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APPROXIMATION BY CESÀRO MEANS OF NEGATIVE ORDER
OF DOUBLE WALSH-KACZMARZ-FOURIER SERIES
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Abstract. In this article we investigate the rate of the approximation by Cesàro means
of the quadratical partial sums of double Walsh-Kaczmarz-Fourier series of a function in the
Lebesgue space over the Walsh group. The approximation properties of Cesàro means of neg-
ative order of one- and two-dimensional Walsh-Fourier series was discussed earlier by Gogi-
nava.

1. Introduction. Now, we give a brief introduction to the Walsh-Fourier analysis [1,
9].

Let denote by N the set of natural numbers, P := N\{0}. Let denote by Z2 the discrete
cyclic group of order 2, the group operation is the modulo 2 addition and every subset is open.
The normalized Haar measure on Z2 is given in the way that the measure of a singleton is
1/2. Let G := ∏∞

k=0 Z2, which is called the Walsh group. The elements of G are sequences
x = (x0, x1, . . . , xk, . . . ) with coordinates xk ∈ {0, 1} (k ∈ N).

The group operation onG is the coordinate-wise addition (denoted by +), the normalized
Haar measure is the product measure (denoted by µ) and the topology is the pruduct topology.
Dyadic intervals are defined by

I0(x) := G, In(x) := {y ∈ G; y = (x0, . . . , xn−1, yn, yn+1, . . . )}
for x ∈ G,n ∈ P . They form a base for the neighborhoods of G. Let 0 = (0; i ∈ N) ∈ G

denote the null element of G and In := In(0) for n ∈ N . Set en := (0, . . . , 0, 1, 0, . . . ) ∈ G
for n ∈ N , where the n-th coordinate of which is 1 and the rest are zeros.

Let Lp(G2) denote the usual Lebesgue spaces on G2 (with the corresponding norm
‖.‖p). For the sake of brevity in notation, we agree to write L∞(G2) instead of C, where C
is the set of continuous functions on G2 (for more details see [9, pp. 9–11]) and set ‖f ‖∞ :=
sup{|f (x)|; x ∈ G2}.

For x ∈ G we define |x| by |x| := ∑∞
j=0 xj2−j−1.

Next, we define the dyadic partial modulus of continuity in Lp(G2), 1 ≤ p ≤ ∞, of a
function f ∈ Lp(G2) by

ω1
p

(
1

2A
, f

)
:= sup

t∈IA
‖f (x1 + t, x2)− f (x1, x2)‖p ,
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ω2
p

(
1

2A
, f

)
:= sup

t∈IA
‖f (x1, x2 + t)− f (x1, x2)‖p .

If the modulus of continuity ω(δ) (δ = 1/2A for some A) is given, then denote

Hω
p := {f ∈ Lp(G2);ωip(f, δ) = O(ω(δ)), i = 1, 2} .

The Rademacher functions are defined as

rk(x) := (−1)xk (x ∈ G, k ∈ N) .

Let the Walsh-Paley functions be the product functions of the Rademacher functions. Namely,
each natural number n can be uniquely expressed as n = ∑∞

i=0 ni2
i , ni ∈ {0, 1} (i ∈ N),

where only a finite number of ni ’s are different from zero. Define the order |n| of n > 0 by
|n| := max{j ∈ N; nj �= 0}. Walsh-Paley functions are w0 = 1 and for n ≥ 1

wn(x) :=
∞∏
k=0

(rk(x))
nk = r|n|(x)(−1)

∑|n|−1
k=0 nkxk .

The Walsh-Kaczmarz functions are defined by κ0 = 1 and for n ≥ 1

κn(x) := r|n|(x)
|n|−1∏
k=0

(r|n|−1−k(x))nk = r|n|(x)(−1)
∑|n|−1
k=0 nkx|n|−1−k .

The set of Walsh-Kaczmarz functions and the set of Walsh-Paley functions are equal in each
dyadic block. Namely,

{κn; 2k ≤ n < 2k+1} = {wn; 2k ≤ n < 2k+1}
for all k ∈ P and κ0 = w0.

