ A fo l lows e a s i l y  f r o m  the c o n v e r g e n c e  of n u m e r i c a l  d i f f e r e n t i a t i on  

f o r m u l a  (9.1) and f r o m  P r o p o s i t i o n  9.1. L e t  us  d e m o n s t r a t e  the v e r i f i c a t i o n  of the r e g u l a r i t y  condi t ion  

tl tta II,,-- < 1, (Aaua) is ~--compact =>(tta) is ~ compact. (9.4) 

F i r s t  of a~[ we note  tha t  

II ̀ oh rio ~ co, II O t~ ̀oh IIo ~ c l=~( vh) is ~ -  compact. 

Indeed ,  the po lygona l  l i ne s  v (n) E C (n E N) with v(n)(ih) = vh(ih) (i = 0, • . . . .  ) s a t i s f y  the cond i t ions  

f `o(~)(0I ~< Co, l~o (') ( t 3 - - v  (n) (t2)l 4 c, I t l - - t2[  (n~N), 

and by  Arze iaTs  t h e o r e m  the sequence  (v (n)) is  r e l a t i v e l y  c o m p a c t  in C, whi le  the sequence  (Vh) , in view of 

(1.5) and of the e q u a l i t y  v h = qh v(n), is  ~ . - c o m p a e t .  

Thus ,  f r o m  the i n e q u a l i t i e s  fJUhl} m _< 1 (n 6 N) i t  fo l lows  t ha t t he  s e q u e n c e s  (ohkuh), k = 0, 1 . . . . .  m - 1, 

m--1 ) 
are C-compact, and, together with them, so are the sequences (D(hk)uh), k = 0, 1 ..... m--l,(k~=oakD(~k)~ h �9 

Along with the C-compactness of (Ahu h) this imp[ies the m-compactness of (D(hm)Uh). Below it is shown that 

G 
D(h "~) u h-+ v (nGN'~_N)~O(h m) tt h-+ ̀ o (nGN'). (9.5) 

Hence ,  (Sh(m)uh) is  C - c o m p a c t  as  wel l .  Thus ,  the s e q u e n c e s  (0kuh), k = 0, 1 . . . . .  m ,  a r e  m - c o m p a c t ,  which 

is  equ iva l en t  to the : P - c o m p a c t n e s s  of (Uh) and p r o v e s  (9.4). 

L e t  us c l a r i f y  (9.5). By  P r o p o s i t i o n  9.1, 

rm+Sm--m 

DY)= V~s;r~oL v~ = Y~ ~j_,m,~S~, 
]=0 

i . e . ,  V h is  a p o l y n o m i a l  of the i s o m e t r i c  ShCZ (Ch, Ch). Since the r o o t s  of the ( c h a r a c t e r i s t i c )  p o l y n o m i a l ,  by  
G~ 

h y p o t h e s i s ,  do not  tie on the c i r c l e  I~l = 1, we have tha t  V~-~fiS~ (C h, C h ) e x i s t s ,  IIg~aql _< eons t .  Thus ,  Vh ~ I is  
NC 

s t a b l e .  By  T h e o r e m  4.1,  V ; a ~ I ,  which p r o v e s  (9.5). P r o p o s i t i o n  9.2 has  been  p r o v e d .  

If the h o m o g e n e o u s  equat ion  Au = 0 has  only the z e r o  so lu t ion  in the c l a s s  of co -pe r iod ic  s o l u t i o n s ,  then 

condi t ion  (a) of T h e o r e m  4.1 is  fu l f i l l ed  fo r  Eqs .  (9.2) and (9.3). By T h e o r e m  4.2,  Eq.  (9.2) has  the unique 
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so lu t ion  ~ r C (m), Eq.  (9.3) has  fo r  a l m o s t  a l l  n the unique so lu t ion  Uh ~ C t  m), and II~ h - Ph~llm ~ 0 with e s t i -  

ma te  

]] u ~ - - p ~ t  ]l,~< c max ]1D(~)p~t--q~D~t [[o, (9.6) 
O<:k<:m 

where  D k = d k / d t  k. The r a p i d i t y  of c o n v e r g e n c e  depends  on the qua l i ty  of the n u m e r i e a t  d i f f e r e n t i a t i on  f o r -  

m u l a  (9.1) u sed  and on the s m o o t h n e s s  of so lu t ion  ~. 

9.3. We obta in  an ana logous  r e s u l t ,  in p a r t i c u l a r ,  e s t i m a t e  (9.6), on the b a s i s  of T h e o r e m  5.1 for  the 

n o n l i n e a r  equat ion  

f (t, u, it', .... u( '~))=0 (9.7) 

and fo r  i t s  d i s c r e t i z a t i o n  by  a d i f f e r ence  me thod  

f (t, D(~~ D(~)u~(t) ..... D(fl~)tta(t))=O, t~Ra. (9.8) 

F o r  the app l i ca t i on  of T h e o r e m  5.1 to f we should  i m p o s e  the fo l lowing cond i t i ons :  funct ion f(t ,  z0, zt . . . . .  z m) 

is  w - p e r i o d i c  in t and Eq.  (9.7) has  an w - p e r i o d i c  so lu t ion  u; f( t ,  z0, zt . . . . .  z m) is  cont inuous  and has  con-  

t inuous  p a r t i a l  d e r i v a t i v e s  with r e s p e c t  to z0, . . . .  zm fo r  -oo < t < ~ ,  I z k - "~(k)(t)l - 6 (k = 0, 1 . . . . .  m) ;  the 

l i n e a r  homogeneous  equat ion  

~ak(t)t t(k)=O, a~(t)=Of(t, -u(t) ..... 7L(=)(t)) 
k = 0  C)Zk 

has  only the ze ro  w - p e r i o d i c  so lu t ion  and am(t )  > 0 fo r  a l l  t E R. 

