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Abstrat. We investigate the onvergene and the rate of onvergene in ‖ · |Lp‖, 1 < p < ∞,of a bivariate interpolating (with respet to a sparse grid) trigonometri polynomial in theframework of Sobolev spaes of dominating mixed smoothness.1. Introdution. The present artile is a ontinuation of the investigations of the ap-proximation properties of trigonometri interpolation with respet to uniform grids, see[5, 4, 19, 21, 14℄; we now study the bivariate situation with respet to a sparse grid. Morepreisely, we investigate the rate of onvergene of the Smolyak algorithm (applied totrigonometri interpolation on uniform grids) for funtions belonging to a Sobolev spaeof dominating mixed smoothness. This ontinues earlier work of Smolyak [17℄, Temlyakov[19℄, Wasilkowski, Wo¹niakowski [23℄ and the author [15℄. At the end of this artile weadd a omment on onsequenes of our estimates for the problem of optimal reovery.To prove our main assertion we make use of the Fourier series of the interpolatorytrigonometri polynomial, a speial deomposition of the funtion in the Fourier image(related to the funtion spaes) and a Fourier multiplier theorem due to Lizorkin.2. Interpolation on sparse grids. As usual, N stands for the natural numbers, by
N0 we denote the natural numbers inluding 0 and by Z

d the d-tuples of integers. Let
T = [0, 2π). Further, let

Dm(t) :=
∑

|k|≤m

eikt, t ∈ T, m ∈ N0,
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272 W. SICKELbe the Dirihlet kernel and let
Imf(t) :=

1

2m+ 1

2m∑

ℓ=0

f(tℓ)Dm(t− tℓ) , tℓ =
2πℓ

2m+ 1
.Then Im is the unique trigonometri polynomial of degree less than or equal to m whihinterpolates f at the nodes tℓ. As usual, let

ck(f) = (2π)−d
∫

Td

f(t) e−ikt dt , k ∈ Z
d ,be the Fourier oe�ient of f ∈ L1(T

d). The Fourier series S[Imf ] of Imf is then givenby
S[Imf ](t) =

m∑

k=−m

( ∞∑

ℓ=−∞

ck+ℓ(2m+1)(f)
)
eikt .Let

Qm,ℓ := {n ∈ Z : ℓ (2m+ 1) −m ≤ n ≤ ℓ (2m+ 1) +m} , m ∈ N, ℓ ∈ Z .Hene,
Qm,ℓ ∩Qm,ℓ′ = ∅ if ℓ 6= ℓ′ and ∞⋃

ℓ=−∞

Qm,ℓ = Z .The Fourier series of Imf an be rewritten as
S[Imf ](t) =

∞∑

ℓ=−∞

e−iℓ(2m+1)t
∑

k∈Qm,ℓ

ck(f) eikt , (1)at least if f belongs to the Wiener algebra.We do not need the omplete sequene of interpolatory polynomials of a given fun-tion. We onentrate on a dyadi subsequene. To have a onvenient notation we put
Lj := I2j , j = 0, 1, . . .. By Lj,k := Lj ⊗ Lk we denote the tensor produt of Lj and Lk.The sampling operators Bm we are going to study are de�ned as

Bm :=

m∑

j=0

Lj,m−j −
m−1∑

j=0

Lj,m−j−1 , m = 1, 2, . . . .This is Smolyak's onstrution (sometimes alled Smolyak algorithm or blending oper-ators) with respet to the Lj , f. e.g. [3, 16, 17, 21, 23℄. We ollet a few elementaryproperties of Bm. Let
Tm :=

{(
2πℓ1

2j+1 + 1
,

2πℓ2
2m−j+1 + 1

)
: 0 ≤ ℓ1 ≤ 2j+1, 0 ≤ ℓ2 ≤ 2m−j+1 , j = 0, . . . ,m

}
.Then we have the following.Lemma 1.(i) Bm uses samples of f from the sparse grid Tm ∪ Tm−1.(ii) ck(Bmf) = 0 if

k 6∈ Hm := {(ℓ1, ℓ2) : ∃r ∈ (N0 ∩ [0,m]) s.t. |ℓ1| ≤ 2r and |ℓ2| ≤ 2m−r } .(iii) Suppose that f is a trigonometri polynomial with harmonis from Hm. Then
Bmf = f .