A relation (given by Skvortsov [12]) between the Walsh-Kaczmarz functions and the
Walsh-Paley functions can be given by the transformation τA : G → G defined by

τA(x) := (xA−1, xA−2, . . . , x1, x0, xA, xA+1, . . . )

for A ∈ P . By the definition of τA, we have

κn(x) = r|n|(x)wn−2|n|(τ|n|(x)) (n ∈ N , x ∈ G) .
The transformation τA is measure-preserving and τA(τA(x)) = x for all x ∈ G (for more
details, see [12]).

In 1948, S̆neider [13] introduced the Walsh-Kaczmarz system and showed that the in-
equality

lim sup
n→∞

Dκn(x)

logn
≥ C > 0

holds a.e. A number of pathological properties are due to this “spreadness” property of the
kernel. For example, for Walsh-Kaczmarz-Fourier series it is impossible to establish any local
test for convergence at any point or on any interval, since the principle of localization does
not hold for this system.
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On the other hand, the global behavior of the Walsh-Kaczmarz-Fourier series is similar in
many aspects to the Walsh-Paley-Fourier series. In 1974, Schipp [10] and Young [16] proved
that the Walsh-Kaczmarz system is a convergence system. Skvortsov in 1981 [12] showed
that the Fejér means with respect to the Walsh-Kaczmarz system converge uniformly to f for
any continuous functions f .

In 1998, Gát [2] proved, for any integrable functions, that the Fejér means with respect
to the Walsh-Kaczmarz system converge almost everywhere to the function. In 2004, Gát’s
result was generalized by Simon [11].

The Dirichlet kernels are defined by

Dψn :=
n−1∑
k=0

ψk ,

where ψn = wn (n ∈ P ) or ψn = κn (n ∈ P ), D
ψ
0 := 0. The 2n-th Dirichlet kernels have a

closed form (see e.g. [9])

Dw2n(x) = Dκ2n(x) = D2n (x) =
{

2n x ∈ In ,
0 otherwise (n ∈ N) .

(1)

We consider the double systems {ψn(x1)× ψm(x
2); n,m ∈ N} on G2. Suppose that f is an

integrable function on G2. Its Walsh-(Kaczmarz)-Fourier series is defined by
∞∑
k=0

∞∑
l=0

f̂ ψ (k, l)ψk(x
1)ψl(x

2) ,

(x = (x1, x2) ∈ G2), where f̂ ψ(k, l) := ∫
G2 fψkψl is the (k, l)-th Walsh-(Kaczmarz)-

Fourier coefficient of the function f .
The n-th Cesàro (C, α)-mean and the kernel of the double Walsh-(Kaczmarz)-Fourier

series of a function f are defined by

σψ,αn (f ; x1, x2) := 1

Aαn−1

n∑
k=1

Aα−1
n−kS

ψ
k,k(f, x

1, x2) ,

Kψ,α
n (x1, x2) := 1

Aαn−1

n∑
k=1

Aα−1
n−kD

ψ
k (x

1)D
ψ
k (x

2)

for (x1, x2) ∈ G2, where ψn = wn (n ∈ P ) or ψn = κn (n ∈ P ), and

Aα0 := 1 , Aαn := (α + 1) · · · (α + n)

n! , (α �= −1,−2, . . . ) .

It is well known that

Aαn =
n∑
k=0

Aα−1
n−k ,

Aαn − Aαn−1 = Aα−1
n ,

Aαn ∼ nα
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[18]. The n-th Cesàro (C, α) kernel of the one-dimensional Walsh-(Kaczmarz)-Fourier series
is defined by

Kψ,α
n (x) := 1

Aαn−1

n∑
k=1

Aα−1
n−kD

ψ
k (x) (x ∈ G) .

In the papers [14, 15], Tevzadze has studied the uniform convergence of Cesàro means of
negative order of Walsh-Fourier series. In particular, he proved a criterion in terms of modulus
of continuity and variation of a function f ∈ CW([0, 1]) for the uniform summability by the
Cesàro method of negative order of Walsh-Fourier series. In [4], Goginava gave sufficient
conditions for the convergence of Cesàro means of negative order of Walsh-Fourier series in
the space Lp([0, 1]N), 1 ≤ p ≤ ∞. In the papers [4, 14, 15], the results were established
without any estimation of the approximation. In 2002, Goginava [5] studied the rate of the
approximation by Cesàro (C,−α)-means (where 0 < α < 1) of Walsh-Fourier series of a
function in Lp([0, 1]).