9.4. T h e o r e m  5.2 is  a p p l i c a b l e  fo r  equa t ions  of f o r m  

in 

Au + ~ t t ~  ~a~(t) t t (~)+g(t ,  it, it' ..... zt(m-1))--0, (9;9) 

m 

r e t a i n i n g  the cond i t ions  in P a r a g r a p h  9.2 fo r  Art = ~ ak (t) it(~) and i t s  d i s c r e t i z a t i o n  and r e q u i r i n g  that  g be  
k = 0  

cont inuous  in a l l  i t s  v a r i a b l e s  and be w - p e r i o d i c  in t.  Le t  ~ ' c C  be an open bounded  se t  such tha t  Au ~ Off' f o r  

the w - p e r i o d i c  so lu t ions  ~ of p r o b l e m  (9.9) and y (I-~2T3A-t; ~)~')=/=0. Then Eq.  (9.9) has  at  l e a s t  one w - p e r i o d i c  

so lu t ion  ~ such that  A~ ~ ~ ' ,  while  the equa t ion  

~ ak (t) D(hk)uh (t) + g (t, D(h~ (t) ..... D(~-~)ah ( t))=O, t(~Rh, 
k=O 

has  fo r  a l m o s t  a l l  n at  Least one w - p e r i o d i c  so lu t ion  Uh such that  the po lygona l  l ine c o n s t r u c t e d  f rom the Ahu h 

a l so  be longs  to f~'. The sequence  (~h) is  ~ - e o m p a e t  and i t s  l i m i t  po in t s  a r e  so lu t ions  of p r o b l e m  (9.9); in 

p a r t i c u l a r ,  I[~ h - PhUllm ~ 0 if Eq. (9.9) has  a unique w - p e r i o d i c  so lu t ion  ~ with Au~ f l ' .  

H e r e ,  b e s i d e s  T h e o r e m  5.2 we have taken advan tage  f u r t h e r  of R e m a r k  5.1, having  c o n s t r u c t e d  f r o m  

o ' c C  the se t  o ' , cC~  by  the fol lowing r u l e :  V h ~  ~ if for  the po lygona l  Line v (n) ~ C with  v(n)(ih) = vh(ih) (i = 0, 
l 

+1 . . . .  ) we have v in) ~ f l ' .  As  is  e a s y  to s e e ,  the c o n s i s t e n c y  cond i t ions  for  ~ '  and flh a r e  fu l f i l l ed .  

1 0 .  A D i f f e r e n c e  M e t h o d  f o r  E l l i p t i c  E q u a t i o n s  

10.1, Le t  ~ c R  d be  a open bounded  d o m a i n ,  

Au= ~ D ~(ct~D~u), Bu= 7~ D~(b~D~tt) 
]~l.lPl~<m J~MPE~< rn 

be d i f f e r e n t i a l  o p e r a t o r s  with bounded  p i e c e w i s e - e o n t i n u o u s  coe f f i c i en t s  ao4 8, b~/~ : ~ ~ K, whe re  A is  u n i f o r m l y  

e l l i p t i c ,  i . e . ,  the coe f f i c i en t s  of the p r i n c i p a l  p a r t  of A s a t i s f y  the inequa l i ty  

( - -1 )  ~ ~.~ a~B(x) t~-tf~ >Y ~-a ]t~12' y>O, (10.1) 
I~'-I = ]~1 ~ m  l cq=m 

for  any x efa and any t a~  K (I ~1 = m).  We c o n s i d e r  the b o u n d a r y - v a l u e  p r o b l e m s  

A u = v ,  ucHg (o) (10.2) 

[v~ H-m(12) is  given] and 

Au : X B , ,  ud- /~  (~q). (10.3) 
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Here  we have used  the nota t ion:  Hm(~) is the Sobolev space of funct ions having s q u a r e - s u m m a b l e  gene ra l i zed  

de r iva t ives  of  o r d e r  -< m ,  

II<l~=li<l.~(~) = ( ~ IID%II,~ (~),),/2 
lal~m 

Hmfft) is the c lo su re  in Hm(f~) of the set  of infinitely d i f ferent iabie  functions with suppor t s  in f~; H-m(~)  is 

the space adjoint  to H~n(~), adjoint  with r e s p e c t  to the s c a l a r  p roduc t  in L~([2), 

Ilmll-~=llmll.-~(~) = sup [(u, v) I. 
u~H~ (fa),llz;l[ m <l 

It is c l e a r  that  A, B~$ (Hg (9.), H -~ (~)), and, by  vi r tue  of the imbedding t h e o r e m s  for  Sobofev spaces ,  B is 

comple te ly  cont inuous.  

We approx ima te  the di f ferent ia[  o p e r a t o r s  A and B by finite o p e r a t o r s  of f o r m  

A~ua= ~.~ D~(a~D~u), Baud= ~.~ D~ b ~ (G~ ~u~), 
I~l,ll~[~<m I~z1,1!81r m 

I~+l~j<9m 

whe re 

D~ = a~-v~O ~ ,  b~ = 0~-v~0~, 0 ..< y~ ..< a, 

3au and 3~u are, respectiveiy, the forward and the backward differences of order a on a net R d of step h > 0 

with respect to all variables Xk: 

R~={x~Rd:x=hY, j = ( j l  . . . . .  Jd), j ~ = 0 ,  q-l ,  + 2  . . . .  ; 

k = l  . . . . .  d}. 

