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Abstract

A systematicapproach to designtwo familiesof multipli-
erlessapproximationsof the DCT with the lifting schemeis
presented,basedon Chen’s and Loeffler’s factorizationsof
the DCT matrix, respectively. The analytical valuesof all
the lifting stepsare derived,which can be approximatedby
dyadicvaluesto enablefastimplementationswith only shifts
and additions. Different trade-offs betweenthe complexity
and the performancecan be easilyobtained. A scaledlift-
ing structure is proposedto further reduceits complexity.
Theperformanceof thelifting-basedDCT implementationis
demonstratedin the frameworksof JPEGand H.263+. Be-
sides,losslesscompressioncapabilityis alsopresented.

1 Introduction

The DiscreteCosineTransform(DCT) is the underlying
techniquefor many imageandvideocompressionstandards
suchasJPEG,H.263andMPEG,dueto its highenergy com-
pactioncapabilityand the existenceof numerousfastDCT
algorithms.

Most fastDCT algorithmscanbe classifiedinto two cat-
egories: (i) fastalgorithmstakingadvantageof the relation-
shipsbetweentheDCT andvariousexisting fasttransforms
such as the FFT, Walsh-Hadamardtransform(WHT), and
discreteHartley transform(DHT); (ii) fastalgorithmsbased
on thesparsefactorizationsof theDCT matrix [2, 7].

Thetheoreticallower boundon thenumberof multiplica-
tionsrequiredin the1D

�
-point DCT hasbeenprovento be���

[4], whichis achievedby themethodproposedby Loeffler
et. al. [7]. However, thecomplexity canbefurtherreducedin
lossyimageandvideocodingwherequantizationis involved
in theprocessing,andhenceit is possibleto incorporatesome
multiplicationsin thequantizationsteps.This is theso-called
scaledDCT [8, 1].

However, thesefast DCT algorithmsstill needfloating-
point or fixed-pointmultiplications,which areusuallycostly
in bothhardwareandsoftwareimplementations.In this pa-
per, we will presenttwo families of multiplierlessapprox-
imationsof the DCT with the lifting scheme[3], a power-
ful tool for constructingwavelets and wavelet transforms.
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Figure 1. Givens rotation-based factorizations
of the 8-point DCT: (a) Chen’s factorization; (b)
Loeffler’ s factorization.

Besides,motivatedby the ideaof the scaledDCT, a scaled
lifting structureis usedto further reducethe complexity of
theapproximations.Thepropertyof the lifting schemealso
enableslosslesscompressionwith the new method,which
is impossiblein otherDCT-basedalgorithms.Experimental
resultswill be presentedto demonstratethe performanceof
thesefastDCT algorithmsin JPEGandH.263+.

2 DCT Factorizations and the Lifting Scheme

Fig. 1 shows thesignalflow graphsof Chen’s [2] andLo-
effler’s [7] factorizationsof the1D

�
-pointDCT matrix. The

overallcomplexitiesof thesefactorizationsare
���

multiplica-
tions, ��� additions,and

���
multiplicationsand ��� additions.

Notethatascalingfactorof
�
	 � and

��	�� �
shouldbeapplied

to theoutputof eachfactorizationto obtaintrueDCT coeffi-
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Figure 2. (a) A Givens rotation; (b) Represent-
ing by three lifting steps; (c) General form; (d)
Representing by the scaled lifting structure .

cients.
Thecommonfeatureof thesefactorizationis thatmostof

themultiplicationsarein the form of Giversrotations.This
enablesthe applicationof the lifting scheme.Fig. 2(a) and
(b) show therepresentationof aGivensrotationby threelift-
ing steps(assuming����� ) [3]. Thiscanbewritten in matrix
form as:����� �������� ����� � � � !#"%$'&( ") � � �*� )��� �+� � � !,"%$-&( ") � �/.

(1)

where 01 and 23 standfor 465�7� and 798;:< , respectively.
Eachlifting stepis a biorthogonaltransform,and its in-

versealsohasasimplelifting structure.Moreover, to inverse
a lifting step,wesimplyneedto subtractoutwhatwasadded
at theforwardtransform.This impliesthattheoriginalsignal
canstill beperfectlyreconstructedwhenthe lifting parame-
tersareapproximatedby finite-lengthvalues,aslong asthe
samevalueis usedin boththeforwardandtheinversetrans-
forms.Henceamultiplierlessapproximationof theDCT can
be obtainedif we replaceeachGivensrotation in the DCT
factorizationsby lifting steps,andthenapproximateeachlift-
ing parameterby computer-friendlydyadicvalues,whichcan
beeasilyimplementedby shift andadditionoperations.Due
to this reason,we denotethe resultedimplementationof the
DCT asthebinDCT.

