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ABSTRACT

Using an asymptotic matrix formalism, we analyze the guided modes of Bragg fibers and the dielectric coaxial fibers.
In the asymptotic limit, the Bloch theorem can be applied to describe the optical field within the cladding layers,
while the core region field is described by the exact solutions of Maxwell equations. From the asymptotic analysis,
we derive an approximate expression for the radiation loss of Bragg fibers and dielectric coaxial fibers and give the
number of Bragg pairs required to achieve 0.2dB/km radiation loss. The dispersions of the guided modes of Bragg
fibers and dielectric coaxial fibers are calculated using both the asymptotic approach and the finite difference time
domain method. The results obtained from these two approaches are shown to have excellent agreement. We use
asymptotic analysis to calculate the dispersion parameter D of the guided dielectric coaxial fiber modes, which is
found to be much larger than that of the conventional telecom fibers.
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1. INTRODUCTION

In conventional optical fibers, the light confinement is achieved through total internal reflection and photons propagate
mainly in the high index silica core. A completely different confinement mechanism, Bragg reflection, provides an
alternative way of guiding photons, and has recently attracted a lot of attention.!”® Since Bragg reflection and total
internal reflection are completely different guiding mechanisms, it is not surprising that fibers with Bragg confinement
offer many possibilities that are difficult to achieve in conventional fibers. A particularly appealing application of
Bragg confinement is the possibility of guiding light in air instead of silica glass, which can lead to lower propagation
loss and reduce the threshold for nonlinear effects. We can also utilize Bragg reflection to design a fiber that supports
a single guided mode without azimuthal dependence. In contrast with the fundamental mode in conventional fibers,
which is always doubly degenerate, these guided fiber modes are truly single mode. Consequently, many undesirable
polarization dependent effects, such as polarization mode dispersion (PMD) and polarization dependent loss (PDL),

can be completely eliminated.”
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Figure 1. Schematic of (a) a Bragg fiber, (b) a dielectric coaxial fiber, and (c) a metallic coaxial cable.

The possibility of guiding light using Bragg confinement was first pointed out by Yeh et al.,! where the concept
of Bragg fibers was proposed. The experimental fabrication of Bragg fibers has been recently reported.® Fig. (1a)
is the schematic of a Bragg fiber, which consists of a low index dielectric core surrounded by cladding layers with
alternating high and low refractive indices. A new approach of using Bragg reflection to transmit optical signals
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was recently syggested by Ibanescu et al.” In this design, they proposed to use an all-dielectric coaxial fiber to
overcome problems of polarization rotation and pulse broadening in high data rate telecommunication. The coaxial
fiber is essentially a Bragg fiber with an extra high index core, as shown in Fig. (1b). The cladding of the coaxial
fiber is a cylindrical omnidirectional mirror, which can be designed such that there is a frequency range within
which light incident from the low index medium is completely reflected back irrespective of the incident angle and
polarization.? "' Thus analogy can be drawn between dielectric coaxial fibers and metallic coaxial cables [see Fig.
(1b) and Fig. (1c)]. Based on this analogy, Ibanescu et al. predicted small dispersion for dielectric coaxial fibers.

To find the dispersion and field distribution of the guided modes in Bragg fibers and coaxial fibers, we can use
a two-dimensional (2D) finite difference time domain (FDTD) algorithm.!? The advantage of this approach is the
ability to analyze fibers with arbitrary 2D profiles. The drawback is that the numerical approach tends to be time
consuming and physically less transparent. Here we develop an efficient analytical method for Bragg fibers and
coaxial fibers by taking advantage of their cylindrical symmetry and radial periodicity of the cladding layers.

2. ASYMPTOTIC MATRIX THEORY

We begin the asymptotic analysis by separating the cylindrical fibers into two regions: the core region and the
cladding region. The core region consists of N concentric layers each with refractive index n’, and thickness I%,,
it =1---N. The cladding region is composed of pairs of alternating layers of different dielectric media. Layer type I

has refractive index n}, and thickness [},. Layer type II has refractive index n2, and thickness {2, as shown in Fig. 2.

2.1. Exact Solution in the Core Region

In the asymptotic matrix formalism, we apply exact solutions of Maxwell equations to describe the fields in the core
region. It should be emphasized that the refractive index and thickness of layers in the core region can be chosen

arbitrarily. If we take the z axis as the direction of propagation, due to the translational symmetry, every field
component has the following form!

Y(r,0,2,t) = 9(r,0)e' P~ | (1)
where ¢ can be E,, E,, Fy, H,, H., and Hy, w is the mode frequency, and 8 is the propagation constant.

Due to the cylindrical symmetry of Bragg fibers, we can take the azimuthal dependence of the field components

as cos(md) or sin(md). As a result, the electromagnetic field at radius r, which is within the ith core layer, can be
written in the following matrix form!

I A
g e _ i g B;
Hz - M(ncov kcoa T) Ci 2 (2)
- %E{; D;
24 Core Region Cladding Region
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Figure 2. Schematic of the r — z cross-section of a fiber with Bragg cladding.
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where the matrix M (nl,, k,,7) is defined as

M(néo, kiorT) (3)
T (kl r) Von (o) 0 0
_ weoC J’ (k ) UJCO(npo) Y’ (k-7 ) -——-—(k;:‘VTJ,n(kiOT‘) —'—-—g—(k{j) TYm(kgoT)
0 0 Jm(kio'f) Yo (kior) ’

wmdm(klr) s Ym(kior) ST (Kr) S Y (KT

with k%, = v/(ni,w/c)?> — B2. The coefficients A;, B;, C;, and D; are constant within the 7‘rh layer. We emphasize
that as long as 8 < ni,w/c, Eq. (2) and Eq. (3) are the exact solution of Maxwell equations."