F u r t h e r ,  we se lec t  a net  domain ~hcR~, for  example ,  in the following manne r .  We denote [a  - ~ n R {  and we 

define 9 h c ~  h by the condit ion:  x 6 flh if and only if the exp re s s ion  (Ahu)(x) a t t r a c t s  only nodes  f r o m  ~h.  F r o m  

p r o b l e m s  {10.2) and (10.3) we set  up the d i f ference  p r o b l e m s  

(Ahua) ( x ) : %  (x) for x ~  h, lg a ( x ) = 0  for x ER{Ngd h (10.4) 

and 

(Aaua) ( x ) = k  (Bdzh) (x) for xfiga, u~ ( x ) = 0  for xERdNgn. (10.5) 

Here  u h : R d ~ K is a net  function.  

We choose  the "d i s c r e t e "  spaces  L2(flh ), Hm(~2h ), H-m(f lh  ), cons i s t ing  of net  functions u h : Rh d ~ K with 

suppor t s  in flh ( i .e . ,  equal to zero  outs ide flh) and p rov ided  with the n o r m s  

xfiR~ 

0 \lcq~.m 

iI v~ II-~--II v~ I t . -~(~)= sup i(u a, %) [. 
. n ~ / / g ( a h ) , l l u h l l m = 1  

For  u E L2(~) we defined ph u ~ L2(~h ) by the fo rmu la  

f 0 for x6R~Ng~, 

where 

and we take it that u(x) = 0 for x ~ ~. It t u rns  out that  

II p ,u  G-~H ~ JI~ vuGHg (~), 

I I p~ l ! o~ l l ~  rio v~L2(~) ,  

tI Phv I!-~-~ II v Jl-~ v v ~ E  (~). 

.,a} 
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These  r e l a t i o n s  s igni fy  that  :~=(p~)  is  a connec t ing  s y s t e m  for  H~n(~2) and Hm(~2h ) fo r  L2(~) and L2(~2h ), and ,  

a f t e r  a su i t ab l e  cont inuat ion  (see R e m a r k  1.1), a l so  fo r  H - m ( ~ )  and H - m ( a h  ). C o r r e s p o n d i n g l y  we sha l l  s p e a k  

of  :~m-, :P0" and ~ _ ~ - c o n v e r g e n c e s : u ~ - - ~ u  if Ilu k - PkUllk -~ 0 (k = m ,  0 o r  - m) ;  i n s t e a d  of u~--+u we sha l l  

w r i t e  u~->u. 

P r o p o s i t i o n  10.1. F o r  any X ~K the sequence  of o p e r a t o r s  A~--kB~@~ (H~ (~2~), ~r-m (Qh)) ~m$~_m_converges 

r e g u l a r l y  to A - - k B ~  (H~ (~), H-m (p~)). 

The p r o o f  can be c o n s t r u c t e d  on the b a s i s  of P r o p o s i t i o n  3.5, having se t  

A u =  Z D~(a~D~u)+ y ~_~ (-- I)I~'D~,, 
l~l=l~l=m Io~l<m 

^ ~ D ~ - ~  
[~ I=l,gl=rn lc~!<m 

and shown t h a t ~ ( A ) = H - m ( ~ ) ,  

Ah -+ ~ is stable, 

Bh-+B is compact, A~--~4h-+A--.?~ is compact. 

tn 

The :~ :~_m-convergence  of the o p e r a t o r s  i nd i ca t ed  s t e m s  f r o m  the fo l lowing  r e m a r k s :  if uh-+u and l~l  -< m ,  
0 0 0 0 

then 0~tth-+D~a; if v~-+v and a :~ ~ K is bounded and piecewise-continuous, thenav~--~av; if wh->w and 

I~I -< m, then d~w~-~D~w. The compactness conditions for B h and A h - Ah stem from the following remarks 

that are certain discrete analogs of the imbedding theorems for Sobolev spaces: if llUhll m -< const, lal < m, 

then (D~u h) is 5~0 -compact; if llWhl] 0 < const, I~I < m, then (D~wh) is ~_m-compact. Finally, by an integra- 

tion, respectively, a summation by parts, on the basis of (10.1), we can establish that 

(~ ,  ~) > v II ~ liL vu~Hg (~), 

Hence 

llAull_m>~,llull~, IIA*ULm>~IluIJ~ vu~Hg(~), 

II ~u~ II-~ > ~ El u~ II~ vuhCHg (~h), 

i . e . ,  ~ ( A ) = H  -m (~2) and the s t a b i l i t y  condi t ion  is  fu l f i l l ed  fo r  o p e r a t o r s  Ah.  P r o p o s i t i o n  10.1 has  been  p r o v e d .  

Le t  us a s s u m e  tha t  equat ion Au = 0 has  only the z e r o  so lu t ion  in H~n(a). Then the h y p o t h e s e s  of T h e o -  

r e m  4.2 a r e  fu l f i l l ed  fo r  o p e r a t o r s  A and A h and fo r  a l m o s t  a l l  h the d i f f e r e nc e  p r o b l e m  (10.4) has  the unique 
--rn 

so lu t ion  Uh: if v h - > v ,  then ]]Uh - phutlm - -  0, whe re  ~ i s  the so lu t ion  of p r o b l e m  (10.2); the e s t i m a t e  

c, ]l AhPhtZ-- vh ]!-m ~ 1[ Uh-- p~tt ][~ ~ C2 I] AhPh~t-- Vh I]-m 

is  va l id .  

T h e o r e m s  6.2 and 6.3 with A = C a r e  a p p l i c a b l e  fo r  p r o b l e m s  (10.3) and (10.5). Under  c e r t a i n  s m o o t h -  

n e s s  cond i t ions  on the coe f f i c i en t s  and on the b o u n d a r y  of domain  ~2 the e s t i m a t e s  (6.11)-(6.13) a r e  va l id  with 

en -< ch,  e~ -- ch I/2. 

