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ASSOCIATIVITY OF CROSSED PRODUCTS
BY PARTIAL ACTIONS, ENVELOPING ACTIONS
AND PARTIAL REPRESENTATIONS

M. DOKUCHAEV AND R. EXEL

ABSTRACT. Given a partial action a of a group G on an associative algebra A,
we consider the crossed product A xq G. Using the algebras of multipliers, we
generalize a result of Exel (1997) on the associativity of A x4 G obtained in
the context of C*-algebras. In particular, we prove that A X, G is associative,
provided that A is semiprime. We also give a criterion for the existence of
a global extension of a given partial action on an algebra, and use crossed
products to study relations between partial actions of groups on algebras and
partial representations. As an application we endow partial group algebras
with a crossed product structure.

1. INTRODUCTION

Partial actions of groups appeared independently in various areas of mathemat-
ics, in particular, in the theory of operator algebras as a powerful tool in their
study (see [8], [9], [10], [15], [L7]). In the most general setting of partial actions on
abstract sets the definition is as follows:

Definition 1.1. Let G be a group with identity element 1 and X be a set. A
partial action a of G on X is a collection of subsets Dy C X (g € G) and bijections
ay : Dg—1 — Dy such that

(i) D1 = X and «; is the identity map of X;

(11) D(gh)—l D) Oé;l(Dh N Dg—l);

(ili) o 0 an(z) = agn(x) for each z € a; ' (D NDy-1).

Note that conditions (ii) and (iii) mean that the function ag is an extension
of the function a4 o . Moreover, it is easily seen that (ii) can be replaced by
a “stronger looking” condition: a;l(Dh NDy-1) = Dp-1 N Dp-14-1. Indeed, it
obviously follows from (ii) that agl(Dh NDy-1) € D1 NDy-14-1. Replacing h by
h~1 and ¢ by gh, we have a;_ll(Dh—l NDp-14-1) € Dy NDy-1, and consequently,
ap-1(DpNDy-1) 2 Dp-1 NDp-14-1. By (iii) ap-1 = a;l, and we obtain the desired
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1932 M. DOKUCHAEV AND R. EXEL

equality. Thus, the conditions (i)—(iii) are equivalent to the following:

(i) Dy = X and oy is the identity map of X;

(ii/) Oég(Dg—l N Dh) = Dg n Dgh;'

(iii") agy(an(z)) = agn(z), for all ¥ € Dy—1 N Dgpy-1.

Let S(G) be the universal semigroup generated by the symbols {[g] : ¢ € G}
subject to relations:

a) [g~"[gl[h] = [9~"[ghl;

b) [lIBlh 1] = [ghllAY] (g.h € G);

o[ =1,
where 1 denotes also the identity element of S(G). Then S(G) is an inverse semi-
group and the partial actions of G on X are in one-to-one correspondence with
(ordinary) actions of S(G) on X [10].

In what follows, by an algebra we shall mean an associative non-unital (i.e. not
necessarily unital) algebra. In order to define a partial action a of a group G on
a K-algebra A we suppose in Definition [[.T] that each D, (g € G) is an ideal of A
and that every map g : Dg-1 — D, is an isomorphism of algebras.

Together with the notion of partial actions, a generalization of the concept of
crossed product appeared in the theory of operator algebras (see [8], [9], [11], [15]).
For simplicity we assume that the twisting is trivial, so we give the definition in
the context of corresponding skew group rings.

Definition 1.2. Given a partial action « of a group G on an algebra A, the
skew group ring A X, G corresponding to « is the set of all finite formal sums
{2ogec g0  ag € Dy}, where &, are symbols. Addition is defined in the obvious
way, and multiplication is determined by (aydy) - (brnén) = ag(cg-1(ag)bn)dgn.

Obviously, A 3 a — ad; € A X, G is an embedding which permits us to identify
A with Ad;. The first question which naturally arises is whether or not A x, G is
associative. The associativity of this construction was proved in [§] in the context of
C*-algebras roughly ten years ago. Since the C*-algebraic proof employed very spe-
cial properties of C*-algebras (the existence of approximate units), the associativity
question remained open since then for partial action on general algebras.

One of our goals is to prove that A x,, G is always associative if A is semiprime
(Corollary[3.4)). Recall that a unital algebra A is called semiprime if A has no non-
zero nilpotent ideal (for other equivalent definitions see [18, Theorem 2.6.17]). More
generally, given a partial action of G on a unital algebra A, the skew group ring
A x4 G is associative provided that each ideal Dy is idempotent or non-degenerate
(Corollary[32). We say that an ideal Z of A is non-degenerate if for every non-zero
element a € 7 there exists b € 7 such that either ab # 0 or ba # 0. It is easily
proved that a unital algebra A is semiprime if and only if each non-zero ideal of A
is non-degenerate (see Proposition [2.0).

Note that in a C*-algebraic context the ideals D, are supposed to be closed by
definition, and it is known that each closed ideal in a C*-algebra is an idempotent
ideal (see [I3, Theorem V.9.2]).

We also show that in general A x, G is not associative (see Section Bl). In
Section M we give a complete answer for the problem of the existence of a “global
extension” (called enveloping action) for a given partial action on a unital algebra.
More precisely, an enveloping action exists if and only if each ideal D, is generated
by a central idempotent (see Theorem EH). We introduce the notion of enveloping
action with a certain minimality condition in order to guarantee its uniqueness up
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to equivalence (see Section Ml for the definitions). We also prove that if (B, 3) is an
enveloping action for a partial action (A, &) such that A and B are unital algebras,
then the corresponding skew group rings, namely A x, G and B xg G, are Morita
equivalent.

Another relevant concept which appeared in the theory of operator algebras is
the notion of partial representation of a group on a Hilbert space, introduced in-
dependently in [10] and [17]. Partial representations underlie important algebras
generated by partial isometries. Among the most interesting cases are the Cuntz-
Krieger algebras [4], investigated in [11] and [I2] from the point of view of partial
representations. The purely algebraic study of partial representations began in [5]
and was continued in [6] (see also [7]). Similarly to the case of (usual) representa-
tions of groups, there exists an algebra Kpa.,(G), called the partial group algebra
of G over K, which governs the partial representations of G (see [9]). It is exactly
the semigroup algebra KS(G). It turns out that Kpa(G) keeps much more in-
formation about the structure of G than does KG (see [3]), and this makes them
especially interesting with respect to the classical isomorphism problem intensively
investigated for group rings (see [19]).

In the final Section Bl we use crossed products to relate partial actions with par-
tial representations. This leads to a one-to-one correspondence (see Theorem [6.11])
when working with so-called “elementary” partial representations, which are struc-
tural blocks of the irreducible partial representations (see [6]). This permits us to
look at matrix algebras as crossed products by partial actions (see Corollary [6.12]),
covering in this way a substantial part of elementary gradings (see Corollary [E.15).
Moreover, starting with the partial representation G 3 g — [g] € Kpar(G), we
endow Kpar(G) with a crossed product structure (see Theorem [6.9).

2. THE ALGEBRA OF MULTIPLIERS

Let K be a field, A an associative K-algebra with unity element and Z an ideal
of A. Take an element z € A and consider the left and right multiplications of 7
byax: Ly :Z>a—xa€Z, Ry:Z>aw— ar€Z. Then L =L, and R =R,
are linear transformations of Z such that the following properties are satisfied for
all a,b e I:

(i) L(ab) = L(a)b;

(ii) R(ab) = aR(b);

(iii) R(a)b = aL(b).

These properties are obvious consequences of the associativity of A.

