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ARMENDARIZ PROPERTY OVER PRIME RADICALS

JuNcHEOL HAN, HONG KEE KiM, AND YANG LEE

ABSTRACT. We observe from known results that the set of nilpotent ele-
ments in Armendariz rings has an important role. The upper nilradical
coincides with the prime radical in Armendariz rings. So it can be shown
that the factor ring of an Armendariz ring over its prime radical is also
Armendariz, with the help of Antoine’s results for nil-Armendariz rings.
We study the structure of rings with such property in Armendariz rings
and introduce APR as a generalization. It is shown that APR is placed
between Armendariz and nil-Armendariz. It is shown that an APR ring
which is not Armendariz, can always be constructed from any Armen-
dariz ring. It is also proved that a ring R is APR if and only if so is
R[z], and that N(R[z]) = N(R)[z] when R is APR, where R[z] is the
polynomial ring with an indeterminate x over R and N(—) denotes the
set of all nilpotent elements. Several kinds of APR rings are found or
constructed in the precess related to ordinary ring constructions.

1. Introduction

Throughout this note every ring is associative with identity unless other-
wise stated. But every definition shown in this note can be applicable to
rings possibly without identity. Given a ring R (possibly without identity),
N.(R), N*(R), and N(R) denote the prime radical, the upper nilradical (i.e.,
sum of nil ideals), and the set of all nilpotent elements in R, respectively.
It is well-known that N.(R) € N*(R) C N(R). We use R[z] to denote
the polynomial ring with an indeterminate x over R. For f(x) € Rlx], let
C}(z) denote the set of all coefficients of f(x). We use deg f(z) to denote
the degree of f(z). Denote the n by n full (resp., upper triangular) ma-
trix ring over R by Mat, (R) (resp., Up(R)). Let D, (R) denote the subring
{m € U,(R) | the diagonal entries of m are all equal} of U,(R). Use e;; for
the matrix with (¢, j)-entry 1 and elsewhere 0. Z,, denotes the ring of integers
modulo n.
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A ring is called reduced if it has no nonzero nilpotent elements. For a reduced
ring R, Armendariz [4, Lemma 1] proved that

ab=0 for all a € Cf(4),b € Cy(,) whenever f(x)g(x) =0

where f(z),g(x) € R[x]. Based on this result, Rege et al. [29] called a ring
(possibly without identity) Armendariz if it satisfies this property. So reduced
rings are clearly Armendariz. This fact will be used freely in this note. A ring
is called Abelian if every idempotent is central. Armendariz rings are Abelian
by the proof of [1, Theorem 6] or [18, Corollary 8§].

Antoine [2] called a ring R nil-Armendariz if ab € N(R) for all a € Cy(,) and
b € Cy(z) whenever f(z)g(x) € N(R)[z] for f(z),g(x) € R[z]. Antoine showed
that Armendariz rings are nil-Armendariz in [2, Proposition 2.7]. But the
converse need not hold with the help of [2, Proposition 2.8] since Armendariz
rings are Abelian. Antoine also showed that if R is a nil-Armendariz ring, then
N(R) forms a subring of R, in [2, Theorem 3.2]. While, Kim et al. proved
that a ring R is nil-Armendariz if and only if ab € N*(R) for all a € Cy(,),b €
Cy(x) Whenever f(z)g(z) € N*(R) for f(z),g(x) € R[z] in [22, Theorem 11].
Applying this result onto prime radicals, we will call a ring R Armendariz-over-
prime-radical (simply, APR) provided that

f(z)g(x) € N.(R)[z] implies ab € N.(R) for all a € Cj(,y and b € Cy(,),

where f(x),g(x) € R[z]. So R is APR if and only if R/N.(R) is Armendariz.
No(R) means the Wedderburn radical (i.e., the sum of all nilpotent ideals) of
given a ring R.

Lemma 1.1. (1) [23, Lemma 2.3(5)] If a ring R is an Armendariz ring, then
No(R) = N.(R) = N*(R).

(2) [2, Proposition 2.7] Armendariz rings are nil-Armendariz.

(3) [2, Theorem 3.5] A ring R is nil-Armendariz if and only if R/N*(R) is
Armendariz.

(4) The class of Armendariz rings is closed under subrings (possibly without
identity) and direct products.

(5) If R is an Abelian ring, then R/N is also Abelian for every nonzero nil
ideal N of R.

(6) Let R be an APR ring. If f1,...,fn € Rlx] are such that f1--- f, €
N.(R)[z], then a1 - --ay € Nu(R) for all a; € Cy,.

(7) If R is an APR ring, then N.(R) = N*(R).

(8) If a nil ring is APR, then it is a prime radical ring.

Proof. (4) is easily proved, and (5) is shown by [27, Proposition 3.7.2].

(6) The proof is quite similar to one of [1, Proposition 1], but we write
it for completeness. Let f1---f, € N.(R)[z] for f1,...,fn € R[z]. Then
fi(fa - fn) € Ni(R)[z], so a1b € N, (R) for any a; € Cf, and b € Cy,...y,
since R is APR. This yields a1(f2--- fn) € Nu(R)[z] and (a1 f2)(fs--- fn) €
N.(R)[z]. Since R is APR and aias € Cq,y, for az € Cy,, we have (a1a2)c €
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N.(R) for c € Cy,...5,,. This yields araa(fs--- fn) € Ni(R)[z]. Continuing, we
finally obtain that aq - - - a, € N.(R) for all a; € Cy,.

(7) Let R be an APR ring. Then R = R/N.(R) is Armendariz by definition,
and so N*(R) = N.(R) by (1). But N*(R)/N.(R) = N.(R) = N.(R/N.(R)) =
0, entailing N.(R) = N*(R).