Once the electromagnetic field in the ith layer is known, we can easily find the field in the (¢ + 1)th layer by

applying the condition that E,, Eg, H,, Hy are continuous at r = p’_, the interface between the ith and (i + 1)th
layer:

At A;
X , , -1 , . .
ot | =my | 20| = (M R )] Ml K ). (4)
Ci_'_l CZ, co co
Di D;

We notice that within the first core layer, the coefficients By and D, are zero, since Y, (z) is infinite at z = 0.

2.2. Asymptotic Approximation in the Cladding Region

The electromagnetic fields in the cladding region can be described in the same way as the core regions fields. However,
with a sufficiently large r, it suffices to approximate the exact solution in the asymptotic limit, which allows us to

replace Jp,(z) and Y, (z) with exp(iz)/+/z and exp(—iz)/+/z.}® Under this condition, the field distribution in type
I layer of the nth cladding pair can be written as:®

(B, = Lo [a eikb(r=e) 4 p e—iki:(r—p:n]
Hy = weolf:?cz) 1'11;11\/1 [a ezkc,(r %) — b, e—zk (r— p,)]
ol vV

ST <ph+l. 5
Hz — _fq%[c ezkc,(r %) +d e —ik ('r pcl):l Pel > Pet cl ( )
Kk
L Ey = “’”0 _L_Tf [C e”"cx r—pg) —dne —ik} (”'—Pzz)]
1 kg
Similarly, fields inside type II of the same cladding pair are given by
{ £1,2 m i1.2 '
E, = frm [a’ elkcl(r-p o) + b' e_’kcl("'"p cl)]
VLl
H, = __“’510("21)2 frum ezkc,(r—p'f,) N e—ikil(r~p':,)
o= g TR o "t << T
4 M 1.2 In pcl5r<pcl+lcl' (6)
Hz — fT—2E Iic{nelkcl(r_p cl) + d/ne—lkcl(r_p cl)]
VEkIr
Fy = Yo e [ k2 (r—p'T) d’ —ikiz(T—P’z)]

In Eq. (5) and (6), = /(nw/c)? — B2, k2 = /(ndw/c)? — B2, p¥, p'ty are defined in Fig. 2. It should be
noted that TM component (including E, and Hy) and TE component (including H, and Ejy) are decoupled in the
asymptotic limit, with TM component amplitude being fras and TE component amplitude being frg. The values
of frg and frpr are constant within the entire Bragg cladding region.

The field amplitudes in type II layer of the nth cladding pair can be easily related to those in type I layer of the

same cladding pair. By applying the condition of E;, Ey, H,, Hy being continuous at r = p'};, we find
k2 1 g1 1412,2 i
[ a’, ] 1 kz (1 + T—EZ Z;Qk“; etkaila (1 — 52532%;)6 ikl [ an ] o
=z §'y2,.% i'\2,8
b! AN (ney) kS \ ikl 1L (ng)"hoy \ —ikl i} b ’
n 2V K, (1 - ("c;)chi etkerle (1 + (nci)Q’“ci)e ikl n
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for the TM component, and

‘| T A LA X '
dln 2 kll (1 — %L)e’klzlll (1 4+ %)6_1’“;{_1!}:1 [ dn }

el el

for the TE component. Similarly, we can relate al,, b;,, ¢, and d], t0 @ni1, bnt1, o1, and dnq1 by applying the field

continuity condition at r = p:l“L . This allows us to express an41, bnt1, ¢nt1 and dyqq in terms of the corresponding
parameters in the nth layer:

[ Qi } _ [ Arym Brum ] [ Gn ] 9)
b1 Bry  Arm bn |’
Cnt Arg Brgp ] [ Cn } 1
= - * . 0
{ A1 ] [ Brg Argp dn (10)

The parameters Arg, Brg, Aty and Brjys are respectively defined as:

1 ‘k12+k22.
A = ot [i Bl E R 22 4 cos(iiz)] (11)
cl™cl
o k,] 2 _ k2 2
Br = ekttt (et — (hy)” cl;kl kg ) sin(k212%) (12)
"el el

Aryy = eala [Z (nzl)‘l(l?zl)Q + (ny)* (k2)?
2(ngy)?(n3) kg kZ
_ann, (R2) (kYD — (nd)* (R2)?

2(ng)?(n2)2ky k2

Since Arg, Brg, Arm, and Bra are the same for all cladding layers, we can apply the Bloch theorem to the
cladding fields:

sin(k313) + cos(k312)] | (13)

BTM = ie

sin(k21%) - (14)

[ Z: } = (Arp)™ ! [ Bru } , Ara = Re(Arn) £ [Re(Aran)2 — 1. (15)

Arm — Arm

[ :l: ] = (Arg)* ! [ )\TEBEZTE ] , Are = Re(Arg) £ /[Re(Arg)]?2 — 1, (16)
These results clearly indicate that in the asymptotic limit, the properties of Bragg fiber cladding resemble those
of planar Bragg stacks,'* which is directly due to the radial periodicity of the cladding layers and the fact that the
asymptotic solutions in Eq. (5) and (6) takes the form of traveling plane waves. There are two solutions for Arg and
Aram- In the Bragg bandgap, which is defined by the condition of Re(Arg) > 1 or Re(Arar) > 1, the two solutions
of Arg and Arps are real numbers, with one having absolute value less than one and the other greater than one.
We shall take the solutions of Arg and Arps with absolute values less than unity, since they correspond to modes
decaying in the Bragg cladding. Once we find the values of a,, by, ¢n, dn, al,, b, ¢, di, from Eq. (15) and Eq.
(16), the only unknown quantities in Eq. (5) and Eq. (6), which give the electromagnetic field in the entire cladding
region, are frg and fras. The problem of finding them lies at the center of our asymptotic matrix formalism.

