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Abstract—This paper is devoted to the construction of local
approximations of functions of one and two variables using the
polynomial, the trigonometric, and the exponential splines. These
splines are useful for visualizing flows of graphic information.
Here, we also discuss the parallelization of computations. Some
attention is paid to obtaining two-sided estimates of the
approximations using interval analysis methods. Particular
attention is paid to solving the boundary value problem by using
the polynomial splines and the trigonometric splines of the third
and fourth order approximation. Using the considered splines,
formulas for a numerical differentiation are constructed. These
formulas are used to construct computational schemes for solving
a parabolic problem. Questions of approximation and stability of
the obtained schemes are considered. Numerical examples are
presented.

Keywords— Boundary value problem, exponential splines,
interpolation, interval estimation, polynomial splines,

trigonometric splines, exponential splines.
UITE often, interval analysis is used to verify the result.

Q In papers [1]-[4] an overview on applications of interval
arithmetic is given and verification methods for solving linear
systems of equations, nonlinear systems, the algebraic
eigenvalue problem and initial value problems are discussed. In
paper [3] interval estimation is used in epidemiological
analysis.

It is an important task to determine the upper and lower
boundaries of solutions (see [5]-[6]). Two-sided estimates
allow the verification to solve the problem. In paper [5] an
approach for solving non-linear systems of equations is
proposed. This approach is based on the Interval-Newton and
Interval-Krawczyk operators and B-splines. The proposed
algorithm is making great benefits of the geometric properties
of B-spline functions to avoid unnecessary computations. For

eigenvalue problems of self-adjoint differential operators, a
universal framework is proposed to give explicit lower and
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upper bounds for the eigenvalues (see [6]).

An important aspect of solving the problem is to improve the
calculation accuracy (see [7]-[8]). The interval analysis
technique and radial point interpolation method are adopted in
[7] in order to improve the calculation accuracy and reduce the
computational cost. The corresponding formulations of the
structural acoustic system for the interval response analysis are
deduced in [7] too. When processing flows of graphic
information, great importance is often given to the compression
and subsequent recovery of this information. The problems of
data compression and visualization using radial basis functions
are discussed in [8]. When solving various problems, various
splines are very often used. Splines have proven themselves
well in solving problems of approximation and functions, in
visualizing the results of calculations. They often provide a
solution with less error. A great contribution to the development
of spline theory was made by J.H.Ahlberg, E.N.Nilson,
J.L.Walsh, Carl de Boor, and other mathematicians. Currently,
polynomial splines are widely used. Non-polynomial splines
are less well known, but often provide a smaller approximation
error. It should be noted that Prof. Yu.K.Demyanovich devotes
a lot of attention to the study of quadratic polynomial splines of
the Lagrangian type (see [9]). In paper [15], methods are given
for constructing splines of generalized smoothness in the case
of splines of the Lagrangian type on a differentiable manifold.
In paper [16] methods for constructing splines of generalized
smoothness are developed on a manifold and an application of
the results obtained to splines of the Hermitian type of the first
height is given.

Recently, many authors have been trying to improve
computational schemes for solving partial differential
equations. When solving this problem, splines are very often
used. Explicit formulae were developed to obtain the different
derivatives of the linear partial differential equations in paper
[17]. In paper [18], when solving the heat conduction problem,
two types of basis functions are considered: B-spline and expo-
rational B-spline combined with Bernstein polynomials. Paper
[19] presents a numerical algorithm for using radial basis
function-generated finite differences to solve partial differential
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equations on S2 using polyharmonic splines with added
polynomials defined in a 2D plane. In paper [20] the hybrid
spline difference method is used to solve the one-dimensional
heat transfer equations. A novel multistep method based on the
non-uniform rational basis spline curves is developed in [21]
for the solution of a system of nonlinear differential equations.
This paper discusses the issues of visualizing results, reducing
counting time, and verification of calculations. This paper
continues the series of papers on approximation with local
polynomial and non-polynomial splines and interval estimation
(see [10] — [14]). This paper focuses on the polynomial, the
trigonometric and the exponential splines of the third order
approximation. To construct the approximation, we need the
values of the function at the grid nodes and the basis formulas
splines. To construct the interval estimation of the
approximation of the function or its first derivative, we need the
function values at the grid nodes and the rules for working with
real intervals. The proposed splines can be used to construct
numerical methods for solving partial differential equations. In
Section 6, we consider the application of polynomial and
trigonometric splines to the solution of boundary value
problems. It should be noted that different approaches lead to
numerical differentiation formulas with different properties

II. THE LEFT AND THE RIGHT SPLINES

In some cases, the use of the trigonometric approximations is
preferable to the polynomial approximations. Here we compare
these two types of approximations. To approximate functions
on a finite grid of nodes, we will use the left and right splines.

Suppose a, b are real numbers. We will apply left splines
near the right end of the finite interval [a, b]. Right splines will
be applied near the left end of the finite interval [a, b]. Let the
set of nodes x; be suchthata <...<xj_; < ¥ < Xj4q <...<
b.We construct an approximation of function f(x),f €
C®([a, b]) with local splines, in which the support of the bases
spline consists of three adjacent intervals. When approximating
a function on a finite interval near the left and right boundaries
of the interval [a,b] we will use the approximation

FE(x), G (x), Q“(x), x € [xj,xj,4], with the left or
FR(x), GR(x), QR (x),x € [x,xj41] with the right continuous
splines:

Fl(x) = f(xj—l)WjL—1(x) + f(xj)wjl“(x) + f(x]-+1)W]-L+1(x),
FRGO = FO)WR G + (0 Wi (0 + £ (x542) W5, (),
GL(x) = f(xj—1)ij—1(x) + f(x])ij(x) + f(x]-+1)w]-L+1(x),
GRO0) = £(x)vf 00 + £ (141)vfir 00 + £ (142)0fir G0).

Q () = f(xj_1)af1 () + f (%) af () + £ (j41) i1 (),
QR(x) = f(x)af () + f(xj41)af1 00 + £ (xj42) afer ().

Approximations using the trigonometric splines will be
denoted by FX(x), FR(x). Approximations using the
polynomial splines will be denoted by G'(x), GR(x).

