Aristotle and the Mathematical Tradition
on diastéma and logos:

An Analysis of Physics 3.3, 202a18-21
Monica Ugagla

an open debate in mathematics, concerning the inter-

changeability of the notions of diastéma and logos in the
theory of harmonics. Because of the standard interpretation of
the passage, however, this reference to harmonics has gone un-
noticed: a slightly different understanding is proposed in this
paper, which restores the relevance of the passage and its place
in the contemporary debate.

In §1 Aristotle’s text is analysed. The context is that of mo-
tion: in order to justify the apparently counterfactual assertion
that a single motion corresponds to two different objects, for it
1s the actuality of the movable (by the mover) but also of the
mover (in the movable), Aristotle resorts to a simile: likewise a
single diastéma, namely the interval between two notes, cor-
responds to two different logoz; both the ratio (logos) of the
higher note to the lower and the ratio of the lower note to the
higher can be used to describe the same interval.

The historical relevance of the diastéma/ logos example is dis-
cussed 1n §2: although both concepts are employed in har-
monics, the diastéma 1s a purely harmonic-theoretical concept,
while the strictly connected notion of logos primarily pertains to
proportion theory, so that the way of relating them 1is far from
straightforward. In the so-called Pythagorean tradition, the
notion of diastema is not defined, but the interval between two
notes is identified with their ratio (logos). The further unspoken
convention of taking the notes in a precise order—the ratio is of
the higher note to the lower and not vice versa—leads to a one-

ﬁ RISTOTLE’S PHYSICS 3.3 contains interesting evidence of

Greek, Roman, and Byzantine Studies 56 (2016) 49-67
€ 2016 Monica Ugaglia



50 DIASTEMA AND LOGOS

to-one correspondence between diastéma and logos, leaving no
room for ambiguities.

But this correspondence is a result of Pythagorean conven-
tions, and different traditions rely on different assumptions, so
much so that in the Aristoxenian theory, for instance, the two
notions of dwstema and logos become completely separate. It is
reasonable to assume that when a text from the Pythagorean
tradition, where the two terms are used interchangeably, is
read according to a more Aristoxenian perspective, or, more
generally, according to any philosophical rather than strictly
mathematical perspective, ambiguities like the one mentioned
by Aristotle will arise.

The emergence of a discussion on this subject is particularly
evident in the well-known passage about the harmony of the
world-soul in the 7wmaeus: where Plato comfortably employs
diastema as a synonym for logos, interpreters like Theon or Era-
tosthenes feel uncomfortable, and try to assess the question
within a harmonic-theoretical context, asking for example why
the ratio of the higher note to the lower will be preferable to
the ratio of the lower note to the higher in order to single out
an interval.

In fact, there is no reason other than convention for pre-
ferring one /logos to the other, and once the situation is clear, the
ambiguity is perfectly acceptable, even if the acceptance needs
some sort of discussion. My claim is that Aristotle’s passage
must be read in this perspective, as evidence of a wider debate,
some parallel testimonies for which I list and discuss in §3.

1. Aristotle’s text

Chapters 1-3 of Physics Book 3 deal with motion (kinésis). At
the very beginning motion is defined as “the actuality of what
potentially 1s, gua such.”! The definition is then restated as “the
actuality of the movable, gua movable,” and the long discussion
that follows is concerned with the problems that this raises. In
particular, the whole of 3.3 is devoted to illustrating the seem-

11 10D Suvdpet dvtog évieléyela, 1) Totodtov (201a10-11).
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MONICA UGAGLIA 51

ingly paradoxical consequence that motion is a shared actu-
ality: since ‘movable’ is a relative term (npdg T1) it cannot be
defined, gua movable, without its correlative term, namely the
mover. But if the movable is always a movable-by-a-mover,
motion 1s the actuality of the movable, but also of its mover.
But what does it mean that motion, while being a single ac-
tuality, 1s the actuality of two objects?

To make the statement acceptable to his audience, Aristotle
sets forth an analogy between motion and diastema (202a18-21):2
T1: ®ote Ouolwg pio N\ Gpeolv évépyelo. Womep TO GOTO O16-
omuo &v mpog dVo kol 000 mpog Ev, kol TO GVOVTIEG Kol TO
KbTovteg TodToL Yop Ev pév éotiy, O péviot Adyog ody eic

Opotmg 8¢ kol énl 100 KIvodvTog Kol KIVOUUEVOU.

So that one is the actuality of both, similarly to the way in which
it is the same interval “one to two” and “two to one,” and the
ascending and the descending: for they are one but the /logos is
not one: and similarly about the moving thing and the moved.3

In short, we have the following proportion (P):

P)  diastema : two logoi :: kinesis : two logor

The current interpretation of passage T, ultimately trace-
able to Themistius,* reads logos as an abbreviation of “logos of

2 Unless otherwise stated, translations are Hussey’s, slightly modified.

3 Insofar as motion is concerned, Aristotle can speak indifferently of the
movable/mover relation or of the moved thing/moving one relation. For
when the movable (kivntdv, what potentially is moved) is in actuality, it is a
moved thing (kwvobpevov: present participle, meaning it is actually moved),
but then its correlative term is no longer a mover (kwntikdv, what poten-
tially moves), but a moving thing (kwvodv, that actually moves). As Aristotle
says at the beginning of 3.3, “the mover is such for its power, but is moving
for its actuality, and it is actualizing the movable” (202a16—18; cf. Metaph. A
15, 1021a14-21).

