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Abstract

In this paper, we study asset prices in a dynamic, general-equilibrium Lucas endowment economy
where agents have expected (power) utility and differ with respect to both beliefs and the preference
parameters for the subjective rate of time preference and risk aversion. We solve in closed form
for the following quantities: the equilibrium consumption allocation and its dynamics; the state
price density and its dynamics, which are characterized in terms of the riskless interest rate and the
market price of risk; the stock price, the equity risk premium, and the volatility of stock returns;
and, the term structure of interest rates along with the term premium. Our solution allows us to
identify how heterogeneity in preference parameters and in beliefs is reflected in equilibrium asset
returns.
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1 Introduction and motivation

Two key characteristics of economic agents are their beliefs and preferences. Our objective in this
paper is to study the effect of heterogeneity in both of these characteristics on optimal consumption
and portfolio policies, and the resulting asset prices, in a general equilibrium stochastic dynamic
exchange economy with agents who have expected (power) utility The main contribution of our
work is to solve in closed form for consumption policies, portfolio policies, and asset prices in a
dynamic general equilibrium economy where agents have heterogeneous beliefs and preferences.
In particular, we solve in closed form for the following quantities: the equilibrium consumption
allocation across agents and its dynamics over time; the optimal portfolios of individual investors;
the state price density and its dynamics, which are characterized in terms of the riskless interest
rate and the market price of risk; the stock price, the equity risk premium, and the volatility of
stock returns; and, the term structure of interest rates and the term premium. The closed-form
results also allow one to identify the conditions under which equilibrium in such an economy will

be stationary, in the sense that both agents survive in the long-run.

The paper that is closest to our work is Cvitanié, Jouini, Malamud, and Napp (2009), which
also studies asset prices in an economy where agents have expected utility and differ with respect
to both beliefs and their preference parameters. This paper provides bounds on asset prices and
characterizes their behavior in the limit when only one agent survives. However, it does not provide
closed-form solutions for these quantities. In fact, Cvitani¢ and Malamud (2009b, p. 3) write that:
“when risk aversion is heterogeneous, SDF [stochastic discount factor] is the solution to highly
non-linear equation (1) [in their paper], and no explicit solution is possible, except for some very

” In contrast to Cvitanié¢, Jouini,

special values of risk aversion; see, for example, Wang (1996).
Malamud, and Napp (2009), we provide closed-form solutions for optimal consumption, portfolio

policies, and asset prices without restricting the risk aversion of the two agents to special values.

Most of the other papers in the existing literature with heterogeneous agents allow for either
differences in beliefs or differences in preferences. We first discuss the literature that considers
heterogeneity in preferences and then the literature that considers differences in beliefs. The effect
of different time-discount factors on efficient allocation of consumption is studied in Gollier and
Zeckhauser (2005). The effect of heterogeneity in risk aversion on asset prices is examines in several
papers, most of which assume that investors have expected utility; for example, Dumas (1989)
studies the riskfree rate and the risk premium in a production economy, Wang (1996) examines the

term structure in an exchange economy, Basak and Cuoco (1998) and Kogan, Makarov, and Uppal



(2007) analyze the effect of borrowing and short-sale constraints in an exchange economy, Benninga
and Mayshar (2000) and Weinbaum (2001) examine the effect of heterogeneity in risk aversion on
volatility and the valuation of options, Bhamra and Uppal (2009), examine the effect of derivatives
on the volatility of stock market returns, Longstaff and Wang (2009) investigate the relation between
credit and asset prices, and Cvitani¢ and Malamud (2009a,b,c) consider equilibrium with multiple
heterogeneous traders who maximize utility of only terminal wealth. In contrast to these papers that
assume investors have expected utility, Chan and Kogan (2002) and Xiouros and Zapatero (2009)
study asset prices in an economy where agents have “catching-up-with-the-Joneses” preferences.
And, finally there are papers that work with Epstein and Zin (1989) recursive preferences that allow
for a distinction between risk aversion and the elasticity of intertemporal substitution. For example,
Guvenen (2005), studies asset pricing in a model with heterogeneity in elasticity of intertemporal
substitution, Isaenko (2008), studies the term structure in a model where agents differ in both their
risk aversion and elasticity of intertemporal substitution, and Gomes and Michaelides (2008) study
portfolio decisions of households and asset prices in a model where agents are heterogeneous not
just in terms of preferences but are also exposed to uninsurable income shocks in the presence of

borrowing constraints.

When there are multiple agents who differ in their risk aversion, there is rarely a complete
characterization of equilibrium that is entirely analytical. For example, for the case of expected
utility, Wang (1996) and Longstaff and Wang (2009) provide closed form expressions for only
particular parameter values; Kogan and Uppal (2001) characterize the equilibrium in production
and exchange economies using perturbation analysis in the neighborhood of log utility; Bhamra
and Uppal (2009) compare stock-market-return volatility in the case where agents have access to a
derivative security and where they do not, but without solving explicitly for volatility; Dumas (1989)
solves numerically for the interest rate in a production economy; for the case of “catching-up-with-
the-Joneses” preferences, Chan and Kogan (2002) rely on numerical solutions, the working-paper
version of Chan and Kogan (2002) provides approximate analytic results in the neighborhood of
log utility using perturbation analysis, and Xiouros and Zapatero (2009) provide an expression for
the value function of the central planner assuming a Gamma distribution for the risk tolerances
of the investors but asset prices are obtained using numerical methods. The analysis in Guvenen

(2005), Isaenko (2008), and Gomes and Michaelides (2008) is also numerical.

We now discuss the literature on the effect of heterogeneous beliefs on asset prices. Essentially,
there are two ways to generate heterogeneity in beliefs. In the first approach, agents receive dif-

ferent information. This is the classical approach, adopted in the early noisy-rational-expectations



literature (see, for instance, Grossman and Stiglitz (1980), Hellwig (1980), Wang (1993), and She-
frin and Statman (1994)). In this class of models, one group of (informed) agents receives private
signals and then there is a second group of agents (noise-traders), which trades for exogenous rea-
sons and thereby prevents the price from fully revealing the private information of the informed
agents. The second approach for generating heterogeneity, which is the one we adopt, is to have
agents who “agree to disagree” about some aspect of the underlying economy, and in this class of
models it is assumed that agents do not learn from each other’s behavior. Morris (1995) provides

a good philosophical discussion of this modeling approach.! Excellent reviews of this literature are

provided in Basak (2005) and Jouini and Napp (2007).

To summarize, the main contribution of our paper is that in contrast to the existing literature
on general equilibrium models of asset pricing that considers either heterogeneous preferences or
heterogeneous beliefs, we allow for heterogeneity in preferences and beliefs, we do not restrict the
preference parameters of the agents to particular values, and we solve in closed form not just for the
interest rate and market price of risk, but also for the stock price, equity premium, volatility of stock
market returns, term structure of interest rates, and prices of contingent claims. We show explicitly
that our results nest the results in the models that consider an exchange economy with agents who
have expected utility with different degrees of risk aversion, such as, Wang (1996), Kogan and
Uppal (2001), Bhamra and Uppal (2009), and Longstaff and Wang (2009), and that they nest also
the results in models where agents have expected utility with heterogeneous beliefs, for instance,
Basak (2005). A major advantage of our characterization of equilibrium is that it allows us to
identify which features of asset returns can be explained by heterogeneity in preferences and/or
beliefs and which features cannot. For instance, we find that heterogeneity in risk aversion can
generate volatility in asset returns that is in excess of volatility of fundamentals. Our analysis
also allows us to identify the conditions under which the equilibrium in such an economy will be

stationary, in the sense that both agents survive in the long-run.

Our paper makes a contribution also on the technical front by demonstrating how one can
obtain a closed-form solution to the consumption sharing rule between agents without restricting
the risk aversion of the two agents to special values. This consumption-sharing rule is a non-linear

algebraic equation, which reduces to a polynomial of degree n when the ratio of the risk aversion

'Papers using this modeling approach include: Williams (1977) Harrison and Kreps (1978), Varian (1985), Abel
(1990), De Long, Shleifer, Summers, and Waldmann (1990a,b), Harris and Raviv (1993), Timmermann (1993, 1996),
Detemple and Murthy (1994), Kandel and Pearson (1995), Barberis, Shleifer, and Vishny (1998), Zapatero (1998),
Hong and Stein (1999), Veronesi (1999), Basak (2000), Cecchetti, Lam, and Mark (2000), Gallmeyer (2000), Jarrow
(1980), David and Veronesi (2002), Duffie, Garleanu, and Pedersen (2002), Scheinkman and Xiong (2003), Berrada
(2006) Buraschi and Jiltsov (2006), Kogan, Ross, Wang, and Westerfield (2006), David (2008), Gallmeyer and Holli-
field (2008), Yan (2008), Dumas, Kurshev, and Uppal (2009), and Xiong and Yan (2009).



of one agent to that of the other equals n. This polynomial can of course be solved in closed-form
when n equals two, three or four. We are able to construct a closed-form solution for all other cases;
that is, the ratio of risk aversions can be equal to any real number greater than 1. Central to our
approach is a theorem due to Lagrange. Given the ubiquity of nonlinear problems in economics and
finance, we expect that the approach we use can be applied also in other problems, which previously
would have called for numerical methods.? One area of research where closed-form solutions are
essential is in the study of survival and price impact (see, for example, Kogan, Ross, Wang, and

Westerfield (2006)).

The rest of the paper is arranged as follows. In Section 2, we describe our model of an exchange
economy with heterogenous agents, and explain how one can solve for the value function of the
central planner and the individual agents. The equilibrium consumption allocation is given in Sec-
tion 3, which also includes a discussion of survival of the agents and stationarity of the equilibrium.
A full characterization of asset prices and the properties of asset returns is provided in Section 4.
The wealth of individual investors and their optimal portfolio policies are described in Section 5.
We conclude in Section 6. Our main results are highlighted in propositions and detailed proofs for

all the results are provided in the appendix.

2 The model

In this section, we describe the features of the model of the economy we are considering. Below,
we explain our assumptions about the information structure, the endowment process, the financial
assets in the economy, and the preferences of agents. The equilibrium consumption allocations in

this economy are described in the next section.

We consider a continuous-time, pure-exchange economy with an infinite time horizon. There is
a single consumption good that serves as the numeraire. It is modeled as an exogenously specified
endowment process. There are two types of investors, k& € {1,2}. Each investor has constant
relative risk averse utility (CRRA). The two types of agents are allowed to differ in their rates of
time preference and relative risk aversions. Furthermore, the two types of agents have different
beliefs about the expected growth rate of the endowment, which they do not update. In summary,

our model differs from the standard Lucas (1978) model along two dimensions. First, preferences

2For example, our approach can be used to solve for equilibrium asset prices in closed-form in an exchange economy
with two dividend trees and two agents with power utility, who differ in their relative risk aversion. This is in contrast
to Cochrane, Longstaff, and Santa Clara (2008) and Martin (2008), where agents have the same level of relative risk
aversion.



are heterogeneous. Second, agents have different beliefs. We adopt the convention of subscripting

by k the quantities related to Agent k, where k € {1,2}.

2.1 The information structure and endowment process

The uncertainty in the economy is represented by a filtered probability space (Q, F,{F;},[P) on
which is defined a one-dimensional Brownian motion Z. The economy is modeled as being endowed
with a single non-storable consumption good. The true evolution of the aggregate endowment, Y,

which in our model is equivalent to both aggregate dividends and aggregate consumption, is:

dY;
5 = v dt+oydZ, Yo >0, (1)
t

in which py and oy are constants.