3 The scaled lifting structure

Note thatsomeof the rotationanglesin Fig. 1 areat the
endof the transform. This makes it possibleto further re-
ducethe complexity of the binDCT by adjustingthe afore-
mentionedlifting structureandcombiningsomeof theoper-
ationsin thequantizationstage.

In Fig. 2(c) and(d), we representa Givensrotationby �
lifting stepsand � scalingfactors.Sincethetwo scalingfac-
torscanbeabsorbedin thequantization,only � lifting steps
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Figure 3. (a) A Givens rotation; (b) Scaled lift-
ing solution; (c) Permuted Givens rotation; (d)
Scaled lifting solution for the perm uted rota-
tion.

areleft in thetransform,leadingto amoreefficient represen-
tationthantheconventionaloneasshown in Fig. 2(b).

By comparingFig. 2(c) and(d), the analyticalvaluesof
the parametersin the scaledlifting structurecan be easily
derivedasfollows:= �?>
@BA> @C@ .D � >
@C@�>�AE@> @C@ > ACAGF > AH@ > @IA .J @ � > @K@ .J @ � > @K@ > ACAGF > AE@ > @BA>�@K@ L

(2)

With thisformula,theGivensrotationasgivenin Fig. 3(a)
canberepresentedby thescaledlifting structurein Fig. 3(b),
which canthenbe approximatedby finite-lengthvaluesfor
fastimplementations.

However, it canbeshown thatwhentherotationangleis
closeto M 	 � , the performanceof the above approximation
is very sensitive to the roundoff error of the lifting parame-
ters [6]. Besides,the lifting parameterNEO�PQ is quite large
in this case,which increasesthedynamicrangeof thetrans-
form. In this case,we canapplya permutationto theoutput
signals,asshown in Fig. 3(c). Thecorrespondingscaledlift-
ing structureis givenin Fig. 3(d), which canprovide robust
approximationsaswell assmallerdynamicrange.

Sinceperfectreconstructionis guaranteedby the lifting
structureitself, the remainingproblemis to determinethe
lifting parameterssuchthat the binDCT could have similar
codingperformanceto thatof thetrueDCT. In thispaper, the
performanceis measuredby the codinggain, which repre-
sentstheenergycompactioncapabilityof atransform.Under
theassumptionof the RTSVU �
W inputwith zero-mean,unit vari-
anceandinter-sampleautocorrelationcoefficient X �Y� L ��Z ,thecodinggainof the

�
-pointDCT is

� L � ��Z��\[^] .



  1/2

x[0]

x[1]

x[2]

x[3]

x[4]

x[5]

x[6]

x[7]

p u1 1

p u3 3 p u2 2
p u4 4 p5

X[0]

X[4]

X[6]

X[2]

X[7]

X[5]

X[3]

X[1]

sin7π/16

2sin7π/16
1

cos3π/16

2cos3π/16
1

sinπ/4

sinπ/4

sin3π/8

2sin3π/8
1

2

2

2

2

x[0]

x[1]

x[2]

x[3]

x[4]

x[5]

x[6]

x[7]

X[7]

X[3]

X[5]

X[1]

  1/2

p u1 1

sinπ/4

sinπ/4

sin3π/8

2sin3π/8
1

X[0]

X[4]

X[6]

X[2]

p 3 5u4
pu

2 32   1/2p p

21/

1/2

1/2

81/

2

2

(a)

(b)

Figure 4. General structure of the binDCT from
(a) Chen’s factorization; (b) Loeffler’ s factor -
ization.

4 General Structures and Design Examples

Fromtheaboveanalysis,we canobtainthegeneralstruc-
turesof the binDCT from Chen’s and Loeffler’s factoriza-
tions,asshown in Fig. 4, wheretheintermediaterotationan-
glesare implementedby the normal

�
-lifting structure,and

thoserotationsat the endof the signalflow arereplacedby
more efficient scaledlifting structures. Note that the per-
mutedversionof thescaledlifting structureis usedfor angles
closeto M 	 � .

Thescalingfactorsin thedashboxeswill beabsorbedby
the quantizationstepin the implementation. They will be
bypassedif losslesscompressionis desired.Note thatsome
signmanipulationsareinvolvedhereto make all thescaling
factorspositive.