* Themistius’ rendering of T1 is as follows: “The actuality of the moving
thing and the moved is one whenever the former moves and the latter is
moved, and they are one in their underlying subject, since in their definition
and in essence they are two. Gompare uphill and downhill: in their case the
interval is the same but if you start from here it is uphill, from there down-
hill, and because of this it is two in definition. Likewise with motion, the
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52 DIASTEMA AND LOGOS

the essence” (6 Adyog 6 10D ti fiv eiva), namely the definition,
and opposes it to diastéma, namely the generic interval, or dis-
tance, between the two terms, understood as the substratum of
the definition.> To sum up, the proportion may be read as fol-
lows:

P1)  diastéma (generic interval) : two logoi (definitions) ::
kinesis (actuality) : two logot (definitions)
Undoubtedly this is an admissible reading, perfectly consistent
with the conclusion Aristotle will reach at the end of his anal-
ysis: motion as a substratum is one, but it can be defined in two
ways: as the actuality of the movable (by the mover) but also as
the actuality of the mover (in the movable) (202b19-22):

actuality of the moving thing and the moved one is one with respect to the
underlying subject™: pio pév dpeolv i évépyeia 10D Kvodv tog kol 10D Ki-
VOupévov, Stav O pev kvii t0 8¢ xvijtan, pio 88 t® vrokelpéve. T Yop
Aoy Yo ko 1o Tt Ay elvor, Homep TO Gvovteg Kol TO KATAVTES. O Yop éml
100tV 10 Uev o0Td didotnuoe, GAN EvBev udv dpyouéve dvavteg, EvBev 8¢
KOTOVTES, Kol 810 10010 1@ AOY® 800° 0UTg Kol €nl THg KIVGEMG KOTo HEV
10 Dmokeipevov €ott pior 1 évépyetor 100 kvodvtog kol ToD Kvovpévou
(Themist. In Phys. p.76.15-21 Schenkl; transl. Todd, modified). In turn,
Themistius’ reading seems to follow the Aristotelian compiler of Metaphysics
K, who in his simplified version of the passage directly replaces Adyog with
glvon (Metaph. K 9, 1066a31-34; on the question of the inauthenticity of
Book K see for example P. Aubenque, “Sur I'inauthenticité du livre K de la
Métaphysique,” in P. Moraux and J. Wiesner [eds.], {weifelhafies im Corpus
Aristotelicum: Studien zu emnigen Dubia [Berlin/New York 1983] 318-344.

> In the most recent editions, we find the following translations: “As the
same interval is the interval between one and two and between two and
one. It is a case of there being one thing definable in two ways” (W. D.
Ross, Aristotle, Physics [Oxford 1936] 361); “As it is the same interval from 1
to 2 and from 2 to 1, and as the uphill and the downbhill. These are one, yet
the definition is not one” (E. Hussey, Aristotle Physics. Books III and IV [Ox-
ford 1983] 4); “Just as there is the same interval from 1 to 2 as there is from
2 to 1, just as uphill and downhill are identical (for these things are the
same, although their definitions are different)” (R. Waterfield, Aristotle,
Physics [Oxford 1996] 60); “a la maniere dont c’est le méme intervalle qu’il y
a entre un et deux et entre deux et un, et a la maniére de la montée et de la
descente. Car toutes ces choses sont une, bien que leurs définitions ne soient
pas une” (P. Pellegrin, Aristote, Physique [Paris 2000] 167—168).
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T2: BAog & einely 008’ 7 didadig T nobnoel 008’ N moinoig
i maBfoet 10 0dTod Kuplmg, GAN’ @ drdpyet Tadta, T Kivnoig T
yop 1008e év 1dde kol 10 T0Dde VRO 10V Evépyetay eivon Ete-
pov T AOY®.

Generally speaking, teaching is not the same as learning, in the
primary sense, nor acting as suffering, but that to which they be-
long, namely motion. To be the actuality of this one in this one,
and to be the actuality of this one by this one is different in /logos.

However, this is not the only admissible reading of T'1. First of
all, it is not only consistent but actually coincident with the
conclusion T2, where it is reasonable to expect that T1 con-
tains more information: indeed, within the framework of chap-
ter 3.3, T'1 does not play the role of a simple anticipation of the
conclusion, but is intended as a first step in the argument that
will lead to the conclusion T2 itself.

As Aristotle makes clear, motion can be the act of two differ-
ent “things” only because these “things” are relations:® motion
1s the act of the “movable by the mover” but also of the “mover
i the movable.” To understand not only that we have two
different definitions, but also that these definitions are con-
nected with two different relations, is indispensable for un-
derstanding Aristotle’s argument. Indeed, Aristotle not only
explains why the movable and the mover can share the same
actuality, but also why this does not mean that the mover, and
more generally the acting object, also suffers the same passion
that it acts, when it acts. Both conclusions are reached by re-
sorting to the properties of relatives.