(8) is an immediate consequence of (7). O

Comparing Lemma 1.1(1) and (7), one may conjecture that if R is an APR
ring, then No(R) = N.(R) = N*(R). However there exists a counterexample
by [25, Example 2.4(2)].

Example 1.2. Let K be a field and K(z,y) be the free algebra generated
by noncommuting indeterminates x,y over K. Following [25, Example 2.4(2)],
consider an infinite word w = yryzryrrryrrrryrezzs--- = [0, yat, let
I be the ideal of K{x,y) generated by the set of all words each of which is
not a subword of w, and R = K{x,y)/I. Then N,(R) = RjR = N*(R) =
N(R), whence R is APR since R/N,.(R) is reduced. But § ¢ No(R) by the
computation in [25, Example 2.4(2)].

Recall that Armendariz rings are Abelian, so we get the following by Lemma
1.1(2), (5) and [2, Proposition 2.4].

Corollary 1.3. Let R be an Armendariz ring. Then R/N is Abelian and
nil-Armendariz for any nil ideal N of R.

The converse of Lemma 1.1(5) need not hold as we see in R = Uz(A) over
a reduced ring A. Note that N = (J4) is the only nonzero nil ideal of R.
R/N is Abelian but R is non-Abelian. If N is non-nil, then Lemma 1.1(5)
need not hold. Let F be a field and R = F{a,b) be the free algebra generated
by noncommuting indeterminates a,b over F. Then R is a domain (hence
Abelian). Let N be the ideal of R generated by a? — a. Then clearly N is
non-nil, and R/N is non-Abelian as can be seen by a?> = a and ab # ba.

Theorem 1.4. (1) APR rings are nil-Armendariz.

(2) Armendariz rings are APR.

(3) For a ring R whose prime factor rings are Armendariz, the following
conditions are equivalent:

(a) R is APR;

(b) R/N.(R) is a subdirect product of prime Armendariz rings;

(¢) R/N.(R) is a subdirect product of Armendariz rings.

Proof. (1) is obtained by Lemma 1.1(3), (7).

(2) Let R be an Armendariz ring. Then N, (R) = N*(R) by Lemma 1.1(1).
Let f(z)g(z) € N«(R)[z] for f(x),g(z) € R[z]. Then we also have f(z)g(z) €
N*(R). But since R is Armendariz, R is nil-Armendariz by Lemma 1.1(2) and
so Lemma 1.1(3) implies ab € N*(R) = N.(R) for all a € C}(;) and b € Cy(,),
entailing R is APR.
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(3) Let R be an APR ring whose prime factor rings are Armendariz. Then
R/N.(R) is a subdirect product of prime Armendariz rings. The remainder is
obtained from the fact that the class of Armendariz rings is closed under direct
products and subrings. O

Here one may suspect that prime factor rings of Armendariz rings are also
Armendariz. However there exist examples erasing the possibility. Let R be
the domain of quaternions with integer coefficients (hence Armendariz). But
for any odd prime p > 3, the ring R/pR is isomorphic to Mats(Z,) by the
argument in [14, Exercise 2A]. Thus R/pR is not Armendariz for any prime
p=>3.

We obtain the following by Theorem 1.4, Lemma 1.1(3), and [2, Theorem
3.2].

Corollary 1.5. (1) Let R be a ring. R is Armendariz = R/N.(R) is Armen-
dariz = R/N*(R) is Armendariz.
(2) If R is an APR ring, then N(R) forms a subring of R without identity.

Homomorphic images of Armendariz rings need not be Armendariz as above.
But we refer to another example provided by Anderson and Camillo [1, Example
10]. Following to them, let K be a field and R = K]s,t] be the polynomial
ring with commuting indeterminates s,t over K. Consider the factor ring S =
R/(s?R+t?R). Then S is not Armendariz by the equality (s +tz)(s —tz) = 0
with st # 0.

A ring R is called (von Neumann) regular if for each a € R there exists
x € R such that a = axza. Von Neumann regular rings are semiprime by [13,
Corollary 1.2]; hence a regular ring R is APR if and only if Armendariz if and
only if R is Abelian if and only if R is reduced with the help of Corollary 1.5(2)
and [13, Theorem 3.2].

Marks [28] called a ring R NIif N*(R) = N(R). It is obvious that R is NI
if and only if N(R) forms a two-sided ideal if and only if R/N*(R) is reduced.
NI rings are nil-Armendariz by [2, Proposition 2.1], but there exist Armendariz
(hence nil-Armendariz by Lemma 1.1(2)) rings which are not NI by [2, Example
4.8]. The following shows that the converse of Theorem 1.4(1) need not hold.

Example 1.6. We refer the ring in [19, Example 1.2]. Let S be a reduced
ring, n be a positive integer and R,, = Uan(S). Each R, is an NI ring by [19,
Proposition 4.1(1)]. Define a map o : R, — Ry41 by A — (4 ), then R,
can be considered as a subring of R,41 via o (ie., A = o(A) for A € R,).
Notice that D = {Ry,,0nm}, With 0y = 0™~ whenever n < m, is a direct
system over I = {1,2,...}. Set R = h_n)an be the direct limit of D. Then
R =%, Ry, and R is an NI (hence nil-Armendariz) ring by [19, Proposition
1.1], and moreover N,(R) = 0 by [21, Theorem 2.2(1)]. Thus R is not APR
by Lemma 1.1(7) since N*(R) = {m = (m;;) € R | my; = 0 for all i} # 0. In
fact, consider polynomials f(z) = e1; + e122, g(x) = eaz — e122 over R. Then
f(.%')g(l‘) = O, but €11€12 = €12 75 0 and 612(—622) = —€12 75 0.
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The converse of Theorem 1.4(2) also need not hold by the following.
Example 1.7. Let T be any commutative ring and R = Us(T). Then N.(T') =

N*(T) = N(T) by a well-known fact, and so N,(R) = (N*O(T) N*T(T)). Thus
R/N.(R) 2T/N.(T)®T/N.(T) and so R/N,(R) is a reduced (hence Armen-
dariz) ring. This implies that R is APR. But R is not Armendariz since it is

non-Abelian.

