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Abstract

We investigate the existence of solutions for a sum-type fractional integro-differential
problem via the Caputo differentiation. By using the shifted Legendre and Chebyshev
polynomials, we provide a numerical method for finding solutions for the problem. In
this way, we give some examples to illustrate our results.
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1 Introduction

In 1969, Reinermann investigated some problems by using approximate fixed point prop-
erty ([1]). In 1976, Yamamoto and Ohtsubo published a paper on subspace iteration accel-
erated by using Chebyshev polynomials for eigenvalue problems ([2]). There has been pub-
lished some work about different fractional integro-differential equations by using Cheby-
shev polynomials ([3, 4] and [5]) or by using Legendre wavelets ([6—8] and [9]). Recently,
different techniques for solving some fractional integro-differential equations have been
used (see [6, 10-19]). In this paper by using an approximate fixed point result and the
shifted Legendre and Chebyshev polynomials, we investigate the existence of solutions
for a sum-type fractional integro-differential problem.

As is well known, the Caputo fractional derivative of order § for a continuous function
£:(0,00) > Ris defined by “DPf(¢) = g5 i (tf:% ds, where 1 = [8] +1 (20, 21]). The
fractional integral of order § for a function f : (0, 00) — R is defined by I#f(¢) = %ﬁ) fot(t—
5)P-1f(s) ds ([20, 21]). Let (X, d) be a metric space, T a selfmap on X and o : X x X — [0, 00)
a map. We say that T is «-admissible whenever «/(x, y) > 1 implies «(Tx, Ty) > 1. Also, T is
called a-contraction whenever there exists A € (0,1) such that a(x,y)d(Tx, Ty) < rd(x,y)
for all x,y € X. We say that T has approximate fixed point property whenever there exists
a sequence {x,},>1 in X such that d(x,, Tx,) — 0. We need the following results.

Lemmal.1 ([21]) Letg>0,n=[q] +1andv e C([0,1],R). Then the fractional differential
equation ‘D1x(t) = v(t) has a solution in the form

x@®) =1(@E) +co + b+ -+ + ¢t
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Lemma 1.2 ([22]) Let (X,d) be a metric space and T an o-contractive and a-admissible
selfmap on X such that o(xo, Txo) > 1 for some xo € X. Then T has the approximate fixed
point property. If X is complete and T is continuous, then T has fixed point.

2 Main result
Now, we are ready to study the existence of solution of the sum-type fractional integro-

differential equation
‘Dix(t) = f(t, %(t), " DPx(t),..., DPrx(t)) + g (&, x(8), P x(2), ... IPx(t)) (2.1)

with boundary value conditions Y, (a;°Dix(1)) = a1x'(1) and Y1, (b:1P1x(1)) = 2%/ (0),
where1<q<2,ay,...,a,b1,...,b, € Rand f,g: [0,1] x R™? — R are two maps.

Lemma 2.1 Let 1< g <2 andve C(I,R). Then the unique solution for the fractional dif-
ferential equation *Dix(t) = v(t) with boundary conditions Zle(zzicDﬁix(l)) =X’ (1) and
>0 (BidPix(1)) = a2 (0) is given by

n
(Zz 1 F(2 ﬁ Zb[qﬂs’v
(Zl 1 F(Z ;3 (Zz 1 ﬂﬁl i=1

(g — )
- i b;
Qi #—ﬁ) - al)(ZL(m))

x(t) = 1"v(t) -

Otllq_l V(l)

Z ( (ﬁl+2 Zﬂ[q ﬂlV(l)
(Zz 1 r(z ﬁ 051)(2; 1( ﬂﬁl ))

ot (1) = S0 (ta 1 Piv(1))
+ n aj ’
> Tep) ~ %

where a1, Ao, ay, . ..,4,, by, ..., b, are some real numbers.

Proof By using Lemma 1.1, general solution for the equation D7x(t) = v(t) is given by
x(t) = w5 Jo (t=5)1v(s) ds+ co + ert, where ¢g, &1 € R. By applying the boundary condition
>i(aifDPix(1)) = nx'(1), we get

n

a; 1 g—Fi1 a;c, )
- _ i d
;(r(q—m/o“ ST G gy O

1
= % /o (1-8)T2v(s)ds + aicy

and by using the boundary condition ) ", (b;] Bix(1)) = axx’(0), we get

n

bi ' - bico b;c1
- - _ +Bi—1 3
;<F(q+ﬁi)/o =9 s+ ) =
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This implies
n a;
“ (Zl re-p) “1)

