H

T DISCRETE
g APPLIED
MATHEMATICS
ELSEVIER Discrete Applied Mathematics 102 (2000) 245-266

Approximation algorithms for some optimum
communication spanning tree problems

Bang Ye Wu?, Kun-Mao Chao®*, Chuan Yi Tang®

2 Chung-Shan Institute of Science and Technology, P.O. Box No. 90008-6-8, Lung-Tan, Taiwan
Department of Life Science, National Yang-Ming University, Taipei, Taiwan
¢Department of Computer Science, National Tsing Hua University, Hsinchu, Taiwan

Received 23 January 1998; revised 22 January 1999; accepted 6 July 1999

Abstract

Let G = (V,E,w) be an undirected graph with nonnegative edge length function w and non-
negative vertex weight function ». The optimal product-requirement communication spanning
tree (PROCT) problem is to find a spanning tree 7 minimizing ZM ¢y w)r(v)dr(u,v), where
dr(u,v) is the length of the path between u and v on 7. The optimal sum-requirement commu-
nication spanning tree (SROCT) problem is to find a spanning tree 7 such that Zu,v e p(r(u)
+ r(v))dr(u,v) is minimized. Both problems are special cases of the optimum communication
spanning tree problem, and are reduced to the minimum routing cost spanning tree (MRCT) prob-
lem when all the vertex weights are equal to each other. In this paper, we present an O(n°)-time
1.577-approximation algorithm for the PROCT problem, and an O(#®) time 2-approximation
algorithm for the SROCT problem, where n is the number of vertices. We also show that a
1.577-approximation solution for the MRCT problem can be obtained in O(n*)-time, which im-
proves the time complexity of the previous result. © 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Consider the following network design problem proposed by Hu in [3]. Let G =
(V,E,w) be an undirected graph with nonnegative edge length function w. The vertices
may represent cities and the edge lengths represent the distances. We are also given the
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requirements A(u,v) for each pair of vertices, which may represent the number of

telephone calls between the two cities. For any spanning tree 7 of G, the communi-

cation cost between two cities is defined to be the requirement multiplied by the path
length of the two cities on 7, and the communication cost of 7" is the total commu-
nication cost summed over all pairs of vertices. Our goal is to construct a spanning

tree with minimum communication cost. That is, we want to find a spanning tree T

such that Zu,v c v Mu,v)dr(u,v) is minimized, where dr(u,v) is the distance between

u and v on T.

The above problem is called the optimum communication spanning tree (OCT) prob-
lem. Let r be a given nonnegative vertex weight function. We consider the following
two special cases of the OCT problem in this paper.

e The requirement between a pair of vertices is assumed to be the product of their
vertex weights, i.e., A(u,v) = r(u) x r(v). The product-requirement communication
(p.r.c.) cost of a tree T is defined by Cp(T):Zu’U r(u)r(v)dr(u,v). Given a graph G,
the optimal product-requirement communication spanning tree (PROCT) problem
is to find a spanning tree 7 of G such that Cp(7") is minimum among all possible
spanning trees. If a vertex v represents a city, then r(v) may be thought of as
the population of that city. The communication requirement of a pair of vertices is
assumed proportional to the product of the populations of the two cities.

e The requirement between a pair of vertices is defined to be the sum of their vertex
weights, i.e., A(u,v) =r(u)+r(v). The sum-requirement communication (s.r.c.) cost
of a tree T is defined by C(T)=>_, (r(u)+ r(v))dr(u,v). Given a graph G, the
optimal sum-requirement communication spanning tree (SROCT) problem is to find
a spanning tree 7 of G such that Cy(7T') is minimum among all possible spanning
trees. The SROCT problem may arise in the following situation: For each node in
the network, there is an individual message to be sent to every other node and
the amount of the message is proportional to the weight of the receiver. With this
assumption, the communication cost of a spanning tree T is Zu,v r(v)dr(u,v), which
is exactly one half of Cs(T).

The two communication costs between a pair of vertices are illustrated in Fig. 1.

When the vertex weights are all equal, e.g., #(v) = 1 for each vertex v, both the
PROCT and the SROCT problems are reduced to the minimum routing cost span-
ning tree (MRCT) problem (also called the shortest total path length spanning tree
problem). The MRCT problem was shown to be NP-hard in [4] (also listed in [2]).
Thus the two problems are also NP-hard. In [6], a 2-approximation algorithm for the

ne)=1 D=2 The product-requirement communication cost between
2 verticesa and d is 3¥2%(243+42)=42.

nb)=0

The sum-requirement communication cost between
verticesa and e is (3+1)*(2+3+1)=24.

Fig. 1. The p.r.c. and s.r.c. costs.



B.Y. Wu et al. | Discrete Applied Mathematics 102 (2000) 245-266 247

Optimum Communication spanning Tree

min Zu‘v/l(u,v)dr (u,v)

A | l |

PROCT SROCT
min Zu’v r(uyr()d, (u,v) min Zu.v (r@)+r(v)d, (u,v)

more general

Minimum Routing Cost spanning Tree

min Zu Vdr (u,v)

Fig. 2. The relationship of the OCT, PROCT, SROCT, and MRCT problems.

MRCT was presented. Recently, a polynomial time approximation scheme (PTAS)
for the MRCT problem was proposed and an application to computational biology
was discussed in [7]. In this paper, we present a 1.577-approximation algorithm for
the PROCT problem, and a 2-approximation algorithm for the SROCT problem. The
relationship of the four problems is shown in Fig. 2.

The PTAS for the MRCT problem in [7] was obtained by showing the following
properties:

1. The MRCT problem with general inputs is equivalent to the problem with metric
inputs (complete graphs in which edge lengths obey the triangle inequality).

2. A k-star is a spanning tree with at most k£ internal nodes. The minimum routing cost
k-star is a ((k + 3)/(k 4+ 1))-approximation solution for the metric MRCT problem.

