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SUMMARY

The arbitrary Lagrangian–Eulerian (ALE) description in non-linear solid mechanics is nowadays stan-
dard for hypoelastic–plastic models. An extension to hyperelastic–plastic models is presented here.
A fractional-step method—a common choice in ALE analysis—is employed for time-marching: every
time-step is split into a Lagrangian phase, which accounts for material e�ects, and a convection phase,
where the relative motion between the material and the �nite element mesh is considered. In contrast to
previous ALE formulations of hyperelasticity or hyperelastoplasticity, the deformed con�guration at the
beginning of the time-step, not the initial undeformed con�guration, is chosen as the reference con�g-
uration. As a consequence, convecting variables are required in the description of the elastic response.
This is not the case in previous formulations, where only the plastic response contains convection
terms. In exchange for the extra convective terms, however, the proposed ALE approach has a major
advantage: only the quality of the mesh in the spatial domain must be ensured by the ALE remeshing
strategy; in previous formulations, it is also necessary to keep the distortion of the mesh in the material
domain under control. Thus, the full potential of the ALE description as an adaptive technique can be
exploited here. These aspects are illustrated in detail by means of three numerical examples: a necking
test, a coining test and a powder compaction test.

KEY WORDS: arbitrary Lagrangian–Eulerian formulation; hyperelastoplasticity; �nite strains; non-linear
solid mechanics

1. INTRODUCTION

The arbitrary Lagrangian–Eulerian (ALE) formulation is a standard approach in large strain
solid mechanics to keep mesh distortion and element entanglement” under control [1–6]. The
basic idea of the ALE formulation is the use of a referential domain for the description of
motion, di�erent from the material domain (Lagrangian description) and the spatial domain
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(Eulerian description). When compared to uid dynamics, where the ALE formulation origi-
nated (see Reference [7] and references therein), the main di�culty of ALE solid mechanics
is the path-dependent behaviour of plasticity models. The relative motion between the mesh
and the material must be accounted for in the treatment of the constitutive equation.

Two approaches may be used to describe large (elastic and inelastic) strains. In hypoelastic–
plastic models [8–10], the evolution of stresses is expressed in rate format, relating an ob-
jective stress rate with a rate of deformation. In hyperelastic–plastic models [8–11], on the
contrary, there is no rate equation for stresses: they can be computed from the deformation
gradient via direct functional evaluation of the free energy function. However, the plastic
response is still described in rate form, involving the Lie derivative.

Various formulations for large strain solid mechanics which combine an ALE kinematic
description and hypoelastic–plastic models can be found in the literature [1–6]. In all of
them, a key issue is the ALE convective term in the rate equation for stresses, which reects
the relative motion between the mesh and the material. The most popular approach to deal
with this convective term is the use of a split or fractional-step method. Each time-step is
divided into a material phase and a convection phase. Convection is neglected in the material
phase, which is thus identical to a time-step in a standard Lagrangian analysis. After that,
stresses and plastic internal variables are transported to account for the relative mesh-material
motion in the convection phase.

On the other hand, ALE formulations for hyperelastoplasticity are not standard. In the con-
text of incompressible hyperelasticity (i.e., no plastic strains), Reference [12] proposes an
ALE �nite element method with no need of convecting variables. The basic idea is that the
referential, material and spatial domains are linked by appropriate mappings, so the defor-
mation gradient that relates the spatial and material domains (and hence the stresses) can be
computed from the referential domain simply by applying the chain rule. However, as dis-
cussed later, the price to pay for this coupled, convection-free approach is high: the distortion
must be controlled for the two mappings (referential to material and referential to spatial),
rather than only one. If large plastic strains are also considered, convection of the internal
plastic variables is needed, because a convective term appears in the rate equations describing
the plastic response [13].

To summarize: using the total deformation gradient (from the current deformed con�guration
to the initial undeformed con�guration) to describe the hyperelastic response [12; 13] leads to
an algorithm with two major characteristics: (1) it forces ALE remeshing to prevent distortion
in two mappings, instead of only one and (2) convection of plastic variables is still needed
for the plastic response.

For this reason, a di�erent ALE formulation for hyperelastoplasticity is proposed here. It
is very similar to the split ALE formulations for hypoelastoplasticity discussed above. The
hyperelastic part of the response is described, as in standard hyperelastic–plastic algorithms,
by means of the incremental deformation gradient (relating the deformed con�gurations before
and after the time-step) rather than the total deformation gradient. In fact, the last converged
deformed con�guration, rather than the initial undeformed con�guration, is used as a reference.
As a consequence, elastic strains must be transported during the convection step. In exchange
for this, ALE remeshing must prevent distortion in only one mapping (from the referential
to the spatial domains). Thus, the full potential of the ALE formulation as an r-adaptive
technique (that is, an adaptive technique based on relocating the nodes of a given mesh
without changing its topology [14]) can be exploited.
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The general case of non-isochoric plasticity is considered in this paper. This means that the
volume change (i.e., the determinant of the deformation gradient) cannot be computed solely
from the elastic strains, so it must also be convected. Thus, the following information must
be transported: elastic strains, plastic internal variables and volume change.