2.3. Matrix Formalism

The guided modes in a Bragg fiber are founded by matching the exact solution in the core region [i.e., Eq. (2)] with
the asymptotic solution in the cladding region [i.e., Eq. (5)] at the interface 7 = pY\, = p,, which gives us

\/)%[%(/\TM — Arp + Bru)

AN ) 152

N -—-—ME,an[;’) J;TIMI (Arar — Arm — Brar)
M, kY, o) _ | RS ke a7
corMeor Peo Cn fre (/\TE _ATE+BTE)
/k1 pl
Dn _Md_fiE_()\TF — Arg — Brp)
ko8 vV kLol -
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We then relate the amplitude coefficients in the Nth core layer (i.e., An, By, Cn and Dy) to the coefficients in
the first core layer (i.e., 41, By, Ci and D;). We remember that in the first core layer B; = Dy = 0 and we further
denote A, as Appy, and Cy as Crg. Applying Eq. (4) repeatedly, we have

AN J (kt]:opco) 0

By _ 5 -1 h)EO(nco) J! (k1opco) ﬁjm(kgoplo) Arm

CN Tle T, [M( k O?pco)} 0 ce Jn‘;?k;oplo) X CTE' . (18)
DN W‘] (klopco) Zlfzog']rln(kloplo)

Substituting Eq. (18) into Eq. (17), we find the following matrix relation

Jm(k(]:oplo) 0 V k(l:lgpd

weolneg)® _m_ _iweo(ny)®  f _ 3

w (;f(i':bn) J;n(k(l:opz:o) (k‘l:)n oL Jm(k(l:opl‘o) [ ATM ] -7 k'l:lﬁl ]:i?;’)d (/\TM ATM BTM) (19)
_ 0 11 Im (Reobzo) Cre r——]:;F (Are — Arg + BrEg) ’
(kinr)nQPio Jm(kcopCO) uuo JI (kcopco) _ iwpo o f’II‘E

AN \/k,l—pll(/\TE — Arp — BrE)

where an overall transfer matrix T is defined as

T = [M(nco’ co? pllfo)M_l(n307k:ZO’ng)j| [M(n607 co? pCO I)M 1(”607 “co pCO)]
N t1n tiz tiz tis
i i -1 i g t21 oz t2z foy 20
- H [M(ncm co’ pco )M ( co’ k co? pco)] - t31 t32 t33 t34 . ( )

e
' tgr tas taz  tag

In Eq. (19), Arnm and Crg, which represent field in the first core layer, are linearly related to field in the first
cladding layer (fram and frg) via a 4 x 4 transfer matrix T as defined in Eq. (20). Eq. (19) gives us four equations
with four independent variables Ary, Crg, fram, fre, and is sufficient to determine the dispersion of the guided

modes. To see this more clearly, we introduce eight new parameters g%. a and g% mJ=1,---,4as
Iy = tis(A\rE — Arg + B Wpo (A — Arg — Brg) i =1,---,4 21
QTE—,]z( TE — ATE + TE)—W]A( e — Arg — Brg),j=1,--- .4, ( )
; iwe .
I =tin(Arm — Arm + Brm) — O(ﬂcl) tio(Arm — Armr — Brum) ,j=1,---,4, (22)
cl

where t;1, jj2, t;3 and t;4 are the matrix elements given in Eq. (20). With these new parameters, we can split Eq.
(19) into two equations:

N (1«1{ m (ke opco]) 0 o [ Arm ] _ 1 [ 9w 97E ] [ frm } (23)
0 co Tin(keoPto) (kior)n%l_o m(kcoPeo) Crg /kclpcl 9 9op fre

[ Yy sl [ dne ] 1 [ gt ][I ]y
(&1 ) oL Im (kcopco) klaoﬁ‘]m(kcopco) Cre \/m g‘%M g,‘I‘,E fTE

These two equations lie at the center of our asymptotic matrix method. To fully understand their consequences, we
consider two separate cases, the TE or TM modes with m = 0 and the mixed modes with m # 0.

For modes with m = 0, we first notice that the matrix M (n? , ki ,r) is block diagonalized into two 2 x 2 matrices.
As a result, the transfer matrix T, as defined in Eq. (20}, is also block diagonalized into two 2 x 2 matrices with
t31 = t41 = t32 = tas = t13 = tag = f14 = t2a = 0. According to the definitions in Eq. (21) and Eq. (22), we have
94m = 97m =0, and gy = g7 = 0.

By definition, the H, component of any TM mode must remain zero in the entire Bragg fiber, i.e., Crg = 0 and
fre = 0. With this condition in mind, from Eq. (23) we can easily find

WEO(”io)2 J(l)(k(}optlro) — q%’M
kgoﬂ Jo(k;opgo) g%’M

(25)
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Once we have specified the Bragg fiber parameters and chosen the frequency w, the propagation constants of TM
modes are found by solving for 87 satisfying Eq. (25). We substitute the result 87 back into Eq. (23), and obtain
the following relation

.‘J%ﬂ M
(kiobto)VkNPY

The importance of this result is that it relates the mode amplitude Arjys in the first core layer to fras, which
determines the fields within the entire fiber cladding region. We can choose the normalization factor of the guided
mode such that Ay = 1. Combining this condition with Eq. (26), frg = 0, and the results in Sec. 2, we obtain the
TM field distribution in the cladding region. The TM field distribution in the core region can also be easily found.
In the center core layer, we have 4 = Ary = 1, and By = Cy = Dy = 0. Applying Eq. (4) repeatedly, we find all
the mode coefficients A;, B;, C;, and D; in the N core layers. The TM field distribution in the core region is simply
given by substituting these mode coefficients into Eq. (2) and applying Eq. (3).

Arpy = frar - (26)

For TE modes, we have Arps = 0 and Eq. (24) gives us

wpo Jo(kLpls) 955 9%

= , Crp = E
kégﬂ ']O(kgopéo) g;}E copco \' clpcl

Following the same procedure as for the TM modes, we can find the propagation constant 8 and field distribution
for the TE modes.