6 Aristotle never speaks in term of relations, but only of properties like
being relative-to-something (tpdg 1). In this way he makes clear that no ad-
ditional entities must be introduced beyond the relative and its correlative.
For the sake of simplicity and in accordance with current practice, I will
notwithstanding use the noun “relation” and the corresponding adjective
“relational.” By saying that the movable and the mover are in relation, or
that there is a relation between the movable and the mover, I simply com-
bine the two assertions that the movable is a relative to a mover and a
mover is a relative to a movable.
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54 DIASTEMA AND LOGOS

For this reason, I suggest first of all recovering the interpreta-
tion of those commentators who, like Simplicius or Philoponus,
maintain the polysemy of logos, which in T1 does mean both
definition and ratio.” In addition, I propose keeping in mind
that the definitions at issue are definitions expressed in terms of
relatives, and finally I suggest identifying the particular diastéma

7 See in particular Simplicius: “As the interval from one ‘to two and from
two to one is one and upwards and downwards’ are one in substrate, but
two in definition, the ratio from one to two being a half and from two to one
double, so is the relation of change in the case of the changer and the
changed, since they are one in substrate, but is viewed one way in the
changer, another way in the changed,” dg 0dv 10 S1dotnua 100 £vog “mpodg
Yo kol 800 mpOg Ev kol 1O Gvovteg kol TO KGTOvVTeg” Ev pHEV £0TL T
drokelévy, do 8¢ kotd TOV Adyov, Gmo pev tod Evog Tpog T 800 Tuiov,
and 8¢ TV Vo mpog 10 Ev dimAdoiov, oVtwg £xetl kol énl ToD KvodvTog Kol
Kvovpévou 1 kivnotg, pio pév odoo 1@ drokeluéve, GAAeg 8¢ b dnd T0d
Kwvodvtog kol dAAwg GG &v 1@ kvovpéve Bewpovuévn (In Phys. pp.439.33—
440.1 Diels; transl. Urmson; cf. p.439.5-8); and Philoponus: “That it is not
surprising for there to be one and the same actuation of two things which
differ only in relation he confirms by the examples. ‘Just as’, he says, ‘there
is the same interval between one and two as between two and one’. For this
is one and the same thing in respect of the substratum. For what is the
difference between a change from two to one and a change from one to
two? That is, to say what ratio two has to one does not differ from saying
what ratio one has to two, excepting only in the relation, while as to the
substratum they are one and the same. But if there is one interval, it is the
relations then that differ. For two has to one the ratio of being double, while
one has to two the ratio of being half. Likewise, the upward and downward
are different relations, while the distance is single,” xoi 11 00 Bovpoctov
ulov kol Ty adThy évépyetoy 0o elvan Tpoyudtoy T oxéoet uévov Stopé-
povoay, T0lg Topadelynoct Tiotodtal. “donep,” enot, “10 ot didoTnue
£v mpog V0o kol 800 mPOg £V v Yap T0DTO KO TODTOV KT TO DROKEIUEVOV.
Tl yop Sropépet éx tdV Vo mpog 10 Ev kivnBRvar, kol £k oD Evog TPog T
800; olov 1O Aéyetv St Ov Adyov Fxet T S0 TpdC TO Bv, 00dEV Sropépet ToD
einelv Ov Adyov €xer 10 €v mpdg to dVo, el um povov 1 oyxéoet, @ Vmo-
Kelwéve 8¢ TadTov Kol €v. GAL el kol pia 1 Sidotactc, GAL odv ai oyéoelg
didpopor- T pv yop 800 mpog T0 Ev dimhaciova Adyov Exet, 10 8¢ Ev mpdg
10 300 1OV fjutovy. Opoing 8¢ kol 10 Bvovteg Kol 1O KATOVTEG OYECELS UEV
Sidpopot, dractacig 8¢ pia (In Phys. pp.375.25-376.5 Vitelli; transl. Ed-
wards).
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MONICA UGAGLIA 35

that Aristotle is referring to with the harmonic interval, avoid-
ing to equate it with a generic substratum.
To sum up, I suggest summarizing P in the following way:

P2)  diastéma (musical interval) : two logoi (numerical ratios) ::
kinésis (actuality) : two logoi (definitions in term of relatives)

On the left horn diastéma 1s the musical interval and the two
logot are the two possible ratios between the values of the two
terms, which define the diastema: namely the pitches of a higher
and a lower note, one pros two and two pros one. It is worth
noting that it is not by chance that this particular example was
chosen, for the interval two-one is the interval of an octave, or
diapason, namely the most perfect accord.® On the right horn
kinésis 1s the actuality and the two logo: are the two ways of re-
lating the two terms, which define the kinésis: namely the mover
pros the movable, and the movable pros the mover (or—which
amounts to the same thing—the moving thing pros the moved
one and the moved thing pros the moving one).

Of course, this reading too is compatible with Aristotle’s con-
clusion T2, although it does not coincide with it: in this case
the conclusion is not immediate, but i1s reached in two steps.
The first step is to set the philosophical opposition between
kinésis and logos in analogy with the more handleable math-
ematical opposition between diastéma and logos. The second step
1s to observe that both the mathematical logos of the last
example and the philosophical logos of the first one are in fact
logot also as far as the definition is concerned.”

8 Even those commentators who, like Simplicius and Philoponus, recog-
nise the ambiguity of logos, fail to recognise the harmonic content of the
example (see n.7): to them one and two have nothing to do with any pitch,
but are simply the end points of a generic diastema, in the sense of spatial
distance. On the Aristotelian tradition of reading of T1 see M. Ugaglia,
“Alcune osservazioni sull’'uso di Adyog in Aristotele,” in F. Franco Repellini
and G. Micheli (eds.), La scienza antica e la sua tradizione (Milan 2011) 81-117.