An outline of paper follows. Finite-strain multiplicative plasticity in a standard Lagrangian
setting is briey reviewed in Section 2; �rst, the basic equations are summarized in
Section 2.1 and then the implementation aspects are treated in Section 2.2. Basic ALE kine-
matics are covered in Section 3. The proposed ALE formulation for hyperelastoplasticity is
presented in Section 4, and illustrated by means of some representative numerical examples
in Section 5. Finally, Section 6 closes the paper with some concluding remarks.

2. F eFp FINITE-STRAIN PLASTICITY IN A LAGRANGIAN SETTING

2.1. Basic equations

This section contains a very brief review of multiplicative �nite-strain plasticity with a
Lagrangian description. Only the basic ingredients which are later needed in Section 4 are
discussed. Detailed presentations of F eFp plasticity can be found in the textbooks [8; 11; 10].

Let RX ⊂Rndim (ndim =2; 3) be the material con�guration of a continuum body with particles
labelled by their initial position vector X ∈RX . The motion of the body is described by the
one-parameter family of mappings ’t :RX �→R

ndim with t ∈ [0; T ]. Rx=’t(RX ) is the spatial
con�guration of the body at time t, and x=’t(X)=’(X ; t)∈Rx is the current position of
the material particle X . In a Lagrangian setting, X are used as the independent variables in
the description of motion. The fundamental unknown is the �eld of particle displacements u:

u(X ; t)=x(X ; t)−X (1)

The deformation gradient is de�ned as

F(X ; t)=
@’

@X
(X ; t) (2)

and it is locally decomposed into elastic and plastic parts as

F =F eFp (3)

Uncoupled isotropic hyperelastic behaviour is assumed, with the local thermodynamic state
de�ned by means of the elastic left Cauchy–Green tensor

be =F eF eT (4)

and a set of strain-like scalar internal variables �∈Rn� . In this situation, the Kirchho� stress
tensor, �, and the stress-like internal variables, q, conjugate to �, are given by

�=2
dW e

dbe
be and q= −

dW p

d�
(5)

where W e and W p are the elastic and plastic parts of the free energy function

W (be; �)=W e(be) +W p(�) (6)
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The Cauchy stress tensor � is given by

�=
�

det(F)
(7)

In Equation (7), det(F) accounts for the volume change. For isochoric plasticity (i.e., no
plastic volume change), det(Fp)=1 together with Equations (3) and (4) result in det(F)=
√

det(be). For the general case of non-isochoric plasticity considered here, on the contrary,
this equation does not hold.

The material time derivative of det(F) is given by the general relationship

@|F |

@t

∣

∣

∣

∣

X

= |F |∇x · C (8)

where, following standard notation, |X means “holding the material particle X �xed”, ∇x · C
is the divergence of the particle velocity C= @x=@t|X and | · | denotes the determinant.

Remark 1. In a standard Lagrangian analysis, det(F) is typically not updated via direct
numerical time-integration of Equation (8). This rate equation will be useful in Section 4 to
discuss the treatment of volume change in an ALE setting.

The plastic response of the material is assumed isotropic and de�ned by a yield
function f;

f(�; q)=0 (9)

and the generic ow rules

LCb
e := ḃ

e
− lbe − belT =−2̇m�(�; q) b

e (10)

�̇= ̇mq(�; q) (11)

where LC is the Lie derivative with respect to the particle velocity C, which involves the
velocity gradient l , m� and mq are the ow directions and ̇ is the plastic multiplier, deter-
mined with the classical Kuhn–Tucker conditions. The superposed dot denotes material time
derivative (that is, holding �xed the material particle X).