For any mixed mode with m # 0, both Eq. {23) and Eq. (24) are needed and the solutions are more complicated.
To simplify our final results, we introduce more definitions

(27)

His = = Jn(Kiofbo)ghi + 11 G (Riapho) G + oy Im (Biobho)9hs (28)

i = T (Klopl g — 220l gt 1 1 g — T (Lol (29)
KL : L,

HTM Im (K copco)gTM lt; I (k copio).q?rM (kl%t] (klopco)gTM ) (30)

Hsa = =Kot an + Z0 1 Ll b + o e IRt e (31)

To find the propagation constant 8 of any mixed mode, we first express Aras and Crg in terms of fryr and frg
by inverting the leftmost 2 x 2 matrix in Eq. (23). Substituting the results of A7y and Crg into Eq. (24), we find

Hiy —Hrg } [ frm ]
=0, 32
[ Hiy —Hip fre (32)

with Hyp, H2p, Hy,, and HZ,, defined in Eq. (28) through Eq. (31). In order for Eq. (32) to have non-zero

solutions, the determinant of the matrix must be zero, which gives
Hry _ Higp
Hiy  Hip'

(33)

As can be seen from the definitions in Eq. (28) to Eq. (31), the parameters Hrp, H2p, Hi,s, and HZ,, are
complicated. However, once the Bragg fiber structure is chosen and the frequency is given, they only depend on §.
Therefore, the solution of Eq. (33) gives us the propagation constant of any mixed mode.

After finding the solutions of Eq. (33) and choosing an appropriate normalization constant, we can determine the
values of fry and frg from Eq. (32):

[ e ] = g I (Rl il [ ul® ] ' Y
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As before, by combining this result with those in Sec. 2, we can find the whole cladding field distribution. To obtain
the fields in the fiber core region, we substitute Eq. (34) into Eq. (24) and find

m 35
Cre 57 Im (KeoPeo) (G ar Hrp + greHrwm) (35)

[ Arm ] _ { ~I:)ﬁ%‘];n(klopco)(Q7‘MHTF + GrsHip) + Im(kiopto) (970 Hi g + 976 Hiw)
Thus within the first core layer, we have Ay = Ary, Ci = Crg, and By = Dy = 0. By applying the equations in
Sec. 2.1 throughout the entire core layers, we find the electromagnetic fields in the Bragg fiber core region.

3. RADIATION LOSS

Two sources contribute to the propagation loss in Bragg fibers or coaxial fibers: the material absorption loss and
the radiation loss. The material absorption loss depends on the choice of dielectric medium. The radiation loss
mainly depends on the index contrast between the cladding media and the number of cladding pairs. In principle,
the radiation loss can be reduced below any given number simply by using a large enough number of cladding pairs.
In this case, the propagation loss in an air core fiber is mostly due to the residual absorption in the fiber cladding.
Thus if appropriate cladding materials can be found, it is possible to reduce the propagation loss in an air core fiber
below that of conventional optical fibers. However, since using too many cladding pairs is generally undesirable or

even impractical, it is important to know how many layers are required to reduce the radiation loss below a given
number.

To simplify our analysis, we study a Bragg fiber with a central air core bounded by N pairs of cladding layers, as
shown in Fig. 3. We treat the air core exactly and apply the asymptotic approximation to the entire Bragg cladding
structure. This means that the transfer matrix T relating the cladding region to the core region is simply a 4 x 4
identity matrix. From Eq. (21) and Eq. (22), we find

9%p = Are — Ate + Brg , (36)
W

9rE = “’TLL'Q()‘TE — Arg — Brg), (37)

kclﬁ
9rn = My — Arm + Bru (38)
iweg(nl))?

9rm = ‘—;}ﬁd—)(/\TM — Arm — Bru) . (39)

"ol

Other values of gi. and g¥,, are all zero. As a further simplification, we shall confine ourselves to the study of
TE and TM modes. The reasons are two-fold. As we have mentioned before, the modes with m = 0 are of special
interest, since they do not have any polarization dependent effects. Secondly, in the asymptotic limit, the mixed

modes (m # 0) in the cladding structure can always be classified into a TE component and a TM component, and
should exhibit similar radiation loss characteristics.

We first consider TE modes. According to Eq. (2), the H,(r) component in the Bragg fiber core is simply
H,(r) = CreJy(kl,r) and the other two components are!

_iB

Ey = kl

(k' 7‘), r CTFJO(k 'I‘) . (40)

k1

From these expressions for Ey and H,, we find the power flux along the z direction in the low index core:

PT® = |Crp 2“"”““[3 / dr T[T (kLT - (41)

If the Bragg fiber consists of an infinite number of cladding pairs, the asymptotic fields in the (V + 1)th cladding
pair can be extracted from Eq. (5)

H, - f;E [FNM I I O O p”“)], (42)
Vv cl
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N Bragg Cladding Pairs N Bragg Cladding Pairs

1
Reo

Figure 3. The radiation loss of an air core Bragg fiber with N cladding pairs. P, is the power flux inside the air
core. P, represents the outgoing radiation power flux through a cylindrical surface with radius R and height dz.

wpo fre
k;l iV, k}:l"'

In the above expressions, we notice that the fields consist of two components: an outgoing wave with amplitude
proportional to ¢y41, and an incoming wave with amplitude proportional to dy41. It can be shown that the two
components are of equal value and cancel each other such that the Bragg fiber has no net radial power flux. This,
however, is directly due to the assumption of infinite cladding pairs. In fact, we can regard the incoming component
in the (N + 1)th cladding pair as due to the reflection by the remaining Bragg cladding. Therefore, it is reasonable
to assume that if the Bragg fiber has only N cladding pairs, the radiation field outside the cladding structure can be
well approximated by the outgoing component of Eq. (42) and Eq. (43) (i.e., we replace dy; with 0). To calculate
the radial power flow, let us consider a cylindrical surface with radius R and height dz that encloses the Bragg fiber,

as shown in Fig. 3. Using Eq. (42) and Eq. (43) and taking dyy1 = 0, we find the radial power flux through this
surface to be