9 Phys. 2.3, 194b26—29: “According to another ‘way of speaking’ the form
or model is a cause, and this is the definition (the logos of the essence, 0
Adyog 6 10D Ti v elvon) and its genera, thus the cause of an octave is the two
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56 DIASTEMA AND LOGOS

Just as two ratios give rise to the same musical interval—for
example the quoted interval of an octave can be defined by
either the ratio “two pros one” or the ratio “one pros two”—so
two ways of putting the movable and the mover in relation give
rise to the same motion. Indeed, motion can be defined either
in terms of the moved pros the moving thing or of the moving
thing pros the moved one, depending on whether one says that
it 1s the actuality of the “movable by the mover” or that it is the
actuality of the “mover i the movable.” As requested for
proving that the mover does not suffer the same passion that it
acts, when it acts, this happens without the two relations neces-
sarily coinciding: for just as it is not the same to state that “one
1s half of two” and that “two 1is the double of one,” it is not the
same to state that “the moved s being moved by the moving” and
that “the moving s moving the moved.” However—and this is
the crucial point—the two statements are not independent. On
the contrary, they entail each other: if the one holds, the other
necessarily holds as well, and it is impossible to think of them
separately.

In this case the terms Gvavteg and xdatovteg too acquire a
quasi-technical meaning in T1: aside from their more evident
affinity with Heraclitus’ roads,!? they find a natural—albeit less
philosophically evocative—counterpart in the notions of
ascending and descending intervals in harmonic theory.!!

to one (té& dYo npdg £v), and more generally number.”

10 Heraclitus 22 B 60 D.-K. Cf. Aristotle’s reference to the road from
Thebes to Athens, set in contrast to the road from Athens to Thebes, in
Phys. 3.3, 202b10-16.

I See in particular Aristoxenus Harm., 10.11-2 Meibom.: “Stretching is
the continuous motion of the voice from a deeper position to a higher one,
tightening from a higher position to a deeper one,” i pév odv érnitocic ot
kivnoig g eaviig cvveync éx Bapvtépov tomov eig 6E1TEpOV, 1) &’ dveotg &
o&vtépov témov elg Popdtepov. The terminology was traditional, the
ascending motion being called érnitooig, which literally denotes stretching
(usually that of a string), the descending motion being called dveoic, literally
loosening. Aristoxenus redefined these terms, freeing them from any
mechanical connotation.
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A reason for preferring the second reading is that it does
justice to Aristotle’s philosophical argument, restoring the
original complex articulation of the analogy, impoverished by
the standard interpretation. In the standard interpretation, in
order to clarify the way in which a single subject, namely mo-
tion, has two possible definitions, Aristotle would have simply
produced an additional example, the one of diastema, standing
on the same footing as the one of movement. In other words,
we have nothing but two perfectly equivalent instances of the
same relationship, and one may wonder why Aristotle thinks
that it would be simpler to understand that the logo: (= defini-
tions) of a single interval can be two different ones than to posit
that the logo: (= definitions) of a single state of motion can be
two different ones.

On the contrary, in the interpretation I suggest the parallel
case of the diastéma has a stronger cognitive function: it moves
onto a new level, introducing a technical mathematical simile,
which is actually different, but also—and most importantly—
simpler, than the philosophical counterpart that it is intended
to clarify.

Indeed, Aristotle frequently resorts to mathematics when he
needs to illustrate a particularly difficult philosophical point, as
though mathematics were an unproblematic realm that can
help clarify more complex states of affair.!? In this case, in
addition to Aristotle’s general penchant for mathematical sim-

12 See for instance the use of the construction of the right angle in a
semicircle in order to explain the procedure of knowledge in Metaph. © 9
(1051a27-29) and the notion of epagoge in An.Post. 1.1 (71al7-b5), or the
mention of the line cutting a plane figure parallel to its side, used for
clarifying the role of the middle term as a “reason” in a syllogism in 7op. 8.3
(158b29-34). More generally, some twenty-odd mathematical examples can
be found in Metaphysics (excluding the “mathematical” books M and N),
roughly the same number in Physics, a dozen or so in De anima, and a few in
the biological works. For an analysis of Aristotle’s philosophical use of math-
ematical examples see M. Ugaglia, “Knowing by Doing: the Role of Geo-
metrical Practice in Aristotle’s Theory of Knowledge,” Elenchos 36 (2015)
45-88.
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iles, the choice of the specific example has a particular razson
d’étre, for the opposition diastéma/ logos explicitly refers to a well-
known lexical controversy in ancient Greek mathematics,
which presumably would have been familiar to an educated
reader in Aristotle’s time.

As we show in the next section, the extant Greek sources on
harmonic theory bear witness to the emergence of a termino-
logical discussion concerning the notion of diastéma, a purely
harmonic-theoretical notion, and the strictly connected notion
of logos, which primarily pertains to proportion theory. In short,
the question concerns the equivalence of the two concepts,
which i1s warranted in the so-called Pythagorean tradition but
denied in the Aristoxenian one.

Aristotle’s statements, chronologically intermediate between
these two poles, testify to the difficulties connected with the
confusion which inevitably goes with the existence of such op-
posite points of view, and of the discussions accompanying it.