In 2004, the rate of the approximation by Cesàro (C,−α)-means (where 0 < α < 1)
of double Walsh-Fourier series of a function in Lp([0, 1]2) was studied by Goginava in [6].
Analogical questions for double trigonometric Fourier series was studied by Zhizhiashvili
[17], and recently by Goginava [7].

2. The main results. In this article we investigate the rate of the approximation by
(C,−α)-means (where 0 < α < 1) of double Walsh-Kaczmarz-Fourier series of a function
in Lp (1 ≤ p ≤ ∞). We show that the approximation behavior of the Cesàro (C,−α)-means
of double Walsh-Kaczmarz-Fourier series is so good as the approximation behavior of the
double Walsh-Cesàro (C,−α)-means (where 0 < α < 1).

We note that the rate of the approximation of (C, 1)-means of one-dimensional Walsh-
Kaczmarz-Fourier series for functions in Lp(G) (1 ≤ p ≤ ∞) was studied by Skvortsov [12]
earlier.

THEOREM 2.1. Let f ∈ Lp(G2) for 1 ≤ p ≤ ∞ and 0 < α < 1. Then

‖σκ,−αn (f )− f ‖p ≤ c

(
|n|2|n|αω1

p

( 1

2|n|−1
, f

)
+ |n|2|n|αω2

p

( 1

2|n|−1
, f

)

+
|n|−2∑
l=0

2l−|n|ω1
p(1/2

l, f )+
|n|−2∑
l=0

2l−|n|ω2
p(1/2

l, f )

)

holds, where c depends only on p and α.

The following corollary follows from the proof of Theorem 2.1.

COROLLARY 2.2. Let f ∈ Lp(G2) for 1 ≤ p ≤ ∞ and 0 < α < 1. Then for any
k ∈ N the inequality

‖σκ,−α
2k

(f )− f ‖p ≤ c

(
2kαω1

p

( 1

2k−1 , f
)

+ 2kαω2
p

( 1

2k−1 , f
)
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+
k−2∑
l=0

2l−kω1
p(1/2

l, f )+
k−2∑
l=0

2l−kω2
p(1/2

l, f )

)

holds, where c depends only on p and α.

To prove Theorem 2.1, we need the following lemmas of Glukhov [3] and Goginava [6]:

LEMMA 2.3 (Glukhov [3]). Let α1, . . . , αn be real numbers. Then

1

n

∥∥∥∥
n∑
k=1

αk

d∏
j=1

Dwk

∥∥∥∥
1

≤ c√
n

( n∑
k=1

α2
k

)1/2

,

where c is an absolute constant.

LEMMA 2.4 (Goginava [6]). Let 0 < α < 1 and p = 2k, 2k+1, . . . . Then

∫
G2

∣∣∣∣
2k∑
ν=1

A−α−1
p−ν Dν(x1)Dν(x

2)

∣∣∣∣dµ(x) ≤ c(α) < ∞ , k = 1, 2, . . . .

By the method of the proof of Lemma 2.4 we get the following lemma:

LEMMA 2.5. Let 0 < α < 1, p = 2k, 2k+1, . . . . Then

∫
G

∣∣∣∣
2|n|−1−1∑
l=1

A−α−1
n−2|n|−1−lD

w
l

∣∣∣∣ ≤ c(α)

for k = 1, 2, . . . .

LEMMA 2.6 (Goginava [6]). Let 0 < α < 1. Then the inequality∫
G2

∣∣∣∣
n∑
ν=1

A−α−1
n−ν Dν(x

1)Dν(x
2)

∣∣∣∣dµ(x) ≤ c(α) logn

holds.

We prove the following lemma:

LEMMA 2.7. Let f ∈ Lp(G2) for 1 ≤ p ≤ ∞ and 0 < α < 1. Then
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
k=0

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ c

( |n|−2∑
l=0

2l−|n|ω1
p(1/2

l, f )+
|n|−2∑
l=0

2l−|n|ω2
p(1/2

l, f )

)

holds, where c depends only on p and α.