I I .  S u p p l e m e n t s  and B i b l i o g r a p h i c  C o m m e n t s  

To Secs. 1-2. The idea of discrete convergence is not new; it was always (sometimes, tacitly) used in 

the study of the convergence of difference methods (e. g., see [108, 41, 42, 79]). The systematic study of dis- 

crete convergence was undertaken by Stummel [178, 183, 192]; also see his other papers. Our presentation, 

based on the specification of the connecting system ~ =  (pn) for operators Pn : E ~ En with properties (1.1) and 

(1.2) is equivalent to Stummel's approach in [178]; a number of more general ideas were developed in [192]. 

We cite the most general one of them. Let X, Y,X n, Y~be sets, A : X ~ Y , A  n:X n--* Yn, and let there be 

given certain mappings lira X from YIXn into X and lira Y from IIYn into Y. The discrete convergence Xn ~ x 

signifies that (x n) belongs to the domain of mapping iimX; the discrete convergence An ~ A is then defined by 

the usua l  condi t ion  x,~---~x=~Anx~Ax. 

A n o t h e r  a p p r o a c h  is  p o s s i b l e :  i n s t e a d  of the connec t ing  m a p p i n g s  Pn : E - -  E n we take  as  g iven the l i n e a r  

o p e r a t o r s  Vn : En ~ E with 2~(~n) = {0} and with the a id  of t h e s e  o p e r a t o r s  we ident i fy  E n with the s u b s p a c e  
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~nEn of s p a c e  E.  The d i s c r e t e  c o n v e r g e n c e  u n - -  u i s  now de f ined  b y  the condi t ion  I1VnUn - u]l -~ 0. Such an 

a p p r o a c h  g o e s b a c k  to the old,  a l r e a d y  c l a s s i c  p a p e r s  [58, 59] of K a n t o r o v i c h .  Th i s  a p p r o a c h  i s  p a r t i c u l a r l y  

n a ~ r a l  when c o n s i d e r i n g  p r o j e c t i o n  m e t h o d s ,  inc luding  the m e t h o d  of f in i te  e l e m e n t s ;  fo r  a d i f f e r e n c e  m e t h o d  

such  an a p p r o a c h  is  s o m e w h a t  a r t i f i c i a l .  

Some a u t h o r s  t ake  as  s i m u l t a n e o u s l y  s p e c i f i e d  both  p n : E  - -  En and ~n :En  - -  E (n E N); s e e  [100, 164], 

fo r  i n s t ance .  

in some  p a p e r s  (see [43, 79], fo r  e x a m p l e )  the s p a c e s  En a r e  t aken  to be f a c t o r  s p a c e s ,  En = E / E  (n), 

whi le  Pn :E  - -  E / E  (n) a r e  t aken  to be the c o r r e s p o n d i n g  canonic  m a p p i n g s .  A v e r y  s i m i l a r  s i t ua t ion  is  e n -  

c o u n t e r e d  in p a p e r s  ([14, 21], f o r  i n s t ance )  in which  the En a r e  a r b i t r a r y ,  but  on the connec t ing  m a p p i n g s  a r e  

i m p o s e d  the cond i t ions  of l i n e a r i t y ,  b o u n d e d n e s s ,  (1.1), and 

p,~E=E~, inf [[uI[e~c[[u~[]e ~ Vu~CE n (n~N). 
u~E, PnU=Un 

Le t  us men t ion  the o r i g i n a l  p a p e r s  on the m a t e r i a l  in S e c s .  1 -2 ;  some  of  t hem conta in  add i t i ona l  m a t e -  

r i a l .  R e g a r d i n g :  P a r a g r a p h s  1 .1 -1 .3  s ee  [178]; P a r a g r a p h  1.4 s ee  [27]; P a r a g r a p h  1.5 see  [30, 196]; P a r a -  

g r a p h  1.6: on P r o p o s i t i o n  1.2 s ee  [178], P r o p o s i t i o n  1.3 see  [152], P r o p o s i t i o n  1.4 see  [196, 198]; P a r a g r a p h  

1.7 see  [178]; P a r a g r a p h  1.8 see  [30, 196]; P a r a g r a p h  1.9 s ee  [27, 196]; See .  2 see  [178, 179]. 

To Sec .  3. The concep t s  of s t a b i l i t y ,  of the s t ab le  c o n v e r g e n c e  (s table  a p p r o x i m a t i o n )  of o p e r a t o r s  a r e  

w ide ly  known and deep ly  r o o t e d  in c o m p u t a t i o n a l  m a t h e m a t i c s .  We b r o u g h t  th i s  concep t  in only fo r  l i n e a r  

o p e r a t o r s ;  o t h e r  de f in i t i ons  a r e  p o s s i b l e  fo r  n o n l i n e a r  o p e r a t o r s  (see [168, 183, 188, 192]). 