2.2 Financial assets

There are two financial assets in the economy: a risky asset (stock) with one share outstanding
and a locally risk-free bond in zero net supply. The stock is a claim on the aggregate endowment.
The price of the stock, which can be interpreted as the market portfolio, is denoted S;, and its

cumulative return, Ry, which consists of capital gains plus dividends, is described by the process:

dS; + Yidt

g =dR; = KRt dt + ORt dZ;. (2)
t

The price of the locally risk-free bond, is denoted B, and it’s risk-free return r; is described by the

process

dB
?: = ry dt. (3)

The expected return on the stock, pr ¢, the volatility of stock returns, or¢, and the locally risk-free

rate will be determined endogenously in equilibrium.

2.3 Beliefs of the two agents

Agent k believes that the expected growth rate of the endowment process takes the constant value,

ty k- Agent k’s beliefs can be represented by an exponential martingale & ¢, given by

it = eféagvkwag‘kzt, (4)



where
Uy, — By
— (5)

O¢ —
ga oy

The exponential martingale, & ¢, defines the probability measure P* on (Q, F), via
P*(er) = Billepéhr], V6, T € [0,00), t < T, (6)

where er is an event which occurs at time 7' and P¥(er) is the probability of its occurrence based

on information known at time ¢. Hence, by Girsanov’s Theorem,

dY;
?tt = Uy dt + oy deﬂg, (7)

where Zj, ; = Z; — o¢ it is a standard Brownian motion under P*. From the above, we can see that

under P*, which represents Agent k’s beliefs, the expected growth rate of the endowment is My7k.3

We quantify the level of disagreement between the two agents via the process, &, defined by

§.
=22 8
& £ (8)
Hence,
& = e—%(05,2—02,1)t+(os,2—05,1)Zt, (9)
and
d
;tt = /Lgdt + O'gdZt, (10)
where
pe = —oei(oea —oen), (11)
oe = (0¢2—0¢1). (12)

When the agents agree with each other, £, is a constant. However, if Agent 2 is more optimistic
than Agent 1, py2 > py,1, which implies that o¢, > o0¢, so that pug, the expected growth rate of
€, is negative. Also, when Agent 2 is more optimistic than Agent 1, o¢ is positive, and therefore,
positive shocks to endowment growth lead to positive shocks to &, that is, £ is procyclical. Observe

also that under the measure P!, & is an exponential martingale, given by

& = eT2oETTE A, (13)

3Note that the measures P*, P? and P are all equivalent, i.e. they agree on which events are impossible.



2.4 Preferences of the two agents

The consumption of Agent k at instant u is denoted by Cj, and the instantaneous utility from

consumption is assumed to be time additive and given by a power function:

1=k
U(Cru) = e’ 1117 14

where [, is the constant subjective discount rate (that is, the rate of time preference) and -, is the
degree of relative risk aversion. Without loss of generality, we assume that Agent 1’s relative risk

aversion is less than that of Agent 2: v; < .

Given her beliefs, represented by the measure P, the expected utility of Agent k at time ¢ from

consuming C}, ,, is given by

Vit = EF

00 C’l*’Yk
utu—t) Thau_ 15
e ul|,
/t T = ] (15)

where Ef denotes the time-t conditional expectation operator with respect to the measure P¥.

2.5 The optimization problem of each agent

Each agent k is assumed to have an initial allocation of aj shares of the stock, with a1 + ao = 1.

Thus, the value of the initial allocation of agent k is agSy.

The problem of agent k is to maximize lifetime utility, given by Vj o in (15), subject to a static
budget constraint. The budget constraint requires that the present value of all future consumption

is no more than the initial wealth with which each agent is endowed:

Eg / Wk,uckudu SakS(), (16)
0 TkO

in which 7, is the marginal utility of investor k at date u (referred to by an array of names such

as state-price density, stochastic discount factor, and present-value operator):

Tk u 8U(Ck u) —B —
" ) — Pk O 17
ok TE,0 0Cku ‘ ko 2 (a7)

and rj is the Lagrange multiplier on the static budget constraint in (16). The process for my,, is

given by (see Duffie (2001, Section 6.D, p. 106)):

d7T]€7t

== —T’tdt - gk,tdZta (18)

Tkt



in which 7; is the risk-free interest rate, which is the same across agents, and 60}, ; is the agent-specific

market price of risk.

Existence of a solution requires that the following condition be satisfied so that the integral in

(15) is well defined:

Bre > (1 —ve)py — %%(1 — k)oY (19)

2.6 The equilibrium

The notion of equilibrium that we use is an extension of the equilibrium in the single-agent model of
Lucas (1978). Both agents optimize their expected lifetime utility and all markets must clear. So,
in equilibrium, the two individuals consume all of the aggregate endowment. And, in the financial
market we require that the two investors together hold all the shares that are a claim on aggregate

dividends, and their aggregate holding of the zero supply risk-free bond must net to zero.

2.7 The central planner

Given our assumption that investors can trade in a stock and a locally risk-free asset, financial
markets are dynamically complete relative to the filtrations of the two agents. When markets are
dynamically complete, one can solve for equilibrium consumption policies using a “central-planner,”
whose social welfare function is a weighted average of the value functions of individual agents, as
shown in Basak (2005). In contrast to the case of identical beliefs, if the agents have heterogeneous
beliefs, Basak (2005) shows that the weights used to construct the central planner’s value function

are stochastic. The central planner’s problem is given by

2

sup > At Un(Cra), (20)
C1+Ce<Y 7

where )\k,t = )\k,Ofk,t-

3 Equilibrium consumption allocations and stationarity

In this section we derive exact closed-form expressions for equilibrium consumption allocations and

also characterize the evolution of the consumption-sharing rule.



3.1 The consumption-sharing rule and its dynamics

We use the first-order condition for consumption to obtain the equation for the consumption sharing
rule, which shows how aggregate consumption is divided between the two agents in equilibrium.

The consumption sharing rule is given by
)\170517,5 67’81t01_7g1 = )\270527,5 67521‘/02_7,72. (21)

Equation (21) is a consequence of the first-order condition for consumption, which follows from the

central planner’s problem (20). In order to solve explicitly for the equilibrium allocations, we write

Agent k’s consumption share as v ; = Cﬁt’t, where 0 < v <1, and v; + v = 1. Then:

=Pt~y T —Bat, —V2y 72
Aoéree P YT = Mooy e Py 2V, (22)

which can be rewritten as

yg’tAt = Vi, (23)
where
A, = (e(ﬁml)tytw—w i;ggt—l ) g : (24)
and
n="2/7- (25)

When n € {1/4,1/3,1/2,1,2,3,4}, the above equation can be written as a polynomial of degree 4
or less, thus allowing us to solve for the equilibrium consumption allocation in closed-form in terms

of radicals, using standard results from polynomial theory, as pointed out in Wang (1996).4

“For example, if n = 2, solving the quadratic equation for vs; and taking the root that lies between 0 and 1, gives

V1444, -1).
( )

1
Vot = TAt
Similarly, if n = 3, solving the cubic equation for v, ;, and taking the root that lies between 0 and 1, gives:
9 \ /3 1 9\ ,
Vo = — (TDt) + 3L (Tm) with Dy = 9A7 + V/3,/27A% +4A3.
And, when n = 4, solving the quartic equation for v, and taking the root that lies between 0 and 1, gives:
19;/3 1 < 914 9 . 4@)1/3>1/2

2 T2\ 2BBBA T 492" O

Vg =

g)1/3

. . 1/3 91 t1/3 4 (3
D14 = (\/3 X /25643 + 2743 +9At) o and Do = S - 07




Because polynomials of order 5 and above do not admit closed-form solutions in terms of
radicals, it would be appear that going beyond the results in Wang (1996) by solving for the
consumption-sharing rule in closed-form when 7 is an integer greater than or equal to 5 is not
possible. However, when 7 is an integer greater than or equal to 5, the consumption shares can
be obtained in closed-form by using hypergeometric functions. We go further still by showing that
when 7 is any real number strictly greater than one, it is possible to derive closed-form, convergent,

series solutions for the sharing rule.’

Proposition 1 For alln > 1, Agent 2’s, equilibrium share of the aggregate endowment, vy = %’t,

s given by

nn
n —
n

)
VQ,t: <_At_71]>n §
72’?10:1 < i]. ) 7At>R

14305 (_it)n < , AL< R

(26)

n

where R = (n—;#’ and for z € C and k € N, and < > = H?ZI# is the generalized binomial

z
k
coefficient.

We see from the implicit expression for v, in (23) that the consumption shares of the two
agents will depend on A;, which from (24) depends on the difference in the subject discount rates,

31 and [2, the difference in risk aversions, y; and 2, and the difference in beliefs, £, - &1,t/E2t-

From (24), we also see that A; will evolve over time, and that its evolution will have a determin-
istic component and also a stochastic component, where the stochastic component depends on the
stochastic behavior of aggregate endowment and the differences in beliefs. Below, we first define

aggregate risk aversion, and then describe the dynamic behavior of the consumption sharing rule.

Definition 1 The aggregate relative risk aversion, Ry, in the economy is defined as the consumption-

share weighted harmonic average of individual agents’ relative risk aversions:

1 1 -t
Ri=|—vis+ —10y . (27)
il 72

Equivalently, the aggregate risk tolerance in the economy, 1/Ry, is the consumption-share weighted

average of individual agents’ risk tolerances, 1/~.

®Because the derivation of the sharing rule for the general case where 7 is any real number strictly greater than
one are given in full in the Appendix, the derivation showing how the sharing rule can be expressed in terms of
hypergeometric functions when 7 is an integer greater than or equal to 5 is omitted but is available upon request.

10



Proposition 2 The true evolution of the sharing rule is given by

dVl,t

= p, ,dt + 0y, ,dZ4,
Vit

)

where

1 R 1 1
+ = |:1 =+ 7t <—V17tV27th < — > + V2,t - Vl,t>:| 0'?
2 772 MR

1 1 1 1
— < - > R, [(VQ,t —vig) — vigre Ry < - ﬂ UYU&} ,
Mmooy 712

11
Ouy, = V2,t%%Rt [(72 —M)oy — Ug] .

Agent k believes the evolution of the sharing rule is given by

dljl t k

B P

v = luyl tdt + O-Vlytde‘ﬂf’
1,t ’

)

where

1 11 1 1
MI]I/DM = V2,t{(62_61)Rt+ < - > Rt,uy’l
' Y1 Y2 Y1 Y2

1/1 1 R?
S )
2\m Y12
11 R 1 1
+ -——Ry [1 + = <_V1,tV27th ( - ) + ot — Vl,t):| o§
27172 Y172 "2

1 1 1 1
- — < — ) R} {(VZt —v1e) — v Ry ( - )] UYUS} ’
Yy2 \ 71 2 72

11

(32)



and

2 11 1 1 1
[y, = UVag { (B2 — B1) Ry + < - ) Rypy; — — Ry}
' Y172 "2 7172

1/1 1 R?
D)
2\m 7 Y12

1 1 R 1 1
+-—Ry [1 + = <V1,tV2,th ( — ) + oy — Vl,t)] 02
27172 7172 T

1 /1 1 L1
- ( - ) R} [(VQ,t —vi) — vave Ry ( - >] UYU&} : (33)
Y172 \ 71 72 it 72

We first discuss the expression for the volatility of the sharing rule. From (30), we see that the

volatility of the sharing rule, o, ,, is driven by differences in risk aversion and differences in beliefs,
but not differences in subjective discount rates, which have only a deterministic effect and so appear
only in the expression for y,, ,. The expression for 7, , shows that an increase in heterogeneity in
risk aversion leads to an increase in the volatility of the consumption share of Agent 1. However,
heterogeneity in beliefs leads to an increase in the variance of the consumption share only if o¢ j, is

negative, that is, py2 < py;1 implying that Agent 1 is optimistic relative to Agent 2.