The analyticalvaluesof all the lifting parameterscanbe
obtainedfrom the above formulas. Theseresultscanbeap-
proximatedby dyadicvalues,which enablessimple imple-
mentationwith only shift andadditionoperations.This has
tremendousadvantagesin softwareandhardwareimplemen-
tations,especiallyfor low-power hand-helddevicessuchas
PDA andcellularphones.

In Table1 and2 , we presentseveralpossibleconfigura-
tions of the two typesof binDCT. 0�_ standsfor the coding
gainof the binDCT. In general,with increasingcomplexity,
themultiplierlessbinDCTcanapproximatethefloatingDCT
more and more accurately. Note that even the 9-shift ver-
sionhasa prettygoodcodinggainof

� La`�b � b [^] already. It

alsoshowsthatgiventhesamecomplexity, thebinDCTfrom
Loeffler’sfactorizationhasaslightly betterperformancethan
thatfrom theChen’sfactorization,dueto thereducednumber
of Givensrotationsin thefactorization.

5 Experimental results

TheproposedbinDCTfamilieshavebeenimplementedin
theframeworksof JPEGandH.263+,basedon popularpub-
lic domainsoftware[5, 10]. We replacetheDCT by thepro-
posedbinDCT, andall quantization-relatedpartsaremodi-
fied to incorporatethebinDCT scalingfactors.

5.1 Performance of the binDCT in JPEG

Fig. 5 plots the PSNRsof the reconstructedLenaimage
with differentDCT implementations.The binDCT-C1 and
binDCT-C4 in Table1 arecomparedwith the floating DCT
andthefastintegerDCT in theIJG’scode[5]. Thelatteris a
scaledDCT andrequires5 fixed-pointmultiplicationsand29
additions[8, 1]. In obtainingtheseresults,thesamekind of
transformis usedin boththeforwardandtheinverseDCT.

It canbeseenthattheperformancesof bothbinDCT con-
figurationsarevery closeto thatof thefloatingDCT. In par-
ticular, when the quality factor is below 90, the maximal
differencebetweenbinDCT-C4 andthefloatingDCT is less
than � L � [^] , which is negligible. Themaximalperformance
degradationof binDCT-C1 is also below � L Z�[^] . Besides,
whenthe quality factoris above 90, the performanceof the
proposedbinDCTis muchbetterthanthefastintegerDCT in
theIJG’scode.

As previously mentioned,losslesscompressioncan be
easilyachievedwith the lifting-basedbinDCT by bypassing
thescalingfactors.To improvethecompressionratio,were-
placeall thebutterfliesin thebinDCT by the lifting stepsas
shown in Fig. 6, which minimizesthedynamicrangeof the
transform. For instance,the DC coefficient in the modified
structureis theaverageof all theinputs,while in theoriginal
structure,it is thesummationof theinputs.

ThelosslessbinDCThasbeenimplementedtogetherwith
two codingmethods,HuffmanandSPIHT[9]. To useHuff-
mancoding,a new Huffmantableis designed,sincethede-
fault Huffmantabledefinedin the JPEGstandardis not op-
timal for the losslessbinDCT, asthe statisticdistribution of
the binDCT coefficientsaredifferentfrom thatof the origi-
nalDCT coefficients.WhenSPIHTis used,werearrangethe
binDCT coefficientsaccordingto the patternof the wavelet
transformcoefficientsbeforeapplyingzerotreeprocessing.

The binDCT-C4-basedlosslesstransformsarecompared
with someadvancedcontext model-basedpredictionmeth-
ods,includingtheHP LOCO-I andCALIC [11, 12], andthe
resultsaresummarizedin Table3, showing that the overall
compressionratioof thebinDCT-basedmethodis notasgood



Table 1. Some configurations of the binDCT from Chen’s factorization.
Config. c & d-& c,e d e c#f d f c#g d g c,h Shifts Adds

�ji
(dB)

binDCT-C1 1/2 1/2 1 1/2 1/4 1/4 1/2 3/4 1/2 9 28 8.7686
binDCT-C2 1/2 3/8 7/8 1/2 3/16 1/4 7/16 3/4 3/8 14 33 8.8033
binDCT-C3 3/8 3/8 7/8 1/2 3/16 3/16 7/16 11/16 3/8 17 36 8.8159
binDCT-C4 7/16 3/8 5/8 7/16 3/16 3/16 7/16 11/16 3/8 19 37 8.8220
binDCT-C5 13/32 11/32 11/16 15/32 3/16 3/16 7/16 11/16 3/8 21 40 8.8233
binDCT-C6 7/16 3/8 5/8 7/16 3/16 3/16 13/32 11/16 13/32 21 39 8.8240
binDCT-C7 13/32 11/32 11/16 15/32 3/16 3/16 13/32 11/16 13/32 23 42 8.8251