Definition 2.1. The algebra of multipliers (see, e.g., [T4, 3.12.2]) of an algebra 7 is
the set M(Z) of all ordered pairs (L, R), where L and R are linear transformations
of Z which satisfy the properties (i)—(iii). For (L, R),(L',R’) € M(Z) and o € K
the operations are given by
a(L, R) = (aL,aR),
(L.R)+ (I, R) = (L+ L',R+ R),
(L R)(L',R) = (Lo I, R o R).
We say that L is a left multiplier and R is a right multiplier of Z.

It is immediately verified that M (Z) is an associative algebra with unity element
(L1, Ry), where Ly and R; are identity maps (which in the case of an ideal Z in
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a unital algebra A can be considered as multiplications by the unity element of
A from left and right, respectively). Define the map ¢ : T — M(Z) by putting
¢(x) = (Ly, R;), x € Z. This is a homomorphism of algebras, since it is K-linear
and, moreover, Lyy = L, 0 Ly, Ry = R, o R;, which gives

¢(xy) = (Lg © Ly, Ry 0 Ry) = ¢(2)P(y)-

Definition 2.2. We shall say that an algebra Z is mon-degenerate if the map
¢ :Z — M(Z) mentioned above is injective.

In general the kernel of ¢ is the intersection of the left annihilator of 7 in Z with
its right annihilator in Z. Therefore Z is non-degenerate if and only if for every
non-zero element a € 7 there exists b € Z such that either ab # 0 or ba # 0.

More generally, if 7 is an ideal in an algebra .4, then one may consider the
homomorphism ¢ : A 3 a +— (Lq, Ry) € M(Z), whose kernel is the intersection of
the left annihilator of Z in A with its right annihilator in A.

Proposition 2.3. The following statements hold:
(i) ¢(Z) is an ideal of M(Z).
(ii) ¢ : Z — M(Z) is an isomorphism if and only if T is a unital algebra.

Proof. () Take x € Z and let (L, R) be an arbitrary element of M(Z). Then
(Lg, Ry)(L,R) = (Ly o L,Ro Ry), and for a € Z we have Ly(L(a)) = zL(a) =
R(x)a = Lp)(a). Moreover, R(R;(a)) = R(ax) = aR(x) = Rp@)(a). Hence
(LI,RI)(LvR) = (LR(:C)vRR(:E)) € ¢(I)a as R(i[:) € 7. Similarly, (LvR)(L )
(LL(:C))RL(x)) € ¢(I)

(ii) The “only if” part is trivial. For the “if” part we have that ¢(1) € ¢(7)
is the identity element of M (Z) and, consequently, ¢(Z) = M(Z). Obviously, ¢ is
injective in this case, and thus Z = M (7). O

Let Z be any (preferably non-unital) algebra. Given (L, R) and (L', R") in M(Z),
we shall be concerned with the validity of the formula

(1) R oL=LoR.

If 2 and 2’ belong to an algebra which contains Z as an ideal and (L, R) =
(Ly, R;) and (L', R') = (L., Ry), this formula will clearly hold as a consequence
of associativity. However this is not always the case: for a very drastic counter-
example one could take Z to be any vector space equipped with the trivial multi-
plication

xy =0, Ve,y € L.
Any pair (L, R) of linear operators on Z would constitute a multiplier of Z, and one
would clearly not expect (I to hold!

Definition 2.4. An algebra 7 is said to be (L,R)-associative if, given any two
multipliers (L, R) and (L', R’) in M(Z), one has that R" o L = Lo R'.

The following result lists two sufficient conditions for (L,R)-associativity.

Proposition 2.5. The algebra T is (L,R)-associative whenever any one of the
following conditions hold:

(i) Z is non-degenerate, or

(ii) Z is idempotent.
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Proof. Let (L,R),(L',R") € M(Z). Given a,b € Z, we have that
R(L'(a))b = L'(a)L(b) = L' (aL(b)) = L'(R(a)b) = L'(R(a))b.

This shows that R(L'(a)) — L'(R(a)) lies in the left annihilator of Z. By a similar
calculation one shows that R(L'(a)) — L'(R(a)) lies in the right annihilator of Z as
well. Therefore, under assumption (¢), one must have that R(L'(a)) = L'(R(a)),
for all a in 7.

Next suppose we are given ay,as € Z. Letting a = ajas, notice that

R(L'(a)) = R(L'(a1a2)) = R(L'(a1)az) = L'(a1) R(az)
= L'(a1R(a2)) = L'(R(a1a2)) = L'(R(a)).

Assuming (ii), we have that every element of 7 is a sum of terms of the form ajas,
whence the conclusion. (]

In the next section we will be considering partial actions such that all of the
ideals D, are assumed to be (L,R)-associative. It is therefore useful to have a
means of deciding when all ideals of a certain algebra possess this property. The
following easy result goes in that direction.

Proposition 2.6. Let A be a unital algebra. The following are equivalent:

(i) Every non-zero ideal of A is non-degenerate.
(ii) Ewery non-zero ideal of A is either idempotent or non-degenerate.
(iii) Every non-zero ideal of A is right-non-degenerate (we say that T is right-
non-degenerate if for every non-zero element a € T one has that aZ # {0}).
(iv) Ewvery non-zero ideal of A is left-non-degenerate (defined in a similar way
with Za # {0}).
(v) A is semiprime.
In this case every ideal of A is (L,R)-associative.

Proof. In the following implications the ones marked with a star are self-evident:
* *
(i) = (i) = (v) = (iil) = ().
Moreover, (iv) can be substituted for (iii), by symmetry, so we really only need to
worry about (ii) = (v) = (iii).

If A has a non-zero nilpotent ideal, then there is a non-zero ideal Z in A whose
square is zero. Then 7 is neither idempotent nor non-degenerate, which shows
(ii) = (v).

Assuming (v), and arguing by contradiction, let Z be an ideal possessing a non-

zero element a such that aZ = {0}. Then the ideal generated by a, namely J =
AaA, is non-zero since we are assuming A to be unital. However,

J? = Aa(AAa)A C AaZA = {0},
violating (v). O
Let 7 : 7 — J be an isomorphism of K-algebras. Then it is easy to see that for

(L,R) € M(Z) the pair (toLon~ !, 70 Ror 1) is an element of M(J), and we
obviously have the following:

Proposition 2.7. The map 7 : M(Z) — M(J), defined by
7(L,R)=(mroLor ', moRom™ 1),

is an isomorphism of K -algebras.
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3. THE ASSOCIATIVITY QUESTION

We are now ready to present an answer to the associativity question:

Theorem 3.1. If A is an algebra and « is a partial action of a group G on A
such that each Dy (g € G) is (L,R)-associative, then the skew group ring A xo G
18 associative.

Proof. Obviously, A x,, G is associative if and only if
(2) (adpbdg)cd; = adp(bdgcdy)

for arbitrary h,g, f € G and a € Dy,b € Dy,c € Dy. First we compute the left
hand side of the above equality. We have

(adpbdg)cdy = ap(ap-1(a)b)dpgcds = ahg{a;gl [an(ap-1(a)b)|c}ongy-
We see that ay-1(a)b € Dy—1 N Dy implies
ap(ap-1(a)b) € ap(Dp-1 N Dy) = Dp, N Dhy.
It follows that
ot an(an1(@)B)] = a1 (@1 [an(an1 (@B)]) = g1 (an-1 (@)b).
Since this element belongs to Dy-1 N Dy-15,-1, we can also split apg, which gives
(adnbdg)cdy = anlag{ag-(an-1(a)b)c}ongy-
Comparing with
a1 (b34¢87) = adarg(ay 1 ()e)3ys = anloy 1 (@)arg (g1 (B)¢)]dngy.
and applying a1, we obtain that (2] holds if and only if the equality
aglag 1 (an1(@)b)eh = an-s(@)ay (a1 (b)e)

is verified for all @ € Dy,b € Dy,c € Dy. Because ap-1 : D, — Djp-1 is an
isomorphism, aj,-1(a) runs over D1 and, consequently, the above condition is
equivalent to the following:

(3) ag{ay-1(ab)c} = aay(ay-1(b)c)

for every a € D-1,b € Dy,c € Dy. If h = f =1, then Dj, = Dy = A, and thus
A x4 G is associative if and only if [B) holds for arbitrary g € G,a,c € A and
b € Dy. It is equivalent to say that

(4) (agoRcoag-1)oLy=Lgo(agoR.0ay-1)

is valid on D for every g € G and all a,c € A.