N+1)

Ey =

[CN e1kc,(r p dN.+.1€ ikl (r— pN+1)] . (43)

TW
PP = o )3 |frel’lenta|dz . (44)

For TE modes propagating along the z direction of the Bragg fiber, with the presence of radiation loss, the optical

power decays as exp(—argz), where the parameter arg is the radiation loss constant. From the definitions of PZT E
and PT® we can identify arp as

arp = L ke Brr |2| 2 Loktoplo)kisply
PTEdz B kL’ |Arg — Arg + Brg f"co dr r[J (kL r)]2

For TM modes, we can follow the same procedure to obtain the radiation loss constant aras. First, we find the
power flux in z direction within the low index core as

(45)

1323 rre
PTM = | Ay 2 T2 0(Me0) "0 / dr [Tk, )] . (46)
(kco) 0
Similarly, the outgoing radial power flux outside the Nth cladding pairs can also be identified from Eq. (5) as

pT™ _ 7“4)60( cz)

—g Wrmllanaldz, (47)
cl
which gives the radiation loss constant to be
arm = P'rTM — l( : kl 2 BTM |2| |2N [Jo(kcopco)] kllpcl (48)
PTMd, néokil Aty — Arm + Bru f”“’ dr r[J4(kL,7)]?

We introduce a new parameter z = k},p,. For the fiber structure shown in Fig. 3, p, is the same as p;,, which
gives

[Jo(kcopco)]2kllppl — gl m[JO(m)P

fop” dr r[J{ (kL m)]? coet Jo duulJy(w)]?’

(49)
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where we have applied Jj(x) = —J1(z).'* For an order of magnitude estimate, we can simply choose z = 3.8317,

the first zero point of Jy(z), and the integral [ du u[J;(u)]? becomes z2[J5(z)]*/2."* Combining these results, we
find

1,1 1
[Jo(kcopco)] k lpcl ~ 0. 522]91 k
X “ dr [Ji{kL,)]?

As can be seen from Eq. (11) to Eq. (16), Arg, Bre, ArEg, Arar, Brar, and Arps have the same order of magnitude.

Therefore, in our estimation of radiation loss, we take the values of Brg/(Arg — Arg + Brg) and Bry/(Arm —
Armr + Bra) to be 1. Combining these approximations with Eq. (50), we find Eq. (45) and Eq. (48) become

(k1 i oON (k‘1 )
s eV aTM—0522( ) Y

(50)

arp = 0.522—2—

o rm PN (51)

These two expressions can be further simplified by taking nl, = 1 (air core), A = 27¢/w = 1.55um, and assuming

B=kl, =w/V2e, k) =nlw/c

1
arg(dB/km) = 4.6 x 10951—|)\TE12N , arar(dB/km) = 4.6 x 10°n), | Arm |2, (52)
cl

where the unit for radiation loss has been converted to dB/km. Many assumptions are made to simplify Eq. (45)
and Eq. (48) into (52). It is worthwhile to see how we can justify the simplified results from an intuitive point of
view. Without the Bragg cladding, the light confinement can only be achieved on the order of the wavelength, which
means that the radiation loss constant must be of the order of dB/um = 10°dB/km. With the presence of Bragg
cladding, the light amplitude reduction due to each cladding pair is Arg for TE modes and Arp for TM modes.
Therefore, the radiation loss for a fiber with N Bragg cladding pairs should be of the order of (Arg)?" x 10°dB/km
for TE modes and (A7p7)%" x 10°dB/km for TM modes.

The values of Arg and Arps also have complicated dependence on 3, n C,, lcl, Cl and l2 However, when

the cladding layers form quarter wave stack (i.e., k},l}, = k%1% = n/2) such that light is optlmally confined, the
expressions for |Arg| and |Aras| take simpler forms:

kY Ky . L cl 2
[Are| = mln(aa k_fz) y Arm| = mln[( ) k_%la n2) kl] . (53)
We choose cladding layer II to be the low index medium with n% = 1.5, typical of silica glass and polymers. With
this value, it can be shown that for 0 < 8 < w/c the minimum value of |Arg| is \/[(n?))? — 1]/[(n})? — 1], and the
minimum value of [Ara| is n2/n},. Substituting them into Eq. (52), we find the minimum number of Bragg layer
pairs required to achieve 0.2dB/km radiation loss is

23.9 — In(n},) Nowns = 23.9+1n(nl)
W [(n)? — = (@2)2 =1 ™ = 3in (nl)) —In (n2)]

for TE and TM modes, respectively.

Nrg =

(54)

We plot Eq. (54) in Fig. 4. The top figure corresponds to the case of weak index contrast. For An less than
0.01, it takes 1000 or more cladding pairs to reach 0.2dB/km. Fabricating such large number of cladding pairs is
likely to be very difficult in practice. For An between 0.1 and 1, we find that it takes less than 200 cladding pairs to
reduce the radiation loss of TE and TM modes to 0.2dB/km. We notice that this index contrast range corresponds
to what can be achieved in air core PBG fiber.® Of course, the light confinement in PBG fibers is achieved through
two-dimensional Bragg reflection rather than one-dimensional Bragg reflection. However, if we take an effective index
approach and approximate the 2D air hole patterns as alternating layers of concentric dielectric layers with high and
low refractive index, the index contrast between the effective refractive indices should fall within the range of 0.1 to
1. Thus for air core PBG fibers, 0.2dB/km propagation loss can be achieved with 200 or less air hole layers. The
bottom figure in Fig. 4 corresponds to the case of large index contrast. We notice that for An between 1 and 3
(2.5 < n}; < 4.5), 25 pairs may suffice to guide TE and TM modes with less than 0.2dB/km radiation loss.