The r o l e  of the c o m p a c t  c o n v e r g e n c e  of o p e r a t o r s  was  f i r s t  no t ed  by  Sobotev  [118]. He p r o v e s  a c o n v e r -  

gence t h e o r e m  for  the l i n e a r  equa t ions  u = Tu + v and u = Tnu + v in the s i t ua t ion  when T, T ~ ( E ,  E) a r e  c o m -  

p [e t e ly  con t inuous ,  I - T i s  i n v e r t i b l e ,  T n ~ T is  c o m p a c t , *  and a l so  a p p l i e s  t h i s  a b s t r a c t  r e s u l t  to the  m e t h o d  

of m e c h a n i c a l  q u a d r a t u r e s  fo r  so lv ing  i n t e g r a l  e qua t i ons ,  A b r o a d  t h e s e  r e s u l t s  w e r e  r e p e a t e d ,  d e e p e n e d ,  and 

e x t e n d e d  by  Anse lone  and his  c o - w o r k e r s  [127-131] ( c o l l e c t i ve ly  c o m p a c t  a p p r o x i m a t i o n ) ;  in p a r t i c u l a r ,  the 

e i ge nva lue  p r o b l e m  Tu = Xu, Tnu = Xu was  s tud ied .  Vain ikko  [14, 21] and S tumme[  [178] s tud i ed  c o m p a c t  c o n -  

v e r g e n c e  wi thin  the f r a m e w o r k  of d i s c r e t e  c o n v e r g e n c e .  

The concep t  of r e g u l a r  c o n v e r g e n c e  of  o p e r a t o r s ,  f undamen ta l  in the p r e s e n t  s u r v e y ,  was  f i r s t  i n t r o -  

duced ,  i t  s e e m s ,  b y  P e t r y s h y n  [169] in the s p e c i a l  e a s e  of p r o j e c t i o n  s c h e m e s $  and by  K a r m a  [65] ( y0 -app rox i -  

ma t ion)  and G r i g o r i e f f  [151] ( a - r e g u l a r i t y )  wi th in  the f r a m e w o r k  of d i s c r e t e  c o n v e r g e n c e ;  in [32, 33] i t  is  u sed  

u n d e r  the n a m e  p r o p e r  c o n v e r g e n c e .  G r i g o r i e f f ' s  a p p r o a c h  i s  f o r m a l l y  m o r e  g e n e r a l  than the one p r e s e n t e d  

in the s u r v e y :  he e x a m i n e s  no t  n e c e s s a r i l y  bounded  o p e r a t o r s  in not  n e c e s s a r i l y  c o m p l e t e  n o r m e d  s p a c e .  How- 

e v e r ,  by  b r i n g i n g  in the n o r m  of  a g r a p h ,  the o p e r a t o r s  tu rn  into bounded  o n e s ,  whi le  G r i g o r i e f f ' s  a - r e g u l a r i t y  

l e a d s  to the r e g u l a r i t y  condi t ion  in o u r  s e n s e ;  we sha l l  r e t u r n  to th is  ques t ion  in the c o m m e n t s  to Sec .  4. 

It is  m o s t  c o m p l i c a t e d  to p r o v e  P r o p o s i t i o n s  3.1 and 3.2 f r o m  the  r e s u l t s  in Sec .  3. P r o p o s i t i o n  3.1 has  

been  p r o v e d  in [196, 198]; a p a r t  of i t s  a s s e r t i o n s  w e r e  e s t a b l i s h e d  e a r l i e r  in [151]; a l so  see  [203]; P r o p o s i -  

t ion 3.2 in toto was  p r o v e d  in [198], and u n d e r  c e r t a i n  s i m p l i f y i n g  a s s u m p t i o n s ,  in [30, 196]. As  we saw,  

P r o p o s i t i o n  3.3 is  t r i v i a l ;  P r o p o s i t i o n s  3.4 and 3.5 a r e  a l m o s t  t r i v i a l  (see [30, 196] fo r  the p r o o f s ) .  P r o p o s i -  

t ion 3.6 was  e s t a b l i s h e d  in [30, 196, 198]. 

F o r  A~, A ~ ( E ,  F) we can i n t roduce  one m o r e  concep t  of c o n v e r g e n c e  by  the fo l lowing  cond i t i ons :  

(a) HAnu - Aull - -  0 vucE; Oa) (Anu n - Aun) is  r e l a t i v e l y  c o m p a c t  in F fo r  any bounded  sequence  (un)~E ( i . e . ,  

A n - A ~ 0 is  c o m p a c t ) .  This  concep t  a t t r a c t e d  a lot  of a t t en t ion  and was  s t ud i e d  in [17, 21, 105-107,  148, 40, 

60, 84-90,  92-96] .  Obv ious ly ,  f r o m  the c o m p a c t  c o n v e r g e n c e  A n - A -~ 0 i t  f o l lows ,  in the e a s e  of a c o m p l e t e l y  

cont inuous  A,  tha t  An ~ A is  c o m p a c t ,  whi le  in the c a s e  of a F r e d h o l m  A,  tha t  An - -  A i s  r e g u l a r .  T h e r e f o r e ,  

the m a j o r i t y  of the r e s u l t s  in the p a p e r s  l i s t e d  fo l low f r o m  the r e s u l t s  p r e s e n t e d  in S e c s .  3 -6 .  An excep t ion  

h e r e  is  the r e s u l t  on the e q u a l i t y  of i n d i c e s  i n d A n  = indA (n >- n 0) fo r  a c o m p a c t  c o n v e r g e n c e  A n - A - -  0 and 

fo r  a F r e d h o l m  A [ compare  wi th  P r o p o s i t i o n  3.1, which u n d e r  the cond i t ions  of r e g u l a r  c o n v e r g e n c e  A n ~ A 

y i e l d s  only the  i nequa l i t y  i n d A n  -< indA (n _> no)]. 