PROOF. Set

‖I‖p :=
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
k=0

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

.
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To discuss ‖I‖p , we use the following equality [12]:

Dκn(x) = D2|n|(x)+ r|n|(x)Dwn−2|n|(τ|n|(x)) .(2)

For ‖I‖p we write

‖I‖p =
∥∥∥∥ 1

A−α
n−1

∫
G2

|n|−2∑
l=0

2l+1−1∑
k=2l

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

=
∥∥∥∥ 1

A−α
n−1

∫
G2

|n|−2∑
l=0

2l−1∑
k=0

A−α−1
n−2l−kD

κ
2l+k(x

1)Dκ2l+k(x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤
∥∥∥∥ 1

A−α
n−1

∫
G2

|n|−2∑
l=0

2l−1∑
k=0

A−α−1
n−2l−kD2l (x

1)D2l (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

|n|−2∑
l=0

2l−1∑
k=0

A−α−1
n−2l−kD2l (x

1)rl(x
2)Dwk (τl(x

2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

|n|−2∑
l=0

2l−1∑
k=0

A−α−1
n−2l−krl(x

1)Dwk (τl(x
1))D2l (x

2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

|n|−2∑
l=0

2l−1∑
k=0

A−α−1
n−2l−krl(x

1)rl(x
2)Dwk (τl(x

1))Dwk (τl(x
2))(f (.+x)− f (.))dµ(x)

∥∥∥∥
p

=: ‖I1‖p + ‖I2‖p + ‖I3‖p + ‖I4‖p .
From the equation (1) and by generalized Minkowski inequality, we have∥∥∥∥

∫
G2
D2l (x

1)D2l (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤
∫
G2
D2l (x

1)D2l (x
2)‖f (.+ x)− f (.)‖pdµ(x)

≤ ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ) .

(3)

This gives

‖I1‖p ≤ 1

A−α
n−1

|n|−2∑
l=0

2l−1∑
k=0

|A−α−1
n−2l−k |

∥∥∥∥
∫
G2
D2l (x

1)D2l (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ c

A−α
n−1

|n|−2∑
l=0

(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ))

2l−1∑
k=0

|A−α−1
n−2l−k|

≤ c

A−α
n−1

|n|−2∑
l=0

(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ))2l|A−α−1
n−2l+1+1

|
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≤ c
|n|−2∑
l=0

2l−|n|(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f )) .

To discuss ‖I2‖p we docompose G as a disjoint union. Define the set Xl by Xl := {z ∈
G; z = (z0, . . . , zl−1, 0, 0, . . . )}, that is, Xl has 2l elements. Then we have

G =
⋃
z∈Xl

Il(z) (l ≥ 0) .(4)

On the sets Il(z) the function Dwk ◦ τl is constant for 0 ≤ k ≤ 2l . By generalized Minkowski
inequality we write that

‖I2‖p ≤ 1

A−α
n−1

|n|−2∑
l=0

∥∥∥∥
∫
G2

2l−1∑
k=0

A−α−1
n−2l−kD2l (x

1)rl(x
2)Dwk (τl(x

2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

= 1

A−α
n−1

|n|−2∑
l=0

2l
∥∥∥∥

∑
z∈Xl

∫
Il×Il (z)

2l−1∑
k=0

A−α−1
n−2l−k−1

rl(x
2)Dwk (τl(x

2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ 1

A−α
n−1

|n|−2∑
l=0

2l
∑
z∈Xl

∣∣∣∣
2l−1∑
k=0

A−α−1
n−2l−k−1

Dwk (τl(z))

∣∣∣∣
∥∥∥∥
∫
Il×Il (z)

rl(x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

.

