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NAVIER-STOKES EQUATIONS IN THIN DOMAINS
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Dedicated to O. A. Ladyzhenskaya

0. Introduction

We are interested in this article with the Navier—Stokes equations of viscous
incompressible fluids in three dimensional thin domains. Let ). be the thin
domain Q. = w x (0,¢), where w is a suitable domain in R? and 0 < & < 1.

Our aim is to derive an asymptotic expansion of the strong solution u® of
the Navier—Stokes equations in the thin domain €. when ¢ is small, which is
valid uniformly in time. This study should give a better understanding of the
global existence results in thin domains obtained previously; see [15]-[17] and
[23], [22]. We consider in this work two types of boundary conditions: the
Dirichlet-periodic boundary condition and the purely periodic condition. For
the first type of boundary condition we derive an asymptotic expansion of the
solution u® in terms of the solution of the associated Stokes problem. More
precisely, we prove that the solution can be written, for ¢ small, as

vt
u®(t) w5+u5exp< 2€2>, vt > 0,

where w® is the solution of the associated Stokes problem and @® is a bounded
(in time) function depending on the initial data. We also give a new proof and
an improvement of the global existence result obtained in [23].
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250 I. MoOISE R. TEMAM M. ZIANE

For the purely periodic boundary condition case, the asymptotic expansion
involves the solution of the 2D-Navier—Stokes equations and a solution of an
auxilary Stokes problem with exterior force

1 €
= */ f(w1,22,73) drs.
€Jo
More precisely, we prove that the solution can be written, as:
_ vt
ut(t) = w® +usp(t) +u exp ( - 22), Vt > 0 and € small,
13

where w® is the solution of the auxilary Stokes problem, u5 () is the solution
of the 2D-Navier—Stokes equations with three components and u® is a bounded
(in time) function depending on the initial data. The nondimensionalized form
of the Navier—Stokes equations (NSE) reads

(0.1) %—VAU—%—(u-V)u—!—Vp:f in Q. x (0,00),
(0.2) divu=0 in Q. x (0,00),
(0.3) u(+,0) =ug(+) in Q..

Here u = (uq,us,us) is the velocity vector at point x and time ¢, and p = p(x, t)
is the pressure.

Equations (0.1)—(0.3) are supplemented with boundary conditions. We de-
note the boundary of Q. by 0Q, =Ty UT', UL, where

(0.4) I''=wx{e}, Tp=wx{0} and T;=0w x (0,¢).

The boundary conditions of interest to us are the mixed Dirichlet-periodic
condition, i.e. the Dirichlet boundary condition on I'; U T, and the periodic
condition on I';, and the purely periodic boundary condition on 9., in which
case w = (0,11) x (0,13) and u and p are Q.-periodic, and, for the data

/uodx:/ fdx=0.
Q. Q

€

We denote by H*(Q.), s € R, the Sobolev space constructed on L2(Q.)
and L2(Q:) = (L2(Q))3, H¥(Q:) = (H*(2.))3. We also denote by H§(Q.)
the closure in the space H*(€:) of C5°(2.), the space of infinitely differentiable
functions with compact support in ..

We need also the following spaces:

(0.5) H™(Q.) = {uEHm(QE): /Qaud$0},
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and the spaces H™ (€.), which are defined with the help of Fourier series; we

per

write

(0.6) u(z) = Z Uf, €Xp <2ik . z>,
kez3

with T, = u_j (so that u is real valued) and

T Tl T2 T3 T 1 T2 3
—=|-=,-=,—= k-—=ki— +ko—+ks—.
L (zl’lg’s)’ L= T, TR

Then, v is in L?(2.) if and only if

|u|2L2(QE) =elily Z lug|? < oo,
keZ3

(Q:), s € Ry, if and only if

D1+ (k) Jug]? < oo.

kezZ3

and v is said to be in Hy,,

For the mathematical setting of the Navier—Stokes equations, we classically
consider a Hilbert space H., which is a closed subspace of L2(€.). Depending
on the boundary condition, we define the following:

Hp:Hj%:{ueLQ(QE): divu:O,/ wdx =0,
QE

u; is periodic in the direction z;, j =1,2, 3}
in the case of the purely periodic boundary condition, and

HDP:HEDP:{UE]L2<Q€)Z div u =0, U3:00nI‘tUFb,/ Ug dx = 0,
Qe

and u, is periodic in the direction z,, a =1, 2},

in the case of the mixed Dirichlet-periodic boundary condition.
Another useful space is Vz, a closed subspace of H!(2.), which is defined as
follows depending on the boundary condition:

Vp = Vi ={u e H} (Q): divu=0},

Vpp =Vip ={ue H"(Q.)NHpp: u=00nT, UL,
and w is periodic in the directions z; and 332},
The scalar product on H. is denoted by (-, - )., the one on V. is denoted by
((+, +))e, and the associated norms are denoted by | - | and || - ||c respectively.

We denote by A. the Stokes operator defined as an isomorphism from V. onto
the dual V! of V., by

(0.7) (Acu,v)vr v, = ((u,v))e, Yo e Ve
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The operator A, is extended to H. as a linear unbounded operator. The domain
of A. in H. is denoted by D(A.). The space D(Ac) can be fully characterized
using the regularity theory. We refer for the study of the regularity of the Stokes
operator to [2], [6], [10], [12], [18]-[20] and [24].

Let b, be the continuous trilinear form on V. defined by

3
Ov;
(0.8) be(u, v,w) = Z /QE uia—xjiwj dr, wu,v,we€ V.

i,j=1
We denote by B. the bilinear form on V. defined for (u,v) € V. x V, by
(B:(u,v),w)v: v. = be(u,v,w), Yw €V,
and we set B.(u) = Be(u, u).
We assume in this article that the data v, ug and f satisfy

(0.9) v>0, wuy€ H, (orV7), fe&L>*0,00;H,).

The system of equations (0.1)-(0.3), with one of the boundary conditions

listed above, can be written as a differential equation in V!

u +vA.u+ Be(u) = f,

(0.10) (u)
u(0) = uyp,

where u’ denotes the derivative (in the distribution sense) of the function u with
respect to time. We recall now the classical result of existence of solutions to
problem (0.10). See e.g. [4], [9], [10], [14], [19], [20].

THEOREM 0.1. For ug € H., there exists a solution (not necessarily unique)
u = u. to problem (0.10) such that

(0.11) u. € L*(0,T; V)N L>=(0,T; H.), VT > 0.

Moreover, if ug € V., then there exists T. = T.(Qe,v,ug, f) > 0 and a unique
solution u. to problem (0.10) such that

(0.12) u. € L*(0,Te; D(AL)) N L>¥(0,Tx; Vz).

The solution u. which satisfies (0.12) is called the strong solution of (0.10).

1. Functional inequalities in thin domains

In this section we present some functional inequalities in thin domains. We
will only state the inequalities without proofs and we refer the reader to [23] for
a detailed discussion. The functional inequalities considered here are Sobolev-
type inequalities and the Cattabriga—Solonnikov regularity inequality for the
Stokes operator. We should mention that in the classical Sobolev inequalities,
the constants are dilation invariant but do, however, depend on the shape of
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the domain, i.e., in our case the thickness . The significance of the inequalities
given below lies in the exact dependence of the constants on € .