Approximations using the exponential splines will be denoted

by Q" (x), Q% (x).
The set of interpolation with the local left and right splines
are called boundary minimal splines.
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In paper [14] it is shown that the left trigonometric basis be
written as follows:

Xji-1  Xj+1 Xj-1  Xj+1
cos (x—]——J—)—cos (JT_ . )

wpe) = — — (zg_é) (5-7) B
cos (F =51) —cos (F+75 —x
( ) ( + )
O O (B
cos XXy cos T4 x
( ) ( + )
W]L_l(x) = ) smz (sz_f . %) ; (32C1'2—1 _ij2+1)

We consider that supp wf(x) = [xj_3,%j41]. The left
trigonometric basis splines we obtain from the system of
equation FL(x) = f(x), when f(x) = 1,sin(x),cos(x), x €
[, %44 -

In paper [14] it is shown that the left polynomial basis splines
can be written as follows:
(x = Xj-) (X = Xj41)

wf(x) = O — %)% — %501)

. _ (x — Xj)(x - xf‘l)
@} () (1 = %) (X1 = Xj-1)’
wj_1(x) = = = He)

(xj—l - xj+1)(xj—1 - xj).

We consider that supp ij (x) = [xj_z,x]-+1]. The left
polynomial basis splines we obtain from the system of equation
GL(x) = f(x), when  f(x) =1,x, x2, for «x€
[xj, xj+1] . Using the notation x = x; + th, t € [0,1], xj,1 =
xj+h, x4 =x;—h, we get

wf(x +th) = —(t - D(+ 1),

Wiy (x; + th) = t(t +1)/2,
wf_y (x; + th) = t(t — 1)/2.

The relationships wf (x; + th) = w/ (x; + th) + 0(h?),
wii (%7 + th) = of (x; + th) + 0(h?),w}-, (x; + th) =
a)jL_l(xj + th) + O(h?) establish the relations between left
polynomial and trigonometric splines.

We consider that supp Wj*(x) = [xj_l,xj+2]. The right
trigonometric basis splines we obtain from the system of
equation FR(x) = f(x), when f(x) =1, sin(x), cos(x),
for x € [x}-, x}-+1] . Formulas for right polynomial and
trigonometric splines are given in paper [14]:

Xj+1  Xj+2 Xjt2  Xj41
cos(’ - )—cos(x—] " )

Vl/jR(X) = p SZm (%2_ %) sin (% _2x1'2+1) 2
cos (x =25%2 _ X0\ _ oos (M _ Ktz
( )= cos (F-75°)
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cos 4 _ X — cos x—ﬁ—ijrl
o

The formulas for the right polynomial basis splines vf(x),
v (), v, (), x € [x]-, x}-+1], can be written as follows:

(x— xj+1)(x - xj)

_R =
UJ+2(x) iz = Xj41) (X2 — xf)'
v _ (X = xj42)(x — x;)
Vi1 (%) (Xj41 = Xj42) (Xje1 — %;)
PRG) = ) )

O = %42) (X — Xj41)

When x = x; + th, t € [0, 1], we obtain for x € [x}, X;.1]:

vR(x; +th) =1—3/2)t +t2/2,
v (xj +th) = 2t — 2,
v, (xj +th) =t?/2 —t/2.

The left (or right) exponential basis splines we obtain from the
system of equation QX%(x) = f(x) (or QR (x) = f(x)), when
f(x) =1,exp(x), exp(—x), for x € [x]-,x]-+1]. For the left
exponential splines we have:
QM (x) = f(xj_l)ajL_l(x) + f(xj)“jL(x) + f(xj+1)ajL+1(x);
where x € [xj,xj+1],
—Aj_1exp(xj41)exp(x;)exp(xj_1)

eXp(xj+1 - xj—l) exp(x; — xj_1)exp(x; — xj+1)'

a]L—l (x) =

A]-_1 = exp(xj - xj+1) - exp(x]ur1 - xj) + exp(x - xj)
—exp(x — xj+1) — exp(xj — x) + exp(xjﬂ — x),
—Ajexp(x;11)exp(x;)exp(x;_q)

aj (x) = :
! eXp(xj+1 - xj—l) exp(x; — xj_1)exp(x; — Xj4+1)

where
A = exp(x - x]-+1) - exp(xj+1 - x) + exp(x]-_1 - x) +
—exp(xj_1 - x]-+1) + exp(xj+1 - xj_l) - exp(x - xj_l),

Aj1€xp(xj41)exp () exp ()

exp(xj+1 - xj—l) exp(x; — xj_1)exp(x; — xj+1)'

ajL+1 (x) =

where
Ajq = exp(x — x;) — exp(x; — x) — exp(xj_; — x;)
+exp(x]-_1 - x) - exp(x - x]-_l) + exp(xj - xj_l).
We consider that supp af (x) = [%j_2,%j+1]- The formula of
the basis spline a}-L (x) when x € [xj_l,xj], we obtain from

Q(x) = f(x), when f(x)=1,exp(x), exp(—x), where
QM (x) = f(xj_p)af—,(x) + f(xj—1)“f—1(x) + f(xj)a;“(x)-
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The formula of the basis spline af (x) when x € [xj_z,xj_l],
we obtain from QX¥(x) = f(x), when f(x)=1,exp(x),
exp(—x), where Q¥(x) = f(x;)af (x) + f(x41)afs1 (X) +
f(xj+2)ajL+2 ().

Combine the basis spline formulas obtained at these intervals
we have a formula on the interval [x]-_z, xj+1]. The plot of the
exponential basis spline a}“ (x), when h =1, j = —1, is given
in Fig 1.

Fig. 1. The plot of the exponential basis spline a’]-L

Denote f;, = f(x;). When we have the equidistant set of nodes,
Xjg1 —Xj = Xj —Xj_; = h, then the formula of the first
derivative of the approximation at x = x; is as follows:
(Q () |x=x; = (fj—lgj—l + fig; + fj+1gj+1)'
J
where g; = (a}“(x))’|x:xj =0,

N s )
9i=1 = (@O be=x; = oD exptmry

_ exp(h)
(exp(h) — 1) (exp(h) + 1)
We can obtain the formula when x = x; + th,t € [0,1]:

gj+1 = (a}+1(x)),|x=xj

h
12

1 h 1
gj-1 =5+ 5+ 0%, gjua =5 — -+ 0(R%),

Thus, when we have the equidistant set of nodes, the formula
f'(x) = (QL“(x))'lxzx}. + O(h) can be used.