Set e1
l := (el, 0) ∈ G2 and e2

l := (0, el) ∈ G2. Since

Il(z) = Il+1(z) ∪ Il+1(z+ el)

and

rl(u) =
{

1 u ∈ Il+1(z) ,

−1 u ∈ Il+1(z) ,
or rl(u) =

{−1 u ∈ Il+1(z) ,

1 u ∈ Il+1(z) ,

we obtain ∥∥∥∥
∫
Il×Il (z)

rl(x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

=
∥∥∥∥

∫
Il×Il+1(z)

rl(x
2)(f (.+ x)− f (.))dµ(x)

+
∫
Il×Il+1(z+el)

rl(x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ 2

∥∥∥∥
∫
Il×Il+1(z)

(f (.+ x)− f (.+ x + e2
l ))dµ(x)

∥∥∥∥
p

≤ 2
∫
Il×Il+1(z)

∥∥f (.+ x)− f (.+ x + e2
l )

∥∥
p
dµ(x)

≤ 2ω2
p(1/2

l, f )2−l
∫
Il+1(z)

dµ(x2) .

(5)
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This yields that

‖I2‖p ≤ c

A−α
n−1

|n|−2∑
l=0

ω2
p(1/2

l, f )
∑
z∈Xl

∫
Il+1(z)

∣∣∣∣
2l−1∑
k=0

A−α−1
n−2l−kD

w
k (τl(x

2))

∣∣∣∣dµ(x2)

≤ c

A−α
n−2

|n|−2∑
l=0

ω2
p(1/2

l, f )

∥∥∥∥
2l−1∑
k=1

A−α−1
n−2l−kD

w
k ◦ τl

∥∥∥∥
1

≤ c

A−α
n−1

|n|−2∑
l=0

ωp(1/2l, f )

∥∥∥∥
2l−1∑
k=1

A−α−1
n−2l−kD

w
k

∥∥∥∥
1

.

By Lemma 2.3 of Glukhov, we have that

∥∥∥∥
2l−1∑
k=1

A−α−1
n−2l−kD

w
k

∥∥∥∥
1

≤ c
2l − 1√
2l − 1

( 2l−1∑
k=1

A−2α−2
n−2l−k

)1/2

≤ c2lA−α−1
n−2l+1

and

‖I2‖p ≤ c

|n|−2∑
l=0

2l−|n|ω2
p(1/2

l, f ) .

Analogously,

‖I3‖p ≤ c

|n|−2∑
l=0

2l−|n|ω1
p(1/2

l, f ) .

At last, we discuss ‖I4‖p. We use the disjoint decomposition (4) ofG. We write that

‖I4‖p ≤ 1

A−α
n−1

|n|−2∑
l=0

∥∥∥∥
∫
G2

2l−1∑
k=0

A−α−1
n−2l−k

× rl (x
1 + x2)Dwk (τl(x

1))Dwk (τl(x
2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

= 1

A−α
n−1

|n|−2∑
l=0

∥∥∥∥
∑
z,v∈Xl

∫
Il(z)×Il(v)

2l−1∑
k=0

A−α−1
n−2l−k

× rl (x
1 + x2)Dwk (τl(x

1))Dwk (τl(x
2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ 1

A−α
n−1

|n|−2∑
l=0

∑
z,v∈Xl

∣∣∣∣
2l−1∑
k=0

A−α−1
n−2l−kD

w
k (τl(z))D

w
k (τl(v))

∣∣∣∣

×
∥∥∥∥

∫
Il (z)×Il(v)

rl(x
1 + x2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p
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It is easy to show that∥∥∥∥
∫
Il (z)×Il(v)

rl(x
1)rl(x

2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ c(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ))

∫
Il+1(z)×Il+1(v)

dµ(x)

(6)

(for more details see the inequality (5)). By this we immediately get

‖I4‖p ≤ c

A−α
n−1

|n|−2∑
l=0

(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ))

×
∑
z,v∈Xl

∫
Il+1(z)×Il+1(v)

∣∣∣∣
2l−1∑
k=0

A−α−1
n−2l−kD

w
k (τl(x

1))Dwk (τl(x
2))

∣∣∣∣dµ(x)

≤ c

A−α
n−2

|n|−2∑
l=0

(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ))

∥∥∥∥
2l−1∑
k=1

A−α−1
n−2l−k(D

w
k ×Dwk ) ◦ (τl × τl)

∥∥∥∥
1

≤ c

A−α
n−1

|n|−2∑
l=0

(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f ))

∥∥∥∥
2l−1∑
k=1

A−α−1
n−2l−k(D

w
k ×Dwk )

∥∥∥∥
1

.