First we introduce some notations. For a scalar function ¢ € L?(Q.), we
define its average in the thin direction as follows

1 1>
(1.1) (M) (z1,22) = g/ o(x1, 22, 8) ds,
0
and we set
(12) Ne‘PZSD*Ms% ie. M + N :IL2(QE)7

where I12(q,) is the identity operator on L?(€.). For u = (u1, u2, u3) € L?(€2),
we write M.u = (M uy, Mcug, M.usz) and we set

(1.3) Neu=wu— Mcu, ie M.+ N.=Ip2q,).
e The Poincaré inequalities:
0
lulr2(0.) < e|l5— “ Yu € Vip,
(14) 85&; L2(Q.)
|UIL2 Q. <e |A€u\ Yu € l)(145[)p)7
(Q:)
ON,
|Neu|p20.) < € =t Vu € V§,
(1.5) Ox3 L2(Q.)
‘NEU|L2(Q€) < 52‘A5NEU|8 Yu € D(AEP).
e Ladyzhenskaya’s inequalities: There exists a positive constant cg, inde-
pendent of e, such that
2 [
(16) 030, S collull? Vue Vip,
2
(1.7) ’Ngu|L5(QE) < co|[Neu)? Vu € V.
For 2 < g < 6, there exists a positive constant ¢(q), independent of ¢,
such that
2 _
(1.8) |u|LQ(Qs) < C(Q)5(6 q)/q”qu Vu € Vpp.
2 — (3
(1.9) |N5u|Lq(QE) < ¢(q)e =D/ Nu|? Vu € VE.

e Agmon’s inequality: There exists a positive constant co(w), independent
of e, such that

3/4
) Yu € D(AsDP)a
L2(0.)

(110) |u|Loo(Q )< Co|U’L2(Q )< Z ’6%8933

1/4 0“N.u
(L11) [ Neu| oo g, < CO}NEu|L2(QE)(Z ‘8:10 9z,

3/4
> Yu € D(AEP).
L2(Q.)
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e Cattabriga—Solonnikov inequality: There exists a positive constant
¢o(w), independent of ¢, such that

3

2.

3,j=1

2
0%u

&maxj

2
< colAgu‘Lz(QE), Yu € D(A).
L2(Q.)

2. The Dirichlet-periodic boundary condition

In this section we derive an asymptotic expansion of the solution wu. of the
Navier—Stokes equations in the thin domains 2., when ¢ goes to zero. The
boundary condition under consideration is the mixed Dirichlet-periodic condi-
tion. It is shown in [23] that the H'-norm of u. converges to zero when ¢ goes to
zero. Hence, one expects, in this case, a slow motion of the fluid. Our purpose in
this section is to establish rigourously that the fluid has slow motion and to find
the leading term. For this purpose, we first compare the solution of the nonlinear
stationary problem to the solution of the Stokes problem (the linear problem).
Then, we compare the solution of the evolutionary problem to the solution of
the nonlinear stationary problem. This yields an asymptotic expression of the
solution u, when ¢ is small.

2.1. Comparison between the nonlinear stationary problem and
the Stokes problem. Consider the steady state Navier—Stokes equations in
the thin domain Q.

(2.1) —vAVT 4+ (v - V) + V¢ = f¢ in Q.
(2.2) divv® =0 in Q,
(2.3) v* =0 on w x {0,¢e},
(2.4) v® is periodic in the directions x; and xs.

First, note using (1.4), that

2
(2.5) v AV2E | = (f5,0%) < |fFLelele < el £l AL
Hence
£ 2 £
(2.6) | AL 20D < |52 02

Let w® be the unique solution of the Stokes problem:

(2.7) —vAw® + Vg = f° in Q.,

(2.8) div w® =0 in Q,

(2.9) w® =0 on w x {0,¢e},
(2.10) w® is periodic in the directions z; and xs.
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We note that

(2.11) |AY2w |2 < 2 f2 2 0.
Now we write the equations satisfied by V¢ = v®* — w® and Q° = ¢°* — ¢°. We
have
—VvAVE+ (VE-V)VE+VQ°
(2.12) =—(w® - V)V — (Ve -V)w® — (w® - V)w® in Qg

divVe=0 in Q,,
and the boundary condition
Ve=0 onwx{0,¢e},
(2.13)
V¢ is periodic in the directions x; and zs.

We multiply (2.12) with V¢, integrate over €. and obtain

(2.14) V\A;ﬂvsyi:—/ (Vs-V)ws~V5dx—/ (w® - V)w® - VE dz,

Sg Qe
and with
(215) ‘ /S; (VE * v)wE N VE d-r S |V€|]]2—44(Qs) |A;/2w€|6
< cos ALV AV,
and
@16) | [t w Veda| < o [ A0V
£ 2 £
< coe/2) 4l | 42V
we have

(2.17) 1/|A;/2V5|: < 0051/2}A2/2V5|:|A;/2w5|6

+ 0051/2|A§/2w6|:|A§/2V5|6
g0051/2}A;/2V5|:|Ai/2w5|5 + V}A;/2V6|:/2
+ cg 5|A;/2w€’:/2u.
Let Ry be a positive function defined on R and satisfying

(2.18) lim eR3(e) =0

and choose €1 such that, for 0 < e < &y

(2.19) coe/?Ry(e) < v/16.

Assume also (see (2.36)) that

(2.20) e2|f°12 < Ri(e)/v*.
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We then infer from (2.11) and (2.17) that
(2.21) |AY2Ve |2 < 262 R2 ()| AV 2wl | /12,

Thanks to (2.18) and (2.21), |A;/2V‘E‘: is negligeable compared to ‘Ai/2w5|§ for
¢ small. We have proved the

LEMMA 2.1. Let w® (resp. v®) be the solution of the Stokes problem (resp.
the nonlinear stationary Navier—Stokes equations) in the thin domain .. As-
sume that (2.18)—(2.20) hold. Then we can write v¢ = w® + VE, with V¢ small
compared to we, i.e.,

Ayl
im ———%
a7

(2.22)

2.2. Comparison between the evolutionary and the stationary prob-
lems. In this subsection we prove the global existence of the strong solution
uf(t) for e small and show that up to a time boundary layer near ¢ = 0, the
solution converges exponentially (in time) to a stationary solution of the Navier-
Stokes equations. We also show that the convergence, when ¢ goes to zero, is
exponential as long as the initial data belongs to a ball in H' with radius less
than v/(16¢coe'/?) and center v, a solution of the stationary problem.

Let U¢(t) = u®(t) — v°. The equations satisfied by U¢(t) are:

aaUt —vAU® + (U -V)U® + (U® - V)v*©
+ (- V)Us+V(p*—¢°) =0 in Q,
(2.23) div U =0 in Q.
Ue=0 on w x {0,¢e},
U¢ is periodic in the directions 7 and x,

and the initial condition reads
(2.24) U®(0) = uf — v°.
Using equations (2.23), we obtain
(2.25) %%]A;/QUE(t)E+V|AEU€(t)|§
< |b(US, U, AU9)| + [b(U®, 0%, A.U®)| + [b(v®,U°, AU?)

)

and with inequalities (1.4), (1.8) and (1.10), we can write
1d, 1/ 2 Vv 2
(2.26) 5%],45/ Us(t)|. + §\AEUE(¢)]s

< coe 2| AU (1)]_|AUS (1) + coet/?| AV 2% | | AU (1) ]2
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Hence,

d 2
(2.27) gﬂAy%F@M€+p»—%ﬁWﬂAy%ﬁaﬂg
~ 2ee 2 AV J| AU ()] < 0.
With Ry defined as in (2.18), (2.19), we supplement (2.20) by assuming that
(2.28) [AY2US[2 4+ 217 v < Rie).
Then there exists T'(¢) > 0 such that
(2.29) |AV2U5(1)|? < 4R2(e) for 0 <t < T(e).

Let [0,T(g)) denote the maximal interval on which (2.29) holds. Note that if
T(e) < oo, then

(2.30) |AL2U=(T(e))|” = 4 R3(e).

€

We infer from (2.6) and (2.29) that
d
(2.31) a|A;/2Uf(t)|§ + [v = 16¢0e /2 Ro(e) ] [AU(1)|? <0, 0 <t <T(e).