Remark 1. We can also obtain the left (or right) exponential
basis splines from the system of equation Q“#(x) = f(x) (or
QRB(x) = f(x)), when f(x) = 1,exp(—x), exp(—2x), x €
[x}-, xj+1] . For the left exponential splines we have:

QLﬁ(x) = f(x]'—l).BjL—l(x) + f(xj)ﬁ}“(x) + f(xj+1),8}+1(x)’
where
Bj—1Xp(2%)41)exp(2x;)exp(2%;1)

exp(xj+1 - xj—l) exp(x; — xj_1)exp(x; — xj+1)’

B]'L—l(x) =

Bi_1= exp(—x]- - 2x]-+1) - exp(—ijr1 - ij)
+ exp(—x - ij) - exp(—x - 2xj+1)

+ exp(—xj41 — 2x) — exp(—x; — 2x),

Bjexp(2xj,1)exp(2x;)exp(2x;_1)

exp(xj+1 - xj—l) exp(x; — xj_1)exp(x; — xj+1),

BH) =

where B; = exp(—x - 2xj+1) - exp(—xj+1 - 2x)

—exp(—xj_1 - 2xj+1) + exp(—xj+1 - 2xj_1)

- exp(—ij_1 - x) + exp(—Zx - xj_l),
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Bj.+1€XP(2%/41)eXp(2%) exp(2%)-1)
eXp(xj+1 - xj—l) exp(x; — x;_1)exp(x; — xj+1)’

ﬁjL+1(x) =

where Bj,; = exp(—x - 2xj) - exp(—xj - Zx)
—exp(—xj_l - ij) + eXp(—xj—1 — 2x)
- exp(—2x]~_1 —-x)+ exp(—ij_l - xj)~

The plot of the exponential basis spline ,8}“ (x),whenh =1,j =
—1, is given in Fig 2.

2-15-1-0.5
Fig. 2. The plot of the exponential basis spline ,BjL

When we have the equidistant set of nodes, when x;,; — x; =
Xj —Xj_q = h, then the formula of the first derivative of the
approximation at x = x; is as follows:

QLB(x))’|x=xj = (fj—lgj—l + fjgj + fj+1gj+1):
where g; = (ﬁ}(x))llxzxj =-1,
Giet = B () e,

-1
" (exp(h)-1)(exp(W)+1)’

— (plL ’ _ exp(2h)
gj+1 = (ﬁ]+1(x)) |x=xj - (exp(h)—1)(exp(h)+1)"

We can obtain that when x = x; + th, t € [0,1]:
1 1 11
9j-1= =5+ 5+ 0, gju1 =5+ 5+ 0(R).

Thus, this variant of the approximation of the first derivative
with QY% is not very good and is not recommended for the
calculation of the first derivative of the function.

Remark 2. We can also obtain the left (or right) exponential
basis splines from the system of equation QL (x) = f(x)(or

QR (x) = f(x)), when f(x)=1exp(x), exp(2x), x€
[x]-, x]-+1] . For the left exponential splines we have:

QY (x) = f(x]-_l)ij_l(x) + f(xj)ij(x) + f(x]-+1)ij+1(x),
where
Cs

exp(xj—l - xj+1) exp(xj—y — x;)exp(x; — xj+1)’

)/]'L—l(x) =
where
Ciq = exp(xj + 2xj+1) - exp(x]-ﬂ + ij)
+ exp(x + ij) - exp(x + Zx]-+1)
- exp(xj + 2x) + exp(x]-Jr1 + Zx),

_C]

eXp(xj—1 - xj+1) exp(xj— — x;)exp(x; — xj+1)'

Y =
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where
G = exp(x + 2xj+1) - exp(2x + x]-+1)
+ exp(2x + xj_l) - exp(xj_1 + 2x]-+1)
+ exp(ij,1 + 2x]-_1) - exp(ij_1 + x),
—C
]/J-’“+1(x) - exp(x]-_1 - x]-+1) exp(x;:1 - x]-)exp(x]- - xj+1)'
where

Ciy1= exp(Zx + xj) - exp(x + ij)
+exp(xj_q + 2x;) — exp(2x + 2x;_,)

+ exp(x + ij_l) - exp(ij_1 + x]-) .
The plot of the exponential basis spline ij (x),whenh =1,j =
—1, is given in Fig 3.
When we have the equidistant set of nodes, when x;,, — x; =
Xj — Xj_q = h, then the formula of the first derivative of the
approximation at x = x; is as follows:

QLy(x))’|x=x]- = (fj—lgj—l + f]'g]' + fJ'+1g]'+1)’

where g; = (f () lx=x; = 1,
— (v ’ _ —exp(2h)
9j-1= 10 le=x; = oD et
_ 1
(exp(R)-1)(exp(h)+1)’

We can obtain that when x = x; + th,t € [0,1].

gj+1 = (YjL+1(x)),|x=xj

1
i1 = =33+ 00, gjs1 = 5+ 5+ O(h).

Thus, this variant of the approximation of the first derivative of
the function f(x) with (Q)" is not very good and is not
recommended for the calculation of the first derivative of the
function.

1.2

LR

0.4

2151 05 w

Fig. 3. The plot of the basis spline y}-L

Theorem 1. Let function f(x) be such that f €
C®([a, B, [a, B] < [a, b]. The set of nodes such that Xjp1 —
Xj = xj — Xj_; = h. Then for x € [x}, x;,,] we have

DN =G g, < KRPNF N oy

2) If = 6®lligy a1 < KRPIF "N

3) Nf = Follpey 00 S KB 4 £l (2ot
DN = Rl xger) < KoPPUF" + £ ey 000

5) IF = @l xS K™ = £ L2yl

where K, = "i—ss ~ 0.0642, K, = 0.0835, K, =0.12.

Proof. The method of the proof of the statements 1)-5) is given
in [12]. The proofs of the statements 1)-4) can be seen in paper
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[14]. In short we explain the estimation 5) when the basis
functions are constructed from the condition f = QY¥, f =
1, exp(x), exp(—x). Function f(x) can be written, as follows:

fO) = [ ("

The method of the construction this representation of f(x) can
be seen in [12]. Using this formula we construct the estimation
5).

The plots of the errors of approximations of functions and the
first derivatives of these functions are given in Figures 4-7.
Fig.4 (left) shows the error of the approximation of function
f = sin(3x) which was obtained with the use the exponential
spline Q%. Fig.4 (right) shows the error of the approximation
of the first derivative of the function f = sin(3x) which was
obtained with the use the exponential spline Q**. Here h = 0.1.

!
jild

—f(=2+ e +e* t)dt.

-0.08-

Fig.4. The error of the approximation of function f = sin(3x) (left),
and the error of the approximation of f’(x) obtained with the use the
exponential spline Q1% (right)

Fig.5 (left) shows the error of the approximation of function
f = sin(3x) which was obtained with the use the exponential
spline Q. Fig.5 (right) shows the error of the approximation
of the first derivative of the function f = sin(3x) which was
obtained with the use the exponential spline Q. Here h = 0.1.