* Sobolev  a s s u m e s  tha t  ][Tnu--Tu[[~D VuEE and tha t  o p e r a t o r s  T n a r e  c o m p l e t e l y  cont inuous  in the a g g r e g a t e ,  i . e . ,  

UT~ is  r e l a t i v e l y  c o m p a c t  in E fo r  any bounded  s u b s e t  ~cE. It i s  c l e a r  tha t  t h e s e  cond i t ions  a r e  e qu iv a l en t  to 

the c o m p a c t  c o n v e r g e n c e  Tn - -  T. 

t tt should  be  no ted  tha t  in c o m p u t a t i o n a l  m a t h e m a t i c s  the concep t  of r e g u l a r  c o n v e r g e n c e  was  u sed  i m p l i c i t l y  

e a r l i e r .  Thus ,  e . g . ,  L e b e d e v  [91], in the s tudy of  the  c o n v e r g e n c e  of d i f f e r e n c e  s c h e m e s ,  e s s e n t i a l l y  p r o v e s  

the r e g u l a r  c o n v e r g e n c e  of  d i f f e r e n c e  o p e r a t o r s  b e c a u s e  fo r  the p r i n c i p a l  p a r t s  of  the  o p e r a t o r s  he e s t a b l i s h e s  

s t a b l e  c o n v e r g e n c e  whi le  fo r  the s u b o r d i n a t e  p a r t s ,  c o m p a c t  c o n v e r g e n c e  (see P r o p o s i t i o n  3.5). 
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To Sec .  4. As  we could  convince  o u r s e l v e s ,  the r e s u l t s  in Sec .  4 a r e  r a t h e r  e l e m e n t a r y .  These  q u e s -  

t ions  a r e  d i s c u s s e d  in [30, 196, 152, 153]. Be low we ind ica te  a s i m p l e  g e n e r a l i z a t i o n  of T h e o r e m  4.1 to un-  

bounded  o p e r a t o r s .  

L e t  E ,  F ,  En,  F n (nEN) be Banach  s p a c e s ,  ~ = ( P n )  and ~ = ( q n )  be  the connec t ing  s y s t e m s  fo r  E,  E n and 

F ,  F n ,  r e s p e c t i v e l y .  By  ~ ( E ,  F') we denote  the se t  of c l o s e d  o p e r a t o r s  with domain  ~(A)~E and with  a r a n g e  

in F .  

Def in i t ion .  The sequence  of o p e r a t o r s  An E~ (En, Fn) (hEN) is  ~ - c o n s i s t e n t  with AE~ (E, F ) i f  fo r  any 

uE~(A)  we can find a sequence  (an), unE~(An),, s u c h t h a t  ~tn-~tt, AnunoAu (hEN). 

We sha l l  take  i t  tha t  An and A a r e  ~ - c o n s i s t e n t .  On G = D(A) and Gn=~(An)we i n t roduce  g raph  

n o r m s :  

II ~ I1~=11 u !I~+]IA~ Hp, uE~(A), 

II un lien = 1l u~ Ilsn + [I Anun !ls~, un~ (An). 

B y  the s a m e  token ,  G and Gn a r e  t u r n e d  into B a n a c h  s p a c e s ,  and A : G ~ F ,  An : Gn ~ Fn into bounded  o p e r a -  

t o r s .  We def ine the  o p e r a t o r s  r n : G  ~ G n (hEN) in the fo l lowing  way.  F i r s t ,  fo r  e ach  u~EG, us ing  the con -  

s i s t e n e y  condi t ion ,  we f ix (u~), u~ eGn ,  such tha t  un-~u, Anu'~->Au'(nEN). Next we se t  rn  u~ = u~ (u ~ EG,  n~ N). 

It is  not  d i f f icu l t  to see  tha t  ~ = ( r ~ ) i s  the connec t ing  s y s t e m  fo r  G, G n (n ~ N), and unou i s  equ iva l en t  to the 

r e q u i r e m e n t  un-'u, Anu~-~Au. 

F r o m  the def in i t ion  i m m e d i a t e l y  s t e m s  the fo l lowing p r o p o s i t i o n .  

P r o p o s i t i o n .  If AnE~ (E~, Fn) and AE~ (E, F) a r e  5~Q-cons i s t en t ,  then An -~A (nEN). 

It is  a l so  e a s y  to o b s e r v e  that  the s t a b i l i t y  condi t ion  fo r  the  3 ~ - c o n v e r g e n e e  A n ~ A is  equ iva l en t  to 

the e x i s t e n c e  fo r  a l m o s t  a l l  n of the i n v e r s e s  A~EZ(F~, E~), I] A~-~ ]lZwn, ~)  ~ const (n>~ no), whi le  the r e g u l a r i t y  

condi t ion  fo r  the  c o n v e r g e n c e  i nd i ca t ed  t a k e s  the fo l lowing  f o r m :  if the sequence  (an), u~E~)(An), is  such tha t  
3~ 

llunllEn -< cons t  and (Anu n) is  ~ - c o m p a c t ,  then th is  s equence  (u n) i t s e l f  is  ~ - c o m p a e t ,  and f r o m  u,gu, 

A~us~v(nEN'~N) it  fo l lows  tha t  uE~(A), Au=w. C o r r e s p o n d i n g l y ,  we sha l l  s p e a k  of the s t ab l e  and of the r e g , -  

t a r  : P ~ - c o n s i s t e n c y  of  o p e r a t o r s  A n and A.  F r o m  T h e o r e m  4.1 we obta in  the fo l lowing r e s u l t .  

THEOREM. The fo l lowing  cond i t ions  a r e  e qu iva l e n t  fo r  o p e r a t o r s  AE~ (E, F) and An~ (En, Fn) (n E N): 

(a) An and A a r e  r e g u l a r l y  ~ - c o n s i s t e n t ,  ~ ( A ) = { 0 } ,  An a r e  F r e d h o l m  with ze ro  index fo r  a l m o s t  a l l  n;  

(b) A n and A a r e  s t ab ly  5 ~ - c o n s i s t e n t ,  ~ ( A ) - - F ;  

(c) An and A a r e  s t ab ly  and r e g u l a r l y  5 ~ - c o n s i s t e n t ;  

(d) the i n v e r s e  A-~E:~ (F, E ) e x i s t s ,  the i n v e r s e s  A~-~E~ (Fn, E n ) e x i s t  fo r  a l m o s t  a l l  n ,  and A~- --> A - .  