APPROXIMATION FROM SPARSE GRIDS 273Proof. The proof of these statements is elementary, but see also [20℄.3. Funtion spaes of dominating mixed smoothness3.1. Sobolev spaes. If r is a natural number and 1 < p < ∞, then the Sobolev spae
SrpW (T2) of dominating mixed smoothness of order r is de�ned as the olletion of all
f ∈ Lp(T

2) suh that
∂2rf

∂xr1 ∂x
r
2

,
∂rf

∂xr1
,
∂rf

∂xr2
∈ Lp(T

2) .For general r > 0 one may use
∑

k∈Z2

ck(f)(1 + |k1|
2)r/2 (1 + |k2|

2)r/2 eikx ∈ Lp(T
2) .We endow these lasses with the norm

‖ f |SrpW (T2)‖ :=
∥∥∥

∑

k∈Z2

ck(f)(1 + |k1|
2)r/2 (1 + |k2|

2)r/2 eikx
∣∣∣Lp(T2)

∥∥∥ .3.2. Lizorkin-Triebel and Besov spaes. For us it is onvenient to introdue Triebel-Lizorkin and Besov spaes by making use of a Littlewood-Paley deomposition, f. [9, 13℄.Let
P0 = (−1, 1) , Pj = {x : 2j−1 ≤ |x| < 2j } , j ∈ N ,

Pj,k = Pj × Pk , j, k ∈ N0 .As an abbreviation we shall use
fj,k(x) =

∑

ℓ∈Pj,k

cℓ(f) eiℓx , x ∈ T
2, j, k ∈ N0 ,whih results in

f =

∞∑

j=0

∞∑

k=0

fj,k ,at least in the sense of periodi distributions.Let 1 < p <∞, 1 < q <∞, and r > 0. Then the Lizorkin-Triebel spae Srp,qF (T2) ofdominating mixed smoothness is the olletion of all funtions f ∈ Lp(T
2) suh that

‖ f |Srp,qT (T2)‖ :=
∥∥∥
( ∞∑

j=0

∞∑

k=0

2r(j+k)q |fj,k|
q
)1/q ∣∣∣Lp(T2)

∥∥∥ <∞ . (2)These lasses generalize the Sobolev sale. More preisely,
Srp,2F (T2) = SrpW (T2) (equivalent norms) , (3)f. e.g. [13, 2.3.1℄ for the non-periodi ase.Let 1 < p <∞, 1 ≤ q ≤ ∞, and r > 0. Then the Besov spae Srp,qB(T2) of dominatingmixed smoothness is the olletion of all funtions f ∈ Lp(T

2) suh that
‖ f |Srp,qB(T2)‖ :=

( ∞∑

j=0

∞∑

k=0

2r(j+k)q ‖fj,k |Lp(T
2)‖q

)1/q

<∞ . (4)



274 W. SICKELObviously, from the de�nitions it follows Srp,pB(T2) = Srp,pF (T2). For r > 1/p and all qit is known that
(SrpW (T2) ∪ Srp,qF (T2) ∪ Srp,qB(T2)) →֒ C(T2)holds, f. [13, 2.4.1℄. So, for r > 1/p interpolation of funtions f belonging to one of theselasses makes sense.Important for us will also be the following interpolation formula. Here [ · , · ]Θ denotesthe omplex interpolation funtor. Let 0 < Θ < 1 and 1 < p0, p1, q0, q1 <∞. Then

[Sr0p0,q0F (T2), Sr1p1,q1F (T2)]Θ = Srp,qF (T2) (equivalent norms) , (5)where
1

p
=

1 − Θ

p0
+

Θ

p1
,

1

q
=

1 − Θ

q0
+

Θ

q1
, and r = (1 − Θ) r0 + Θ r1 ,f. [12℄ for the nonperiodi ase.4. The approximation power of Bm4.1. The approximation power of Bm for funtions belonging to the Triebel�Lizorkinlasses of dominating mixed smoothness. Let I be the identity operator (we do not indi-ate the spae where I is onsidered, hoping this will be lear from the ontext). We write

a ∼ b if there exists a onstant c > 0 (independent of the ontext dependent relevantparameters) suh that
c−1 a ≤ b ≤ c a .Our main result in [15℄ has been the following.Proposition 1. Suppose 1 < p <∞, 1 ≤ q ≤ ∞, and r > 1/p. Then