41t
RN I
. SAANGAAT L L
VTR s
i o1

Fig.5. The error of the approximation of function f = sin(3x) (left)
and the error of the approximation of f’(x) with the use the
exponential spline Q1 (right)

Fig.6 (left) shows the error of the approximation of function
f = sin(3x) which was obtained with the use the exponential
spline Q. Fig.6 (right) shows the error of the approximation
of the first derivative of the function f = sin(3x) which was
obtained with the use the exponential spline QLY. Here h = 0.1.

Table 1 shows the theoretical and actual errors of
approximation with the trigonometrical splines in the interval
[—1,1] with the grid step of h = 0.1. Table 2 shows the
theoretical and actual errors of approximation with the
exponential splines Q%% in the interval [—1,1] with the grid step
of h =0.1.
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Fig.6. The error of the approximation of function f = sin(3x) (left)
and the error of the approximation of f’(x) with the use the
exponential spline QY (right)

Table 3 shows the theoretical and actual errors of
approximation with the polynomial splines in the interval
[—1,1] with the grid step of h = 0.1. Table 4 shows the actual
errors of approximation with the exponential splines QXf and
QY (x) in the interval [—1,1] with the grid step of h = 0.1.

Table 1. The theoretical and actual errors of approximation
with the trigonometrical splines

f(x) actual err. theoret. err.
sinx 0.71-1072 | 0.13-107!
14 25x2
X . 1075 .10°5
sm( )cos( E) 0.12-10 0.16- 10
1 . 1074 . 1074
sm( )cos(Zx b - 0.56-10 0.74 - 10

Table 2. The theoretical and actual errors of approximation

with the exponential splines Q¢

f actual err. | theoret. err.
sin(x) 0.72-107%2 | 0.18-107t
1+ 25x2
x . -5 . -4
sm( )cos( E) 0.90-10 0.17-10
1 L1074 .1073
sm( )cos(Zx 4 - 0.71-10 0.12-10

Table 3. The theoretical and actual errors of approximation

with the polynomial splines

fx) Actual err. Theoret.
err.
sinx 0.72-1072 | 0.97-1072
1+ 25x2

X . =5 . -5

sm( )Cos( 5) 0.39-10 0.39-10
1 .10~% C10-4

sm( )cos(2x + = » 0.61-10 0.62-10
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Table 4. The actual errors of approximation with the
exponential splines Q¥and . Q%#

f(x) actual actual
err.Q" err. Q1
_ Sinx 071-10-2 | 0.71-102
1+ 25x2

sin Z_x)cos(i + f) 0.15- 1074 0.13-107%
25 25 2

2x 095-10~* | 0.86-10~*
- 2X et L
Sln(zs)cos( X+ =5

III. INTERVAL EXTENSION

As is known, the task of interval estimation is to find the
narrowest possible estimation interval.

For interval estimation of approximation with splines, we
will use operations on intervals (see, for example, book [1]).
Interval result over real intervals A = [a,,a,] and B = [by, b, ]
can be obtained using the formulas:

1. A+B=[a1+b1,a2+b2],

2. A—B=la; —by,a,—b;]=A+[-11]"B,
3. A-:B =min{a,b,,a,b,,a,by,a,b,},

max{a, by, a1 by, ay by, azb,}],
4. A:B=[al,az,]-[1/b2,1/b1],0$B.

For a unary operation we use the rule:

5. r(4) = [rjzlelgl(r(x)),rjrclgj((r(x))], where 7(4) is
the unary operation.

Theorem 1 helps us to choose the correct length h = Xjy1 —
x; of the interval [x}, Xj41].

Suppose we know the values of function f(x) at nodes
{x;}. Using formulas of trigonometrical splines and the
technique of interval analysis [1] we can construct the upper
and lower boundaries for every interval Y; = [xj, xj+1]. Thus,
we avoid the calculations of approximation f(x) in many
points of every interval [xj, xj;1] if we need to know the
boundaries of the interval, where the function f(x) varieties.
In order to obtain the boundaries of variety f (x) we construct
the approximation F'(x), x € Y; and consider F (Y}).

In order to get the narrowest estimation interval we consider
formulas for the left and the right basis trigonometric splines.
First, we consider the estimate of the lower bound of the
estimating interval of the basis spline w;_ (x).

Let x21* be the maximum
X; Xjs1
X207 = max (cos (—] —-x+ J—) .
XE[xj,%j41] 2 2

Then the upper boundary of w;_; (x) will be the following
W]-Af‘i‘ = 2sin (x;/2 — xj41/2)/sin(x; — xj_1) — sin(x]- —

xj_1) — sin(x; — xj_4 )X + wiy,
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A _ . .
where wiZ, = sin(xj,q — x;)/sin(x; — xj_4) —

sin(xj+1 — xj_l) = sin(x; — Xj41).
After calculating the upper boundaries of w;_; (x), w;(x) and

wj41(x) we can calculate the upper boundary of F(x). Now the
upper boundary of F(x) will be the following:

FMAX = £ (o )W + f()w™ + f (x50 )wiid

A program was developed in the MAPLE environment to
visualize the interval estimation of the variation of a function
and its first derivative. To obtain an interval estimate of the
function or its first derivative, values of the function in grid
nodes are required. The program uses trigonometric basic
splines. Directional machine rounding is not used in this version
of the program.

Note that in the case of applying a similar method of
interval estimation using polynomial quadratic splines resulting
evaluating the interval is wider than in the case of trigonometric
splines. As shown in Alefeld’s book [1], a polynomial of the
second degree x2 + bMx + b® should be reduced to (x +

a®)® + a©, where a® = bD/2, a© = p© — (h1)2/4,
Fig. 7 shows the estimation interval for the function x2/625
after applying polynomial splines. Fig. 8 shows the estimation
interval for the function x2/625 after applying trigonometric
splines.

0.025

0.02 4
0.015 § ‘
0.01 I ‘ ‘

0.005 |

05 1 15

L=

2

— 1

0

25 3

Fig. 7. The estimation interval for the function x2/625 after
applying polynomial splines
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Fig. 8. The estimation interval for the function x2/625 after
applying trigonometric splines
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IV. FUNCTIONS OF SEVERAL VARIABLES AND INTERVAL
ESTIMATION

Suppose that a function of several variables is specified at
grid nodes.

First consider a function of two variables. Suppose, for
example, that the function is S(x,y) = sin(2xy) cos(2x +
y/2) (see Fig. 9). We fix one of the variables and use the
proposed interval estimation technique.

Letusputy = 1/25in S(x,y) = sin((2xy)cos(2x + y/2).
Now we can determine the interval estimation of the function
Q.(x) = S(x,1/25). The plots of Q;(x)and the result of the
interval estimation are given in Fig. 10. The plot of the error of
the approximation of the function Q,(x) = S(x,1/25) is given
in Fig. 11.

