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Abstract

We investigate the existence of solutions for a sum-type fractional integro-differential
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1 Introduction

In , Reinermann investigated some problems by using approximate fixed point prop-

erty ([]). In , Yamamoto and Ohtsubo published a paper on subspace iteration accel-

erated by usingChebyshev polynomials for eigenvalue problems ([]). There has been pub-

lished somework about different fractional integro-differential equations by using Cheby-

shev polynomials ([, ] and []) or by using Legendre wavelets ([–] and []). Recently,

different techniques for solving some fractional integro-differential equations have been

used (see [, –]). In this paper by using an approximate fixed point result and the

shifted Legendre and Chebyshev polynomials, we investigate the existence of solutions

for a sum-type fractional integro-differential problem.

As is well known, the Caputo fractional derivative of order β for a continuous function

f : (,∞) →R is defined by cDβ f (t) = 
Ŵ(n–β)

∫ t


f (n)(s)

(t–s)β–n+
ds, where n = [β]+ ([, ]). The

fractional integral of order β for a function f : (,∞)→ R is defined by Iβ f (t) = 
Ŵ(β)

∫ t


(t –

s)β–f (s)ds ([, ]). Let (X,d) be ametric space,T a selfmap onX and α : X×X → [,∞)

a map.We say that T is α-admissible whenever α(x, y)≥  implies α(Tx,Ty)≥ . Also, T is

called α-contraction whenever there exists λ ∈ (, ) such that α(x, y)d(Tx,Ty) ≤ λd(x, y)

for all x, y ∈ X. We say that T has approximate fixed point property whenever there exists

a sequence {xn}n≥ in X such that d(xn,Txn) → . We need the following results.

Lemma . ([]) Let q > , n = [q] +  and v ∈ C([, ],R). Then the fractional differential

equation cDqx(t) = v(t) has a solution in the form

x(t) = Iqv(t) + c + ct + · · · + cn–t
n–.
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Lemma . ([]) Let (X,d) be a metric space and T an α-contractive and α-admissible

selfmap on X such that α(x,Tx) ≥  for some x ∈ X. Then T has the approximate fixed

point property. If X is complete and T is continuous, then T has fixed point.

2 Main result

Now, we are ready to study the existence of solution of the sum-type fractional integro-

differential equation

cDqx(t) = f
(

t,x(t), cDβx(t), . . . , cDβnx(t)
)

+ g
(

t,x(t), Iβx(t), . . . Iβnx(t)
)

(.)

with boundary value conditions
∑n

i=(ai
cDβix()) = αx

′() and
∑n

i=(biI
βix()) = αx

′(),

where  < q < , a, . . . ,an,b, . . . ,bn ∈R and f , g : [, ]×R
n+ →R are two maps.

Lemma . Let  < q <  and v ∈ C(I,R). Then the unique solution for the fractional dif-

ferential equation cDqx(t) = v(t) with boundary conditions
∑n

i=(ai
cDβix()) = αx

′() and
∑n

i=(biI
βix()) = αx

′() is given by

x(t) = Iqv(t) –
(
∑n

i=
ai

Ŵ(–βi)
– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

n
∑

i=

biI
q+βiv()

–

∑n
i=(

bi
Ŵ(βi+)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))
αI

q–v()

+

∑n
i=(

bi
Ŵ(βi+)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

n
∑

i=

aiI
q–βiv()

+
αtI

q–v() –
∑n

i=(taiI
q–βiv())

∑n
i=

ai
Ŵ(–βi)

– α

,

where α, α, a, . . . ,an, b, . . . ,bn are some real numbers.

Proof By using Lemma ., general solution for the equation cDqx(t) = v(t) is given by

x(t) = 
Ŵ(q)

∫ t


(t– s)q–v(s)ds+ c + ct, where c, c ∈R. By applying the boundary condition

∑n
i=(ai

cDβix()) = αx
′(), we get

n
∑

i=

(

ai

Ŵ(q – βi)

∫ 



( – s)q–βi–v(s)ds +
aic

Ŵ( – βi)
+ 

)

=
α

Ŵ(q – )

∫ 



( – s)q–v(s)ds + αc

and by using the boundary condition
∑n

i=(biI
βix()) = αx

′(), we get

n
∑

i=

(

bi

Ŵ(q + βi)

∫ 



( – s)q+βi–v(s)ds +
bic

Ŵ(βi + )
+

bic

Ŵ(βi + )

)

= αc.
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This implies

c

(

n
∑

i=

ai

Ŵ( – βi)
– α

)

=
α

Ŵ(q – )

∫ 



( – s)q–v(s)ds –

n
∑

i=

(

ai

Ŵ(q – βi)

∫ 



( – s)q–βi–v(s)ds

)

and

n
∑

i=

[

c

(

bi

Ŵ(βi + )
– α

)

+

(

bi

Ŵ(βi + )

)

c

]

= –

n
∑

i=

bi

Ŵ(q + βi)

∫ 



( – s)q+βi–v(s)ds.

