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Abstract. It is known that when the Ginzburg-Landau parameter « = 1/4/2 the one-
dimensional Ginzburg-Landau equations exhibit self-duality and may be reduced into a
pair of first-order ODE. The present asymptotic analysis initially focuses on infinite
samples of superconductors for which |x —1/v/2| < 1. It is shown that when the value of
the applied magnetic field at infinity lies between & and 1/v/2 a superconducting solution
exists. It is later shown, for arbitrary values of &, that no solution, other than the normal
state, can exist for applied magnetic field values that lie outside the above interval.

1. Introduction. Solutions for the one-dimensional Ginzburg-Landau equations,
which model superconductivity, have been discussed mostly from the point of view of
linear bifurcation theory. Millman and Keller [12] provided the framework for obtaining
the applied magnetic field for which the bifurcation from the normal state occurs. As
an example, they have discussed the one-dimensional case on a finite interval. Chapman
[5] provided several other examples, among them the one-dimensional case on an infinite
sample.

We shall subsequently refer to superconducting materials for which the Ginzburg-
Landau parameter x < 1/v/2 as type I superconductors and to those superconductors
for which x > 1/v/2 as type II. Chapman [5] demonstrated for the above-mentioned
example that when the applied magnetic field h is equal to k a superconducting branch
bifurcates from the normal state solution. This superconducting solution, for the lin-
earized Ginzburg-Landau equations, can exist only for h < & (h > &) for type II (type
I) superconductors. Chapman also showed, in a follow-up contribution [6], that the su-
perconducting solution is stable (unstable) for type I (type II) superconductors, demon-
strating that the value of what has been termed the upper critical field (at which the
solution ceases to be normal when the applied magnetic field is gradually decreased) is
exactly k.

Linear bifurcation theory is an effective tool, when seeking the value of the parameter
at which bifurcation occurs and the solutions themselves near the bifurcation. It cannot,
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however, predict highly nonlinear effects. For instance, we cannot be sure that no solution
other than the normal one exists when the applied field is larger than the upper critical
field (for type II superconductors). Furthermore, there is no guarantee that any solution,
other than the normal state, would still exist, if we decrease the applied magnetic field
further to values that are not close to the upper critical field.

In order to properly address the questions above, which all involve nonlinear effects, it
is necessary to discuss solutions of the nonlinear Ginzburg-Landau equations (in contrast
to linear bifurcation theory which investigates solutions of the linearized system). Such
a family of solutions can be obtained when the Ginzburg-Landau equations exhibit what
has been termed self-duality [1], [2]. These solutions can be obtained, however, only for
a specific value of «, the Ginzburg-Landau parameter (i.e., K = 1/v/2). In the present
work we look first at superconductors with « close to 1/ V2. We shall be able to obtain in
this way the range of applied magnetic field values for which superconducting solutions
exist. Motivated by the results of this asymptotic analysis, we shall be able to prove a
nonexistence theorem valid for arbitrary values of .

Consider a superconducting material given in an infinite domain. The magnetic field
H is taken to be directed along the z axis and the magnetic vector potential A to be
directed along the y axis. We assume that all functions depend solely on x, hence,
Hy = %2, or simply, H = %’% = AL. (Since A, is the only nonzero component of A
we shall subsequently denote it by A.) The Ginzburg-Landau equations may then be
written in their one-dimensional form [5]:

f—z =3 — o + A%y, (1.1a)
A" =42 A, (1.1b)

where 1) is the superconducting order parameter (the gauge has been chosen so that ¥
would be real). The boundary conditions satisfied by 3 and A are
P —0 as |z| — oo, (1.1c)
A" —h as |r|— oo, (1.1d)

where h is the applied magnetic field at infinity. Note that at least one solution for (1.1)
always exists, namely

Pv=0;, A=hx+c (1.2a,b)

We shall refer to (1.2) as the normal solution. Any other solution of (1.1) would be called
a superconducting solution. We shall be interested only in solutions for which v > 0.

When k = 1/v/2 (1.1) exhibit what has been termed self-duality, so that for h = 1/v/2,
solutions of (1.1) are also solutions of the following pair of first-order ODEs:

V2A =1 — 2, (1.3a)
V2 = —pA. (1.3b)
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[There may be, of course, different solutions for (1.1).] A family of solutions can be found
for (1.3)

e —d(y?)
o /w?<o> V22 (2 — ¢ — logh?)1/2 (14)

where ¢ may be any number greater than 1. Chapman [5] plots ¥ and A’ versus z for
various values of c. It is easy to show that the value of 1?(0) increases as ¢ — 1. For
¢ = 1 (1.4) does not satisfy anymore (1.1c) and (1.1d) but instead satisfies different
boundary conditions for x — oo and x — —o00, i.e., while the boundary condition at
Z — oo remains unaltered, we must have v =1, A =0as z — —o0.