As we see in Example 1.7, U, (A) is APR when given a ring A satisfies the
property that A/N,(A) is reduced. But Mat, (A) cannot be APR for n > 2
over any ring A because Mat,,(A)/N,(Mat, (A)) cannot be Abelian.

Birkenmeier et al. [8] used the term 2-primal to define a ring with such
property as A, i.e., a ring R is 2-primal if and only if N,(R) = N(R) if and
only if R/N.(R) is reduced. Thus U,(A) is APR if A is a 2-primal ring for
n =1,2,.... It is obvious that 2-primal rings are NI, but the converse need
not hold by Birkenmeier et al. [9, Example 3.3], Marks [28, Example 2.2}, or
[19, Example 1.2].

Thinking of U, (A) being APR over a 2-primal ring A, one can conclude
that APR rings need not be Abelian. This is compared with the fact that
Armendariz rings are Abelian. Abelian rings are also need not be APR by the
following.

Example 1.8. We refer the ring in [21, Theorem 2.2(2)]. Let S be a reduced
ring, n be a positive integer and R,, = Dan(S). Each R, is a 2-primal ring
by [8, Proposition 2.5]. Define a map o : R, — R,11 by A — (4 $), then
R,, can be considered as a subring of R, 41 via o (i.e., A = 0(A) for A € R,).
Notice that D = {R,,, 0nm}, with opm = 0™ ™™ whenever n < m, is a direct
system over I = {1,2,...}. Set R = lim R,, be the direct limit of D. Then
R =U2,R,, and R is an Abelian ring by [16, Lemma 2]. However N,.(R) =0
by [21, Theorem 2.2(2)], so this yields that R is not APR by [24, Example 3].
In fact, let f(x) = e13 + (—e12 + e13)z and g(z) = e2s + (€24 + €34)x in R[x],
then f(x)g(z) = 0 but e13(e24 + €34) = €14 # 0, entailing that R/N.(R) = R

is not Armendariz.

Recall that a regular ring R is APR if and only if Armendariz if and only if
R is Abelian if and only if R is reduced. A ring R is usually called w-regular if
for each a € R there exist a positive integer n and b € R such that a™ = a"ba™.
Regular rings are clearly m-regular. So one may ask whether Abelian w-regular
rings are APR or not. However the answer is negative by the following. Let
S be a division ring in Example 1.8. Then R in Example 1.8 is an Abelian
m-regular ring by the argument in [20, Example 1.5]. But R is not APR by
Example 1.8.

Recall that the class of Armendariz rings is closed under subrings. So one
may naturally ask whether subrings of APR rings are APR. However, in fact,
we do not know of any example of an APR ring that has a non-APR subring.
We raise this argument as a question.
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Question. Is the class of APR rings closed under subrings?

But we next examine some kinds of subrings that inherit the APR property.
Let R be a ring. Following [27], a € R is strongly nilpotent if any sequence ag =
a;ay € agRagp;a2 € a1Ray; -+ apny1 € apRay; -+ becomes zero ultimately.
By [27, Proposition 3.2.1], N.(R) is the set of all strongly nilpotent elements
of R.

Proposition 1.9. Let R be an APR ring and S be a subring (possibly without
identity).
(1) If N.(S) C N.(R), then S is APR.
(2) If S is a proper ideal of R, then S is APR as a ring without identity.
(3) If R is an NI ring, then S is APR.
(4) If e = e € R is central in R, then eR is APR.

Proof. (1) Assume N, (S) C N.(R). Let f(x)g(z) € N.(9)[x] for f(z),g(x) €
S[z]. Then f(x)g(x) € N.(R)[z] by assumption. Since R is APR, ab € N.(R)
for all a € Cy(yy and b € Cy(,). The inclusion S N N.(R) € N.(S) is naturally
obtained from the elementary fact that the prime radical is the set of all strongly
nilpotent elements. This yields SN N.(R) = N.(S), combining the assumption
N.(S) C N.(R). So we have ab € N,.(S). Thus S is APR.

(2) If S is an ideal of R, then N, (S) C N, (R) through a simple computation,
so S is APR by (1).

(3) Let R be NI. Then N*(R) = N(R). But since R is APR, N,(R) = N*(R)
by Lemma 1.1(7), entailing N,(R) = N*(R) = N(R). So R is 2-primal, and
this yields that S is 2-primal (hence APR) by [8, Proposition 2.2]. But we here
take another proof, using only a result in this note.

Since R is APR, N(R)[z] = N(R]z]) by Theorem 2.1(2) to follow, so this
yields N(S)[z] C S[z] N N(R[z]) = N(S[z]). Next let f(x)g(z) € N.(S)[z] for
f(z),g(x) € S[z]. Then

f(x)g(x) € Nu(S)[a] € N(S)[z] € N(S[x]) € N(R[z]) = N(R)[z] = N.(R)[z]

by the result above. But since R is APR, we get ab € N, (R) for all a € Cy,,
and b € Cy(,y. This yields ab € SN N.(R) C N.(S), concluding that S is APR.