‖ I −Bm : Srp,qB(T2) → Lp(T
2)‖ ∼ m1−1/q 2−mr . (6)Now we are going to prove a ounterpart for the Lizorkin-Triebel lasses.Proposition 2. Suppose 1 < p, q <∞ and r > 1. Then

‖ I −Bm : Srp,qF (T2) → Lp(T
2)‖ ∼ m1−1/q 2−mr . (7)Proof. Step 1. Preparations. Beause of the density of the trigonometri polynomials in

Srp,qF (R2) (under the restritions of the proposition) we assume that f is a trigonometripolynomial. We shall employ the same deomposition of the error f − Bmf as in [15℄,where we investigated the same problem for Besov spaes instead of Lizorkin-Triebelspaes. For given m we shall use the splitting f = f1 + f2 + f3 + f4 + f5, where
f1 =

∑

u+v≤m

fu,v , f2 =

m∑

u=1

m∑

v=m−u+1

fu,v , f3 =

m∑

u=0

∞∑

v=m+1

fu,v ,

f4 =

∞∑

u=m+1

m∑

v=0

fu,v and f5 =

∞∑

u=m+1

∞∑

v=m+1

fu,v .Moreover, in [15℄ we proved
‖ fi −Bmfi |Lp(T

2)‖ ≤ c 2−mr ‖ fi |S
r
p,∞B(T2)‖ , i = 3, 4, 5 .



APPROXIMATION FROM SPARSE GRIDS 275Sine Srp,qF (T2) →֒ Srp,∞B(T2) this is enough to guarantee the desired estimate for theseparts of the error. Furthermore, Lemma 1 implies f1 = Bmf1. So it remains to onsider
‖ f2 −Bmf2 |Lp(T

2)‖.Step 2. Estimate of ‖f2 −Bmf2 |Lp(T
2)‖. Using the projetion property of Lj we derive

((I − Lj) ⊗ (Lm−j − Lm−j−1)) fu,v = 0 (8)if either j ≥ u or if m− j − 1 ≥ v. Furthermore, we reall the identity
I ⊗ I −Bm = (I − Lm) ⊗ L0 + I ⊗ (I − Lm)

+

m−1∑

j=0

(I − Lj) ⊗ (Lm−j − Lm−j−1) , (9)valid for eah m ∈ N, f. [3, Prop. 1.4/2℄ or [23℄. Altogether this implies f2 − Bmf2 =

T1 + T2, where
T1 =

m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

((I − Lj) ⊗ (Lm−j − Lm−j−1)) fu,v , (10)
T2 =

m∑

u=1

m∑

v=m−u+1

((I − Lm) ⊗ L0) fu,v + (I ⊗ (I − Lm))fu,v . (11)Substep 2.1. Estimate of T1. We rewrite T1 by making use of the Fourier series of theterms on the right-hand side. To avoid double indies we put:
Ijℓ = Q2j ,ℓ and Ij,kℓ1,ℓ2 = Ijℓ1 × Ikℓ2 ,

j ∈ N0, ℓ, ℓ1, ℓ2 ∈ Z. In view of (1) we �nd the identities
((I − Lj) ⊗ (Lm−j − Lm−j−1)) fu,v

=
∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i(2
m−j+1+1)ℓ2x2

∑

k∈Ij,m−j

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−
∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i(2
m−j+1)ℓ2x2

∑

k∈Ij,m−j−1

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−
∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i((2
j+1+1)ℓ1x1+(2m−j+1+1)ℓ2x2)

∑

k∈Ij,m−j

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

+
∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i((2
j+1+1)ℓ1x1+(2m−j+1)ℓ2x2)

∑

k∈Ij,m−j−1

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2) .

Observe that on the right-hand side the terms with ℓ1 = ℓ2 = 0 sum up to zero. So weshall use this identity with |ℓ1| + |ℓ2| > 0. Furthermore, omparing Ij,m−j
ℓ1,ℓ2

and Pu,v and
Ij,m−j−1
ℓ1,ℓ2

and Pu,v, respetively, we see that all sums (with respet to ℓ1, ℓ2) are �nite.Let



276 W. SICKEL

hu,v,j,ℓ1,ℓ2 := e−i(2
m−j+1+1)ℓ2x2

∑

k∈Ij,m−j

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−e−i(2
m−j+1)ℓ2x2

∑

k∈Ij,m−j−1

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−e−i((2
j+1+1)ℓ1x1+(2m−j+1+1)ℓ2x2)

∑

k∈Ij,m−j

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

+e−i((2
j+1+1)ℓ1x1+(2m−j+1)ℓ2x2)

∑

k∈Ij,m−j−1

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2) .

