
In  recen t  years, th e
use of program m able
an d flexible au tom a-
tion  h as en abled th e
p art ial o r com p let e
a u t o m a t io n  o f
assem bly of products
in  sm aller vo lu m es
an d with  m ore rapid
p roduct  ch an geover
a n d  m o d e l  t r a n si -
t ion . AI is  in creas-
in gly p layin g a key
role in  such  flexible
au tom ation  system s.

Th is a r t ic le  d escr ib es AI t o o ls t h a t  fa c i l-
itate reason in g abou t  geom etry, m ech an ics,
a n d  o p e r a t io n s  fo r  a sse m b ly  se q u e n c e  
p lan n in g.

In  p ract ice, m an u al labo r, fixed  au tom a-
tion , an d flexible au tom ation  are often  com -
bin ed  in  m odern  m an u factu rin g system s to
take advan tage of cost  an d  reliability t rade-
offs. Decision s regardin g altern ative assem bly
m an ufacturin g tech n ologies, tools for assem -
bly m an ufacturin g system  design , an d m eth -
ods for assem bly system  im plem en tation  are
key ch allen ges th at  curren tly face production
en gin eers. More system atic approach es to th e
a n a ly si s ,  d e sign ,  a n d  p la n n in g  o f t h e se
assem bly system s are n eeded to en h an ce th eir
perform an ce an d  en able th eir cost -effect ive
im plem en tat ion . Th e work described  in  th is
a r t ic le  fo cu se s o n  t h e  r e p r e se n t a t io n  o f
assem bly seq u en ce p lan s an d  th e d evelop -
m en t  o f assem bly seq u en ce p lan n in g too ls
th at  form  th e basis for au tom ated an d in ter-
active assem bly system  design  m eth ods. Th e
Pleiades system , or p lan n in g en viron m en t for
in tegrated  assem bly system  design , described

Asse m b ly  p la y s  a
fun dam en tal role in
t h e  m an u fact u r in g
o f  m o st  p r o d u c t s .
Parts th at  h ave been
in d ividually form ed
or m ach in ed to m eet
d esign ed  sp ecifica-
t ion s are assem bled
in to a con figuration
t h a t  a c h ie v e s  t h e
fun ction s of th e fin al
p ro d u ct  o r  m ech a-
n ism . Th e econ om ic
im portan ce of assem -
b ly as a  m an u fact u rin g p ro cess h as led  t o
exten sive effo rt s t o  im p rove th e efficien cy
an d cost  effectiven ess of assem bly operation s.
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Assem bly Sequence 

Planning

Arthur C. Sanderson, Luiz S. Hom em  de Mello, and Hui Zhang

The sequence of m ating operations that can be

carried out to assem ble a group of parts is con-

strained by the geom etric and m echanical prop-

erties of the parts, their assem bled configuration,

and the stability of the resulting subassem blies.

An approach to representation and reasoning

about these sequences is described here and leads

to several alternative explicit and im plicit plan

representations. The Pleiades system  will provide

an interactive software environm ent for designers

to evaluate alternat ive system s and product

designs through their im pact on the feasibility

an d  com plex i t y  of  t h e resu l t in g assem bly

sequences.



h ere, is an  effort  to develop such
a set  of software tools.

Alth ough  assem bly h as im por-
tan t  application s in  m an ufactur-
in g, th e assem bly p rocess it self
h as at tracted scien tific in terest  as
an  exam ple of in telligen t robotic
m a n ip u la t io n .  Th e  m a t in g o f
two parts with  com plex geom e-
t ries typ ically requ ires th e in te-
gra t io n  o f sen so ry  an d  m o t o r
co n t r o l  in fo r m a t io n  w i t h  a n
in tern al rep resen tat ion  of parts,
geo m et r ies, an d  rela t io n sh ip s.
Hum an s carry ou t th ese m an ipu-
lat ion  tasks usin g well-p ract iced
sk il ls o f in t egra t io n  o f m o t o r
con t ro l an d  sen sory in terp reta-
t ion  with  stored m odels of geom -
e t r y.  Th e  rep l ica t io n  o f t h ese
skills in  au tom ated  robot ic sys-
tem s h as proven  to be extrem ely
d ifficu lt . Fu n dam en tal issu es in
robot ics, con trol th eory, pat tern
recogn it ion , an d AI are raised by
th is com plex task.  A n um ber of
gen er ic  a ssem b ly  p ro b lem s in  m a n ip u la -
t ion —put th e peg in  th e h ole—sen sin g—fin d
th e part  in  th e bin —an d plan n in g—put block
A on  block B—h ave evolved as classical ch al-
len ges in  th e scien tific literature an d as m ean s
t o  eva lu a t e  an d  co m p are  ap p ro ach es an d
algorith m s. Assem bly sequen ce p lan n in g can
also be th ough t of as a gen eric scien tific prob-
lem  in  t h at  t h e fu n d am en t al p ro p ert ies o f
assem bly relat io n s, geo m et ries, an d  o p era-
t ion s are used to gu ide th e search  for correct ,
com plete, optim al, or desirable sequen ces.

Blocks world  is a sim ple assem bly p lan n in g
en viro n m en t . A go al st a t e in  b lo cks wo rld
specifies th e con tacts between  a set  of parts,
a n d  t h e  PU TO N (A,B)  o p e r a t io n  c a n  b e
t h o u gh t  o f  a s  a  m a t in g  o p e r a t io n  t h a t
r e q u i r e s ge o m e t r ic  a cce ss t o  t h e  m a t in g  
su rface as well as st ab ilit y o f t h e resu lt in g
con figuration . However, m an y of th e dom ain -
in dep en den t  ap p roach es (Fikes an d  Nilsson
1972; Sacerd o t i 1973; Wilkin s 1984; Ch ap -
m an  1987; Korf 1987) to p lan n in g in  blocks
world  do n ot m ap well in to th e m ore gen eral-
ized assem bly problem . Th e use of a proposi-
t ion al represen tation  for states an d subgoals,
such  as in  Strips (Fikes an d Nilsson  1972), h as
lim itat ion s wh en  faced  with  th e gen eralized
geom etries an d  m ech an ism s in corporated  in
product  assem blies. An  altern at ive approach
to th e decom posit ion  of th e p lan n in g p rob-
lem  is n eeded. Alth ough  th e represen tation  of
state is m ore com plex in  th e assem bly p lan -
n in g en viron m en t th an  in  blocks world , th ere

are dom ain -specific orderin g con st rain ts for
assem bly th at  can  be used to sim plify th e rep-
resen tation  of p lan s.

In  th is art icle, we describe th e u se of th e
AND/ OR grap h  fo r assem bly seq u en ce p lan
represen tation . Th e AND/OR graph  provides a
co m p act  rep resen t a t io n  o f assem b ly p lan s
an d  is eq u ivalen t  t o  t h e d irect ed  grap h  o f
assem bly states. In  addit ion , we defin e prece-
d en ce re la t io n s t h a t  cap t u re  t h e  d o m ain -
specific orderin g con strain ts between  con n ec-
t ion s an d  assem bly st at es an d  con n ect ion s
an d con n ection s. Th e con n ection -state prece-
den ce relat ion s (typ e 1) req u ire som e in de-
p e n d e n ce  a ssu m p t io n s a m o n g  a sse m b ly
operation s, can  be gen erated by en um eratin g
st at es seq u en ces u sin g t h e AND/ OR grap h ,
an d can  be sim plified  usin g stan dard Boolean
sim plificat ion  rou tin es. Th e con n ect ion -con -
n ection  preceden ce relat ion s (type 2) require
m ore restrict ive assum ption s, can  be gen erat-
ed m ore easily from  th e AND/OR graph , bu t
are m ore difficu lt  to sim plify. Th e preceden ce
relation s provide an  im plicit  represen tation  of
assem bly seq u en ces wh en  th ey are u sed  to
locally test  for a feasible n ext step  in  sequen ce
gen eration , but th e AND/OR graph  is an  explic-
it rep resen t a t io n  o f co m p let e  an d  co rrect
sequen ces.

Assem b ly  seq u en ce  p la n n in g is p a r t  o f 
a  h ie r a rch y  o f s t e p s in  a sse m b ly  sy st e m  
design  for m an ual, fixed au tom ation , or pro-
gram m able au t o m at io n  syst em s. O n e su ch
h ierarch y of design  an d im plem en tation  for a
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Figure 1. Hierarchy of Planning Processes for 

Assem bly System  Design and Im plem entation.



system  resources, an d a m odel for th e coordi-
n at ion  an d  sch ed u lin g o f syst em  resou rces
based  on  arch it ectu ral featu res. Th e im p le-
m en tation  of th e task-level p lan  is carried  ou t
usin g a task-level p rogram m in g approach  in
wh ich  th e detailed  con trol of path s an d tra-
jectories, fin e m otion , graspin g, sen sin g, an d
in teraction  forces is specified . Real-t im e exe-
cu t ion  u t ilizes th is p lan n in g st ru ctu re as a
fram ework to  p rovide efficien t  an d  reliab le
p erfo rm an ce. Develo p in g a  p lan n in g an d
con trol fram ework th at  can  successfu lly cope
with  th e un certain ties in  design  specification
an d execu tion  param eters is a m ajor goal in
assem bly p lan n in g research .

Th is a r t icle is co n cern ed  wit h  p lan n in g
sequen ces of assem bly operation s th at  satisfy
th e con dit ion s of feasibility an d yield  stable
states. Th e art icle provides an  overview of an
approach  an d exam ples of resu lts. Addit ion al
d et ails can  be fou n d  in  o th er p u b licat ion s
(Hom em  de Mello an d San derson  1986, 1987,
1988, 1989a, 1989b, an d  1990;  Hom em  de
Mello 1989; San derson  an d Hom em  de Mello
1989; an d  Zh an g 1989). Assem bly Sequen ce
Plan n in g describes th e relat ion al graph  struc-
ture th at  we use as th e basis for assem bly rep-
resen tation  an d abstracts th e problem  of task
decom posit ion  to iden tify th e cu t  sets of th e
grap h  o f co n n ect io n s. Assem b ly Seq u en ce
Represen tation  describes altern ative assem bly
sequen ce represen tation s an d illustrates som e
ad van t ages an d  p ro p ert ies o f t h e AND/ O R
graph . Preceden ce Relation s defin es two types
of preceden ce relat ion s th at  can  be gen erated
from  th e AND/ OR graph . Th ese p receden ce
relat ion s can  be sim p lified  wh en  in d ep en -
den ce p rop ert ies o f th e assem blies h o ld ; in
ad d it ion , th e real-t im e p rop ert ies o f p rece-
den ce relat ion s can  be guaran teed un der cer-
tain  con dit ion s. Evaluat ion  an d  Select ion  of
Assem bly Plan s discusses evaluation  fun ction s
fo r assem bly seq u en ce p lan s. Th e Pleiad es
System  sum m arizes th e system , wh ich  is an
approach  to develop in g an  en viron m en t for
assem bly system  p lan n in g. Th e closin g sec-
t ion  p resen ts con clusion s an d  d irect ion s for
con tin u in g work. 