Consider R, as a right multiplier of Dy-1 and L, as a left multiplier of D,. By
Proposition [2.7] we have that ag o Rc o cy—1 is a right multiplier of Dy. Hence if D,
is (L,R)-associative, then (@) holds. O

Corollary 3.2. If « is a partial action of a group G on an algebra A such that
each Dy (g € G) is either idempotent or non-degenerate, then the skew group ring
A x, G is associative.

Proof. This directly follows from Proposition 225l and Theorem [B.11 O
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For ease of reference it is useful to introduce the following terminology:

Definition 3.3. We say that an algebra A is strongly associative if for any group
G and an arbitrary partial action o of G on A the skew group ring A x, G is
associative.

As an immediate consequence of Proposition and Corollary we have
Corollary 3.4. A semiprime algebra is strongly associative.

The following is an easy example which shows that A %, G is not associative in
general.

Example 3.5. Let A be a four-dimensional K-vector space with basis {1,¢,u, v}.
Define the multiplication on A by setting u? = v? = wv = vu = tu = ut = t? =
0,tv = vt = u and la = al = a for each a € A. Then A is an associative K-algebra
with unity. Let G = (g : g*> = 1), and Z the ideal of A generated by v (it is the
subspace generated by u and v). Consider the partial action a of G on A given by
Dy =7, ag : u— v,v — u (by definition D; = A and oy is the identity map of
A). Then the skew group ring A %, G is not associative. More precisely, taking
x = td1 + udy we have that (zz)r = 0 and z(zx) = udy, so that A X, G does not
even have associative powers.

An important class of non-semiprime algebras is formed by the group algebras
K@ of finite groups G with charK dividing the order of G (for more general infor-
mation, see [I6] Theorems 2.12 and 2.13]). It is easy to check that if charK = 2,
then the algebra of the above example is isomorphic to the group algebra of the
Klein four-group over K. On the other hand, it can be verified that the group
algebra of the cyclic group of order 2 over a field of characteristic 2 is strongly
associative. Thus it would be interesting to characterize the strongly associative
group algebras. Another classical example of non-semiprime algebras is given by
the algebra T'(n, K) of upper triangular n X n-matrices over K.

Proposition 3.6. The algebra A = T'(n, K) is strongly associative if and only if
n < 2.

Proof. If n = 1, then A = K is obviously strongly associative. If n = 2, then
the only non-idempotent ideal of A is its Jacobson radical R(A), which is one-
dimensional over K. So all multipliers of R(A) commute and hence A is (L,R)-
associative.

Suppose that n > 3 and let G = (g) be the infinite cyclic group. Denote by e; ;
the elementary n x n matrix whose unique non-zero entry equals 1 and is placed at
the intersection of the i-th row and j-th column. Take Dy-1 = e, 1K @ €1, K,
Dy = e1.,K ® ez, K and Dgm = €1 ,K for each m with |m| > 2. Define «, :
Dy-1 — Dy by ag(rern_1+ yei,n) = yein + ez, (r,y € K), and for m > 2 let
agm : Dy—m = Dgm — Dgm be the identity map. An easy verification shows that

g
we have defined a partial action « of G on A. We see that

(€1,101 - €2,n04)en—1,n01 = (€11 - €2,n0g)€n—1.n01 = 0,
as e1,1 - €2, = 0. On the other hand,
e1,101(€2,n0g - €n—1,n01) = €1,101(g(g-1(€2,n)€n—1,n)dy)
=e1,101(g(€1,n—1 " €n—1.n)0g) = €1,101 - ag(€1.n)0y = €1,101€1 104
= (1,1 €1,n)0g = €1,n04 # 0,

so that A x, G is non-associative. O
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4. ENVELOPING ACTIONS

Natural examples of partial actions can be obtained by restricting (global) ac-
tions to not necessarily invariant subsets (ideals in our case). More precisely, sup-
pose that a group G acts on an algebra B by automorphisms §, : B — B and let A
be an ideal of B. Set Dy = AN 34(A) and let oy be the restriction of 3, to Dy-1.
Then it is easily verified that we have a partial action o = {ay : Dy-1 — Dy : g € G}
of G on A. We shall say that « is a restriction of 8 to A. We want to know cir-
cumstances under which a given partial action can be obtained “up to equivalence”
as the restriction of a (global) action. If B; is the subalgebra of B generated by
UgeG B4(A), it may happen that B # By and, since B; is invariant with respect to
[, we see that a can be obtained as a restriction of an action of G to B; which is
a proper subalgebra of B. Thus it is reasonable to require that B = By, and in this
case we say that «a is an admissible restriction of 3. The notion of the equivalence
of partial actions is defined as follows:

Definition 4.1. We say that a partial action a = {ag : Dy-1 — D, : g € G}
of a group G on an algebra A is equivalent to the partial action o/ = {o/, :
D'y-r — D'y : g€ G} of G on an algebra A’ if there exists an algebra isomorphism
¢ : A— A such that for every g € G the following two conditions hold:

(i) ¢(Dg) = Dy;
(ii) ag o p(x) = poay(x) for all z € Dy-1.

We shall deal with enveloping actions:

Definition 4.2. An action 3 of a group G on an algebra B is said to be an en-
veloping action for the partial action « of G on an algebra A if « is equivalent to
an admissible restriction of 3 to an ideal of B.

In other words, § is an enveloping action for « if there exists an algebra iso-
morphism ¢ of A onto an ideal of B such that for all g € G the following three
properties are satisfied:

(') ©(Dg) = p(A) N By(p(A));

(ii") p o ag(z) = By o p(z) for each z € Dy-1;

(iii") B is generated by U, By (¢(A)).

Thus a general problem is to decide whether or not a given partial action pos-
sesses an enveloping action.

With respect to the results of Section Bl we observe the following;:

Proposition 4.3. If 5 is an action of a group G on an algebra B, which is en-
veloping for the partial action a of G on an algebra A, then the skew group ring
A Xo G has an embedding into B xg G. In particular, A X G is associative.

Proof. Obvious. O

Thus it follows from Example (or Proposition [36) that not every partial
action admits an enveloping action. We need the following easy fact:

Lemma 4.4. Suppose that A is an algebra which is a (not necessarily direct) sum
of a finite number of ideals, each of which is a unital algebra. Then A is a unital
algebra.

Proof. By induction on the number of summands it is enough to consider the case
with two ideals: A =7 + J. Let 17 and 17 be the unity elements of Z and J
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respectively. Then 17 and 17 are central idempotents of A and 174+ 17 — 1717
is the unity of A. O

The following result is inspired by F. Abadie’s thesis [1] (see also [2]):

Theorem 4.5. Let A be a unital algebra. Then a partial action « of a group G on
A admits an enveloping action (3 if and only if each ideal Dy (9 € G) is a unital
algebra. Moreover, 3, if it exists, is unique up to equivalence.

Proof. The “only if” part is trivial, because if g exists and ¢ : A — B is the
monomorphism giving the equivalence, then ¢(Dy) = ¢(A) N By(p(A)) is clearly a
unital algebra for each g € G.