Equation (10) can also be written in terms of the strain measure G p =(FpTFp)−1, which
is related to the elastic left Cauchy–Green tensor be through

be =FG pFT (12)

After di�erentiating Equation (12) with respect to time and accounting for the relation
l = ḞF−1, Equation (10) is expressed as

Ġ p =−2̇(F−1m�F)G
p (13)

If associated plasticity is considered, as it is the case in the examples, it is de�ned by the
choice

m�=
@f

@�
and mq=

@f

@q
(14)
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2.2. Practical implementation of hyperelastoplasticity

Particle displacements u are computed with the incremental-iterative strategy commonly used
in non-linear solid mechanics [10]. At every iteration within the time-step [nt; n+1t], a displace-
ment increment n+1�u is computed, and the hyperelastic–plastic model is then integrated with
the following steps:

1. Update the spatial co-ordinates

n+1x= nx+ n+1�u (15)

2. Compute the incremental deformation gradient

n+1f =
@ n+1x

@ nx
= I +

@ n+1�u

@ nx
(16)

3. Elastic predictor. Assume that the current increment is purely elastic and de�ne the elastic
trial state as

n+1betrial =
n+1f nbe n+1f

T
(17)

n+1� trial =
n� (18)

Equation (17) is simply a push-forward of the elastic left Cauchy–Green tensor at time nt.
This expression is obtained directly from the de�nition of be, see Equation (4), and the
relation between deformation gradients, n+1F = n+1f nF .

4. Plastic corrector. Given the elastic trial, the constitutive Equations (9), (10) and (11) are
iteratively solved (for simple yield surfaces, no iterations are needed). Corrected values
n+1be and n+1� are obtained.

5. Computation of stresses and stress-like internal variables. Once the plastic corrector, step 4,
has converged, Kirchho� stresses n+1� and internal variables n+1q are computed from
Equation (5):

n+1�=2
dW e

dbe
(n+1be)n+1be and n+1q=−

dW p

d�
(n+1�) (19)

The Cauchy stresses are computed by means of Equation (7), namely

n+1�=
n+1�

det(n+1F)
(20)

after the deformation gradient n+1F is computed. This is usually done by direct di�erenti-
ation of n+1x with respect to X . Note, however, that numerical integration of Equation (8)
is also possible, because it only introduces time-integration errors of the order of those
done in the plastic correction.

Remark 2. Steps 2, 3 and 4 are unnecessary in the case of hyperelasticity (i.e., no plastic
strains). The deformation gradient n+1F can be computed directly from Equation (15) as
n+1F = @ n+1x=@X . After that, stresses are obtained from Equations (4) and (5)1.

Remark 3. If hyperelasticity is combined with remeshing (at, say, time nt), the mapping
information between nx and X is lost, so Remark 2 does not apply. The incremental approach
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just discussed is again needed (without the plastic correction, step 4). Once nbe is projected
from the old mesh to the new mesh, the elastic tensor is computed at time n+mt, m¿1 simply

as n+mbe = n+mf nbe n+mf
T
, where

n+mf =
@ n+mx

@ nx
(21)

3. BASIC ALE KINEMATICS

The key ingredient of the ALE formulation is the referential con�guration R�, with grid (or
reference) points � used as independent variables to describe body motion. This referential
con�guration R� is mapped into the material and spatial con�gurations by 	 and � respec-
tively, see Figure 1:

X =	(�; t) (22)

and

x=�(�; t) (23)

with the corresponding deformation gradients

F	(�; t)=
@	

@�
(�; t) and F�(�; t)=

@�

@�
(�; t) (24)

The three mappings ’, � and 	 are related by

’=� ◦	−1
(25)

Direct application of the chain rule to Equation (25) leads to the relation between the three
deformation gradients de�ned in Equations (2) and (24):

F =F�F	
−1 (26)

Figure 1. Domains, mappings and deformation gradients in the ALE description.
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In an ALE setting, two displacement �elds can be de�ned on the referential con�guration:
the material displacement u	

u	(�; t)=X(�; t)− � (27)

and the spatial displacement u�

u�(�; t)=x(�; t)− � (28)

These two displacement �elds describe how the material particles and the spatial points,
respectively, move with respect to the grid points.

Remark 4. In general, the three displacement �elds (u, u	 and u�) are di�erent. Note
that material displacements are de�ned according to Equation (27), so the notation parti-
cle displacements is used to refer to the ‘real’ (i.e., physically meaningful) displacements,
Equation (1).

The fundamental ALE relationship between material time derivatives and referential time
derivatives is [7]

@(·)

@t

∣

∣

∣

∣

X

=
@(·)

@t

∣

∣

∣

∣

�

+ c∇x(·) (29)

where the so-called convective velocity c (i.e., the di�erence between particle velocity C and
mesh velocity Ĉ= @x=@t|�) can be computed from the corresponding displacement increments:

c= C− Ĉ=[n+1�u(�)− n+1�u�(�)]=�t (30)

Note that the fundamental unknowns are the increment of particle displacements n+1�u(�)
and the increment of spatial (or mesh) displacements n+1�u�(�).