Assem bly Sequen ce Plan n in g

An  assem bly p roduct  descrip t ion  con sists of
th e geom etric descrip tion  of each  of th e in di-
vidual parts, th eir geom etric toleran ces, an d
t h e  co n figu ra t io n  in  w h ich  t h e  p a r t s fi t
togeth er to form  th e fin al product.  In  prac-
t ice, such  a descrip tion  is often  in com plete or
in exact an d stron gly relies on  h um an  experi-
en ce an d in tu it ion  for its fu ll in terpretation .
For ou r  p u rp oses h ere, we assu m e th at  an

program m able assem bly system  is sh own  in
figure 1. In  th is view, task-level p lan n in g of
th e system  is carried  ou t based on  a descrip-
t ion  of th e p roduct  an d  its parts; a descrip -
t ion  of th e system  an d its resources, such  as
robo t s, grip p ers, fixtu res, o r sen sors; an d  a
descrip t ion  of th e coordin ation  arch itectu re,
in clu d in g com p u t in g an d  com m u n icat ion s
cap ab ilit ies.  Th e resu lt in g t a sk-level p lan
describes th e decom posit ion  of th e assem bly
task, th e assign m en t of assem bly subtasks to
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Figure 2. Three Levels of Representation of Assem bly Product.

Figure 2a shows the solid m odel of parts, Figure 2b shows the relational m odel of

assem bly, and Figure 2c shows the graph of connections of assem bly.



explicit  descrip tion  of th e parts geom etry an d
t h e  a ssem b led  co n figu ra t io n s is given  o r
derived. Our approach  to assem bly represen -
t a t io n  is st ro n gly  in flu en ced  b y  p rev io u s
experien ce with  relat ion al m odels (Lieberm an
an d  Wesley 1977; Eastm an  1981;  Lee an d
Gossard  1985). We do n ot curren tly con sider
to leran ces fo r p lan n in g p u rp oses, alth ou gh
th e geom etric m odelin g system  we use in cor-
porates th em  (see Th e Pleiades System ) an d
provides access for use in  th e p lan n in g proce-
dures. In  addit ion  to th e geom etric con figura-
t ion , m ost  assem blies u se at t ach m en ts th at
apply ph ysical forces to con strain  th e relat ive
m ot ion  am on g p art s an d  stab ilize th e fin al
a ssem b ly.  Alt h o u gh  a t t a ch m en t s su ch  a s
screws an d clips are geom etrically represen ted
in  th e assem bly descrip tion , it  is often  im pos-
sible to in fer from  th eir geom etric descrip tion
wh at th e ph ysical role of th ese parts m igh t be
as an  attach m en t for th e assem bly. Th erefore,
we in teractively add th e at tach m en t descrip-
t ion  to th e relat ion al m odel.

In  our work, th ree levels of descrip tion  are
used for assem bly product represen tation . An
exam p le fo r a  sim p le p ro d u ct  is sh o wn  in
figure 2. First , as figure 2a illustrates, is a com -
p let e com p u ter-aid ed  d escrip t ion  (CAD) o f
in dividual parts geom etries as ou tpu t  by th e
Cat ia (IBM Corp .) system . Secon d , from  th e
CAD-based  descrip t ion  of parts, we derive a
relat ion al graph  m odel of th e resu lt in g assem -
b ly, as sh o wn  in  figu re 2b . Th is rela t io n al
graph  extraction  is based on  an  object-orien t-
ed geom etric m odelin g system , Geos (see Th e
Pleiades System ), wh ich  p rovides an  exp licit
rep resen tat ion  o f p art s an d  con tact in g su r-
faces in  th e assem bly. We in teract ively ad d
attach m en t en tit ies to explicit ly describe con -
strain ts on  th e degrees of freedom  of con tacts

with in  th e structure. In  th is descrip tion , each
attach m en t h as an  agen t an d a con tact, wh ere
each  con tact  h as its degrees of freedom  con -
st rain ed  wh en  th e at tach m en t  agen t  is p re-
sen t . Th ese relat ion sh ip s d irect ly in flu en ce
th e feasib le assem bly seq u en ces becau se an
a t t ach m en t  agen t  m u st  o ft en  b e rem o ved
prior to rem ovin g a part  th at  breaks a con tact .
Th ird  is a sim plified  relat ion al structure called
th e graph  of con n ection s, as sh own  in  figure
2c. Alth ou gh  th e relat ion al grap h  con tain s
sp ecific p rop ert ies an d  at t ribu tes associated
with  each  of th e en t it ies, th e graph  of con -
n ection s is th e relation al structure th at defin es
th e parts an d con n ection s. Th e th ree levels of
product descrip tion  sh own  in  figure 2 are all
n ecessary fo r assem bly seq u en ce p lan n in g,
an d  th is h ierarch ical organ izat ion  facilitates
th e p lan n in g tasks.

Ten  differen t feasible sequen ces can  be used
to  assem ble th e p rodu ct  sh own  in  figu re 2.
Th ese sequen ces are listed  in  figure 3. From  a
plan n in g perspective, each  of th ese sequen ces
is a series of action s th at  satisfies th e precon -
dit ion s for each  action  an d th at  leads to th e
goal st at e. In  assem bly seq u en ce p lan n in g,
th e initial state is always th e state in  wh ich  n o
parts are in tercon n ected, an d th e goal state is
always th e state in  wh ich  all parts are in ter-
con n ected in  th e fin al un ique con figuration .
Th e in term ediate system  states con sist  of sub-
sets of m u tually in tercon n ected  parts called
subassem blies. We assum e for th is d iscussion
th at  t h e geom et ric con figu rat ion  o f a  su b -
assem b ly is u n iq u ely sp ecified  b y it s co n -
st ituen t  parts; th at  is, th ere is on ly on e way
for a given  subset  of parts to fit  togeth er. For
th ese exam p les, th erefore, if we assem ble a
cylin der with  a p iston , we u n iq u ely specify
th e fin al posit ion  of th e p iston  an d  assum e

Articles

SPRING 1990    65

Figure 3. Feasible Assem bly Sequences for the Product Shown in Figure 2.



lem s. In  practice, h eurist ics can  be appropri-
ate an d  n ecessary to  p rovide p ract ical so lu -
t ion s to  large p roblem s or to  deal with  th e
m an y sp ecific cases t h at  arise in  assem bly
relation s.

Precon dition s on  th e feasibility of operation s
can  be b roken  d own  in to  several d ifferen t
categories: First  are resource-in depen den t fea-
sibility con dit ion s: In depen den t of th e specif-
ic robots, grippers, or fixtures th at  are used in
th e assem bly, th ere are geom etric con strain ts
am o n g t h e p art s t h at  rest rict  t h e o rd er in
wh ich  operat ion s can  be carried  ou t . Th ese
restrict ion s in clude (1) local geom etric feasi-
bility (Is local or in crem en tal t ran slat ion  of
t h e p a r t  feasib le  fro m  it s fin a l a ssem b led
st a t e? Th is q u est io n  can  b e  an sw ered  fo r
t ra n sla t io n a l  m o t io n  u sin g o n ly  su r fa ce-
n orm al in form ation  th at  is stored in  th e rela-
t ion al graph  [Hom em  de Mello  1989].) an d
(2) global geom et ric feasib ility (Is th ere an
u n obst ru cted  p ath  from  som e rem ote p osi-
t ion  to  th e fin al assem bled  st at e given  th e
geom etric obstruct ion s posed  by oth er parts
th at  are p resen t  in  th e assem bly state? Th is
problem  is related  to  th e gen eral path -p lan -
n in g p ro b lem  [Lo za n o -Perez a n d  Wesley
1979] bu t on ly requires determ in ation  of th e
existen ce of a path  an d  n ot  n ecessarily th e
specification  of th e path .).

Secon d  are resou rce-dep en den t  feasib ility
con dit ion s: (1) geom etric feasibility (Is th ere
an  un obstructed path  for m atin g of parts given
th e geom etry of th e parts p lus th e geom etry
of robots, grippers, an d  fixtu res th at  can  be
used in  th e operation ?), (2) at tach m en t feasi-
bility (Can  appropriate forces be exerted  by
available tools to at tach  parts as required by
th e m atin g operation ?), an d (3) tool availability
(Is th ere an  appropriate robot, gripper, or fix-
ture available to carry ou t a part icu lar task to
m eet geom etric an d attach m en t con strain ts?).

Alth ough  such  feasibility con dit ion s m igh t
be exam in ed sim ultan eously, it  is often  m ore
efficien t  to h ierarch ically structure th e p lan -
n in g approach . As suggested  by figure 1, we
can  exam in e assem bly seq u en ce p lan s th at
a re  fea sib le  fro m  a  reso u rce-in d ep en d en t
p o in t  o f view, an d  th ese p lan s su bsu m e all
th e feasib le p lan s th at  in corporate resou rce
depen den cies. Th e resource-in depen den t p lan
red u ces t h e search  sp ace fo r t h e reso u rce-
depen den t  p lan n in g. In  add it ion , a n um ber
o f h eu rist ics rela t ed  t o  t h e co m p lex it y  o f
operat ion s an d  th e desirability of states can
be added  at  th is stage to  fu rth er reduce th e
search  space. Figure 3 sh ows a set  of assem bly
sequen ces for th e sim plified  flash ligh t  p rod-
uct  th at  are all feasible from  a resource-in de-
p e n d e n t  c r i t e r io n .  An  e x a m p le  o f  a n

th at  it  wou ld  n o t  h ave to  occu p y m u lt ip le
discrete states to en able successfu l assem bly.

Assem bly Task Feasibility Predicates

An  assem bly action m ates two  p art s o r su b-
assem blies to  form  a n ew subassem bly. (For
th e curren t  d iscussion , we assum e th at  on ly
t w o —a n d  n o t  m o r e —su b a sse m b l ie s  a r e
join ed at  a given  t im e.) In  assem bly, th e pre-
con dit ion s for such  an  action  can  be th ough t
of as th e feasibility con dit ion s for th e execu-
tion  of th e operation  an d th e acceptability of
th e resu lt in g state. In  th is work, we in troduce
a h ierarch y of such  feasibility con dit ion s to
reduce th e com plexity of th e geom etric an d
ph ysical reason in g th at  m ust  be carried  ou t
fo r  seq u en ce  gen era t io n .  In  p ract ice ,  t h e
n um ber of sequen ces th at  m ust be exam in ed
gro w s ex p o n en t ia lly  w it h  t h e  n u m b er  o f
p art s, an d  th e u se o f d etailed  geom et ric o r
ph ysical an alysis at  each  step  is com putation -
ally un realistic. We are developin g a h ierarch y
of feasib ilit y crit eria t h at  in voke com p u ta-
t ion ally efficien t  n ecessary con d it ion s early
in  th e search  to  p ru n e th e t ree o f p ossib le
sequen ces.