In the next section we provide an asymptotic approximation for superconducting so-
lutions of (1.1) for 0 < |k — 1/v/2| < 1. Motivated by the results of Sec. 2 we prove in
Sec. 3 that superconducting solutions of (1.1) cannot exist when the applied magnetic
field A does not lie between « and 1/ V2. In the last section we examine the significance
of our results to time-dependent analyses.

2. Asymptotic solutions near self-duality. We first define a new parameter
1

€=3- 2 (2.1)
and rewrite (1.1) in the form
2+ )" =9° — ¢+ pA®, (2.2a)
A" = %A, (2.2b)
P _mTo: 0, (2.2¢)
Al—— h= 1 + hie. (2.2d)
|00 V2

Our goal is to approximate the solution of the above problem for € < 1. Since for e =0
the solution is known [and is given by (1.4)] we introduce the expansion

P = Py + ey + %Yo + O(e?), (2.3a)
A Ag+eA + €2A2 + 0(83). {2.3b)

As was pointed out in the preceding section, we have a family of solutions for the case
e = 0. We expect, however, in view of the results of linear bifurcation theory [5], to have
a unique superconducting solution for € # 0. Thus, we expect that the O(e) balance
would be solvable only for a specific ¥, or equivalently, in view of (1.4), for a specific
value of ¢. The O(e) balance

297 = (3¢5 — 14 AQ)¥1 + 2 Ao AL — 4, (2.4a)
V= V3 A1 + 200 Aot (2.4b)

' —— 0, 2.4c
Vo (2:4c)
A ——h (2.4d)

€| —oc
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is a fourth-order linear system with nonconstant coefficients. In order to solve (2.4) we
introduce the following pair of functions:

fea- —;—5(1—%, (2.50)
g=V2Y' +pA. (2.5b)

Using the above definitions we can rewrite (2.2a) and (2.2b) in the alternative form
V2g' — V2f¢ — Ag = —ey”, (2.6a)
' —vg=0. (2.6b)

Upon expanding f and g into power series of ¢,

f=fotefi+eifa +0(%), (2.7a)
f=g0+eq +eg:+ O (2.7b)

and noticing that, as a result of (1.3), fo and ¢go must identically vanish, we obtain the
following fourth-order system which is equivalent to (2.4):

AL+ Vo = fi, (2.8a)
VUi + 1 4o + oA = g1, (2.8b)
V2g) — V2fi — Aogr = —¥y5, (2.8¢)
fi = tog1 = 0. (2.8d)

In view of (2.8a) and the asymptotic behavior for large = of ¢ [utilizing (1.4) it is easy
to show that ¥y ~ 0(6—12/ 4)], f1 must satisfy the following boundary value problem:

1

U —vih = ﬁﬂ)o%/, (2.9a)
f1 " hi. (2.9b)
Integrating the product of (2.9a) with Ay between = and oo (x > 0) we obtain
fi )I Lo h
EAT Y S Sy 2.10
(4) =%~ 70 (210)

Hence, for x > 0, f; is expressible in the form

f L4 /OCWd PLLYI B (2.11)
= —— X —— 2o . N
T, TR L A
For x < 0 we simply have fi(z) = fi{—x).

Clearly, f) is continuous at x = 0. However, to be a valid solution of (2.9) f{ needs
to be continuous at « = 0 as well. Equivalently, since f; is even, we may require f; = 0.

This requirement leads to the following solvability condition:

V2 v

hy = Jo L0
Y,
4T i de

(2.12)

The right-hand side of (2.12) is a function of ¢, or alternatively of 1,(0) = 1. As will be
subsequently demonstrated [cf. (2.22)], if (2.12) holds, solutions for (2.4) can be found.
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Hence, (2.12) serves as both a necessary and sufficient condition for the solvability of

(2.4).
When ¥ < 1 the approximations
do = P+ O(F), (2.13a)
1 _
Ay & 7 + O(¥) (2.13b)
may be substituted into (2.12) to obtain
1 .
hy = ——— + O®F). (2.14)

Since by (2.1) k = -\}—5 — 44/2¢ + O(€?), it follows that

h=k+ O(EQ,sz)

which is in accordance with the results of linear bifurcation theory [5].
By (1.3a) and (1.4) A)(x, ) is a decreasing function of 9. Therefore, h; must be an
increasing function of ). We conclude that a solution to (2.4) can exist only when

1
——— < h; <0.