Table 2. Some configurations of the binDCT from Loeffler’ s factorization.
Config. c & d & c e d e c f c g d f c h Shifts Adds

� i
(dB)

binDCT-L1 1/2 1/2 1/4 1/2 1/4 1/8 1/4 1/8 10 28 8.7716
binDCT-L2 3/8 1/2 1/4 1/2 1/4 1/8 3/16 3/32 13 31 8.8027
binDCT-L3 7/16 3/8 1/4 9/16 5/16 1/8 3/16 3/32 16 34 8.8225
binDCT-L4 13/32 11/32 5/16 9/16 5/16 3/32 3/16 3/32 20 38 8.8242
binDCT-L5 13/32 11/32 19/64 9/16 19/64 3/32 3/16 3/32 22 40 8.8257
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Figure 6. Lossless binDCT from Chen’s factor -
ization with minimiz ed dynamic rang e.

asthesemethods.However, the proposedbinDCT is much
simpler.

5.2 Performance of the binDCT in H.263+

The forward DCT in the selectedH.263+ software is
basedon Chen’s factorizationwith floating-pointmultiplica-
tions, and the inverseDCT is a scaledversionof the same
methodwith fixed-pointmultiplications. In this experiment,
the binDCT-C4 is employed to comparewith the original
H.263+, and someresultsare shown in Fig. 7. It can be
seenthatwith thedefault quantizationsteps(40 for I frames
and26 for P frames),the averagePSNRof the binDCT-C4
basedH.263+ is � L � � [^] below that of the default H.263+.
However, the compressionratio is improved to

� � � L b%`lk �from
� � � L � � k � . Theoppositescenariohappenswhensmall

quantizationstepis used. For example,with a quantization
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Figure 7. Comparison of the H.263+ and the
binDCT-C4-based H.263+: (a) PSNRs of the re-
constructed sequence with the default quanti-
zation; (b) PSNRs with a quantization step of 4
for all frames.
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Figure 5. Comparison of the PSNRs resulted from (a) the floating DCT and the fast integ er DCT in [5];
(b) the floating DCT and the binDCT-C1; (c) the floating DCT and the binDCT-C4.

Table 3. Lossless coding results (bits/pix el)

Image
binDCT-C4 binDCT-C4 HP

CALIC+ Huffman + SPIHT LOCO-I
Balloon 3.78 3.58 2.90 2.78
Zelda 4.44 4.33 3.89 3.69
Hotel 5.20 5.07 4.38 4.18

Barbara 5.22 5.11 4.69 4.31
Board 4.34 4.24 3.68 3.51
Girl 4.60 4.50 3.93 3.72
Gold 5.20 5.04 4.48 4.35
Boats 4.67 4.56 3.93 3.78

Average 4.68 4.55 3.99 3.79

stepof 4 for all frames,the PSNRgivenby the binDCT-C4
is � La` ��[�] higherthanthatof thedefaultH.263+,but thefile
sizeincreasesby 2.5%.Hencetheoverallperformanceof the
binDCT-C4 is verysimilar to thedefaultDCT in theselected
H.263+implementation.

The compatibility of the binDCT-basedH.263+with the
default H.263+is alsosatisfactory. Whenthe testsequence
Foremanis encodedwith thedefault DCT anddefault quan-
tization steps,anddecodedby the binDCT-C4, the average
PSNRwould be

� � L m ��[^] , which is only � L � ��[^] below the� � L Z m [�] providedby thedefaultH.263+decoder.

6 Conclusion

A systematicapproachto designtwo familiesof fastmul-
tiplierlessapproximationsof theDCT with thelifting scheme
is presented,basedon factorizationsof theDCT matrix. The
analytical valuesof all lifting parametersare derived, en-
abling appropriatefinite-lengthapproximations,which can
beimplementedwith shift andadditionoperations.A scaled
lifting structureis alsoproposedto further reducethe com-
plexity of the transform. The performanceof the proposed

fast DCT is demonstratedin the framework of JPEGand
H.263+. Experimentalresultsshow that the binDCT is a
promisingfastDCT algorithmthat is especiallysuitablefor
softwareandhardwareimplementationson low-powerhand-
helddevices.
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