For exam ple, in  th e fo llowin g d iscu ssion ,
local geom etric feasibility is a subset  of global
geom etric feasibility an d, th erefore, is un n ec-
essary t o  co m p u t e as a  sep ara t e cr it er io n .
However, local geom et ric feasib ility can  be
efficien t ly com puted  usin g on ly th e con tact
n o rm a l  in fo rm a t io n  fr o m  t h e  r e la t io n a l
m od el an d  d oes n o t  req u ire fu ll geom et ric
sh apes of parts or gen eral part-sh ape an alysis.
Local geom etric feasibility is a n ecessary bu t
n ot sufficien t con dition  for a feasible sequen ce
an d  red u ces t h e o verall co m p lexit y o f t h e
an alysis. Sim ilarly, resource-in depen den t fea-
sib ility is n ecessary bu t  n o t  su fficien t  with
respect  to th e availability of tools for a given
operat ion . Th e ben efit s of th ese h ierarch ies
depen d on  in dividual cases, bu t  th e approach
is design ed to provide a practical approach  to
con ten d  with  th e h igh  com bin atorial com -
plexity th at  arises in  real assem bly problem s.
Th e h ierarch ies we describe h ere are an alyti-
cally based; th at is, th ey are based on  geom etric
an d ph ysical relat ion s rath er th an  h eurist ics.
Th is approach  em ph asizes th e use of an alytic
m eth ods to gain  gen erality for a class of prob-
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in feasible sequen ce for th is product would be
sequen ce A-C-B. In  th is sequen ce, th e cap  an d
h an dle are at tach ed  to  th e recep tacle before
th e st ick is p laced in side. It  becom es geom et-
rically in feasible to  in sert  th e st ick in to  th e
receptacle wh en  both  en ds are at tach ed. Such
a seq u en ce sh ou ld  be reject ed  early in  t h e
plan n in g process an d n ot con sidered furth er.
On ce such  a sequen ce h as been  rejected based
on  local geom etric feasibility con dit ion s, it  is
un n ecessary to exam in e global geom etric fea-
sibility or resource-depen den t feasibility con -
d it io n s.  An o t h er  seq u en ce  su ch  a s B-A-C
m igh t  be geom etrically feasible bu t  un desir-
able. In  th is case, th e st ick is in serted  in to th e
recep t acle resu lt in g in  a  su bassem bly st at e
th at  m igh t require fixturin g to keep th e st ick
from  slid in g out. Such  a state m igh t be detect-
e d  a n d  e v a lu a t e d  a s  u n d e si r a b le  b y  a n  
ap p ro p ria t e h eu rist ic. Reso u rce-d ep en d en t
feasibility con strain ts cou ld  fu rth er lim it  th e
set  of sequen ces sh own  in  figu re 3. If th ere
were n o gripper available to p ick up  th e st ick
or n o  m ech an ism  availab le to  screw in  th e
h an d le, t h en  th ere m igh t  be n o  rem ain in g
feasible sequen ces.

In  ad d it ion  to  t ask feasib ility con d it ion s,
we con sider state feasibility con dition s. Again ,
several resou rce-in d ep en d en t  an d  resou rce-
d ep en d en t  con d it ion s can  com e in to  p lay.
Th ese in clude (1) stability (Is th ere on e pose
of th e subassem bly for wh ich  th e con figura-
t ion  is stable? Th is problem  is d ifficu lt  in  gen -
eral [Bon en sch an sch er 1988] an d  is st ron gly
in flu en ced  by th e types of frict ion  an d  su r-
face-in teract ion  assum ption s th at  are m ade.)
an d (2) rigidity (Is th e subassem bly stable for
all poses of th e subassem bly?). Each  of th ese
cr i t e r ia  ca n  b e  ex a m in ed  u n d er  d iffe ren t
assum ption s: (1) n o gravity or extern al forces
—in  th is case, all subassem blies are stable an d
rigid—an d (2) gravity or oth er extern al forces
—in  th is case, stability can  st ron gly depen d
on  th e orien tat ion  of th e su bassem bly, an d
rigidity often  requires at tach in g all parts. Fix-
tures or grippers can  be added to th e con figu-
ra t io n  t o  im p o se st ab ilit y  o r  r igid it y  o n  a
subassem bly durin g th e assem bly process. All
th e assem bly sequen ces presen ted in  figure 3
h ave at  least  on e stable pose for each  state in
th e p resen ce o f gravit y, a lt h ou gh  t h e p ose
m igh t  b e ch an ged  d u rin g t h e seq u en ce t o
en sure stability an d en able geom etric feasibil-
ity. In  gen eral, th e assessm en t of th e stability
of a state would also require a descrip tion  of
th e frict ion al forces th at  arise.

Assem bly Sequen ce Plan n in g

In  o u r  w o rk, w e p ro vid e  a  fram ew o rk fo r
assem bly sequen ce p lan n in g th at  can  in cor-

porate m an y differen t feasibility criteria. Th e
sam e approach  to p lan  gen eration , p lan  rep-
resen tation , an d p lan  evaluation  can  be used
for differen t feasibility con dition s. As discussed
earlier, th e resou rce-in depen den t  p lan s su b-
su m e t h e  reso u rce-d ep en d en t  p la n s a n d ,
th erefore, sim plify th e overall plan n in g process.
In  th e experim en ts described h ere, we im ple-
m en ted two feasibility criteria for th e gen era-
t io n  o f a ssem b ly  seq u en ces: (1 ) r eso u rce-
in dep en den t  local geom et ric feasib ility an d
(2 )  a t t a c h m e n t  fe a s ib i l i t y  b a se d  o n  t h e
assum pt ion  th at  at tach m en t  tools are avail-
able an d  th at  breakin g at t ach ed  con tact s is
in feasib le  u n less t h e  a t t ach m en t  agen t  is
rem oved. Th ese two feasibility criteria are suf-
ficien tly in terestin g an d com plex to illustrate
m an y of th e im portan t  p roblem s th at  occu r
in  assem bly sequen ce p lan n in g.

Th e problem  of gen eratin g feasible assem bly
sequen ces for a p roduct  can  be t ran sform ed
in to  th e p roblem  of gen erat in g d isassem bly
seq u en ces fo r t h e sam e p rod u ct . Fo r m an y
p ro b lem s o f in t erest ,  t h is t ran sfo rm a t io n
red u ces t h e b ran ch in g facto r o f t h e search
space because often  m an y m ore option s an d
deaden ds occur in  assem bly th an  in  d isassem -
b ly. Th is t ran sfo rm at ion  o f t h e p rob lem  is
con cep tu al rat h er t h an  p h ysical. Assem bly
t asks a re  n o t  n ecessa r ily  reversib le  in  t h e
ph ysical sen se, bu t we im pose th is reversibili-
ty from  a con ceptual stan dpoin t  to p lan  cor-
rect  sequen ces. Th is decom posit ion  approach
to  assem bly p lan n in g m aps n icely on to  ou r
relat ion al m odel of th e product an d leads to a
recursive decom posit ion  of th e task in  wh ich
each  d ecom p osable su bp roblem  is a p rop er
subset  of th e origin al m odel. In  addit ion , as
we sh ow in  th e n ext section , th is decom posi-
t io n  ap p ro ach  len d s it self t o  t h e AND/ O R
graph  represen tation  of assem bly sequen ces.

Th e basic p lan n in g strategy is to recursively
en um erate th e decom posit ion s of th e assem -
bly an d to select  th e decom posit ion s th at  are
feasible by im posin g a set  of feasibility predi-
cates. Th e decom posit ion s of th e assem bly are
en um erated by th e cu t  sets of th e assem bly’s
graph  of con n ection s. Th e feasible operation s
an d  feasib le st a t e p red ica t es are evalu at ed
usin g th e relat ion al m odel an d th e geom etric
parts m odels.

Assem bly States

Th e assem bly grap h  o f con n ect ion s can  be
rep resen t ed  b y a  sim p le u n d irect ed  grap h  
〈P, C〉 in  wh ich  th e parts P = {p1, p2, . . . pN} are
th e set  of n odes, an d th e con n ection s C = {c1,
c2, . . . , cL} are th e set  of edges. A state of th e
assem b ly p ro cess is a  co n figu rat io n  o f t h e
parts at  th e begin n in g or en d of an  assem bly
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assem bly task, it  m ust correspon d to a cu t  set
o f t h e  grap h  o f co n n ect io n s o f t h e  t a sk’s
output subassem bly. Con versely, each  cu t set
of a subassem bly’s graph  of con n ection s cor-
respon ds to an  assem bly task.

Each  assem bly task m u st  be evalu ated  by
th e operation s feasibility predicates described
p revio u sly. An  assem b ly t ask is sa id  t o  b e
resource-in depen den t , geom etrically feasible
if th ere is a collision -free path  to  brin g th e
two subassem blies in to con tact  from  a situa-
t ion  in  wh ich  th ey are far apart . We furth er
d ecom p ose th is geom et ric feasib ility p red i-
cat e gf in t o  a  lo cal p red icat e an d  a  glo b al
predicate. Th e local gf predicate tests for th e
in crem en tal m ot ion  o f th e d esign ated  su b-
assem blies, an d  th e global gf pred icate tests
fo r t h e ex ist en ce o f a  glo bal co llisio n -free
path . An  assem bly task is said  to h ave attach -
m en t feasibility if it  is feasible to establish  th e
attach m en ts th at  act  on  th e con tacts between
th e two subassem blies. Th e attach m en t feasi-
b ilit y p red icat e af evalu at es t h is p red icat e
based  on  th e at tach m en t  descrip t ion  th at  is
in co rp o ra t ed  in t o  t h e rela t io n al m o d el. A
local geom etric feasibility can  also be evaluat-
ed usin g th e con tact  at tribu tes an d properties
estab lish ed  in  th e relat ion al m od el. Global
geom et ric feasib ilit y req u ires access t o  t h e
detailed  parts descrip tion s th at  are referen ced
from  th e relation al m odel to th e parts m odels.
Th e com putation  of th ese global gf predicates
can  be app roach ed  in  a variety of d ifferen t
ways. Th ey are com plex to com pute in  gen er-
a l an d  in co rp o ra t e m an y ch allen gin g an d
in terestin g problem s in  geom etric an d ph ysi-
cal reason in g. As m en tion ed earlier, to dem on -
st rate t h e overall p lan n in g fram ework, t h e
experim en ts described in  th is art icle in clude a
local geom et ric feasib ility p red icate an d  an
attach m en t feasibility predicate.

Our algorith m  for th e gen eration  of assem -
bly sequen ces uses an  approach  th at  en um er-
ates th e decom posit ion s of th e assem bly an d
th en  select s th ose d ecom p osit ion s th at  are
feasible. As sh own  in  th e n ext  sect ion , th is
recu rsive decom posit ion  resu lt s in  th e con -
st ru ct ion  of th e AND/ OR grap h  rep resen ta-
t ion  of assem bly p lan s. Th e p rocedure GET-
FEASIBLE-DECOMPOSITIONS takes as in pu t
t h e  re la t io n a l m o d el o f an  a ssem b ly  an d
ret u rn s a ll feasib le d eco m p o sit io n s o f t h is
assem bly. Th e p rocedu re first  gen erates th e
graph  of con n ection s for th e in put assem bly
an d com putes th e cu t  sets of th is graph . Th e
cut sets are en um erated by lookin g at  all con -
n ected  su bgrap h s h avin g th e card in ality o f
th eir set  o f n od es sm aller th an  o r eq u al to
h alf of th e cardin ality of th e set  of n odes in
th e wh ole graph . For each  of th ese subgraph s,

task. Th e state of an  assem bly process can  be
ch aracterized  eith er by th e con figu rat ion  of
con tact s t h at  h ave been  est ab lish ed  o r t h e
part it ion s of th e parts th at  are con n ected. In
th e first  case, a state of th e assem bly process
ca n  b e  r ep resen t ed  b y  a n  L-d im en sio n a l
bin ary vector x = [x1, x2, . . ., xL] in  wh ich  th e
ith com pon en t of x i is true if th e ith con n ec-
tion  is establish ed in  th is state. For exam ple,
if th e first  task of th e assem bly process for th e
exam ple sh own  in  figure 2 is th e join in g of
th e cap  to th e receptacle, th e secon d state of
th e assem bly p rocess can  be rep resen ted  by
[false, true, false, false, false].