(4) Assume that e? = e € R is central in R. Note eR N N,(R) =
eN.(R). Given eb € eR, consider a sequence ebg,eby,eba, ..., eb,,... with
ebyp = eb,eby € ebgReby = ebgeRebg,eby € ebiReby = ebieReby,...,eb, €
ebn_1Reb,_1 = eb,_1eReb,,_1,.... Then this is eventually zero if eb € N, (eR).
Thus eb € N.(R), so eb € eRN N.(R) = eN,(R), entailing N.(eR) C eN,.(R).
Consequently N, (eR) = eN,(R), and thus eR is APR by (1). O

We denote the direct product (resp. direct sum) by [] (resp. @®).

Corollary 1.10. Let R; be rings for i € I. Then [[,c; Ri (®icrR;) is APR
if and only if R; is APR for all i € I, where ®;crR; is a Ting possibly without
identity.
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Proof. 1t is simply shown that N.(I[,c; Ri) = [I,c; N«(R;) and N, (@z‘eIR'

icl Ri DicrRi

)
@ie]N*(Ri), entalhng % = HzEI N*(R y and N (@i R @ZGIN (R
So the proof is obtained by Proposition 1.9(4) and the fact that (®;c;R;)[z]
@ierRi[z] and ([];c; Ri)[x] is isomorphic to a subring of [],.; R;[x].

O HZV

As a special case of Corollary 1.10, we have that a ring R is APR if and only
if eR and (1 — e)R are both APR for a central idempotent e of R.

We next find a kind of shape of an ideal I of a ring R so that R/I can be
APR. The following is comparable with [2, Proposition 2.4].

Proposition 1.11. Let R be a ring and I be an ideal of R with I C N,.(R).
Then R is APR if and only if so is R/I.

Proof. Let R = R/I. Note 2= = N,(R). Suppose that f(z),g(x) € Rlz]
satisfy f(x)g(z) € N.(R)[z]. Then f(x)g(x) € N.(R)[z]. Since R/I is APR, it
follows that ab € N.(R) for all a € Cj(4),b € Cy(y). This yields ab € N, (R)
The proof of the converse is similar. O

Proposition 1.11 need not hold when I ¢ N, (R) as we see in the following.
Let K be a field and R;, Re be K-algebras. Ri%x Ro denotes the ring coproduct
of Ry and Rz (see Antoine [2] and Bergman [6, 7] for details).

Example 1.12. (1) The first construction is essentially due to [2, Theorem
4.7]. Let K be a field and A be a K-algebra. Let C' = K[b] be the polynomial
ring with an indeterminate b over K, and I be the ideal of C' generated by b"
for n > 2. Set B =C/I and R = A xx B. Then the following conditions are
equivalent by [2, Theorem 4.7], [22, Theorem 1.1], and Theorem 1.4:

(1) R is Armendariz;

(2) R is APR;

(3) R is nil-Armendariz;

(4) A is a domain and U( ) = K\{0};

(5) N(R) forms a subring of R, where U(A) means the group of units in A.

Next we use the ring in [22, Example 1.2(2)]. Let K be the field of integers
modulo 2 and C' = K|a] the polynomial ring with an indeterminate a over K.
Let D = K [b] be the polynomial ring with an indeterminate b over K. Let J be
the ideal of D generated by b?. Set A = C @ C and B = D/J. Identify b with
its image for simplicity. Then b? = 0. Put R = A xx B. Then U(A) = K\{0}
but A is not a domain; hence R is not APR by the preceding result. In fact,
letting

f(z) =b(a,0) + b(a,0)bz and g(z) = (0,a) — b(0,a)x € Rlx],

f(z)g(x) = 0 but b(a,0)b(0,a) is non-nilpotent (i.e., b(a,0)b(0,a) ¢ N.(R)).
Note that A xg D is reduced and R = A*fD, I #0, and N.(A*xg D) =0
where I is the ideal of A xx D generated by J.
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(2) Let A be a semiprime APR ring and R = A ® Mat,,(A) with n > 2.
Then N,.(R) = 0. Letting I = 0® Mat,, (A), we have an APR ring % >~ A. But
R is not APR by Corollary 1.10. Note I ¢ N, (R).

Homomorphic images of APR (even if reduced) rings need not be APR by
Example 1.12(1).

In the following we find a criterion by which we can find APR homomorphic
images. Huh et al. showed in [18, Theorem 11] that if R/ is an Armendariz
ring and I is a reduced ring (without identity), then R is Armendariz, where
R is a ring and [ is a proper ideal of R. In this situation, R need not be
Armendariz when I is Armendariz but not reduced, as can be seen by Us(A)
over a reduced ring A. But R will be shown to be APR in such a case as in
the preceding argument.

Theorem 1.13. Let R be a ring and I be a proper ideal of R with N.(R) C I.
If R/I is an Armendariz ring and I is a 2-primal ring (without identity), then
R is APR.

Proof. Suppose that R = R/I is Armendariz and I is 2-primal. From N,(R) C
I, we have N,(R) C N,.(I). Since I is an ideal of R, N.(I) C N,.(R) and so
N.(R) = N.(I). Since I is 2-primal, I/N,(R) is reduced.

Let f(z)g(z) € Nu(R)[z] for f(z) = 31" aa’,g(x) = > im0 bjz! € Rlx].
Then N, (R) C I implies f(x)g(x) € I[z], and since R/I is Armendariz, a;b; € I
for all 4, j.

We apply the proof of [18, Theorem 11], and proceed by induction on m.
If m = 0, then we are done, so suppose m > 1. From f(z)g(z) € N.(R)[z],
aogbg € N, (R)

Here assume that apb; ¢ N.(R) for some . Take s € {1,2,...,n} such that s
is the smallest one with respect to the property agbs ¢ N.(R). So apbr, € N.(R)
for all k € {0,...,s — 1}. Now consider a product

(asfkbk)(a0b5)2 = asfkbk (aobs)aobs-

Letting ¢ = by(agbs)ag, ¢ € I and ¢® = bg(aobs)(aobk)(aobs)ag € N.(R), so
¢ € N.(R) (hence (as—1bk)(aobs)? € N.(R)) since I/N.(R) is reduced.