Using (2.19) we see that for 0 < ¢ < &1 and 0 < ¢t < T'(¢), we have by the
Poincaré inequality

d
dt

2
€

(2.32) ALPUS(1)[2 + 5 AUl <o,

which implies that |A;/ U 5(t)|: is decreasing as a function of ¢ and therefore
T(e) = +o0, for € < g1. Moreover, we have

(23%) A=) < A5 e (- o)

2 vt
< [A%ug — AL Cexp (‘ 2)
Finally, we write
(2.34) us(t) =v°+ U (t) =w® + VE+U(t),

where w® is the unique solution of the Stokes problem with exterior force f¢,
and V¢ and U®(t) satisfy

(2.35) Ve[| < 263e]|we |2/
and

A2 < 1o = = ve|Zexo (= 75 ). 20
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THEOREM 2.2. Let Ry(g) be a monotone positive function satisfying condi-
tion lim._0eR3 () = 0. Assume that v° is a solution of the stationary Navier—
Stokes equations with exterior force f€ in the domain ., and

(2.36) |ug — o°||” + 2| £ /2 < R3(e).

Then there exists €1 = €1(v) such that for 0 < & < g1, the mazimal time T(g)
of existence of the strong solution u.(t) of the 3D-Navier—Stokes equations in ).
satisfies T'(e) = oo, and for allt > 0

t
(2.37) ||u5(t) - v’in < ||u6 - vaHzexp (—222) .

Moreover, if w® is the unique solution of the Stokes problem with exterior force f€,
then

(2.38) u(t) =w® + Ve +U(t), Vt>0,
with

2
(2:30) [[V[[? < 52 e B (@) o]

and for allt >0
t
@7 < Il - ol e (- 25 ).

REMARK 2.1. (i) We obtained in Theorem 2.1 an improvement for the global
regularity result obtained in [23]. Note that the conditions on the data are given
in (2.36); in particular, due to (2.19) u§ can belong to a ball in H!(Q.) of center
v and radius v/(16¢oe'/?).

(ii) We also obtained an asymptotic expansion for the solution w®(¢) for €
small which is uniformly valid in time. This asymptotic expansion suggests that
the attractor of the dynamical system associated with the Navier-Stokes equa-
tion with Dirichlet-periodic boundary condition in the thin domain 2. reduces
to the set of stationary solutions, when € is small enough.

(iii) The solution w® to the stationary problem (2.7)-(2.10) which approx-
imates v and hence u®, can be itself approximated by a simpler expression,
possibly an explicit one. For example, in the case of a pressure driven flow,

(240) fE = P€1,
where P is constant (the pressure gradient), then w® a2 ¢®e;, with
(2.41) ©° = Pxg(e —x3)/2v.

Note that since 0 < x3 < €, ¢° is of order of £2.
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3. The purely periodic boundary condition

This section is devoted to the asymptotic study of the solutions u¢(¢) of the
3D-Navier—Stokes equations, with the purely periodic boundary condition in the
thin domains Q., when the thickness e goes to zero. We have shown in [23] that
the average M.u®(t) converges to the strong solution of the 2D-Navier—Stokes
equations. Therefore, one cannot expect to see the slow motion obtained in the
case of the Dirichlet—Periodic condition (see Section 2).

The idea here is to establish some a priori estimates for N.u®(t) = u®(t) —
M_u®(t), which are similar to those obtained for u°(¢) in the case of the Dirichlet-
periodic condition, and to show that the dynamics of the 3D-Navier—Stokes equa-
tions is roughly carried by the orbits of a 2D-Navier—Stokes system up to the
translation by a 3D-vector function which is independent of time, namely the
solution of the Stokes problem with exterior force N, f¢ = f¢ — M. f¢.

We recall from [23] the following result: we consider the problem (0.1)—
(0.3) with periodic boundary conditions, and we assume that for arbitrary fixed
constants K7 and Ko,

(3.1) ag(e) + a?(e) < Kieln|lng|, b3(e) + 5%(e) < KaIn|Inel,
where we have set

ag(e) = \A;/2M5u8|€7 bo(e) = |A;/2N5u8|5,

a(e) = | M. f?|e, B(e) = [N f€le.

Then there exists €9 = eo(v, K1, Ko,w) > 0 such that for 0 < ¢ < ¢g, the
maximal time of existence T'(¢) of the strong solution u¢ of the 3D-Navier—Stokes
equations with periodic boundary conditions satisfies T'(¢) = +o0, and

u® € C([0,00); VE) N L*(0,T; D(A.p)) VT > 0.
Moreover, considering a suitable constant K3(v) > Ky + K» and setting
(3.2) R2(¢) = KzIn|Ing|
we have for all ¢t > 0
(3.3) AV (12 < o RY (),
where o is constant (depending possibly on v) such that o > 2.

3.1. An auxiliary pseudo-stationary problem. We consider w® = N.w*®

solution of the following problem
(3.4)
VAW + N B (New® + Mou®, Nw® + Mou®) — NeBe(Mou®, Mou®) = N f°.



260 I. MoOISE R. TEMAM M. ZIANE

Equivalently for all v € V,,, w® € N_Vp satisfies
(3.5) v(AYAN.we, AY?N.v). + b.(N.w®, N.w®, N.v) + b.(M.uf, N.w*, N.v)
+ bE(NEEE, M., Nev) = (Nafsa Ne'U)e-

Since u® = u®(t), we shall consider the time as a parameter.

The proof of the existence and uniqueness of w¢ is standard (note that the
uniqueness holds if we consider e small enough). We omit the details and will
only derive the estimates for w®. For this purpose and throughout this section,
we use extensively the following estimates on the trilinear form b,

LEMMA 3.1. Let g € (0,1/2). There exists a positive constant c1(q), inde-
pendent of €, such that:

|be (Meu, Nev, w)| < 616q|A;/2M5u|5|A5N€U|E|w|5
|be (Nov, Mou, w)| < e1e'/?|AY2 M u|.|A.N.v|.|w|.

for allu € D(A;/Q), v e D(AL), we L2(Q,),

|be (New, New, w)| < Cl|A;/2NEU|;/2|A6Neu‘;/2|A;/2NsU|E|w|e
< 0151/2|A5N6U‘6|A;/2N€U|€|w|€

for allu € D(A.), v e D(A;/Z), w e L2(Q),
b (Now, Nov, w)| < ere'/?|AY2 N ul.|Ac Nov||wl.
for alluw € D(AY?), v € D(A.), w € L2(9.).

This lemma is a slight generalization of Lemma 2.7 in [23]; we omit the details
of the proof, which essentially relies on the functional inequalities (1.5), (1.7),
(1.9) and (1.11).

Estimates for w*. We set Nov = N.w® in (3.5) and obtain
(3.6) v|AY2N®|? + be(N@°, Mew®, N.W) = (N, f¢, N.@°).,
which by (1.9) leads to
(37)  v|AVPNa |2
<IN fE|| N0 + ¢ N® |74y | AL 2 Mouif
< X AVEN TR + 2N 4 e P AVN e R AY M

where ¢ is a constant independent of e.
Now we take into account (3.2) and (3.3) and we obtain the existence of &1
=e1(v, w, Ky, K3) such that for 0 < e < ey,

(3.8) |AY2Nw*|2 < 4€*|N. |2 /v
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We observe that \%NEEE | is small in a sense that we make precise now. Indeed,
we differentiate (3.5) with respect to ¢t and we obtain

d d
(3.9) y(th;/?NEws, A;/2N8v> + b, (dtNEws, N.we, N8v>

d d
—e O ¢ “w € €
+ b (Ngw ,dtNEw 7N5v> +b6<dtMEu , N.w 7N5v>

d d
+ b, (Msua, %NEEE, Nsv> + b, (dthwg, Mu®, Nsv>

d
+ b (Ngwg, %Mgus, Ngv> =0.