Let us put x = 1/25 in S(x,y) = sin(2xy)cos(2x + y/2).
Now we can determine the interval estimation of the function
Q,(v) = 5(1/25,y). The plots of Q,(y) and the result of the
interval estimation are given in Fig. 12.

Fig. 9. The plot of the function
S(x,y) = sin((2xy)cos(2x + y/2)

0.254 |
0.2 ‘

0.14
{
0.054 \ |

/]
|

P ),

0 05 [ 15 25 3

2
-0.05 [N |,,
~0.14 = [

Fig. 10. The plot of the function Q,(x) = S(x,1/25)and the
result of the interval estimation
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Fig. 11. The plot of the error of the approximation of the function

Q:1(x) = S(x,1/25)
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Fig. 12. The plot of the function Q,(y) = S(1/25,y) and the
result of the interval estimation

Letusputy = 1in S(x,y) = sin(2xy)cos(2x + y/2). Now
we can determine the interval estimation of the function
Q;(x) = S(x,1). The plots of Qz(x)and the result of the
interval estimation are given in Fig. 13. The plot of the error of
the approximation of the function Q5(x) = S(x, 1) is given in
Fig. 14.

Let us put x =1 in S(x,y) = sin(2xy)cos(2x + y/2).
Now we can determine the interval estimation of the function
Q.(y) =S(1,y). The plots of Q,(y)and the result of the
interval estimation are given in Fig. 15.

0.4 4

0.6- LA

Fig. 13. The plot of the function Q3(x) = S(x,1) and the result of
the interval estimation

Fig. 14. The plot of the error of the approximation of the function
Q3 (x) = S(X, 1)

\ | \

0.24

. fﬂ 1 os 1 J!|j
041 N l ]

0.6

Fig. 15. The plot of the function Q,(y) = S(1,y) and the result of
the interval estimation

Let us put y = 1/2 in S(x,y) = sin(2xy)cos(2x + y/2).

Now we can determine the interval estimation of the function
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Qs(x) = S(x,1/2). The result of the interval estimation are
given in Fig. 16.

Let us put x = 1/2 in S(x,y) = sin(2xy)cos(2x + y/2).
Now we can determine the interval estimation of the function
Qs(y) = S(1/2,y). The result of the interval estimation are
given in Fig. 17.

0.27 =

0
0.2

0.4+

0.6
0.8

~34

Fig. 16. The plot of the function Q5(x) = S(x,1/2).
result of the interval estimation

and the

|
) JI_L_J ul| v . ..
0 Y
N /
02 \] l l
03 L i
04 g

Fig. 17. The plot of the function Q¢(y) = S(1/2,y) and the
result of the interval estimation

V. PARALLELING CALCULATIONS AT APPROXIMATION WITH THIRD-ORDER
SPLINES

Basic splines of the third order of approximation,
convenient for interpolating the functions of one variable, were
considered in detail in Sections 2-4.

In this section, we discuss the construction of the
interpolation of a function of two variables in a rectangular
region on a plane. Consider the approximation of the function
of the two variables in domain D. Suppose that two families of
parallel lines are constructed in domain D. xy+ih,i =
0,%1,..,y0 + khy,k=0,%1,...,hy,h > 0.

Let the values of the function of two variables at the grid
nodes (the intersection points of these lines) be known. Let us
discuss the construction of the approximation of a function in
this domain and the parallelization of this process. Applying the
direct (tensor) product, we can obtain the formulas for the basis
splines of two variables. The formula of the right polynomial
basis spline 2 = Q% (x; + th, y, + t;h), when supp 025 =
[x]-_z,xjH] X [Vik—2, Vk+1], on a uniform grid with step h, has
the form, which is different for different position of the small
square:

28 (2) =t =Dt = 2)(t; — D(t, — 2)/4,

0<t<1l, 0<t;<1,
0@ =-t-DC+ Dt - D —2)/2,
-1<t<0, 0<t; <1,
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2 @) =+ D+ 2)(t — Dt —2)/4,

-2<t<-1, 0<t; <1,

0 (2) =t + D+ 2)(t, + D(t +2)/4,
—2<t<-1, -2<t<-1,

20 (@) = @t =Dt = 2)(t;, + D(t, +2)/4,
0<t<1 -2<t <-1,

0f (@) = =t =D+ Dt + D(t +2)/2,
-1<t<0, -2<t<-1,

0f @) =+ D - + D - D),
-1<t<0, -1<t;<0,

0f (@) ==t - Dt -2t + Dt — 1)/2,
0<t<1 -1<¢t<0,

0f (@) = =+ D+ 2)(t + Dt - 1)/2,
-2<t<-1, -1<t <0,

where z = (xj +th, y, + tlh). The image of this spline is
shown in Fig. 18.

Fig. 18. The plot of the right basis function .Q}?k (2).

The formula of the left polynomial basis spline .(ZjL,k =
28 (x; + thy, + t,h),  when  supp 2%, = [xj_1,%;42] X
[Vk-1, Yic+2), on a uniform grid with step h along the axes has

the form:
Dh (@) =+ Dt =D + Dt — 1),

0<t<1, 0<t; <1,

0f(2) = =(t + Dt + 2) (¢, — D(t; + 1)/2,
-1<t<0, 0<t <1,

00 (2) = =t + Dt +2)(E — Dt +1)/2,
-1<t<0, 0<t<1,

20 (2) = (=Dt —2)(t — D(t, — 2)/4,
1<t<2, 1<t <2,

0, (z) = =(t = D(t + 1)(t, — D(t; — 2)/2,
0<t<1, 1<t <2,

Df(2) = (t+ D+ 2)(t, — D(t; — 2)/4,
-1<t<0, 1<t<2

Df(2) = (t+ D+ 2)(t, + D (t +2)/4,
-1<t<0, -1<t<0,

20(2) == - D+ D& + D +2)/2,
0<t<1 -1<t<0,

00 (2) = @ =Dt —2)(t; + D(t +2)/4,
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1<t<2, 1<t; <0,

where z = (xj + th, y, + tlh). The image of this spline is
shown in Fig. 19.