The coefficient of the term of degree s in f(xz)g(x) € N.(R)[x] is agbs +
arbs_1 4 -+ + asby = agbs + Y 5_p as_kbx € Nu(R) (letting a, = 0,b,, = 0 for
some v, w if necessary). Multiplying (agbs)? to this sum on the right side, we

obtain
s—1

(aobs + Y as—rbr)(aobs)* = (aobs)® + p € Nu(R)
k=0
for some p € N.(R) by the preceding result. Then (agbs)® € N.(R), and this
yields agbs € N.(R) since I/N,(R) is reduced. This induces a contradiction,
and hence agb; € N, (R) for all j. Thus we have apg(z) € N.(R)[z], so (a12 +
o+ amr™)g(z) € No(R)[x]. This yields (a3 + -+ +ama™ Hg(x) € No(R)[z].
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Letting f1(z) = a1 + -+ + amz™ 1, fi(z)g(z) € No(R)[x] with deg f1(z) =
m = 1. So, by the induction hypothesis, we get apb; € N.(R) for all h, j with
1 < h < m. Consequently a;b; € N.(R) for all 7, j. O

Let A be a 2-primal ring and R = U,(A). Then R is APR by Theorem
2.1 to follow. But we here apply Theorem 1.13 to show R being APR. Let
I ={m = (mi;) € R | my € N,(A) for all i}. Then I = N,(R), and R/I is
reduced (hence Armendariz) since A is 2-primal. Moreover I is a 2-primal ring
since I = N,(R) implies N, (I) = I, whence R is APR by Theorem 1.13.

As another application of Theorem 1.13, consider the Armendariz (hence
APR) ring in [2, Example 4.10]. Let K be a field and A = K{a,b) be the free
algebra generated by noncommuting indeterminates a,b over K. Let H be the
ideal of A generated by ab, and write B = A/H. Next let I be the ideal of
B generated by b and write R = B/I. Then R is isomorphic to K {a) = K|a]
which is a domain. Moreover N(I) = RbaR with (RbaR)?> = 0 such that
I/N(I) is isomorphic to K(b) = K[b] which is a domain. Thus R is APR by
Theorem 1.13.

Any finite dimensional algebra need not be APR as can be seen by Mat,,(A)
(n > 2) over any (finite) ring A. We next investigate some basic form of finite
APR rings. We use the term “minimal” to mean “having smallest cardinality”.
GF(p™) denotes the Galois field of order p".

Proposition 1.14. (1) Every minimal noncommutative APR ring is isomor-
phic to Uz(Zs).
(2) Every minimal non-Armendariz APR ring is isomorphic to Us(Zs2).

Proof. Eldridge proved that a finite ring is commutative if it has a cube free
factorization in [12, Theorem], and that if a ring A is of order p3, p a prime, then
A =2 Uy (GF(p)) in [12, Proposition]. Thus every minimal noncommutative ring
is isomorphic to Us(Zsz). But Ua(Z2) is 2-primal (hence APR), so this yields
that every minimal noncommutative APR ring is isomorphic to Us(Zs).

Next assume that the order of a finite ring R is 4. Then R is commutative
by [12, Theorem]. Indeed, we can obtain by applying the proof of [12, Lemmal]
that R is isomorphic to GF(22) or Zy @ Zs when R is semiprimitive; and R is
isomorphic to Z4 or Ds(Z2) when R is non-semiprimitive. But every case is
Armendariz with the help of [24, Proposition 2] and [29, Proposition 2.1].

Therefore we must conclude that every minimal non-Armendariz APR ring
is isomorphic to Uz (Zs). O

Proposition 1.15. (1) Let R be a left or right Artinian ring. Then R is APR
if and only if R is 2-primal.

(2) Suppose that every prime factor ring of a ring R is left and right Noe-
therian. Then R is APR if and only if R is 2-primal.

Proof. Tt suffices to show that if R is APR, then R is 2-primal.



982 JUNCHEOL HAN, HONG KEE KIM, AND YANG LEE

(1) By hypothesis, R/N.(R) is semisimple Artinian. If R is APR, then
R/N.(R) is Armendariz (hence Abelian by [18, Corollary 8]), so this yields
that R/N.(R) is a finite direct product of division rings. Thus R is 2-primal
since R/N,(R) is reduced.

(2) Let R be APR. Then R/N,(R) is a subdirect product of prime Armen-
dariz rings R/P; by Theorem 1.4(3), letting N, (R) = N;er P;. Here every R/P;
is reduced (hence a domain) by [1, Theorem 7] since R/P; is left and right
Noetherian by hypothesis. This yields that R/N.(R) is reduced, entailing that
R is 2-primal. (I

Every minimal APR ring must be 2-primal by Proposition 1.15, thinking of
Proposition 1.14. If given a ring R is left and right Noetherian, then R is APR
if and only if R is 2-primal by Proposition 1.15(2).

2. More examples

In this section we argue about ordinary ring extensions (e.g., polynomial
rings) over APR rings. R[[z]] denotes the power series ring with an indetermi-
nate x over a ring R. Let X denote a nonempty set of commuting indetermi-
nates over R. The polynomial ring with X over R is denoted by R[X], writing
R[z] when X = {z}.

Theorem 2.1. (1) A ring R is APR if and only if so is R[X].