For t > 0 fixed, we set v = A;1%N5E5 in (3.9) and we obtain

2

d
(310)  v|ZNw®

+ b, <A€Nev, N.w*, Ngv> + b, (Nsw’s, A.N.v, NEU)

€

d
+ b, (dtMEus’ N.w®, Ngv) + b, (Msus, AN, v, Ngv)

d
+ b, (AENE’U, M.u®, NEU) + b, (Ngwa7 %Mgus, NEU) =0,

so that, by Lemma 3.1, we obtain
2

<2¢16'/?|AY2 N we|.|A.Now|?

€

d
(1) v|oNaw®

d
+2¢16/? gMEu5

|AY2 N w®|.|AcN.v|.
+ 201€q|A;/2MEuE|E\AENEU|§

Using (3.8), (3.2) and (3.3), we deduce that there exists e3 = e2(v,w, K1, Ka)
such that if 0 < & < &3, then by (3.8)

d c d
(3.12) ’dthwE < Zel/? %Mgug |AY2N we|.
1>
3/2 d € €
SC(V)E %MEU |N€f |a~

Now we need to bound ’%M€u€|e in terms of R3(g). We have

(3.13) S — AV 2 4 v Ao P+ b (uf, uf, Acu®) = (fF, Acu®),,
and therefore

d c c
(314) LAV o] A2 < S|P G AR
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¢ being a numerical constant (independent of £). Let t; > 0 be an arbitrarly
small time. We deduce from (3.1), (3.3) and (3.14) that

t+to
(3.15) 1// |Acu®(s)|2ds < c(v) [RY(e) + Ri(e)] to, WVt > 0.
t
Since |duf/dt|. < v|Acuf|e + |Be(u®,uf)|e + | f€]e, a simple computation yields
duf |?

< c(W)R2(e)(1 + R2(e))*ty, Vit > 0.

€

(3.16) /t o

Now we differentiate (0.10) with respect to ¢ and we obtain

dt

d?uf d - du® . . du®
(3.17) W—FV%A&L +B5<dt,u > +B€<u I =0,

which leads then to

1d|dus|? duf \ |2 duf  _ duf
18) =& AV ZN ] < (B e B
B18) 3 & dts+y‘€ at )|, =7\ Car " ae
<] (8
1> 13

¢ being a numerical constant (independent of €). We infer from (3.18) that

du® |2

dt

2
C
< ﬁ|A;/2UE|§
£

a
dt

duf

(3.19) —

We apply the uniform Gronwall lemma recalled below (see Lemma 3.2) with

2

du® c R
o= SlAYneE h=0

dt

y:

€

From (3.16) and (3.3), we infer the following estimates (say to < 1)

t+to
/ 9(s)ds < c()R(e)to < c(v) RA(E),

o~

t+to
[ y(s)ds < c(W)R2(E)[1 + R2(e)]ho,

so that

< c(V)R{(e)[1 + R5(e)]? exp(e(v) Ro(e))

g

duf
dt

(3.20)

holds for every ¢t > to > 0. Since ¢y > 0 is arbitrarily small and the right hand
side of (3.20) is independent of ¢, (3.20) holds for (almost) every ¢ > 0. We use
(3.20) in (3.12) and we obtain

< c(v)* 2 R(e)[1 + Ri(e)] exp(c(v) Ry ().

€

d
21 < Nwe
(3:21) ’dt v
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Taking into account the expression of RZ(e) given by (3.2) we conclude that,
for any arbitrarily small v > 0, there exists ¢ = ¢(v, ¢,y) such that

< C(Va q, 7)63/2_77 vt > 0.

g

(3.22) N.w®

4
dt

For the convenience of the reader we recall the uniform Gronwall lemma

LEMMA 3.2. Let g, h, y be three positive locally integrable functions on
(to,00) such that y' is locally integrable on (to,c0), and which satisfy for t > tg

dy trr tr t4r
p <gy+h, / g(s)ds < aq, / h(s)ds < as, / y(s)ds < as,
¢ ¢ ¢

where a1, as, az and r are positive constants. Then

y(t+7r) < (% + 0,2) exp(ay), Vt>to.

3.2. An auxiliary two dimensional problem. We consider first the fol-

lowing evolutionary Navier—Stokes problem in €).:

876
(3.23) 8ut — VAT + (u® - V)u® + Vp, = M. f*¢ in Q.,
(3.24) diva® =0 in Q,
(3.25) u® is periodic in the directions x1,xs and x3,

with the initial condition
(3.26) U |—o = M ug.

Since the forcing term M, f¢ and the initial data M.ug are independent of
x3, we can show that there exists a unique global strong solution @¢(¢t) of this
three dimensional problem which is independent of x3, i.e. ©¢ = M.u®. For that
purpose we look for u® = u§, + us, where u§, = (u3,u$,0), w5 = (0,0,u5),
and u5, is first defined by the following two dimensional problem:

876
son T s, (w5 Vs, + VP = Mafip nw
(3.28)  divas, =0 in w,
(3.29) u5p is periodic in the directions 7 and o,

with the initial condition

(3.30) U5plt=o = Me(ugy, ugy, 0),



264 I. MoOISE R. TEMAM M. ZIANE

where A’, V', div’ are two-dimensional operators, f5, = (ff, f5,0). Note that
w3, depends on e only because f5, and M, (ug;,uys,0) depend on €. We then
define u$ as the solution of the two-dimensional problem

aEE
(3.31) 8; —vA'u + (usp - VHu, = M. fiés  inw,
(3.32) /ﬂi dz' =0,
(3.33) u$ is periodic in the directions z; and x5,

with the initial condition
(334) ﬂﬂt:o = Msuggé'g.

The proof of the existence and uniqueness of u5, is classical, w5, is the
global strong solution of a 2D-Navier—Stokes problem [9], [10]. Then we solve
the linear problem for %¢; it is then easy to verify that u® = u§, 4+ s, is a strong
global solution of (3.23)—(3.26).

Estimates for u® in L?(w). First we multiply (3.27) by u¢, integrate over w
and obtain
1d
2 dt

(3.35) @[22y + VA 2T D ) = (M f®,T5) 120y,

where A is the 2D-Stokes operator in w. Thus
d —£|2 A1/2-¢2 1 €2
(3.36) £|U L2y T VIA T () < T)\l|Msf |72 (w)

A1 being the first eigenvalue of A. We deduce that for all ¢ >0

t+1 1 1
1/2— 2 2 2
(337) /t |A uE(S)|L2(w) ds S 1/2)\1 |M€f8|L2(u}) + Z/A1|M€fE|L2(W)
[T (0)]3 ) exP(—VALE),

and taking into account (3.1), we obtain

t+1 _
(3.38) / |A1/256(5)|%2(w) ds < C(V)[|A1/2Msug|%2(w) + |Msf6|%2(w)]
t
<ec(v)Kiln|lneg|.