2. Harmonic background

It is customary to gather under the improper label of
‘Pythagoreans’ a wide family of Greek musical theorists who,
though belonging to different philosophical schools and per-
10ods, share a mathematical approach which can in some way
be traced back to the work of Pythagoreans like Archytas and
Philolaus.!® According to the Pythagorean tradition, harmonics
1s not a self-standing discipline, and its objects of study—
namely, the elements out of which a melody is composed—are
not independent entities. More specifically, sounds are viewed
as the result of particular motions of physical instruments, so
that notes, which are sounds with a particular pitch, are as-

13 On this basis, the musical theories that are implicitly or explicitly in the
background of the expositions of Plato, Theon of Smyrna, Nicomachus,
Ptolemy, Aristides Quintilianus, and also Euclid’s Sectio Canonis are con-
veniently labelled as ‘Pythagorean’. On this question see, for example, the
introduction and accompanying bibliography in A. Barker, Greek Musical
Whitings 11 Harmonic and Acoustic Theory (Cambridge 1989).
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sociated with the physical properties of the instrument (the
diameter, length or tension of the strings). In their turn,
physical properties can be quantified and associated with arith-
metical objects, so that any harmonic notion can be read in
mathematical terms. In particular, the intervals between notes,
understood as the relation between the corresponding pitches,
are represented by the ratios between their numerical values:
an interval is a consonance when it is represented by a ratio of
simple numbers.!*

This ultimate reduction to arithmetical terms makes it un-
necessary to define harmonic notions in an independent way.
In particular, we can note the absence of a Pythagorean defini-
tion of interval, the term diastema being employed merely as the
harmonic equivalent of the arithmetical logos (= ratio).!> By
convention, the ratio is always the ratio of the higher note to
the lower one, and not vice versa.

In contrast, the Aristoxenian tradition considers harmonics
an independent discipline, grounded on sensory data and ac-
countable in terms of purely harmonic entities.'® Although the
elements forming a melody are the objects of study of har-
monics, they are not the basic entities of the theory, the main

14 A systematic account of such an approach is presented, for example, in
the opening sections of the first book of Ptolemy’s Harmonics.

15> In the Euclidean Sectio Canonis, for example, which chiefly deals with
harmonic ratios, we find only six occurrences of the term /logos, the har-
monic ratios always being designated by the term diastéma. Leaving aside
the three occurrences of logos in the Introduction, whose authenticity is
doubtful, and the one at the end of Prop. 12, where it is part of a sentence
whose spurious character is evident, the remaining two occurrences are in
Prop. 3, and they are induced by a change in the paradigm of reference.
The second occurrence is contained in a verbatim quotation of Elements 8.8
—i.c., a proposition from the arithmetic books (a fact that should in any
case raise some doubts as to the authenticity of the quotation): as a con-
sequence, one must resort to the terminology of arithmetic. The first occur-
rence paves the way to the second.

16 See in particular the beginning of Book 2 of Aristox. Elem.Harm., pp.
32.31-34.32 Meibom.
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object of interest being the so-called musical motion. This is a
kind of Aristotelian local kinésis, where the contrary places be-
tween which motion arises are not up and down, but high and
low (pitch). In the case of voice, for instance, the subject of
motion makes a continuous motion in speaking, but a dis-
continuous one in singing. During this discontinuous motion,
which Aristoxenus calls Staotnuotikn, “intervallic,”!7 the voice
again and again breaks this process of ascending or descending
motion by settling on a note, which is then read as a point of
discontinuity of motion. In such a picture, an interval is that
which separates two notes. As a consequence, it is a part of
motion, in the same way as, for Aristotle, what separates two
‘nows’ in time is still a part of time.!® It is clear that within this
perspective there is no need to relate intervals to any kind of
ratio;!? therefore, an explicit definition of interval must be pro-
vided. Aristoxenus defines it as “what i1s determined by two
notes not having the same tension.”?’ Similar definitions are
offered in later musical writings.?!

In sum, there is a crucial difference between the Pythagorean
point of view and the Aristoxenian: the tacit convention of
reading a musical diastéma as an ordered relation builds a one-
to-one correspondence between the notions of diastema and
logos, so that although the two terms apply to two different
theoretical fields, in a purely Pythagorean context there is no
room for ambiguities.

17 Elem.Harm. pp.8.14-10.10 Meibom.

18 See for example Phys. 4.10 (218a16—21), 11 (219a22-30).

19 In fact, the notes themselves, which as dimensionless points are devoid
of any quality, cannot be considered in any reciprocal relation, the interval
itself aside. On this point see for instance Ptolemy’s critique in Harm. 1.9
(20.3-9 Diiring).

20 1 Do EBGYYOV dpropévov un My otV tdowy xdviwv (Elem. Harm. p.
15.22-23 Meibom).

21 See Cleonides Harm. p.179.11-12, Nicomachus Harm. p.261.8, Bac-
chius Harm. p.292.20-21, Gaudentius Harm. p.329.23—24 (page numbers of
C. Jan, Musict scriptores graect [Leipzig 1899]).
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On the contrary, no mention of any privileged direction is to
be found in the Aristoxenian definition of diastéma as “what is
determined by two notes.” In this perspective, any attempt to
relate a diastéma to a logos necessarily gives rise to ambiguities:
even assuming that a logos can be associated with the two notes
defining an interval, why would the /logos associated with the
relation of the higher note to the lower be preferable to the logos
associated with the relation of the lower note to the higher?