3. For a fixed k, the minimum routing cost k-star on a metric can be found in poly-
nomial time.

In fact, the first and the second properties remain true for the PROCT problem.
They can be obtained by straightforward generalizations of the previous results. Con-
sequently, a polynomial time algorithm for the minimum p.r.c. cost k-star is a PTAS
for the PROCT problem. However, there is no obvious way to generalize the algor-
ithm for the minimum routing cost k-star to that for the minimum p.r.c. cost k-star.
In this paper, we show that the minimum p.r.c. cost 2-star can be found in O(n’)
time by solving a series of min-cut problems. By the result in [7], such a 2-star is a
%—approximation solution of the PROCT problem. With a more precise analysis, we
shall show that such a 2-star is in fact a 1.577-approximation solution. This result also
improves the approximation ratio of the minimum routing cost 2-star for the MRCT
problem from 3 to 1.577.
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The previous result in [7] give us an O(n*) time algorithm for the minimum routing
cost 2-star. We shall show that the minimum routing cost 2-star can be solved in
O(n*logn) time. Combined with the improvement on the approximation ratio, this leads
to an efficient 1.577-approximation algorithm for the MRCT problem. Furthermore, we
show that it is possible to find a 1.577-approximation solution for the MRCT problem in
O(n*) time by constructing a special 2-star instead of the minimum routing cost 2-star.

For the SROCT problem, an O(#®) time 2-approximation algorithm is given in this
paper. For any graph, we show that there exists a vertex v such that the shortest-path
tree rooted at v is a 2-approximation solution of the SROCT problem.

The remaining sections are organized as follows: In Section 2, some definitions
and notations are given. The PROCT problem is discussed in Section 3, and the fast
approximation algorithm for the MRCT problem is presented in Section 4. The ap-
proximation algorithm for the SROCT problem is proposed in Section 5. Finally, we
give concluding remarks in Section 6.

2. Preliminaries

In this paper, a graph is a simple, connected and undirected graph. By G=(V, E,w),
we denote a graph G with vertex set 7, edge set E, and edge length function w. Both
the edge length function and the vertex weight function are assumed to be nonnegative.
For any graph G, V(G) denotes its vertex set and E(G) denotes its edge set. Let
w be an edge length function on a graph G. For a subgraph H of G, we define
wH)=wEMH)) =3, E(H)w(e). Similarly, let » be a vertex weight function and
U CV(G). We define n(U)=3_, ., r(v) and r(H)=r(V(H)) for any subgraph H of
G. We shall also use n and R to denote |V (G)| and r(G).

Definition 1. Let G = (V,E,w) be a graph. For u,v€V, SPg(u,v) denotes a short-
est path between u and v on G. The shortest path length is denoted by dg(u,v) =
w(SPg(u,v)).

Definition 2. Let H be a subgraph of G. For a vertex v € V(G), we use dg(v,H) to
denote the shortest distance from v to H, i.e., dg(v,H) = min, ¢y dc(v,u).

The p.r.c. cost and the s.r.c cost of a tree are defined in the previous section. We
now define the routing cost of a tree.

Definition 3. For a tree T, the routing cost of T is defined by C(T) = >, .y
dr(u,v).

Definition 4. Let 7 be a tree and e€ E(T). Assume X and Y be the two subtrees
resulted by deleting e from 7. We define the routing load on edge e to be I(T,e) =
2V (X x [V (Y)].
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Lemma 1. For a tree T with edge length function w, C(T):ZeeE(T) I(T,e)w(e). In
addition, C(T) can be computed in O(n) time, where n is the number of vertices in T.

Proof.
Cy= Y dr(uv)

up € V(T)

=2 | 2 we

up € V(T) e € SPr(u,p)

Z Z {v|e € SPr(u,v)}| | w(e)

e€E(T) \ue V()

> UT.e)w(e).

e €E(T)
To compute C(T'), we only need to find the routing load on each edge. This can be

done in O(n) time by rooting 7" at any node and traversing 7' in a postorder sequence.
O

Similarly, we define the product-requirement communication load (p.r.c. load) and
the sum-requirement communication load (s.r.c. load) as follows:

Definition 5. Let 7 be a tree with vertex weight function » and e € E(T). Assume
X and Y be the two subtrees resulted by deleting e from T. The p.r.c. load on
edge e is defined by [,(T,r,e) = 2r(X)r(Y). The s.r.c. load on edge e is defined
by (T, r,e) =2(|V(X)|r(Y) + [V (Y)|r(X)).

The following corollaries are similar to Lemma 1.

Corollary 2. For a tree T with edge length function w and vertex weight function r,
Co(T) = EeeE(T) Io(T,r,e)w(e). In addition, Co(T) can be computed in O(n) time,
where n is the number of vertices in T.

Corollary 3. For a tree T with edge length function w and vertex weight function
r, C(T)= ZeEE(T) Is(T,r,e)w(e). In addition, Cs(T) can be computed in O(n) time,
where n is the number of vertices in T.

For example, let T be the tree in Fig. 1. The p.r.c. load of edge (b,c) is 2(3
4+ 0)(1 +2+ 1) =24 and the p.r.c. cost of T" can be computed as follows:

Co(T)=2x3 x4 xw(ab)+2x3x4xwb,c)
+2x5%x2xw(e,d)+2x6x1Xxw(ce)=172.
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The s.r.c. load of edge (b,c) is 2(2)(1 +2 + 1)+ 2(3 + 0)(3) =34 and the s.r.c. cost
of T can be computed by

Co(T) =32 x w(a,b) + 34 x w(b,c) + 26 x w(c,d) + 20 x w(c,e) = 238.

Definition 6. A metric graph is a complete graph whose edge lengths satisfy the
triangle inequality.

Definition 7. The metric closure of a graph G is the complete graph with vertex set
V(G) and edge length function J, where 6(u,v) = dg(u,v) for any pair of vertices u
and v.

Note that the metric closure of a graph is a metric graph.