Hence,

c = –
(
∑n

i=
bi

Ŵ(q+βi)

∫ 


( – s)q+βi–v(s)ds)(

∑n
i=

ai
Ŵ(–βi)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

–
(
∑n

i=(
bi

Ŵ(βi+)
– α))(

α
Ŵ(q–)

∫ 


( – s)q–v(s)ds)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

+
(
∑n

i=(
bi

Ŵ(βi+)
– α))(

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–v(s)ds))

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

and

c =

α
Ŵ(q–)

∫ 


( – s)q–v(s)ds –

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–v(s)ds)

∑n
i=

ai
Ŵ(–βi)

– α

.

Thus,

x(t) =


Ŵ(q)

∫ t



(t – s)q–v(s)ds

–
(
∑n

i=
bi

Ŵ(q+βi)

∫ 


( – s)q+βi–v(s)ds)(

∑n
i=

ai
Ŵ(–βi)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

–
(
∑n

i=(
bi

Ŵ(βi+)
– α))(

α
Ŵ(q–)

∫ 


( – s)q–v(s)ds)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

+
(
∑n

i=(
bi

Ŵ(βi+)
– α))(

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–v(s)ds))

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

+

tα
Ŵ(q–)

∫ 


( – s)q–v(s)ds – t

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–v(s)ds)

∑n
i=

ai
Ŵ(–βi)

– α

= Iqv(t) –
(
∑n

i=
ai

Ŵ(–βi)
– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

n
∑

i=

biI
q+βiv()

–

∑n
i=(

bi
Ŵ(βi+)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))
αI

q–v()
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+

∑n
i=(

bi
Ŵ(βi+)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

n
∑

i=

aiI
q–βiv()

+
αtI

q–v() –
∑n

i=(taiI
q–βiv())

∑n
i=

ai
Ŵ(–βi)

– α

.

One can check that the given x(t) is a solution for the problem cDqx(t) = v(t) with the

boundary conditions. This completes our proof. �

Let X = {x : x, cDβx, cDβx, . . . , cDβnx ∈ C(I,R)} be endowed with the metric

d(x, y) = sup
t∈I

∣

∣x(t) – y(t)
∣

∣ + sup
t∈I

∣

∣

cDβx(t) – cDβy(t)
∣

∣ + · · · + sup
t∈I

∣

∣

cDβnx(t) – cDβny(t)
∣

∣.

It is clear that (X ,d) is a complete metric space (see []). By using Lemma ., a func-

tion x ∈ X is a solution for the fractional differential equation (.) whenever it sat-

isfies the boundary conditions and there exist functions v, v′ ∈ L[, ] such that v(t) =

f (t,x(t), cDβx(t), . . . , cDβnx(t)), v′(t) = g(t,x(t), Iβx(t), . . . , Iβnx(t)) and

x(t) = Iq
(

v(t) + v′(t)
)

–
(
∑n

i=
ai

Ŵ(–βi)
– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

n
∑

i=

biI
q+βi

(

v() + v′()
)

–

∑n
i=(

bi
Ŵ(βi+)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))
αI

q–
(

v() + v′()
)

+

∑n
i=(

bi
Ŵ(βi+)

– α)

(
∑n

i=
ai

Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

n
∑

i=

aiI
q–βi

(

v() + v′()
)

+
αtI

q–(v() + v′()) –
∑n

i=(taiI
q–βi (v() + v′()))

∑n
i=

ai
Ŵ(–βi)

– α

for all t ∈ I .

Theorem . Let ξ : R(n+) → R be a map, λ ∈ (, ) and f , g : [, ] × R
n+ → R two

functions such that

∣

∣f (t,x,x, . . . ,xn+) – f (t, y, y, . . . , yn+)
∣

∣ +
∣

∣g(t,x,x, . . . ,xn+) – g(t, y, y, . . . , yn+)
∣

∣

≤ λ

� + n�

(

|x – y| + · · · + |xn+ – yn+|
)

for all t ∈ I = [, ] and x, . . . ,xn, y, . . . , yn ∈R with

ξ (x,x, . . . ,xn+, y, y, . . . , yn+) ≥ ,

where

� =

[
∣

∣

∣

∣



Ŵ(q + )

∣

∣

∣

∣

+
| α
Ŵ(q)

| +
∑n

i= |i λ|
|
∑n

i= λ

i – α|

+
|
∑n

i= λ

i – α||

∑n
i=


i λ| + |

∑n
i= λ


i – α|(| α

Ŵ(q)
| + |

∑n
i=


i λ|)

|(
∑n

i= λ

i – α)

∑n
i= λ


i |

]

,
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� = max
≤j≤n

(
∣

∣

∣

∣



Ŵ(q – βj + )

∣

∣

∣

∣

+

∣

∣

∣

∣

α
Ŵ(q)

Ŵ( – βj)(
∑n

i= λ

i – α)

∣

∣

∣

∣

)

,

λ
i =

ai

 – Ŵ( – βi)
, λ

i =
bi

Ŵ(βi + )
, λ

i =
bi

Ŵ(q + βi)
, 

i λ =
bi

Ŵ(q + βi + )
,

λ
i =

bi

Ŵ(βi + )
, λ

i =
ai

Ŵ(q – βi)
and 

i λ =
ai

Ŵ(q – βi + )
.