% g _ i1
T )y e ( g, 0o oa)

and
I v +Bi-1
;[“(rwim “2) ’ (r(ﬁin))“] Z r(q+ﬁl / (=97 v s
Hence,
(L gy Jo U= 97778 ds) (UL, gy —on)
Co = —
’ (Ot — o) (i (i)
(Zl e ﬁ+2 - )5 fo (l—S)HV(S) ds)
(27 1 r(z ,3 al)(Zz 1( ,3+1
(0 (g~ @)y (g Jo =51 v(s) )
+
>k r(z ﬁ ) (X0 1(r ﬂ,+1
and
1) fo )T v(s)ds — 3 1( fo — )T Fity(s) ds)
C = 7 .
Yt o
Thus,

x(t) = %q) /:(t —5)Ty(s)ds
ki Jo 0 =97 ) L m—ﬁ) -a)
(Zflmg — ) (T (i)
(Z, o) f,+2 - )y fo(l—S)q‘ZV(S)dS)
(Z,mﬂ) al)(Z (rg)
(Z, V(g — (i (s fo (L= )7 P 1u(s) ds)
L al)(Z ()
s fo (L= 9)T2v(s) ds tZ,1 s fo (L= $)TFily(s) ds)
2 T~
i (Zflm g~ Zb1q+ﬁ,v
(7 s — (i () 5

i (g — )
B i b;
i r‘(za—_ﬂl) - al)(Z;’zl(m))

=17v(¢t) -

Otllq_lv(l)
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Zl 1( ﬂz+2 — @) Za K /3tv(1)
(Zz 1 r(z ,s O‘l)(Zz 1( ffz+1 ))

ot v(1) - Zl L (ta 1T ﬂlv(l))
+ n
YT~

One can check that the given x(¢) is a solution for the problem ¢D7x(t) = v(¢) with the
boundary conditions. This completes our proof. O

Let X = {x:x,°DP1x,°DP2x, ..., *DPrx € C(I,R)} be endowed with the metric

d(x,y) = sup|x(t) —y(t)‘ + sup|CD’31x(t) - CDﬂly(t)| +oeeet sup|CDﬁ"x(t) - CDﬁ"y(t)|.

tel tel tel

It is clear that (X, d) is a complete metric space (see [23]). By using Lemma 2.1, a func-
tion x € X is a solution for the fractional differential equation (2.1) whenever it sat-
isfies the boundary conditions and there exist functions v,v' € L![0,1] such that v(¢) =
f(t,x(t),°DPix(t), ..., DPrx(t)), v (t) = g(t, x(t), [P x(2), ..., [P1x(t)) and

x(t) :Iq(v(t) + v’(t))
(0 it — )
(Zl 1 1"2 /3) 051)(21 1( /31"'1 ))
Y-
(ks o — ) ()
Y (e — 2)
(Zz -1 r(z ,3 —an) (X 1( ﬁ,+1 ))

. oI (w(1) +v/(1) = Y1, (ta 1P (v(1) + V(1))
> r(za—_t;;,) %

Z b P (v(1) + /(1))

o7t (V(l) + 1/(1))

Za A17Pi(v(1) + v/ (1))

forallt el.

Theorem 2.2 Let £ : R2"D — R be a map, » € (0,1) and f,g : [0,1] x R"*2? — R two

functions such that
V(txxlyxZ; oo yxn+1) _f(t;yl:ny oo ¢yn+1)| + |g(t:x11x2; o xxn+1) _g(t:y17y2: oo yyn+1)|

< - —
= Ql + Vle (|x1 yl| + + |xn+1 yn+1|)

forallteI=[0,1] and x1,..., %3, Y1, ..,V € R with
%-(xbe’--')xrl+17y17y21~~"yn+1) > 07

where
|+Zzl|)"|
r(q+1) YA —a
|Zzl i al”Zzlz)"-"'le i 062| |+|Zzlz)"|):|
|(Zzl i al)Ztl 1 ,

Q=
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N . e
15j=n\| (g - Bj +1) L2-B)Q i A P —on)
Mo 4 32 = bi a3 = bi 3)\=L
" 1-T2-8) COT(Bi+1) " Tg+p) ! I(g+Bi+1)
bl' i i
A= R ¥ I S S WS —
I'(Bi+2) I'(g-B) [(g-pi+1)

Assume that

é(u(t), DPYU(e), *DP2u(t), ..., DPru(t), v(t), DPrv(t), cDP2 w(¢), ... ., *DPr V(t)) >0
implies

£(Tu(t), "D Tu(t), ..., D" Tu(t), Tv(t), "D Tw(?), ..., “DP* Tu(t)) > 0,

where the operator T : X — X is defined by

Tu(t) = %q) /t(t - s)qflf(s, u(s), D u(s), ... ,CDﬁ”u(s)) ds

|: Zz 17 :|
Zl 1 l Zz 17
x Z(A?f 1 _S)q+ﬁiilf(s’u(5);cDﬂl M(S),...,CD‘B” u(s)) dS>
i=1 0
[ ZI“M? }
(Zl 1% Zl 1 z
oD / (1= 912 (s, DP ), ..., D) d
|: Zz 1 l ]
(Zl 1% Zz 1M