For the absolute value of these funtions one has the obvious estimate
|hu,v,j,ℓ1,ℓ2 | ≤ 2

∣∣∣
∑

k∈Ij,m−j

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

∣∣∣ + 2
∣∣∣

∑

k∈Ij,m−j−1

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

∣∣∣

︸ ︷︷ ︸

.

:= h̃u,v,j,ℓ1,ℓ2De�ning
g1,u,v,j =

∑

|ℓ1|>0

∑

|ℓ2|>0

hu,v,j,ℓ1,ℓ2 ,

g2,u,v,j =
∑

|ℓ1|>0

hu,v,j,ℓ1,0 ,

g3,u,v,j =
∑

|ℓ2|>0

hu,v,j,0,ℓ2 .we see that the identity (10) an be rewritten now in the form
T1 =

m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

3∑

i=1

gi,u,v,j .Substep 2.1.1. Estimate of ∑
u,v,j g1,u,v,j . We ompare the overings indued by Ij,m−j

ℓ1,ℓ2and Pu,v, respetively. Suppose |ℓ1|, |ℓ2| ≥ 1. Elementary alulations yield that
Ij,m−j
ℓ1,ℓ2

∩ Pu,v 6= ∅implies
max(1, 2u−j−4) ≤ |ℓ1| < 2u−j and max(1, 2v−m+j−4) ≤ |ℓ2| < 2v−m+j .We put Jk := [max(1, 2k−4), 2k), k ∈ N. Our deomposition of the approximation errorwill be applied together with a vetor-valued Fourier multiplier theorem of Lizorkin, f.[7℄, whih has been transferred to the periodi ase in [11℄, see also [13, Th. 3.4.3/3℄. Itsays that a sequene of retangles with sides parallel to the axes is a Fourier multiplierfor the spae Lp(ℓq) (1 < p, q <∞). Here the norm of the orresponding operator neitherdepends on the entres of these retangles nor on their side-length. Hene, using Hölder'sinequality, r > 1, and the quoted Fourier multiplier assertion we obtain



APPROXIMATION FROM SPARSE GRIDS 277
∥∥∥

m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

g1,u,v,j

∣∣∣Lp(T2)
∥∥∥

≤
∥∥∥

m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

∑

|ℓ2|∈Jv−m+j∪Jv−m+j+1

|h̃u,v,j,ℓ1,ℓ2 |
∣∣∣Lp(T2)

∥∥∥

≤ c1

∥∥∥
( m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

∑

|ℓ2|∈Jv−m+j∪Jv−m+j+1

(u+ v −m)−1 2−(u+v−m) 2(u+v)rq |h̃u,v,j,ℓ1,ℓ2 |
q
)1/q∣∣∣Lp(T2)

∥∥∥

×
( m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

∑

|ℓ2|∈Jv−m+j∪Jv−m+j+1

(u+ v −m)q
′/q

× 2(u+v−m)q′/q 2−(u+v)rq′
)1/q′

≤ c2m
1/q′ 2−mr

∥∥∥
( m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

∑

|ℓ2|∈Jv−m+j∪Jv−m+j+1

(u+ v −m)−1 2−(u+v−m) 2(u+v)rq |fu,v|
q
)1/q∣∣∣Lp(T2)

∥∥∥

≤ c3m
1/q′ 2−mr

∥∥∥
( m∑

u=1

m∑

v=m−u+1

2(u+v)rq |fu,v|
q
)1/q∣∣∣Lp(T2)

∥∥∥

≤ c3m
1/q′ 2−mr ‖ f |Srp,qF (T2)‖ . (12)Here c3 does not depend on m and f .Substep 2.1.2. Estimate of ∑

u,v,j gi,u,v,j , i = 2, 3. Analogously to the previous step weonlude
∥∥∥

m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

g2,u,v,j

∣∣∣Lp(T2)
∥∥∥

≤
∥∥∥

m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

|h̃u,v,j,ℓ1,0|
∣∣∣Lp(T2)

∥∥∥

≤ c1

∥∥∥
( m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

2−(u+v)+m 2(u+v)rq |fu,v|
q
)1/q ∣∣∣Lp(T2)