For the “if” part we suppose that each ideal Dy (g € G) is a unital algebra. This
means that for every g € G there exists a central idempotent 1, of A such that
Dy =1,4A.

Let F = F(G, A) be the Cartesian product of the copies of A indexed by the
elements of G, that is, the algebra of all functions of G into A. For convenience of
notation f(g) will be also written as f|, (f € F,g € G).

For g € G and f € F define 5,4(f) € F by the formula:

By(f)ln = flg~'h), h€G.

It is easily verified that f — §,(f) defines an automorphism G, of F, and hence
B={B8y:F — F:g€ G} isan action of G on F.

It is easy to see that for each g, h € G the idempotent 1,41, is the unity element
of the algebra Dy N Dy, which means that D, NDy, = 1415.4. Because « is a partial
action, the equality ag(Dy-1 NDy) = Dy N Dy obviously implies

(5) ag(lg—llh) = 1glgh-

For any a € A the element al, belongs to Dy, and the formula

pla)lg = ag-1(aly), g € G,

defines a monomorphism ¢ : A — F.

Let B be the subalgebra of F generated by |J,cq By(¢(A)) (9 € G). Our pur-
pose is to show that the restriction of 3 to B is an enveloping action for a. We
denote this restriction by the same symbol 3. We start by checking property (ii’)
of Definition [4.2.

For g,h € G and a € Dy-1 we have fy(p(a))|n = p(a)lg-1p = ap-14(aly-1p)
and p(ay(a))|ln = ap-1(ag(a)ly). Thus (ii’) is satisfied if and only if the following
equality holds for all g,h € G and every a € Dj-1:

(6) ahflg(algflh) = ahfl(ag(a)lh)'

Observing that a - 1,-1;, € Dy—1 N Dy-1p, we can split a1, in the left-hand side,
and using (B]) we obtain

ap-1g(aly-1p,) = ap-1(ag(aly-1y)) = ap-1(ag(aly-11,-15))
= ap-1(ag(a)ag(ly-114-14)) = ap-1(ag(a)lyln) = ap-1(ag(a)ls),

as 14 is the unity of D,.
Next we show that

(7) ©(Dy) = @(A) N By(0(A)),
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for all g € G. An element from the right-hand side can be written as ¢(a) = G4(¢(b))
for some a,b € A. Then for each h € G the equality p(a)|r = B4(¢(b))|n means
that

(8) ap-1(alp) = o0)]g-1p = ap-14(blg-14).

Taking h = 1, this gives a = ay(bl,-1) € Dy and, consequently, p(Dy) 2 ¢(A) N
B4(¢(A)). For the reverse inclusion, given an element a € D,, we need to find b € A
so that (B) holds. For b = a,-1(a) the right-hand side of (§) is -1, (g1 (a)14-14),
which is equal to the left-hand side of () in view of (Gl). Hence (7)) follows and
condition (1') is also satisfied.

In order to show that 3 is an enveloping action for « it remains to prove that p(A)
is an ideal of B. To see this it is enough to check that 34(p(a))-¢(b), p(b)-By(p(a)) €
p(A) for all g € G and a,b € A. For h € G, using (@), we have

Bg(‘?(a))lh : Sp(b)|h = ‘P(a)lgflh : W(b”h = O‘hflg(algflh) cQp—1 (blh)

= ap-1(ag(aly-1)1s) - ap-1(blp) = ap-1(ag(aly—1)bly) = p(ag(aly—1)b)|n.
Thus By(p(a)) - (b)) = plag(al,-1)b) € ¢(A) and similarly p(b) - By(¢(a)) =
@(bag(aly-1)) € p(A), as desired.

Now we shall prove the uniqueness of the enveloping action. Suppose that 3’
is another action of G' on an algebra B’, which is enveloping for a. Let ¢’ be the
corresponding embedding of A into B’. The admissibility incorporated in Defini-
tion 2 means that B’ is the sum of the ideals 3; (¢'(A)), g € G. Thus an element
of B’ can be written as a finite sum ), 3; (¢'(a;)) with g; € G and a; € A. Define
amap ¢ : B — Bby 3 (¢ (a) — B4(p(a)), g € G,a € A We have to show, of
course, that ¢ is well defined. Suppose that Y77, 3} (¢'(a;)) = 0. We want to be
sure that Y7, By, (¢(a;)) = 0.

For all h € G and a € A we have >, ) (¢'(ai))B;,(¢'(a)) = 0, and, applying
Bj,-1, we obtain 37, 8, 1 (¢'(ai))¢'(a) = 0. Since ¢'(A) is an ideal in B', the
element 3, . (¢'(a;))¢’(a) is contained in the algebra 3., (¢'(A)) N ¢'(A) =
¢'(Dp-14,) = @' (Alp-14,) = @' (A)¢'(14-14,), whose unity element is ¢'(1j,-14,).
Therefore, using (i),

By, (2 (@) (@) = Byoa,,
— By, (¢(@) @ 0 a1y, (

= By, < @) By 1y, ¢ (Lgn) (a)

= Byry, 09 (aily,1n) ¢/(a)

= ¢ o1y (aily 1) ¢'(@) = ¢ (n1g,(aily,14) ).

(¢'(ai) €' (1n-14,) ¢ (a)

k3

S

In a similar fashion we see that B,-14,(¢(a:)) ¢(a) = @(ap-14,(aily,-1p) a).
Thus,

0= Zﬁh 1 z Sol(a) = Z@I(ah_lgi(ailgi_lh) a)a
=1

which implies Y7 | ap-1,,(a;1,,-1;,) = 0. Hence

O_Zﬁp ah lg az —1h Zﬂh lg (a),
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and applying (;, we obtain

3 B (0s)) Ap(@) = .

for all a € A. Therefore, the element Y ;_, 3, (¢(a;)) annihilates each 35, (¢(A)).
Let By be the algebra generated by (J;_, By, (¢(A)). Then Y7, By, (¢(a;)) € B,
and by Lemma [4:4] B; possesses a unity element, say 15,. Then

Z Bg: (p(a Z By (p(ai)) - 1, =0,
i=1

so that Y7, B, (¢'(a;)) = 0 implies Y7 ; By, (¢(a;)) = 0 and ¢ : B — Bis a
well-defined homomorphism of algebras.

By symmetry, 34(p(a)) — By(¢'(a)), g € G,a € A, also determines a well-
defined map ¢' : B — B’. Obviously, ¢/ 0 ¢ = ¢ o ¢’ = 1 and, consequently, ¢ is an
isomorphism of algebras. It is easily seen that for all g € G one has ;0¢ = ¢o 3,
and this yields that 3’ is equivalent to 3. O

5. MORITA EQUIVALENCE

Recall from [18, Section 4.1] that a Morita context is a six-tuple (R, R', M, M’,
7,7"), where:

(a) R and R’ are rings,

(b) M is an R-R’-bimodule,
(¢) M’ is an R'-R-bimodule,
(d) T M ®p M' — R is a bimodule map,

(e) 7 : M'®r M — R’ is a bimodule map,
such that

Trex)y=z7( @), Vo, y € M, ' € M,
and
@ o)y =2 1(x®4y), V' y' € M', x € M.

By Morita’s fundamental results [18, Theorems 4.1.4 and 4.1.17], given a Morita
context with 7 and 7 onto, the categories of R-modules and of R’-modules are
equivalent. In this case R and R’ are said to be Morita equivalent.

Let « be a partial action of a group G on a unital algebra A and suppose that
(6, B) is an enveloping action for («,.A) such that B also has unity. It is our goal
in this section to exhibit an explicit Morita context for the rings R = A x, G and
R’ = B % G, with 7 and 7' onto, hence proving these to be Morita equivalent.
This should be seen as a purely algebraic counterpart to [2] Theorem 4.18].