X Z(AS/ §)T P 1f(s u(s), D u(s), ..,CDﬁ”u(s)) ds)

oD fo A = 8)772f (s, u(s), CDﬂlu(s),...,CDﬁnu(s))ds

Zl 17
O] A9 s ), DA D)
Zl 1M —011
% /t(t — )T g(s,u(s), 1P us),..., IP"uls)) ds

B [(2,531 : ZH A%]

n 1
X Z(k?/o (1—s)q+ﬂi_1g(s,u(s),[ﬁlu(s),...,Iﬁ”u(s)) ds)
i=1

|: 271)‘? a2 i|
(Zzl i (Zzl i
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oo / o2 ), Pl Pt ds
i oo P

_ |: Zl 1A — 2 ]
QoM —an) X A7
X Z(ASf g)Thit (s, u(s), P us), ..., 1P u(s)) ds)

F(t“;il) Jo (@ =5)1"2g(s, u(s), I u(s), ..., IP*u(s)) ds
le i
£ [ (L= 8)T P g(s, uls), Iﬂlu(s), o IPru(s)) ds)
- le i

forallt € 1. If there exists u; € X such that
%'(Ml(t), Cl)ﬁ1 Ml(t), veey CD‘S" Ml(lf), Tbtl(lf), Cl)ﬂ1 Tul(t), ey CDﬂn Tbtl(t)) >0
forallt €[0,1], then the problem (2.1) has an approximate solution.

Proof We define o : X x X — [0,00) by

[1, E(u(t), *DPru(t),. .., DPru(t), v(t), *DPLv(t)),..., DPrv(t)) > 0,Vt € I,
o(u,v) =

0, else.

We show that T is an «-admissible and «-contractive selfmap on X'. Let u,v € X’ be such

that & (u(t), “DPru(t), ..., D u(t), v(t),*DPrv(¢), ..., DPrv(t)) > 0 for all ¢ € [0,1]. Then we
have

|Tu(t) - Tv(t)|

= ’ { %q) ‘/Ot(t - s)q’lf(s, u(s), *DPru(s), ..., DPr u(s)) ds

_|: Ztl i i|
(Zz =1 l (11) Zl 1)”12

Z( f q+ﬁz lf(s u(s), CDﬂlu(S) ”D‘S”u(s)) ds)

=1

|: Zz 1)"? o2 ]
le i al)(Zzl i

_a /1(1 - s)q_zf(s, u(s),’ D u(s), ..., D u(s)) ds
I'(g-1)

|: Zl 1 1 i|
(le l_al)Zzl i
X Z(AS/ §)T P 1f(s u(s),DPufs), .. ”Dﬁ”u(s)) ds)
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s [ = )T (s, u(s), CDﬁl u(s), ..., DPru(s)) ds

I'(g-1)
’ Zl 17
EY 03 [ (- )T (s, u(s ),*DP1us), ..., DPru(s)) ds)
Zl 1%

+ %q) _/ot(t - 8) T g(s,u(s), 1P us), ..., IP*u(s)) ds

|: Zz 1)‘} :|

(le i al)Zzl i

X Z(A?A (1—s)q*ﬂi‘lg(s,u(s),Iﬂlu(s),...,Iﬂ"u(s)) ds)
i=1

|: Zz 1 1 ]
(le 1—051)(211 i F(q 1)

|: X:Ll)‘;L o3 :|
(Zt 1 1 al)Zzl i

X Z(Af/o (1—s)q‘ﬂi‘lg(s,u(s),]ﬂlu(s),...,Iﬂ”u(s)) ds)

/ (1-s)12 (s, (s), P u(s), .. Iﬁnu(s))

R fo (1= 9172g(s,1(5), 1P 1), .., IPru(s)) s
Zz 1 l_a1

O [y =T g (s, uls), 1P uls), .., IPru(s)) ds) }

Zzl l_al

[F(q) / (t—s)? 1f(s, (s),°DP1v(s), .. CD’g”V(s))

|: Zz =1 L j|

(Zl 1 ,_al)zl 17

X Z(A‘? /(; a —s)q*ﬂi‘lf(s, w(s), *DPry(s), . ..,CDﬂ”v(s)) ds)
i=1

_ |: Zl 17 ]
i }‘i - “1)(21—1 )‘12

_ -2 cn/1 cBu
F(q 1)/ 1-s)1 f(s,v(s) DPry(s),...,°D (s))

[z,lzil—olnz,l |

X Z <kl5 /0 1- s)q‘ﬂ"_lf(s, w(s), *DPr(s), ..., DPr v(s)) ds)

o= Sy @=9)Tf(s,u(s), “DP1V(s), .., “DPru(s)) ds
+
le i
tZ:’ZI(A? fol(l — 8)TPiT1f (s, 1(s), ‘Dﬁlv(s),...,CDﬂ"V(S))dS)
B Zzl i




Akbari Kojabad and Rezapour Advances in Difference Equations (2017) 2017:351 Page 8 of 18