∥∥∥

×
( m∑

u=1

m∑

v=m−u+1

u−1∑

j=m−v

∑

|ℓ1|∈Ju−j

2(u+v−m)q′/q 2−(u+v)rq′
)1/q′

≤ c2m
1/q′ 2−mr

∥∥∥
( m∑

u=1

m∑

v=m−u+1

2(u+v)rq |fu,v|
q
)1/q ∣∣∣Lp(T2)

∥∥∥

≤ c2m
1/q′ 2−mr ‖ f |Srp,qF (T2)‖ , (13)



278 W. SICKELwhere c2 does not depend on m and f . The estimate of ∑
u,v,j g3,u,v,j an be donesimilarly. Now, putting (12) and (13) together we obtain the desired estimate of T1 fromabove.Substep 2.2. Estimate of T2. Similarly as in Substep 2.1 we onlude

((I − Lm) ⊗ L0) fu,v + (I ⊗ (I − Lm)) fu,v

=

∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i(2
1+1)ℓ2x2

∑

k∈Im,0

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−
∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i(2
m+1+1)ℓ1x1+(21+1)ℓ2x2

∑

k∈Im,0

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−
∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

e−i(2
m+1+1)ℓ2x2)

∑

k∈I0,m

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

+

∞∑

ℓ1=−∞

∞∑

ℓ2=−∞

∑

k∈I0,m

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2) .

As before, the terms on the right-hand side with ℓ1 = ℓ2 = 0 sum up to zero. So we shalluse this identity with |ℓ1| + |ℓ2| > 0. Furthermore, let
hu,v,ℓ1,ℓ2 := e−i(2

1+1)ℓ2x2

∑

k∈Im,0

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−e−i(2
m+1+1)ℓ1x1+(21+1)ℓ2x2

∑

k∈Im,0

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

−e−i(2
m+1+1)ℓ2x2

∑

k∈I0,m

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2)

+
∑

k∈I0,m

ℓ1,ℓ2

ck(fu,v) e
i(k1x1+k2x2) ,

and
g1,u,v =

∑

|ℓ1|>0

∑

|ℓ2|>0

hu,v,ℓ1,ℓ2 ,

g2,u,v =
∑

|ℓ1|>0

hu,v,ℓ1,0 , g3,u,v =
∑

|ℓ2|>0

hu,v,0,ℓ2 .Consequently
∥∥∥

m∑

u=1

m∑

v=m−u+1

g1,u,v

∣∣∣Lp(T2)
∥∥∥ ≤ c

(∥∥∥
m∑

u=1

m∑

v=m−u+1

∑

|ℓ1|∈Ju−m

∑

|ℓ2|∈Jv

|hu,v,ℓ1,ℓ2 |
∣∣∣Lp(T2)

∥∥∥

+
∥∥∥

m∑

u=1

m∑

v=m−u+1

∑

|ℓ1|∈Ju

∑

|ℓ2|∈Jv−m

|hu,v,ℓ1,ℓ2 |
∣∣∣Lp(T2)

∥∥∥
)



APPROXIMATION FROM SPARSE GRIDS 279and now we an ontinue as in Substep 2.1.1. Also the estimates of
∥∥∥

m∑

u=1

m∑

v=m−u+1

g2,u,v

∣∣∣Lp(T2)
∥∥∥ and ∥∥∥

m∑

u=1

m∑

v=m−u+1

g3,u,v

∣∣∣Lp(T2)
∥∥∥an be done in this way. This proves

‖T2 |Lp(T
2)‖ ≤ c3m

1/q′ 2−mr ‖ f |Srp,qF (T2)‖ . (14)Inequalities (12) and (13) and (14) yield the estimate of ‖ I−Bm : Srp,qF (R2) → Lp(R
2)‖from above.Step 3. Estimate from below. We employ launary series as test funtions. Let

fm(x1, x2) :=
m−1∑

u=2

ei2
ux1+i2

m−u+1x2 , m = 3, 4, . . . . (15)Then
Bmfm(x1, x2) = −(m− 2) e−i(x1+x2) +

m−1∑

u=2

ei2
ux1−ix2 +

m−1∑

u=2

e−ix1+i2
m−u+1x2 .Obviously

‖ fm |Srp,qF (T2)‖ ∼ m1/q 2mr . (16)To alulate the Lp-norm of fm and Bm we shall use the following Littlewood-Paleyassertion, f. [9℄. There exist positive onstants Ap and Bp suh that
Ap ‖ f |Lp(T