Consider the linear subspaces M, N C B xg G given by

M = chég:cgEAforallg

geG

and

Z cgdq i cg € Bg(A) for all g

geG

Proposition 5.1. M is a right ideal and N is a left ideal of B x5 G.
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Proof. Let cdy be in M, where g € G and c € A. If h € G and b € B, we have
g - 0Oy, = cf4(b)dgn € M,

because ¢f4(b) € A since A is an ideal in B. So M is a right ideal in B x5 G.
Next let ¢dgy be in N, where g € G and ¢ = (,(¢) with ¢/ € A. If h € G and
b € B, we have
boy, - 659 = bﬁh(c)éhg = bﬁhg(c’)éhg € N,
because Bh4(A) is an ideal in B. So N is a left ideal. O

In our next result we will view A x,, G as a subalgebra of B xg G as in ([@.3)).

Proposition 5.2. (A xo, G)M C M and N(A xq G) C N, so that M may be
viewed as a left A X G-module and N may be viewed as a right A X, G-module.

Proof. Let ¢dy be in M, where g € G and ¢ € A, and let adp € A x4 G, where
h € G and a € Dy. Then

adp, - cdg = afp(c)ong € M,
because A is an ideal in M. So M is a left A x, G-module.

Next let cdy be in N, where g € G and ¢ = §,4(c') with ¢ € A, and let ady €
A Xy G, where h € G and a € Dj,. Then

by - ady, = cfy(a)dyn = By(ca)dgn = -+

Since Dy, is an ideal in A, we have that ¢’a € Dy, and hence ¢'a = oy (x) for some
x € Dj,—1. So the above equals

= By(an(@))dgn = By(Bn(x))dgn = Bgn(x)dgn € N.
So N is a right A x, G-module. O
So far we have therefore seen that M is an (A x G)-(B x 3 G)-bimodule, whereas
N is a (B xg G)-(A x4 G)-bimodule. These give the third and fourth components
of the Morita context we are looking for. Next we need to find 7 and 7'.
Given linear subspaces X and Y of an algebra, we will denote by XY the linear

span of the set of products xy with x € X and y € Y. This notation will be used
in our next result.

Proposition 5.3. MN = Ax, G and NM =B x5 G.

Proof. Let ¢164 € M and c2dp, € N, where g,h € G, ¢1 € A, and ¢o = f1,(ch) with
¢y € A. Then
184 - €20 = ¢184(¢2)0gn = c18gn(c5)0gn € Axq G,

because ¢184n(ch) € AN Bygn(A) = Dgp. This shows that MN C A x4 G.
Given ¢ € Dy, observe that ¢ € ap(Dp,-1) C Br(A), so that cdp, € N. Letting 1.4
be the unit of A, we have that 149, € M and

1A(5€ . 06h = 1A0(5h = C5h.

So ¢dy, € M N. Since c is arbitrary, we conclude that A x, G C M N.
Let g,h € G and let ¢ € A. Then (34(c)dy € N and 146,-1, € M. Moreover,

Bg(c)ég . 1A5g*1h = ﬁg(clA)éh = ﬁg(c)éh.
Since UgeG B4(A) generates B, we conclude that B3, € NM, and hence NM =
B X3 G. O
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The above result suggests that we define

T mMOInNeEM® Ni—mn€ Ax, G

BxgG
and

Tin@meN®,, .M—nmeBxgG.
It is then easy to see that the six-tuple (A xo G, B xg G, M, N, 1,7’) is a Morita
context. This leads us to the main result of this section:

Theorem 5.4. Let o be a partial action of a group G on a unital algebra A and
suppose that (5, B) is an enveloping action for (a, A) such that B is also unital.
Then Axq G and B xg G are Morita equivalent.

Proof. By (53) we have that both 7 and 7/ are onto. The conclusion then follows
from [I8, Theorem 4.1.17]. O

6. PARTIAL REPRESENTATIONS AND PARTIAL ACTIONS

In this section we use crossed products to relate partial actions with partial
representations of groups.

Definition 6.1. A partial representation of a group G into a unital K-algebra B
is a map

m:G— B
which sends the unit element of the group to the unity element of B, and is such
that for all g,h € G we have

m(g)r(h)m(h™') = m(gh)m(h™") and w(g~")m(g)m(h) = m(g~ " )m(gh).
In particular, if B is the algebra of linear transformations End(V') of a vector

space V over a field K, then we have a partial representation of G on the vector
space V.

Lemma 6.2. Let o = {og : Dy—1 — Dy (g € G)} be a partial action of G on an
algebra A such that each Dy (g € G) is a unital algebra with unity 15. Then the
map To : G2 g 1404 € AXqo G is a partial representation.

Proof. Obviously, 1 — 1 -6, the identity element of A %, G. We see that
(1g-164-1 - 1g8g) - 1n0h = g1 (g (1g-1)14)61 - 1n0h = cg-1(12)01 - 165
= g1 ()61 - 146 = 1,181 - 1305 = 141146,

On the other hand, using (), we have
1,101 - LonGgn = ag-1(ctg(1g-1)1gn)0h = g1 (1g1gn)0h = 141 148

Thus 19715971 : 1_(]59 -1pdp = 1971(5971 : 1gh5gh for all g, h € G, and one similarly
verifies that 1959 . 1h6h : 1h—15h—1 = 1glgh59 = 1gh6gh : 1h—15h—1 (g, h € G), which
shows that 7, : G — A x, G is a partial representation. O

Definition 6.3. Two partial representations 7 : G — B and 7’ : G — B’ are
equivalent if there is an isomorphism ¢ : B’ — B such that

m(g) = ¢(7'(9))
for all g € G.

Remark 6.4. It is easily verified that the map o — m, sends equivalent partial
actions into equivalent partial representations.
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Let m: G — B be a partial representation of a group G into a unital K-algebra
B. Then by (2), (3) of [5] the elements e, = n(g9)7(¢g™") (9 € G) are commuting
idempotents such that

(9) m(9)en = egnm(9),  enm(9) = m(9)eg—1h-
Let A be the subalgebra of B generated by all the g, (g € G), and for a fixed
g€ Gset Dy =¢4A

Lemma 6.5. The maps o : Dy-1 — Dy (g9 € G) defined by o (a) = n(g)an(g™")

(a € Dy-1) are isomorphisms of K-algebras which determine a partial action o™ of

G on A.

Proof. Write for simplicity a™ = a. We observe first that .4 is invariant with respect
to the map a — 7m(g)am(g~t). Obviously, A is spanned by elements a = ey, ...ej,
with hy,...,hs € G. We see that

m(9)en, ---en,m(g™") = m(g)m(g™ " )egh, - - Egh, = EgEqh, ---Egh, € A.
Thus 7(g)Ar(g~") C A. It is easily verified that this map sends €,-1 to £4. Since
D, is generated in A by the idempotent e, we obtain a K-map ay : Dy

Moreover, it is a homomorphism of algebras. Indeed, taking a,b € Dy-1, we see
that

s

-1 — Dy.

ag(a)ag(b) = m(g)am(g~ )m(g)bn(g™") = m(g)acy-1bm(g™")
= 7m(g9)abr (g7 ") = ay(ab),
as £4-1 is the identity element of Dy-1. Then ag—1 : Dy — Dy-1 is also a homomor-
phism of algebras, and it is easily seen that ay o ag-1 and az-1 o oy are identity
maps.
Taking g,h € G, write an element a € D, N Dy-1 as a = €410 with b € A.
Then

g9

oy H(a) = m(h™ Nepeg-1bm(h) = w(h™epm(h)ep-14-1b'
= Eh—leh—lg—lbl € D(gh)—l,
with b € A. Hence Dgp)-1 2 ;' (Dy, N Dy-1), which is condition (ii) of Defini-
tion [[L11
Finally, for a € a; ' (Dy N D,-1), we have €,-1a = ag,-1 = a, as a € Dj,-1, and
thus,

ag o ap(a) = (g)m(h)arn(h™)m(g™) = n(g)m(h)ac,-1mw(h™ )m(g™")

— r(g)n(h)ach sn(h " g™Y) = n(g)m(W)epran(h~ g ™)

=n(gh)ep-rar(h™ g™ ') = auu(a),
which gives (iii) of Definition [Tl Since (i) is obvious, the lemma is proved. O
Remark 6.6. As in the previous case, it is readily seen that m — a™ also preserves
equivalence relations.