Definition 8. Let 7 be a rooted tree. For any ve€ V(T), T, denotes the subtree with
root v.

Definition 9. The centroid of a tree T is a vertex m € V(T) such that if we root 7 at
m, then |V(T,)|<|V(T)|/2 for any vertex v # m.

The existence of the centroid of a tree can be easily proved. If we root a tree T
at any vertex, then there must exist a vertex m such that |V (7,)| > |V(T)|/2 and
[V(T)|<|V(T)|/2 for any ve V(T,) \ {m}. Since |V(T)| — |V (T,)| is also no more
than |V (T)|/2, we conclude that m is the centroid. Similarly, we define the r-centroid
of a tree with vertex weight function r.

Definition 10. Let 7 be a tree with vertex weight function r. The r-centroid of a tree T
is a vertex m € V(T') such that if we root T at m, then r(7,)<r(T)/2 for any vertex

v # m.

For example, both the centroid and the r-centroid of the tree in Fig. 1 are vertex c.
If »(b) =2 instead of zero, the r-centroid will be vertex b.

3. The PROCT problem

In this section, we discuss the PROCT problem. Let G=(V, E,w) and vertex weight
be the input of the PROCT problem. Our algorithm works as follows:
e Construct the metric closure G of G.
e Find the minimum p.r.c. cost 2-star T of G.
e Transform 7T into a spanning tree Y of G with C,(Y)<Cp(T).
The result for the PROCT problem is stated in the following theorem:

Theorem 4. There is a 1.577-approximation algorithm with time complexity O(n)
for the PROCT problem.
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To prove the correctness of the theorem, we show the following in the next subsec-
tions:

e Given any spanning tree 7 of G, we can compute from 7T a spanning tree ¥ of G
such that C,(Y) < Cp(T).

e For any ¢ >0, if T is a (1 + ¢)-approximation solution of the APROCT problem
with input G, then Y is a (1 + &)-approximation solution of the PROCT problem
with input G, where the APROCT problem has the same definition as the PROCT
problem except that the input is always a metric graph.

e The minimum p.r.c. cost 2-star 7 is a 1.577-approximation solution of the APROCT
problem with input G.

o The overall time complexity is O(n°).

3.1. A reduction from the general to the metric case

In this subsection, we discuss the transformation algorithm and the related results.
The algorithm comes from Wu et al. [7]. It was developed for the MRCT problem,
and we show that it also works for the PROCT problem. Let G = (V,E,w) and G =
(V,V x V,0) be the metric closure of G. Any edge (a,b) in G is called a bad edge
if (a,b)€E or w(a,b) > d(a,b). Given any spanning tree T of G, the algorithm first
computes the shortest paths for all pairs of vertices. Then a tree Y is constructed by
iteratively replacing the bad edges until there exists no bad edge. Since Y has no bad
edge, d(e) =w(e) for any edge e€ E(Y), and Y can be thought of as a spanning tree
of G with the same cost. The algorithm is listed below.

Algorithm Remove_bad
Input: a spanning tree T of G
Output: a spanning tree Y of G such that C,(Y)<Cy(T).
Compute all-pairs shortest paths of G.
(D) while there exists a bad edge in T
Pick a bad edge (a,b). Root T at a.
/* assume SPg(a,b) =(a,x,...,b) and y is the parent of x*/
if b is not an ancestor of x then
Y*"=TU(xb)—(a,b); Y =Y*"U(a,x)— (x,p);

else
Y*"=TU(a,x)—(a,b); Y"™*=Y*"U (b,x)— (x,y);
endif
if Co(Y*) < Cp(Y™*) then Y =Y else ¥ = Y** endif
(1) T=Y
endwhile

The following claim is the same as in [7]. We omit the proof.
Claim 5. The loop (1) is executed at most O(n?) times.

Claim 6. Before instruction (1) is executed, Co(Y )< Cp(T).
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Fig. 3. Remove bad edge (a,b). Case 1 (left) and Case 2 (right).

Proof. For any node v, let S, = V(T,). As shown in Fig. 3, there are two cases.
Case 2 is identical to Case 1 if we re-root the tree at b and exchange the roles of a
and b. Therefore, we only need to show the inequality for Case 1, i.e. x €S,\S;.

If C,(Y*)<Cy(T), the result follows. Otherwise, let U =S,\ S and U, =S,\Ss \ Sk.
Since in Y* the distance does not change for any two vertices both in U; (or both in
Sp), we have

Co(T) < Go(Y) = > > rwyr()dr(wv) < > Y r@r(v)dy-(uv).
uelU veES) uclU veES)

Since for all u € Uy and v € Sp, dr(u,v)=dr(u,a)+(a,b)+dr(b,v) and dy«(u,v)=
dr(u,x) + 6(x,b) + dr(b,v), we have

>N rwyro)dr(ua) + 8(a,b) + dr(b,v))

ueU vES)

< >0 Y rwyr(o)dr(ux) + 5(x,b) + dr(b,v))

uclU veS)

= r(Sp) Y rwdr(u,a)+ r(U)r(Sy)d(a,b)

ue U

<H(Sp) > r(w)dr(u,x) + r(Up)r(Sy)d(x,b)

uec U
= Y rwdr(u,a) + r(Ud(a,b) < Y r(u)dr(ux) + r(Up)d(x,b).
ue U ue U

Note that (S,) > 0 since the strict inequality holds. By the definition of the metric
closure, we have 6(a,b) = d(a,x) + é(x,b), and then

> ru)dr(u.a) — dr(u,x)) < — r(U1)d(a,x). (1)

ue U
Now let us consider the cost of Y**.