4. F eFp FINITE-STRAIN PLASTICITY IN AN ALE SETTING

Going through the algorithm of Section 2.2 reveals that time derivatives only appear in three
equations, namely Equations (10), (11) and (8). Using the fundamental ALE relationship,
these equations can be rewritten into their ALE format,

@be

@t

∣

∣

∣

∣

�

+ c∇xb
e = lbe + belT − 2̇m�(�; q)b

e (31)

@�

@t

∣

∣

∣

∣

�

+ c∇x�= ̇mq(�; q) (32)

@|F |

@t

∣

∣

∣

∣

�

+ c∇x|F |= |F |∇x · C (33)

simply by replacing the material time derivative with a referential time derivative and a
convective term. Equations (31)–(33) are in the so-called ‘quasi-Eulerian’ format commonly
encountered in ALE uid dynamics and ALE hypoelastoplasticity [15].
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4.1. Inuence of the ALE setting on the implementation of hyperelastoplasticity

The algorithm of Section 2.2 can be adapted in a simple manner to account for the ALE
setting. The resulting algorithm is as follows:

1. Update the spatial co-ordinates (una�ected by ALE setting)

n+1x= nx+ n+1�u

2. Compute the incremental deformation gradient (una�ected by ALE setting)

n+1f =
@ n+1x

@ nx
= I +

@ n+1�u

@ nx

3. Elastic predictor (una�ected by ALE setting). Assume that the current increment is purely
elastic and de�ne the elastic trial state as

n+1betrial =
n+1f nbe n+1f

T

n+1� trial =
n�

4. Plastic corrector. Given the elastic trial, constitutive equations (9), (31) and (32) are solved.
The convective terms in Equations (31) and (32) are accounted for by the numerical
time-integration algorithm (inuence of ALE setting). Corrected values n+1be and n+1� are
obtained.

5. Computation of stresses and stress-like internal variables. Once the plastic corrector,
step 4, has converged, Kirchho� stresses n+1� and internal variables n+1q are computed
from Equation (5) (una�ected by ALE setting):

n+1�=2
dW e

dbe
(n+1be)n+1be and n+1q=−

dW p

d�
(n+1�)

The Cauchy stresses are computed by means of Equation (7), namely

n+1�=
n+1�

det(n+1F)

after the deformation gradient n+1F is computed via numerical time-integration of
Equation (33) (inuence of ALE setting).

It is worth noting that only step 3 and the second part of step 5 (that is, the computation
of Cauchy stresses) are a�ected by the change from a Lagrangian to an ALE setting.

4.2. A simpli�ed fractional-step ALE method

If an unsplit ALE approach is chosen [16], the convective terms in the LHS and the material
terms in the RHS of Equations (31)–(33), see Section 4.1, are treated simultaneously. This
means that ALE remeshing and convection must be accounted for at each iteration within the
time-step.

Here a fractional-step method is preferred. It is a very common strategy to treat ALE con-
vective terms [3; 5; 6; 13; 17; 18]. Every time-step is divided into two phases: the Lagrangian
phase and the convection phase. During the Lagrangian phase, convection c is neglected and
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Table I. The proposed ALE approach for hyperelastoplasticity.

For every time-step [nt; n+1t]:

Material phase

• Neglect convective terms

• Advance the solution in a Lagrangian fashion: compute the increment of particle displacements n+1�u
and quantities Lbe, L� and det(LF) (superscript L denotes Lagrangian)

Remeshing

• Compute the increment of mesh displacements n+1�u� by means of a remeshing algorithm that reduces
element distortion and update the mesh co-ordinates

• Compute the convective velocity c= [n+1�u − n+1�u�]=�t

Convection phase

• Account for convective terms

• Use the Godunov-type technique to convect quantities Lbe, L� and det(LF) into n+1be, n+1� and det(n+1F)

• Compute stresses n+1� and n+1�

the increment of particle displacements n+1�u(nX(�)) is computed iteratively in the usual
Lagrangian fashion, as described in Section 2.2. This increment is referred to the particles nX

associated to grid points � at the beginning of the time-step, nX =X(�; nt).
After that, an ALE remeshing algorithm is employed to compute the increment of mesh

displacements n+1�u�(�), and the spatial co-ordinates of grid points are updated according to

n+1x(�)= nx(�) + n+1�u�(�) (34)

The relative motion between the material and the mesh is represented by the convective
velocity c, see Equation (30).

During the convection phase, the convective terms which were neglected during the
Lagrangian phase are taken into account. A Godunov-like technique [19; 6] is used to transport
quantities be; � and |F | from the old mesh to the new mesh, see Remark 5.

The proposed ALE approach for hyperelastoplasticity is summarized in Table I. Note
that ALE remeshing and the convection phase are only performed once per time-step, af-
ter equilibrium is achieved in the Lagrangian phase. Numerical experimentation shows that
the spurious residual forces associated to convection are small and do not a�ect the qual-
ity of the solution, see Section 5 and References [6; 17]. On the other hand, since explicit
algorithms are used for both convection, see Equation (35), and ALE remeshing, the com-
putational overhead of an ALE computation with respect to a Lagrangian computation is not
signi�cant.