An ana logous  t r a n s f e r  i s  p o s s i b l e  for  the r e m a i n i n g  r e s u l t s  in Sees .  3-6 ;  on th i s  m a t t e r  see  [37]. F r o m  

the poin t  of view of a p p l i c a t i o n s  the n e c e s s i t y  of t h e s e  g e n e r a k i z a t i o n s  is  ques t i onab le  b e c a u s e  by  a su i t ab l e  

choice  of s p a c e s  we can take  c a r e  in advance  tha t  the o p e r a t o r s  be ing  s t ud i e d  a r e  bounded .  

To Sec .  5. L e m m a  5.1 was  e s t a b l i s h e d  in [12] and has  been  u s e d  by  the a u t h o r  in a n u m b e r  of p a p e r s  

[12, 17, 19, 21, 30, 195, 196, 32, 77]. In the f o r m u l a t i o n  p r e s e n t e d  T h e o r e m  5.1 was  p r o v e d  in [32]; an e q u i v a -  

lent  f o r m u l a t i o n  in the c a s e  when E n and F n ( n e N )  a r e  s u b s p a c e s  o r  f a c t o r  s p a c e s  of E and F ,  r e s p e c t i v e l y ,  

was  a l r e a d y  e n c o u n t e r e d  in [17, 21]. S i m i l a r  c o n s i d e r a t i o n s  e x i s t  in [ 1 6 3 , 1 5 4 , 1 8 8 ] .  

The f i r s t  r e s u l t s  on the c o n v e r g e n c e  of a p p r o x i m a t e  m e t h o d s ,  b a s e d  on the concep t  of the ro t a t i on  of 

v e c t o r  f i e l d s ,  a r e  due to K r a s n o s e t ~ s k i i  [75, 76] and  c o n c e r n  Gale rk in~s  me thod .  Next ,  t h i s  a p p r o a c h  was  

d e v e l o p e d  b y  Vain ikko [10, 12, 17, 19, 21, 26, 199] and Boby tev  [3]. T h e o r e m  5.2 has  been  p r o v e d  in [26, 199]. 

See [76, 7 8 , 1 1 6 ,  117, 112, 5 , 1 9 9 ,  143, 136, 167] fo r  an expos i t i on  of  the concep t  of v e c t o r  f i e ld  r o t a t i o n  

o r  of  the equ iva l en t  concep t  of m a p p i n g  d e g r e e  for  d i f f e r en t  c l a s s e s  of o p e r a t o r s .  

We did not  touch upon one m o r e  a p p r o a c h  fo r  n o n l i n e a r  e q u a t i o n s ,  b a s e d  on the t h e o r y  of monotone  

o p e r a t o r s .  F o r  th is  see  [6, 146, 116, 117]. 

696 



To See. 6. The convergence of projection methods in the eigenvalue problem was established by Pol 'ski i  

[104]; Troi tskaya [122] extended this resul t  to approximate methods,  placed within the f ramework of the gen- 

eral  theory of approximate methods of Kantorovich [58, 59]. The rapidity of convergence of the methods men-  

tioned was studied by Vainikko [7, 8, 11, 13, 77]; in par t icu lar ,  resul ts  close to Theorems 6.4 and 6.5 were 

established in [11, 7], except that the es t imates  of the ar i thmetic  mean ~n are f rom a later  period (the idea of 

such es t imates  goes back to Bramble and Osborn [134, 135, 166]. Asymptotically exact es t imates  for self-  

adjoint problems are given in [8]; c ruder  es t imates  occur  in [39]. Our presentat ion of projection methods in 

Sec. 6 is not a standard one. In this presentat ion we wished to s t r e ss  that the theory of projection methods is 

included in a natural  way in the general theory developed on the basis  of the regular  convergence of opera tors .  

The norming of E~ used in Paragraph 6.5 and the interest ing consequences in discrete  convergence were bo r -  

rowed from Oja [101, 102, 35]. The case of many pa rame te r s  has been studied in [124]. 

Within the f ramework of compact  and regula r  convergence of opera tors  the convergence of approximate 

methods in the eigenvalue problem was studied by Atkinson, Anselone, Vainikko, Karma,  Stummel, Grigorieff ,  

Jeggle,  etc. (see [131, 128, 14, 17, 21, 30, 195-197, 33, 61-65, 179, 155-158, 160, 161, 124). Theorems 6.1 and 

6.2 with a reduced degree of generali ty were proved in [33]t; however,  the substance of the resul ts  were al-  

ready available in the ea r l i e r  papers  of Karma;  convergence without an indication of rapidity of convergence 

was studied by Grigorieff  and Jeggle [158]. Theorem 6.3 in full was estab[ished in [30, 197]; however,  its 

analogs on the base of a stable convergence An ~ A and a compact  convergence Bn ~ B already existed in [21]; 

also see [171]. Grigor ieff ' s  paper [156] also was devoted to es t imates  of convergence.  Tncontrast t o o u r e x p o -  

sition, he did not prove the equality dim Wn(h0; 5) = dimW(h 0) but assumed it; Remark  6.3, also established in 

[30, 197], c lar if ies  the situation. Within the f ramework of stable convergence (under the conditions of Remark 

6.3) the convergence of approximate methods has been studied in a group of papers  [137-142] by Chatelin. Her 

papers ,  as well as those of Grigorieff  and Jeggle,  touch on unbounded closed opera tors ;  see [37] and the com- 

ments to See. 4. 