Assume that

ξ
(

u(t), cDβu(t), cDβu(t), . . . , cDβnu(t), v(t), cDβv(t), cDβv(t), . . . , cDβnv(t)
)

≥ 

implies

ξ
(

Tu(t), cDβTu(t), . . . , cDβnTu(t),Tv(t), cDβTv(t), . . . , cDβnTv(t)
)

≥ ,

where the operator T :X →X is defined by

Tu(t) =


Ŵ(q)

∫ t



(t – s)q–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q+βi–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

)

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

]

× α

Ŵ(q – )

∫ 



( – s)q–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q–βi–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

)

+

tα
Ŵ(q–)

∫ 


( – s)q–f (s,u(s), cDβu(s), . . . , cDβnu(s))ds

∑n
i= λ


i – α

–
t
∑n

i=(λ

i

∫ 


( – s)q–βi–f (s,u(s), cDβu(s), . . . , cDβnu(s))ds)

∑n
i= λ


i – α

+


Ŵ(q)

∫ t



(t – s)q–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q+βi–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

)

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

]
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× α

Ŵ(q – )

∫ 



( – s)q–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q–βi–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

)

+

tα
Ŵ(q–)

∫ 


( – s)q–g(s,u(s), Iβu(s), . . . , Iβnu(s))ds

∑n
i= λ


i – α

–
t
∑n

i=(λ

i

∫ 


( – s)q–βi–g(s,u(s), Iβu(s), . . . , Iβnu(s))ds)

∑n
i= λ


i – α

for all t ∈ I . If there exists u ∈X such that

ξ
(

u(t),
cDβu(t), . . . ,

cDβnu(t),Tu(t),
cDβTu(t), . . . ,

cDβnTu(t)
)

≥ 

for all t ∈ [, ], then the problem (.) has an approximate solution.

Proof We define α :X ×X → [,∞) by

α(u, v) =

⎧

⎨

⎩

, ξ (u(t), cDβu(t), . . . , cDβnu(t), v(t), cDβv(t)), . . . , cDβnv(t))≥ ,∀t ∈ I,

, else.

We show that T is an α-admissible and α-contractive selfmap on X . Let u, v ∈X be such

that ξ (u(t), cDβu(t), . . . , cDβnu(t), v(t), cDβv(t), . . . , cDβnv(t)) ≥  for all t ∈ [, ]. Then we

have

∣

∣Tu(t) – Tv(t)
∣

∣

=

∣

∣

∣

∣

∣

{



Ŵ(q)

∫ t



(t – s)q–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q+βi–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

)

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

]

× α

Ŵ(q – )

∫ 



( – s)q–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q–βi–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

)
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+

tα
Ŵ(q–)

∫ 


( – s)q–f (s,u(s), cDβu(s), . . . , cDβnu(s))ds

∑n
i= λ


i – α

–
t
∑n

i=(λ

i

∫ 


( – s)q–βi–f (s,u(s), cDβu(s), . . . , cDβnu(s))ds)

∑n
i= λ


i – α

+


Ŵ(q)

∫ t



(t – s)q–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q+βi–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

)

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

]

α

Ŵ(q – )

∫ 



( – s)q–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q–βi–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

)

+

tα
Ŵ(q–)

∫ 


( – s)q–g(s,u(s), Iβu(s), . . . , Iβnu(s))ds

∑n
i= λ


i – α

–
t
∑n

i=(λ

i

∫ 


( – s)q–βi–g(s,u(s), Iβu(s), . . . , Iβnu(s))ds)

∑n
i= λ


i – α

}

–

{



Ŵ(q)

∫ t



(t – s)q–f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q+βi–f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)

ds

)

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

]

× α

Ŵ(q – )

∫ 



( – s)q–f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q–βi–f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)

ds

)

+

tα
Ŵ(q–)

∫ 


( – s)q–f (s, v(s), cDβv(s), . . . , cDβnv(s))ds

∑n
i= λ


i – α

–
t
∑n

i=(λ

i

∫ 


( – s)q–βi–f (s, v(s), cDβv(s), . . . , cDβnv(s))ds)

∑n
i= λ


i – α
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+


Ŵ(q)

∫ t



(t – s)q–g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q+βi–g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)

ds

)

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

]

α

Ŵ(q – )

∫ 



( – s)q–g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)

ds

–

[
∑n

i= λ

i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

]

×
n

∑

i=

(

λ
i

∫ 



( – s)q–βi–g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)

ds

)

+

tα
Ŵ(q–)

∫ 


( – s)q–g(s, v(s), Iβv(s), . . . , Iβnv(s))ds

∑n
i= λ


i – α

–
t
∑n

i=(λ

i

∫ 


( – s)q–βi–g(s, v(s), Iβv(s), . . . , Iβnv(s))ds)