Remark 5. The Godunov-like technique based on Godunov’s method for conservation
laws. It assumes piecewise constant �elds, so each �nite element is subdivided into various
subelements, each corresponding to the inuence domain of a Gauss point. Eight-noded quadri-
laterals with 2× 2 Gauss points are used in the numerical examples of Section 5, so each
element is subdivided into four subelements. For every subelement, the scalar quantity
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(i.e., a component of be, an internal variable � or |F |) is explicitly updated according to

n+1 = L −
�t

A

N[
∑

[=1

f[(
c
[ − )[1− sign(f[)] (35)

where A is the area of the subelement, N[ is the number of edges per subelement, c
[ is

the value of in the contiguous subelement across edge [, and f[ is the ux of convective
velocity across edge [; f[ =

∫

[
(c · n)d[.

Remark 6. In the proposed ALE approach, the time-integration of the elastic response is
not exact. Consider, for simplicity, the case of hyperelasticity, where Equations (32), (33) and
the last term of Equation (31) are dropped. During the convection phase (needed to transport
be), truncation errors are introduced. It must be noted, however, that these numerical errors
can be controlled by the time-step �t and the mesh size. They are completely unrelated with
the drawbacks of hypoelastic models (i.e., elastic dissipation in a closed path). From the
viewpoint of modelling, the proposed approach is fully hyperelastic.

Moreover, if the general case of hyperelastoplasticity is considered, the truncation errors
associated to convection and to the plastic correction are of the same order, O(�t): both the
Godunov-like technique and the backward Euler algorithm commonly employed for the return
mapping [8] are of order 1.

4.3. Comparing the proposed approach to other approaches for ALE hyperelastoplasticity

The proposed ALE approach for hyperelastoplasticity separates in a natural way the material
(i.e., constitutive) and the convective e�ects. In fact, a similar approach can be used for
ALE hypoelastoplasticity [5; 6]. The main di�erences are (1) the constitutive model for the
Lagrangian phase (hyper=hypo) and (2) the quantities to transport in the convection phase.

It is worth noting, however, that this approach is in sharp contrast with other ALE formula-
tions for hyperelastoplasticity reported in the literature. In References [12; 13], the fundamental
unknowns are the increment of material displacements n+1�u	 (rather than the increment of
particle displacements n+1�u) and the increment of spatial displacements n+1�u�. Material and
spatial co-ordinates, X and x, are then updated according to n+1X(�)= nX(�) + n+1�u	(�)
and Equation (34).

After that, the deformation gradients n+1F	 and n+1F� can be computed, see Equations (22)
and (23), and used to compute the total deformation gradient n+1F with Equation (26). The
main advantage of this approach is that it leads to an ALE formulation with no convective
terms in the particular case of hyperelasticity. The spatial and material con�gurations, Rx and
RX , are linked via the referential con�guration R�, and this allows the computation of F ,
which is the basic ingredient to compute the stresses, Equations (3)–(5).

However, there is also a major drawback: it is essential to avoid element distortion or
entanglement in two mappings: 	 and �. If not, gradients F	 and=or F� cannot be properly
computed. This is rather cumbersome and limits the potential of the ALE approach as an
r-adaptive technique. In the approach proposed here, on the contrary, the mapping 	 is not
tracked at all, so the only concern when relocating the nodes in the ALE remeshing algorithm
is the quality of the spatial mesh (i.e., the mapping of the �nite element mesh in the referential
domain R� into the spatial domain Rx).
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Moreover, convective terms appear anyway in the general case of hyperelastoplasticity. In
Reference [13], Equation (13) is rewritten in an ALE setting as

@G p

@t
|� −∇�G

p · F	
−1 @X

@t
|�=−2̇(F−1m�F)G

p (36)

Note that the material time derivative in the LHS of Equation (13) is transformed, in
Equation (36), into a referential time derivative and a convective term which accounts for the
relative motion between material particles X and grid points �. A similar result is obtained
for Equation (11).

In this context, the need of convecting be for ALE hyperelasticity is not a signi�cant
drawback of the proposed approach, see also Remark 6.

5. NUMERICAL EXAMPLES

The proposed ALE approach is illustrated and validated here by means of three representative
numerical examples: a necking test, a coining test and a powder compaction test. Eight-noded
quadrilateral elements with 2× 2 Gauss-points are employed for all the computations.