+ % /t(t - 8)T g (s, v(8), IP'(s), .., IP*v(s)) ds

|: le i i|
(Zz =1 l al) Zl 1)”12

n

Z( / (1-s)7thit (s,v(s),[ﬁlv(s) ..... Iﬁ"v(s)) ds)

=1
|: Zz 17 —()[2
le i al)(ZLI i

|: X:Ll}”;L o2 :|
le i al)Zzl i

X Z (Af /0 1= s)7 P g (s, v(s), 1P W(s), ..., IP"v(s)) ds)
i-1

— q 2 1 Bn
]F(q 1)/ s) (s v(s), IPv(s), ..., I v(s )) ds

(41— 5)92g(s, v(s), P s), .., IP(s)) dis

I'(g-1)
YoM
EY (08 (-9 TPl g(s, (s ) zﬁlv(s) ..... Prv(s)) ds)
: S |
| (¢ — 5)a!
<[ 1 5a
X [f(s u(s),“DPrufs), ..., CDﬁ”u(s)) —f(s, w(s),°DP1v(s), ..., CDﬁ"v(s))’ds

Ztlz
zl z_al)Zzl i

X Z (|Al3 | ] (1-s)7+hit [f(s, u(s),*DPru(s), ..., CD’S”u(s))
i=1 0

—f(s, w(s), *DPr(s), ..., DPr v(s)) | ds)

Zz 1)‘? o2
(le i al)(Zzl i
—f(s, w(s), *DPry(s), ..., DPry( s)) | ds

n 1
57 2}2’11 d Z Z(Af/o (1—s)q’ﬁi’I[f(S,u(s),cDﬁlu(s),...,”Dﬂ”u(s))
i=1""i i=1 1 i=1

—f(s, w(s),*DP1u(s), ..., DPr v(s)) | ds)

+

2 cpbr cyBu
T(g- 1)/ (1-s)T" [f(S,u(s) D u(s), ..., DPrufs))

+

tog

1
+ Z F(q 1) / 1 =877 |f (s,u(s), D us), ..., “DPru(s))

—f( CDﬁ1 v(s), ...,”Dﬁ”v(s))|ds

1
+ 2121:! zl l /0' (1 - S)q_ﬁi_l V(S, M(s);cDﬁlu(s) """ CD/S”M(S))

—f(s, w(s), *DPry(s), ..., DPr v(s)) ’ ds

t
/
0

I'(q)
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Zzl)“z
(Z, 1 l_al)Zz 1 l

Z<|A3|/ (1-s)7+Pim 1|g(s u(s), 1P u(s), . ..,Iﬂ”u(s))

i=1

~ g (5 IPVS), . IPs))| ‘“)

le i
Zl =1 z_al Zz 1 z
- g(s,v(), 1PW(s), .., IP*v(s)) | ds

O3 121,11-&1 Dy Z(A/ (1= g ), 1P ()., 1)

)IT(q- 1)/ (1= 52| (s, (s), PP, ..., ()

- g(s, w(s), IPv(s), ..., IP" V(s)) | ds)

_tag

1
+ 5 F(q 1) /(1—s)q_ﬂ"‘l|g(s,u(s),lﬂ‘u(s),...,Iﬂ”u(s))
i=1 z 0
—g(s, w(s), IPv(s), ... ,Iﬂ”v(s)) | ds
n o5 1
+ X’;Z’ 14 /(1—s)q_ﬂ"‘l|g(s,u(s),lﬂ‘u(s),...,Iﬂ”u(s))
i=17vi 0

—g(s, V(S),IﬂIV(S),...,Iﬂ”V(S))|ds
H L e L
= +
I(g+1) > A~
le i a1||Zzll)"|+|Zzl i a2|(|[‘(q)|+|211t)"|):|
|(Zz 1 z_al)Zt 17

x (suplf (&, (®), “DP (@), ..., DP*u(t) ~ f (6,v(6), Do), ., DPv(o)))

tel
r! + i P
HF(CI"'U‘ YA —al
N |20 A —onll 2D PA L+ 1 0 A — ol (I + 12 1lk|)}
(i A —on) o7 A
x (suplg (e, u(®), 17 (@), ... () - g6, v0), 1P V(D) .. 1IPv(0) )

tel

=Q (sup [f(t, u®),DPu),..., CDﬂ”u(t)) —f(t, w(t),°DPrv(e), ..., cDP v(t))|

tel

+ suplg (&, u(0) 1" u(t), ..., IP"u() — g (6:V(O, 1 0(@), .., Pv(D) ).

tel

Letje{1,2,...,n} be given. Then we have
|DP Tu(t) - D Tv(t)|

= ‘ { #—ﬂ;) /t(t - s)q_’sf_lf(s, u(s),’DPrus), ..., CDﬂ"u(s)) ds

“lt fo (1 - $)T2f (s, u(s), °DPru(s), .. ”Dﬂ”u(s)) ds
P2 -8 L mrap — )ity ﬁ,+1
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(= 55 Jo (L= s)17F 1f(s, u(s),*DPru(s), ..., DPru(s)) ds)
2 ﬁl (Zl 11-I'(2=8;) ]"2 Bi) (Zl 1(1" +1)))