Similarly, we see from (29), exactly how p,,, depends on differences in subjective discount
rates, risk aversions, and beliefs. We also see how p,, , is affected by the volatility of aggregate
endowment growth, oy, the volatility of the disagreement process, o¢, and the covariance between

between these two processes, oy oe.

3.2 Survival of agents and stationarity in the economy

Next, we derive conditions under which both agents survive in the long run. We say that the
economy is stationary if both agents survive. To formalize the concept of survival, we introduce
two complementary concepts of survival: almost sure (a.s.) survival with respect to a particular
measure, and mean survival with respect to a particular measure. We define almost sure survival

as follows.

Definition 2 Agent k survives P-a.s. if

lim v, >0, P — a.s. (34)
t—o0

Similarly, Agent k survives P-a.s. if
lim v, > 0, P/ — a.s. (35)
t—o00

12



To understand the above concept of survival, note that if an agent’s consumption share is strictly
above zero with a probability of less than one, under P say, then she does not survive P—almost
surely. Furthermore, the probability measure is important, because an agent may believe she
survives almost surely (with respect to the measure representing her beliefs), when in fact, she

almost surely does not survive under the true measure P.

We define mean survival with respect to a particular measure as follows.

Definition 3 Agent k survives in the mean with respect to P if

lim Eth,t—&-u > 0. (36)

U—00
Similarly, Agent k survives in the mean with respect to PJ if

lim Elvy 1y > 0. (37)
U—00

To understand the difference between survival in mean and survival almost surely under say, IP, note
that if an agent’s consumption share tends to zero with probability 1/2 and to one with probability
1/2, then the long-run mean of her consumption share will be 1/2. Thus, in the almost surely

sense, she does not survive, but in the mean sense, she does.

The economy is stationary if both agents survive. Each concept of survival leads to a corre-
sponding concept of stationary: almost sure stationarity under a particular measure, and mean

stationarity under a particular measure.

One can see immediately from (23) that both agents survive almost surely under the true
measure P and the economy is hence almost surely stationary under P, if agents’ relative risk
aversions are equal and the exponential decay rates of the deterministic component of the weights
in the social planner problem are equal. We can also show the latter two conditions are not only

sufficient, but are also necessary. Formally, we have the following result:

Proposition 3 1. The economy is almost surely stationary under P if and only if

(=) = On =) (my = 303 ) = 5(ota — o) =0, (39)
and
(v, = pyyp) = (2 = 11)o (39)
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2. Agent 1 believes the economy is almost surely stationary if and only if

1 1
(B2 —B1) + §U§ + (y2 — 1) (1 — 50%) =0,

and

pry2 — py1 = (y2 — 7)oy

3. Agent 2 believes the economy is almost surely stationary if and only if

(B2 = B1) = 502 + (2 = 1)ava — 30%) =0,

and

my2 — Hy,1 = (72 - 71)012/-

The conditions for mean stationarity are given below.

Proposition 4 1. The economy is mean stationary under P if and only if

1 1 )

(81— Ba2) — (72 —m) (MY - 201%) - 5(0,»?,2 - 05,1) =0.

2. Agent 1 believes the economy mean stationary if and only if

(B2 — B1) + %Ug + (y2 = 71) (py1 — %012/) = 0.

3. Agent 2 believes the economy is mean stationary if and only if

(B2 — B1) — %aé + (v2 — 1) (pv2 — %032/) =0.

4 Asset prices and risk premia for stocks and bonds

(44)

(45)

In this section, we compute asset prices and properties of their returns by using the state-price

density. We then use these results to analyze how heterogeneity in beliefs, rates of time preference

and in risk aversion impacts equilibrium asset prices.
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4.1 The equilibrium state-price density

We use the result for the optimal consumption sharing rule to derive an intuitively appealing
expression for the equilibrium state-price density, and use this to understand how heterogeneity
in preferences and beliefs affects the equilibrium risk-free rate and market price of risk. We then
derive an alternative expression for the state-price density, which allows us to compute asset prices
in closed form.
Agent k’s state-price density, 7y ¢, is given by
Tht = Agoe PRy Vi (47)

It then follows from the first-order condition for consumption in (21), that

§1am1 = 242, (48)

that is,
Tt = T2,4&t- (49)

Before characterizing the state-price density for each agent, we define the aggregate rate of time

preference, the aggregate beliefs, and the aggregate prudence in this economy.

Definition 4 The aggregate rate of time preference in the economy, B, is given by the weighted
arithmetic mean of individual agents’ rates of time preference, where the weights are the consumption-

share weighted relative risk tolerances of the two investors:

By = wi P+ way P, (50)
ﬂ%kyk,t
wy = 41—, and wi +wy =1, (51)
VL + V2.t

Definition 5 The aggregate beliefs, gy, in this economy are given by the weighted arithmetic mean
of the beliefs of individual agents, where the weights are the consumption-share weighted relative

risk tolerances of the two investors, as defined in (51)

My = Wit fby,1 + Wt fhy,2. (52)

Definition 6 The quantity P; is the aggregate prudence in the economy when agents beliefs are

identical:

R, \> R;\>
Py =(1+m) <t> v+ (1+72) <t> V2 ¢, (53)
71 Y2

15



and P is the weighted harmonic mean of individual relative agents’ prudences, when agents have

power utility, where the weights are the consumption shares, i.e.

2 —1
Vit
Phor — § . ) 54
t ( 1+vk> (54)

k=1

The following proposition characterizes each agent’s equilibrium state-price density in terms of

closed-form expressions for perceived market prices of risk and the risk-free rate.

Proposition 5 Agent k’s state-price density, w4, is:

d
Wk’t = —Ttdt — ek,tde,t’ (55)

Tkt

where the market price of risk perceived by Agents k, 0, is given by

01’,5 = R; <0’y — VQ’t(Tg) , (56)
72

by = Ry (UY + V,;’t(fg) ) (57)
1

and the locally risk-free rate is given by

1
re = B+ Rypy — §RtPtU§/

1wy w 1 1
+ Uﬂ,t’w2,t (1 — MRt_lP?ar> Ug — RtQULth’t < — ) UyUf, (58)
2 V1,094 M2
where the weights, vy ¢, are given by
Vit
Vgt = M uhere v+ v = 1. (59)

22 Vit )
k=1 1+

In the corollary below, we consider the special case where agents have identical beliefs that are

also the correct ones.

Corollary 1 Suppose agents have identical and correct beliefs. Then the equilibrium state-price

density, m, iS:
dﬂ't

— = —T’tdt - gtdZt, (60)
Tt
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where the market price of risk, 6, is given by
Qt = RtO'Y, (61)

and the locally risk-free rate is given by

1
ry = ﬁt + Rt}ty — iRtPtU}%- (62)

In the next corollary, we study the case where the two agents have different beliefs but identical

preferences.

Corollary 2 Suppose agents have identical preferences, i.e. By = B2 = 3, and y1 = 2 = 7, but
different beliefs. Then the equilibrium locally risk-free rate is given by

2
1 1 1
re=B+7Y  Ukthye — 57 (1 +7) oy + SVLV2 (1 - v) o, (63)
k=1

and the equilibrium market price of risk perceived by Agent k is given by

Ort =0y — (1 — vpt)oe. (64)

In the following proposition, we present the solution for each agent’s state-price density using

convergent series.

Proposition 6 Agent 1’s state-price density is given by

_ n—1
T e (1 - e (A >> e "
and Agent 2’s state-price density is given by
ape= P2y, <1 Y S (—flt)" < nﬁ;’_ml— 1 >> A, <R,

17



4.2 Valuation of risky assets, the risk premium, and volatility of returns

We now use the expressions for the state-price densities in the proposition above to derive a non-
linear ordinary differential equation for the price-dividend ratio of a generic asset. Then we use
the closed-form expression for the state-price density to derive the exact solution to the nonlinear

ordinary differential equation.

Consider the cash flow process

dX . .
Tt = pxdt + o3°dZ; + o'¢dzie, (67)
t

where Z is a standard Brownian motion under P, orthogonal to Z;. Under measure P*, k € {1, 2},

the dynamics of the cash flow process are given by

dX;

~ = hxkdt+ oS dZy 4 + o¢dz}?, (68)
t
where p1x i is given by
Xk — BX Uy k. — My
5YS = . (69)
Ox oy

Observe that the correlation between shocks to the growth rates of X; and shocks to the growth
rate of Y; is given by

sys

pxy = —=—, (70)

ox

where oy = \/ (0" + (aggl)? The value of a claim which pays out the cash flow, X, per unit

time, in perpetuity, is given by

[e.e]
X
pX =x,E | Thuzuy 71
t t t/t e X, u, (71)
or equivalently by
T 1w Xu
PX = X,E / MDU Y u, 72
! U] i & Xy (72)
or
o
X
pY=xE [ DBty 73
t t t/t a1 X; u, (73)

Note also that when px = py, o3 = oy, and 0%¢ = 0, then the above price reduces to the

value of the stock market, P, given by

o0
Y,
P :YEl/ Thu 2w . 74
t to s ﬂ-l,t }/}'& ( )
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The price, PtX , can be written in terms of the price-dividend ratio, pf( , i.e.

PX = Xpi¥, (75)
where
o oo oo
X 1 T1,u Xy / T1,u gl,u Xy 2 / T2u Xu
=F / ——du=F 2 ——du=F == ——du. 76
b Pl ome X " Tt §1,0 Xt Yl mar X (76)

The price-dividend ratio, p;*, depends on the distribution of consumption across the two agents in
the economy, and would be a constant if agents’ consumption shares were constant. Hence, the

price-dividend ratio is a function of the consumption share, that is, pf( =pX (V14).

Observe that agents agree on prices, which is a consequence of no arbitrage. However, agents
do not agree on risk premia. To see this note that the price, P/, satisfies the basic asset pricing
equation

dPX + X,dt

E 1
t PtX

(77)

dPX d
— Ttdt:| = —Etl |: ¢ Trl’t:| .

PtX 7T17t

Applying Ito’s Lemma to (75) and substituting into the left-hand side of (77) gives the following

expression for the expected risk premium on the asset perceived by Agent 1:

X

X
V4P 1 p 1
Pl _sys N2 %" 2 Prigvie 9
HXx1 + Nul,tgx Ovii ™ x + §Vl,t X Uul,t + —~ — Tt (78)
pt pt pt

The first term in the above expression comes from Agent’s perception of expected cash flow growth

and the term, I%X’ is the contribution of the current cash flow to expected return and r is of course
t

the risk-free rate. The remaining terms reflect the impact of the time-varying discount rate on
the risk premium. The sole reason the discount rate is time-varying is because the consumption
shares of the two agents are time varying. Hence, the drift and diffusion terms, ,uIEll’t, and oy, ,,
which account for the dynamics of the consumption sharing rule, appear in the expression for the

expected risk premium.

Applying Tto’s Lemma to (75) and substituting into the right-hand side of (77) gives an alter-

native expression for the expected risk premium on the asset:

X
Vot sys V¢ V1P

Rt<ay— ’U)Uy—i—Rt(Jy— ’U)UV —_— 79
v §)%x v 3 1,t P%,X ( )

The first term in the above expression gives the contribution of cash flow risk to the risk premium

and the second term prices the risk inherent in time-varying returns.
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Equating the alternative expressions for the asset’s risk premium gives the nonlinear ordinary

differential equation:

v
0 = ux1—Re <0y - 2’t05> oy’ (80)
72
X X
P! sYs _ R Va2t V1tPy,, 11/2 Dy gun, Ly i _r
! [M”“ " ( t ( 0 )) UV“] pr et Tpx Tt "
The above equation has natural boundary conditions: p*(0) = = . and pX(1) =

Taty20y oy —px 1

1

— SYSs
T1+moyY oy —px1

, which are a consequence of the equation’s limiting behavior at v, = 0, k € {1, 2}.