Proposition 6.7. Let a = {ay : Dy-1 — Dy (g € G)} be a partial action of
G on an algebra A such that each Dy (g € G) is a unital algebra with unity 1.
Let A’ be the subalgebra of A x4 G generated by all 1,61 (g € G). Then the map
0o A" 3 1401 — 1, € A is a monomorphism such that ¢ o g™ = Qg oy, for
each g € G. In particular, if A is generated by the elements 1, (g € G), then the

partial actions o™ and « are equivalent.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASSOCIATIVITY OF CROSSED PRODUCTS BY PARTIAL ACTIONS 1945

Proof. Clearly, ¢, is the restriction of the isomorphism A -é; 3 ad; — a € A and
thus is a monomorphism of A’ into A.

According to Lemma[6.2] we have the partial representation 7, : G 3 g — 1464 €
A x4 G, which by Lemma [.5linduces a partial action on the subalgebra of A x, G
generated by the elements 7, (g)m4 (g7 !). Because

Ta(9)malg™) = Lg0glg-10g-1 = ag(org-1(1g)lg-1)d1 = 1401,

this subalgebra is exactly A’. An arbitrary element of A’ can be written as a’dy,
where a’ belongs to the image I'mp, of ¢,. The partial action a™ is given by the
isomorphisms o™ : D;,l a0y = 140y -a’ - 141041 € D'g, where D; is the ideal
of A’ generated by 140;. For a/; € D’g_1 we see that

Soa( (a 61)) = ‘P(x(lgégallg—lég—l) = ‘P(x(o‘g(ag—l (1g)allg—1)51)
= @a(ag(a 1g-1)01) = ag(a’) = ag(pa(a’on)),
so that ¢, 0 aj> = ag 0 p, for all g € G. If A is generated by the elements 1,
(9 € G), then clearly ¢, : A" — A is an isomorphism which gives the equivalence
of the partial actions a™ and a. ([

Proposition 6.8. Let m : G — B be a partial representation and suppose that
the subalgebra A C B and the partial action o™ of G on A are as in Lemma [G.
Then the map ¢r + A Xar G — B defined by ¢= (3 cq ag0g) = > eq agm(9) is a
homomorphism of K-algebras such that ¢r o mo= = w. In particular, if ¢ is an
isomorphism, then the partial representations m and wo~ are equivalent.

Proof. Obviously, the elements a,d, (9 € G,aq € Dy) span A X G. Since g4 is
the identity element of Dy and egm(gh) = e4m(g)m(h), we have

$r(agdy - bron)
= ¢r(a ( ~1(ag)bn)égn) = a (a; (ag)bn)m(gh) = o

;(Q;LI (ag)bn)egm(gh)
=« (ag—l(ag)bh)ﬁgﬂ(g)ﬂ(h) arg (g1 (ag)bn)m(g)m(h)

g
= 7(g)(eg-1 (ag)bn)m (g~ )m(g)m(h) = w(g)ag-r (ag)bre(g™")m(h)
= 7(g)ag-1(ag)bam(h),

as ay_(ag)bp € Dy-1. Continuing this calculation, we see that

7(g)al-1 (ag)bre(h) = 7(g)m (g™ )agn()bum(h) = £(g)agm(g)burm(h)

= a’gﬂ—(g)bhﬂ—(h) = ¢w(a969) '¢7r(bh5h)v
using once more that €, is the identity of Dy. Thus, ¢ : A Xor G — B is a
homomorphism of algebras. It is easily seen that ¢romar(g) = ¢r(£404) = g4m(g) =
7(g)m(g ) (g) = n(g), for each g € G, which shows that ¢ o o= = 7. If ¢, is an
isomorphism, then it obviously follows that = and m,~ are equivalent. O

Now we can show that the partial group algebras can be naturally endowed with
a crossed product structure. We remind the reader that the partial group algebra
Kpar(G) of a group G over K is the semigroup algebra KS(G), where S(G) is the
universal semigroup, generated by the symbols {[g] : g € G} subject to the relations

a) [g7"[g][h] = [9~"][ghl;

b) [gl[Al[h~1] = [gh][h '] (g,h € G);

) [1] =1,
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where 1 also denotes the identity element of S(G). It is easily seen that 7 : G 3 g —
[9] € Kpar(G) is a partial representation and Kp,,(G) has the following universal
property: for every partial representation 7 of G into a unital algebra B there exists
a unique homomorphism of algebras 1 : Kpar(G) — B such that 7 = ¢ o 7, and,
conversely, for each algebra homomorphism ¢ : Kpa(G) — B the map o7 is a
partial representation of G into B.

Theorem 6.9. Let A be the subalgebra of Kpar(G) generated by the elements
g, = 7(g)7(g7") = [gllg™t]. Then the homomorphism ¢z : A Xor G — Kpar(G)
associated to the partial representation @ : G 5 g — [g] € Kpar(G) is actually an
isomorphism.

Proof. By Proposition [68, ¢z : A X4z G — Kpa(G) is a homomorphism. We
shall show that it has an inverse. Recall that D, is spanned by the elements of
the form &; - &, - ... &n,. By the universal property of partial group rings, the
partial representation 7,z : G 3 g — E40y € A x,x G gives a homomorphism
¥ 1 Kpar(G) — A x,# G such that ¢([g]) = £46,.

Obviously, ¢z o ¥[g] = dz(E,0) = &4lg] = [9llg~']lg] = 9] for each g € G, s0
that ¢z o) is the identity map. On the other hand, since £,0,,-1,-1 = €,01, we
have

Yo dx((Eg-Eny - En,)0g) = ((Eg - Eny -~ En.)lg])
= ¢([gllg™ (AT "] .- - [hs] [R5 1g)
= (595959_159_1)(éhléhléhl_léhl_l) o+ (En,On,&,-10),-1)E404
=Eg01En,01 ... En,01840g = Eon, .. .En,0g = EgEhn, - . En, g
Thus 9 o ¢ is also the identity map, and consequently ¢ is the inverse of ¢z. [
The next fact helps to identify algebras as crossed products.

Proposition 6.10. Let o = {ag : Dy-1 — Dy (g € G)} be a partial action of G
on an algebra A such that for each g € G the right annihilator of Dy in Dy is zero.
Suppose that ¢ : A xq G — B is a homomorphism of algebras whose restriction to
A is injective. If there exists a K-linear transformation E : B — B such that for
every g € G, a € Dy

pladg) ifg=1,
E(p(ady)) = v
0 if g #1,
then ¢ is injective.