Alt ern a t ively,  an  a ssem b ly  st a t e  can  b e
ch aract erized  by p art it io n in g o f p art s in to
subassem blies. For exam ple, if th e first  task is
th e join in g of th e cap  to th e receptacle, th e
secon d state of th e assem bly p rocess can  be
r e p r e se n t e d  b y  { {C AP,  REC EPTAC LE},
{STICK}, {HANDLE} }. Given  an  assem bly’s
graph  of con n ection s an d on e of th e two rep-
r e se n t a t io n s o f t h e  a sse m b ly  st a t e ,  i t  i s
straigh tforward to obtain  th e oth er represen -
tat ion . It  is also im portan t  to observe th at  n ot
a l l  p a r t i t io n s a n d  n o t  a l l  L-d im en sio n a l
b in a r y  vect o r s ca n  ch a ra ct e r ize  a  p ro p er
assem bly state. For exam ple, for th e assem bly
sh o w n  in  figu re  2 ,  t h e  fiv e -d im en sio n a l
b in ary vecto r [t ru e, t ru e, false, false, false]
does n ot correspon d to a state because if con -
n ect ion s c1 an d  c2 are est ab lish ed , t h en  c3

m ust also be establish ed. A subassem bly pred-
icat e sa is d efin ed  to  d et erm in e wh eth er a
subset  of parts m akes up  a subassem bly an d,
th erefore, wh eth er a given  bin ary vector is, in
fact , a proper state vector of th e assem bly. In
addit ion , we defin e a subassem bly’s stability
predicate st, wh ich  determ in es wh eth er a sub-
assem b ly d escrib ed  b y it s set  o f p art s an d
con n ection s is stable. Alth ough  we h ave stud-
ied  a subassem bly’s stability p red icate based
on  th e stability of parts con figuration  subject
t o  gra v it y  a n d  zero  fr ic t io n ,  m a n y  o t h er
assum ption s an d  an alysis tools or h eu rist ics
m igh t  be im p lem en ted  h ere. An  assem bly-
state rep resen tat ion  in  wh ich  all su bassem -
blies satisfy th e stability predicate is said  to be
a stable assem bly-state represen tation .

Assem bly Tasks

Given  t wo  su b assem b lies ch aract erized  b y
th eir sets of parts θi an d θj, we say th at  join -
in g  θi an d θj is an  assem bly task if th e set  θk

= θi ∪ θj ch aracterizes a subassem bly. Equiva-
len tly, an  assem bly task can  be ch aracterized
b y t h e o u t p u t  su b assem b ly an d  t h e set  o f
con n ection s th at  are establish ed by th e task.
For such  a set  of con n ection s to represen t an
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th e set  of edges of th e wh ole graph  th at  h ave
on ly on e en d  in  th e subgraph  defin es a cu t
set  if th eir rem oval leaves th e wh ole grap h
with  exactly two com pon en ts. Each  resu lt in g
cut set  correspon ds to a decom posit ion  of th e
graph . Th e procedure GET-DECOMPOSITION
fin ds th is decom posit ion , an d th e procedure
FEASIBILITY-TEST is u sed  to  ch eck wh eth er
th is decom posit ion  is feasible. Th e procedure
FEASIBILITY-TEST furth er breaks down  in to a
set  of p rocedu res th at  im p lem en ts th e in d i-
vid u al o p erat io n  feasib ilit y p red icat es an d
state feasibility predicates.

Th e com plexity of th e gen eration  of assem -
bly sequen ces depen ds on  th e n um ber of parts,
N , an d th e in tercon n ection s am on g th e parts.
Th e n u m ber o f p ossib le d ecom p osit ion s, D

(th at is, cut sets of th e graph s of con n ection s),
can  be used as an  upper boun d on  th e com -
p lexity of seq u en ce gen erat ion . In  p ract ice,
seq u en ces are n o t  gen era t ed  exh au st ively,
rath er th e search  tree for desirable sequen ces
can  be prun ed durin g th e gen eration  process.
We exam in ed com plexity for a stron gly con -
n ected assem bly, wh ere every part  is con n ect-
ed to every oth er part, an d a weakly con n ected
assem bly, wh ere th ere are N -1 con n ect ion s
am on g th e N parts.

Fo r a  o n e-p art -a t -a -t im e d eco m p o sit io n ,
wh ere each  cu t set  resu lts in  at  least  on e on e-
part  subassem bly, th e order of com plexity for
a st ron gly con n ected  in tercon n ect ion  is D =
O(2N) an d for a weakly con n ected  in tercon -
n ect ion  is D = O(N2). For a n etwork decom -
p o si t io n ,  w h e r e  a l l  cu t  se t s  a r e  fe a sib le
decom posit ion s, th e order of com plexity for a
st ron gly con n ect ed  in t ercon n ect ion  is D =
O(3N) an d for a weakly con n ected  in tercon -
n ection  is D = O(N3).

Th e relat ive efficien cy of th e represen tation
of th e resu lt in g p lan s depen ds on  th e n ature
of th e p lan  represen tation  th at  is used. Th ese
co m p lex it ies a re  b a sed  o n  t h e  u se  o f t h e
AND/OR graph  assem bly sequen ce represen -
tat ion  th at  is described in  th e n ext section .

Assem bly Sequen ce 
Represen tation

As d escribed  p reviou sly, each  assem bly can
h a v e  m a n y  d i f fe r e n t  fe a s ib le  a sse m b ly
sequen ces. Our first  object ive is to  gen erate
t h ese seq u en ces an d  rep resen t  t h em  in  an
efficien t  m an n er. Given  an  assem bly th at  h as
N parts, an  ordered set  of N-1 assem bly tasks
τ1 τ2 . . . τN-1 is an  assem bly sequen ce if th ere
are n o two tasks th at  h ave a com m on  in put
subassem bly, th e ou tpu t  subassem bly of th e
last  task is th e wh ole assem bly, an d th e in put
su bassem blies to  an y t ask are eith er a on e-

part  subassem bly or th e ou tpu t  subassem bly
of a precedin g task. Such  an  assem bly sequen ce
ca n  a lso  b e  ch a r a c t e r ized  b y  a n  o r d e r ed
sequen ce of states in  wh ich  th e state s1 is th e
state in  wh ich  all parts are separated, th e state
sN is th e state in  wh ich  all p art s are jo in ed
form in g th e wh ole assem bly, an y two con sec-
u tive states are such  th at  on ly th e two in put
subassem blies of th e task are in  si an d n ot in
si + 1, an d on ly th e ou tput subassem bly of task
τ i i s  in  s i  + 1 a n d  n o t  in  i . An  a sse m b ly
sequen ce is said  to be feasible if all its assem -
bly tasks an d assem bly states are feasible.

An  assem bly seq u en ce, t h erefo re, can  be
represen ted  in  several d ifferen t  ways: (1) an
o rd ered  list  o f t ask rep resen t at io n s, (2 ) an
ordered list  of bin ary vectors, (3) an  ordered
list  of part it ion s of th e set  of parts, or (4) an
o rd ered  list  o f su bset s o f co n n ect io n s. Fo r
exam ple, a feasible assem bly sequen ce for th e
product sh own  in  figure 2 could  be represen t-
ed as on e of th e followin g:
• A th ree-elem en t list  of task represen tation s:

({{CAP},{RECEPTACLE}}
{{CAP,RECEPTACLE},{STICK}}
{{CAP, RECEPTACLE, STICK},{HANDLE}})

•  A four-elem en t list  of five-dim en sion al
bin ary vectors:

([false,false,false,false,false]
[false,true,false,false,false]  
[true,true,true,false,false]
[true,true,true,true,true])

• A four-elem en t list  of part it ion s of th e set  of
parts:

({{CAP},{RECEPTACLE},{STICK},{HANDLE}}
{{CAP,RECEPTACLE},{STICK},{HANDLE}}
{{CAP,RECEPTACLE,STICK},{HANDLE}}
{{CAP,RECEPTACLE,STICK,HANDLE}})

•  A th ree-elem en t list  of sets of con n ection s:
({c2}{c1, c3}{c4,c5})  .
Because each  assem bly sequen ce can  be rep-

resen ted by ordered lists, it  is possible to rep-
resen t th e set  of all assem bly sequen ces by a
set  o f list s. Alth ou gh  th is set  o f list s m igh t
represen t  a com plete an d correct  descrip t ion
of all feasib le assem bly seq u en ces, it  is n o t
n ecessarily th e m ost  com pact or m ost  usefu l
represen tation  of th ese sequen ces. In  part icu-
lar, because m an y assem bly sequen ces sh are
com m on  su bsequ en ces an d  com m on  states,
a t t em p t s h ave  b een  m ad e t o  crea t e  m o re
com pact represen tation s th at  can  en com pass
a ll feasib le assem b ly seq u en ces. We in t ro -
du ced  th e AND/ OR graph  rep resen tat ion  of
assem bly sequen ces as a basis for th ese repre-
sen tat ion s. We d evelop ed  an  algo rith m  fo r
th e gen eration  of th e AND/OR graph  an d sub-
sequen t algorith m s th at  gen erate equ ivalen t ,
com plete, an d  correct  represen tat ion s of th e
directed graph  an d preceden ce relat ion s.

. . . each

assem bly 

can have

m any 

different 

feasible

assem bly

sequences.
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Defin ition : Th e AND/OR graph  of feasible
assem bly sequen ces of an  assem bly wh ose set
of parts is P = {p1, p2, . . ., pN} is th e AND/OR
graph  〈σp,Dp〉 in  wh ich

σp = {θ ∈ Π(P) | sa(θ) ∧ st(θ)}
is th e set  of stable subassem blies, an d

Dp = {(θk,{θi ,θj}) | [θi ,θj,θk ∈ σp] ∧[U({θi,θj})
= θk ]

∧ [af({θi ,θj})] ∧ [gf({θi ,θj})]}

is th e set  of feasible assem bly tasks. Th e n ota-
t ion  Π(P) is u sed  to  rep resen t  th e set  o f all
subsets of P.

As an  exam p le, figu re 4 sh ows th e AND/
OR graph  for th e feasible sequen ces for th e
assem bly sh own  in  figu re 2 . Th is AND/ OR
graph  represen tation  is com plete an d correct
in  th at  it  in cludes all possible feasible assem -
b ly  seq u en ces a n d  d o es n o t  in c lu d e  a n y
in feasible assem bly sequen ces. A given assem -

bly  sequen ce ca n  b e  d e fin ed  a s a  fea sib le
assem bly tree with in  th e AND/OR graph .

Th e algorith m  GENERATE-AND/OR-GRAPH
takes th e relat ion al m odel of an  assem bly an d
return s th e AND/OR graph  represen tation  of
all assem bly sequen ces for th is assem bly. Th e
n o d es in  t h e AND/ O R grap h  ret u rn ed  are
poin ters to relation al m odels of subassem blies.
Th e algorith m  is n ot reproduced h ere because
of space lim itation s, bu t  it  uses th e procedure
GET-DECOMPOSITIONS to gen erate all decom -
position s of th e relat ion al m odels an d keeps
track of lists of poin ters to determ in e wh eth er
specific subassem blies h ave p reviously been
gen era t ed . Th ese p ro ced u res can  b e m ad e
m ore efficien t  by lin kin g th e evalu at ion  of
feasibility tests between  differen t decom posi-
t ion s to avoid  duplicatin g th e com putation al
work. An  an alysis of th e com pleten ess, cor-
rect n ess,  an d  co m p lex it y  o f t h e  AN D/ O R
grap h  gen erat ion  algo rith m  is d iscu ssed  in
Hom em  de Mello an d San derson  (1990).