5.1. Necking test

The necking problem is a well-known benchmark test in large-strain solid mechanics
[20; 6; 21; 22]. A cylindrical bar with circular cross-section, with a radius of 6:413 mm
and 53:334 mm length, is subjected to uniaxial extension. A slight geometric imperfection
(1 per cent reduction in radius), see Figure 2, induces necking in the central part of the
bar. An axisymmetric analysis is carried out with the mesh of 5× 10 �nite elements shown
in Figure 2.

Two hyperelastic–plastic models have been used: the classical von Mises model [8; 11] and
a Tresca-type model [21], which depends on a yield shape parameter. This parameter controls
the smoothing of the yield surface corners and ranges from 1 (von Mises yield surface) to ∞
(Tresca yield surface). The two models are isochoric and exhibit hardening. In consequence,
the quantities to transport in the convection phase are be and �, which contains one internal
plastic variable. The material parameters for both models are summarized in Table II, see
References [20; 23] for further details.

For comparative purposes, both Lagrangian and ALE analyses have been performed. A very
simple ALE remeshing strategy is used [6]: the outer region BDEG of the mesh is Lagrangian,
and equal height of elements is prescribed in the central region ABGH.

The results with the von Mises model are discussed �rst. Figure 3 depicts the deformed
shapes up to an elongation d of 8 mm for half the bar. As expected, the elements in the
neck zone become very distorted with the Lagrangian description, see Figure 3(a)–3(c). The
distortion is highly reduced with the ALE description, see Figure 3(d)–3(f). In the proposed
ALE approach, the quality of these spatial meshes is the only concern of the ALE remeshing
strategy. There is no need to ensure the quality of the material meshes [12; 13].

A more quantitative comparison is o�ered in Figure 4, which shows the evolution of
the vertical reaction and dimensionless radius (ratio of current radius to initial radius) with
elongation. Very similar results are obtained up to an elongation of 6.5–7 mm. If pulling
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Figure 2. Necking of a cylindrical bar. Problem de�nition and computational mesh.

Table II. Material parameters for the necking test.

Bulk modulus 164:206 GPa
Shear modulus 80:1938 GPa
Initial ow stress 0:45 GPa
Residual ow stress 0:715 GPa
Linear hardening coe�cient 0:12924 GPa
Saturation exponent 16.93
Yield shape exponent (Tresca-type model) 20

proceeds, however, discrepancies arise between the Lagrangian and ALE solutions. With only
one row of (very distorted) elements in the necking zone, the Lagrangian simulation on the
coarse mesh does not fully capture the plasti�cation process, and this results in less necking.
The ALE response is in much better agreement with a reference Lagrangian solution with a
very �ne mesh (not shown in the �gure).

A �nal, qualitative assessment of the two simulations can be made by looking at the distribu-
tion of the von Mises stress. According to some empirical and semianalytical studies [24] this
�eld is constant in the neck zone, along the z=0 plane of symmetry. Plate 1 shows the distri-
bution of the von Mises stress after an elongation of 7mm. It can be seen that the Lagrangian
analysis, Plate 1(a), does not provide a constant value along z=0, while the ALE analysis
does, Plate 1(b). The results reported in Reference [6] for the hypoelastic–plastic von Mises
model are shown in Plate 1(c) and 1(d). Since elastic strains are small compared to elastic
strains for this test, the hyperelastic and hypoelastic approaches yield very similar results.

The same test is performed with the Tresca-type model. Figure 5 shows the deformed
shapes as elongation proceeds. The highly distorted Lagrangian meshes show the di�erent
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Plate 1. Necking test with the von Mises model. Distribution of the von Mises stress in the necking
zone. Hyperelastic–plastic model: (a) Lagrangian formulation; (b) ALE formulation. Hypoelastic–plastic

model (after Reference [6]): (c) Lagrangian formulation; (d) ALE formulation.
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Plate 2. Necking test with the Tresca-type model. Distribution of the von Mises stress in the necking
zone: (a) Lagrangian formulation; (b) ALE formulation.
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Plate 3. Coining test with the von Mises model. Mesh con�gurations and distribution of the von Mises
stress for di�erent height reductions. Lagrangian and ALE formulations.
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Plate 4. Top punch compaction of the anged component. Final relative density distribution after a
punch displacement of 6:06 mm: (a) Lagrangian formulation; and (b) ALE formulation.
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Plate 5. Bottom punch compaction of the anged component. Final relative density distribution after a
punch displacement of 5:10 mm: (a) Lagrangian formulation; and (b) ALE formulation.
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ARBITRARY LAGRANGIAN–EULERIAN FORMULATION

Figure 3. Necking test with the von Mises model. Mesh con�gurations for di�erent top displacements d:
(a)–(c) Lagrangian formulation; and (d)–(f) ALE formulation.