The nonlinear differential equation for the stock-price can be solved numerically by standard
methods. We derive an exact closed-form solution by using the series expression for the state-price
density in Proposition 6 to directly evaluate the expectation of the integral in the right-hand side

of (76). We state this result as Proposition 7 below:

Proposition 7 The price of the claim to the cash flow, Xy, is given by PX = pi* X;, where

X X X
Py = V;2tpl t + Viﬂtpr ts (81)

where

(- ””)"
vy nn — —1
py = - wZCn,l,t = ( T ) (82)

n—1

n
oo <_ vat )
1/n n
X X X v, o m—1
Pry = CO,r,t -Nn Z Cn,'r,t ;,Lt < K n—1 ) ) (83)
n=1

where fol’t, (Cflfm) are the prices of fundamental securities when Agent 2 (Agent 1) is the sole

agent in the economy, and which pay out A}, (At_n/n) units of consumption per unit time whenever

Ay < R, (A > R). The prices of these fundamental securities are given in closed-form by

3
_ 1 1 Ay |05 (k2)—n A <R
G = %(m)?(nfai(kz))(nfcu(kz))+%<UA>2<nfai(kz>>( $ (ke 3 S (k >>(R> Py
T 1 Ap oo (k2)—n >
1(04)2(n—a® (k2))(a$ (k2)—a® (k2)) (%) Az R,
(84)
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and

Agy ot (k)2 A <R
X Yo (2+as(k )a+ (k1)—a— (k1)) (%) P ’
nrt = 1 Apyo-(k)+5 1 A >R

1(0.0)? (2+a- ) (as (k1) —a- (k1)) (%) S (Bras (k) (2ha-b)) T
(85)
where
iy = panr+ (0 —yoy)oa, (86)
5 = pan+ (03 + og — poy)oa, (87)
B2 — B1 1, I 5,14
— —1 _ = z
1AL - + (0 =1) { wy = 5oy | + 57, %€ + 502, (88)
1
oa = (n—1)oy — —o¢, (89)
71
ki = Tr+woy oy —pxp ke {l1,2}, (90)
where
1 = BEa?) £ ( — ba)? + 2a(on) 0
CL:E( 1) - (O_A)Q ’ ( )
(15t = o)) £ (75 -3 2k
¢ (5> = 5(04)7) (> = 5(04)?)? + 2k2(0a)
ai(k2) = . (92)
(0a)?

Proposition 8 The risk premium on the claim paying X; per unit time in perpetuity, ug —7r, S

given by

Vot X
e — e =Ry <‘7 > ORY (93)
72
and the volatility of the claim’s returns, Uiz(,w s

X X,id Xsys
URt_URt + o s (94)

where the idiosyncratic component of the volatility of the claim’s returns is given by

a])%(tld = a}?, (95)
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and the systematic component of the volatility of the claim’s returns is given by

O_X,sys _ O_sys . m 81915(1,75 (96)
Rt X v1,t pt)( 81/17,5 )
where
opX lXt pft
8uIt = vy L + v} b (97)
¢k, > X (‘%) — vy — 1
o R-! 0,0, n,lt X 2,t nn —"2
+ VZ’tFYZV V2t t Oln At Z (81 At tn bt n n—1
' mEe
o > [ ¢ n v oy —1
" 1 0t nrt Nox 1t n N
T V1tV R, o4, ; <8ln Ay ot n ( n—1 ) ’
X 1 Ag\ a5 (k2)—n
acn,l,t _ %(UA)Q(ai(kz)*aE_(lm)) (R) A< B, (98)
Oln A _ 1 (ﬁ)aé(b)—” A >R
T(0)?(a (k2)—a® (k2)) \ R =
and
X 1 Ay a+(k1)+7
It _ T(oa)2(at (k1) —a—(k1)) (R) :L , At <R, (99)
dln A, ! (4)=® 0t 4, > R

(ca)?(at(k1)—a—(k1))

[NIES

4.3 Valuation of bonds and the term premium

We now derive a closed-form expression for time-t price of a zero coupon claim which pays out Xp

units of consumption at time 7'. The price of this claim is denoted by Vf(_ ;» and is given by

Vic, = Xrog_y, (100)
where
X 1| ™, X7 T §1,T XT] 2 [WZT XT]
vp_, =B | ——— | = | — 22— | = . 101
= ¢ [WLt Xt] ! |:7Tl,t 51,1& Xy T2t Xy ( )

The price of the above risky zero coupon claim reduces to the price of a risk-free zero coupon

sys

bond when Ux1 = px2 = Ux = 0, and oy = o'gg.l =0.
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Proposition 9 The time-t price of the claim which pays out X1 units of consumption at time T

is given by ij(_t = U%(_tXt, where

<, ()
1% nn — _1
vpoy = v ¢O,l,t_72z¢n,l,t;’t< e ) (102)

n=1

n
RZY
nh pmm—1
n )

oo
71
+viy | ot — M E Dnrt
’ | n—1
—

where ¢n 11, (Pnri) are the prices of fundamental securities when Agent 2 (Agent 1) is the sole

agent in the economy, and which pay out A%, (A;n/n) units of consumption at time T if Ap <

R, (Ap > R). The prices of these fundamental securities are given in closed-form by

n(£) = (A5 +5en-10) @ -1)

_ 7[k27nﬂ?47%n(n71)0'124](Tft)(I) 103
an,l,T—t € O'A(T _ t)1/2 Y ( )
and
e i (A7) = (2 5 (1+25) o3) (7 s
by = e—[k1+;(u,14—%(1+7,)0,24)](T—t) 1@ U\ Ar fa—g(1+25)05)( ) ’
” oa(T —t)1/2
(104)
where ®(+) is the cumulative normal distribution function.
5 Wealth and portfolio holdings of each individual agent
Proposition 10 Agent 1’s wealth at time t is given by Wi = w{tY}, where
s (7t
( VS’,t) nmn — "2 nn—y2 —1 Y
wly = R ) (T ) e (M )
n=1
n
_
1
M| Y = T Vil Y
0 (e — (A=) Y (7 e (105)
n=1
and Agent 2’s wealth is given by
Way = PY — Wiy (106)
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The proportion of Agent 1’s wealth invested in the stock market, 111 ¢, is given by

OWr,t

I ; = , (107)
OR,t
where
Y Y
wy, Owy
= + =, 108
OW1,t gy V1 81/1715 ( )
and
o < V}]t) 1
v nn—72 nmn—y2 - Y
Wiy = 1/;215 Zl ;t [(1 —72) ( n—1 ) < n—1 )] Cl,n,t
n=
_ b2t
oo i
Y1 Y L ’71 l/l'r{t Y
+ 11y | ot — (1—m) Z " 1 Cagrt | - (109)
=\ n- n
The proportion of Agent 2’s wealth invested in the stock market, 112y, is given by
P, — Wl
Iy, = A et 112 (110)
Py

The proportion of Agent k’” wealth invested in the locally risk-free bond is 1 — Il ;.

6 Conclusion

In this paper, we study an endowment economy where there are two types of agents, each with
expected (power) utility. The two agents are heterogeneous with respect to their preference pa-
rameters for the subjective rate of time preference and relative risk aversion, and and also with
respect to their beliefs. The two agents can invest in a stock, which is a claim on endowment, and
a instantaneously risk free asset, which is in zero net supply. We solve for the equilibrium in this
economy and identify the optimal consumption sharing rule. We use this to identify the market
price of risk, the locally risk free interest rate, the stock price, the equity market risk premium,
and the volatility of stock returns and the prices of bonds and the term premium. We then analyze
how heterogeneity in preferences affects prices of stocks and bonds. We find, for instance, that
heterogeneity in risk aversion can generate volatility in asset returns that is in excess of volatility

of fundamentals.
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A Appendix: Two lemmas

We shall make repeated use of the following two lemmas, the proofs of which are given in the
supplementary appendix that is available from the authors.

Definition A1 The date-t price of the fundamental financial security which pays out E} units of
consumption per unit time in perpetuity as long as E, < B, where E, = Ete(“*ﬁﬁ)(“*t”dz’“zt)

and the discount rate is assumed to be ka, is given by Vo pny = Vo n(Ey), where

Van(Er) :Et/t e RN EN . (A1)

—n/n

The date-t price of the fundamental financial security which pays out E, units of consumption

per unit time in perpetuity as long as E, > B, where E, = Ete(“féﬁ)(“*tH”(Z“*Z‘) and the

discount rate is assumed to be ky, is given by Vi n = Vi n(Et), where

Vin(E) = E, /t e ponny (A2)

Lemma A1 The prices of the fundamental securities are given by

_ En B" E\a+(k2)
Von(E) = T2 (n—a_ (ko)) (n—ar (k) | To(n—ay (k) (s (ka)—a_ (k2) (5) » B <B, (A3)
2n B" (E)a_(kg) E>RB )
To?(n—a—(k2))(a (k2)—a—(k2)) \ B =
and
B~ 7 E\a+ (k1)
= , e<b,
Vin(E) = bo? (5 +ar( kl))<a+ kn iy (B) (A4)
LmA=) = B*Tr By a- (k1) B0
1 (F) T ,e=>b.
bo? (5o ) (@ (kn)—a—(k 307 (Bas (k) (5 +a- (k)
where
—(p— %02) +4/(n— %02)2 + 2ko?
ax(k) = %2 . (A5)

Definition A2 The date-t price of the fundamental financial security which pays out EF. units of
consumption at time T if Ep < B, where Ep = Ete( n=30°)(T—t)+o(Zr=2) and the discount rate is
assumed to be ko, is given by Lo+ = Lo n(Ey), where

Lon(Ey) = Ere T VER 5 py. (A6)
n/n

The date-t price of the fundamental financial security which pays out E units of consumption

at time T if Ep > B, where Ep = Ete( —30%)(T—t)+o(Zr—2) and the discount rate is assumed to be

ki, is given by Ly nt = L1 n(Et), where

Lin(By) = Ee MT0E M . (A7)
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Lemma A2 The prices of the zero-coupon fundamental securities are given by

n <E%> —(p+3(2n—1)0?) (T —1t)

_ —[kg—nu—ln(n—l)JZ](T—t)
Ly (Ey) = Ef'e 2 ) (T = 1)1 , (A8)
and
b — g e TG0y [ () = (o3 (125) )
; o(T —t)1/2
(A9)
B Appendix: Proofs
B.1 Proof of Proposition 1: Consumption-sharing rule
We now construct a series solution for
AtVZt =1- Vat, (Bl)
where 1 = 2/7v1. Note that the above equation is equivalent to
At(l — I/Lt)n = Vl,t7 (B2)

which implicitly defines v, in terms of A;. To find vy, we apply Theorem C2, expanding around
the point v1; = 0, with

flz) = 2(1=2)7" (B3)
p(z) = (1—-2) (B4)
g(Z) = % (B5)

after showing that f is complex analytic in some neighborhood of 0. We know from the binomial
series expansion, that for z € C, such that |z| < 1,