By Lemma 2.3 of Glukhov, we have that

∥∥∥∥
2l−1∑
k=1

A−α−1
n−2l−k(D

w
k ×Dwk )

∥∥∥∥
1

≤ c2lA−α−1
n−2l+1

and

‖I4‖p ≤ c

|n|−2∑
l=0

2l−|n|(ω1
p(1/2

l, f )+ ω2
p(1/2

l, f )) .

This completes the proof of Lemma 2.7. �

LEMMA 2.8. Let f ∈ Lp(G2) for 1 ≤ p ≤ ∞ and 0 < α < 1. Then

∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1∑
k=2|n|−1

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ c2|n|α
(
ω1
p

( 1

2|n|−1 , f
)

+ ω2
p

( 1

2|n|−1 , f
))

,

where c depends only on p and α.

PROOF. Set

‖II‖p :=
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1∑
k=2|n|−1

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p
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=
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD

κ
2|n|−1+l (x

1)Dκ2|n|−1+l (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

.

By the equation (2) we have that

‖II‖p ≤
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD2|n|−1(x1)D2|n|−1(x2)

×(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD2|n|−1(x

1)r|n|−1(x
2)Dwl (τ|n|−1(x

2))

×(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lr|n|−1(x

1)Dwl (τ|n|−1(x
1))D2|n|−1(x

2)

×(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lr|n|−1(x

1)r|n|−1(x
2)Dwl (τ|n|−1(x

1))Dwl (τ|n|−1(x
2))

×(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

=: ‖II1‖p + ‖II2‖p + ‖II3‖p + ‖II4‖p .

From the inequality (3) we immediately get that

‖II1‖p ≤ cAαn−1

Aα
n−2|n|−1

(ω1
p(1/2

|n|−1, f )+ ω2
p(1/2

|n|−1, f ))

≤ c(ω1
p(1/2

|n|−1, f )+ ω2
p(1/2

|n|−1, f )) .

To discuss ‖II2‖p we use the disjoint decomposition (4) of G for l = |n| − 1. Then

‖II2‖p ≤ 2|n|−1

A−α
n−1

∑
z∈X|n|−1

∥∥∥∥
∫
I|n|−1×I|n|−1(z)

2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lr|n|−1(x

2)

×Dwl (τ|n|−1(x
2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

.
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The function
∑2|n|−1−1
l=0 A−α−1

n−2|n|−1−lD
w
l ◦ τ|n|−1 is constant on the set I|n|−1(z) for a fixed

z = (z0, . . . , z|n|−2, 0, 0, . . . ). By the inequality (5) we write

‖II2‖p ≤ 2|n|−1

A−α
n−1

∑
z∈X|n|−1

∣∣∣∣
2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD

w
l (τ|n|−1(z))

∣∣∣∣

×
∥∥∥∥

∫
I|n|−1×I|n|−1(z)

r|n|−1(x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ c

A−α
n

ω2
p(1/2

|n|−1, f )
∑

z∈X|n|−1

∣∣∣∣
2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD

w
l (τ|n|−1(z))

∣∣∣∣
∫
I|n|(z)

dµ(x)

≤ c2|n|αω2
p(1/2

|n|−1, f )

∥∥∥∥
2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD

w
l ◦ τ|n|−1

∥∥∥∥
1

≤ c2|n|αω2
p(1/2

|n|−1, f )

∥∥∥∥
2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−lD

w
l

∥∥∥∥
1

.

Lemma 2.5 yields

‖II2‖p ≤ c2|n|αω2
p(1/2

|n|−1, f ) .

Analogously,

‖II3‖p ≤ c2|n|αω1
p(1/2

|n|−1, f ) .

At last, we discuss ‖II4‖p. By the help of the disjoint decomposition (4) of G, the fact

that the function
∑2|n|−1−1
l=0 A−α−1

n−2|n|−1−l (D
w
l D

w
l ) ◦ (τ|n|−1 × τ|n|−1) is constant on the set

I|n|−1(z) × I|n|−1(v) for fixed z = (z0, . . . , z|n|−2, 0, 0, . . . ), v = (v0, . . . , v|n|−2, 0, 0, . . . )
and the inequality (6), we have that

‖II4‖p ≤ c2|n|α(ω1
p(1/2

|n|−1, f )+ ω2
p(1/2

|n|−1, f ))

∥∥∥∥
2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−l (D

w
l D

w
l )

∥∥∥∥
1

.