Given  an  assem bly wh ose graph  of con n ec-
tion s is 〈P,C〉, a directed graph  can  also be used
to  rep resen t  th e set  of all feasible assem bly
sequen ces. Th e n odes in  th is d irected  graph
correspon d to stable state part it ion s of th e set
P. Th ese are th e part it ion s Θ of P such  th at  if
θ ∈ Θ, th en  θ is a stable subassem bly of P.

Th e edges in  th is d irected  graph  are ordered
pairs of n odes. For an y edge, th ere are on ly
two subsets, θi an d  θj, in  th e state part it ion
correspon din g to th e first  n ode th at  are n ot
in  th e state n ode correspon din g to th e secon d
n ode. Th erefore, each  edge correspon ds to an
assem bly task. If all assem bly tasks are feasi-
ble, th en  th e graph  is referred to as th e direct-
ed  grap h  o f fea sib le  a ssem b ly  seq u en ces.
Figure 5 sh ows th e directed graph  of feasible
assem bly sequen ces for th e assem bly sh own
in  figu re 2. A path  in  th e d irected  graph  of

Th e n odes in  th is AND/OR graph  represen -
tat ion  of assem bly sequen ces are th e subsets
of P th at  ch aracterize st ab le su bassem blies.
Th e h yp era rcs co rresp o n d  t o  t h e  feasib le
assem bly t asks. Each  hyperarc is an  o rd ered
pair in  wh ich  th e first  elem en t is a n ode th at
correspon ds to  a stable su bassem bly θk, th e
secon d  elem en t  is a set  o f two n odes {θi,θj}
such  th at  θk = θi ∪ θj, an d th e assem bly task
ch aract erized  by θi an d θj is feasib le. Each
h yperarc is associated  with  a decom posit ion
of t h e su bassem bly th at  co rresp on d s to  it s
first  elem en t an d can  also be ch aracterized by
th is subassem bly an d th e subset  of all its con -
n ection s th at  are n ot in  th e graph s of con n ec-
t ion s of th e subassem blies in  th e h yperarc’s
secon d  elem en t . Th is subset  of con n ect ion s
associated to a h yperarc correspon ds to a cu t
set  in  th e graph  of con n ect ion s of th e sub-
assem bly in  th e h yperarc’s first  elem en t. Th is
AND/ OR grap h  can  be fo rm ally d efin ed  as
follows:
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Figure 4. AND/OR Graph of the Product Shown in Figure 2.



feasible assem bly sequen ces correspon ds to a
feasible assem bly sequen ce for th e assem bly P.

In  such  a path , th e ordered sequen ce of edges
correspon ds to th e ordered sequen ce of tasks,
an d  t h e o rd ered  seq u en ce o f n o d es co rre-
spon ds to  th e ordered  sequen ce of assem bly
process states.

Th e equivalen ce of th e directed graph  an d
th e AND/OR graph  as com plete an d  correct
represen tation s of feasible assem bly sequen ces
h as been  proven  elsewh ere (Hom em  de Mello
an d San derson  1990). Th e relat ive com plexity
o f t h e two  rep resen t at ion s in  t erm s o f t h e
n um ber of n odes in  th e graph s h as also been
addressed in  Hom em  de Mello an d San derson
(1990). In  th is an alysis, for stron gly con n ect-
ed  assem blies, th e AND/OR graph  h ad fewer
n odes for all assem blies larger th an  N = 4, an d
at  N = 10, it  h ad  fewer n odes by m ore th an
two orders of m agn itude. Alth ough  th e list  of
sequen ces, th e directed graph , an d th e AND/
O R gr a p h  a l l  r e p r e se n t  co m p le t e  se t s  o f
sequen ces, th e AND/OR graph  h as th e advan -
t age in  th e efficien cy o f it s rep resen tat ion .
Th is efficien cy can  be viewed as a space-t im e
trade-off, such  th at  given  a fixed  am oun t  of
space allocated for represen tation  storage, th e
AND/ OR grap h  will t en d  to  rep resen t  m ore
feasible sequen ces an d, th erefore, can  lead to
a m ore op t im al perform an ce an d  a solu t ion
in  sh orter t im e. An  exam ple of th e use of th e
AND/OR graph  represen tation  for th e oppor-
tun ist ic sch edulin g of robotic assem bly tasks
is sh own  in  Hom em  de Mello an d San derson
(1990).

Preceden ce Relation s

It  h as b een  o b served  t h a t  m an y assem b ly
problem s h ave in h eren t  orderin g con strain ts
t h a t  d o m in a t e  t h e  se le c t io n  o f  fe a s ib le
seq u en ces fo r  a ssem b ly  sy st em s.  Fo r  t h e  
exam ple in  figure 2, “Th e st ick m ust be in  th e
receptacle before both  en ds are at tach ed” is a
gen eralization  on  orderin g, wh ich , in  itself, is
su fficien t  to  d ist in gu ish  all th e feasible an d
in feasib le seq u en ces. In t u it ive p reced en ce
re la t io n s o f t h is t yp e  h a ve  b een  u sed  b y
assem bly design ers for m an y years. Th e work
o f Bo u rjau lt  (1984), DeFazio  an d  W h it n ey
(1988), an d Lui (1988) h as attem pted to capture
th is in tu it ive kn owledge by form alized sets of
in teractive question s provided to th e design -
er. In  our work, we h ave sh own  h ow to derive
t h ese set s o f p reced en ce rela t io n s d irect ly
from  th e AND/OR graph  an d, th erefore, to be
ab le t o  au t o m at ica lly gen era t e p reced en ce
relation s from  th e design  descrip tion .

In  t h is sect io n ,  w e  d efin e  t w o  t yp es o f
preceden ce relat ion s: type 1—preceden ce rela-

t ion s between  th e establish m en t of on e con -
n ection  an d states of th e assem bly process—
an d type 2—preceden ce relat ion s between  th e
est ab lish m en t  o f o n e co n n ect io n  an d  t h e
establish m en t  of an oth er con n ect ion  of th e
assem bly process. Both  types resu lt  in  logical
expression s on  th e occurren ce of con n ection s
or states. Th ey can  both  be gen erated  from
th e AND/OR graph  an d are sh own  to be com -
p le t e  an d  co r rect  d escr ip t io n s o f fea sib le
assem bly sequen ces. We also in troduce in de-
pen den ce properties of assem blies th at  perm it
th e sim p lificat ion  of th ese p receden ce rela-
t io n s. Typ e 1  p reced en ce rela t io n s req u ire
fewer assum ption s th an  type 2 an d are easier
to sim plify bu t are m ore difficu lt  to gen erate.
Typ e 2  p reced en ce rela t io n s req u ire  m o re
restrict ive assum ption s an d are m ore difficu lt
to sim plify bu t are easier to gen erate from  th e
AND/OR graph . Th e in depen den ce properties
used in  th ese derivat ion s provide in terest in g
in sigh t  in to th e ch aracterist ics of assem blies
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Figure 5. Directed Graph of the Product Shown in Figure 2.



For exam ple, we write ci + cj → Λ(x) wh en  we
m ean  [ci → Λ(x)] ∨ [cj → Λ(x)]. An  assem bly
sequen ce wh ose represen tation  as an  ordered
sequen ce of bin ary vectors is (x1 x2 . . . xN)
a n d  w h o se  r ep resen t a t io n  a s a n  o rd e red
sequen ce of subsets of con n ection s is (γ1 γ2 . . .
γN-1) sat isfies th e preceden ce relat ion sh ip  ci →
Λ(x) if

Λ(xk ) ⇒  ∃ l [(l < k) ∧ (ci ∈γ1)]     
for k = 1, 2, . . . , N .

Let  ΨS be th e set  o f assem bly st at es t h at
n ever occur in  an y feasible assem bly sequen ce.
Th ese st at es in clu d e th e u n stab le assem bly
states p lus stable states from  wh ich  th e fin al
state can n ot  be reach ed  p lus th e states th at
can n ot be reach ed from  th e in it ial state. Let
ΨX = {x1, x2  . . . , xJ) be th e set of all L-dim en -
sio n a l b in a r y  v ec t o r s t h a t  r ep re sen t  t h e
assem bly states in  ΨS. Every elem en t x j of ΨX

is such  th at  th e value of th e logical fun ction
G(xJ) is true, wh ere

Th e sum  an d th e product in  th is equation
a re  t h e  lo gica l  o p e ra t io n s O R a n d  AN D ,
respectively, an d λkl is eith er th e sym bol x l if
t h e  l t h c o m p o n e n t  o f  x k i s  t r u e  o r  t h e
sym bolx l if th e lth com pon en t of xk is false.
In  m an y cases, t h e exp ression  G(x ) can  be
sim plified  usin g th e ru les of Boolean  algebra.
Allowin g for sim plificat ion s bu t  keepin g th e
logical fu n ct ion  as a su m  of p rod u ct s, you
can  rewrite th is equation  as

wh ere each  t erm  gj(x ) is t h e p ro d u ct  o f a
subset  of {x1, x2, . . . xL,x1,x2,, . . .xL} th at
d o es n o t  in clu d e bo t h  x i an d x i fo r an y i.

Each  t e rm  gj(x ) can  b e  fu r t h er  rew r it t en ,
grou p in g all t h e n on n egated  variab les first
an d  all th e n egated  variables last , for exam -
ple, gj(x) = xa ⋅ xb ⋅ . . . ⋅ xh ⋅xp ⋅xq ⋅ . . . ⋅xz.

An y assem b ly  seq u en ce t h a t  in clu d es a
state th at  is in  ΨS is an  un feasible assem bly
seq u en ce. Th erefo re, a n ecessary con d it ion
fo r th e feasib ility o f an  assem bly seq u en ce
wh o se rep resen t at io n  as an  o rd ered  list  o f
bin ary vectors is (x1, x2, . . . xN) is G(x1) =
G(x2) = . . . = G(xN) = false.

Th is con dit ion  is equivalen t to gj(x i) = false
for i = 1,2, . . . ,N an d j = 1,2, . . . ,J’. Th is n ec-
e ssa r y  co n d i t io n  is a lso  su ffic ien t  i f t h e
assem bly h as th e followin g property:

Property 1: Given  an y two feasible states si

an d sj, n ot n ecessarily in  th e sam e assem bly

a n d  t h e  c o m p le x i t y  o f  t h e i r  r e su l t in g
sequen ces.

Preceden ce relat ion s are expressed as a set
of logical relat ion s th at  m ust be true of every
con n ect ion  an d  state in  a seq u en ce for th e
seq u en ce to  be valid . Sim ilarly, a com p lete
an d correct  set  of preceden ce relat ion s m ust
be un iquely satisfied  by a com plete an d cor-
rect  set  of assem bly sequen ces.