∑n
i= λ


i – α

}
∣

∣

∣

∣

∣

≤
∫ t



∣

∣

∣

∣

(t – s)q–

Ŵ(q)

∣

∣

∣

∣

×
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

∑n
i= λ


i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

∣

∣

∣

∣

×
n

∑

i=

(

∣

∣λ
i

∣

∣

∫ 



( – s)q+βi–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

)

+

∣

∣

∣

∣

∑n
i= λ


i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

∣

∣

∣

∣

α

Ŵ(q – )

∫ 



( – s)q–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

∑n
i= λ


i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

∣

∣

∣

∣

n
∑

i=

(

λ
i

∫ 



( – s)q–βi–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

)

+

∣

∣

∣

∣

tα
Ŵ(q–)

∑n
i= λ


i – α

∣

∣

∣

∣

∫ 



( – s)q–βi–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

t
∑n

i= λ

i

∑n
i= λ


i – α

∣

∣

∣

∣

∫ 



( – s)q–βi–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

+

∫ t



∣

∣

∣

∣

(t – s)q–

Ŵ(q)

∣

∣

∣

∣

∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds
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+

∣

∣

∣

∣

∑n
i= λ


i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

∣

∣

∣

∣

n
∑

i=

(

∣

∣λ
i

∣

∣

∫ 



( – s)q+βi–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds

)

+

∣

∣

∣

∣

∑n
i= λ


i – α

(
∑n

i= λ

i – α)(

∑n
i= λ


i )

∣

∣

∣

∣

α

Ŵ(q – )

∫ 



( – s)q–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

∑n
i= λ


i – α

(
∑n

i= λ

i – α)

∑n
i= λ


i

∣

∣

∣

∣

n
∑

i=

(

λ
i

∫ 



( – s)q–βi–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds

)

+

∣

∣

∣

∣

tα
Ŵ(q–)

∑n
i= λ


i – α

∣

∣

∣

∣

∫ 



( – s)q–βi–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

t
∑n

i= λ

i

∑n
i= λ


i – α

∣

∣

∣

∣

∫ 



( – s)q–βi–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds

≤
[
∣

∣

∣

∣



Ŵ(q + )

∣

∣

∣

∣

+
| α
Ŵ(q)

| +
∑n

i= |i λ|
|
∑n

i= λ

i – α|

+
|
∑n

i= λ

i – α||

∑n
i=


i λ| + |

∑n
i= λ


i – α|(| α

Ŵ(q)
| + |

∑n
i=


i λ|)

|(
∑n

i= λ

i – α)

∑n
i= λ


i |

]

×
(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

)

+

[
∣

∣

∣

∣



Ŵ(q + )

∣

∣

∣

∣

+
| α
Ŵ(q)

| +
∑n

i= |i λ|
|
∑n

i= λ

i – α|

+
|
∑n

i= λ

i – α||

∑n
i=


i λ| + |

∑n
i= λ


i – α|(| α

Ŵ(q)
| + |

∑n
i=


i λ|)

|(
∑n

i= λ

i – α)

∑n
i= λ


i |

]

×
(

sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

= �

(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

+ sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

.

Let j ∈ {, , . . . ,n} be given. Then we have

∣

∣

cDβjTu(t) – cDβjTv(t)
∣

∣

=

∣

∣

∣

∣

{



Ŵ(q – βj)

∫ t



(t – s)q–βj–f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

ds

+

αt
–βj

Ŵ(q–)

∫ 


( – s)q–f (s,u(s), cDβu(s), . . . , cDβnu(s))ds

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))
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–
t–βj

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–f (s,u(s), cDβu(s), . . . , cDβnu(s))ds)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

}

+

{



Ŵ(q – βj)

∫ t



(t – s)q–βj–g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

ds

+

αt
–βj

Ŵ(q–)

∫ 


( – s)q–g(s,u(s), Iβu(s), . . . , Iβnu(s))ds

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

–
t–βj

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–g(s,u(s), Iβu(s), . . . , Iβnu(s))ds)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

}

–

{



Ŵ(q – βj)

∫ t



(t – s)q–βj–f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)

ds

+

αt
–βj

Ŵ(q–)

∫ 


( – s)q–f (s, v(s), cDβv(s), . . . , cDβnv(s))ds

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

–
t–βj

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–f (s, v(s), cDβv(s), . . . , cDβnv(s))ds)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

}

–

{



Ŵ(q – βj)

∫ t



(t – s)q–βj–g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)

ds

+

αt
–βj

Ŵ(q–)

∫ 


( – s)q–g(s, v(s), Iβv(s), . . . , Iβnv(s))ds

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

–
t–βj

∑n
i=(

ai
Ŵ(q–βi)

∫ 


( – s)q–βi–g(s, v(s), Iβv(s), . . . , Iβnv(s))ds)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

}
∣

∣

∣

∣

≤
∣

∣

∣

∣



Ŵ(q – βj)