Since,

∥∥∥∥
2|n|−1−1∑
l=0

A−α−1
n−2|n|−1−l (D

w
l D

w
l )

∥∥∥∥
1

≤
∥∥∥∥

2|n|−1∑
l=0

A−α−1
n−2|n|−1−l (D

w
l D

w
l )

∥∥∥∥
1

+∥∥A−α−1
n−2|n|(D2|n|−1D2|n|−1)

∥∥
1 .

Lemma 2.4 and the equation (1) complete the proof of Lemma 2.8. �

Now, we prove our main theorem.



328 K. NAGY

PROOF OF THEOREM 2.1. We carry out the proof for 1 ≤ p < ∞. The proof for
p = ∞ is similar and even simpler. It is simple to calculate

‖σκ,−αn (f )− f ‖p =
∥∥∥∥ 1

A−α
n−1

∫
G2

n∑
k=1

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1−1∑
k=0

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

2|n|−1∑
k=2|n|−1

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥ 1

A−α
n−1

∫
G2

n∑
k=2|n|

A−α−1
n−k Dκk (x

1)Dκk (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

=: ‖I‖p + ‖II‖p + ‖III‖p .
By Lemma 2.7 we obtain that

‖I‖p ≤ c

( |n|−2∑
l=0

2l−|n|ω1
p(1/2

l, f )+
|n|−2∑
l=0

2l−|n|ω2
p(1/2

l, f )

)
.

From Lemma 2.8 we get that

‖II‖p ≤ c

(
2|n|αω1

p

( 1

2|n|−1 , f
)

+ 2|n|αω2
p

( 1

2|n|−1 , f
))

.

Thus, we have to discuss ‖III‖p.
The equality (2) yields that

‖III‖p=
∥∥∥∥ 1

A−α
n−1

∫
G2

n−2|n|∑
j=0

A−α−1
n−2|n|−jD

κ
2|n|+j (x

1)Dκ2|n|+j (x
2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤
∥∥∥∥ 1

A−α
n−1

∫
G2

n−2|n|∑
j=0

A−α−1
n−2|n|−jD2|n|(x1)D2|n|(x2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥
A−α
n−2|n|−1

A−α
n−1

∫
G2
D2|n|(x1)r|n|(x2)K

w,−α
n−2|n|(τ|n|(x2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥
A−α
n−2|n|−1

A−α
n−1

∫
G2
r|n|(x1)K

w,−α
n−2|n|(τ|n|(x1))D2|n|(x2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

+
∥∥∥∥
A−α
n−2|n|−1

A−α
n−1

∫
G2
r|n|(x1+x2)K

w,−α
n−2|n|(τ|n|(x1),τ|n|(x2))(f (.+x)− f (.))dµ(x)

∥∥∥∥
p

=: ‖III1‖p + ‖III2‖p + ‖III3‖p + ‖III4‖p .



APPROXIMATION OF DOUBLE WALSH-KACZMARZ-FOURIER SERIES 329

By the inequality (3) we immediately get that

‖III1‖p ≤ 2|n|α(ω1
p(1/2

|n|, f )+ ω2
p(1/2

|n|, f )) .

To discuss ‖III2‖p, we use the decomposition (4) of G for l = |n| and the fact that the
functionKw,−α

n−2|n| ◦ τ|n| is constant on the set I|n|(z) (for a fixed z = (z1, . . . , z|n|−1, 0, 0, . . . )).
By generalized Minkowski inequality we have that

‖III2‖p =
∥∥∥∥
A−α
n−2|n|−1

A−α
n−1

∫
G2
D2|n|(x1)r|n|(x2)K

ω,−α
n−2|n|(τ|n|(x2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

=
∥∥∥∥

2|n|A−α
n−2|n|−1

A−α
n−1

∑
z∈X|n|

∫
I|n|×I|n|(z)

r|n|(x2)K
ω,−α
n−2|n|(τ|n|(x2))(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

≤ 2|n|A−α
n−2|n|−1

A−α
n−1

∑
z∈X|n|

|Kω,−α
n−2|n|(τ|n|(z))|

∥∥∥∥
∫
I|n|×I|n|(z)

r|n|(x2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p

.