Fig. 19. The plot of the right basis function !ZjL’k

The basic trigonometric splines of two variables can be
similarly constructed. We construct the interpolation of the
function u(x, y) separately in each elementary rectangle, with
vertices in nodes (xj,yk), (x]-+1,yk), (xj,yk+1), (xj+1,yk+1).
In the case of using the left basis splines, the approximation has
the form:

Uttty = uj—1,k—1w]]‘“—1(t)w1€—1(t1) + uj—l,kw}—l(t)wk(tl)
+uj—1,k+1ij—1(t)wch+1(t1) + uj,kw}’(t)wch(tﬂ
+uj+1,kij+1(t)wk (ty), +uj,k+1ij(t)wk+1(t1)

+uj+1,k+1w}-‘+1(t)w,ﬁ+1(t1) + uj,k—1wjl’(t)wi—1(t1)
1 o1 0f1 Doy (8, T € [6,641] 81 € [t,844],

The nodes necessary for constructing approximations with
the left splines in the lower left rectangle of the region are
shown in Fig. 20.

(-1, k+2) 2, ki2)

1, k1) 42,11

Fig. 20. The nodes that are necessary for constructing the
approximation with the left splines 2 ﬁkin the lower left elementary

rectangle

In the case of using the right basis
approximation has the form:

UR(t,t) = Uiz jera Vs OV () + Ui Vi (OVE (1)

+uj+2,k+117jR+2 O () + uj,kV,B(t)Vlf(tﬂ

splines, the

+uj+1,kij+1(t)v;§(t1) + uj,k+1ij(t)v’1§+1(t1)
+uj+1,k+1v}R+1(t)vI§+1(tl) + uj,k+2ij (t)vl}jﬂ (t1)
t €[t tjaa] ta € [6, tj4a)-

Often it is necessary to construct an approximation of a function
in large areas. Note that using the locality property, we can
construct an approximation simultaneously in several parts of
the region. In parallel computing, two schemes are used:
“parquet laying” and “Fox's wall”. The "parquet laying" scheme
is used where calculations can be carried out, by analogy with

+uj+1,k+2VJR+1(t)U1§+z (o),
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parquet laying, independently, starting from any place. The
“Fox Wall” scheme differs in that the calculations are carried
out in parallel, but sequentially in layers. The next layer cannot
be built if there is no previous one. We use the "parquet laying"
scheme.

Using the method of geometric parallelism, the
construction of the approximation of a function of two
variables, if the values of the function are known at the grid
nodes on the domain in the plane, can be significantly
accelerated. Process data can be arranged in horizontal or
vertical stripes (if the domain is rectangular). When distributing
this data among the threads in order to construct interpolation,
it is also necessary to distribute data in the resulting boundary
band. In case of using splines of the third order of
approximation, it is necessary to take into account the boundary
layer with a width of one grid interval if we use basic splines of
only one type (left or right). Thus, when using two-dimensional
only left-side or only right-side splines, each thread must
additionally distribute the function values in the grid nodes
from the boundary strip (Fig. 21, (left)). If we carry out
calculations simultaneously (at the same time), using 2 threads
and starting from the lower left corner of the rectangular region,
using only the left bases splines with two variables, and from
the upper right corner (Fig. 21 (right), 22) then we have the
acceleration. A feature of this approach is that the nodes in the
boundary strip are located only at the vertices of the rectangles
located in the strip on the diagonal of the rectangular region (see
Fig.22). If using only the right (the left) basis splines from two
variables for every thread (process), then additional process
data will not be required for each process.

R R o ey = e

’ o
S 10
=

Fig. 21. The distribution of function values in three vertical stripes
into three threads (left), the distribution of function values into two
triangular regions (two treads) starting from two opposite corners of
the domain (right)

To construct a parallel version of the program, we use C and
Open MP. It is convenient to use #pragma omp parallel
sections to parallelize computations. Let us count the number
of multiplications and divisions necessary to calculate the
approximation of the function of two variables at a point (x, y).
It is easy to see that there are about 50 of these operations. To
speed up the calculations, each thread should have at least 2000
operations. We constructed a rectangular grid of nodes in the
[0,1] x [0,1] area with a step of h = 0.01, at the nodes of
which we will calculate the approximate values of the function
f =xy. We carry out a series of numerical experiments by
running the program 10 times, measuring the execution time
each time and calculate the average value of the solution time.
Acceleration of calculations, that is, the ratio of the running
time of a sequential program to the operating time of a
parallelized program is 2.91.

Let us count the number of multiplications and divisions
necessary to calculate the approximation of the function of two
variables at the point (x, y). It is easy to see that there are about
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50 of these operations. To speed up the calculations, each thread
should have at least 2000 operations. If there are more than 40
grid nodes along each axis then the time of calculations is

reduced when we use 2 threads.
5

=]

64

) 3 4 5 7

Fig. 22. The two-thread computing parallelization scheme

To calculate the function approach in the lower left corner
of the region, we need the function values at the grid nodes, as
shown in Fig. 20.

To calculate the function approach in the upper left corner
of the region (upper left small rectangle, see 22), the following
values of the function in the nodes and the following basic
functions are required:

Qip(2) = -t - D - 2)(& + D +2)/2,

0<t<1l -1<t<0,
Q(2) = =t =Dt + 1Dt — Dt - 2)/2,
—1<t<0, 1<t <2

0(2) = =t +2)(t + (& — D(t, — 2)/4,
—2<t<-1 1<t <2

Qip(2) = -+ 2D+ D - DG +1D)/2,

—2<t<-1, 0<t; <1,
Qi (2) = (t = D(t —2)(t, — D(t —2)/4,
0<t<1 1<t <2
Qi(2) =t - D+ D + Dt — 1),
-1<t<0, 0<t <1,
Q(2) == -D(+ Dt + Dt +2)/2,
-1<t<0, -1<t<0,
Q@) =--DE-2)t: — D +1)/2,
0<t<1, 0<t <1,

Q@) =(+2)(t+ D+ D(t +2)/2,
-2<t<-1,-1<t; Z0.
The image of this basis spline is presented in Fig.23.

117 -
0.8

0.6

Fig. 23. The plot of the basis function {2
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To calculate the function approach in the upper left corner
of the region, the following values of the function in the nodes
and the following basic functions are required:

URL(L, ty) = uj,kU}R (Owi(t) + uj.k+1V]R () Wi (t1)
+uj,k—1U}R (Owi_q1(t) + Uitk V]R+1 (O wi(t1)
+uj+1,k+1ij+1 (O wiyq () + uj+1,k—1ij+1 O wg—,(t;)
+uj+2,kv]R+2 O wi(t) + uj+2,k+1v]R+2 (w41 (t1)
+uj+2,k—1U]R+2 Owg_,(t), t € [tj, tj+1]' ty € [tr, tisr]-

Similar formulas can easily be obtained for basis splines and
approximations of the function with these basis splines along
the main diagonal of the region, starting from the lower left
corner of the region (lower left rectangle, see Fig. 22).