∣

∣

∣

∣

∫ t



(t – s)q–βj–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

αt
–βj

Ŵ(q–)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

∣

∣

∣

∣

×
∫ 



( – s)q–
∣

∣f
(

s,u(s), cDβu(s), . . . , cDβnu(s)
)

– f
(

s, v(s), cDβv(s), . . . , cDβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣



Ŵ(q – βj)

∣

∣

∣

∣

∫ t



(t – s)q–βj–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds

+

∣

∣

∣

∣

αt
–βj

Ŵ(q–)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

∣

∣

∣

∣

×
∫ 



( – s)q–
∣

∣g
(

s,u(s), Iβu(s), . . . , Iβnu(s)
)

– g
(

s, v(s), Iβv(s), . . . , Iβnv(s)
)
∣

∣ds
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≤
(

∣

∣

∣

∣



Ŵ(q – βj + )

∣

∣

∣

∣

+

∣

∣

∣

∣

α
Ŵ(q)

Ŵ( – βj)(
∑n

i=
ai

–Ŵ(–βi)
– α)(

∑n
i=(

bi
Ŵ(βi+)

))

∣

∣

∣

∣

)

×
(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

+ sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

= �

(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

+ sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

.

Thus, we get

d(Tu,Tv)

= sup
t∈I

∣

∣Tu(t) – Tv(t)
∣

∣ + sup
t∈I

∣

∣

c
DβTu(t) – cDβTv(t)

∣

∣ + · · ·

+ sup
t∈I

∣

∣

c
DβnTu(t) – cDβnTv(t)

∣

∣

≤ �

(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

+ sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

+ n�

(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

+ sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

= (� + n�)
(

sup
t∈I

∣

∣f
(

t,u(t), cDβu(t), . . . , cDβnu(t)
)

– f
(

t, v(t), cDβv(t), . . . , cDβnv(t)
)
∣

∣

+ sup
t∈I

∣

∣g
(

t,u(t), Iβu(t), . . . , Iβnu(t)
)

– g
(

t, v(t), Iβv(t), . . . , Iβnv(t)
)
∣

∣

)

≤ λ

(

sup
t∈I

∣

∣u(t) – v(t)
∣

∣ + sup
t∈I

∣

∣

c
Dβu(t) – cDβv(t)

∣

∣ + · · · + sup
t∈I

∣

∣

cDβnu(t) – cDβnv(t)
∣

∣

)

= λd(u, v)

for all u, v ∈ X . This implies that T is α-contraction. Let u, v ∈ X be such that α(u, v) ≥ .

Then ξ (u(t), cDβu(t), . . . , cDβnu(t), v(t), cDβv(t), . . . , cDβn ) ≥  Hence, ξ (Tu(t), cDβTu(t),

. . . , cDβnTu(t),Tv(t), cDβTv(t), . . . , cDβnTv(t)) ≥  for all t ∈ [, ] and so α(Tu,Tv) ≥ . It

means that T is α-admissible. Finally, it is easy to check that α(u,Tu) ≥ . Now by us-

ing Lemma ., T has approximate fixed point which is an approximate solution for the

problem (.). �

By using Lemma ., one can easily check that the sum-type fractional integro-

differential equation (.) has at least one exact solution whenever the functions f , g are

continuous.

3 Numerical method

In this section, we use the Chebyshev and Legendre polynomials for finding approx-

imate solutions of the problem (.). The shifted Chebyshev polynomials be defined
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on [, ] by T∗
n+(x) = (x – )T∗

n (x) – T∗
n–(x) for all n ≥ , where T∗

 (x) = x –  and

T∗
 (x) =  ([]). The analytical form of the shifted Chebyshev polynomials T∗

n (x) is

given by T∗
n (x) = n

∑n
i=(–)

n–i 
i(n+i–)!
(i)!(n–i)!

xi for all n ≥  ([]). We have the orthogonality

condition
∫ 



T∗
n (x)T

∗
m(x)√

x–x
dx =  whenever m �= n,

∫ 



T∗
n (x)T

∗
m(x)√

x–x
dx = π


whenever m = n �= 

and
∫ 



T∗
n (x)T

∗
m(x)√

x–x
dx = π whenever m = n =  ([]). Every function u ∈ L([, ]) can

be expressed by the shifted Chebyshev polynomials as u(x) =
∑∞

i= ciT
∗
i (x), where c =


π

∫ 



u(t)T∗
 (t)√

t–t
dt and ci =


π

∫ 



u(t)T∗
i (t)√

t–t
dt for all i≥  ([]). Denote the first (m+ )-terms of

the shifted Chebyshev polynomials by um(x) =
∑m

i= ciT
∗
i (x) for allm ≥  ([]).