The inequality (5) yields

‖III2‖p ≤ cAαn−1ω
2
p(1/2

|n|, f )
∑
z∈X|n|

∫
I|n|+1(z)

|A−α
n−2|n|−1

K
ω,−α
n−2|n| (τ|n|(x))|dµ(x)

≤ cAαn−1ωp(1/2
|n|, f )‖A−α

n−2|n|−1
K
ω,−α
n−2|n| ◦ τ|n|‖1

≤ cAαn−1ωp(1/2
|n|, f )‖A−α

n−2|n|−1
K
ω,−α
n−2|n| ‖1 .

It is well known that

‖A−α
n−1K

w,−α
n ‖1 ≤ 1

α
< ∞(7)

for 0 < α < 1 [8] . Thus, the inequality (7) yields

‖III2‖p ≤ c2|n|αω2
p(1/2

|n|, f ) .

Analogously, we have that

‖III3‖p ≤ c2|n|αω1
p(1/2

|n|, f ) .

The discussion of ‖III4‖p goes analogously. Thus, we write only a few steps of it.
By the disjoint decomposition (4) ofG for l = |n| and the fact that the function K

w,−α
n−2|n| ◦

(τ|n| × τ|n|) is constant on the set I|n|(z)× I|n|(v), we write

‖III4‖p = A−α
n−2|n|−1

A−α
n−1

∑
z,v∈X|n|

|Kω,−α
n−2|n| (τ|n|(z), τ|n|(v))|

×
∥∥∥∥

∫
I|n|(z)×I|n|(v)

r|n|(x1)r|n|(x2)(f (.+ x)− f (.))dµ(x)

∥∥∥∥
p
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By the inequality (6) we write that

‖III4‖p ≤ cAαn−1(ω
1
p(1/2

|n|, f )+ ω2
p(1/2

|n|, f ))‖A−α
n−2|n|−1

K
ω,−α
n−2|n| ◦ (τ|n| × τ|n|)‖1

≤ cAαn−1(ω
1
p(1/2

|n|, f )+ ω2
p(1/2

|n|, f ))‖A−α
n−2|n|−1

K
ω,−α
n−2|n| ‖1 .

By Lemma 2.6

‖III4‖p ≤ c|n|2|n|α(ω1
p(1/2

|n|, f )+ ω2
p(1/2

|n|, f )) .

This completes the proof of Theorem 2.1. �

THEOREM 2.9. Let f belong to Hω
1 and 0 < α < 1. Then

‖σκ,−αn (f )− f ‖1 = O

(
nαω

(
1

n

)
logn

)
.(a)

(b) Let ω(1/2A)/(1/2A) ↑ ∞ as A → ∞. Then there exists a function f ∈ Hω
1 for which

lim sup
n→∞

‖σκ,−αn (f )− f ‖1

nαω
( 1
n

)
logn

> 0 .

To prove Theorem 2.9 (b) we use the counterexample function given by Goginava in the
Walsh case [6].

The construction: Let {nk; k ≥ 1} be a monotonicaly increasing sequence of positive
integers such that

ω

(
1

2nk

)
<

1

2
ω

(
1

2nk−1

)
, k ≥ 2

and

k−1∑
l=1

2nlω

(
1

2nl

)
<

2nk

k
ω

(
1

2nk

)
.

Let {mk; k ≥ 1} be a sequence of positive integers such that 2nk−1 ≤ mk < 2nk and ‖Dmk‖1 ≥
c logmk. Set

f (x, y) :=
∞∑
k=1

fk(x, y) ,

where

fk(x, y) := ω

(
1

2nk

)
(D2nk (x)−D2nk−1(x))(D2nk (y)−D2nk−1(y)) .

The function f satiesfies the conditions of Theorem 2.9 (see [6]). The proof of Theorem 2.9
goes analogously as Goginava did in the Walsh case [6, Theorem 5]. Thus, it is left to the
readers.
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