{m / (= )T g (s, u(s), P u(s), .., IPnuls)) dis

G A= 5T (s, uls), I us), ..., Pu(s)) i
r(z ﬂ,)(z,lm ) ()
fl by (s Jo L= 9T P75, 1(s), IPru(s), ..., IPru(s)) ds)
F(2 ﬂ,)(Zl ey — ) (i (F(ﬂi+1))) }

{F(q 5) /(t $)Thi- f(s w(s), *DP1u(s), . ..,CDﬂ"V(s))ds

9 (A1 = )12 (s, ¥(5), DAVIS), ..., Dv(s)) ds
+
re- ﬁ,xzmmﬂ o)X ()

tl By (Fm fo (1 =) Pi7Lf (s, v(s), “DP1v(s), .. CDﬂ"V(S))dS)}
(2 B 1T2/3) a) X (5 G, +1)))

{F(q ,3;)/ (-8 Fi g (s, v(), IP'W(s), ..., IP"v(s)) ds

“” 'fo (1-s5)12g(s, v( ), I1v(s), ..., IPnv(s)) ds
F(2 131)(Zrl 1- rz ﬁz) —al)(Zf’,l(%))

tl iy (Fm fo 1 - s5)7 il g(s, v(s), 1P v(s), . ,Iﬂ”V(S))dS)”
(2 181)(21 =1 TZ/S) _al)(Zz—l(I‘(ﬂﬁl)))

F(q ,B] ./ (t S)q ﬂl llf(s Ll(S) cDﬂ1 M(S) CDﬂnu(S))

—f(s, w(s), *DPr(s), ..., DPr v(s)) | ds

1-8:
oyt ‘B]

F(q—l)

’F(2 B g r —a) (XL (D [5+1

/(1 s)T” 2[f(su ), DPrugs), ..., ”Dﬁ"u(s))

0

—f(s,v(s), D (s),...,“DPv(s)) | ds

+‘F(q1_/3;) / (6 =)0 g (s, u(s), 1P u(s), ..., 1P 2u(s))

— (5, v(), I V(s), ... IPv(s)) | ds
1-p;

F(q—l)

‘F(z ﬂl)(zzlw 0‘1)(2 ( (ﬁﬂ)))

X / (1-s)12 |g(s, u(s), I u(s), . ..,Iﬁ”u(s)) —g(s, w(s), IP1v(s), ... ,Iﬂ”v(s)) | ds
0

|
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= ([l = )
“\T@=-A+D] Q- =iy — ) (i ()

X (S:;?V(t’ u(®), ‘D ut), ..., DPu(t)) — £ (£, v(t), "D v(t),..., DPrv(p))|

+ sup|g(t, u(®), 1P u(t), ..., I u(t)) - g(t,v(®), I"'v(t), ..., 17" v(t)) |>

tel

=Q, (sup [f(t, u(t),’DPu(), ..., CDﬁ"u(t)) —f(t, v(t),°DPru(t), ..., DPr V(t)) |

tel

+ suplg (6, u(®), (), ..., 1 u(®) (6, O, I V(D) .., IPv(0)]).

tel

Thus, we get

d(Tu, Tv)
= sup| Tu(t) - Tv(t)| + sup|cDﬂ1 Tu(t) - DA Tv(t)| 4o
tel tel

+ sup‘cDﬁ” Tu(t) — °DP Tv(t)‘

tel

< (sup [f(t, u(®),’DPru(), ... ,CD‘s”u(t)) —f(t, wt),DPu(e),...,cDP v(t))|

tel

+ suplg (&, u(0) 1" u(t), .., IP"u(0) ~ g (&, V(O 1P 0(@), .., Pv(0))
tel

+ 1y (sup If (& w(2), “DPruld), ..., “DPru(e)) — £ (£, v(8), DI AE), ..., DPru(e)) |

tel

+ sup‘g(t,u(t),]ﬁlu(t), . ..,Iﬁ”u(t)) —g(t, v(t), IP'v(2), . ..,Iﬂ”v(t)) D

tel

=(Q + n92)<sup[f(t,u(t),cDﬂlu(t), . ..,CDﬂ”u(t)) —f(t, v@t),DPve), .. .,CDﬂ"v(t))|
tel
+ suplg (&, u(0) 1" u(t), .., IP"u(0) ~ g (&, V(O 1P 0(@), .., Pv(0))
tel

< A(sup|u(t) - V(t)| + sup|CD’31u(t) - ”Dﬂlv(t)| et sup|”Dﬁ” u(t) - CDﬁ”v(t)D
tel tel tel