2)‖ ≤
∥∥∥
( ∞∑

j=0

∞∑

k=0

|fj,k(x)|
2
)1/2 ∣∣∣Lp(T2)

∥∥∥ ≤ Bp ‖ f |Lp(T
2)‖holds for all f ∈ Lp(T

2) (1 < p <∞). This yields
‖ fm |Lp(T

2)‖ ∼ m1/2 , (17)
‖Bmfm |Lp(T

2)‖ ∼ m, (18)if 1 < p < ∞. Combining (16) with (17) and (18) the estimate from below follows. Theproof is omplete.Remark 1. Lemma 1(ii),(iii) suggests to ompare f −Bmf with f − SHmf , where
SHmf(x) :=

∑

k∈Hm

ck(f) eikx ,is the partial sum of the Fourier series with respet to the hyperboli ross Hm. It isknown that if 1 < p <∞ and r > 0, then
‖ I − SHm |Srp,qF (T2) → Lp(T

2)‖ ∼

{
2−mr if 1 < q ≤ 2 ,

m
1
2
− 1

q 2−mr if 2 < q <∞ ,holds, f. [12℄ for a proof in the nonperiodi situation (but the arguments arry over).This implies
‖ I −Bm |Srp,qF (T2) → Lp(T

2) ‖

‖ I − SHm |Srp,qF (T2) → Lp(T2) ‖
∼

{
m1−1/q if 1 < q ≤ 2 ,

m1/2 if 2 < q <∞ ,



280 W. SICKELat least if 1 < p < ∞ and r > 1. Hene, one has to pay a prie for using the operator
Bm (based on the funtion values of f) instead of the operator SHm (based on integrals).This does not have a ounterpart in the one-dimensional ase.Remark 2. From the density of the trigonometri polynomials in Srp,qF (T2) it followsthat

lim
m→∞

‖ f − SHmf |S
r
p,qF (R2)‖ = 0 .From this, Proposition 2 and Bm(SHmf) = SHmf , see Lemma 1(iii), we onlude that

lim
m→∞

m−1+1/q 2mr ‖ f −Bmf |Lp(R
2)‖ = 0for eah f ∈ Srp,qF (R2), 1 < p, q <∞ and r > 1.Remark 3. For Besov spaes of dominating mixed smoothness the piture is a bit dif-ferent. For 1 < p <∞ and r > 0 we have

‖ I−SHm |Srp,qB(T2) → Lp(T
2)‖ ∼





2−mr if 1 ≤ q ≤ min(p, 2) ,

m
1
2
− 1

q 2−mr if 2 < p <∞ and q > 2

m
1
p
− 1

q 2−mr if 1 < p ≤ 2 and p ≤ q ≤ ∞ .This has been known for the Nikol'skij-Besov spaes Srp,∞(T2) for a long time, see thepapers of Bugrov [2℄, Nikol'skaya [8℄ or [21, Theorem III.3.3℄. For 1 ≤ q ≤ ∞ the problemhas been treated by Kamont [6℄ (in the ontext of spline approximation on the unit ube)and in [12℄. In view of this Proposition 1 yields
‖ I −Bm |Srp,qB(T2) → Lp(T

2) ‖

‖ I − SHm |Srp,qB(T2) → Lp(T2) ‖
∼





m1−1/p if 1 < p ≤ 2 and p ≤ q ≤ ∞ ,

m1/2 if 2 < p <∞ and q > 2 ,

m1−1/q if 1 ≤ q ≤ min(p, 2) ,at least if 1 < p <∞ and r > 1.4.2. The approximation power of Bm for funtions belonging to the Sobolev lassesof dominating mixed smoothness. Of ourse, by means of the equality Srp,2F (T2) =

SrpW (T2) we immediately derive some assertions about Bm and its approximation powerfor funtions taken from Sobolev spaes. However, the restrition r > 1 in Proposition 2is not satisfatory.Theorem 1. Suppose 1 < p <∞ and r > max(1/p, 1/2). Then
‖ I −Bm : SrpW (R2) → Lp(R

2)‖ ∼ m1/2 2−mr . (19)Proof. Step 1. Estimate from below. It is enough to observe that the restrition r > 1has not been used in Step 3 of the proof of Proposition 2.Step 2. Estimate from above. We use Proposition 1, Proposition 2 and omplex interpo-lation.Step 2.1. As long as r > 1 we have nothing to do beause of Srp,2F (R2) = SrpW (R2)(equivalent norms), f. Proposition 2.Step 2.2. In ase 1 < p ≤ 2 and r > 1/p we use the ontinuous embedding Srp,2W (R2) →֒

Srp,2B(R2) and Proposition 1.