-a=> () (B6)

n=0

where < _kn ) = H;?:l_”%kﬂ is the generalized binomial coefficient. Therefore, (1 — z)™7 is

analytic in the open ball {z € C : |2| < 1}. Since z is complex analytic for all z € C, it follows
that f as defined in (B3) is analytic in the open ball {z € C : |z| < 1}. It therefore follows from
Theorem C2 that
0 An g1
Vg = Z Tt [(1- x)nn]wzo. (B7)

n! dxn—1
n=1
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Since
—— =)™ = ()" 'gnlm - 1D(nn-2)...(mn— (n—2))1 —z)™ "D, (BS)

it follows that

v, = _i (—x:t)” < m > | (B9)

n=1
oo —A n
voy = 1+Z(nt><n’7_”1 > (B10)
n=1

We shall now determine the radius of convergence of the above series. From d’Alembert’s ratio
test, it follows that the above series converges absolutely for all A € C s.t. |A| < R, where

R lim " <<77({i11>>> ' (B11)

We wish to evaluate the above limit for all 7 € R such that n > 1. Hence, < nn—nl > and

< n(n;— D ) are positive and real, and so
-1
R= lim "L A" . (B12)
0 (n(n 1)
n
We note that the generalized binomial coefficient, < Z ) = H;?:l#, can be written as
z I'z+1)
= B1
<k> T —k+ OOk +1) (B13)

where T'(z) is the Gamma function, which for %(z) > 0, has the integral representation,

[(z) = /0 T et (B14)

The Euler Beta function, B(x,y), defined by

B(z,y) = /01 7711 — t)vldt, (B15)

27



can be written in terms of the Gamma function as follows,

I'(2)T'(y)

S )

(B16)

Together with (B13), the above expression implies that the generalized binomial coefficient is given
by

z 1
<k>:(z+1)3(z—k+1,k+1)' (B17)
Hence,
~ i P+ D+ 1B((p = 1(nt1),n+ 1)
R= nl_>oo n nn + 1 B((U _ 1)n’n) (BlS)

To evaluate the above limit, we start by recalling Stirling’s series for the Gamma function

I'(z) = V2re 222 (1 +0 <1)> , (B19)

z
which together with (B16) implies that

((n_l)(n_i_l))(’lfl)(nJrl)f% (n+1)(n+1)7%
n+1nn—+1) +1 (=1)(nt1)+(nt+1) - DO+D+H@+) -5

R=1 B20
TLLH;O n nn —+ 1 ((nfl)n)((n71>n>7%n"7% ( )
((n=1)n)4n) (= D) +n)= 5
Simplifying the above expression gives
(77_1)(n—1)(n+1)—1/2(n+1)n(n+1)—1
R — I n+1lnn+1)+1 [(nt D)nFD—1/2
o n1—>ng<> n nn + 1 (nfl)(ﬂ—l)n—l/2nnn—l
(=172
)= nA) =172 4 )= 1/2
. 1 n + 1 77(77, + 1) + 1 (7] ) nn(n+1)—l/§n )
= nl_,nc;lo n i + 1 (77—1)(7771)”71/271,*1/2
77171'1,—1/2
IR 2 N (G el Ul VA T
— 1)1
= (nnn) (B21)

Since A; is a geometric Brownian motion, it is positive and real. Hence, the right-hand side of

(B10) is absolutely convergent for A; < (777;#

We now derive a series expansion for vo; in terms of A;, which is absolutely convergent for

A > (77_7;# We start by rearranging (B1) to obtain

S

var = A7 (1 = g )M/, (B22)
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To find 94, we apply Theorem C2, expanding around the point v5; = 0, with f, ¢ and g, defined

f(z) = z(1—2)"'n (B23)
p(z) = (1—z)'" (B24)
g(z) = =z (B25)

We can show that our newly defined f is analytic in the open ball, {z € C: |z] < 1}, in the same
way as for (B3). Hence, Theorem C2 implies that

e S ], =
Because
o) =2 (Be) (2o2) o (B wen) amai Y, e

it follows that

1
LA
e P e A

_ i(_)n_lrg“lt_n)n ( nﬁl ) . (B28)

By comparing the above expression with (B9), we can see that (B28) is absolutely convergent if
1

1
1_1\n~ _
GOt s, if 4, > =07

=1/n
A, < o

3|~
S|

B.2 Proof of Proposition 2: Dynamics of consumption-sharing rule

We now derive a stochastic differential equation satisfied by vy ; by treating v ; as a function of ¢,
Y and &. Differentiating (22) implicitly with respect to t gives

1 vy 1 Ovig
— = = — Yo —— = B29
B1+m o B2 — 72 - (B29)
Solving for dvy ;/0t, we obtain
ov 11
8? = %%Vul/z,t (B2 = B1) Ry, (B30)

where Ry is the average relative risk aversion in the economy, defined by

1 1 -1
Rt = | Vit + —Ulat . (BS].)
4! V2
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Differentiating (22) implicitly with respect Y; and solving for dvy ;/0Y; gives

8V1 t 1 1
Y; = — - — R;. B32
t Y, <71 72) SRRV ( )
Partial differentiation of each side of (B32) with respect to Y; and solving for 0211 ;/9Y;? gives
0? 11 R?
Yfiylét = ( - > viav2, Ry (t - 2) . (B33)
Y, M2 Y172
Differentiating (22) implicitly with respect to £ gives
—Bityv =71, — 71 B! 8V17t) _ —Baty—V2,, V2 1 —Baty—71,,— V2 ( 2 81/2775)
aie Y, "v - = asge Y, “v — + age Y, v -
! BTl ( vt 0& ? BT gtft ? bV G vo i 0
SO 1y Ong
Vit aft &t Vot aft
Ovig (m 2 _
it < + 2 = - 1
06 \viy 1oy
a —1
e & Vl,tVZ,th. (B34)
&t Y12
Therefore,
821/1 t 1 8 1
) — I - R
0%&; Y172 O&; & s R
1 —9 -1 8(V1 t/9 th)
= - — R — = |, B35
. [ & Trivo Ry + & 3, (B35)
Now note that
8(1/1 tV2 th> OR; Ovg g Ovig
AN L L — 4R Yyt Yr1t
9¢, V12t 9¢, + Ry | V1 €, +voy o€,
OR ov
V1,t1/2,t¥tt + Ry (%lt’t (o — Vi) (B36)
OR: .
We now compute T;.
OR, 1 ov 1 ov
t _ —R% ( 1,t + = 2,t)
0&; 7 04 v2 0§
1 1\ 0
- -R? (—) VLt (B37)
Mmoo/ 0%
Therefore
8(1/1 tV9 th) ) 1 1 81/1 t (91/1 t
S L i R -~ ) R ) _
o6, R\ 05, ) e TRegg e )
ov 1 1
= R 1 <—V1,tl/2,th < — ) + o4 — V1,t>
3 QI
_ R? 11
= =& 1V1,t’/2,t7t <—V1,tV2,th ( - ) + ot — 1/17,5) . (B38)
Y172 Y172
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Hence,

2

(B41)

(B42)

0%v 1 _ _ R 11
;J = T {—ft 2V1,tV2,th - ft 2V1,tV2,t7t <—V1,tV2,th < - > + v — Vl,t)]
0&; 11Y2 172 Mmoo
1 —2 ) ; 1 1
= — & v Ry + & vy v Ry | — — — | + 1o — iy
Y172 Y172 T2
1 R 1 1
= —& v 0Ry [1 + <_V1,tV2,th < - ) + o — Vl,t>:| .
Y172 Y172 T2
The mixed partial derivative, %, is given by
dY OF, = _mﬁiﬁ [ft Vl,tVQ,th]
1 1 0
= —& = R
172 ft Y, [Vl,tV2,t t]
= —— R;— — .
%725} { taYt [Vl,tl/2,t} + Vi Y, }
Hence, we compute
0 [ ] 8u17t (91/2715
— [V v
oY, 1,tV2,¢ Y, > Y, 1,
N 8V1’tV _ 81/“,1/
Y, 2.t aY, 1,
8V1,t
= dY, (V2,t - V1,t),
and
8Rt _ —R2 (1 8V17t 18V2,t>
Y, "\ oY, oy OV
1 1 8y1
- w(- D%
Mmoo /) Y
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ThUS, we obtain

) _ R,
ayaft Y172 é.t { ay [Vl tV2 t] + V2t 3y, }
1 8V1t 1 81/1 t
= - R , B R 1 |
e { t Gy, V2t T Vi)~ ViavaRy (71 12) Y,

—_

1 Raylt 1

Y172 oY; {(V2,t Vi) — iRy (

1 ov .
= _mft R 8}1/t {(VQt _Vlt _VltVQth ('y 72)}
4! 2)

Ovy

772 Yoy {(Vlt — 1) — v Ry <7 — )}

-1 . 1 1 1 1
= 71@ 1€t 1 ( a ,-)/2> VLtVQJR? {(V2,t - Vl,t) - Vl’tVQ,th < _ > } (B43)

4! - -

From Ito’s Lemma

. 61/115 6 28 Vlt 8 2
dviy = < 5 +Y; oy, ,uy+§t f ,ug-l- 2Yt 8Y2 *ft 652 &Yta{ C')Y oyog | dt
8V1t
+ (Yt oy, 7 ft 85 6) dZs, (B44)
which under measure P! becomes
oy = [P0ty O, Ly O o + §26 R AY O oyoe | dt
T\ Tar T ey, MY T2 Ty Lo t tagay Yae
3V1t
+ <Yt oy, © ft { g> dZy 4, (B45)
and under measure P2
81/” 8 81/1 28 Vlt (‘3 2
= +Y; ot Y - Y
dvy ( T t@Y Ly + & 6& ¢ ayg 5t 852 + & ' BEDY, 8YUYO'§ dt
Ovy g
Y; dZo . B4
+<ta¥2 ft 85 > 2t ( 6)
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Hence, under P

11 1 1 V1,12
dvy = <V1,tV2,t (B2 —B1) Ry + ( - > vi e Repry — . Ripue
7172 4! 72 Y172

1/1 1 R?
+= ( — ) v1,42,t Ry < ! > oy
2\m Y1Y2
11 R 1 1
+5—y1,ty2,th [1 + L <—V1,tV2,th < - > t Vot — Vl,t)} Ug
Y172 Y172 Y12

1 1 1 1 1
- ( - > 1,24 RY {(Vm — 1) — vt Ry < - > } UYU&) dt
Y12 N7 2 o2

1 1 2z
+ << — > v12 1 Reoy — LiY2, th €> dZ, (B47)
T2 Y172
under measure P!
11 1 1
dviy = ——vi49: (B2 — P1) Re + | — Vit Repy 1
71772 4! Vz

1/1 1 R?
+= ( — > V1,42, Ry <t - 2) oy
2\m Y1Y2
1 1 R 1 1
+§—y1,ty2’th [1 + L <_V1,tV2,th < - > t Vot — Vl,tﬂ Ug
Y12 Y172 it V2

1 1 1 1 1
- < - ) 1,24 RY {(V2,t — 1) — v Ry < - ) } UYU&) dt
Y12 N\ 2 o2

1 1 1z
+ << - > V17tl/2,th0y _ 2Lt 2, thU€> le,t, (B48)
7172 Y172
and under measure P2
11 1 1 V1t
dviy = <1/1,tV2,t (B2 — 1) R + ( — ) viava, Rypys — ﬂng
Y1 Y2 Y72 Y172

1/1 1 R?
+= ( - > vz Ry ( - 2>
2\m 772
1 1 R 1 1
—1-571/1 2,4 Ry [1 + —t (—I/Ltl/z,th ( — > + o — Vl,t>} Ug
MY N2 moo