Proof. Suppose that deg ag04 belongs to the kernel Kery of ¢. Then for each
b € D1 we have Y a0y - by-1 € Kerp and

0=p(>_ agdy - boy-1) = oY aglag-1(ag)b)dy-1).

geG geG

Applying E, we eliminate all terms with g # h, so that
ean(an(an)h)dr) = 0.
Because ¢ is injective on A (= Ady), we obtain

0= ozh(ahfl(ah)b) = ahah(b)
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for every b € Dj,-1. Since ay, (b) runs over Dy, and the annihilator of Dy, in D, is zero,
we conclude that ap = 0 for each h € G. This yields that ¢ is a monomorphism. [

We apply the above results to matrix partial representations. First we recall
some facts obtained in [5] and [6] (see also [7]). Let A be a subset of a group G
which contains 1 and let H be the stabilizer of A in G with respect to multiplication
from the left, that is, H = St(A) = {h € G : hA = A}. Then A is a union of right
cosets of H. Suppose that A is a finite union of such cosets, i.e., the index (A : H)
of H in A is finite, say n. Then left multiplication of A by the elements g with
g~! € A gives a finite number of distinct sets A = Ay, As, ..., A,, each of which
contains 1. Consider the category I' whose objects are the sets Ai,..., A, and
whose morphisms are as follows. If A; and A; are given and there is some g € G
such that gA; = A; (in which case g~! necessarily belongs to 4;), then Hom(A;, 4;)
is the set of all pairs (A4;, g) with g as above. Otherwise Hom(A;, A;) is the empty
set. A morphism can be viewed as left multiplication of A; by g, where g~ € A,.
The product (A4;,g)o (A;,¢') is defined in I if and only if ¢’A; = A, and if so, it is
equal to (4;, gg’). The identity morphism of A; is clearly (A4;,1), and, because each
morphism has an inverse, I' is a groupoid. The subgroup H is the isotropy group
of A, and the isotropy group of A; is conjugate to H in G. Identify I" with the set
of its morphisms. Then the groupoid algebra K I is the K-vector space with basis
I" endowed with the following multiplication:

| 7172, if the composite morphism ;72 exists in I,
T2 E A0, otherwise.

By [5} Proposition 3.1], the groupoid algebra K I is isomorphic to the algebra
M, (KH) of n x n matrices over the group algebra K H, and an isomorphism 7 :
KI' - M,(KH) can be obtained as follows. For each A;, fix an element g; € G
such that g;A = A;. If g4; = A;, we see that g}lggi = h for some h € H. Then the
map 7 is given by (4;,g) — e;;(h), where ¢;;(h) is the elementary matrix whose
unique non-zero entry is h € H, which is placed in the intersection of the j-th row
and i-th column. Consider also the map A : G — K I, defined by

_ ZA.agfl(Aivg)v ifgil €UiAi7
Alg) = { 0, otherwise.

According to [7], A is a partial representation of G into KI'. If ¢/ : M,,(KH) —
Mm (K) is the representation extended from an irreducible representation o : H —
M (K), then 6’ oo X : G — My, (K) is an irreducible partial representation and,
moreover, every irreducible partial matrix K-representation of G is equivalent to
a partial representation of the form ¢’ o 7 o A for some subset A 3 1 of G and
some irreducible matrix K -representation o of the isotropy group H of A. Thus the
“partial part” of an irreducible finite dimensional partial K-representation is given
by the partial representation 70 A : G — M, (KH). The partial representations
of the form 7 o A obtained from the subsets A > 1 shall be called the elementary
partial representations of G. Different choices of the elements g; with A; = g; A give
rise to equivalent partial representations. By the equivalence class of an elementary
partial representation we mean the set of all partial representations of G which are
equivalent to the given elementary partial representation. An elementary partial
representation has trivial isotropy if the corresponding isotropy group H is 1.
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We shall see that an elementary partial representation = : G — M, (K H) gives
rise to a certain partial action of G on the diagonal subalgebra diag(K, ..., K) of
the full matrix algebra M,,(K). This diagonal algebra is obviously isomorphic to
K™, the n-th direct power of K, so we shall speak about partial actions on K™.
Given a partial action a of G on diag(K,...,K) = K", we see that each D, is
an algebra with unity 1, which is a sum of some minimal idempotents e; ;(1). Set
Ai(a) ={g9 € G:(1y)i; # 0}, where (1,);; denotes the i-th diagonal entry of 1,.

Theorem 6.11. For a fixred n > 0 and a fized subgroup H of a group G the
maps ™ +— o and o — T, establish a one-to-one correspondence between the
equivalence classes of the elementary partial representations w : G — M, (K H) and
the equivalence classes of the partial actions o of G on K™ with St(Ai(«)) = H
and (A1(a) : H) = n.

Proof. Let m: G — M, (KH) be an elementary partial representation, and A the
subalgebra generated by all ¢, (¢ € G). Then there is a subset A 5 1 in G with
isotropy group H such that H has index n in A and 7 is of form 7 o A with A and
7 described above. Thus 7 is determined by a fixed choice of the elements g; € G
with 4; = g;A. It is easily seen that each matrix 7 (g) is “monomial over H”| i.e.,
each row and each column of w(g) contains at most one non-zero entry, which is
an element of H (observe that zero rows and zero columns are allowed). It follows
that e, = ZAiag e;i(1). For every i,k € {1,...,n} with k # ¢ there exists ¢’ € 4;
such that ¢’ ¢ Ay, and we see that the k-th diagonal entry of the matrix e4e, is
zero. Hence for a fixed i we have [] . 4, €4 = €i;(1), and consequently A coincides
with the diagonal subalgebra diag(K, ..., K) of M, (K). Thus by Lemma [EH o
is a partial action of G on A = K™, and we obviously see that A;(a”™) = 41 = A,
so that St(A1(a™)) = H (note that e, = 1,).

Next we want to show that ¢, : AX o G — M, (K H), defined in Proposition [6.8]
is an isomorphism. Observe first that ¢, is an epimorphism. Indeed, we saw already
that the diagonal subalgebra diag(K, ..., K) is contained in the image I'm(¢,) of
¢x. Moreover, for g € G we have Dy, = @Aiag Ke; ;(1). Fix arbitrarily h € H,
i,j €{1,...,n}, and take g = g;hg;~'. Then g € A;, and thus e; ;(1) € Dy, so that
ei,i(1)d4 is an element of A x4~ G. We see that the unique non-zero entry in the
i-th row of w(g) = m(gihg; 1) is h, and it is placed in the intersection with the j-th
column. Hence ¢, (e;:(1)dy) = €ii(1)m(g) = e; ;(h) € Im(¢r), and because this
holds for all h € H and all 4,5 € {1,...,n}, it follows that Im(¢-) = M,(KH).

For an element x = ), -y 2(h)h € KH set trz = x(1) and consider the linear
transformation E : M,(KH) 3 (2;;) — (trazia, ..., tren,) € diag(K,...,K) C
M, (K). Tt is easily seen that if g # 1, then the only possible diagonal entries
of ar(g) (a € Dy) are non-identity elements of H multiplied by scalars from K.
Thus E(¢r(ady)) = 0 for all 1 # g € G and a € D,, and moreover E(¢r(ad1)) =
or(adr), for each a € A. Since the restriction of ¢, to A is injective, it follows from
Proposition [6.10lthat ¢, is a monomorphism. Hence ¢, is an isomorphism, and by
Proposition [6.8 the partial representations 7 and 7.~ are equivalent.