VI. APPLICATION TO THE BOUNDARY VALUE PROBLEM

We apply the approximation with third-order polynomial and
non-polynomial splines to the numerical solution of partial
differential equations. Let u = u(x,t). We consider the

boundary value problem
6u_82u+6u+ x5
ot ox T T

in a rectangular domain 0 < x < 1,0 < t < T under the
boundary conditions: u|,—o = @(t), U|y=1 = W(t), U|i=g =
uy. We construct a grid of nodes {(xj, tx)}, x; = jh, ty =

kt, k=0,12..M,j=0,12,..N. Let uy, = u(x;,t). We
apply the polynomial approximations of partial derivatives of
the following type:

Ju u; —U;
jk+1 jk
—=—4+0(1),
; 5t (™
u
o (Wm1k419 j-1 F Ujk+1 9 j + Wir1ks19 j+1)s
where
9= Xj ~ Xj+1
= .
/ (xj—l - xj)(xj—l - xj+1)
1 1
!
9= + ,
! (% — xj—;c) J(ij = Xj11)
’ j A1
9gj-1~=

(xj+1 - xj)(xj+1 - xj—l)-
On a uniform grid with step h, we obtain g; = 0,
g—: = (Uj—1k+19'j-1 + Ujs1k419 j+1) + O(h?), where
! -1 ! ! 1
9j-1=7p9j+1= 9 j-1= 5
Thus, the use of the cubic polynomial splines on a uniform grid
of nodes to construct a formula for numerical differentiation
leads to a well-known formula:
az_u  Uimtker1 ~ 2Ujger1 + Uik
ax2 h2 '
Thus, we have obtained the well-known difference equation
[22], [23]:
Wikr1 — Wik Wi—ake1 — 2Wjke1 + Uikt
T a h? '
Now let's see what formula for numerical differentiation can be
obtained using the approximation with the trigonometric
splines. In the trigonometric case on a non-uniform grid, we can

use the formula
du

p—
=~

ox
where

! ! !
(Uj—1k419 j—1 T Ujks1 9 j + Wis1k19 j+1)
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sin(x;/2 — xj41/2)

g'j-1= T X1 XL X1 Xizi'
251n(]T1 - 7})51n(171 - 12+1)

, sin(x;/2 — x;_1/2)
9j+1= )

2si Xj-1 xj+1) . (ﬁ_ xj+1)
, _cos(x;/2—x;_1/2) cos(x;/2 —xj11/2)
g] - i Xj xj—l + i x]' Xj+1 :
251n(7 - T) 251n(7 - )

On a uniform grid with step h, we have g; = 0. Thus, we can
use the formula:

du _ ( ’ + ! ) + O(hZ)

P Uj—1k+19 j-1 T Uj+1k+19 j+1 ’
h ' _ -1 ’ — A — ;
WhEI® g j-1 = Jsmmy 9741 = 791 T oy

We also need a formula for the second derivative. Let us
construct the formula of the second derivative using
approximation UM (x) of the function u(x) on the grid interval
[xi, x;+1] with the trigonometric spline of the fourth order of
approximation (see [11]):
UM(x) = u(x;m1)gie1 + u(x)gi + u(xir1)gist
+u(xi+2)giva)
where
gi-1 = Ai-1/Bi_1,

s only - -5,

gi:Ai{CBi’x- X X X X;
=55 ) (- 57,
B G~ (=) an (),

Jiv1 = Aiz1/Bisq,

Ai4q = sin (g - %) sin (; — %) sin (g _ xi2+2),

B = () an (5 D) an (- 25)
2 2

Jiv2 = Aiz2/Bisa,
Ajtr =
Xi Xi Xi Xi
1’1( i+2 L+1) sin( 12+2 _?L)’

Bii, = sin( > >
we receive the formula:
UM@) = ulxi—)g"_, () +ulx)g",(x)
+ulxir)g” () +ulxiy2)g”,,, ().
When Xi_1 = X; — h, Xiy1 = X + h, Xiy2 = X + Zh, it is
not difficult to obtain the formula:
(UMx) = ulxi—)g”,_,(x) +ulx)g”;(x)
+ulxip)g” () +ulxigz)g” L, (x),

where
" (X) _ _§ _ COSZ(h/Z)
9\ =TT TS g2y
9" () = cos(h/2) cos(h)
o 2 sin (%) sin (32—}1) 2 sin(h) sin (%)‘
9" () = cos(h/2)  cos(h)

2 sin? (g) 2sin(h) sin (%)
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Example. Let us solve the problem:

=Tty f(x ). t€[0,01]x € [01],
where f(x,t) = (2t + 0.5) cos(2x — 1) — 0.5 cos(1),

in the domain [0,1] X [0, 0.1], when ul|,—o = 0, u|,=; = 0,
Ulx=o = 0.

The exact solution of the problem is u = t sin(x) sin(1 — x).
We have constructed the right side of the equation according to
the model solution, for debugging the program and calculating
the actual errors. Let us construct the grid nodes with a uniform
grid of nodes when N = 20, M = 30. Consider the difference
equation in the internal nodes of the grid in the polynomial case:

Ujk41—Uj uj_ —2u;j +u;
Jjk+1™%jk _ Yj-1k+1 Jjk+1 j+1k+1
_— 5 + £ (3t
j=12,.M—-1, k=12,..N—-1,

ujo = uy(jh),j =0,1,..M,

and

Ugx = @kt),k =12,..N,

Uy = Ykt),k=12,..N.
Along the border of the domain, the values of the solution are
known. We carry out calculations from the bottom to the top on
the grid layers. As it is known, the implicit scheme in the
polynomial case is stable for calculations for any h, . Thus, we
can use the following implicit scheme using the trigonometric
formula for numerical differentiation:

_ ” "
Ujksr = Up T T (uj—l,k+lg j-1 T Wr1k+19 j+1 t

Ujks19'j+ f(xj'tk+1))’
j=12.M—-1 k=12 .N-1,

ujo =uo(jh),j =0,1,..M,

U = @(k1),k =1,2,..N,

Uy = Y(kt),k=12,..N.
On each layer we need to solve a system of linear algebraic
equations. Let us verify that the matrix of this system of
equations has a diagonal dominance. We write the system of
equations in the form:

ajvj_1 + bjv; + ¢y = qj,

vo = @((k + 1), vy = (W(k + D),
where v; = U4, q; = Tf(xj, tk+1) +ujg,
bj=1-19"j,a; = —19"; 16 =-719" 4,
It is easy to see that for | T | <1 the inequality holds:
|b;| > |a;| + [cs]-

Therefore, the system has a unique solution.

Fig.24 shows the error of the solution obtained using the
polynomial splines. Fig.25 shows the error of the solution
obtained using the trigonometric splines.