(C(Y™) = C(T)2= " > r@yr(v)(dy(u,v) — dr(u,v))

uclUy ves,

+ >0 (o) dyes (u,v) — dr(u, ).

uelU veS,
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Since dy««(u,v)<dr(u,v) for uc€ U; and v €S, the second term is not positive. By
observing that d7(u,v)=d7r(u,x)+d7r(x,v) and dy«(u,v)=dr(u,a)+ d(a,x)+dr(x,v)
for any u € U, and v € S,, we have

(Co(Y™) = Cp(T))/2

<Y Y Hwr)dr(ua) + (a,x) — dr(u,x))

uel, veSs;

=r(Se) > r(u)dr(ua)+ 6(a,x) — dr(u,x))

uel,

=r(Se) Y r(u)(dr(ua) — dr(u,x)) + r(Up)r(Se)d(a, x)

ue U,

<r(Sy) Z r(u)(dr(u,a) — dr(u,x)) + r(U2)r(S:)o(a, x) (2)
ue U

< = r(Ur(Sy)o(a,x) + r(Uz)r(Sy)o(a, x) (3)

<0.

Eq. (2) is obtained by observing that Uj\U, = S, and dr(u,a) > dr(u,x) for any
ucS,. Eq. (3) is derived by Eq. (1). Therefore, C,(Y**) < C,(T) and the result fol-
lows. [

The following lemma comes from the above two claims and the fact that the all-pairs
shortest paths can be found in O(#*) time.

Lemma 7. Given a spanning tree T of G, the algorithm Remove_bad constructs a
spanning tree Y of G with Co(Y)<Co(T) in O(n®) time.

Let PROCT(G) denote the optimum solution of the PROCT problem with input
graph G. The above lemma implies that C,(PROCT(G)) < C,(PROCT (G)). It is easy
to see that C,(PROCT(G)) = C,(PROCT (G)). Therefore, we have the following corol-

lary.
Corollary 8. C,(PROCT(G)) = C,(PROCT(G)).

Corollary 9. If there is a (1 + ¢)-approximation algorithm for APROCT problem
with time complexity O(f(n)), then there is a (1 + &)-approximation algorithm for
PROCT with time complexity O(f(n) + n®).

Proof. Let G be the input graph for a PROCT problem. We can construct G in time
O(n®) (see e.g. [1]). If there is a (1 + &)-approximation algorithm for the APROCT
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problem, we can compute in time O( f(n)) a spanning tree T of G such that C(T)<(1
+¢)Cp(PROCT (G)). Using Algorithm Remove_bad, we can then construct a spanning
tree ¥ of G such that Cp(Y)<Cyo(T) <(1 +8)Cp(PROCT(C_¥)):(1 +¢)C,(PROCT(G)).
The overall time complexity is then O( f(n) +n). O

3.2. Finding the minimum p.r.c. cost 2-star

In this subsection, we present an algorithm for finding a 2-star 7' of a metric graph
such that C,(7") is minimum among all possible 2-stars. In the next subsection, we shall
show that 7 is a 1.577 approximation solution for the APROCT problem. Combining
the result of Corollary 9, we obtain a 1.577-approximation algorithm for the PROCT
problem. We define a notation for 2-stars as follows:

Definition 11. Let G=(V,E,w) be a metric graph. A 2-star of G is a spanning tree of
G with at most two internal nodes. Assume x € X and y€Y, and X,Y be a partition
of V. We use 2star(x, y,X,Y) to denote a 2-star with edge set {(x,v)|vEX,v # x} U

{o)|veY,v# y}U{(x »)}.

The next lemma follows immediately from Lemma 2, and we omit the proof.

Lemma 10. Let T = 2star(x, y,X,Y) and R =r(T).

Co(T) =2r(X)r(Y )w(x,y) + 2 Z r(V)(R — r(v))w(x,v)
veEX

+2 ) r()(R — r(0))W(p,v).

veY

Before presenting our algorithm, we briefly explain why the minimum p.r.c. cost
2-star (or even k-star) cannot be found by the algorithm in [7]. Any k-star can be
described by a triple (S, 7, #), where S ={v1,...,0} CV is the set of k distinguished
vertices which may have degree more than one, 7 is a spanning tree topology on
S, and &% = (Ly,...,Ly), where L; CV\S is the set of vertices connected to vertex
v;eS. Let A = (ny,...,n;) be a nonnegative k-vector (a vector whose components
are k& nonnegative integers) such that Zf;l n; =n — k. We say that a k-star (5,7, %)
has the configuration (S,7,4) if n; = |L;| for all 1<i<k. For a fixed k, the total

number of configurations is O(n*~!) since there are (}) choices for S, k=2 possible

tree topologies on k vertices, and (Z:}) possible such k-vectors. Note that any two
k-stars with the same configuration have the same routing load on their corresponding
edges.

Any vertex v in V' \ S that is connected to a node s € S contributes to the (standard)
routing cost a term of w(v,s) multiplied by its routing load of 2(n —1). Since all these
routing loads are the same, the best way of connecting the vertices in V'\S to nodes
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in S, is obtained by finding a minimum-cost way of matching up the nodes of V\S
to those in S which obeys the degree constraints on the nodes of S imposed by the
configuration, and the costs are the edge weights w. This problem can be solved in
polynomial time for a given configuration (by a straightforward reduction to an instance
of minimum-cost perfect matching).

The reason why we cannot find the minimum p.r.c. cost k-star by the above method
is that we do not know how to find (in polynomial time) the best way to connect
the vertices in ¥\ S to nodes in S even for a fixed configuration. Two k-stars with the
same configuration may have different p.r.c. loads on their corresponding edges. If
we modify the definition of the configuration so that n; = r(L;), then it may be
possible to find the best leaf connection for a fixed configuration in polynomial time,
but the number of configurations will be exponential.

Another question is whether the minimum p.r.c. cost k-star can be found by an
incremental method similar to the one in [7]. Let us focus on the case k£ =2. For fixed
x and y, let X; and Y; be the vertex sets such that 2star(x, y,X;, ¥;) is the minimum
routing cost 2-star with exact i leaves connected to x for i =0,1,...,n — 2. The key
point of the incremental method in [7] is the following property: There always exists a
vertex v € ¥; such that X;,1 =X; U {v}. Therefore, instead of solving many assignment
problems, all X; can be found one by one. However, the property does not hold for the
p.r.c. cost 2-star. For example, assume X; = {v;} and ¥, = {v,,v3}. All vertex weights
on x, y,v; are small, and r(v;) = r(v3) =a is a large number. The vertex weights are
set in such a way that the p.r.c. load on edge (x, y) will be very large if {v,v,} or
{v1,v3} is the set of leaves connected to x. The large load will force X, ={v,,v3}, and
this is a counterexample of the above property.