As a consequence of all of this, ambiguities may arise in texts
such as those of the Pythagorean tradition, where diastéma and
logos are used interchangeably, if the two terms are read in an
Aristoxenian perspective, or, more generally, in any philo-
sophical rather than strictly mathematical perspective, thereby
breaking the one-to-one correspondence between diastema and
logos. The ambiguity arising from an Aristoxenian reading of
Pythagorean texts is exactly what Aristotle alludes to in T'1.

3. Parallel texts

The remark in T1 can be found, expressed in the very same
terms, in other passages in the Greek musical corpus.

In the first passage, extracted from Nicomachus’ Enchiridion,
we find the example of the one-two interval, as in Aristotle’s
T1, together with an attempt to clarify the diastéma/ logos am-
biguity by referring it to the dwopopd/ocyéoig pair, where a
diaphora 1s defined as the excess or defect of two notes, and a
schesis, or logos metrétikos, as its (double) measure (Harm.Ench. 12
[p.261.8-17 Jan]):

T3: Sidomuo & éoti dvotv eBOyywv peta&hing. oxéolg 8¢

AOYOG €V €KGOT® SLOCTAUATL LETPNTIKOG THG AMOcTAoEWG: Oloi-

eopa 8¢ vrepPoln fi EAdewyig 9B0yywV mpog GAAAAOVG. Kokidg

Yop ofovtor ol vopifovieg Stopopay Kol oyécty 10 0DTO elvoit.

1800 yap 00 800 TPOG TO EV dlopopav UEV Exel THY adTNV, NV EV

npOg 800, ooty € 0V TNV oOTAY. T& pev Yap Vo dmAdoia, TO

3¢ 8v fjuiov. kol médAwy év ooy dpBuntixfic pecdtnrog Spoig

Tp1oly 1| kol mAeloot Sla@opo pEv 1| adTh &v Taol, oYEclg O

GAAN kol GAAN.
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An interval is what lies between two notes. A relation is the ratio
which measures the distance in any interval: and a difference is
the excess or deficiency of one note with respect to another.
Those who think that relation and difference are the same are
wrong: for as you will understand, the difference between 2 and
1 is the same as that between 1 and 2, whereas their relation is
not the same. For 2 is double 1, while 1 is half of 2. Or again,
the difference between three or more terms in arithmetic pro-
portion is the same in each case, but the relation is different in
each. (transl. Barker)

The same example of the two-one interval can be found in
the Expositio rerum mathematicarum ad legendum Platonem utilium by
Theon of Smyrna,??> where the notions of diastéma and logos are
contrasted (Exp. p.81.6-16 Hiller):

T4: Swopéper 8¢ drdotnuo kol Adyog, émeldn didoTnuo Uev

g0l 10 petald 1OV Opoyevdv Te Kol Gvicwv Opwv, Adyog Of

amAd | TdV Opoyevdv Opov Tpog GAANAOVS oxéotc. O10 Kol TdV

{cwv Spov didotnua uev 00dév éott uetalld, Adyog 8¢ mpog Gh-

AMAovg el kol 6 avTOg 6 ThHe 160TNTog TOV 8¢ dvicmy didotua

HEv Ev kol 10 adTO G’ ExOTEPOL TPOG ExATEPOV, MO0 O ETepog

Kol évavtiog Ekatépov TPOG Ekdtepov: otov Gmd @V B’ mpog 1O

£v kol &md 10D £vog Tpog T B’ SidoTtnue Ev kol TO avTd, Adyog

8¢ €repog, TV pev 800 Tpodg 10 Ev mAdo10g, 10D O £vog TPOg TO

B’ fuovue.

An interval and a ratio are different, for an interval is what lies

between homogeneous and unequal terms, while a ratio is quite

generally the reciprocal relation of homogeneous terms. For this
reason, while there is no interval between equal terms, their re-
ciprocal ratio is one and the same, namely, that of equality; on
the other hand, the interval between unequal terms, from any of
them to the other, is one and the same, but the ratio of any of
them to the other is different and the opposite: for example,
from 2 to 1 and from 1 to 2 there is one and the same interval,
while the ratio is different: double that of 2 to 1, one half that of

22 On the sources of the passage see the Introduction in F. M. Petrucci,
Teone di Smarne: Expositio rerum mathematicarum ad legendum Platonem utilium
(Sankt Augustin 2012), with a detailed analysis of the passage at 388-389.
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the 1 to 2.