(2) If a ring R is APR, then N(R[X]) = N(R)[X].
Proof. (1) Let R be an APR ring. Then R/N,(R) is Armendariz, so % [X] =
is also Armendariz by [1, Corollary 3]. Note N.(R)[X] = N.(R[X])

R[X R[X] . .
N*(}[%)[]X] = N*(l[’%[)](]) is Armendariz.

[X]
N.(R)[X]
by [26, Theorem 10.19], so this yields that
This implies that R[X] is APR.

Conversely let R[X] be APR. Then R[X]/N.(R[X]) is Armendariz, so
%[X ] is also Armendariz by the argument above. It is obvious that sub-

rings of Armendariz rings are Armendariz. This implies that R/N,(R) is Ar-
mendariz, entailing that R is APR.

(2) Let R be an APR ring. Then R[z] is APR by (1). Moreover R and R|[x]
are both nil-Armendariz by Theorem 1.4(1). Thus N(R[z]) = N(R)[z] by [2,
Theorem 5.3]. Consider R[z,y] for z,y € X. By the preceding result, we have

N(R[z,y]) = N(R[z])[y] = N(R)[z][y] = N(R)[z,y].
So we obtain N(R[Xy]) = N(R)[Xo] inductively for any finite subset X¢ of X.
This yields N(R[X]) = N(R)[X]. O

The converse of Theorem 2.1(2) need not hold as can be seen by Example
1.6. Let R be the ring in Example 1.6. Then R is not APR, but N(R[X]) =
N(R)[X] with N(R) = {m = (my;) € R | m;; =0 for all ¢}.

Corollary 2.2 ([8, Proposition 2.6)). If R is a 2-primal ring, then so is R[X].
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Proof. Let R be a 2-primal ring. Then R is APR, so N(R[X]) = N(R)[X] by
Theorem 2.1(2). This yields N(R[X]) = N(R)[X] = N.(R)[X] = N.(R[X])
by [26, Theorem 10.19]. O

However Theorem 2.1(1) is not valid for power series rings. To see that, we
use the construction and computation in [15, Example 1.1].

Example 2.3. (1) Let F be a field, V be a (left) vector space over F with
an infinite basis {v1,va,...}, and A be the endomorphism ring of V over F.
Following to [15, Example 1.1], let 41 = {f € A | rank(f) < oo and f(v;) =
aiv1 + -+ + av; for ¢ = 1,2,... with a; € F} and, R be the F-subalgebra
of A generated by A; and 14. Then R is 2-primal (hence APR) by the
argument in [15, Example 1.1]. Let f(z) = ejar + (e34 + es6)x? + -+ +
(E?io1_16(2"+2i71)(2"+2i))$n + - and g(z) = enw + (eas + eor)a? + o +
(E?io1_16(2n+2i)(2n+21‘+1))$n +-++ in R[[z]]. Then f(x)? =0 = g(z)%. If R[[]]
is APR, then f(z) + g(z) is also nilpotent by Theorem 1.4(1) and [2, Theorem
3.2], but f(z) + g(z) ¢ N(R[[z]]) by the computation in [15, Example 1.1], a
contradiction. Thus R][z]] is not APR.

(2) We use [3, Example 1]. Let K be a field and A = K{a,b) be the free
algebra generated by noncommuting indeterminates a,b over K. Let I be the
ideal of A generated by b? and R = A/I. Then R[[z]] is not nil-Armendariz by

[3, Example 1], and so it is not APR by Theorem 1.4(1).

The following is proved by [15, Proposition 1.2], but here we argue about
another kind of proof, observing the structure of power series rings concerning
the APR property.

Proposition 2.4. If R is a 2-primal ring with nilpotent N.(R), then R[[z]] is
APR.

Proof. Let R be a ring. First note that N, (R[[z]]) C N*(R)[[z]] by [17, Corol-

lary 1.2]. Here if N, (R) is nilpotent, then N.(R[[z]]) = N.(R)[[z]]. Let R[[z]][y]
denote the polynomial ring with an indeterminate y over R[[z]]. Then
N.(R[[z]][y]) = N.(R[[z]])[y] = N.(R)[[=]][y] < N.(R)[y][[=]],

since A[[z]][y] C Ay][[z]] for any ring A, where z,y are commuting indetermi-
nates over A.

Now let f(y)g(y) € N«(R[[z]])[y] for f(y),9(y) € R[[z]][y]. Then f(y)g(y) €
N.(R)[y][[z]]. We can express f(y),g(y) by

= Z si(y)xt, g(y) = th (y)z? with s,(y),t;(y) € R[y| for all 4, j.

i=0 =0

<.

So
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If R is a 2-primal ring, then R/N.(R) is reduced and this yields that

R RO 1)
v = e = M) i

is reduced. Thus s;(y)t;(y) € N.(R)[y] for all 4, j by [23, Lemma 2.3](1) since
f(Wg(y) € Nu(R)[y][[z]]. But R is APR, so ab € N«(R) for all a € Cj,(,) and
b € Cy,(y)- This yields that af € N.(R)[[z]] = N.(R[[z]]) for all « € Cy(,) and
B € Cyy) since a and b are also coefficients of sum-factors of terms of f(y) and
9(y) respectively. O

Note that N,(R) in Example 2.3 is not nilpotent.

Based on Theorem 2.1(1), it is also natural to examine the APR property
for the cases of skew polynomial rings and differential polynomial rings. But
we will also find counterexamples in both cases. Let R be a ring, o be an
endomorphism of R, and § be a o-derivation of R. In this situation, the Ore
extension R[x;o,d] of R usually means the ring obtained by giving R[z] with
the new multiplication zr = o(r)z 4+ §(r) for r € R. when 6 = 0, R[z;0,0] is
written by R[x; 0] and called an a skew polynomial ring. When o is the identity
map, R[z;1,0] is written by R[x;0] and called a differential polynomial ring.