Estimates for a5y, in H'(w). We multiply (3.27) by ZlﬂgD, integrate over w
and we obtain
1d

(339) 5o

A3 [Fa ) + VIATS bl ) + b(TEp, Tap, AT p)

= (M. f5p, ZHSD)LQ(W)
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Note that b(u$,, 75, AuS,,) = 0 (space periodic case). Thus we deduce:
d A1/2—¢ |2 A—¢ |2 1 e |2
(3.40) £|A Usp|12() T VAU T2(w) < ;|Mesz\L2(w)v
and consequently for all ¢ > 0
. . 1
(341) |AV2uSp ()| F2 () < |AY205p(0) 72 eXp(—V)\lt)+VT/\1|Mef25D‘%2(w)’

and also

t+to _
(3.42) V/ | AT (5)[72 (0 ds <|AV?U55(0)[72 () exp(—vArt)
t
1 e |2 1 e |2
+ W |Me f5pli2w) + ;|M5f2D|L2(w)

Taking into account the hypothesis (3.1), for all ¢ > 0 we obtain from (3.40)
and (3.42)

(3.43) (A2 05 (8)]Z2 ) < c)IAY? Mg gag) + M fo 72
<c¢(v)Kiln|lneg|,

and also
t+to
(3.44) / |AE§D(5)|%2(w) ds < c¢(v)KiIn|lne|.
¢
Estimates for uS in H'(w). Multiply (3.31) by AuS and integrate over w to
obtain
Ld 515 _cp2 Ae 2 Bws - ut. Auc
(3.45) §%|A Uy l12(w) T VAU |12 () + b(Usp, T3, ATIT)
(M fjeSvAu )L2 (w)>s
and therefore with Agmon’s inequality,

1d ~/9_ ~ ~_
(3.46) §£|A1/2ui|iz(w) + 1/|Auf)|%2(w) < M f3]r2 () [AUG | L2 w)

1/2 |A1/2

_ 1/2 T
+ e(W)T5p| ot AT D1 o0 2 () | AT 2 -

We infer from (3.46) that
(3.47) |Al/2 E\L2(w) |M f3\L2(w) + |Au2D|L2(w)|A 2 |L2(w)

We apply the uniform Gronwall lemma with

y=|AY*u AT g:c\fngﬁLz(w)/w\l, h=c|M.f* 22, /v
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We use (3.44), (3.49) and (3.1) and for all ¢ > 0 we deduce
t+1
/ g9(s)ds < c(v)KiIn|lne| = aq,
¢
t+1
/ h(s)ds < e(v)K;In|lne| = as,
¢

t+1
/ y(s)ds < c(v)KiIn|lne| = as,
¢
so that
(348) |Z1/2ﬂi(t)|iz(w) < [|;{1/25i(0)‘%2(w) + as + (13] exp(al)
<c(v)KiIn|Ine|exp(e(v)KiIn|Ine|)
for all ¢ > 0. We infer from (3.43) and (3.48) that for all t > 0
(3.49) |/~11/2E5(t)|%2(w) <c(v)Kiln|lne| (1 +exp(c(v)KiIn|lnel)).

Note furthermore, that
(3.50) |AY20 ()2 = e| AP0 (1)) < evy)et
for all ¢ > 0 and any arbitrarily small v > 0.

3.3. The comparison theorem. Our first result stated at the end of sec-
tion 3.3 (Theorem 3.3) gives a comparison between v and w® + we. We set

U¢ = u* —u® —w°® and we aim to estimate the N. and the M. components
of U¢.

Estimates for N.U® = N.u® — N.w*®. Starting from the weak formulation
for the equations defining u®, u® and w*®, for all v € V7 we obtain

d
(3.51) —(N.U®,N.v). 4+ v(AY2N.U®, AY2Nv). 4 b.(N.U, N.U?, N.v)

dt
+ b (N.U®, Nw®, Nov) + b.(N.w®, N.U®, Nov)
+ b (N.U®, Mu, Nov) + b (Mou®, NU®, Nov)

d
+ (Ngwa, N5v> =0,
dt .

(3.52) N.U®|i—o = Neug — N.;w®(0).

We choose v = A.U*(t) and we obtain, using Lemma 3.1
1

(353) 3 TIALPNU + o] ANU7P

< 1e'?|AV2 N U | |AcNU?)? + 2¢16Y/2| AV 2 Nwe | |A.N.U*
+ 1Y AV 2 Mo | |AcN.U® | + 19| A2 Mouf || AcN.U |?

d
— N w*

+dt

|AEN€UE|E;



AsYMPTOTIC ANALYSIS OF NSE IN THIN DOMAINS 267
since 0 < ¢ < 1/2 and 0 < € < 1, we deduce from (3.53)

d
(3.54) %|A§/2NEUE\§ + [V — 4189 AP Mo | — 2¢1e7| AY 2 Nuf |,
1/2) A1/2 N7 —¢ e 1ld o
—4016 |AE NEU] ‘EHAENEU ‘E S ; %Ngw

€
Now using (3.3), (3.8) and (3.2), we deduce that there exists e3 = e3(v, w, K1, Ka2)
such that if 0 < ¢ < 3, then by (3.22)

2

d v 1|d _
(3'55) £|A§/2N5U5|§ + §|A6NEU€|§ < V’dtNEwE < C(VaQ77)€3 K

e
(v being an arbitrarily small positive number). By the Cauchy—Schwarz inequal-
ity we have

|A;/2N€UE|E < elA.NU?|,
which gives together with (3.55)

t
350 AN < AN e (- 1 )+ clna)s

for all t > 0 (we recall that ¢ € (0,1/2) is an arbitrary number and v > 0 is an
arbitrarily small number).

Estimates for M .U = M.u® — M.u®. The weak formulation for M _U*¢ reads:

(3.57) i(MSUE, M.v). + v(AY2M.U®, AY2 M v) 4 b (M.U®, MU, M_.v)

" + b (M.U®, M.u®, M.v) + b (M.u®, M .U®, M.v)
+ bo(Nou®, Nou®, Mov) =0,

for all v € V with the initial condition
(3.58) M.U|,o = 0.

Estimates for M U5y, in H'. We choose v = A U5y, in (3.57), where Us,, =
(U$,U5,0) and we obtain
(3.59) %%M;/QMEU;D@ + VA M. Usp|2 + b-(MUsp, M-Usp, A-M.Usp)

+ b (M.U5p, M5y, AcM.Usp) + be (Mousp, M USp, Ac M Us )
+ be (Neu®, Neu®, Ac M US) = 0.

Note that b.(M.US,, M.USp, AcM.USp,) = e b((M.US,, M.US,,, AM.US,) = 0.

Using the L2-scalar product and the L2-norm on w we rewrite (3.59) as:
(3.60) %%MWMEU;DEQ(M) + V| AM U3 32,

= E(MEUSDa MeﬂgDa "ZMEU;D) _g(MsﬂgDv M6U§D7 AVMEUSD)
—b.(N.u®, Nout, A. M. Us ) /e.
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We estimate the nonlinear terms as follows:

b(M.USp, M5, AM.Usp)| + [b(M.5 , MoUspy, AMLUsp)|
< C>\1_1/2|AMEE§D|L2(M)|A1/2M5U§D|L2(w)|AM5U§D|L2(L¢)7

1
g|b€(NEu8,J\fEuiAEMEUEN < e YV AYAN uf | |A.N.U® || A MU |,
= 1| AY2 N || A Nl || AMLU® 2 )
We deduce then from (3.60)
d ~ ~
(3.61) &\AI/QMEUSD@?(M) + V|AM5U28D|%2(w)
< oA AMA Dl | A2 MU [ ) + 7 AV Now 2] A New2

Then we apply the uniform Gronwall lemma with

(362) Yy = |Avl/2MgU2€D|%2(w),
C 7
(3.63) 9= T/\l|AMeU§D|%2(w)’
C
(3.64) h = ;|A;/2NEHE‘E|A€NSUE|§'

We have the following estimate, using (3.44):
t+1
(3.65) / g(s)ds < c(v)KiIn|lne|, Vt>0.
t