We have only discussed radiation loss for TE and TM modes so far. According to the discussions in Sec. 2.3,
modes with m # 0 are mixtures of TE and TM components in the Bragg cladding layers. Therefore, their radiation
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Figure 4. The number of Bragg cladding pairs necessary to achieve 0.2dB/km radiation loss. An is the index
contrast between the two cladding dielectric media n}, — n%, with n% = 1.5. The solid line gives the minimum Bragg
pairs for TE modes to 0.2dB/km, while the dash line gives the corresponding quantity for the TM modes.

loss is determined by the TM component, since TM component is less confined and suffers more radiation loss
compared with TE component, as can be seen from Fig. 4.

Since we use the smallest possible values for |Arg| and |Arar| in deriving Eq. (54), our results in Fig. 4 give
the minimum number of Bragg pairs needed to achieve 0.2dB/km radiation loss and should serve as an order of
magnitude estimate. Obtaining a better estimate of radiation loss requires values of 8, nl,, I}, n%, and 1%. Once
they are known, we can find Arg and Ay from Eq. (15) and (16), and substitute them into Eq. (51) for arg and
QTN -

One notable exception to the above estimate is worth mentioning. In an air core fiber, if 8 is only slightly less than
w/c, the value of kL, can be very close to zero (whereas in deriving Eq. (54) we use 8 = k!, = w/v/2c). According
to Eq. (45) and Eq. (48), a small k!, can greatly reduce the radiation loss.2 Therefore, when 8 becomes very close
to w/e, it may be necessary to use Eq. (45) and Eq. (48) to obtain accurate results of radiation loss.

4. BRAGG FIBER DISPERSION

Having developed the asymptotic formalism in the previous section, we shall apply it to study the dispersion of a
Bragg fiber. We choose to study an air core (n}, = 1.0) Bragg fiber with cladding parameters as follows: n}, = 4.6,
I}, = 0.254, nil = 1.5and lZz = 0.75A, where the parameters are defined in Fig. 2 and A = lil-{-lfl is the total thickness
of a Bragg cladding pair. We choose the air core radius to be p., = 1.0A. In the asymptotic calculations, the core
region consists of 5 concentric dielectric layers. Using the notations in Fig. 2, we explicitly write out the core region
parameters as n., = 1.0, n2, = nl, = 4.6, n =nd = 15,1}, = 1.0A, 12, =14 = 0.25A, and I3, = 5, = 0.75A. In
2D FDTD calculations, we choose A = 24 computational cells and use 3 cladding pairs around the air core to define
the Bragg fiber. In Fig. 4, we find that for index contrast we have chosen, 10 cladding pairs are enough to reduce
the radiation loss to approximately 0.2dB/km. Not surprisingly, 3 cladding pairs should give us well defined guided
modes. ’

Both the asymptotic results and the FDTD results are shown in Fig. (5a), where we plot the effective index
ness = Pe/w as a function of w, and w as a function of propagation constant 8. Within the frequency range shown
in Fig. 5, both the asymptotic analysis and FDTD calculations show that the Bragg fiber supports a guided mode
with m = 1 propagating in the air core. In Fig. (5a), the two approaches agree well with each other, while the small
discrepancy can be attributed to the discretization error in the FDTD algorithm. In fact, if we consider that only 6
computational cells are used for I}, the agreement between the asymptotic approach and FDTD approach is quite
impressive. In Fig. (5b), we show the distribution of the H, field obtained from FDTD calculation. The frequency

and propagation constant of the mode are respectively w = 0.291(2x¢/A) and 8 = 0.143(2x/A). Fig. (5b) clearly
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Figure 5. (a) The dispersion of an air core Bragg fiber with a m = 1 mode. The Bragg fiber parameters are:
ny, = 1.0, pl, = L.OA, n}, = 4.6, 1}, = 0.25A, n% = 1.5 and 1% = 0.75A. The solid line is from the asymptotic
analysis, while the dots represent the 2D FDTD results. The effective indices n.ss is defined as fc/w. (b) The H,
field distribution of the guided m = 1 Bragg fiber mode at w = 0.291(2x¢/A) and 8 = 0.143(27/A).

shows that the guided mode has an azimuthal number m = 1 and most of the field is concentrated within the air
core and the first cladding layer. The radiation field outside of the Bragg cladding can also be seen in Fig. (5b).

To find the field distribution using the asymptotic approach, we must first obtain the propagation constant using
Eq. (33). Substituting the result into Eq. (34) and Eq. (35), we obtain the modal amplitude coefficients in the first
layer of the cladding region (i.e., frar and frg) and those in the center air core (i.e., Arp and Crg), respectively.
Then the cladding fields are easily found from Eq. (5) and Eq. (6), while the core fields are obtained by applying Eq.
(2) and Eq. (3) repeatedly. We apply this algorithm to study the field distribution of the guided Bragg fiber mode
at w = 0.286(27c/A). Using a core region of 5 layers, we find the propagation constant to be 8 = 0.128(27/A). The
field distribution given by this asymptotic approach is represented by the solid lines in Fig. 6.
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Figure 6. The electromagnetic field distribution of the guided Brag fiber mode at w = 0.286(27¢/A). The interface
between the core region and cladding region is indicated by dash line. The exact solutions are obtained using Eq.
(2) and (3) only. The asymptotic solutions are obtained using Eq. (2) and Eq. (3) in the core region, and Eq. (5)
and (6) in the cladding region.