Theorem . Let α >  be given. Then we have cDα(um(x)) =
∑m

i=⌈α⌉
∑i

k=⌈α⌉ ciw
(α)
i,k x

k–α and

Iα(um(x)) =
∑m

i=

∑i
k= ci	

(α)
i,k x

k+α , where 	
(α)
i,k = (–)i–k k i(i+k–)!Ŵ(k+)

(i–k)!(k)!Ŵ(k++α)
, 	

(α)
, = 

Ŵ(α+)
and

w
(α)
i,k = (–)i–k k i(i+k–)!Ŵ(k+)

(i–k)!(k)!Ŵ(k+–α)
.

Proof By using the linear properties of the Caputo fractional derivative, we get

cDα
(

um(x)
)

= cDα
(

cT
∗
 (x)

)

+

m
∑

i=

ci
cDα

(

T∗
i

)

(x)

= cDα
(

cT
∗
 (x)

)

+

m
∑

i=

i
∑

k=

ci(–)
i–k 

ki(i + k – )!

(i – k)!(k)!
cDα

(

xk
)

.

Since cDα(xk) =  whenever k = , , . . . , ⌈α⌉ –  and cDα(xk) = Ŵ(k+)
Ŵ(k+–α)

xk–α whenever k ≥
⌈α⌉, we have

cDα
(

um(x)
)

=

m
∑

i=⌈α⌉

i
∑

k=⌈α⌉
ci(–)

i–k ki(i + k – )!Ŵ(k + )

(i – k)!(k)!Ŵ(k +  + α)
xk–α =

m
∑

i=⌈α⌉

i
∑

k=⌈α⌉
ciw

(α)
i,k x

k–α .

Also by using the linear properties of the Riemann-Liouville fractional integral, we get

Iα
(

um(x)
)

= Iα
(

cT
∗
 (x)

)

+

m
∑

i=

ciI
α
(

T∗
i

)

(x)

= Iα
(

cT
∗
 (x)

)

+

m
∑

i=

i
∑

k=

ci(–)
i–k 

ki(i + k – )!

(i – k)!(k)!
Iα

(

xk
)

.

Since Iαxk = Ŵ(k+)
Ŵ(k++α)

xk+α , we obtain

Iα
(

um(x)
)

=
cx

k

Ŵ(α + )
+

m
∑

i=

i
∑

k=

ci(–)
i–k ki(i + k – )!Ŵ(k + )

(i – k)!(k)!Ŵ(k +  + α)
xk+α

=

m
∑

i=

i
∑

k=

ci	
(α)
i,k x

k+α .

This completes the proof. �

For solving the problem (.) by using the Chebyshev method, we approximate x(t) by

x(t)∼=
m

∑

i=

ciT
∗
i (t). (.)
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By substituting the estimates (.) in (.) and applying Theorem ., we obtain

m
∑

i=⌈q⌉

i
∑

s=⌈q⌉
ciw

(q)
i,s t

s–q

= f

(

t,

m
∑

i=

ciT
∗
i (t),

m
∑

i=⌈β⌉

i
∑

s=⌈β⌉
ciw

(β)
i,s ts–β , . . . ,

m
∑

i=⌈βn⌉

i
∑

s=⌈βn⌉
ciw

(βn)
i,s ts–βn

)

+ g

(

t,

m
∑

i=

ciT
∗
i (t),

m
∑

i=

i
∑

s=

ci	
(β)
i,s ts+β ,

m
∑

i=

i
∑

s=

ci	
(β)
i,s ts+β , . . . ,

m
∑

i=

i
∑

s=

ci	
(βn)
i,s ts+βn

)

. (.)

In equation (.) for t = xp and p = , . . . ,m +  – ⌈q⌉, we obtain

m
∑

i=⌈q⌉

i
∑

s=⌈q⌉
ciw

(q)
i,s x

s–q
p

= f

(

xp,

m
∑

i=

ciT
∗
i (xp),

m
∑

i=⌈β⌉

i
∑

s=⌈β⌉
ciw

(β)
i,s xs–β

p , . . . ,

m
∑

i=⌈βn⌉

i
∑

s=⌈βn⌉
ciw

(βn)
i,s xs–βn

p

)

+ g

(

xp,

m
∑

i=

ciT
∗
i (xp),

m
∑

i=

i
∑

s=

ci	
(β)
i,s xs+β

p ,

m
∑

i=

i
∑

s=

ci	
(β)
i,s xs+β

p , . . . ,

m
∑

i=

i
∑

s=

ci	
(βn)
i,s xs+βn

p

)

. (.)

For calculating the unknowns c, . . . , cm, we consider the roots of T
∗
m+–⌈q⌉(t) and use the

∑n
j=(aj

cDβjx()) = αx
′() and

∑n
j=(bjI

βjx()) = αx
′(). Then we get

n
∑

j=

aj

m
∑

i=⌈βj⌉

i
∑

k=⌈βj⌉
ciw

(βj)

i,k = α

m
∑

i=

i
∑

k=

ciw
()
i,k (.)

and

n
∑

j=

bj

m
∑

i=

i
∑

s=

ci	
(βj)

i,s = . (.)