Figure 4. Necking test with the von Mises model. Lagrangian and ALE formulations. Global
response: (a) vertical edge reaction; and (b) dimensionless radius in the necking zone versus

vertical edge displacement.

failure pattern with respect to the von Mises model, compare Figures 3(a)–3(c) and
5(a)–5(c). The ALE meshes, however, are very similar, compare Figures 3(d)–3(f) and
5(d)–5(f), because the same ALE remeshing strategy is used. Owing to the ALE description,
the quality of the spatial mesh can be ensured independently of the material deformation.
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Figure 5. Necking test with the Tresca-type model. Mesh con�gurations for di�erent top displacements,
d: (a)–(c) Lagrangian formulation; and (d)–(f) ALE formulation.

Figure 6. Necking test with the Tresca-type model. Lagrangian and ALE formulations.
Global response: (a) vertical edge reaction; and (b) dimensionless radius in the necking

zone versus vertical edge displacement.

Regarding the structural response and the von Mises stress distribution, results with the
Tresca material are qualitatively very similar to those with the von Mises model. Figure 6
shows that the global behaviour of the piece is captured correctly with the Lagrangian formu-
lation only up to an elongation of 6.5–7 mm; Plate 2 shows that only the ALE formulation
correctly captures the constant stress distribution in the neck zone.
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Figure 7. Coining test. Problem de�nition and computational mesh.

5.2. Coining test

As a second example, a coining process is simulated [6]. A metallic disk, with a radius of
30 mm and a height of 10 mm, is deformed by a punch 12 mm in radius, see Figure 7. The
von Mises hyperelastic–plastic model is employed, with elastic modulus E=200 GPa, Pois-
son’s coe�cient �=0:3, yield stress �y=250MPa and plastic modulus Ep =1GPa. Both the
punch and the die are rigid. Perfect friction (stick) conditions are assumed in the punch–disk
and disk–die interfaces. An axisymmetric analysis is performed to model a 60 per cent height
reduction with a mesh of 20× 8 �nite elements.

Again, both a Lagrangian and an ALE analysis have been performed. The evolution of
the deformed shape and the von Mises stress �eld is depicted in Plate 3. Owing to the stick
conditions in the two interfaces, the material in the central part of the disk ows outward.
This leads to a highly distorted Lagrangian mesh, especially under the punch corner and
in the contact with the die. Remarkably, the convergence of the Lagrangian analysis is not
disturbed by the mesh distortion, thanks to the use of consistent tangent matrices and a 2× 2
Gauss-point quadrature, with negative Jacobians less likely than with a 3× 3 quadrature.

The mesh distortion is greatly reduced in the ALE analysis. The following remeshing
strategy is used: (1) line AB is Eulerian, lines CD and EF are Lagrangian and equal length
of elements is prescribed in lines BC; CF and DA; (2) parabolic pro�les of horizontal mesh
displacements are prescribed in region ABEF and (3) mesh displacements in region BCDE
are interpolated from the contour values.

As expected, the mesh distortion clearly a�ects the numerical solution. In Figure 8, the
Lagrangian and ALE solutions are compared in terms of the displacement of points C and D
and the punch reaction (radial and vertical components shown separately). For all the outputs,
the two descriptions provide very similar results up to a height reduction of 20–30 per cent,
which induces a relatively small distortion in the Lagrangian mesh. Signi�cant di�erences,
however, are encountered for increasing height reductions and a more distorted Lagrangian
mesh. The same type of behaviour is obtained with the Tresca-type model (with the same
material parameters used for the von Mises analysis plus the yield shape exponent equal
to 20).

5.3. Compaction test

As a last example, the powder compaction of a anged component is analysed [25].
The axisymmetric computational domain and the structured mesh of 170 �nite elements are
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Figure 8. Coining test with the von Mises model. Lagrangian and ALE formulations.
Representative results: (a), (b) point C displacements; (c), (d) point D displacements;

and (e), (f) punch reactions.

depicted in Figure 9. The plastic model is non-isochoric and has no internal variables.
The yield function is elliptic and depends on the density. These are usual features in plas-
tic models for powder compaction [26]. A brief presentation of this model, together

21



ARBITRARY LAGRANGIAN–EULERIAN FORMULATION

Figure 9. Flanged component. Problem de�nition and computational mesh, after Reference [25].

with the set of material parameters, can be found in Appendix A, see Reference [27] for
further details.

Friction e�ects are neglected both in Reference [27] and here, because the focus of these
papers are, respectively, the consistent linearization for density-dependent plastic models and
the ALE kinematical description of hyperelastoplasticity. A more realistic simulation of the
compaction process can be found in Reference [28], where the friction in the die wall is
accounted for.

Two di�erent processes are analysed: top punch compaction and bottom punch compaction.
For comparative purposes, both Lagrangian and ALE analyses are performed. For the ALE
computations, be and det(F) are transported during the convection phase.