1 1 1 1 1
- < - ) 1,24 RY {(V2,t — 1) — vt Ry < - ) } UYU&) dt
Y12 N\ 2 o2

1 1 V1V
+ << - > v Rioy — s thUf) dZst- (B49)
72 7172
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B.3 Proof of Proposition 3: Almost-sure survival

Equation (23) can be rewritten as

v =Y, —(72- 71))?2 —(Ba=B1)t g =3 (0F ,=0F )t +(0e,2=0€,1) 2t ,— (2= [(wy — 30% )t-+0y Zi] vL. (B50)
Thus,
1/
Vg’t: <Y0 (2= Vl);?g —(B2—P)t, —5(02 y—02 )t+(og,2—061) % e~ (r2=7)l(ny — éafz)tJrath]) " Vi,
(B51)

which implies that

1/m
Vg,t <YO(“/2_71))\;’26(52—[31)156%(022U?J)“F(U&,l‘7572)Zt€(72—%)[(ﬂy—éaff)t-&-ayzt]) = v (B52)

Now recall the standard results that

. attbz, ) oo, P—a.s., a>0,
tligloe N { 0, P a <0, (B53)
and
lim sup et = oo, (B54)
t—o0
lim inf %t = 0. (B55)
t—00

Thus both agents will survive P-a.s., i.e. the economy with be almost surely stationary under P if

and only if
1 1
5= 62— (=) (v = got ) = (02— k) =0 (B56)
and
oe2 —0e1 = (72 — 7)oy (B57)

The above set of conditions is equivalent to

1 1, 1, 1 1 5 1 5
Br471(ny — py,n) + E(MYJ — §Uy) + 505’1 = Bo+72(py —pve)+ %(,uyg — §Uy) + 50&2, (B58)
and
pye — pya = (2 — )0y (B59)
Under P!, (B52) becomes
n (v2— 71))\1 (5 Bt so2t+(oe1—0¢2) 2 ( —y1)[( —162)Vt40y Z1 4] Hm
V2,t YO )\2 2= P1)L 2% £, 3 Y2=71)I\KHY,1 =350y Y41t = V1. (BGO)
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It follows that the economy is almost surely stationary under P! if and only if

1 1
B2 — P11+ 502 + (v2 = 71) (py1 — 5012/) =0,

and
fyz2 — pya = (v2 — 71)0%-

Under P2, (B52) becomes

1/m

— AIO _ _ 1.2 _ _ 1.2

vy (YO(W 71)/\’ e~ Bt 2ot oe1—0e2) 2 (2 =)y =503 Yoy Zad] =vig.
2,0

It follows that the economy is almost surely stationary under P? if and only if

1 1
B2 — b1 — 502 + (2 = 1) (y2 — 5012/) =0,

and
_ 2
ty2 — py = (v2 —71)oy -

B.4 Proof of Proposition 4: Survival in the mean

First we compute Eiv 44, Etll/27t+u, and Efl/g,Hu. Then we take limits as u — oco. Thus,

Elvoryy = E 1—2

Ewsppn = Et[l{At+u<R}]+Z(_) ( i >Et (AT 1A <r)]

= n n—1
_i <_)_n % E A% 1
n n—1 U Attut{Aru>RE | -
n=1

From Lemma A2 it follows that

1H<*) — ,UA—lO'Q U
By [l cny] = At iepntagug 200 ~ 100 7400

—noavu
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(B61)

(B62)

(B63)

(B64)

(B65)

(B66)

(B67)

(B68)

(B69)



and

—In (A%) + (MA — %0124) U

- - n n 2 2
b |:At+71’xl{At+u>R}] - At nGiZ(uAi%O’%’)ue("> aAu(I) N %UA\/E

(B70)
Therefore,

In(£) — (g —20%)u
Ews iy = ‘I’( (At) ( 274) ) (B71)

o/

X ()" 1.2 2 2 In ol HA — 102 u
+Z( 71 ( nn )A?en(yA20A71)uen o’Au(I)( (At) O-(\/a 2 A) —TLO'A\/’E)
n=1

o (_yn n n ~In(£)+ —102)u
-y ( " )A;”e—’;(ua—;ai)ue(z)%iu@ () £ ea o) _ “oavu] .
— n ovu n

In the supplementary appendix, we show that lim, .. and )2, can be interchanged, which
implies that

y HA — %Ui > 0,

y MA — %0-124 = 07 (B72)
, A — %0/2_1 < 0.

n (&) = (a = 303) u
lim E; [v244y) = lim @ =
uUu—0o0 u—

oo o\v/u

= Nl= O

Therefore, the economy is mean stationary under P if and only if

Bi— B2~ (v2—m) (uy — ;U%> — %(022 —0¢,)=0. (B73)

Similarly, we can evaluate Etlygjt and Efyg,t, and obtain necessary and sufficient conditions for

mean stationarity under P! and P2, respectively.

B.5 Proof of Proposition 5: Riskfree rate and market price of risk

Agent 1’s state price density, 7, is given by

Tt = alefﬁlth_w1 vt (B74)

)

It follows from Ito’s Lemma that

CZ_T:: = - [51 +n (,uY + “]E; + T UYqul,t) - %71 (1+m) (oy + auwt)2 dt —
Y (oy +0u,, 1) dZ1 s (B75)
Hence, from the result that
WMt ot — 0,074, (B76)
Tt
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we have

010 = (oy +0u, 1), (B77)
and
1
re =1+ 71 (y + fot Oy Oout) — oM 1 +7) (oy + o) (B78)

Substituting the expression for o, ; from (30) into (B77) and simplifying gives (56). Substituting
the expressions for o, + and f,, ¢+ from (30) and (29), respectively into (B78) and simplifying gives
Bzt + Bo 22 2 1
ro= 2+ Ry Y wiapiyr — ;R PP 0D (B79)
uyn 2
71 72 k=1
R, 1o, R 1 R, 1o, R\ 1 1
L R vy tgg_(Vl,t t Vot t) Rt_1< tn +’YQ>O_§
7 V2 2 7 V2 Vit Vo

(VlthVQth) (1 1>
-Ry| ——————— )| — — — | oyog,
Al V2 7102

where P, is the average prudence in the economy when both investors there are no differences in

beliefs, i.e.
R\’ R, >
Py =(1+m) <t> vig+ (14 72) <t> Vot (B80)
gi! Y2
Further simplification (B79) of gives

2

1
e = B+ Ry Zwk,tlw,k - §RtPt012/ (B81)
k=1
1 _ 14+m 147 1 1
+w1,tw2,t0'§2 - 5 (wl,tw2,t)2 Rt ! < 7 + i ) 02 — Rtwl’tht ( — > OyO¢
V1t ot 72
2 1
= B +R Zwk,t,uY,k - iRtPto'}% (B82)
k=1
1wy yw _ - 1 1
w1 rwa (1 — §MRt 1Pfa > 02 — Rywy qwo ( - ) oyo¢
UL,tV2,¢ 2

where 3, is the average rate of time preference in the economy, defined by a weighted arithmetic

mean of individual agents’ rates of time preference,

B = Prwi ¢ + Poway, (B83)
where
Ll/k,t
wp =, (B84)
SN e X
and
w1 +wse = 1. (B85)



The weights v1; and v are defined by

Vit

1+
Ukt = =2 Wkl/kx,t ’ (B86)
D k=1 oy

where
Vit v =1 (B87)

and P}" is the weighted harmonic mean of individual relative agents’ prudences, when agents have
power utility, where the weights are the consumption shares, i.e.

2 71
Vit
PhaT‘ _ § ) BSS8
t (k:l 1+ 7’“) (259

B.6 Proof of Corollary 1: Riskfree rate and market price of risk under correct
beliefs

Equations (61) and (62) follow from (56) and (58), respectively, after setting py1 = py2 = py,
and simplifying.

B.7 Proof of Corollary 2: Riskfree rate and market price of risk under identical
preferences

Equations (64) and (63) follow from (56) and (58), respectively, after setting 5y = B2 = 3, 11 =
~vo =7, Y1 = 19 = 1), and simplifying.

B.8 Proof of Proposition 6: State-price density

Agent k’s state-price density is given by (47).

To find a closed-form expression for Agent k’s state-price density, we find series expansions for

v, k€ {1,2}. To find a series expansion for v,,”*, note that

vyt = (1—vi) ™, (B89)
and use Theorem C2 to expand around the point v ; = 0. To do this we define

9(z) = (1 =2)77, (B90)
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which is complex analytic in the open ball {z € C : |z| < 1}. Hence, with f and ¢ defined as in
(B3) and (B4), respectively, Theorem C2 implies that

grig) = (=)™ ™
An dr— 1 "
= +Z TL' dxn— gn—1 $)g0(.7j) ]a::l)
An dn 1 o
- 1+Z n dxn—1 (21 —2)™™2 ] . (B91)
Since,

dnfl 1
Tt 2(L =) (B92)

= n(=)"" = —1) (= —2)... (" =2 — (n—1)) (1 — )"0,
it follows that

vy =1- 72 ( nj“'l_l). (B93)

D’Alembert’s ratio test implies that the above series converges absolutely for all A € C such that

|A| < R, where
< nm —vy2 —1 )
1 n—1
R= lim * . (B94)
n—oo N nn+1)—vy—1
n
Using (B17), we rewrite the above expression as
1 1 B 1 -1 1
nooo Mo N = B((n—l)n—vz—l,n)
Hence, using (B16) and (B19), we obtain
(n+1) [(n=1)(n+1)—(1472)] 1=V +D = (14792) ~1/2 (g ynb1 -1/2
_ oo ntlnn+1) -9 [n(r+1) = (L42)]7 D= (HA2) 172
R= nlLHC}O n nn — o [(—1)n—(14+~2)] (= Dn=(+72)~1/2n—1/2 (B96)
[nn_(1+72)]nn—(1+”r2)—1/2
We now simplify the expression
[(n=1) (n+1) —(14y2)] (1= DD = (H2) 71 /2 (g 1)n 1172
[1(n+1) = (Ly2)[ 7" FD—(T02) 172 (BI7)

[(1—1)n—(14~2)] (1= Dn=0+72)=1/2yn—1/2
(L [ (721172
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Simplifying the numerator of the above expression gives

(n=D(n+1)—(1+ 72)](77—1)(N+1)—(1+72)—%(n L 1)nH-12
[n(n+1) = (14 )P0

—1)(n - _1 nil_1
(n =+ OO0 g 1y d 1

}n(n+1)—(v2+1)—§

](n—l)(n-i-l)—(vz—kl)—;

n—+1)— 1)-1 1+
[n(n + 1] D=024 D=3 [ -

(n — 1) D)=+ D=3 (1 4 )0+~ (r2+1)-1 [1 ___ptl

(n=1)(n+1)—(y2+1)—3
m}

D=0 =3 (1 4 1 )(n) (1) —3 [1 _ e+l

n(n+1)—(r2+1)—3
n(n+1)}

n (n=1) — 1
(n — 1)=Dr D=+ D)= <[1 B 727“}( +1>> " [1 - (727+1} (1+72+3)

(n—=1)(n+1) 7 1)(nt1) (B98)
- n+1)—(y2+1)—2 41 1t K 11 —(1+7y2+3) )
\/mn”( e ([1 N Ti?iﬂ)} [1 a nﬂ(yiﬂ)}
Similarly for the denominator of (B97)
[(n — 1)n — (1 4 ~2)] (1= Drn=(1472)=1/2yn—1/2
[n — (1 4 7g)]m—(1472)-1/2
ny (n—1) —(14y2+1)
— ( 71)7"7( ‘i’l)*l o —+1 _ +1 3
_ (77 1) n 2 2 <|:1 (712*1)"} ) |:1 (nil)n} (ng)
n—(ya+1)—2 +11™\" +1 —(1+’72+%) ’
s (=] ]
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Therefore,