4V2

For type I (type II) superconductors we may express the above condition in the alter-
native form & < h < 1/v/2 (1/v/2 < h < ). While the lower bound for h, is expected in
view of linear bifurcation theory results 5], the upper bound cannot be detected by any
linear theory since it involves highly nonlinear effects. It is, however, intuitively expected
since for h = 1/4/2 the free energies of the superconducting state and the normal state
are equal.

Figure 1 displays the dependence of 1 on —4v/2h, according to (2.12). It can be seen
that as h; — —ﬁ, 1 — 0 and that as h; — 0, ¥ — 1. A monotonic dependence of ¥
on hj is observed.

Once the derivation of the relation (2.12) between the applied magnetic field and the
leading-order solution is complete, the energy of the solutions may be approximated.
The Ginzburg-Landau equations (1.1) are the Euler-Lagrange equations associated with
the energy functional

E= /oc [fQ +g*+ (V2 -2n)A + <h2 - %) + 5(111’)2] dx (2.15)

reflecting the difference between the energy of (4, A) and the normal state (1.2). For
the critical case x = 1/v/2, h = 1/+/2 the energy vanishes identically. For nearly critical
cases it is of O(g).

Introducing the expansion

E=¢E, + 0(e?) (2.16)
together with (2.3) and (2.7) we obtain
Bi= [ Vet + @) ar (217)
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FIG. 1. Variation of 1, the maximal superconducting order parame-
ter, with —4+/2h1, representing the applied magnetic field

Integration by parts then yields
e 1 .
E = / [x/ihlw% + 79601 - ¥5)| da.
—oc
We shall first demonstrate that E; > 0 independently of h;’s value. Define

= [ Wy

Then,
1 I S 1 L
4f_ococ1/’(21(1_¢(2))_2d$ 4300 I

and hence by (2.18), we obtain

V2h, =

Ziozl(ll-[n-f-l - IQIn)

4F; >
YoneiIn

(2.18)
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Application of Hélder’s inequality (with p =n/{(n — 1),¢ = n) yields

L/ = l/m
L<n™ LY L<Lih'm

Hence, I>I, < I 11,1 from which positivity of E; follows.

Recalling that ¢ is positive for type I superconductors and negative for type II, and
that the energy of the normal state vanishes, we conclude that (g, Ag) can serve as
a global minimizer for £ only for type II superconductors. This is, however, a highly
expected result since, in general, superconducting solutions were found to be stable only
when k > 1/v/2 [6].

Dorsey [9] approximated the energy of the solution for the asymptotic problem, when
¥ — 1land A — 0 as x — —o00, near self-duality. The energy of such a solution
has been termed “the surface tension” since it presents the surface energy of a nor-
mal/superconducting interface. We shall now demonstrate the relation between E; and
Dorsey’s [9] approximation.

We first derive an upper bound for 5. Observing that 4g > AL(0)x for z > 0 we
substitute in (1.3b) to derive the following crude estimate:

i < exp {10 - w01 |

from which we find
o 1 2n 7Y?
Y2dr < = [7] ) 2.19
f e <5 | (219)
Next, it is easy to show that on some finite interval 0 < x < [, for sufficiently small
values of 1 — 4(0), we have
v o, K
(1—v§)? = [1—45§(0))2
where K is independent of 14(0). Hence,
© Kl
dx > . 2.20
| T or (220)
Combining (2.12), (2.17), (2.19), and (2.20) we then have
Jim B, = / (¥p)? dz. (2.21)

— 0

Comparison with [9] reveals that Ee tends, as h; — 0, to be twice the approximated
value, near self-duality, of the surface tension. The numerical calculation in [9] then finds

lim E; = 0.388.
h1—>0

We conclude this section by obtaining the next order term, demonstrating that our
asymptotic scheme works for higher-order terms as well. To this end we first obtain the

general solution of (2.4)
Al _ A{)] |:’UA6] [Alp}
Lﬁl] = [% +Cy Yin + ol (2.22)
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The first term on the right-hand side appears very often when applying perturbation
expansions (cf. [11]). The functions v and ¥, appearing in the second term are defined
as follows:

v= " vg dr (2.23a)
o (Ap)?
Yip = — [ Yo _ vw()] . (2.23b)
V24

The last term on the right-hand side of (2.22) is a particular solution of (2.4) and is
expressible in the form

Arp = (u1 + ugv) Ay, (2.24a)
1
Yip = —=—(f1 — 47,) (2.24b)
P V2 ”
in which
x I3
U = — \/§A();4()fl dl‘, (2.24C)
0 25

¥ \/51114(;46](1 dr.