Note that equations (.) and (.) and (.) generate m +  nonlinear equations which

can be solved by using the Newton iterative method. Thus, we can find the unknowns

c, . . . , cm and so one can calculate x(t). Similarly, the shifted Legendre polynomials on

[, ] defined by L∗
n+(x) =

(n+)(x–)
n+

L∗
n(x) –

n
n+

L∗
n–(x) for all n ≥ , where L∗

(x) =  and

L∗
 (x) = x– ([]). In fact, L∗

n(x) =
∑n

i=(–)
n+i (n+i)!

(n–i)!(i!)
xi for all n≥ ,

∫ 


L∗
n(x)L

∗
m(x)dx = 

whenever m �= n and
∫ 


L∗
n(x)L

∗
m(x)dx =


m+

whenever m = n ([]). Every function u ∈
L([, ]) can be expressed by the shifted Legendre polynomials by u(x) =

∑∞
i= ciL

∗
i (x),

where ci = (i + )
∫ 


u(t)L∗

i (t)dt for i ≥  ([]). Denote the first (m + )-terms shifted
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Legendre polynomials by

um(x) =

m
∑

i=

ciL
∗
i (x). (.)

By applying a similar proof of Theorem ., one can prove next result.

Theorem. Let α >  be given.Then we have cDα(um(x)) =
∑m

i=⌈α⌉
∑i

k=⌈α⌉ ciA
(α)
i,k x

k–α and

Iα(um(x)) =
∑m

i=

∑i
k= ciB

(α)
i,k x

k+α , A
(α)
i,k = (–)i+k (i+k)!

(i–k)!(k)!Ŵ(k+–α)
and

B
(α)
i,k = (–)i–k

(i + k)!

(i – k)!(k)!Ŵ(k +  + α)
.

Now, we approximate x(t) by

x(t)∼=
m

∑

i=

diL
∗
i (t). (.)

By using estimates (.) in the problem (.) and applying Theorem ., we obtain

m
∑

i=⌈q⌉

i
∑

s=⌈q⌉
diA

(q)
i,s t

s–q

= f

(

t,

m
∑

i=

diL
∗
i (t),

m
∑

i=⌈β⌉

i
∑

s=⌈β⌉
diA

(β)
i,s ts–β , . . . ,

m
∑

i=⌈βn⌉

i
∑

s=⌈βn⌉
diA

(βn)
i,s ts–βn

)

+ g

(

t,

m
∑

i=

diL
∗
i (t),

m
∑

i=

i
∑

s=

diB
(β)
i,s ts+β ,

m
∑

i=

i
∑

s=

diB
(β)
i,s ts+β , . . . ,

m
∑

i=

i
∑

s=

diB
(βn)
i,s ts+βn

)

. (.)

Now, we collocate (.) atm +  – ⌈q⌉ points xp (p = , . . . ,m +  – ⌈q⌉) as

m
∑

i=⌈q⌉

i
∑

s=⌈q⌉
diA

(q)
i,s x

s–q
p

= f

(

t,

m
∑

i=

diL
∗
i (xp),

m
∑

i=⌈β⌉

i
∑

s=⌈β⌉
diA

(β)
i,s xs–β

p , . . . ,

m
∑

i=⌈βn⌉

i
∑

s=⌈βn⌉
diA

(βn)
i,s xs–βn

p

)

+ g

(

xp,

m
∑

i=

diL
∗
i (xp),

m
∑

i=

i
∑

s=

diB
(β)
i,s xs+β

p ,

m
∑

i=

i
∑

s=

diB
(β)
i,s xs+β

p , . . . ,

m
∑

i=

i
∑

s=

diB
(βn)
i,s xs+βn

p

)

, (.)

where xp (p = , . . . ,m +  – ⌈q⌉) are roots of the polynomial P∗
m+–⌈q⌉(t). Also by sub-

stituting equation (.), Theorem . and the conditions
∑n

j=(aj
cDβjx()) = αx

′() and
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∑n
j=(bjI

βjx()) = αx
′(), we get

n
∑

j=

aj

m
∑

i=⌈βj⌉

i
∑

k=⌈βj⌉
diA

(βj)

i,k = α

m
∑

i=

i
∑

k=

diA
()
i,k (.)

and

n
∑

j=

bj

m
∑

i=

i
∑

s=

diB
(βj)

i,s = . (.)

Note that equations (.) and (.) and (.) generate m +  nonlinear equations which

can be solved by using the Newton iterative method to obtain the unknown d, . . . ,dm.

Thus, one can calculate the solution x(t) of the problem. Here, we provide two examples

to illustrate our numerical methods. There is much work which provides some methods

for numerical solutions of some types fractional differential equations (see [, ] and

[]). Our aim is not to introduce a method that can be answered with greater accuracy

and speed. The following examples illustrate ourmain results and we show that numerical

approximations could be exact sometimes.

Example  Consider the fractional differential equation

cD

 x(t) =

[

t + sin(t)
]

+ ln
(
∣

∣sinh(t)
∣

∣ + 
)

+




(

x(t) + cD

 x(t)

)

+
[

cD

 x(t) + .