=xd(u,v)

for all u,v € X. This implies that T is «-contraction. Let u,v € X be such that a(u,v) > 1.
Then &(u(t),’DPru(t), ..., DPru(t), v(t),*DPrv(t),...,°DP) > 0 Hence, &(Tu(t), D" Tu(t),
o CDPTu(t), Tv(t), *DPY T(t), ... ., DP Tv(t)) > 0 for all ¢t € [0,1] and so «(Tu, Tv) > 1. It
means that 7' is a-admissible. Finally, it is easy to check that (i1, Tu;) > 1. Now by us-
ing Lemma 1.2, T has approximate fixed point which is an approximate solution for the
problem (2.1). O

By using Lemma 1.2, one can easily check that the sum-type fractional integro-
differential equation (2.1) has at least one exact solution whenever the functions f, g are

continuous.

3 Numerical method
In this section, we use the Chebyshev and Legendre polynomials for finding approx-
imate solutions of the problem (2.1). The shifted Chebyshev polynomials be defined
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on [0,1] by Ty (%) = 2(2x — 1)T(x) — T_;(x) for all n > 1, where T} (x) = 2x — 1 and
Ti(x) =1 ([24]). The analyt1cal form of the shifted Chebyshev polynomials T (x) is

given by T*(x) = nZl o (1) ’2 ”” 1 x for all n > 1 ([24]). We have the orthogonality

condition f ? ldx =0 whenever m#n, ! % dx = % whenever m = n # 0
X% x—x2

and fl % dx = m whenever m = n = 0 ([24]). Every functlon u € L*([0,1]) can
be expressed by the shifted Chebyshev polynomials as u(x) = Y - ¢;TF(x), where ¢y =
% vrar:i D dt and ¢ = 01 MF dt for all i > 1 ([22]). Denote the first (s + 1)-terms of
the shifted Chebyshev polynomlals by u(x) = > iy ;T (x) for all m > 1 ([22]).

Theorem 3.1 Let a > 0 be given. Then we have ‘D* (u,,(x)) = Y., Z;{:m clwf‘}?xk * and

_\m i (@) Lk () —k 2%Ki(i+k=1)T (k+1) (@) _ 1
1 (um () = 3120 2 k=0 O x, where O = (-1 W O = NETY and
(@) (~1)i* 22kl(l+k DIT (k+1)
Wik = RO (k1)

Proof By using the linear properties of the Caputo fractional derivative, we get

cD* (um(x)) °D* coT*(x) + ZCCD" T* (x)
i=1

O 2%ki(i + k—1)!
=<pe CQT* x) + Z ci(- z k‘ic a(x )
i-1 k=0 (i — k)!(2k)!

Since D% (xF) = 0 whenever k = 0,1,..., [e] - 1 and °D*(x*) = Fl(-k(fﬂl)xk‘“ whenever k >

[a], we have

LR 2%Ki(i + k- 1)IT(k +1) LR
cpe - — ; llk ka_ ; (‘Dt) k—a
(um (%)) Z ci(-1) (z—k)‘(2k)‘I‘(k+1+a) i;‘ﬂ kgwcwl’kx

Also by using the linear properties of the Riemann-Liouville fractional integral, we get

I“(um(x)) COT* x) Zc]“ T*

. d Lk2 l(l+k 1)!
= I*(co Ty (x)) + ;gq( Vo ().

I'(k+1)
I(k+1+a)

k+a

Since I%xf = x**t% we obtain

lk2 G+k-DTk+1) 4.,
I* (@) = r( +1) ZZC‘ D k)(2k)'1”(k+1+oz)x

i=1 k=0

SN P

i=0 k=0

This completes the proof. d

For solving the problem (2.1) by using the Chebyshev method, we approximate x(¢) by

X() =Y T/ (). 3.1
i=0



Akbari Kojabad and Rezapour Advances in Difference Equations (2017) 2017:351 Page 13 of 18

By substituting the estimates (3.1) in (2.1) and applying Theorem 3.1, we obtain

> Y el

i=[q1s=1q]
( ZczT*(t> Z Z cwph, Z Z cw f‘ﬂfﬂ;«)
i=[p1]s=[B1] i=[Bn] s=[Bn]
( ZC’T* fzcoﬂ‘ £, Zic@ﬁﬁ”wﬂz,,..,
i=0 5=0 i=0 s=0