(n—1) —(1 1
_)—D+ D~ (24—} ypt1 (D ypt1 ]~ (H2ty)
(n—1) ’ 2([1 q ] = ]

T (1) (n+1D) CEDICE)
nt1)— _1 (n+1)\ 7 —(1+72+7%)
P g MELnE) VT 2([1*»7?%15] ) (-] ’
B — (1) )
n—oo N nn —y2 (nil)(nfl)n7(72+l)—%([17(;\;27?)1”] )n 1 [17(32:;)1”] 1+v2+2
\/ﬁnnnf(wwrl)*%([17%]n>n[1,%]7(1+72+§)
(n+1)\ (1) ~(4+72+3)
(1771)(71—1)([177(7]7712)?:;1)] ) [1’@—?)?711“)] r2+3
11 7D\ 11 1-O+r2+d)
. In+1nn+1) -y K ([1%7(3“)] ) e ’
= lim
n—oo n n — 1 ny (n—1) 1 *(1+"/2+l)
e (G ) O v
IR
yo+1 (n+1)
[ (n— 1)(n+1)]
(n+1)
(p— 1)) (-5 )
- n" nh—{glo y2+1 (n=1)
([-ez])
([-=])
—(v2+1)
(n — D)"Y o5
= R IOl (B100)
e—(r2+1)
since €* = lim,,— oo (1 + %)n Hence,
—1)n-1)
g =V (B101)
1777

Since A; is a geometric Brownian motion, A; is real and positive, and so the right-hand side of

(B93) is absolutely convergent if A; < w Hence, Agent 2’s state-price density is given by

> (= AN — 1)(n=1)
Bty [ 1 (—A) nn—y2 —1 (n—1)
Tou = age” 'Y, (1 Yo n; — ( L A < i (B102)
To find an expression for the state-price density when A; > ("_177)#, we find a series expansion
for 1/1 , which is absolutely convergent for A; > % Note that
vt = (=)™, (B103)

and use Theorem C2 to expand around the point v5; = 0. To do this, we define

g(z)=(1—2)"", (B104)
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which is complex analytic in the open ball {z € C : |z| < 1}. Hence, with f and ¢ defined as in
(B23) and (B24), respectively, Theorem C2 implies that

gvay) = (1—wvoy)™
_1/77 dnfl ,
= 900+ Z gy [ @e@)"]
_1/77 dnfl 1

J— _ n 1—

= 1+ Z ol dpn-1 [71(1 x) ! L:O : (B105)
Because,

n_ n n n n_ (e

l=2)i =y (2o -1 (Bom—2) (B - (- D) a0,

(B106)
it follows that

_1/77 T-m-—1
viy —1—712 <n > (B107)

n—1

By comparing the above expression with (B93), we can see that (B107) is absolutely convergent if

1
1 =—1
(;—D7

_ —1yn—1 . T
A7V < e if Ay > UR iy Hence, Agent 1’s state-price density is given by
t nn g

I
S

n n—1

1/n\n no_ oA _ 1\(n—1)
1 1IN
T = ae ﬁ1tY 71 (1_%ZA)< n )>’At>(n¢]z' (B108)

n=1

For ease of notation, we define R = % Equations (65) and (66) follow from (B102), (B108)
and (49).

B.9 Proof of Proposition 7: Prices of risky assets

We now derive a closed-form expression for (76). We use (66) and (66) to write Agent 1’s state-price

density as

ity - = (A" (1
T = daee YT (1—72Zn no1 ) ) e

n=1

e _1/”7 n
B na 1
+ )\1,06_61751/; Y1 ( Z < n n’fl 1 )) 1{At>R}? (Blog)

which is complex analytic for all A € C, such that |A| # R. Since the event {A, = R} is of measure
zero, it follows from (76) that

= (X)) Y, (B110)
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where

0 e n
. 1 — - (—Ay) nn—y2—1
i = B /t [@6 e, XY, (1 — 2 RZ_I n < n—1 La<ry

00 _A;1/77 n n_ o
n=1

n n—1

Since the integrand in the above expression is complex analytic, term-by-term integration is valid
and the resulting expression will also be complex analytic. Hence,

Jt = A2,0J1,t + A1,0Jrts (B112)
where
Jit = e‘ﬁQtXthiwgt <C0,l,t — 72 iCn,l,t (_it)n < " ;’_721_ ! >> ) (B113)
n=1
gt = eV Cogr — ™ iCn,r,t(_fl;T:])n < " ;ill_ L ) , (B114)
n=1
and
Cnat = B} /too e—ﬁz(u_t)))?: <¥:> e Z <Z>n1{Au<R}du, n € N, (B115)
Gt = E} /too e—ﬁuu—t)))?: <5;:> o (‘Z) o 1{a,>rydu, n € Ny, (B116)

where Ny is the set of natural numbers including zero. Note that

_ £
Xu <Yu> Tl _ s arro oy —px )l Mou. (B117)
X\ &t M2£t
where
1
Tk = Br + ey — k(1 + )02, (B118)

2

is the risk-free rate when only Agent k is present in the economy, and M2£,t is the following expo-

nential martingale under P':

dMS .
> 2 = oaZi + (o + ¢ — oy )dZ1 g, M5, =1, (B119)
2.t
Also
Xy (Yu> "L - Grmeoy—ux -0 Miu (B120)
X \Y, M
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where M; ; is the following exponential martingale under P

dM
My,

= UE?dZZd + (6¥® —moy)dZis, My = 1.

We can thus define the new probability measures P%¢ and P! on (Q,F) via
P2$(A) = E(1aMs 1), A € Fr,

and
PY(A) = E(1aM, 1), A € Fr,

respectively. It follows that

~ oo (e Au n
Cn,l,t = E?vf/ e ko (u—t) <14t> 1{Au<R}du, n N(),
t

N 00 Au —n/n
Cart = Etl/ ek (u=t) ( ) 1ia,>rydu, n € Ny,
t

Ay

(B121)

(B122)

(B123)

(B124)

(B125)

where E? €[] and E![] are the time-t conditional expectation operator under P24 and P!, respec-

tively, and
ki =Tk + W0 0y — WX ks

(B126)

is the discount rate used to value a security paying X units of consumption per unit time in

perpetuity, when Agent k is the sole agent in the economy.

From Lemma A1, it follows that

_ 1 + 1 (&)ai(/@)—n
Cots = 2(0a)2(n—a® (ko)) (n—ay(k2))  1(0a)2(n—af (k2))(a% (k2)—a® (k2)) \ 1
nd,t — 1 (&)ag_(kz)*n
$(04)2(n—a® (ko))(a5 (k2)—a® (ko)) * T
and
1 (i)a+(k1)+%
_ L2 (2+as (b)) (s (k) —a (k1)) *
Cn,r,t - 1 &)a—(kl)"l‘% B 1
Hoa2(Z+as ) (as (k) —a— (k) * B Loa)2(2+as (k) (2+a- (k1))
where
fh = pag+ (05 —moy)oa,
P55 = pan+ (0 + og —oy)oa,
B2 — B1 1, 1 o 14
- —1 — = - =
HAL - +(n—=1) | pva 50V 27105 + 504
1
oa = (n—1)oy + —o¢,
g4l
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)

Y

At<R,

Ay > R.
(B127)

A; < R,
A > R.

(B128)

(B129)
(B130)

(B131)

(B132)



where

—(iY — 1(04)?) (i — L(o4)2)2 oa)2
Ok 120 iWA)Z (o)) +2h1 (00 1)
—(p5F — L(oa)? i\/ — 2(04)2)2 + 2ka(04)?

as(ky) = . (B134)
(04)?

Hence, we have closed-form expressions for the functions ¢, ;; and ¢, which appear in j;:

| A -1
Ji o= Aepe PX Y2 <C0,l,t —’Y2ZCn,l,t t) ( e )) (B135)

n—1
o _1
_ _ _A n\n n _ _ 1
+ )\1,06 ﬁltXth n CO,r,t -MN z:gn,r,tM < 7 n )
n n—1
n=1
From (B2) it follows that
Xy = Aee XY (B136)
T Xy = dooe XY (B137)
Hence,
[e.e]
. =AD" [ —y—1
Ji = maXi [uﬁ (Co,l,t — 72 Z;Cn,l,t( nt) ( TIn 121 )) (B138)
n=

1

n

o
—A, "\ R~ =1
+ v <o,r,t—vl§jcn,r,t(;)< n > :
n=1

n—1

which implies that

o0
—A)" ((mp—y—1
= (Co,l,t = Cn,l,t( nt) ( 7 n 121 ))

n=1

1

o _
—A,")" -1
+ Viy,lt Cort — 1 Z Cn,r,t(;;) ( n ) . (B139)
n=1

n—1

It will now be useful to define ¢, ;(A;) = (nyr and Cpr(Ar) = Cnre- Using (23), we can write the
price-dividend ratio, p¢, purely in terms of vy and vo; =1 — vy, i.e.

X _ om (_%> nn—ry2 —1
Py = V27t COl( ,t>_ 2Z<nl< >n< n—1 ) (B140)
<_:12/:7> n_ ]
‘H/ly,lt CO?" () _'YIZCTLT () 1’t< n n’zll )
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We can also write

P = vipl v (B141)
where
()

X _ X vy, nn—ry2—1

by = Co,z t 2 Z Cn,z,t n ( n—1 > ) (B142)
n
e

lll/n n_ Y1 — 1

Pre = Gt =MD Cra < o ) : (B143)

n=1

B.10 Proof of Proposition 8: Risk premium and volatility of risky assets

Note that
Opff 72 plXt g% pi(t 72 8plXt 2t 8p7)‘(t
_ _ ) ) J ’ B144
v 2Va4 Vs, + 7y, g + Vo o TVt o1y’ ( )
where
8p§( 72 plXt 2! p7)“(t 2 aplX?; 7 8p7)"(t
= : : : : B145
B V2V Vo T vy Vi T+ Vo Oy + Ui 8V17t7 ( )
and
X X
8plt _ 0A; aCO,l,t . i ¢y n,l,t +nCn,l,t (—At)n nn—y—1 (B146)
dne Oy | 04, P\ 04, A, n n—1 '
Now
A = vy (B147)
0A (1) —
oy 1?2 R (B148)
0A —(4+1) s —
G = P AR (B149)
A
= p—R; (B150)
212
Therefore,
6pl),i V2

-1
= R
¢
ayf,(t VitV

G — [, 9 7)z(lt (—A)" (=2 —1
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1\ "
X ) —A "> n
api,(t =9 ! R Atafo,r,t —’hz (Aﬁ(fmt nox ) ( ' ( a-m—1 >
n=1

8V1,t V1tV t 8At 8At B ; nmit n n—1
(B152)
Therefore,
opi* 72 lXt y Py plXt Dot
= v N VA LA Ey Y LR vt : B153
3V1,t 2.t 9.0 1,t ’ 2.t 6l/17t 1,t 3V1,t ( )
® Py
= 2y (B154)
, TVt
1 o > [ 0 (—A)™ [ nm— vy — 1
Y2 R!|A 0t A n,lt X t n—"2
272 Viglag oA, b nz:l oA, e n n—1
- _l n
—_A 7
1 Bl > aCx n ( t > 2o~y —1
Y1 R_l A 0,rt A nrt X 0 B4t
T2 Vievng t ti@At 71 Z:: ti@At nCn,r,t n n—1
Hence,
i 72 P " P
= v AR ) B155
aVl,t 2t V1t Lt 121 ( )

n
ZY
1
1 ¢, < [ o¢k n v n_ N1
Y1 Rfl Ot j : nrt VX 1,t n 71
_H/l’trm Vit t Oln At m —t <