Now let us turn to our algorithm for the minimum p.r.c. cost 2-star. If for any
specified x and y we can find the best partition X and Y in O(f(n)) time, then
we can solve the minimum p.r.c. cost 2-star problem in O(n?f(n)) time by trying
all possible vertex pairs for x and y. To find the best partition for a specified pair of
vertices x and y, we construct an auxiliary graph H, ,, which is an undirected complete
graph with vertex set V' and edge length function 4. The edge length % is defined as
follows:

L A(x, y) = 2r(x)r(y)w(x, y).
2. h(x,v) =2r(v)(R — r(v))w(y,v) 4+ 2r(v)r(x)w(x, y), and

h(y,v) =2r(v)(R — r(v))w(x, v) + 2r(v)r(y)w(x, y) for any vertex v¢ {x, y}.
3. h(u,v) =2r(u)r(v)w(x, y) for all u,v ¢ {x, y}.

Let ¥y and ¥V, be two subsets of V. We say that (V1,V>) is an x—y cut of H, , if
(V1,V>) forms a partition of ¥ and x € V; and y € V5. The cost of an x—y cut (Vy, V3)
is defined to be h(V1,V2) =), ywe v, B, v). The following lemma comes directly
from the above construction. Note that the 2-star is defined on the metric graph G and
the cost of the cut is defined on the auxiliary graph H, ,.

Lemma 11. If (V1,V2) is an x—y cut of graph H,,, then h(Vi,V2) = Cy(2star
(x, ¥, V1, V2)).
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Proof.

WV, V)= Y (o)
uelhypelr
= Y hxo)+ D> A+ Y, Y k) +h(xy)
veV—{y} ue v —{x} ue i —{xyvernn—{y}

D @r)R = r@)w(y,0) + 2r(0)rE)w(x, y))

ven—{y}

+Y @R = )W u) + 2r(u)r(y)wlx, ¥))

ueVi—{x}

+ Y > 20w y) + 2r()r(y)w, y)

ueVi—{x}vern—{y}

= Z 2r(v)(R — r(v))w(y,v) + Z 2r(v)(R — r(v))w(x,v)

vev—{y} vei—{x}
+2r(V)r(V)w(x, y)

= Cp(2star(x, y, V1, V2)). _

The above lemma implies that the minimum p.r.c. cost 2-star can be found by solving
the minimum cut problems on O(n?) different auxiliary graphs. Since the minimum cut
of a graph can be found in O(n*) (e.g. [1]), we have the following lemma:

Lemma 12. The minimum p.r.c. cost 2-star can be found in O(n®) time.
3.3. The approximation ratio

In this subsection, we shall investigate the approximation ratio of the minimum p.r.c.
cost 2-star for the APROCT problem. Let G=(V, E,w) and r be the input metric graph
and the vertex weight of a APROCT problem, respectively. Also let 7 be the optimal
spanning tree of the APROCT problem and m be the r-centroid of 7. Root T at its
r-centroid m and let % < ¢ < 0.5 be a real number to be determined later. Consider
all possible vertices x such that #(7y)>¢R and »(T,) < qR for any u € V(T;)\{x}. By
the definition of the r-centroid, there are three cases:

o there are two such vertices a and b;
e there is only one such vertex a # m;
e m is the only one such vertex.

For each case, we select two vertices. For the first case, a and b are selected. For
the second case, a and m are selected, and the third case can be thought of as a special
case in which the two vertices are both m. Without loss of generality, assume the two
vertices be a and b, and M = SPr(a,b) = (a = m,my,...,m; = b) be the path on T.
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Fig. 4. Notations for showing the approximation ratio.

Also let U; be the set of vertices which are connected to M at m; for i =1,2,...,k.
The notations are illustrated in Fig. 4. We have the following lemma:

Lemma 13. Cy(T)=2(1 — )RS, r(x)dr(x, M) + 2¢(1 — @)R*w(M).

Proof. For any vertex x, let SB(x) = {u|SPr(x,u) "M = (}}. Note that »(SB(x)) < gR
by the construction of M. If x € U; and y € U;, define g(x, y) = dr(m;, m;). Then,

Co(T) =D > ro)r(»)dr(x, )
x y

=2 > r@r()dr(xy)
Xy € SB(x)

=Y > r@r){dr(a M) + dr(y, M) + g(x, )}

Xy ESB(x)

=23 > r@r(dre M)+ > Y r)r(»)gx. )
x  y¢&SB(x) Xy &SB(x)
>2(1 =R _r(@)dr(eM)+> > r(x)r(»)g(x, y)-
x Xy € SB(x)
Without loss of generality, we assume r(U;)=7(Uy). For the second term,

Y @9 y)

Xy ¢&SB(x)
=2 r(U)r(U)dr(mi,m;)
i<j
k—1
>2r (U )F(Udr(my,mi) +2 Y r(UDEUDdr(my,me) + r(Ui)dr (my, m;))
i=2
k—1
=21 (UNH(Uw(M) +2°Y . r(Upr(Up)w(M)
i=2

=2w(M)r(Ug)(R — r(Uy)).
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By the construction of M and g < 0.5, we have r(U;)>=>r(U;)>=¢qR, and then gR <
HU)<(1 — g)R. Thus (U )R — #(Uy))=q(1 — q)R? and this completes the proof.
O

Construct two 2-stars T* = 2star(a, b,V — Uy, Uy) and T** = 2star(a,b, U,V — Uy).
We claim that one of the two 2-stars is an approximation solution with approximation
ratio max{1/(1 — ¢q),(1 —2¢*)/(2¢(1 — q))}. First, we show the following lemma:

Lemma 14. Cy(T*) + Cp(T**)<4RY, o r(0)dr (v, M) + 2(1 — 2¢°)R2w(M).