Thus, the wuse of the trigonometric splines gives
approximation errors less than in the case of the polynomial
splines. The stability will be discussed in the next Section.
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Fig.24.The plot of the errors in absolute value of the solution
obtained using polynomial splines

Fig.25.The plot of the errors in absolute value of the solution
obtained using trigonometric splines

VII. ABOUT STABILITY

In this section, we discuss aspects related to the convergence of
the constructed difference schemes. First of all, we recall some
definitions. We have to solve the boundary value problem Lu =
f in domain D with the border T'. Let D, = {M,} be the set of
nodes in D UT. Letu = u(x,t) be the solution of the problem.
Let the function u™ be defined only in the set of nodes, so it
will be called the mesh function. It is well-known that instead
of solving the problem Lu = f, we solve the difference scheme
Lyu®™ = fM_ Let U, be the linear normed space with the
elements u™. Let F,, be the linear normed space with the
elements f™. Let |- lly,, I g, be the norms in the spaces

Up, Fp: |l u® ”Uh= rr}%xlujkl >

I fF® N, = maX(m]aXIuo(ih)I,m}gXIqo(kT)l,méiXIlIJ(kT)I.
max|f (jh, ko))

I

First, we examine for the stability, the implicit difference
scheme:
Ujk+17Uj " iz
W =Ujg k419 j-1 T Wrrk+19 j+1 t
Wik1g' j+ f(xj: tk+1)-
We first discuss the stability of the initial value problem with
respect to the initial data. We will look for a solution to a
homogeneous problem (when f (xj, tk+1) = 0) in the form:
Ujy = A% exp(lja), where I is the imaginary unit, ais real.
Now we have the equation:
A-1
T = /1(91'+1 exp(la) + Jj-1 exp(—Ila) + gj)-
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Our aim is to find out for which 7 and % the following inequality
will satisfy |4 |<l+c 7 (von Neumann stability), when ¢ =
const does not depend on 7 and h. Using the equality
exp(Ia) — 2 + exp(—Ia) = —4sin?(a/2), we get
1

1-1g; + 27 (2sin? (%) —1)gjs1
when ¢ = 0.0565. It is not difficult to see that the inequality

| A |<14ct holds for any correlation between T and h. Now we

consider the stability of the initial-boundary value problem.
Multiply both sides of the difference equation by —7. We get

A=

<1+crt,

T (uj—l,k+1g”j_1 + uj+1,k+1g”j+1 + uj,k+19”]-) — Ujke+1
=7 (%), tiee1) Wik
We choose from all the values u;;,, which in absolute value
equals to [u; ;41| such a value whose index j takes the smallest
value j=j*. Let us write the equation corresponding to this
value:

" n n
T (uj*—l,k+19 o1 TWrrk+1d jeyq T W k1 d j*)
~Uprgea1=—T (%%, tiegr ) Uy
Let w41 > 0. Consider the right side of the equation
n n n
T (uj*—1,k+19 o1 TWrrk+1d jeyq T W k1 d j*)
—_ n
“Ujk+1 = TG j*+1(uj*+1,k+1 - uj*,k+1)
n
t1g j*_l(uj*—l,k+1 — U k1)
+ n + n + n —
TUj* k+1\ 9 j*-1 g j*+1 g j* Ui k+1
Therefore —uj«j4q = —T f(xj*, tk+1)—uj*k.

<

U k1

Hence, max| wcea| = jejcrs < 17 £ (270 o)t

< max| e + Tmax| £ (x, i)

By the definition of stability, the solution of the difference
scheme must satisfy the condition || u® ly,< KII f Q) g,

for any f(™. Thus, for any T and A, the stability condition is
satisfied for the difference scheme. Since the difference scheme
also approximates the problem, the solution of the difference
scheme converges to the solution of the problem.

VIII. DISCUSSION OF RESULTS

Section 2 discusses polynomial, trigonometric, and exponential
local splines. These splines can be used to approximate
functions of one or more variables. In this case, it is necessary
to calculate the values of the function at additional nodes
between the grid nodes. There can be a lot of these additional
points, so it is advisable to parallelize the calculations. If the
grid of nodes is rectangular, then it is possible to carry out
calculations simultaneously from two opposite vertices of the
rectangle. Simultaneous computation on different processors
reduces the computation time. This is shown in Section 5. The
considered splines are suitable not only for calculating the
values of the function at the points between the grid nodes, but
also for calculating the first derivative of this function. In
particular, we can use these splines to construct formulas for
numerical differentiation. Numerical differentiation formulas
obtained on the basis of the polynomial, trigonometric, and
exponential splines, are considered in the second section on a
uniform grid of nodes. These splines approximate the first



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING

DOI: 10.46300/9106.2020.14.61

derivative with the order O(h?). Using these splines, we can
construct a numerical differentiation formula to calculate the
second derivative. The constructed formula will give an error
O(h). If we need to use the formula for numerical
differentiation that approximate the second derivative with the
error 0(h%?) we need splines with the fourth order of
approximation. Thus we need to use cubic polynomial splines
or non-polynomial splines which provide the error of the
approximation O (h*). The trigonometric splines with this order
of error were used in Section 6. For the convergence of the
constructed scheme, not only a good approximation is needed,
but also stability as shown in Section 7, the constructed method
is stable.

In the proposed method, the same rules should be preserved
as in the traditional method. It is necessary not to forget about
the fatal error of numerical differentiation and not to select too
small the grid step. The next relation should be fulfilled, the
rounding error of numbers should be much less than h2.

IX. CONCLUSION

In this paper we discuss the approximation with the
trigonometric and polynomial splines of the third order. The
results of the numerical experiments show that trigonometrical
approximation is preferred to polynomial approximation when
we approximate a trigonometrical function. To avoid
calculation in many points we can use interval extension if we
need to know only the upper and the lower boundaries of
variation of the function between the nodes. But we have to
keep in mind the theorem of approximation. The results of
working the program of constructing interval extension are
presented. This program uses the trigonometric basis splines.
The results of the program that uses the polynomial basis
splines are not good, because of the wider interval extension.
The parallel calculations during the approximation of the
function of two variables in rectangular domain can be done
using three threads: beginning from the upper right and lower
left corners (using the right or left basis splines) and along the
main diagonal (using mix basis splines). In this paper, new
computational schemes are constructed to solve a parabolic
problem. The schemes are based on approximation of partial
derivatives by the trigonometric splines. The examples
considered in the paper show that in this case the error in
solving the problem turns out to be less than when using the
traditional method.

In the future, other numerical schemes will be constructed for
solving partial differential equations based on the use of other
non-polynomial splines.
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