)

B.11 Proof of Proposition 9: Prices of bonds

Consider the time-t price of a claim which pays off X7 units of consumption at date 7. Hence,

VAL, = Xpvg_y, (B156)
where
X 1T Xr
=F e B157
V¢ t [Wl,t XJ ( )
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From the expression for the state-price density in (65), it follows that

vi_, = (maXe) B

_ _ = (—Ap)" — e —1
Aooe 2T XY P er (1 -2 Z ZAn)" < S )) Liar<r)

n n—1
=1

. X (AL g
+ Al,oeiﬁlTXTYT " (1 —m Z u < n M )) 1{AT>R}] du. (B158)

— n n—1
Hence,
vy = (Wl,tXt)il[)\ZOjldjT_t + Al,@jf,T_t]? (B159)
where
> (—A)™ [('n 1
. _ _ — A, oy —
]quT—t = e 52’5Xth 72& <¢0,l,t _7221¢n,l,Tt - ( nn 2/21 >> , (BIGO)
n=
o _1
e _ - - (=4, ")" (F-—n-1
Jrr—t = € XY | bonr—t _’Ylgﬁbn,r,Tt;; " S ., (B161)
and
Xr (Yr\ & (Ar\"
4 = EehTnZI (T SRR (| eN B162
o e %, \7 g \ 2, {Ar<R}> " € No, ( )
X Yo\ /A —n/n
4 = EehT-HZL <T) (T> 1 , n € Ny, B163
¢n,r,T t t X, Y, A, {Ar>R} 0 ( )

where Ny is the set of natural numbers including zero. Changing measure from P! to P2€ and P!,
respectively gives

. _ B A n

(an,l,T*t = Et27£€ ]CZ(T t) (14’?‘) 1{AT<R}7 n e NO, (B164)
(AR T

Onrrs = Eje 0 (ff:) Liar>rys n € No. (B165)

From Lemma A2 it follows that

n(4) - (2 +4en-1)0%) (0 -1

i (Ay) = f[kgfnﬂa‘7ln(n71)0124](T7t)<I>
¢ 7l7'T t( t) € 2 O’A(T—t)l/2 9y

(B166)

and

R ~ n
bnrrs(dy) = I (3 () | (1 () - (2 ‘(i(l ;j;) 73) (-1
oa(T —

(B167)
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Hence,

oo
—A)" [ mp—y —1
vr = 13} ((bo,l,T—t — 72 Z ¢n,l,T—t( nt) ( ! n 121 ))
n=1

o
Y1 —
+uiy | Porr—t — M E ¢n,r,T—tT

n=1

= V;i bo,1,7—t (n) —’Y2Z¢n,l,T t (
Vo

n
V2t
oo 1
Vit V1t nh! -1
n -n Z d)n,r,Tft n S 1
2.t 1 Vot n n-—

Y1
+V17t ¢O,T,T7t (l/

=
3=
S~—
3
N\
33
3 |
I 2
=
—_
N~

a4 it 1’2 t nn -7 —1
= vy | Pour—t <;7> Y2 ZG%,LT t ( ) n—1 >

(-

) (ZL 71_1) : (B168)

n—1

)
_H/l it ¢O,T,T—t -MN Z ¢n,r,T t—
n=1

. . . 1% 1%
where for ease of notation, we omit the arguments in ¢, ; 7—¢ (ﬁ) and ¢y, 74 (ﬁ)

B.12 Proof or Proposition 10: Wealth and portfolio weights

We start by deriving expressions for each agent’s financial wealth at date t, denoted by W}, for
Agent k € {1,2}. Since Wi + Wa = P, we need only derive an expression for W; ;. We know
that

Wi = Ey [/ Mooy, du] . (B169)
t

T1u

Hence,
oo
Wiy = 7 t {/\2 OEt I:/ e52“Yu72V2_732§u01,u1{Au<R}du]
t

+ MoE} { / e Y My O 1y AU>R}du] } (B170)
t
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It follows that
Wip = myy {/\2 oE} [/too O vy v uulia, <R}du]
+ M oE} [/too e Y Ty g, >R}du]} (B171)
Thus,
Wie = {AQ 0B} [/too e P (0 1 — 1y ), <R}du]
+ A oE} Utoo e Y Ty My, >R}du]} (B172)

Since the series expression in (B107) is valid for all real vy, it follows that

— _1/77 !
L no_
" =1—(1-m) Z ( [ > |A¢| > R. (B173)
n=1
We already know that (B93) provides a convergent series expansion for |A;| < R for all real 7s.
Hence,
o~ (=AD" (=
1—v2 - o 4t - )2
T ) Ml G T (B174)
n=1
Therefore,
o0
% 1—v2 (=A)" [ nn—my2—1
V2u2 V2u2 - 1_'72; n n—1

B (o Yo (1)

n=1

= i _ﬁt)n [(1 —2) ( ”Z:?Z > 2 ( nn;?l_ : >] ’ (B175)

n=1

which converges for |A;| < R. Therefore,

Wi, = m, {/\2,0Et1 {/ e Pyl (B176)
¢

s 7Af n _ _ _
(S [ (7 ) o ()] e
n=1
0o o Vnyn s on _
o [ S (5 o]

n=1

+ )\1,0Etl
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Since the integrand is complex analytic, term-by-term integration is valid. Hence,
1,61t 2,0 — 7n 72 n—1 72 n—1
Etl |:/ 652UY1L172A?€U1{Au<R}d'LL:|
t

—1—)\170Et1 [/too e_ﬂluYul_'“l{Au>R}du]
—(1=71)A10 Z ( %n ) n) E} {/too 6_ﬁluyul_mf‘ltn/nl{Au>R}du]
= )\2706_52t}/t1—72£t7;(—1:1;)" [(1 —72) ( HZ:YQ ) — 72 ( m);'_yglf 1 )} X
/tOO —Ba(u—t) (;)1 "y (A ) Eulia, <R}du1 X
e Bi(u—t) ( > 1(a, >R}du]

(1 — —Bity 11—y - T m (_At 77)"
0=, 12(2_1 )=

n

E;

+/\170€7’81tY;1771 Etl

n=1

e’} Y 1—v A 777,/77
=B1(u—t) [ 2w T
e 1 du
[T () ()

Byt —vs 2 (A" nn — nn—ys — 1
— e e S A i (23 ) o (M

Cem -y ( n ) A Y] . (B177)

n
n=1

E;

+)\1’Oe*61t)/;1*"/1

Yy _ Wi
Thus, wy, = 5,

(= A" nn — e nn — 2 — 1
Wiy = V;2t Z—:l n (1—=2) 1 n—1 Cl},/n,t
_1
[ 2=y \ (A, )"
+} {céfm - —ngl( " ) Gt | (B178)
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Hence,

Thus,
oo
y (—A)" nn — ya nn—y2 —1 y
wl,t - V;,Zt n (1 - ’.)/2) n—1 -2 n—1 In,t
n=1
1
> n T n\n
Y Tem ) (CA) Ly
+V¥,lt CO,r,t - (1 - 71) Z < ZL 1 ) ;L n,r,t
n=1
Hence,
Y Y Y
Wiy = V;,thl,l,t + Vz,ltwl,r,b
where
- ()
Y vy 4 nn — y2 nn—y2—1 Y
Wit — Z n (1—=2) n—1 -2 n—1 Cl,mt

wl’r’t = o,rt —

To find the optimal portfolio policies note that

Wit = NP\B + N{L P,

(B179)

(B180)

(B181)

(B182)

(B183)

(B184)

where N,f”t and N,f , are the number of bonds and units of stock, respectively, held by Agent k.

Market clearing implies that

(B185)

(B186)



Thus, we need only determine Nf ., and given this, it follows that
P P
N. 2t = 1-N 1,t

Wi — NPy

NlBt = _th: B,

)

Applying Ito’s Lemma to (B184) when k = 1, gives

dWiy = BydN{, + PdN[, + NP,dB, + N{,dP,.

The self-financing condition
BN, + PN, + N{ydB; = 0,

implies that
AW = N{,dP;,

and hence
AWy 4 dP;
=1l —
Wi P
where
NP P,
kit =
Wit
is the proportion of Agent k’s wealth held in the stock market. Hence,
oW
Hl,t = Lt )
OR,t

where oy, ; is given by

dWi 4
— = MWl,tdt + O-Whtth
Wi
and
Y
B Vit 8wl,t
owy,t =0y + Y P} ’
wl,t Vlvt
where
wY owY
1,t 72,1 Y 7171 Y Y2 1,l,t
—= = —YaU. wi ¢+ MV w +v
8V1’t 2.t 1,0t 1,t 1,rt 2t 8V1’t
and

7
Voi

n
Vit n—1
Y 00 — Y
awl,l,t _ 0A ( Vg,t) aCl,n,t V1t Yy
Z + Cl,n,t X

81/1715 N 8V17t n 81475

n=1

_ =92\ nn—y2—1
o= () (0

n
v
© n 1
wee = Q-3 (977 ) A

n—1
n=1
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(B188)

(B189)

(B190)

(B191)

(B192)

(B193)

(B194)

(B195)

(B196)

(B197)

(B198)
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8V1 + n n — n—1
’ n=1
a1 o (A" ) (71772 2 nn—vy2—1 Y
V2 2t n Y n—1 Y n 1 I,n,t
n=1
1
¢ o /n o (A, ")"
v | D50t g n N t 4 B200
ol |Gt - (1) ) e S ] @)

Expressed in words, the proportion of Agent 1’s wealth held in the stock market equals the
ratio of the volatility of her total portfolio return to the volatility of the stock market.

C Some results from complex analysis

In this section, we state a number of definitions and theorems from complex analysis that are used

in the Appendix of the paper.

Definition C1 If U is an open subset of C and f : U — C is a complex function on U, we say
that f is complex differentiable at a point zg of U if the limit

Fon) — tim T = 10)

zZ—20 z — ZO

(C1)

exists. The limit here is taken over all sequences of complex numbers approaching zy, and for all
such sequences the difference quotient has to approach the same number f’(zg).

Definition C2 If f is complex differentiable at every point zg in U, we say that f is holomorphic
on U. We say that f is holomorphic at the point zo if it is holomorphic on some neighborhood
of zo. We say that f is holomorphic on some non-open set A if it is holomorphic in an open set
containing A.

Definition C3 A function f is complex analytic on an open set D in the complex plane if for any
2o tn D one can write

F(2) =) an(z = 20)", (C2)
n=0

in which the coefficients ag, a1, ... are complex numbers and the series is convergent for z in a

neighborhood of zg.

Theorem C1 A function f is complex analytic on an open set D in the complex plane if and only
if it is holomorphic in D.
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We are now ready to state the theorem that allows us to find closed-form series expansions for

the sharing rule and complex analytic functions of the sharing rule.

Theorem C2 (Lagrange) Suppose the dependence between the variables w and z is implicitly

defined by an equation of the form
w = f(2), (C3)
where f is complex analytic in a neighborhood of 0 and f'(0) # 0. Then for any function g which

is complex analytic in a neighborhood of 0,

79 @), (C4)

z

where (z) = 7o

Note that the above theorem does not provide a radius of convergence for the series (C4). While
the original proof of Theorem C2 due to Lagrange is not very straightforward, a relatively easier
proof can be obtained by using Cauchy’s Integral Formula.
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