Proof. By Lemma 10,
Co(T*) =2 > r()R — r(@)w(v,a) +2 > r(v)(R — r(v))w(v,b)

v & Uy ve Uy
4+ 2r(Ug)(R — r(Uy)w(a, b)
<2R Y r(v)w(v.a)+ 2R > r(v)w(v,b)
v & Up vE U
+ 2r(Ui (R — (U ))w(a, b).

Similarly,

Co(T*)<2R Y r(v)w(v,a) + 2R > r(0)w(v,b) + 2r(Ui)(R — r(Uy))w(a, b).
ve U vg U
By the triangle inequality, w(x, y)<dr(x,y) for any vertices x and y. Therefore,
for any vertex v € Uy, w(v,a)<dr(v,M). Similarly, w(v,b)<dr(v,M) for any vertex
ve€ Ug. For any vertex v U; U Uy, by the triangle inequality, w(v,a) + w(v,b)<
2dr(v,M) +w(M). We have

Co(T*) + C(T™) 4R D r(v)dr(v.M)+2R Y r(v)w(M)
veEV v U UU;
4+ 2r(Ur)(R — r(Up)w(a, b) + 2r(Uy (R — r(Up))w(a, b)
= 4R " r(0)dr(v.M) +2(R* = r(Uy Y — r(Up ) )w(M)
vevrv

<S4R r()dr(v, M)+ 2(1 = 24)RPw(M). [

veV

Lemma 15. There is a 2-star which is a 1.577-approximation solution of the
APROCT problem.

Proof. Trivially, 7* and 7** are both 2-stars. By Lemma 14, we have
min{Cy(T*), Co(T™)} <2R > r(v)dr(v, M) + (1 — 24" )R*w(M).
vevrv

By Lemma 13, the approximation ratio is max{1/(1 — q),(1 — 2¢*)/(2¢(1 — q))} in
which 1 < ¢ < 1. By setting ¢ = (v/3 — 1)/2 ~2 0.366, we get the ratio 1.577. [J
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Corollary 16. The minimum p.r.c. cost 2-star of the input graph is a 1.577-
approximation solution of the APROCT problem.

4. An efficient approximation algorithm for the MRCT problem

In this section, an efficient 1.577-approximation algorithm for the MRCT problem
shall be presented. Since the MRCT problem is identical to the PROCT problem
with all vertex weights equal, by Lemma 15 and Corollary 9, we have the following
corollary:

Corollary 17. If there is an O(f(n)) time algorithm for finding the minimum routing
cost 2-star of a metric graph, then the MRCT problem can be approximated with
ratio 1.577 in O(f(n) + n®) time.

In [7], there is an O(n**) time algorithm for finding the minimum routing cost
k-star of a metric graph. Consequently it leads to an O(n*) time 1.577-approximation
algorithm for the MRCT problem. We shall show that the time complexity can be
reduced to O(n® logn) by observing the following property:

Lemma 18. Let T =2star(x, y,X,Y) be the minimum routing cost 2-star of a metric
graph G = (V,E,w). For any u€ X and ve Y, w(x,u) — w(y,u) <w(x,v) — w(y,v).

Proof. Similar to Lemma 10, the routing cost of the 2-star 7' can be computed by the
following formula:

C(T) =2|V(X)||V(Y)|w(x, y) 4+ 2(n — 1) ( > wv)+ Y w(y,u)> .
vEX veY
When |V(X)| and |V(Y)| are fixed, C(T) depends only on > ., w(x,v) and
> wcyw(y,v). If the inequality does not hold, we can move u to ¥ and v to X
and obtain another 2-star with smaller routing cost. [J

The next lemma shows the time complexity for finding the minimum routing cost
2-star.

Lemma 19. The minimum routing cost 2-star of a metric graph can be found in
O(n’ logn) time.

Proof. Assume that 2star(x, y,X,Y) is the minimum routing cost 2-star with fixed
internal nodes x and y. Define a function f ,(v) =w(x,v) —w(y,v) for all v€ V. By
sorting the values of f\ ,(v), we relabel the vertices such that V' ={x, y,1,2,...,n—2}
and f ,(i)< fy,(i+1) fori=1,2,...,n—3. By Lemma 18, we have f, ,(u)< f\ ,(v)
for any u€X and v €Y. Therefore, there must exist an integer k € {0...n — 2} such
that X ={x,1...k} and Y ={p,k+1...n—2}.
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To determine the integer k, we compute the routing costs of the (n — 1) 2-stars. Let
g(i) denote the routing cost of 2star(x, y,{x,1...i},{y,i +1...n—2}). We have

g(0)=2(n—1) > w(y,v)+2(n—w(x,y)

1<v<n-2

and
gi+1)=g()+2(n—1)fr,(i+1)+2(n—2i — 3)w(x, y)

for i =1,2,...,n — 3. Thus for specified x and y, the best partition (X,Y) can be
determined in O(n) time, plus the (dominating) cost O(nlogn) of the sorting procedure.
Consequently, the total time complexity is O(#* logn) since there are O(n?) such pairs
of vertices x and y. [

The next corollary directly comes from Corollary 17 and Lemma 19.

Corollary 20. The MRCT problem can be approximated with ratio 1.577 in
O(n’logn) time.

In the rest of this section, we shall show that it is possible to approximate the MRCT
problem with ratio 1.577 in O(#®) time. Instead of the minimum routing cost 2-star,
we find a 2-star with minimum routing cost among a subclass of 2-stars.