0 9

up = (2.24d)

In the same manner in which we have obtained (2.9) we obtain the following boundary
value problem for f:

s —vgfe = (ig1) + %1/)0[\@/‘11/11 + Avg1 — ¥, (2.25a)
fa [T’ 0. (2.25b)

Note that, unlike fi, fo is not necessarily even. We therefore obtain two solvability
conditions: The first one ensures continuity of fy at x =0,

/ [Ao(¥191) — h(VEfithr + Argy — 9] de = 0, (2.26)

and the second condition guarantees the continuity of f} at x = 0,

oC 2 o
/0 (Z),O)Q {/ [Ao(¥191) — ¥ (V211 + Argr — w’{)]od:c”} dx’
0 z’

(2.27)

<1 ’ L o r_
+/0 A_f) [(?/)191) + \/51/1()(\/§f11/)1+14191 (2 )L dx’ =0,

wherein
[ule(z) = lu(z) + u(-2)],
[ule(z) = $[u(x) — u(—x)]

are, respectively, the even and the odd part of the function w.
Substituting (2.22) into (2.26) we note that the contribution of the second and the
third terms on the right-hand side of (2.22), which are both even, to the left-hand side



ONE-DIMENSIONAL GINZBURG-LANDAU EQUATIONS 363

of (2.26) vanishes. We are therefore left with the condition

G / [Ao(Whg1)" — wh(V2f1h + Abg — 1/)((]3))] dz = 0.

jade @]
It is not difficult to show that the above condition is satisfied for arbitrary C;. By
invoking symmetry conditions once again, it is readily seen that (2.27) is satisfied for
arbitrary C) as well. Hence, 1 remains undetermined. This indeterminacy is highly
expected in view of the translational invariance of (2.2), i.e., if ¥(z) is a solution then so
is ¥(x + C1¢) for any C; and since

P(z + Cre) 2 p(z) + Crey’ () + O(€?),

C: must be arbitrary.

3. Nonexistence of solutions. In the preceding section we have demonstrated for
type I (type II) superconductors that superconducting solutions may exist only for k <
h < 1/v/2 (1/v2 < h < k). However, this result was derived only for x values such that
|k —1/v/2] < 1. In the following we wish to demonstrate that the validity of this result
may be extended to arbitrary values of k. More explicitly, our goal would be to prove
the following claim.

THEOREM 1. Suppose that & < 1/v/2 (k > 1/+/2) and either
a. h>1/v2(0<h<1/v2)

or
b. 0 < h <k (h> k).

Then no solution of (1.1), for which 0 < ¥ for all z, can exist.

The case h = 0 has been excluded, since ¥ =1, A = 0 is then a solution.
Our first step would be to state the following lemma [8].

LEMMA 1. Any solution of (1.1) has the following properties:
a. A" > 0 Vz,
b. —1< ¢ <1V
c. Suppose that for some z¢ we have: ¥(xo) > 0, ¥’'(z¢) < 0. Then,

W) >0 V> = 9P'(z)<0 Vz>zx0.
d. ¥ < e~%= for some positive K, and hence A’ ~ h + O(e_KIQ) as |z| — oo.

Note that the arguments invoked by Chapman et al. [8] to show that i must be
positive are not valid in our case because the boundary conditions at —oo in the problem
they study are different than ours. Furthermore, ¥ is not necessarily positive in our
case. The results of linear bifurcation theory [5] clearly indicate that solutions, for which
1 < 0 on some subsets of the real line, must exist. However, since solutions for which
%) is negative are not of any practical interest (and since they were found unstable by
linear stability analysis [6]), we shall confine the discussion to the “physical” solutions
for which v is nonnegative.

Our next step would be to prove the following symmetry property.
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LEMMA 2. Any solution of (1.1) for which ¢ > 0 Vz is symmetric, i.e., ¥'(0) = 0 &
A(0) = 0.

Note that the choice x = 0 is arbitrary in view of the translational invariance of (1.1).

Proof. Suppose for a contradiction that there exists a solution (1, A;) of (1.1) for
which A4;(0) = 0,47(0) < 0. Then, the pair (¢, A2) defined by ¥:(z) = ¥ (-x),
As(z) = —A;(—1x) is also a solution of (1.1) for which ¥ > 0.

Following [8] we define

u= (A% R= A2

and use the Hamiltonian relation

(¥')?