Type 1 Preceden ce Relation s: 

Con n ection -State

If we rep resen t  t h e st a t es o f t h e assem b ly 
process by L-dim en sion al bin ary vectors, th en
a set  o f logical exp ression s can  be u sed  t o
en code th e d irected  graph  of feasible assem -
bly sequen ces. Let   Ξi = {x 1, x 2, . . ., x Ki} be
th e set  of states from  wh ich  th e ith con n ec-
t ion  can  be establish ed  with ou t  p reclu d in g
th e com plet ion  of th e assem bly. Th e estab-
lish m en t  con dit ion  (Bourjau lt  1984) for th e
ith co n n ect io n  is t h e lo gical fu n ct io n  t h at
en um erates th ese states wh ere th e ith con n ec-
tion  can  be carried  ou t: 

wh ere th e sum  an d th e product are th e logi-
cal operation s OR an d AND, respectively, an d
γkl is eith er th e sym bol x l if th e lth com po-
n en t of xk is true or th e n egation x l if th e lth

com pon en t  of xk is false. Clearly, every ele-
m en t xk of  Ξi = {x1, x2, . . ., xKi} is such  th at
Fi(xk ) = true. If Ξi is a com plete set , th en  an y
occurren ce of th e lth con n ection  in  a feasible
seq u en ce m u st  b e p reced ed  b y a  st a t e  fo r
wh ich  Fi(xk ) = t ru e. It  is o ft en  p ossib le to
sim p lify th e exp ression  of Fi(xk ) u sin g th e
ru les of Boolean  algebra. Th e set  of establish -
m en t  con dit ion s defin es a correct  an d  com -
plete set  of assem bly sequen ces, an d th is set
of con dit ion s can  be obtain ed  d irect ly from
th e AND/ OR grap h , as d escribed  in  Zh an g
(1989). Th e establish m en t con dit ion s do n ot,
in  th em selves, correspon d to a com plete an d
correct  set  of preceden ce relat ion s. A com ple-
m en tary set  of con d it ion s for th e in feasible
assem b ly st a t es can  b e u sed  as a  b asis fo r
d er iv in g t h e  t yp e  1  p reced en ce  re la t io n s
described in  th e followin g paragraph s.

We use th e n otation  Ci → Λ(x) to in dicate
th at  th e establish m en t  of th e ith con n ect ion
m ust precede an y state s of th e assem bly pro-
cess for wh ich  th e value of th e logical fun c-
t ion  Λ(x) is true. Th e argum en t of Λ(x) is th e
L-dim en sion al bin ary vector represen tation  of
th e st ate s. We u se a com p act  n o tat ion  fo r
logical com bin ation s of preceden ce relat ion s.

. . . m any 

assem bly

problem s 

have 

inherent

ordering 

constraints

that dom inate

the selection

of feasible

sequences for

assem bly 

system s.
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sequen ce, let  γi an d γj be th e sets of con n ec-
tion s th at  are establish ed in  assem bly tasks τi

an d τj from  si an d sj, respectively. If
〈P, Ci 〉 is th e state’s graph  of con n ection s 

associated to si,

〈P, Cj〉 is th e state’s graph  of con n ection s 
associated to state sj,

an d 
τj is geom etrically an d m ech an ically feasible,

th en  τi is geom etrically an d m ech an ically fea-
sible.

Th is property correspon ds to th e fact  th at  if
it  is feasible to establish  a set  of con n ection s
wh en  m an y oth er con n ect ion s h ave already
been  est ab lish ed , t h en  it  is also  feasib le to
establish  fewer con n ection s wh en  fewer oth er
con n ection s h ave been  establish ed. Alth ough
m an y com m on  assem blies h ave th is property,
th ere are assem blies th at  don ’t  h ave it . Prop-
er t y  1  can  b e v iewed  as an  in d ep en d en ce
property am on g con n ection s. It  assum es th at
n o m ech an ism s are presen t  in  th e assem bly,
su ch  th at  wh en  add it ion al p art s are added ,
t h e geo m et ric access fo r assem b ly o f p art s 
is im proved . Note th at  p roperty 1 does n ot
gu a ran t ee  t h a t  t h e  resu lt in g st a t e  w ill  b e
st ab le. In  t yp e 1  p reced en ce rela t io n s, t h e
state feasibility is exp licit ly ch ecked  by en u-
m eratin g un feasible states, an d th erefore, n o
p rio r assu m p t io n s are req u ired . Fo r t yp e 2
preceden ce relat ion s, an  addit ion al in depen -
den ce property is required to guaran tee state
fea sib il i t y  o f t h e  resu lt in g seq u en ces.  An
exam ple of an  assem bly th at  does n ot  h ave
property 1 is sh own  in  figure 6.

Hom em  d e Mello  an d  San d erson  (1989b)
an d  Ho m em  d e Mello  (1989) sh o w t h at  if
(x1,x2,. . . xN) is an  ordered list  of bin ary vec-
tors th at  represen ts an  assem bly sequen ce, th e
con d it ion  gj(x i) = false, i = 1,2, . . . ,N is a
requirem en t for a feasible assem bly sequen ce
an d  also  co rresp on d s t o  a p reced en ce rela-
t ion sh ip :

cp + cq + . . . + cz → S(x)  ,

wh ere

wh ere

By applyin g th is result to each  of th e J’ term s
on  th e righ t side of th e equation , we obtain  J’
preceden ce relat ion sh ips. Given  an  assem bly
sequen ce, if it  sat isfies all J’ preceden ce rela-

t ion sh ips, th en  it  does n ot in clude an y state
in  ΨS an d, th erefore, is feasible. Con versely, if
th e assem bly sequen ce does n ot  in clude an y
st a t e  in  ΨS, an d  t h erefo re ,  i t  is a  feasib le
assem bly sequen ce, th en  it  sat isfies all prece-
den ce relat ion sh ip s. Th erefore, th e set  o f J’

preceden ce relat ion sh ips is a correct  an d com -
plete represen tat ion  of th e set  of all feasible
assem bly states leadin g to th e validation  of all
correct  an d com plete sequen ces. Th is resu lt  is
proven  as a th eorem  in  Hom em  de Mello an d
San derson  (1989b) an d Zh an g (1989). Th e fol-
lowin g exam ple illustrates th e application  of
th is resu lt . An  algorith m  for th e gen eration  of
th ese typ e 1 p reced en ce relat ion s from  th e
AND/OR graph  is given  in  Zh an g (1989).

As an  exam ple of th e gen eration  of type 1
p reced en ce relat ion s, con sid er th e exam p le
sh own  in  figure 2, wh ich  h as property 1. In
th is exam ple, th e in feasible states are

ΨX = {[false, true, false, false, true] , [true, 
false, false, true, false]}.

Th erefore, 
G(x) = G(x1, x2, x3 ⋅ x4, x5) =x1 ⋅ x2 ⋅x3 ⋅x4 

⋅ x5 + x1 ⋅x2 ⋅x3 ⋅ x4 ⋅x5 .
Th e resu lt in g preceden ce relat ion s are

c1 + c3 + c4 → x2 ⋅ x5  ,

c2 + c3 + c5 → x1 ⋅ x4  .
A sim pler set  of p receden ce relat ion s can  be
ob t ain ed  if we also  set  n on st at e vecto rs as
don ’t -care con d it ion s for th e sim plificat ion .
In  th is case, we obtain  th e preceden ce relation s

c1 → x2 ⋅ x5  ,

c2→ x1 ⋅ x4  .

Th ese sets of expression s are n ot un ique; th at
is, oth er logically equivalen t sets of preceden ce
relation s can  be obtain ed as sim plification s of
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Figure 6. Exam ple of an Assem bly That Violates Property 1.

The cover of the box is a sliding m echanism , and the blocks are placed on springs.

W hen either X or Y—but not both—is present, the spring is not com pletely com -

pressed, the other block prevents the cover from  sliding, and Z cannot be inserted.

Adding the other block to the assem bly com presses the spring, perm its the cover to

slide open, and Z can be inserted. Because inserting Z is feasible with X and Y present

—but not with only X or Y present individually—the assem bly violates property 1.



wh ere

Σ an d Π again  represen t logical OR an d AND,
respectively.

Alt h o u gh  it  is o ft en  p o ssib le t o  d irect ly
reduce th is logical expression , th ere is an oth -
er in terestin g sim plification  th at  arises usin g
property 1 an d th e assum ption  th at  all states
are feasible. Un der th ese assum ption s, th e fol-
lowin g sim p lified  set  o f t yp e 2  p reced en ce
relation s h olds:

Th is sim plified  set  of p receden ce relat ion s
can  also be proven  for a m ore gen eral set  of
assu m p t io n s lead in g t o  an  in d ep en d en ce
property 2. Property 2 will n ot  be d iscussed
h ere because of space con sideration s.

We ca n  i l lu st ra t e  t h is sim p lified  se t  o f
preceden ce relat ion s as follows. Th e assem bly
sh own  in  figu re 2 h as both  p roperty 1 an d
feasible states. Based  on  th e set  of assem bly
seq u en ces sh own  in  figu re 3, we can  writ e
type 2 preceden ce relat ion s of th e followin g
form :

c1 ≤  c2c3c4c5 + c2c3c4c5 + c3c4c5 + c3c5  

+ c2c4c5 + c2 + c3c5 + c2 + c2c3c4 + c2

an d
true + true + c2c3 + c2c3c4c5 + c2c3 + c2c3c4c5

+ c2c3c4c5 + c2c3c4c5 + c5 + c2c3c4c5

≤ c1 . 
By writ in g th ese relat ion s for all i = 1, . . . , 5,

th e resu lt in g set  of expression s can  be sim pli-
fied  to obtain  on e n on redun dan t relat ion :

c3 ≤ c1c5 + c2c4 .

Th is type 2 preceden ce relat ion  also specifies
correct ly an d  com pletely th e set  o f feasib le
assem bly sequen ces for th e exam ple in  figure
2. It  correspon ds to our in tu it ive in terpreta-
t ion  of th e preceden ce th at  requires th at  th e
con n ect ion  between  st ick an d  recep tacle be
establish ed before th e en ds are con n ected.

Preced en ce relat ion s p rovid e an  im p licit
represen tat ion  of assem bly sequen ces in  th e
sen se th at  decision s regard in g th e n ext  step
in  th e sequen ce can  be m ade th rough  local
co n sid erat io n  o f t h e cu rren t  an d  p revio u s
states. However, an  assem bly sequen ce itself
is an  explicit  represen tat ion  of th e assem bly
seq u en ce, an d  if a n ew state is en tered , an

th is set . All th ese relat ion s express our in tu -
it ive un derstan din g of th e problem  th at  th e
stick m ust be con n ected prior to closin g th e
receptacle an d th at  th e st ick can n ot be join ed
to th e cap  an d h an dle with out th e receptacle
already presen t.