APPROXIMATION FROM SPARSE GRIDS 281Step 2.3. Let 2 < p < ∞ and let 1/p < r ≤ 1. If we proved the estimate from abovein (19) for some r0 < 1, then by omplex interpolation with �xed p we would get theestimate from above for all r ≥ r0. So we onentrate on the smallest r.For this we proeed as demonstrated in the �gure below, that means we use (5) with
p1 lose to in�nity, q1 lose to 1, r1 lose to 1, and r0 lose to 1/p0.
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To simplify the onsiderations we formally work with the limit ase. Finally we shalluse the argument that we an ome arbitrarily lose to the following onstellation of theparameters:
1

p
=

1 − Θ

p0
+

Θ

p1
=

1 − Θ

p0and
1

q
=

1 − Θ

p0
+

Θ

q1
=

1 − Θ

p0
+ Θ =

1

p
+ Θ .It follows that

r = (1 − Θ) r0 + Θ r1 =
1 − Θ

p0
+ Θ =

1

p
+ Θ =

1

q
.Sine we want to have q = 2 we arrive at r = 1/2 independent of p. The interpolation prop-erty of the omplex method, Proposition 1 with respet to Sr0p0,p0B(R2) = Srp0,p0F (R2),and Proposition 2 with respet to Sr1p1,q1F (R2) yield the desired onlusion.Remark 4. As in Remark 1 we onlude

‖ I −Bm |SrpW (T2) 7→ Lp(T
2) ‖

‖ I − SHm |SrpW (T2) 7→ Lp(T2) ‖
∼ m1/2if 1 < p <∞ and r > 1/min(2, p).5. Approximate optimal reovery. We study the e�etiveness of the approximationby generalized sampling operators. Let F be a lass of ontinuous periodi funtion de�nedon T

2 = [0, 2π)2. Then, following [21, Chapter 4, Setion 5℄, we onsider for �xed m,
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ξ = (ξ1, ξ2, . . . , ξm), ξj ∈ T
2, j = 1, . . . ,m, and ψ1(x1, x2), . . . , ψm(x1, x2) the linearoperator

Ψm(f, ξ)(x1, x2) :=

m∑

j=1

f(ξj)ψj(x1, x2)and de�ne the quantities
Ψm(F, ξ, Lp(T

2)) := sup
f∈F

‖Ψm(f, ξ) − f |Lp(T
2)‖and

̺m(F,Lp(T
2)) := inf

ψ1,...,ψm

inf
ξ

Ψm(F, ξ, Lp(T
2)) .Hene ̺m(F,Lp(T

2)) measures the optimal approximate reovery of the funtions from
F . Here we are interested in the ase when F is the unit ball in a Lizorkin-Triebelspae Srp,qF (T2) of dominating mixed smoothness. As a onsequene of Lemma 1(i) andProposition 2 we obtain the following.Theorem 2. Let 1 < p <∞.(i) Let 1 < q < ∞ and r > 1. Let F be the unit ball in Srp,qF (T2). For any naturalnumber m there exists a system of points ξ1, . . . , ξm ∈ T

2, a olletion of trigonometripolynomials ψ1(x1, x2), . . . , ψm(x1, x2) and a onstant C (independent of m) suh that
sup
f∈F

‖Ψm(f, ξ) − f |Lp(T
2)‖ ≤ Cm−r (logm)r+1−1/q . (20)(ii) Let r > max(1/2, 1/p). Let F be the unit ball in SrpW (T2). For any natural number mthere exists a system of points ξ1, . . . , ξm ∈ T

2, a olletion of trigonometri polynomials
ψ1(x1, x2), . . . , ψm(x1, x2) and a onstant C (independent of m) suh that

sup
f∈F

‖Ψm(f, ξ) − f |Lp(T
2)‖ ≤ Cm−r (logm)r+1/2 . (21)Remark 5. Theorem 2(ii) improves an estimate given by Temlyakov in [19℄, see also [21,4.5℄. However, let us mention that Temlyakov has treated the general d-dimensional asein his papers.
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