ZZOf) 62

i=0 s=0

In equation (3.2) for t =x, and p = 0,...,m + 1 — [q], we obtain

S—
E E clwlsxp 1

i=[q] s=[q]
m i
_f<xp,chT (xp), Z Z cw VxS ’31 ey Z Z ciwgﬁ”)x;’ﬂ”>
i=[B1]s=[B1] i=[Bnl1s=[Bnl
m i
+g<xp, Z T Z ch e ”‘61 Z Zci®§§2)x;*ﬂ2, ey
i=0 s=0 i=0 s=0

m i
3N ci@)gin)x;*ﬂ”) (3.3)

i=0 s=0

For calculating the unknowns cy, ..., ¢, we consider the roots of T° (¢) and use the

m+1-[q]
Z;’zl(a,CDﬁfx(l)) = a1/(1) and Z;’zl(b,»lﬁlx(l)) = apx’(0). Then we get

Xn:aj Z Z cw (ﬂ’ aliiciwsz (3.4)

j=1 i=[BjTk=[p;] i=1 k=1

and

Zb ZZ 01 (3.5)

j=1 i=0 s=0

Note that equations (3.3) and (3.4) and (3.5) generate m + 1 nonlinear equations which
can be solved by using the Newton iterative method. Thus, we can find the unknowns
€o,---,Cy and so one can calculate x(¢). Similarly, the shifted Legendre polynomials on
[0,1] defined by L}, (x) = %L*( ) = 7i7Ly1(x) for all m > 1, where L*(x) =1and
Li(x) = 2x—1([25]). In fact, L (x) = Y7 o (=1)"* (n(yi*,’ s« forallm>1, fo Li(x)LE (x)dx =0
whenever m # n and fo Li(x)L (x) dx =

L*([0,1]) can be expressed by the shifted Legendre polynomials by u(x) = > o c;.L¥ (%),
where ¢; = (2 + 1) fol u(t)L(t)dt for i > 1 ([25]). Denote the first (m + 1)-terms shifted

M whenever m = n ([25]). Every function uc
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Legendre polynomials by
(%) = Y L} (). (3.6)

By applying a similar proof of Theorem 3.1, one can prove next result.

Theorem 3.2 Leta >0 be given Th(elf we have D (u,,(x)) = Z:Zm ZZ: o] ci.Al(.f),‘()xk‘“ and
s o i+k (i+k)!
I (um(x) = 310 Zk ociB lk A = (D)7 (i—k)!(kl);rl“(kﬂ—oz) and

(i + k)

(o) _ _1)i-k
B = ) o s 1 0

Now, we approximate x(t) by
m
x(t) =Y diL}(e). (3.7)

By using estimates (3.7) in the problem (2.1) and applying Theorem 3.2, we obtain

i Z di AL ¢

i=[q1s=[q]

( ZdL* 1), Z Zdﬂltsﬁl. Z Zd.Aﬂ”tsﬁ”>

i=[p11s=[p1] i=[Bnls=[Bu]

( ZdL*(t) ZZdBf‘l e, Zidﬁfﬁ”ﬁ*ﬁz,...,

i=0 s=0 i=0 s=0

Zm: Z dBLY e ) (3.8)

i=0 s=0

Now, we collocate (3.8) at m + 1 — [q] pointsx, (p =0,...,m +1—-[q]) as

> YAl

i=[q] s=[q]

(ZdL*(xp)ZZdA x ZZdA >

i=[p11s=[p1] i=[Bn1s=[Bn]

+g<xp,ZdL (xp ZZdB +ﬁ1,iid8(/32 s+ﬁ2

i=0 i=0 s=0 i=0 s=0

Z Z B f‘) (3.9)

i=0 s=0

where x, (p = 0,...,m + 1 - [q]) are roots of the polynomial P}, _ m(t). Also by sub-
stituting equation (3.7), Theorem 3.2 and the conditions Zj=1(alCDﬁ1x(1)) = a14'(1) and
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Z;'Zl(bjlﬂfx(l)) = apx'(0), we get

L

Y03 Y A a3 Al 610)

J=L i=[B1 k=181 i=1 k=1

and

Zn:b,iidilsff’) -0. (3.11)

j=1 =0 s=0

Note that equations (3.9) and (3.10) and (3.11) generate m + 1 nonlinear equations which
can be solved by using the Newton iterative method to obtain the unknown dy,...,d,,.
Thus, one can calculate the solution x(¢) of the problem. Here, we provide two examples
to illustrate our numerical methods. There is much work which provides some methods
for numerical solutions of some types fractional differential equations (see [11, 14] and
[18]). Our aim is not to introduce a method that can be answered with greater accuracy
and speed. The following examples illustrate our main results and we show that numerical

approximations could be exact sometimes.

Example 1 Consider the fractional differential equation

+ % (x(t) + CD%x(t))

+ [CD%x(t) +0.5] (3.12)

CD%x(t) = [10¢ + sin(¢)] + In(|sinh(¢)] +1)

with the boundary conditions CD%x(l) + CD%x(l) =x'(1) and I%x(l) + I%x(l) =«'(0). Con-
sider the function f(¢,%1,%,%3) = [10¢ + sin(¢)] + In(| sinh(¢)| + 1) + 35 + [x2 + 0.5] + ’zc—g,
g(t,x1,%2,x3) = 0 and &((x1,%2,%3), (1,2,¥3)) = 1 whenever x, = 0 and y, = 0 almost ev-
erywhere and &((x1,%2,%3), (y1,¥2,¥3)) = —1 otherwise. Put n =2, A = 0.9, oy = a3 = a; =
ay=b=by=1,8, = %, Br = % and g = % One can check that the problem (3.12) satisfy the
conditions of Theorem (2.2), where, thus, the problem (3.12) has an approximate solution.