Type 2 Preceden ce Relation s: 

Con n ection -Con n ection

Typ e 2  p reced en ce rela t io n s est ab lish  t h e
o ccu rren ce o f o n e co n n ect io n  p rio r t o , o r
s im u l t a n e o u sly  w i t h ,  t h e  o ccu r r e n ce  o f
an oth er con n ection  in  th e sequen ce. We use
th e n otat ion  ci < cj to  in d icate th at  con n ec-
t ion  ci m u st  p recede con n ect ion  cj, an d  we
use th e n otation  ci ≤ cj to in dicate th at  con -
n ect ion ci m u st  p reced e o r accom p an y th e
establish m en t of con n ection  cj. Furth erm ore,
we use a com pact n otation  for logical com bi-
n ation s of preceden ce relat ion s; for exam ple,
we write ci < cj ⋅ ck to m ean  (ci < cj) ∧ (ci < ck),
an d we write ci + cj < ck to m ean   (ci < ck)  ∨
(cj < ck). An  assem bly sequen ce wh ose repre-
sen tat ion  as an  ordered  seq u en ce of b in ary
vectors is (x1, x2, . . . ,xN) an d wh ose repre-
sen tation  as an  ordered sequen ce of subsets of
con n ect ion s is (γ1 γ2 . . . γN-1)  sat isfies th e
preceden ce relat ion sh ip ci < cj if ci ∈γa, cj ∈γb,
an d a < b. Sim ilarly, th e sequen ce satisfies ci ≤
cj if ci ∈γa, cj ∈γb, an d a ≤ b. For exam ple, for
th e assem bly sh own  in  figure 2, th e assem bly
sequen ce wh ose represen tation  as an  ordered
sequen ce of bin ary vectors is

([false,false,false,false,false]
[true,false,false,false,false]
[true,true,true,false,false]
[true,true,true,true,true]

a n d  w h o se  r ep resen t a t io n  a s a n  o rd e red
sequen ce of subsets of con n ection s is

({c1} {c2, c3} {c4, c5})
sat isfies th e preceden ce relat ion sh ips c2 < c4

an d  c2 ≤ c3 bu t  d oes n o t  sat isfy t h e p rece-
den ce relat ion sh ips c2 < c3 an d c2 ≤ c1.

Each  feasible assem bly sequen ce of a given
assem bly can  be un iquely ch aracterized by a
logical expression  con sist in g of th e con jun c-
tion  of preceden ce relat ion sh ips between  th e
est ab lish m en t  o f o n e co n n ect io n  an d  t h e
establish m en t of an oth er. Given  an  assem bly
m ade of N parts wh ose graph  of con n ection s
is 〈P, C〉, let

{(γ11 γ21 . . . γ(N-1)1) , (γ12 γ22 . . . γ(N-1)2) , . . . ,
(γ1M γ2M . . . γ(N-1)M)}

be a set  of M ordered sequen ces of subsets of
con n ection s th at  represen t  feasible assem bly
sequen ces. Th en  a correct  an d com plete logi-
cal expression  represen tin g th ese sequen ces is

Precedence

relations 

provide an

im plicit 

representation

of assem bly

sequences . . .
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en tire sequen ce m ust be gen erated to guaran -
tee it s correctn ess. Th is d ist in ct ion  becom es
im portan t in  th e im plem en tation  of assem bly
sequen ce p lan s in  real-t im e execution . In  th is
m ode of operation , th e ch oice of a n ext-cor-
rect  operation  can  be m ade with out recourse
to  exp licit  p lan n in g of th e en t ire sequ en ce.
However, usin g th e types of preceden ce rela-
t ion s we h ave defin ed, th ere is n o guaran tee
th at  a n ext-correct  step  is also goin g to be a
step  leadin g to a com plete feasible sequen ce.
Th erefore, we h ave defin ed a real-t im e prop-
ert y o f assem b ly seq u en ce rep resen t a t io n s
th at  requires th at  all feasible assem bly subse-
quen ces th at  start  at  th e in it ial state h ave a
n on -em pty set  of followin g subsequen ces th at
reach  th e goal. Zh an g (1989) describes algo-
rith m s th at  gen erate preceden ce relat ion s th at
guaran tee th e real-t im e property to h old .

An  exam ple of an  assem bly in  wh ich  th e
typ e 1 p reced en ce relat ion s d o  n o t  p rovid e
th e real-t im e property is sh own  in  figure 7. In
t h i s  c a se ,  t h e  e x t e n d e d  a lgo r i t h m s a r e
required to gen erate a set  of preceden ce rela-
t ion s guaran teein g th e real-t im e property.

Evaluation  an d Selection  of
Assem bly Plan s

Th e assem bly p lan n in g algorith m s described
in  previous section s gen erate th e set  of all fea-
sible assem bly sequen ces. Form ally defin in g
th ese structures an d algorith m s th at  in corpo-
rate feasibility p red icates is a n ecessary step
t o ward  d evelo p in g t ech n iq u es t h at  can  be
used to evaluate an d select  p lan s for part icu-
lar app licat ion s. In  th is sect ion , we describe
severa l ap p ro ach es t o  t h e  eva lu a t io n  an d
selection  of p lan s.

In  practice, we would like to select  a set  of
can d id at e assem bly p lan s t h at  m ost  n early
m eet our n eeds for a part icu lar purpose. Th is
selection  requires th e defin it ion  of evaluation
m easu res an d  th e im plem en tat ion  of search
tech n iqu es to  select  app rop riate p lan s. Th is
evaluation  an d selection  process would ideal-
ly occur in  parallel with  th e gen eration  of th e
plan s th em selves. Th e com bin atorial explosion
in  th e n um ber of possible sequen ces m akes it
desirable to lim it  th e search  as early as possi-
ble an d, th erefore, to in corporate th ese evalu-
a t io n  m easu res in t o  t h e search  as early as
possible. In  th is section , we sum m arize resu lts
for th ree differen t evaluation  fun ction s.

First , we would often  like to ch oose assem -
bly sequen ces th at  both  m in im ize th e com -
p lexity o f th e t ask execu t ion  as well as th e
com plexity of th e fixturin g an d m an ipulation
t o  m ain t a in  t h e in t erm ed iat e su bassem b ly
states. On e possibility for such  an  evaluation

fu n ct ion  is a  weigh ted  com bin at ion  o f t h e
com plexity of th e assem bly tasks an d th e rela-
t ive d egrees o f freed om  of th e p art s in  th e
in term ediate subassem blies:

W (t) = kD ⋅ D(n) + kC ⋅ C(h) + W (t1) + W (t2)  ,
wh ere

D(n) = th e m easure of th e relat ive degrees of
freedom  of th e parts of th e subassem bly, an d
n is th e n um ber of degrees of freedom .

C(h) = th e m easure of th e com plexity of th e
assem bly task wh ose correspon din g AND-arc
is h.

k D = t h e  w e igh t  g iv e n  t o  t h e  r e l a t iv e
degrees of freedom  of th e subassem bly parts.

kC = th e weigh t given  to th e task’s com plex-
ity m easure.

t1 an d t2 are subtrees.
Subassem blies in  wh ich  th e n um ber of rela-

t ive degrees of freedom  of th e parts is h igh  are
m ore difficu lt  to m an ipulate because th ere are
fewer orien tat ion s in  wh ich  th ey are stable,
an d  th ere are fewer op t ion s for grasp in g. A
variety of factors can  be in cluded  in  a m ea-
su re o f com p lexity o f assem bly t asks: t im e
duration , reliability, fixture requirem en ts, an d
cost  of resources. As on e exam ple, we estab-
lish ed  a ran kin g of assem bly tasks based  on
th readed  con tacts, cylin d rical con tacts, an d
plan ar con tacts. Eith er exh austive or h eurist ic
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Figure 7. Exam ple of an Assem bly That Does

Not Have the Real-Tim e Property for Type 1

Precedence Relations.

Although B and C can be individually inserted at any

tim e, if B-C are connected early in the sequence, several

additional feasible steps can be taken but do not lead

to a feasible sequence. A deadend is reached when B-C

tries to m ate with  A-E-D. The real-tim e precedence

relations for this exam ple are generated by our extend-

ed algorithm  (Zhang 1989).



is preferred because it  gives m ore flexibility to
task sch edulin g. Given  an  assem bly tree, th e
n u m ber of d ist in ct  seq u en ces in  wh ich  th e
assem bly task can  be execu ted  can  be recur-
sively com p u ted . Fo r t h is evalu at ion  fu n c-
t io n ,  an  ad m issib le  h eu r ist ic  can  a lso  b e
foun d. Th e resu lt in g evaluation  of altern ative
assem bly t rees fro m  figu re 2  su ggest s t h at
seq u en ces D-C -A/ C -D-A an d  E-A-C / A-E-C
fro m  figu re 3  are each  rep resen t ed  b y t h e
sam e solu tion  tree for th e assem bly task, an d
th e oth er six assem bly t rees allow on ly on e
sequen ce.

A th ird  possibility for a m etric to assess th e
q u a l i t y  o f a n  a ssem b ly  t ree  is i t s d ep t h .
Assu m in g t h a t  t h e assem b ly wo rk st a t io n
operates in  cycles durin g wh ich  on e or m ore
assem bly tasks is execu ted , th e dep th  of an
a ssem b ly  t r e e  i s  g iv en  b y  t h e  m in im u m
n u m ber of cycles th at  are requ ired  to  com -
p lete th e assem bly. Given  an  assem bly t ree,
th e depth  m etric yields an  adm issible h euris-
t ic fun ct ion  th at  can  be im plem en ted  as an
efficien t  search  tech n ique. For th e exam ple in
figu re  2 ,  t h e  a ssem b ly  t rees fo u n d  u sin g
m et ric 2  also  h ave d ep th  two  becau se it  is
p o ssib le  t o  s im u l t a n e o u sly  e x e cu t e  t w o
assem bly t asks an d , t h erefo re, t o  com p let e
th e assem bly in  two cycles. Of course, sim ul-
tan eity of assem bly tasks requ ires th e avail-
ab ilit y o f resou rces, an d  th is m et ric wou ld
o n ly b e u sed  if t h e req u ired  reso u rces are
available.

search  tech n iques can  be used to explore th e
altern ative sequen ces relat ive to th ese evalua-
t ion  fu n ct ion s. In  t h is case, an  evalu at ion
fun ction  W can  be defin ed as an  adm issible
h eu rist ic fu n ct ion  an d  in co rp orat ed  in to  a
h eu rist ic search  tech n iq u e su ch  as th e AO*
algorith m . Based on  th ese search  tech n iques,
th e resu lt in g ran kin g of altern ative sequen ces
in  t erm s o f t h ese  eva lu a t io n  fu n ct io n s is
sh own  in  table 1.

A secon d possible m etric to assess th e quali-
ty of an  assem bly sequen ce is th e n um ber of
d ist in ct  seq u en ces in  wh ich  t h e assem b ly
tasks can  be executed. For som e application s,
it  m igh t be desirable to h ave on e fixed set  of
assem b ly t asks, a ll o f wh ich  are execu t ed .
In stead  of allowin g all possibilit ies given  by
th e AND/OR graph , it  m igh t be preferable to
a llo w  o n ly  t h e  p o ssib ilit ies given  b y  o n e
assem bly tree. Th e assem bly tree th at  allows
th e m axim um  n um ber of d ist in ct  sequen ces
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Figure 8. Overview of the Pleiades Environm ent for 

Assem bly Sequence Planning.

TREE COST

A-B-C 11

B-A-C 13

B-C-A 13

C-B-A 11

D-A-C 15

D-C-A 14

C-D-A 14

E-C-A 15

E-A-C 14

A-E-C 14

Table 1. Tables of Costs Using the W eighted

Evaluation Function for the Exam ple in Figure 2.

The preferred sequences were those that attached the

cap or handle to the receptacle first, providing a stable

subassem bly for insertion of the stick.



Th e Pleiades System

Alth ough  a fu lly au tom ated assem bly system
is on e goal of th e tech n iques described h ere,
m an y of th ese approach es will be used first  in
an  in teractive m ode, wh ere th e user is a crit ic
for altern ative assem bly sequen ces gen erated
au tom at ically from  CAD-based  descrip t ion s.
Th e first  gen erat ion  o f su ch  an  in t eract ive
assem bly p lan n in g en viron m en t in tegrates a
set  o f so ftware m od u les fo r p art s m od elin g
an d  p lan n in g. Th e syst em , wh ich  we ca ll
Pleiades, h as been  used to dem on strate in it ial
experim en ts in  tran sferrin g a CAD-based parts
d escrip t io n  t o  a  fu lly  d evelo p ed  assem b ly
plan .