In the following we see that skew polynomial rings over APR rings need not
be APR.

Example 2.5. Let A be a domain and R = A® A. Then R is reduced, so APR.
Consider the automorphism o(a,b) = (b,a) of R and the skew polynomial ring
R[z;0]. Then Rx;o] is semiprime by the computation in [10, Example 3.1].
Write S = R[z; o] and let

f(t) = (1,0)z + (1,0)t and g(t) = (1,0)z* — (0, 1)at € S[t],

where S[t] is the polynomial ring with an indeterminate ¢t over S. Then
f(t)g(t) = 0 but (1,0)2(0,1)z = (1,0)2% # 0. Since N.(S) = 0, S is not
APR.

In the following we see that differential polynomial rings over APR rings
need not be APR.

Example 2.6. We use the ring and argument in [5, Example 11]. Let R =
Zs[t)/t?Zst] is commutative (hence APR), where Zs[t] is the polynomial ring
with an indeterminate ¢ over Zs. Following [5, Example 11], define a derivation
§ of Rby §(t +1) =1+ I, where I = t?Zs[t]. Then R[x;d] = Maty(Zso[2?])
by the argument in [5, Example 11]. However Maty(Zs[2?]) cannot be APR by
the argument after Example 1.7.

Thinking of Theorem 1.4(3) and the fact that subdirect products of Ar-
mendariz rings are Armendariz, one may conjecture that subdirect products of
APR rings are also APR. We will answer this in the negative. The following is
similar to [20, Lemma 2.1].
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Proposition 2.7. Let R be a ring and n be a positive integer.
(1) R[x]/x™R|x] is APR if and only if so is R.
(2) R[[z]]/«="R][[z]] is APR if and only if so is R.
Proof. (1) Let E = R[z]/2"R[z]. Then N.(E) = %ﬂzfm obviously, so
N*?R) o N*?E). This completes the proof. The proof of (2) is quite similar to
).

1 O

—~~

One may compare Proposition 2.7(1) with [1, Theorem 5]. In the following,
we use the constructions in [15, Example 1.1] and [20, Example 2.2].

Example 2.8. Let R be the ring in Example 2.3. Then R is APR but R[[z]]
is not APR by the argument in Example 2.3. Following to [20, Example 2.2],

define a homomorphism o : R[[z]] — [[,, Rl with o(f(z)) = (f(x) +

z" R[[z]]
2" R[[z]])22,. Since the kernel of o is zero, R[[z]] is a subdirect product of
Zf}%ﬁ””’s. Since R is APR, so is each zf?}[agﬁ]:i}] by Proposition 2.7(2); hence

R][z]] is a subdirect product of APR rings. However R[[x]] is not APR.

Proposition 2.9. Let R be a ring and M be a multiplicative monoid consisting
of central reqular elements in R. Then R is APR if and only if so is M~ 'R.

Proof. Let R be APR and E = M~'R. Note N.(E) = M~'N.(R). Let
f(2)g(z) € No(E)[z] for f(z) =Y ", cuz’, g(z) = >0 B;zl € Elz]. Here we
can assume that a; = a;u™!, 3; = bjo~! with a;,b; € R for all 4,5 and u,v €
M. Then f(z)g(z) = Y%, Z?:o ;BT =3 Z?:o abju~to g =
(it Yoig aibja™ ) (wv) ™t € N (E)[z], so we get 37" 37 aibja'™ €
N.(R)[z]. Since Ris APR, a;b; € N,(R) for all 4, j and so ; 3; = a;u™1bju~! =
a;bju=tv~! € N,(E). Thus E is APR. The converse is obtained by Proposition
1.9(1). O

The ring of Laurent polynomials in z, coefficients in a ring R, consists of
all formal sums Z?:k m;x* with obvious addition and multiplication, where
m; € R and k,n are (possibly negative) integers; written by R[x;z~1].

Corollary 2.10. A ring R is APR if and only if R[x] is APR if and only if
R[z;x~1] is APR.

Proof. Let M = {1,z,22,...}. Then M is a multiplicative monoid consisting
of central regular elements in R[z]. Note that R[x;2~!] = M~1R[x]. So the
proof is obtained from Theorem 2.1 and Proposition 2.9. (|

Recall that Mat, (A) (n > 2) cannot be nil-Armendariz over any ring A.
Indeed, considering polynomials f(x) = e11 — e1ax, g(x) = (€21 + e22) + (e11 +
e12)x in Mat, (A)[z], then f(x)g(x) = 0 but ej1(e1r + e12) = e11 + e12 ¢
N(Mat,,(A)), entailing that Mat,, (A) is not nil-Armendariz. So Theorem 1.4(1)
implies that Mat,,(A4) is not APR. But we can find some kinds of APR subrings
of Mat,,(A) in the following.
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Theorem 2.11. Given a ring R the following conditions are equivalent:
(1) R is APR;
(2) Un(R) is APR;
(3) Dn(R) is APR.

Proof. The proof is obtained from Lemma 1.1(4), Corollary 1.10, and the fact
that a ring A is APR if and only if A/N,(A) is Armendariz. In fact we get
N.(Un(A)) = {m = (mij) € Un(A) | mis € Nu(A)} and Nu(Dn(A)) = {m =
(mij) € Dp(A) | mi; € Nu(A)}, so U, (R)/N.(Up(R)) is the direct product of

n-copies of R/N,(R) and N*[()Bilgz)) = N*I(?R). O

Theorem 2.11 also shows that an APR ring which is not Armendariz, can
always be constructed from any Armendariz ring.