Here the context is more general, but the fact that the two-one
example comes from harmonics is suggested by the possible
origin of Theon’s analysis. Some very similar remarks are re-
peated a few lines later, but now they are explicitly ascribed to
Eratosthenes (Exp. pp.81.17-82.5): 23

T5: ’EpotocBévng 8¢ év 1) MAotovikd enot, um Todtov eivot
didotnuo kol Adyov, érerdn Adyoc pév éott dvo peyebdv 1 npdg
GAANAo o0 oyéotg yiveton 8 atn kol év Sragdpolg <kol &v
&d10:p0po1c>.2* olov év @ Adym €o1i 10 aicOnTov TPog 10 vontdv,
év 1001 80&0 mpog EmtoTAUNY, Kol dtopépet kol TO vontov 10D
¢niotnTod @ Kol 1 86E0 10D aicOnTod. SdoTuo 8¢ év Sropé-
povat pdvov, §| xato 10 néyebog 1 kot mordtnto ) kot Béorv f
dAlw¢ onmcody. dfdov ¢ kol évtedBev, 811 Adyog Sroothnatog
£repov: 10 Yop futev Tpodg 10 dimAdoiov <ol 10 SImAGG1oV TPog
70 futov>23 Adyov uev od tov adTov xel, dtdotnuo 8¢ 10 avTo.
In his Platonicus, Eratosthenes says that an interval and a ratio
are not the same, for a ratio is a qualified reciprocal relation be-
tween two magnitudes. It comes to be between different <and
similar terms>; for instance, the sensible is to the intelligible in
the same ratio as opinion is to science, and the intelligible differs
from the knowable as opinion differs from the sensible. An inter-
val, instead, 1s given only between terms that are different either
in magnitude, in quality, in position, or in any other way. It is
clear that a ratio is also different from an interval from this point
of view: the half to its double <and the double to its half> do not
have the same ratio, but do have the same interval.

23 This is one of the only two surviving passages containing an explicit
reference to the [TAatwvikdg, and it has proven crucial for the attempt to re-
construct the contents of that lost work of Eratosthenes. The other passage,
again in Theon of Smyrna (Exp. p.2.3—12), concerns the problem of the
duplication of the cube. On these passages and on the content of Era-
tosthenes’” work see for example B. Vitrac, “Eratosthéne et la théorie des
médiétés,” in Ch. Cusset and H. Frangoulis (eds.), Eratosthéne: un athlete du
savorr (Saint-Etienne 2008) 77-103.

24 Add. Hiller; &8ropdporg perperam corr. Diiring.
25 Add. Hiller.
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Without going into the general problem of the reliability of
Theon as a witness to Eratosthenes’ mathematical achieve-
ments, one must observe that the compilatory nature of the
Expositio, together with its philosophical rather than mathemati-
cal aims, generally does not allow us to precisely distinguish
Eratosthenes’ statements from material coming from other
sources. In some cases, however, it is possible to clarify the situ-
ation by comparing Theon’s report and analogous accounts by
other authors. Concerning the passage at issue, a happy coinci-
dence provides a parallel text dealing with the same topic and
referring to the same examples. The argument, now framed
within a harmonic context, is explicitly ascribed to Eratosthe-
nes by Porphyry in his Commentary on Ptolemy’s Harmonics (In
Harm. pp.90.24-91.9 and 94.2—4 Diiring):

T6: “Adyog 8¢ Aéyeton 800 peyeBav opoyevdv N xatd mnAicd-

mMTo oLk OxEc1s,” Kato 8¢ Tovg Aprotofevelovg “T0 mepieyd-

pevov v 800 EBOYYwv dvopoiov T Tdoer” kol dAlot GALw®g
¢d6Eacav mept 10D Srootiuatoc. EpoatocOévng pgv odv enotv
€repov elvon Stdotpa Adyov- év yap évi Stasthpott dvo Adyot

yivovtol. 6 8¢ Adyog Oig ¢épetat, 0 1e 100 peilovog mpog 10

ghattov kol 10D éAdttovog Tpog T0 netlov kol kowvn dtopopt

Orepoyfic xai eAAelyemg m¢ thg drapopdg dnAovott 10 drdoTnua

notovoNg. MmAaciov T Ydp enot Tpdg fuiov kol fHuiceog TPoOg

dimAdoiov 6 puev Adyog €repoc, 10 avTo 08 ddotnuo [...] Ot pev

Tolvov 6 AdYog v d1apdpolc yiveTon polg, OLOYEVEGT BE TAVTWG,

kol év adiapdpolg, g EdxAeidn dokel, deyyBnoetar didotnua

&’ év 101g draépovat pdvov, eovepov.

“Ratio is said to be a qualified relation in respect of size between

two homogeneous magnitudes,” and following the Aristoxenians

“what is contained by two notes dissimilar in pitch”; others have

held different opinions on intervals. Eratosthenes says that an in-

terval is different from a ratio, for in a single interval two ratios
come to be. Ratio presents itself in two ways: that of the greater
to the smaller and that of the smaller to the greater, and the
interval of excess and deficiency is common, for, obviously, it is
the difference that makes the interval. Indeed, he says that the
ratio of the double to its half and of the half to its double is
different, but the interval is the same. [...] It will be shown that
a ratio comes to be between different yet still totally homo-
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geneous terms, or between similar terms, as Euclid thinks. It is
clear, instead, that an interval comes to be only between differ-
ent terms.

What clearly emerges here is Eratosthenes’ intention to stress
the non-coincidence between the notions of diastéma and logos.
As to the meaning of logos, both Theon and Porphyry have no
doubts: insomuch as they make Eratosthenes quote the defini-
tion in terms of the schesis found in Euclid Elem. 5.def.3, a logos
is a sort of relation. As for the diastema, whether it is understood
as an excess or a difference, as that which separates two terms
or as that which puts them in relation,?® the problem is that a
single diastema corresponds to two logot, or to two ways of read-
ing it, and this 1s what Eratosthenes, like Aristotle before him,
points out.