Suppose now that a = {ag : Dy;-1 — D, (g € G)} is a partial action of G on
K™ such that St(A;(«)) = H and the index of H in A;(a) is n. We are going to
construct an elementary partial representation whose €4’s will be exactly the 14’s.
Suppose for a moment that G is finite and let S be a subset of G. One of the
important working tools in [5] is the product [[ cge4[],¢5(1 — €4). Replacing S
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and G\ S by certain finite subsets, it is possible to use this kind of product also for
infinite G’s, as it is done in the proof of Theorem 1 of [7]. We proceed by adopting
these ideas to our situation. Let G be again arbitrary and S 3 1 be a subset of G.
Each 1, is an idempotent in K", and because this algebra has only a finite number
of idempotents, we can choose finite subsets S’ C S and §” C G\ S such that
{lg:9€St={l,:geS}and {l,: g€ G\ S} ={1,: 9 € §"}. Set
fs=11 1 T - 19
ges’ geSs”
Write for simplicity A; = A4;(«). It follows from the definition of the A4;(«)’s that
(10) Iy= > eii(1).
Aidg
We see that fa, # 0 for each i =1,...,n, as (fa,)is = €i,i(1). Moreover,
(11) fs # 0 if and only if S = A; for some 1 < i < n.

Indeed, suppose that S # A; for all j =1,...,n and fix ¢ € {1,...,n} arbitrarily.
Then either there exists g € S with g ¢ A; or there is an element ¢ € A; such
that ¢ ¢ S. In the first case (15); = 0 and hence (fs);; = 0. In the second,
(fs)ii = 0 because (14);; = 1 implies (1 — 1;);; = 0, where 1 is the identity element
of K™ = diag(K,...,K). Since i is arbitrary, it follows that fs = 0.

Next we compute the effect of a, on fg, where g=! € S. It follows from the
definition of fg that taking larger S” and S” does not alter fgs. Thus we can choose
S’ and S” in the definition of fs such that the conditions {15 : h € ¢S’} = {1 :
h € gS}and {1, :¢t € ¢gS"} = {1, : t € G\ gS} are also guaranteed. Moreover,
since 1 € S we may clearly suppose that S’ > 1. By @) ay(1,-11,) = 1414, for
g,h € G. Hence for g, hy,...,hs € G we see that

ag(lg-1lp 1py . 1p,) = ag((1g-11p,)(1g-11p,) ... (1g-11p,))
= ag(lg-11n,)ag(lg-11p,) ... ag(lg-11n,) = (1glgn,)(1glgn,) - (1g1gn,)
=1g1gn, 1gn, - 1gn,-

Consequently, for g € G with g~ € S we obtain

ag(fs) = ag(le- H Ln H (1-1,)) =1, H Lgn H (1—1g)

hes’ tesS” hes’ tesS”

=] w J] -1 = fus-

hegS’  tegS”

Thus we have

(12) ag(fs) = fgs (g7 €5).
According to our assumption, St(A1) = H has index n in A;. Therefore there
exist elements g1,...,¢, € G with g1 71, ...g,~ ' € Ay such that we have n distinct

sets g1 A1, ..., gnA1. Tt follows from () and (I2) that up to a permutation these
are exactly the sets Ay, Aa, ..., A,. Hence we may suppose that g;4; = A4; (i =
1,...,n). In particular, A; # A; if 1 <4 # j < n. Similarly as in the proof of (1))
we easily see that (fa,);; = 0 for every j # ¢, and consequently fa, = e;;(1) for
eachi=1,...,n.

Let 7’ be the elementary partial representation of G determined by the set Aj.

Then by (I0), &, = #'(g)n'(g™") = DoA,5g (1) = 1, for every g € G, and
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the isomorphism ozg/ has the same domain as og. Moreover, the algebra K" =
diag(K, ..., K) is generated by the 1/’s, and for arbitrary g,hi,...,hs € G we
have

w’ -1 -1

oy (Lglp, o dp,) =7 (9)ey-16h, - -ep, ' (g7") = 7' (9)e, 17" (97 egn, - - - Egn,
= E;E;hl . .E;hs = Oég(].g—l].hl - 1hs)'
Consequently, the partial actions o™ and a coincide. On the other hand, the fact
that K™ is generated by the 1,’s implies by Proposition[6.7 that the partial actions
a and o™ are equivalent.

It remains to observe that the partial representations 7’ and 7, are equivalent.
Since a™ = «, we have by the first part of the proof the isomorphism ¢, : K™ X,
G — M,(KH), given by > c5a405 — > cqaqm'(g) (ag € Dy). We see that
b (Ta(9)) = ¢ (140g) = ¢rr(e504) = €7’ (g) = 7'(g) for all g € G. This yields the
equivalence of 7’ and 7. O

Corollary 6.12. For each elementary partial representation m : G — M, (KH)
the map ¢r : K" Xor G — Mp(KH) given by > cqag0q 7 > cqagm(g) is an
isomorphism.

Corollary 6.13. The partial action o™ which corresponds to an elementary partial
representation ™ : G — M, (KH) acts transitively on the minimal idempotents of
diag(K, ..., K), i.e., for every 1 <1i,j <n there exists an element g € G such that
67;71'(1) S ’Dgfl,(ijd(l) S Dg and ag(ei,i(l)) = €j7j(1).

Proof. For arbitrary fixed 1 < ¢,j < n there exists g € G with gA; = A;. Since
g e A and g1 = ZAkBg_l exk (1), we see that e;;(1) € e,-1diag(K, ..., K) =
D,-1. By (@) and the equality [, 4, €5 = €i;(1) we have

af(eii(1) =l ([ ) ==lo) [] ermla™) = [] eorm(g)m(g™)

fEA; feA; feA;
=([I eneo = 1] er =i (D),
fea; fea;
as desired. 0

We see that the full matrix algebra M,, (K H) can be viewed as a crossed product
K™ %, G in many ways. In particular, we have the following.

Corollary 6.14. For each positive integer n and an arbitrary group G of order
n+ 1 there is a partial action o of G on K™ such that M,(K) =2 K" x, G.

Proof. Pick an element 1 # g € G and take A = G\ {g}. Then St(A) =1 and A
determines an elementary partial representation 7 : G — M,,(K), which gives rise
to the isomorphism ¢, : K™ X4r G — M, (K). O

A crossed product structure on M, (KH) gives a grading of this K-algebra
by G. It is easily seen that this grading is elementary. More precisely, we re-
call that a grading on the K-algebra M, (K) by a group G is called elementary
if each elementary matrix e; ;(1) is homogeneous. The elementary gradings are
essential for the description of gradings on matrix algebras (see [3]). It is known
that each elementary grading on M, (K) by a group G is determined by an n-
tuple (g1 = 1,92,...,9,) of not necessarily distinct elements of G in such a way
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that the homogeneous degree deg(e; j(1)) of e;;(1) is gi~'g;. Conversely, in this
manner each n-tuple (g1 = 1,¢2,...,9,) determines an elementary grading on
M, (K). It turns out that if in (g1 = 1,92,...,9n) the g;’s are pairwise distinct
and St({g1,92,.-.,9.}) = 1, then the corresponding elementary grading of M, (K)
necessarily comes from a crossed product structure K" x,~ G = M, (K). More gen-
erally, we say that a grading of the K-algebra M,,(K H) by a group G is elementary
if for each h € H,i,j € {1,...,n} the elementary matrix e; ;(h) is homogeneous.
Given a subset 1 € A of G with St(A) = H, one defines an elementary grading of
M, (K H) by the equality deg(e; j(h)) = ¢g; ‘hg; (h € H,i,j € {1,...,n}), where
A=HgUHgoU...UHgy,, g1 = 1and Hg; # Hg; for 1 <1 # j < n. Changing the
gi’s to g;~ Vs in the definition of the elementary partial representations, we easily
obtain the following.

Corollary 6.15. For the elementary grading of M,,(KH) by a group G, determined
by a subset A C G with A > 1, H = St(A), and for the elementary partial represen-
tation 7 : G — M, (K H), constructed from A1 = A, Ay = g2 1A, ..., A, = gn 1A,
the map ¢r : K™ Xor G — M, (KH) is an isomorphism of graded K -algebras.
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