In [57] there is an interest ing approach,  drawing on the measure  of noncompactness ,  for the eigenvalue 

problem for  opera tors  An, A~?(E, E). 

To Sec. 7.. The method of mechanical  quadratures  served as a point of application of various abs t rac t  

theor ies .  Linear  integral equations were touched on in [58, 59, 118, 129, 127,128,  1, 99, 14, 24, 21, 30, 196, 

36, 41, 159, 180, 162]; of course ,  the resul ts  in these papers  overlap to a considerable extent and it is some-  

what difficult to name the author of the general  formulation given at the end of Paragraph 7.1. The conver-  

gence of the method for integral equations with discontinuous kernels has been studied in [159] and in [24, 21] 

f rom different viewpoints; the case of unbounded kernels  was considered in [36] and the case of an unbounded 

measu re ,  in [162]. 

The eigenvalue problem was studied in [131, 132; 31, 14, 21, 30, 64]; es t imates  of convergence were 

establ ished in [31, 14, 21, 64] and were repeated in [132]. The convergence of the method for nonlinear inte- 

gral  equations was studied in [2, 12, 77, 24, 21, 30, 196, 4, 189]. 

To See. 8. The f i rs t  resul ts  on the convergence of the collocation method for boundary-value problems 

were obtained by Karpilovskaya [67] (her results  are also derived in [59]); next, this method, for various 

problems (integrodifferential equations, equations with lag, more  general boundary-value problems,  etc.) ,  

was studied in a number  of papers ,  in par t icular ,  see [103, 68-71, 74, 9, 10, 20, 22, 23, 72, 77]. The exposi-  

tion in Sec. 8 follows the approach suggested in [9], but is ca r r ied  out in a somewhat more  general situation. 

In this exposition we wanted to emphasize that in the convergence question a secondary role is played by the 

s t ructure  of the equation (integral equation when m = 0, differential or  integrodifferential equation, etc. ,  

depending on the actual form of opera tor  ~ ) .  Analogous resul ts  are valid for the method of moments (see 

[51, 15, 77]; an interest ing approach using expansions in Chebyshev polynomials for a system of f i r s t - o r d e r  

differential equations was worked out in [194]; also see [145, 200]). 

In the case of periodic differential equations it is natural to seek the approximate solution not as an 

algebraic but a t r igonometr ic  polynomial.  Here in the case of equally spaced interpolation nodes results  

completely analogous to those in Sec. 8 are  valid. Certain resul ts  in this direction exist in [114]; see [193] 

on the Gaierkin method for the same problem. An autonomous case ,  when the period of the desired solution 

also is subject to determination,  was studied in [34]. 

I" The est imate for I X n -  X0[ in [33] was given in form (6.6); however,  est imate (6.4)can be substantiated by 

insignificant modifications of the arguments .  

697 



Collocation methods based on spline approximations have become widely prevalent in recent times. The 

investigation of the convergence of spline-colloeation methods can be found in [165, 172-174, 176, 175, ] 70, 

133, 201, 177, 147]. 

To Sec. 9. See Samarskii's monograph [113] for an extensive bibliography on difference methods. In 

Sec. 9 we reproduced the results in [28, 195]; a detailed exposition exists also in [30]. In [18, 21i 64] similar 

results were established for boundary-value problems with arbitrary bounded conditions (also see [16, 25]), 

but the presentation is unsuccessful in view of the complications arising during the reduction to operator equa- 

tions of formx = Tx + fandx n = Tnx n +in (a compact convergence T n- Tcanbe proved for them). A sim- 

plified presentation on the base of regular convergence is available in [66, 30]. Similar results for general 

boundary-value problems are in [82, 83, 125, 126, 45-49]; in them the stability condition is established di- 

rectly. Also see [149, 150]. The convergence of a difference method for equations with discontinuous coeffi- 

cients on the basis of compact and regular convergence was studied in [54-56]; in [109-111] the same ideology 

is used to investigate a difference method for equations with a deviating argument. 

To Sec. I0. See [113, 52] for an extensive literature on the difference method for elliptic equations. In 

Sec. 10 we reproduced certain results of Tamme [121] on the eigenvalue problem. Results concerning fnho- 

mogeneous equations are very well known in the main (see, e.g., [133, 52]); the Dirichlet problem too has 

been studied for nonlinear equations (e.g., see [44, 52, 97, 119]), and here, in particular, the theory of mono- 

tone operators showed itself to be a successful tool. In [38] an analysis analogous to Sec. 10 but in stronger 

forms was carried out for elliptic equations with periodic eoefficients. 

The theory of difference schemes for elliptic equations still strongly lags behind the general theory of 

differential equations. An ideal situation would be when to each existence theorem (to the theorem on the iso- 

morphism between the given problems and the ones desired) there would correspond a convergence theorem 

for the difference schemes in appropriate discrete norms, or a description of the class of such schemes. We 

are very far from such an ideal. In particular, very little is known on the convergence in stronger norms of 

the difference scheme described in Sec. 10 (see [52, 120]). 

Recently projection-difference methods (the method of finite elements) have gained wide prevalence. 

These are projection methods in which the coordinate functions used have "small" supports. The question on 

the convergence of such methods is usually resolved within the framework of projection methods, and the cen- 

tral point of the investigation turns on the theory of approximation of various classes of functions by special 

functions with small supports. There is an extensive bibliography on this subject, but we restrict reference 

to the papers of Mikh[in [98], Varga [39], and Aubin [i00]. 
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