Figure 10 shows a sequence of deformed meshes for di�erent values of the top punch
displacement, up to a �nal value of 6:06 mm. The Lagrangian meshes, Figure 10(a)–10(d),
clearly shows the pattern of powder motion: as expected, the material ows to the left and
to the bottom. This motion is especially important around the punch corner C. This leads
to highly distorted elements in this zone, which in turn result in spurious oscillations of the
relative density distribution, see Plate 4(a).

Mesh distortion can be controlled in an e�ective way by means of a very simple ALE
remeshing strategy: (1) region ABCG remains Eulerian; (2) in region GDEF, horizontal mesh
displacements are restrained and an equal height for all elements is prescribed. By doing so,
the original rectangular shape of the elements is maintained throughout the whole compaction
process, see Figure 10(e)–10(h). As a consequence, a smoother �eld of relative densities is
obtained, with no spurious oscillations, see Plate 4(b).

A similar situation is encountered with the bottom compaction process. Owing to the geo-
metry of the piece, the material motion is predominantly upwards, as the Lagrangian meshes
of Figure 11(a)–11(d) show. Note the high shear distortion around the punch corner C for the
�nal punch displacement of 5:10 mm, which concentrates in a single element. This distortion
is completely eliminated with the ALE analysis. The remeshing strategy is a straightforward
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Figure 10. Top punch compaction of the anged component. Mesh con�gurations for di�erent punch
displacements dt: (a)–(d) Lagrangian formulation; and (e)–(h) ALE formulation.

Figure 11. Bottom punch compaction of the anged component. Mesh con�gurations for di�erent punch
displacements db: (a)–(d) Lagrangian formulation; and (e)–(h) ALE formulation.

adaptation of the one used before (i.e., region GDEF is Eulerian, and elements of equal shape
are prescribed in region ABCG).

The quality of the mesh again a�ects the �nal density distribution (see Plate 5). With the
Lagrangian analysis, a spurious zone of high density results near point C. With the ALE
analysis, on the other hand, a smoother density �eld is obtained.
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6. CONCLUDING REMARKS

The proposed approach allows the combination of the arbitrary Lagrangian–Eulerian kine-
matical description and hyperelastic–plastic models in a straightforward and e�ective manner.
Since a fractional-step method is chosen for numerical time-marching, the material terms and
the convection terms of the ALE governing equations are treated separately. As a consequence,
the standard predictor–corrector techniques of �nite-strain plasticity can be employed during
the Lagrangian phase, and a simple Godunov-type algorithm for the convection phase.

Contrary to other approaches for ALE hyperelastoplasticity reported in the literature, the
deformed con�guration at the beginning of the time-step, rather than the initial con�guration,
provides the reference to describe the deformation. In exchange for the need of convecting
the elastic strains—a marginal drawback, since plastic variables must be convected anyway—,
the strategy suggested here has a major advantage: only the quality of the spatial mesh, not
of the spatial and material meshes, must be ensured. This is the standard situation in ALE
uid dynamics and ALE hypoelastoplasticity, and renders a exible r-adaptive technique.

These aspects have been illustrated by means of various numerical examples involving
di�erent hyperelastic–plastic models. The comparison of Lagrangian and ALE analyses clearly
shows that it is essential to keep mesh distortion under control to ensure the quality of the
numerical solution. In the ALE simulations, the distortion of the spatial mesh is controlled by
means of very simple remeshing strategies, which do not have to worry about the distortion
of the material mesh.

APPENDIX A

The elliptic yield function used in Section 5.3 is given by the following expression [26]:

fellip(�; �)=2 J2(�) + a1(�)

(
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3
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2 (A1)

with � equal to the relative density, I1(�) to the �rst invariant of �; J2(�) to the second
invariant of the deviatoric part of �, and the density-dependent parameters
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The value of a1(�) decreases from 2−n1 at �=0 to zero for �¿1. Parameter a2(�) increases
monotonically from a minimum value for �6�0 and its value at �=1 is one. The trace of the
yield function on the meridian plane p� –q�, with p�=−I1(�)=3 and q�=

√

3J2(�), and for dif-
ferent relative densities are depicted in Figure A1. The intersection with the deviatoric axis is
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Figure A1. Traces of the elliptic yield function on the meridian plane q ��–p �� for di�erent relative
densities, �. Material parameters from Table A1.

Table A1. Set of material parameters.

E 2000 (MPa) � 0.37
�y 90 (MPa) �0 0.489
n1 1 n2 2.7

at q�=
√

a2(�)�y and the intersection with the hydrostatic axis is at p�=±
√

(2a2(�)=3a1(�))�y.
Thus, fellip becomes the von Mises yield function for �¿1.
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