The main difference is that while Aristotle accepts the am-
biguity and simply turns the one-to-one correspondence into a
one-to-two correspondence—the same diastéma corresponds to
two logoz, which both can be used to define it—Theon, Nicoma-
chus, and Eratosthenes are more interested in the negative side
of the ambiguity, that is, in the fact that the two terms refer to
two distinct objects. Aristoxenus will carry the situation to the
extreme consequence of regarding only one of them, the dia-
stéma, as a true harmonic notion.

4. Conclusions: Plato’s original sin

According to Porphyry, who claims to be following here the
criticism of “Demetrius and Panaetius the mathematicians,”?’
many authors too hastily conflated the meanings of the terms
diastema and logos. Besides the Pythagoreans in general, he lists

26 According to Porphyry (In Harm. pp.91.10-92.13), Eratosthenes did not
give an explicit definition of diastéma, even though he set it in contrast to
logos. It is perhaps for this reason that interpreters, both before and after
him, defined the interval as an excess (brepoyn), or a difference between
notes, as did Philolaus and Thrasyllus.

27 In Harm. p.92.19-21.
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Plato,?® and in particular Plato’s discussion about the division
of the world-soul by means of harmonic intervals (7i. 35C-36B):

T7: peta 8¢ todto cuvenAnpodto 1é 1 dimAdoto kol TPITAd-
oo Srostpota, poipag £t éxelBev dnotépvov kol Tifeig eig 10
ueta&d tovtov, Hote év Exdote dacthuott o elval uesdT-
TOG, TNV UEV TONTH UEPEL TOV OKP®V DTV DIEPEXOLOOV Kol
Urepeyopévny, My 8¢ o pev xat’ &pBuov vrepéyxovoav, oo
8¢ vmepeyouévnv. NuoAlov 8¢ dactdoenv kol EmTpitwv Kol
¢noy8émv yevouévov éx toVtmv Ttdv deoudv év tailg npdcbev
dlootdoeoty, T® 10D €noydoov SLOCTAUATL TO. EMITPITO. TOVTOL
ovverAnpoito, Aelnov oIV £kGoToL HoOpLov, ThHg Tod Hopiov
to0tng draotdoeng Aewpbeiong dp1Buod npdg dp1BudY éxodong
T0Vg Opoug €€ kol Tevinkovia Kol d1okocinv Tpog Tplo Kol TeT-
TOPAKOVTO, KOl d1arkOG10L.

After this he went on to fill the double and triple intervals by
cutting off still more portions from the mixture and placing these
between them, in such a way that in each interval there were
two middle terms, one exceeding the first extreme by the same
fraction of the extremes by which it was exceeded by the second,
and the other exceeding the first extreme by a number equal to
that by which it was exceeded by the second. These connections
produced intervals of 3/2, 4/3, and 9/8 within the previous in-
tervals. He then proceeded to fill all the 4/3 intervals with the
9/8 interval, leaving a small portion over every time. The terms

of this interval of the portion left over are as the numbers 256/
243. (transl. Zeyl, modified)

If one reads Plato’s words in a purely Pythagorean perspective,
the text does not leave any room for misinterpretation: the
interval between two terms is the ratio of the greater to the
lesser: the hemiolic interval is the ratio of 3 to 2, the epitritic of
4 to 3 and so on, until the minimal interval, or lemma, which is

28 In Harm. p.92.13—18. The other quoted authors are Dionysius of Hali-
carnassus (pp.92.28 and 94.25), Archytas (92.29, 93.4-19, 94.24), Euclid
(92.29-93.4, 94.25), and Eratosthenes himself (92.24-25). On Porphyry’s
passage and his sources see M. Raffa, “The Debate on logos and diastéma in
Porphyry’s Commentary on Ptolemy’s Harmonics,” Greek and Roman Musical
Studies 1 (2013) 243-252.
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the ratio of 256 to 243. On the other hand, texts like T4-6
show a certain unease on the part of the interpreters, who try
to eliminate an ambiguity which they evidently perceive.

Something has changed, between Plato’s writing and Eratos-
thenes’ reading: something that has to do with the emergence
of a different way to approaching harmonic notions. Eratosthe-
nes’ testimony, just like Aristotle’s before it,>® bears witness to
the strengthening of this approach, which will eventually take
the concrete shape of the Aristoxenian theory of music.

October, 2015 Scuola Normale Superiore
Pisa, Italy
monica.ugaglia@sns.it

29 The hypothesis that Eratosthenes’ exposition of the problem depends
on Aristotle, as the extreme similarity between the texts suggests, is corrob-
orated by another fact. Theon’s quotation is part of a longer text extracted
from Eratosthenes’ MAotwvikdg. In addition to the quotation, the text
contains another terminological discussion (p.82.6-21 Hiller), aimed at
avoiding the confusion between the notions of évaloyio (proportion) and
pecdtng (mean): as in the case of diastéma and logos in Phys. 3.3, a textual
comparison shows a strong similarity with an Aristotelian passage in Eth.Nic.
5.3: here too, Aristotle’s intention is to use a mathematical example to clar-
ify a philosophical concept, in this case the notion of justice and its forms.
For a comparison between Eratosthenes’ work and the passage in Aristotle’s
Nicomachean Ethics see B. Vitrac, “La Définition V. 8 des Eléments d’Fuclide,”
Centaurus 38 (1996) 97—-121.
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