We recall from [23] (formula (3.13)) the following relation

d v 1
%|A;/2NEUE|§ + §|A5N&.us g < ;‘Nafs g)

so that for all ¢ > 0 we have

vt 2¢?
AN (0 < 1A N (= %) + 25N,
and
v [ vt
30 G [ 1ANaC @ ds <AV N e (‘ 2)
t

2e? 1
+ 2 |N6f5|g + 7|N5f6 ga
v v
which yield to

t+1
(3.67) / h(s)ds < c(v)Rj(e), Vt >0,
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and finally,

t+1 t+1
[ veyds= [ 1RPAUG [y ds
¢ ¢
1 ~
<2 [ 1AMy + 1AM p ) ds

¢
We recall also from [23] (formula (3.27)) the following inequality:
d c|2 T1/2 €2 1 €2 C41/2 2 e2
%|M5u \Lz(w)JFV\A Meu |L2(w) < T)\l|Msf |L2(w)+;|Ae Neu® || AcNew® |,
which for all ¢ > 0 gives

t+1
_ 1
V/ | A2 Mou® (5)| 2y ds < [Mou® ()72, + K\Mafﬂzp(w)
t 1
1
+§/ | AV2 N uf 2| A Nowl |2 ds
t
<c(v) [R3(e) + Ry(e)] -

Taking into account (3.39), we conclude
t+1
(3.68) / y(s)ds < o(v) [R3(e) + RAE)], Ve >0,
¢

Using the usual and uniform Gronwall lemmas, we infer from (3.62), (3.64)
and (3.65) that

|Z1/2M5U§D(t)|%2(w) < c(v) [R§(e) + Rj(e)] exp(c(v) K1 In|Inel), Vt>0.

Estimates for M.U: in H'. We write v = A.US in (3.57), where U =
(0,0,U5), and we find:

1d
5 gAY P MLUS 2 4 V| A-MLUS|2 + be(M.Usp, MU, A-M.U;)
+b6 (MEUQEDv MEﬂi? AEMEU{?) + bE(MEHEDv M6U57 AeMeUS)

+ bo(Nou®, Nou®, Ac.M.US) = 0.

(3.70)

Using the L? scalar product and the L? norm on w we rewrite (3.70) as:

1d ~ ~ ~ -
5$|,41/21\4JJ5|§2(W) + V[ AM U |72 () + (M Usp, M.U;, AM.U;)
+b(M U5, Mous, AM.US) + b(M.usp, M.US, AM.U?)

+ bo(Nou®, Nouty A, MU ) Je = 0,
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and then
d A1/2 €|2 A €2
£|A MU |20y + VIAMUG 720
c ~ ~
<~ |M:Usplr2 ()| AMeUszpl 12 () | AV MU |75
C ~ ~.
+ ;|Meﬂ§D|L2(w) |AMEE§D|L2(UJ)|A1/2MEU§|2L2(w)
c

+ ;|MEU25D‘L2(w)|ZMEU26D|L2(w)|21/2Msﬂi|i2(w)
c
+ ;|A;/2Nsu5\§|Astu5|z
We apply again the uniform Gronwall lemma with
c o T
(3.71) 9= 7)\1[|AM6U§D|2L2(W) + |AMEU§D\%2(W)]7
(3.72) h= S| AL N 2 AN

C ~ ~
+ ;|M6U2ED|L2(w)|AM€U2ED|L2(w)|A1/2Msﬂi|i2(u)’
(3.73) y=|AYV2M.US 2 ).

For all ¢ > 0 we have the following estimates:

/tmg(S) ds, /:H y(s)ds < c(v) [Ri(e) + R(e)]
/;H h(s)ds < c(v) [Rj(e) + Ry(e)] exp(c(v)(R3(e) + Rg(€)))
so that, taking into account the fact that M.U(0) = 0,
(3.74) [AVEMU (8)[72( < e(v) [R§(e) + Ri()] exp(e(v)(RG(€) + Ry (e))).
We infer from (3.66) and (3.68) that
|AYVPMLU (1)[72(,) < c(v) [R3(e) + Ro(e)] exp(e(v)(R3(e) + Ro(e))), vt > 0.
Note that for all t > 0

(3.75) |ALVPMU*(t)[3s () = A2 MUS(8) 32,
< c(v)e [Ri(e) + Ro(e)] exp(e(v)(Ri(e) + Ro(e))),
< (v, y)et .

We summarize the previous result in the following Theorem comparing u® to

uc 4+ we.
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THEOREM 3.3. In the fully periodical case, we assume that (3.1) holds so
that uw = u®, the solution to the Navier—Stokes equations (0.1)—(0.3) is defined
and regular for all t > 0, for 0 < € < g1, for some e1. Let W¢ and u® be the
solutions of (3.5) and of the 2D-like Navier—Stokes problem (3.23)—(3.26) (see
also (3.27)—(3.34)). Then for 0 < ¢ < e3 < €1, where €3 depends only on the
data, U® = u® —u® —w*® is small in the following sense:

(3.76) MU ()12 < e(v,y) et 7,
vt _
B0 VU <IN O e (57 ) + ctna)=

for allt >0, some q € (0,1/2) and any v > 0 small.

REMARK 3.1. (i) In section 3.4 we will approximate w® by a function w®,
solution of a problem simpler than (3.5) which does not involve u°. Hence w® will
be “explicit”, and this will make the approximation results above more useful.

(ii) We could also approximate u® by a function @ independent of ¢, solution
of a problem similar to (3.23)—(3.26), where M, f° and M_.u§ are replaced by
their limit as € — 0. The estimates on the rest of the expansion depend then of
the differences between M. f¢ and M.ug and their limit; the details are left to
the reader.

3.4. Comparison between N.w® and w®. Let w® be the unique solution
of the Stokes problem:
—vAw® +Vqg=N.f¢ in Q.,
(3.78) divw® =0 in Q,
w® is periodic in the directions x1, x2 and x3.

We note that w® = N w®. Using (1.5) we easily find the following estimates

for we:

(3.79) |AY 20|, < §|N5f6|67
1

(3.80) [ Aewe < ~Nef7le.

Remark also that if f¢ € H,, then V¢°* = N.f® + vAw® € H;

»» Which implies

V¢& = 0. Consider now the difference
N.W¢® = N.w® — N.w®.
Using the weak formulation (3.52) for N.w®, we find for N.W*

. v 13 + (> EE k) EE ) 1>
3.81 AYVEN_W# |2 4 b.(N.we, N.we, N.W*e
+ bo (NS, Mouf, N-WE) + b (Mouf, Nowe, N.We) = 0,
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and thus
(3.82)  v|AVAN.WE|)? <cie?|AYEN w2 AY2N WS
+20169| ALY 2 Mo || A2 Nwe || AV 2N,

which implies, using (3.3) and (3.8),
(383)  v|AVENWEL < e(w)e?INLf7|2 + e(v)e' IRy () N- 7).

< c(v)e'TIR2(¢).
Taking into account (3.2), this then leads to
(3.84) |AY2N.WE|. < e(v, q,7)et 17,

for any arbitrarily small v > 0. Combining (3.84) with Theorem 3.1 we see that
(3.70) and (3.71) still hold for U® = u® —u® — w®.

COROLLARY 3.4. Under the hypothesis of Theorem 3.3, w® being the solution
of the Stokes problem (3.72), then for 0 < e < e3, U® = u® —u® — w® is small in
the sense of (3.70) and ((3.71).

REMARK 3.2. It is easy to see that w® can be itself approximated by w®:

~

1
= ————qr ifk3=0 W = —5gr if k 0
W I/(k’% n k%)gk I K3 ) W nggk I R3 7é ;

where gj, are the Fourier coefficients of N, f.

4. Complements in the space periodic case

In this section we give some complements concerning the purely periodic
case. We show how the results of [15], [16] and [23] can be improved, namely
that one can obtain, for thin domains, the existence for all time of a smooth
solution for a larger set of initial data ug and volume forces f. These results can
also be used to improve those of Section 3, but this will not be developed here.