Let 7 be the minimum routing cost spanning tree on a metric graph G = (V,E,w)
and g,a,b, M, U; are defined as in Section 3.3 except that each vertex has weight one.
Since |U;|>=¢n and |U|=gn, we can choose two vertex sets 4 C U; and B C Uy such
that a€A4 and b€ B and |4| = |B| = gn. For the sake of convenience, we assume
gn is an integer. Then we construct two 2-stars T* = 2star(a,b, V\B,B) and T** =
2star(a, b, A, V\A). Note that when a = b, both the 2-stars degenerates to the same
1-star. Similar to Lemma 14 and Lemma 15, we claim a bound on the routing costs
of T* and T**.

Claim 21. min{C(T*), C(T**)}<1.577C(T).

Proof. By Lemma 1 and |B| = ¢n,
C(T*y=2n-1) Z w(v,a)+2(n—1) Z w(v,b) + 2|B|(n — |B|)w(a,b)

vé€B vEB
< 2n Z w(v,a) + 2n Z w(v,b) + 2q(1 — g)n*w(a, b).
vé€B vEB
Similarly,
C(T™)<2ny_w(v,a)+2n»_ w(v,b) + 2q(1 — g)n*w(a,b).
vEA v A

By the triangle inequality, w(u,v)<dr(u,v) for any vertices u and v. Therefore, for
any vertex v €4, w(v,a)<dr(v,M). Similarly, w(v,b)<dr(v,M) for any vertex v € B.
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For any vertex v &€ AUB, by the triangle inequality, w(v, a)+w(v,b)<2d (v, M )+w(M).
We have

C(T*)+ C(T*) < 4n Y _dr(v,M)+2n > w(M)+4q(1 — g)n*w(a,b)

veVlV v AUB
=4n > dr(v,M)+2(1 — 24" w(M).
verv
Therefore,
min{C(T*),C(T**)} <2n Z dr(v,M) + (1 = 2¢* *w(M). (4)
ver
By Lemma 13,
C(T)=2(1 = qn Y dr(v,M)+2q(1 — g)n*w(M). (5)

verv
By Egs. (4) and (5) and setting ¢ = 0.366, the ratio is 1.577. [J
The next Claim immediately follows Claim 21 and we omit the proof.

Claim 22. For a metric graph G, there exists a 1.577-approximation solution Y of
the MRCT problem on G such that Y is either a 1-star or a 2-star with 0.366n leaves
connected to one of its internal nodes.

Theorem 23. The MRCT problem can be approximated with ratio 1.577 in O(n®)
time.

Proof. As shown in Corollary 9, we only need to consider the MRCT problem on a
metric graph G = (V,E,w). Let Z; denote the set of all 1-stars and Z, denote the set
{2star(x, y, V1, V2)|x, y € V,|V1|=0.366n}. We shall show that the minimum routing cost
spanning tree in Z; and Z, can be found in O(n*) time. Then the proof is completed
by Claim 22.

First, the routing costs of all 1-stars can be computed in O(#n?) time since there are
n 1-stars whose cost can be computed in O(n) time. The MRCT in Z, can be found
by an algorithm similar to the one in Lemma 19.

For specified x and y, we first compute f', ,(v)=w(x,v)—w(y,v) for all v€ V. Instead
of sorting the values of f, ,(v), we find a vertex i such that f, ,(i) is the (0.366n)th
smallest element in the set {fy ,(v)|v # x,v # y}. We then divide V into Vy and V,
such that |Vy| =0.366n and f ,(v)< fy (i) for all ve V. By Lemma 18, the routing
cost of 2star(x, y, Vy, V) is minimum among the set {2star(x, y, V1, V2)||V1| =0.366n}.

Since the kth smallest element among n elements can be found in O(n) time [1]
and there are O(n?) such pairs of x and y, the total time complexity is O(n?). [
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r(a)=4 r(a)=4

4k nodes with

zero weight and
connected by

zero-length edges

k nodes with
zero weight and
connected by
zero-length edges

A spanning tree T of the metric closure

Graph G. (a,b) is not an edge inG

Fig. 5. A tree with bad edges may have less s.r.c. cost.

5. The SROCT problem

For the PROCT problem, it has been shown that the optimal solution for a graph
has the same value as the one for its metric closure. In other words, using bad edges
cannot lead to a better solution. However, the SROCT problem has no such a property.
For example, consider the graph G in Fig. 5. The edge (a,b) is not in E(G), and T
is a spanning tree of the metric closure of G. All three possible spanning trees of G
are Y1,Y, and Y3. It can be shown that the s.r.c cost of T is less than that of Y; for
i=1,2,3.

To compare the s.r.c costs, we can only focus on the coefficient of k£ in the cost.
Note that only vertices a and x have nonzero weights. By Lemma 3, the s.r.c. cost of
T can be computed as follows:

C(T) = I(T,r,(a,b))w(a,b) + I(T,r,(a, y))w(a, y) + Is(T,r,(y,x))w(x, y)
=2(k(4+ 1)+ 0(4k))2 + 2(k x 1 +4 x 4k)(1) +2(5k x 1 +4 x 1)(1)
=64k + - .

Similarly, we have Cy(Y))=66k, Cs(Y,)=606k, and Cs(Y3)=90k. The example illustrates
that it is impossible to transform any spanning tree of G to a spanning tree of G without
increasing the s.r.c cost for some graph G, where G is the metric closure of G. But
it should be noted that the example does not disprove the possibility of reducing the
SROCT problem on general graphs to its metric version.
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In this section, we shall present a 2-approximation algorithm for the SROCT problem
on general graphs. Let G be a graph and m € V(G). A shortest-path tree rooted at
m is a spanning tree 7 of G such that dr(v,m) = dg(v,m) for each vertex v. That
is, on a shortest-path tree, the path from the root to any vertex is a shortest path on
the original graph. The shortest-path tree has been well studied and several efficient
algorithms can be found in the literature, e.g. [1,5]. For each vertex v of the input graph,
our algorithm finds the shortest-path tree rooted at v. Then it outputs the shortest-path
tree with minimum s.r.c. cost. For the approximation ratio, we show that there always
exists a vertex m such that the shortest-path tree rooted at m is a 2-approximation
solution.