]

(.)

with the boundary conditions cD

 x() + cD


 x() = x′() and I


 x() + I


 x() = x′(). Con-

sider the function f (t,x,x,x) = [t + sin(t)] + ln(| sinh(t)| + ) + x


+ [x + .] + x

,

g(t,x,x,x) =  and ξ ((x,x,x), (y, y, y)) =  whenever x =  and y =  almost ev-

erywhere and ξ ((x,x,x), (y, y, y)) = – otherwise. Put n = , λ = ., α = α = a =

a = b = b = , β =


, β =



and q = 


. One can check that the problem (.) satisfy the

conditions of Theorem (.), where, thus, the problem (.) has an approximate solution.

Check Tables  and  and Figure .

One can find the coefficients ci and di by using the explained Chebyshev and Legendre

methods as inTable . Also, one can find difference of the numerical approximate solutions

in Figure  and Table . Here, we denote the numerical solutions of the Chebyshev and

Legendre methods by x̃ and x̂, respectively.

Table 1 Coefficients

i Coefficient value of Chebyshev method ci Coefficient value of Legendre method di

1 –13.64912481 –13.89585847

2 32.68664752 32.61068585

3 0.739732907 0.983914814

4 0.123903993 0.188170898

5 0.004270165 0.012299691

6 0.011334926 0.02302969

7 –0.004503085 –0.009980864
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Table 2 Differences

t |x̃(t) – x̂(t)|

0.0 4.76063632959267e–13

0.1 3.90798504668055e–13

0.2 3.26849658449646e–13

0.3 2.62900812231237e–13

0.4 1.98951966012828e–13

0.5 1.36779476633819e–13

0.6 7.19424519957101e–14

0.7 8.88178419700125e–15

0.8 5.59552404411079e–14

0.9 1.26121335597418e–13

1 1.84741111297626e–13

Figure 1 Chebyshev and Legendre method.

Example  Consider the fractional integro-differential equation

cD

√

 x(t) = ecos(t) + ln(t + ) + ln

(

t + 
)

+




(

(

t + t
)

x(t) + tcD

 x(t) +

√
t

t + 
cD


 x(t)

+

(

sinx(t)

sin x(t) + 

)

cD

√

 x(t) –

I
√

 x(t)

|I
√

 x(t)| + 

I

 x(t) +


√
t


I

 x(t)

–



I

√

 x(t)

)

(.)

with boundary conditions –cD

 x()+ cD


 = x′() and I


 x()–I

√

 x() = x′(). Consider

the continuous functions

f (t,x,x,x,x) = ecos(t) + ln(t + ) +




(

tx + tx +

√
t

t + 
x +

sinx(t)

sin x(t) + 
x

)

and g(t,x,x,x,x) = ln(t + ) + 

(tx –

xx
|x|+ +

√tx


– x

). Define the map ξ ((x,x,

x,x), (y, y, y, y)) =  for all x, . . . ,x, y, . . . , y ∈ R. Put n = , λ = ., a = –, a = ,

a = , b = , b = , b = –, α = , α = , β =


, β =



, β =

√



and q =
√


. Thus by

using Theorem ., the problem (.) has an exact solution. Check Tables  and  and

Figure . We present the coefficients c, c, . . . , c and d,d, . . . ,d (for m = ) by using

the Chebyshev and Legendre methods in Table . As one easily sees, the difference of

the numerical approximate solutions by the Chebyshev and Legendre methods (which
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Table 3 Coefficients

i Coefficient value of Chebyshev method ci Coefficient value of Legendre method di

0 25.0832696245301 25.0923764343546

1 –100.27385020664 –100.245026343328

2 –0.023785620114085 –0.0164038330046405

3 –0.045007244673989 –0.0606901595074366

4 –0.0234838615675559 –0.0564629360395388

5 –0.0127366109683591 –0.0258775587930064

6 0.0135562287330535 0.030046706107713

Table 4 Differences

t |x̃(t) – x̂(t)|

0 8.17294676380698E–10

0.1 6.89240664542012E–10

0.2 5.59495560992218E–10

0.3 4.26595647695649E–10

0.4 2.9262992029544E–10

0.5 1.60159885354005E–10

0.6 3.02238234439756E–11

0.7 9.81437153768638E–11

0.8 2.27224461468722E–10

0.9 3.58717500148487E–10

1 4.90501861349912E–10

Figure 2 Chebyshev and Legendre method.

has been provided in Figure ) is inconsiderable. Denote the numerical solutions of the

Chebyshev and Legendre methods by x̃ and x̂, respectively. In Table , we show that the

difference of the approximate solutions obtained by Chebyshev and Legendre methods is

negligible.

4 Conclusions

We first prove the existence of approximate solutions for a sum-type fractional integro-

differential problem via Caputo differentiation. By using the shifted Legendre and Cheby-

shev polynomials, we provide a numerical method for finding solutions for the problem.

Also, we give two examples to illustrate our results from a numerical point of view. Our

aim is not to introduce a method that can be answered with greater accuracy and speed.
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