Having obtained the field distribution using the asymptotic algorithm, naturally we would like to know how
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accurate the asymptotic approximation works without having to check asymptotic results using either the orginal
algorithm by Yeh et al. or the FDTD method. We notice that the essence of the whole asymptotic algorithm is that
the field distribution in the cladding region can be well described in the asymptotic limit. As long as this condition
is satisfied, the asymptotic approach should provide a satisfactory description of the guided mode. To check the
accuracy of the asymptotic approximation in the cladding region, we can calculate the ezact field distribution in
the cladding region by repeatedly applying Eq. (2) and (3). We use “exact solution” to denote results obtained
this way. In other word, to find the “exact solution,” we still need to find A7 and Crp using Eq. (33), (34) and
(35), as described in the previous paragraph. The only difference between the “exact solution” and the asymptotic
solution is that for the “exact solution,” the field distribution in the entire Bragg fiber is obtained from Eq. (2)
and (3). Consequently, within the core region, the “exact solution” and the asymptotic solution are the same. In
the cladding region, the two solutions differ from each other, and their difference indicates how well the asymptotic
approximation works. In Fig. 6, the “exact solutions” are represented by the dots. As expected, the “exact solution”
and the asymptotic solution are the same within the core region. However, even in the cladding region, the difference
between the two solutions are very small. Thus we can conclude that the asymptotic algorithm gives an accurate
description of the field distribution of the guided mode.

It should be mentioned that our asymptotic algorithm can be arbitrarily precise by incorporating more and more
dielectric layers into the core region. More specifically, if we use a superscript N to denote the asymptotic results
obtained using an inner core region consisting of N dielectric layers, the results should converge as a function of N
to the exact solutions. Thus the asymptotic results can be arbitrarily precise.

5. COAXTAL FIBER DISPERSION

It is well known that the fundamental TEM mode of a metallic coaxial cable has no polarization effect or any modal
dispersion, which make it very attractive for transmitting electromagnetic signals. The problem is that metals are
very lossy in the optical range. Recently Ibanescu et al. drew an analogy between the metallic coaxial cables and
dielectric coaxial fibers, and proposed to use dielectric coaxial fibers in optical communications.” There are, however,
several important problems to be solved before coaxial fibers can find wide applications in optical telecommunication.
Firstly, it is critical that the coaxial fiber mode has small dispersion within the entire telecom frequency window
instead of at a single point. Secondly, we should keep in mind that the analogy between omnidirectional mirrors and
high refractive index materials with metals is not perfect. For example, if the outer cladding of a metallic coaxial
cable is taken out, the center metal rod does not support lossless propagating mode. Yet if we take away the Bragg
cladding of the coaxial fiber, the center high index dielectric rod resembles an optical fiber and supports at least one
propagating mode. In this section, we apply the asymptotic matrix theory to address the aforementioned problems.

As in Bragg fibers, each guided coaxial fiber mode can be classified according to its propagation constant 8
(momentum in the z direction) and angular momentum m. Using the asymptotic method, we analyze one of
the coaxial fibers studied by Ibanescu et al.” For the high index medium of the coaxial fiber cladding, we choose
nl, = 4.6 and I}, = (1/3)A, whereas for the low index cladding medium we have n? = 1.6 and 1%, = (2/3)A. A is
the total thickness of the Bragg cladding pair. The parameters of the Bragg stack are chosen such that it forms
an omnidirectional reflector.” The refractive index and radius of the center core are respectively n,, = 4.6 and
I.o = 0.4A. The refractive index and thickness of the coaxial region are respectively ncoer, = 1 and l.onr = 1.0A.
We use four core layers in our asymptotic calculations and normalize the results with respect to A. The asymptotic
results are shown in Fig. (7a) as thick solid lines. We also use the 2D FDTD algorithm to verify the validity of
our asymptotic calculations. The FDTD results are shown in Fig. (7a) as dots. The shaded region in Fig. (7a)
corresponds to the TM cladding modes that can propagate in the cylindrical omnidirectional reflector.

In Fig. (7a), the asymptotic analysis gives us four photonic bands, a TE band (m = 0), a TM band (m = 0),
and two m = 1 bands. The asymptotic results agree well with FDTD calculations. We point out that the TE band
was missed in the results obtained by Ibanescu et al.” We notice that the asymptotic results for the TM band and
two m = 1 bands are confined within the region of TM gap. This is simply due to the fact that all three bands
contain TM components and that the TM components must decay in the Bragg cladding to define guided coaxial
fiber modes. The TE band, on the other hand, does not contain any TM component and asymptotic analysis gives
us guided TE modes up to the light line in cladding medium II (8 = n%w/c). The excellent agreement between the
asymptotic analysis and FDTD calculations demonstrates the validity of asymptotic approach.
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As mentioned before, if we take out the Bragg cladding, the center dielectric core becomes a conventional optical
fiber whose modal dispersion is well known.!® The dispersion of these conventional fiber modes was plotted in Fig.
(7a) as dash lines. Comparing the conventional fiber modes with the FDTD calculations of the full coaxial fiber,
we find excellent correspondence between the two for the region below the air light line 8 = w/e. This strongly
suggests that once the guided coaxial fiber modes pass through the air light line, the main confining mechanism is
actually provided by the center high index core. To see this point more clearly, we show two FDTD calculations of
field distribution of the lower m = 1 band. The m = 1 mode in Fig. (7b) has 8 = 0.153(27/A), w = 0.187(2nc/A)
and belongs to the TM bandgap above the air light line. For any modes above light line, guiding cannot be achieved
through total internal reflection and therefore in Fig. (7b) we observe a substantial field distribution in both the
coaxial region (air) and the Bragg cladding. The m = 1 mode in Fig. (7¢) has 8 = 0.611(27/A), w = 0.229(27c/A)
and is clearly below the air light line. As expected, the guided coaxial fiber mode becomes essentially the HE mode
of a conventional fiber, with optical fields concentrated in the center dielectric core and only a negligible amount in
the Bragg cladding.