In the following, graph G =(V,E,w) and vertex weight r is the input of the SROCT
problem, |V|=n, and R=r(V).

Lemma 24. Let T be a spanning tree of G. For any vertex meV, Cy(T)<
23 ey (nr(v) + R)dr(v,m).

Proof.

C(T) = Y (r(u) +r(v))dr(u,v)

uv eV

< ) () + r(©))dr(u,m) + dr(m,v))

uv eV

=23 (r(w) + r(©))dr(u,m)

uv €V

<2 (nr(v) + Rydr(v,m). O
verv

In the following, we use 7 to denote the optimal spanning tree of the SROCT
problem, and use m; and m, to denote the centroid and r-centroid of 7', respectively.
Also let P = SPr(my,my).

Lemma 25. For any edge e € E(P), the s.r.c load I(T,r,e)=nR.

Proof. Let 7; and T, be the two subtrees resulted by deleting e from 7. Assume that
my € V(Ty) and my € V(T,). By the definitions of centroid and r-centroid, |V (7T})|=n/2
and »(T2)=R/2. Then,

I(T,r,e)/2 = [V(TV)|r(T2) + |V(T2)|r(Th)
= |[V(T)|r(T2) + (n — [V(T1)| (R — r(T2))
=2(|V(T))| = n/2)(H(T3) — R/2) + nR/2=nR/2. [

The next lemma shows a lower bound on the minimum s.r.c. cost. Remind that
dr(v, P) denotes the shortest path length from a vertex v to path P.
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Lemma 26. C(T)> >, . ,(nr(v) + R)dr(v, P) + nRw(P).

Proof. For any vertex u, we define SB(u)={v|SPr(u, v)NP=(}. Note that |SB(u)| <n/2
and (SB(u))<R/2 for any vertex u by the definitions of centroid and r-centroid:

C(T) = > () + r(v))dr(u,v)

uv eV

=2 Y r(u)dr(u,v)

uv eV

22 > r)dr(u,P)+dr(v,P))

u€Voe&SB(u)

+2 ) ru)w(SPr(u,v) N P). (6)

uv eV

For the first term in Eq. (6),

2) > r)dr(u.P)+dr(v,P))

u€Voe&SB(u)

=23 > rwdrwP)+2% > r(wdr(v,P)

u€VodSB(u) u€ Vo SB(u)
> wrdr(w,P)+2Y Y r(wdr(v,P)
ueV vEV u¢ SB(v)
> nr(wydr(u,P)+ > Rdr(v,P)
uel verv
= (nr(v) + R)dr(v,P). (7)
vevr

For the second term in Eq. (6),

2 > r(ww(SPr(u.v) N P)

up eV
=2 Z r(u) Z w(e)
uv eV e € SPr(u,v)NP
=Y (2 > r({ule eE(SPrw,v))})) w(e)
ec E(P) v
= > I(T.r.e)w(e)
e € E(P)
=>nRw(P) (by Lemma 25). ()

By Egs. (6)—(8), the proof is completed. [J

The main result of this section is stated in the next theorem.
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Theorem 27. There exists a 2-approximation algorithm with time complexity O(n®)
for the SROCT problem.

Proof. Let Y* and Y** be the shortest-path trees rooted at m; and m;, respectively.
Also, for any ve V, let hi(v) = w(SPr(v,m;) N P) and hy(v) = w(SPr(v,my) N P). By
Lemma 24,

CY™)2 < D (nr(v) + R)dy-(v,m))

veV
<) (nr(v) + R)(dr(v, P) + hi(v)). (9)
veV
Similarly,
Co(Y*)/2< Y (nr(v) + R)(dr (v, P) + hy(v)). (10)
vevr

Since h1(v) + hy(v) = w(P) for any vertex v, by Egs. (9) and (10), we have
min{Cy(Y™), Cs(Y**)}
S(G(Y™) + G(Y™))/2
<) (r(v) + RY2d 1 (v, P) + hi(v) + hy(v))

vevrv
= (nr(v) + R)2d1(v,P) + w(P))
vevrV
=2 (nr(v) + R)d7(v, P) + 2nRw(P)
veVrv
<2Cy(T) (by Lemma 26).

We have proved that there exists a vertex m such that any shortest-path tree rooted at
m is a 2-approximation solution. Since it takes O(n?) time to construct a shortest-path
tree rooted at a given vertex and the s.r.c cost of a tree can be computed in O(n) time,
by computing the shortest-path tree rooted at each vertex and choosing the one with
minimum s.r.c cost, a 2-approximation solution of the SROCT problem can be found
in O(n?) time. [J

6. Concluding remarks

As mentioned in Section 1, it can be shown that the PROCT problem can be approx-
imated arbitrarily close to 1 by the minimum p.r.c. cost k-star when £ is sufficiently
large. Therefore, any polynomial time algorithm for the minimum p.r.c. cost k-star will
result in a PTAS for the PROCT problem. However, it is still unknown how to con-
struct the minimum £-star in polynomial time when k£ >3. Another interesting related
problem is the Steiner MRCT problem, in which we want to minimize the total path
length summed over all pairs of vertices in a given vertex subset. The Steiner MRCT
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problem is a special case of the PROCT problem, in which the vertex weights are
either 0 or 1. It is not hard to generalize the PTAS for the MRCT problem to a PTAS
for the Steiner MRCT problem.

For the MRCT problem, an interesting question is how to efficiently find the min-
imum routing cost k-star for any fixed k. This will improve the time complexity of
the PTAS in [7]. In this paper, for £ =2, we have shown an algorithm which is more
time efficient than the one in [7]. But we did not find a way to generalize the idea to
obtain a more time efficient algorithm for the case & > 2.

For the SROCT problem, the result in this paper is only the first attempt to its ap-
proximability. Future work includes improving the approximation ratio for both general
and metric inputs.
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