Check Tables 1 and 2 and Figure 1.

One can find the coefficients ¢; and d; by using the explained Chebyshev and Legendre
methods as in Table 1. Also, one can find difference of the numerical approximate solutions
in Figure 1 and Table 2. Here, we denote the numerical solutions of the Chebyshev and
Legendre methods by ¥ and %, respectively.

Table 1 Coefficients

i Coefficient value of Chebyshev method ¢;  Coefficient value of Legendre method dj;

1T 1364912481 -13.89585847
2 32.68664752 3261068585
3 0.739732907 0.983914814
4 0.123903993 0.188170898
5 0.004270165 0.012299691
6 0.011334926 0.02302969
7 -0.004503085 -0.009980864
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Table 2 Differences

t |x(t) - x(8)]

00 476063632959267e-13
0.1 3.90798504668055e~13
02 3.26849658449646e-13
03 2.62900812231237e-13
04 1.98951966012828e-13
05 1.36779476633819e-13
06 7.19424519957101e-14
0.7 8.88178419700125e-15
08 5.5955240441107%-14
09 1.26121335597418e-13
1 1.84741111297626e-13

Figure 1 Chebyshev and Legendre method. =

20 = = = = T
Chebysheve Numerical Solution
——— Legender Numrical Selution

Example 2 Consider the fractional integro-differential equation

NG 1
D2 x(t) = €O 4 In(t +1) + In(£ +1) + 0 ((t +8)x(t) + 2D x(t) + «/_1 D3 x(t)

sinx(t) 1\, N 207 x(t) : 5 .
() 20 gy 0 g
N ilégx(t)) (3.13)

with boundary conditions —”D%x(l) +¢D3 = 2x'(1) and 23 x(1)— 3I§x(1) =x/(0). Consider
the continuous functions

1 Jt sinx(¢) )
£,x1,%2,%3,%4) = €O 1 In(t +1) + — [ tag + oy + —x3 + —————x
St x1,%2, %3, %4) ( ) 30< 1 2+ % S + 1 4

and g(t,x1,%3,%3,%4) = In(£? + 1) + 5 (%% — 22‘;2"?3 + ‘ﬁx3 — %), Define the map & ((x1, %2,
x3,%4), (¥1,¥2,¥3,y4)) = 1 for all xl,...,x4,y1,...,y4 eR. Put n=3, A 09,a1=-1,a; =1,
llg=0,b1=2,b2=0,b3=—3,0[1=2,0l2=1,,31=%,/32 3,,33— andq— 6.ThquY

using Theorem 2.2, the problem (3.13) has an exact solution. Check Tables 3 and 4 and

Figure 2. We present the coefficients co,c¢y,...,¢6 and dy,d,...,ds (for m = 6) by using
the Chebyshev and Legendre methods in Table 3. As one easily sees, the difference of
the numerical approximate solutions by the Chebyshev and Legendre methods (which
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Table 3 Coefficients

i Coefficient value of Chebyshev method c; Coefficient value of Legendre method d;
0 25.0832696245301 25.0923764343546

1 —-100.27385020664 —100.245026343328

2 —-0.023785620114085 -0.0164038330046405

3 —0.045007244673989 —-0.0606901595074366

4 —-0.0234838615675559 -0.0564629360395388

5 -0.0127366109683591 —0.0258775587930064

6 0.0135562287330535 0.030046706107713

Table 4 Differences

t [X(8) - x(t)|

0 8.17294676380698E-10
0.1 6.89240664542012E-10
0.2 5.59495560992218E-10
0.3 4.26595647695649E-10
04 2.9262992029544E-10
0.5 1.60159885354005E-10
0.6 3.02238234439756E-11
0.7 9.81437153768638E-11
0.8 2.27224461468722E-10
09 3.58717500148487E-10
1 4.90501861349912E-10

Figure 2 Chebyshev and Legendre method. - ] *

Chebysheve Numerical Solution
| — Legender Numrical Solution

50

has been provided in Figure 2) is inconsiderable. Denote the numerical solutions of the
Chebyshev and Legendre methods by ¥ and &, respectively. In Table 4, we show that the
difference of the approximate solutions obtained by Chebyshev and Legendre methods is

negligible.

4 Conclusions

We first prove the existence of approximate solutions for a sum-type fractional integro-
differential problem via Caputo differentiation. By using the shifted Legendre and Cheby-
shev polynomials, we provide a numerical method for finding solutions for the problem.
Also, we give two examples to illustrate our results from a numerical point of view. Our

aim is not to introduce a method that can be answered with greater accuracy and speed.
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