We consider the problem (0.1)—(0.3) with periodic boundary conditions. Let
Ry(e) be a positive function satisfying for some ¢ € (0, 1)

(4.1) lim e1R%(e) = 0.
E—

{ R} (e) = g7 (e) R5(e),
R, (e) = g7, (e) R5 (e),
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where
(5¢—1)/6
€
gh(e) = ———,
(4.3) [Ine]
’ 9 gQ(Q+1)/3
gm(e) = W

We assume that the data ug € V7 and f© € H; satisty:

» { |AY? Moug|? + |M. f2[2 < R2,(e),

A Noug 2 + N2 < 22,
and let T7(e) be the maximal time such that
(4.5) |AY 20 ()| < oR3(e), 0<t<T(e).

Here o > 2 is a fixed number which will be chosen later on (see (4.46)). Note
that if 77 (e) < oo, then

(4.6) A2 (T7(2)) 2 = o R ).

Since lim._e?R3(c) = 0, there exists e; = &1(v,¢q) (depending also on the
function Ry) such that

(4.7) elR2(e) < v?/4 for0<e<e;.

In what follows we restrict ourselves to ¢ < e1, and we aim first to derive a
number of a priori estimates.

A priori estimates.

Estimates for Nou®. We multiply (0.1) with A.N.u® and we integrate over
Q.. We estimate the nonlinear terms using Lemma 3.1, then we take into account
(4.5) and (4.7) to obtain for 0 <e <e1, 0 <t <T(¢)

[ Nef°12

d v
(4.8) g\ AN o AN <

and since by the Cauchy—Schwarz inequality
|AY2Nuf)? < 2| ANl |2,
we deduce from (4.8) that

d Ne €2
(49) 3 AN 4 AN < e
Thus by the Gronwall lemma

vt 2e2
(410) AN < AN o (- ) + 2N
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for 0 < e <ey, 0<t<T7(e). Taking into account (4.4), we deduce

. vt 2¢?

(1) v < B fow (- 25) + 55
We also infer from (4.8) that

t N €

¢ [ 1A as < 4y Nz + L
so that
t

(4.12) /0 |A.Nouf(s)|? ds < c(v)R2(e) (1 + 1),

for0<e<er, 0<t<T(e).

Estimates for Mcu®. We first multiply (0.1) with M.u® and we integrate
over Q.. A simple computation taking into account (4.5) and (4.7) yields:
d M. f¢ 2
(4.13) Dt 2+ o) AV a2 < IS | 8 ey e
dt VA1 v
for 0 < e < g1, 0 <t < Te), where A is the first eigenvalue of the two-
dimensional Stokes operator defined on w. Then (4.13) implies

t £ t
(4.14) V/ |AY2 M s (s))? ds < | Ef 1Pe) ey 22 |AY2 N uf (s)[* ds,
0 0

v

for0<e<er, 0<t<T(e).
Using (4.11), (4.2) and (4.7) we estimate

t
E/ |A;/2N5u5(3)‘3d8 < g[ sup |A1/2Nu (/ |A1/2N u ( )|2d8)
v-Jo V Co<s<t
" vt 2¢ 2e 2¢2
< cwerie) e 1) + 5 | [+ B

< (W)’ Ry (e)(1+ 1) = c(v)e’ gy (e) Ry () (1 +1)
< e(v)e’ g, () Ri(e) (1 + 1),

so that we deduce from (4.14)

(4.15) AW&”Mw%@&wsdmhm;@u+w
+ (V)G ()R (E) (L + 1)

= (v, M)gn ()R (e) {1 L2 (E)

207 0+
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for 0 <e<e1,0<t<T9(). Weset ujp = (uf, us,0). We multiply (0.1) with
A M.us, and integrate over 2. to obtain:

1d
(4.16) ialA;/zMeugDE + be(Mousp, Mousp, A Meusp) + V|A6M6UED‘§
+ b (Nou®, Nouty AcMousp) = (Mo f€, AcMousp)e.

Note that
be (Mot p, Mot y, AcMousy) = e b(Mousy,, MouSy,, AMuS,) = 0,

due to a well-known orthognality property in the periodic boundary conditions
case; therefore (4.16) becomes

d c|M. f¢|?
(117) SIAY2Mouspf? + vl A Mg 2 < T

14

ce R -
+ 7‘A;/2Neu |§ |AcNeu |§
for 0 <e <ep, 0<t<T(e). Hence, with the Gronwall lemma we have:

(418) A2 Meusp(t)[2 < |AY® Meusp(0)]2 exp(—vAst)
t 2
ce c| M. fe|2
+ S8 [ 1A N 0) AN o) s+ S
for0<e<e, 0<t<T(e).
Using (4.11), (4.12), (4.2) and (4.7) we estimate

t
ce
AN () AN (52 ds
0

§C€[Sup|A/Nu }{/MNu s)|? ds

Vo lo<s<t
<c(W)eRy(e)(1+1) = c(v) e gu Ry (e)(1 +1)
< (V) g, () Ri(e) (1 + 1).

We deduce from (4.18), (4.2) and the previous estimate that

(4.19) A2 Mg (1)[2 < e(v, M)R2,(e) + c(v) €'~ gh(e) Ry (e)(1+ 1)
el” qgn( )

W CH
for 0 <e<ey, 0<t<T7(e). Now we set v° = (0,0, M.u§). We multiply (0.1)
with A. M v and we integrate over ). to obtain

=c(r,\)g% () [14+ —2222(1 + 1) R(z)(s),

(4.20) 2dt|A1/2 V|2 4+ v A + b (Mous p, v°, Acv®)
+ be(Neu®, Neu®, Acv®) = (M f5, Acv®).
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Note that
(4.21)  [be(Mou5p, v°, Acv®)| < e | Mot p| o )| V07| o) | A0° | 2 (w)
< SUAE o+ ML pf? | AV M p 2 | A7)
and
(4.22) |be (Nou®, Nou®, Acv®)| < v|Avf)? /8 4 ce| AV 2N uf|?| AcNouf | v
Hence (4.20)—(4.22) for 0 < e < ey, 0 <t <T7(e) give

M £
(4.23) %|A;/2vf\§ + v|Av®|Z < C|+f3

|§ EE A}/ZAZ €12 1A N.ut|?
+ v | € el |5| elVel |g
&
+ g Meu 2 | AP Mo |2 | AP0 2,
and Gronwall’s lemma for 0 < ¢ < €1, 0 <t< TU(E). ylelds

C|Maf§|§
V2)\1

+ el swp (4 Naf @) ([ ANt )

0<s<t
c(v)

t
S s Ao ([ 1A ) as ),
0<s<t 0

(4.24) |A;/2v8(t)|§ < |A;/2v€(0)\§ exp(—vAit) +

We use (4.11), (4.12),(4.19) and (4.15) in (4.24) and we obtain

WA g e)

|ALY20% ()2 < (v, \)R2,(e) + c(v) e R (e) (1 + t) +
1—q 4 2 3—q 4
. [1 45 IE) gﬁ’égd 1+ t)Q} {1 + & e gglg(’;;g)}z%g(e)u +1).