The same idea as in the proof of Theorem 2.11 can be used to prove the fol-
lowing. As in [29, Definition 1.3], for a commutative ring R with an endomor-
phism ¢ and R-module M, we define the skewtrivial extension of R by M and
o to be the ring R® M with multiplication (r1,m1)(re, me) = (r1ra, o(r1)ma +
romy) where r; € R and m; € M. (r,m) can be expressed by (7 ), and the

rire o(ri)mo+ramy
0 172 :

product can be expressed by (r1,mq)(ra, ma) = (

Proposition 2.12. (1) Let Ry, Ry be rings and g, Mg, an (Ry, Ra)-bimodule.
Then (%1 Ijé) is APR if and only if both Ry and Ry are APR.

(2) Let R be a commutative ring with an endomorphism o and R-module M.
Then R is APR if and only if so is the skewtrivial extension of R by M and o.

Let R be an algebra (with or without identity) over a commutative ring
S. Due to Dorroh [11], the Dorroh extension of R by S is the Abelian group
R @ S with multiplication given by (71, s1)(r2, $2) = (1172 + S172 + S271, S182)
forr; € Rand s; € S.

Theorem 2.13. Let R be an algebra over a commutative domain S where R
is assumed to have the identity.

(1) R is APR if and only if so is the Dorroh extension D of R by S.

(2) R is Armendariz if and only if so is the Dorroh extension D of R by S.

Proof. Note that s € S is identified with s1 € R, so R = {r+s| (r,s) € D}.
This yields N.(D) = N.(R) @ 0 through a simple computation.

(1) Let R be APR and suppose that f(z)g(z) € N.(D)[z] for f(z) =
St oairt, g(x) = Z?:O bjz? € Dz]. Write a; = (i, 8),b; = (B;,t;) for
all ¢,7. Assume that there exist 4, j such that s; # 0 and t; # 0. Say that g
and jo are the smallest such integers. Then the coefficient of 2?70 of f(x)g(z)
is (p, soto) for some p € R, a contradiction since (p, soto) ¢ N.(D). Thus s; =0
for all ¢ or t; = 0 for all j. Write f(x) = fi(z)+ fo(z) and g(z) = g1(z) + g2(x)
with

fi(z) = (:,0)2", fa(z) = _(0,5:)a,

=0 =0
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n

gl(x) - Z(ﬂj,O)SCj, 92(:6) = Z(O5tj)'rj'
j=0

j=0 J

Suppose that s; = 0 for all ¢, i.e., fo(z) = 0. Then we have
f(@)g(z) = fi(x)g1(x) + f1(z)g2(x)

m-+n m—+n

= Z (aiﬁj,0)$i+j + Z (Oéiﬁj,O).Ti—i_j
i+j=0 i+j=0
m—+n

= > (B +1;),002" € (No(R) © 0)[a].
i+75=0

Since R is APR, «;(8;+t;) € N.(R) for all ¢, j. This yields a;b; = («,0)(8;,1;)
€ N.(D) for all ¢, .

The computation for the case of ga(x) = 0 is similar. Thus D is also APR.

Next since N,(R) = N.(D) through the inclusion map r — (r,0) for r € R,
Proposition 1.9(1) completes the proof.

(2) The proof is similarly obtained by letting f(x)g(z) = 0 in place of
f(@)g(x) € N.(D)[x]. O

Next we examine the case of R being assumed to do not have the identity.
In this case the Dorroh extension D, in Theorem 2.13, means a ring extension
to attach an identity to R; hence we cannot use the fact that s € S is identified
with s1 € Rand R={r+s| (r,s) € D}.

Proposition 2.14. Let R be an algebra over a commutative domain S where
R is assumed to do mot have the identity. If the Dorroh extension D of R by
S is APR, then so is R.

Proof. We will show that N,(R) & 0 = N.(D). This yields that if D is APR,
then R is APR by Proposition 1.9(1) since N.(R) = N, (D) through the inclu-
sion map r +— (r,0) for r € R. Every nilpotent element in D is clearly of the
form (a,0), so we get N.(R) ®0 2 N,.(D). To show the converse inclusion, let
z1 =a € N.(R) and v; = (a,0) € D. Consider a sequence

wy = v1d1v1, we = widawy, ..., Wrt1 = WedpWk, . . .

for k = 1,2,..., where every di, (j = 1,2,...) is taken arbitrarily in D. Say
dk = (rk,sk). Then

wy = (ar1a + asia,0) = (ab1,0) = (e1a,0),
where by = r1a + s1a,e1 = ar; + asy;
wq = (abiraeia + abissera, 0) = (a(birae; + bysaer)a,0),
write zo = a(biraer + bisser)a € aRa = 21 Rzq;

w3 = (227322 + 22a322,0) = (22b2,0) = (e222,0),



988

JUNCHEOL HAN, HONG KEE KIM, AND YANG LEE

where by = 7329 + a3z2, €2 = 2213 + 220a3;

wq = (22baraeazs + 22bassesza, 0) = (22(barsea + basses)zz,0),

write z3 = zo(barges + basses)za € 29Rz2o.
Proceeding in this manner, we obtain a sequence in R

215,22y« -+ Zmy Zm+41s - - - with Zm+1 € ZmRZm and Wom = (Zm-l-la 0)

But 21 € Ni«(R), so z; = 0 for some [ > 1. This yields wy;_1) = 0, entailing
vy = (a,0) € No(D). Thus N.(R)® 0 C N,(D), so we now have N, (R) ®0 =
N.(D). O

We actually do not know whether the converse of Proposition 2.14 is true.

Question. Let R be an algebra over a commutative domain S where R is
assumed to do not have the identity. Is D APR when R is APR?

(1]
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