Not only does the total internal reflection play a significant role in the modal dispersion of the guided coaxial
fiber below the light line, it also must be taken into account in determining the frequency window of single mode
operation. The lower single mode window, as shown in Fig. (7a), simply contains all the TM modes below the cutoff
frequency of the lower m = 1 band. However, finding the higher single mode window is more trickier. As the lower
m = 1 band enters the shaded region in Fig. (7a), the TM field component loses confinement in the Bragg cladding
and the m = 1 band is no longer a well defined guided mode. Thus the second single TM mode window in Fig.
(7a) begins at the lower intersection of the m = 1 band and the TM gap, and ends at the smallest of the following
frequencies: the cutoff frequency of the higher m = 1 band, the cutoff frequency of the TE band, and the higher
intersection point of the lower m = 1 band and the TM gap where the lower m = 1 band enters again into the TM

Figure 7. (a) Dispersion of the coaxial fiber. The points in the shaded region indicate the existence of propagating
TM cladding modes in the omnidirectional refiector. The thick solid lines are results obtained from asymptotic
analysis. The dots represent the 2D FDTD results. The light lines in air (3 = w/c¢) and in the low index medium
of the Bragg cladding (8 = n%w/c) are also shown. If the omnidirectional cladding is taken away, the center core of
the coaxial fiber resembles a conventional optical fiber and supports three guided modes: HE, TE and TM modes.
Their dispersions are calculated using the formulae for conventional optical fibers and are shown as dash lines. The
single mode windows for the TM band are illustrated in the figure as two boxes. The H, field distributions of the
lower m = 1 band are shown in (b) and (c). In (b), the guided mode has 8 = 0.153(2x/A) and w = 0.187(2wc/A).
In (b), the guided mode has 8 = 0.611(2x/A) and w = 0.229(2mc/A).
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gap. The two single frequency windows are shown in Fig. (7a) as two boxes. Within the higher single frequency
window, the m = 1 quasi-band, even though not well confined, can still have low loss due to total internal reflection
in the coaxial air region. In fact, that is exactly why FDTD algorithm can give us m = 1 and TM band outside of
the TM gap. To study the influence of the m = 1 quasi-band on the single mode operation of TM band, however, is
beyond the scope of this section.

-~ t /W — "‘7%
g — ! 2 Exact 1
£ 10000 = , — Asymptotic |
% 30.5 . 4 I : T
E 1000 N ,
o W o

109

100
£ 500
ﬁ% Or ®  Exact |
& ——  Asymptotic |
= 50t ] : 4

-100 : i . L .

585 1.59 1.595 1.6 1,605 1.61 5 y Y 3 ; s

A (um) rfA

(a) (b)

Figure 8. (a) Dispersion parameter D of the coaxial fiber TM band. At A = 1.598um [or w = 0.202(27c/A)], the
dispersion parameter D becomes zero, which is shown as the dash line. In the upper diagram, the absolute values of
D are show in a log scale. The two single mode windows in Fig. 7 are shown as shaded regions. To the left of the
dash line, D is negative, whereas D is positive to the left of the dash line. In the lower diagram, D is shown in the
linear scale. (b) The E, and Hy fields of the TM coaxial fiber mode at w = 0.202(27¢/A). The unshaded, light, and
dark regions respectively represent air (ncpqx = 1), low index dielectric medium (n?, = 1.6) and high index dielectric
medium (n!; = 4.6). The units for electric field and magnetic field are chosen such that ¢g = 1 and po = 1.

For the long distance communication fibers, the dispersion parameter D, which is defined as —%%,15 should
remain small within the entire telecommunication window. In Fig. (8a), we show the dispersion parameter D
calculated from the asymptotic results. The wavelength ) is normalized such that the TM band crosses air light line
B = w/c at 1.55um. The two single frequency windows are identified in Fig. (8) as shaded region. We immediately
notice that the dispersion parameter D takes very large value at most frequencies and can be both positive and
negative. Around 1.6um [w = 0.202(27¢/A)], D crosses the point of zero dispersion but remains small only within
a very small frequency range. Ibanescu et al. predicted a point of zero dispersion.” Qur results in Fig. (8a) confirm
their prediction, yet at the same time, point out an important problem: The frequency window of small D is too

narrow for optical signal transmission.

In Fig. (8b), we show E, and Hy components of the TM mode at the zero dispersion frequency w = 0.202(27c/A).
Since the magnetic field of a TM mode contains only Hy component, from Fig. (8b) it is obvious that there is
substantial presence of electromagnetic field in the high index core and the optical intensity in the high index core is
comparable to that in the air coaxial region. As a result, using this coaxial fiber mode to guide light does not provide
much benefit in terms of reducing material absorption and nonlinear effects. This also illustrates that the analogy
between dielectric coaxial fibers and metallic coaxial cables is not perfect. Turning our attention to the cladding
field, we find that the field strength in the first cladding pairs, even though relatively small, is not negligible. In fact,
the fields in the first Bragg pairs cannot be neglected, since optical fields must penetrate at least one cladding pair to
experience Bragg confinement. This also explains the large modal dispersion we find in Fig. (8a), since any guided
coaxial fiber mode must “feel” several different dielectric media: the high index core, air in the coaxial region, the
high index cladding, and the low index cladding. In contrast, for conventional optical fibers, the guided modes are
defined by the silica core and cladding whose index difference is generally less than 0.01.
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Summarizing this section, we find that both Bragg reflection and total internal reflection play important roles in

determining modal dispersion of the coaxial fiber. The analogy between dielectric coaxial fibers and metallic coaxial
cable are not entirely accurate, and there is substantial amount of optical fields in the high index core and the Bragg
cladding. As a result, guided coaxial fiber mode generally have large dispersion.
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