We use (4.7) and we obtain

(4.25) AV (1) < e(r, m{gfn(e) +elTagh(e) (14 1) +e7272g0 (¢)
[, et agl(e) 17T, ¥ igi(e) )
[” 2.0 (1”)} [” 2. }(1“)}%@

for0<e<e, 0<t<T(e).
Now we take into account the expressions of g, and g, given by (4.3) and
we rewrite (4.19) and (4.25) as

2(q+1)/3 14¢
(126) A2 Moy ()2 < v A [ -

[Ine|

3o

|Ine|
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(1 ey 0
s 82 oo

for0<e<e, 0<t<Te) and

2(q+1 )/3

(4.27) | AL 205 ()% < c(v, A1) 1+

" Ine|

)R%(a)

| Ingl? [Inel
< (v \) TT;/?’ 1t |11:;)R§ @)
el h) [(|1lr—1|—z-:ﬁ)53 |11r—fz-:t21 (|11n—|—5|t3)]R3( )
for 0 <e <eq, 0<t<T(e). At this stage we are able to prove that
(4.28) lim &)

e—0 ‘ln€|1/2
If this were not true, we would have (T7(g) < o0):
(4.29) (1422 New® 2 + | A2 Meusp |2 + [AL20°2) (T7(e)) = o RG (o),

so that, using (4.11), (4.26) and (4.27) we obtain

€(5q_1)/6 EQ(Q+1)/3 1 +TU(E)
4.30 < - A
(4.30) o <ev) |Inel +elv, ) [Inel [ [Inel ]
(1+7T7(e))®  (Q+T7(e))?  14+T7()
A ;
el h) [Inel® [Inel* [Inel?

Since the right-hand side of the inequality (4.30) goes to zero as e goes to zero,
we find o = 0, a contradiction. Hence we have proved (4.28).

Now we will prove that T7(¢) = co. We use the same notation as in (3.1),
namely we set

ap(e) = |A;/2Mau8\8, bo(e) = |A;/2N5u8|8,

a(e) = [Mcf7e, Ble) = INf7le,
We also consider:
(4.31) K2 =AY Moug2 + 2+ B2,
where
(4.32) B2 = |AY2N.ug)? + |N.f°|?

Note that B, and K. are both bounded by ¢ Ry and therefore due to (4.1),

(4.33) lim elB2 = lim elK2 = 0.
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We choose g4 = £4(v, A1, q) > 0 satisfying the following conditions, where ¢y (V)
is defined below in (4.37)

(i) 0<es<1

(i) c10(v)e1B2 < 1/32, e'79(1 + |Ing|Y/?) <2 for 0 < e < &y,

(4.34) (i) 2e2/v? <1/8,exp (—v|Ine|'/?/2e2) < 1/4,
exp(—vA1|Ing|Y/?) <1/8 for 0 < e < &y,

(iv) T7(¢)/|Ing|'/?2 >4 for 0 < e < ey

The existence of &4 is obvious, since the left-hand side of the inequalities (ii) and
(iii) go to zero as € goes to zero; and by (4.28) the left-hand side of (iv) goes to
infinity as € goes to zero.

Using (4.8), (4.10), (4.34) and |AY*N¢| < £|ALN?|, we easily find

t
(4.35) / |AL 2N uf (5)[2 | Ac Nouf (s)]. ds < Zmax(L 1/v3)B2(1 4 t)
0

for 0 <t <T7(g). Hence

4.36 AN ()2 < B vt L2 g

(4.36) [Ae"Neus (8] < b5(e) exp T 92 +ﬁﬁ (€)

and for a suitable constant ¢(v) which we denote ¢19(v) and for 0 < ¢ < T7(¢)

2

(137) |AY2MuE (02 < ad(e) exp(—vAa) + M2 + o (W)eBL(L +1),
VoAl

We set

(4.38) te = |Inel*? for 0 < e < ey.

Observe that by (4.34)(iv), t. < T7(e)/4. According to (4.36) and (4.37), we
have

t 2e?
AL N ()2 < (<) exp ( -5 ) + )
e v
9 v|Ing|l/? 1 5
< bi(e) exp ( ~ T o gﬁ (¢)
1 1 1
< zb%(ff) + gﬁz( ) < EBE’
and
2a%(e _
| AL Mouf ()2 < ag(e) exp(—vAate) + y2)(\1) +c10(v)(e?B2)et (1 + ) B2

2a%(e) el
. _l’_
1/2)\1 32

1/ 4 1602 (e) 1 5 1,
§8<a0(5)+ Ny + =B < -KZ.

< a2(e) exp(—vA; | Ine|/?) + (1+|Ine|'/?)B?
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Hence, adding the last two relations,

(4.39) |AY205(t,)|? < B2/A+ K2 /4 < K2)2.
We claim that for any n > 1
nte < T7(e)
(4.40) and

|AY?N.(nt.)|2 < B2/4, |AY*M.(nt.)|? < K2/A4.

We have shown that the claim holds for n = 1. Suppose now that the claim
holds for some n. We want to prove the induction step. For nt. <t < T7(g) we
obtain the following estimates

v(t — nt 262
AV N2 (D2 < |AY2Nou ()2 exp ( - ()) i

2e2

and using the induction hypothesis we find

1 v(t —nt 2e?
(4.41) |AY2Nuf ()| < ~BZexp | — (72) + =5 5%(e)
4 2¢e v
1 5 v(t —nte) 1
< 4B€€Xp(—2€2 +gﬁ (5)

Similarly, we have

\A;/QMEus(t)@ < |A§/2Mau5(nt5)\g exp(—vA1(t —nt.)) + 2a2(5)/u2/\1
+ ero(V)el| AV New (nte) |2 + | Mc £ 22 (1 + (t — nte))

for nt. <t < T9(e) and using the induction hypothesis we obtain

2
(442 JAVRMAE(D) < 2K exp(—va(t - nt)) + 2 L)
4 VQ)\1
[JONE
+ecio(v) e ZBS +5%(e)| (1+ (t—nt.))
1 202 (g)
<ZK? - _
< 4K€ exp(—vA1(t — nte)) + N

2
Fenwe(3) B+ (0 ne)
= iKEQ exp(—vA;(t — nt.)) + ——=

2
+ e10(v) (1 B2) (i) B2191 4 (t — nt.)]

202 (e)
1/2)\1

K2 exp(—vA(t —nt.)) +

L1 <Z) 2B€251_q[1 + (¢ = nte)).
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Now, if nt. <t < (n+ 1)t., we obtain from (4.41) and (4.42)

1 1
(4.43) A2 N (82 < B2 + g(e) < g3B2

O | =

1 202 (¢)
) A < ey 200

1(5\* 1—q 1/2
+3—2 — ) BZe 711+ |Ine|/?)

4
<tz e 2 (3) ome < Jarc
Hence
(4.45) |A 24 (8)|> < 3B?/8 + 3K2/8 < K2 for nt. <t < (n+ 1)t.
and if
(4.46) o > max(1,16/v2)\;),
we obtain
(4.47) |AY 20 (1) < oR%(e)  for nt. <t < (n+1)t..

In addition, taking ¢ = (n + 1)t. in (4.45) and (4.46), we obtain

1 t 1
|A;/2N€u5((n + 1)t.) g < ,B? exp < — 12/€Z> 4 gﬁz(&‘)

1 1 1
<—B?+ -p3%*(@) < -B?
— ].6 I + 85 (E) — 4 g

1 2@2 3
AV M (4 D1 < R exp(—vhuts) + 25

1 5 2 2_1—q
+33 1 BEE (1+ta)

2 2
<lpz 206, 1(5> B2

=327° 7 12\ 16\4) °
1 1 1
§§K§+ BngKf.

This proves the claim for n + 1 and proves that T7(e) > nt. for all n provided
(4.46) is satisfied. Hence T7(e) = oo for 0 < € < g4. We can state the following
result

THEOREM 4.1. There exists €4 = e4(v,q,0) such that if ug, f are given,
ug € V5, f € Hy, uo, f satisfying (4.1)~(4.4), and 0 < € < &4, then the strong
solution u of (0.1)—(0.3) with periodic boundary conditions exists for all times,
i.e. forallT >0

u® € C([0,00), V) N L*(0,T; D(AL)).
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