Figu re  8  i l lu st ra t es t h e  e lem en t s o f t h e
Pleiades system . Catia, a solid  m odelin g an d
m ech a n ica l  C AD d esign  syst em  a va ila b le
com m ercially from  IBM, is th e first  elem en t.
Cat ia u ses both  con st ruct ive solid  geom etry
an d  bou n dary rep resen tat ion s an d  p rovides
facilit ies for Boolean  operation s on  solid  parts
m odels. Several parts can  be bu ilt  in  th e sam e
m odel an d viewed sim ultan eously, as sh own
in  figure 9. However, th ere is n o explicit  rep-
resen t a t io n  fo r  a ssem b ly  re la t io n sh ip s in
Cat ia, an d  relat ive p art s p osit ion s m u st  be
described to represen t assem bly relat ion sh ips.
Th e p art ially assem bled  p art s fo r t h e sam e
exam ple are also sh own  in  figu re 9. For ou r
purposes, Catia provides a con ven ien t tool for
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Figure 9. Exam ple of the Sequence of Procedures in the Pleiades System .

Figure 9a shows the output of the Catia system  showing the parts solid m odels, Figure 9b shows the Geos display of

the object-oriented m odel of assem bly relations, and Figure 9c shows the AND/OR graph output of the planning 

procedure.

. . . Pleiades

has been

used to

dem onstrate

initial 

experim ents

in transfer-

ring a CAD-

based parts

description to

a fully 

developed

assem bly

plan.



ad d it ion al ad van t age o f t h e in t egrat ion  o f
th is com m ercial system  is th e availability of
exist in g design s th at  h ave been  im plem en ted
usin g Cat ia an d  th e opportun ity to  in teract
m ore directly with  practicin g design ers.

An o t h er  e lem en t  o f t h e  syst em  is G eo s
(Turn er 1989a, 1989b), a variat ion al geom et-
ric m odelin g system  u n der develop m en t  at
Ren sselaer Polytech n ic In st itu te by Professor
Josh u a Tu rn er. It  is in t en d ed  fo r m od elin g
parts an d assem blies an d in cludes facilit ies to
in co rp o ra t e  t o le ra n ce  in fo rm a t io n .  G eo s
im plem en ts an  object-orien ted en viron m en t,
in clu d in g classes an d  m eth ods with  in h eri-
t an ce. Geos m od el d at a are o rgan ized  in to
d a t a  st ru ct u res ca lled  o b ject s o r  n o d es. A
Geo s d isp lay fo r  t h e fo u r-p ar t  exam p le is
sh own  in  figure 10b. Typical Geos n odes are
p o in t ,  l in e ,  a n d  su r fa ce .  G eo s n o d es a re
grouped in to en tit ies. En tit ies are th e h igh est
structu ral level visible to th e user. Th ere are
th ree types of en tit ies: (1) m en u, wh ich  con -
tain s all th e m en us used by th e Geos dialog
m an ager; (2) drawin g, wh ich  correspon ds to a
p ap er d rawin g an d  con tain s a co llect ion  of
two-dim en sion al com pon en ts; an d (3) space,
wh ich  co rresp o n d s t o  a  t h ree-d im en sio n al
wo rld  an d  co n t a in s a  co llect io n  o f t h ree-
dim en sion al com pon en ts.

In  Geos, t h e sp ace en t ity can  be u sed  to
m odel th e assem bly. Each  space en tity h as a
list  o f regio n  n o d es; regio n  n o d es co n t ain
body n odes. Th e body n odes can  be used to
m o d el t h e p art s in  t h e assem b ly. Th e t wo
types of n odes used  to m odel th e geom etric
co n t act s an d  m ech an ical a t t ach m en t  rela-
t ion sh ips between  th e parts are th ose defin ed
p r e v io u sly  in  o u r  r e la t io n a l  m o d e l  (se e
Assem b ly  Seq u en ce  Pla n n in g).  A co n t a ct
n ode m odels th e con tacts from  th e relat ion al
m o d el an d  st o res t h e p o in t ers t o  t h e t wo
body n odes an d th e poin ters to th e con tact-
in g su rfaces. An  at t ach m en t  n od e in clu d es
th e poin ter to th e agen t n odes an d th e target
n o d es. In  t h e cu rren t  m o d e o f o p era t io n ,
Geos im p ort s p art s m od els from  Cat ia an d
con vert s t h em  d irect ly to  Geos rep resen ta-
t ion . Th e assem bly relat ion sh ip s are in p u t
in teractively.

A th ird  elem en t of th e Pleiades system  is
th e relat ion al m odel.  Th is m odel, wh ich  is
used in  th e assem bly p lan n in g software m od-
u les, is obtain ed  by data form at  con version
from  th e Geos C en viron m en t to a Lisp  en vi-
ron m en t . Th e resu lt in g sym bolic relat ion al
m o d e l  c o n t a in s  a l l  t h e  r e l a t io n a l  a n d
at t ribu t e in fo rm at ion  n eed ed  fo r assem bly
sequ en ce p lan n in g, in clu d in g evalu at ion  of
feasibility predicates for local geom etric feasi-
bility an d attach m en ts.

gen eratin g an d m an ipulatin g solid parts m odels.
It  p rovides su fficien t  boun dary m odel in for-
m ation  to gen erate m an y assem bly relat ion -
sh ip s a n d  p ro v id es go o d  ca p a b i l i t ie s fo r
visualizat ion  of parts an d  subassem blies. An
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Figure 10.  Ball-Point Pen Exam ple.



Th e assem bly seq u en ce p lan n er u ses t h e
sym b o lic rep resen t a t io n  o f t h e  re la t io n a l
m odel to gen erate th e AND/OR graph  repre-
sen tation  of all feasible assem bly p lan s based
o n  t h e  eva lu a t io n  o f lo ca l geo m et r ic an d
a t t a c h m e n t  fe a s ib i l i t y  p r e d ic a t e s .  Th e
AND/ OR graph  for th e fou r-part  exam ple is
sh o wn  in  figu re 9c. Th e exp licit  assem b ly
seq u en ce  l ist s a n d  t h e  d ir ec t ed  gra p h  o f
assem bly st at es can  be gen erated  from  th is
represen tation .

Type 1 an d type 2 preceden ce relat ion s in
th e system  are gen erated  from  th e AND/OR
graph  represen tat ion  usin g im plem en tat ion s
of th e algorith m s described in  Zh an g (1989).
For th e fou r-part  exam ple in  figu re 9, th ese
are, respectively, 

c1 → x3 ⋅ x4        c2 → x1 ⋅ x3        c3 → x2 ⋅ x4

c4 → x1 ⋅ x2

an d
c1 ≤ c2 ⋅ c3 + c4 c2 ≤ c1 ⋅ c4 + c3          

c3 ≤ c1 ⋅ c4 + c2        c4 ≤ c2 ⋅ c3 + c1 . 

An oth er exam p le of th e ap p licat ion  of
t h ese p lan n in g t o o ls is t h e b all-p o in t  p en
sh own  in  figu re 10. Th is exam p le was u sed  
by bo th  Bou rjau lt  (1984) an d  DeFazio  an d
Wh itn ey (1988) in  th eir work on  in teract ive
seq u en ce  p lan n in g.  Th is ex am p le  h as six
parts an d  five con n ect ion s, with  a resu lt in g
12 feasible sequen ces for assem bly. Th e AND/
O R grap h  h as 17  n o d es, an d  t h e  d irect ed
graph  h as 24 n odes. Th e type 1 an d  type 2
p reced en ce relat ion s th at  are gen erat ed  fo r
th is exam ple are, respectively,

c4 → x1 ⋅ x2 c3 → x4 c1 → x5

an d
c1 ≤ c5  c3 ≤ c4 c4 ≤ c2 + c1 ,

wh ere t h e t yp e 1  p reced en ce rela t io n s are
iden tical to th ose obtain ed from  th e in terac-
t ive m eth ods in  DeFazio an d Wh itn ey (1988).
.

Con clusion s

Th is art icle sum m arizes work in  p rogress on
th e developm en t  of a th eoret ical fram ework
an d  im p lem en tat ion  o f assem bly seq u en ce

plan n in g tools. Th e prin cipal focus h as been
th e form alizat ion  of assem bly sequen ce p lan
rep resen tat ion s, th e p roof of equ ivalen ce of
differen t represen tation s, an d th e im plem en -
tat ion  o f algorith m s to  gen erate an d  t ran s-
fo r m  t h e se  p la n  r e p r e se n t a t io n s .  Th e se
represen tation  tools an d algorith m s form  th e
basis for im plem en tation  in  a system  of soft-
ware m odules th at  provides an  en viron m en t
fo r  in t e r a c t iv e  d e sign  a n d  ev a lu a t io n  o f
assem bly system  design  altern atives.

A n u m ber of add it ion s an d  exten sion s to
th e curren t system  are of both  th eoretical an d
practical im portan ce. First  are feasibility pred-
icates. With in  th e fram ework we described, a
large n u m ber of d ifferen t  resou rce-in depen -
den t an d resource-depen den t feasibility predi-
cates can  be defin ed. For practical application ,
we n eed  t o  in co rp o rat e a  global geom et ric
feasibility algorith m . Th ere are several can di-
dates h ere, bu t  m an y exist in g algorith m s th at
p lan  exp licit  path s are too  com pu tat ion ally
com plex. An  exten ded state stability criterion
i s  a l so  a n  im p o r t a n t  e x t e n sio n  b u t  w i l l
require addit ion al research .

Secon d  is h ierarch y. Man y assem bly p rod-
ucts are design ed with  n atural h ierarch ies of
su b assem b lies t o  m ain t a in  t h e st ab ilit y  o f
su bu n it s, resu lt in g in  bo t h  fu n ct io n al an d
m an ufactu rin g advan tages. Such  h ierarch ies
fit  n atu rally in to  th e AND/OR graph  fram e-
work an d can  be used to sim plify th e search
procedure by en forcin g subgoals.

Th i r d  a r e  u n ce r t a in t y  a n d  t o le r a n ce s .
Assem bly product design s h ave specified  tol-
eran ces o n  t h e d im en sio n s an d  sh ap es o f
parts. Th ese toleran ces are usually m atch ed to
th e fun ct ion al specificat ion  of th e parts an d
often  reflect  an  im p licit  assu m p t ion  by th e
design er about assem bly sequen cin g. In corpo-
ration  of toleran ce in form ation  in to feasibili-
t y  p red ica t es fo r  seq u en ce p lan n in g is an
im portan t exten sion  to our curren t work. We
expect th is an alysis to lead to form al m eth ods
to  in corp orate o th er sou rces o f u n certain ty
resu lt in g from  fixtures or m an ipulators.

Fo u r t h  a re  m ech an ism s.  In  o u r  cu r ren t
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. . . Geos . . . a variational geom etric m odeling system  

. . . is intended for m odeling parts and assem blies and

includes facilities to incorporate tolerance inform ation.



Pleiad es-typ e p lan n in g en viron m en t  wou ld
perm it  th e exploration  of parts geom etry an d
a sse m b ly  m o d i fica t io n s u sin g  t h e  C a t ia
system  an d  an  op p ortu n ity to  evalu ate th e
im pact of design  ch an ges on  assem bly p lan s.
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