K2

+(A) = fut g - AR = B2 (3.1)

together with the identities

du
2—__
Y =B
Ru ( d>u\’
(¢/)2:Tj_g‘<aﬁ> for R>0

to obtain the equation
E d?_u 2.+_d_u—l 1 d_u Q_EQ.L__FRQ_'_}LQ ﬁ
k2 \ dR? dR ~ u |2 \dR dR ~dR dR’
Define u; = (A})2,u2 = (45)% hence, ¥} = 24 y2 = 22 Obviously u(0) = u2(0),

3—%(0) = 2%2(0), and u;(c0) = uz(c0). However, since 3} (0) < 0 and 5(0) > 0, u; and
uo satisfy initially different equations. Explicitly, u; satisfies the equation

1/2 g2 2 v
R dulz_{dul (1 ll (dm) _dw | pdur o _1>} (3.2)

k dR? dR \u; |2 \dR
1/2
—1)} . (3.3)

While (3.2) is valid for any positive value of R, (3.3) remains valid as long as 5 > 0. In

2
view of Lemma 1d, at some Ry > 0 we must have ¢%2 = 0. Setting ® = uy — uy, for
dR g

0 < R < Ry we have % > 0; hence, since $(0) = % = 0 both ®(Ry) and %(Ro) must
be positive.

Following [8] once again, we write the equation for ®, for R > Ry, in the following
form:

R(d2u1 dng)d% a® 1 [1(%)2 duy  dusy dug

2\ae tar e T R tew 15\ ) T ar TRaR T2 @R

whereas u, satisfies

RY2d2uy  [dup [ 1 |1 [dug\® duy duy
b =2 |2 22) = “Z 4 h
x dR? {dR ” 2<dR) TRIRT
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The precise form of the coefficient (---) is irrelevant here, since, recalling that

Py, dPu

d—R2+dR2 <0 for R>0,
11 fdus\? dus _dus dus R [(dPup\®  dus
o=y 22 habe 2 bt S A (ol =2
™ [Q(dR) R PPt = \ar ) Tar 70

we see that ® cannot have a positive maximum for R > Rg, which clearly contradicts
®(c0) = 0.

It is now clear that A(0) = 0 = ¢’ = 0. Suppose now that ¥’ = 0 but A(0) < 0. By
Lemma, 1a, at some xg, A must vanish. By Lemma lc, ¥/’ (zy) must be negative, which is
impossible as we have just proved. If A(0) > 0 and ¥’ = 0 we apply the transformation

Y(x) = Y(-z); A(z) > —A(-7)
and proceed as before. O
It is interesting to note here that when studying (1.1) on a finite interval, nonsymmetric
solutions can exist [3], [4] though the problem is symmetric. The arguments applied in
the proof of Lemma 2 are not valid on finite intervals since the problem is not translation
invariant there.
Lemma 2 allows us to prove the following result.

LEMMA 3. Consider the function

I
Y g
K
For type I (type II) superconductors, G must be nonpositive (nonnegative) Vz > 0.

G:

Proof. Tt is easy to show that G satisfies the relation
! !
G" — [KA + %} G - [2»;21/;2 - KAE + kA G =(1-2:H) A

Obviously for type I superconductors, G cannot have a positive maximum, whereas for
type I it cannot have a negative minimum. The lemma is now proved since by Lemma
2, G(0) = 0 and by Lemma 1d, G(o0) = 0. O

An immediate consequence of Lemma 2 is that when x = 1/v/2, G must identically
vanish. Hence every solution of (1.1) must be a solution of (1.3).

Proof of Theorem 1. We shall consider only type I superconductors. The proof for
type II superconductors is almost identical. We first prove part (a) of the theorem.

Suppose for a contradiction that although A > 1/1/2, a solution (3, A) exists for (1.1).
Following (7] we define the function

F=y?-1++24"
By Lemma 1 we have
G’ > k(VF + AG). (3.4)

The Hamiltonian relation (3.1) may be represented in terms of the functions ¥ and G in
the form

F(ng—l—ﬁA')—ZG(}i—z/}A)=—2<h2—%>.
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Since G(0) = 0,¢ < 1, and A’ > 0 we must have F(0) > 0, and hence, by (3.4), G'(0) > 0,
which clearly contradicts Lemma 3.

We now prove part (b) by invoking informal arguments. We first note that by Lemma
1d, when =z — o0, 7 is approximately, up to an exponentially small error, a solution of

" — k*(hx + a)® — 1]y =0 (3.5)

in which a = lim,_ (A — hz). We seek an asymptotic approximation for the solution
of (3.5) as £ — oo. To this end we set the WKB expansion [13]

Y =exp{w; +wos +wz+---} (3.6)

wherein w,, ~ o(w,—1). Substitution into (3.5) yields

h—
wy = %Kh.’L‘Q, Wy = —KAT, W3 = — i r log x,
from which we obtain
h—k
G=|- O(z™? .
(-2 o) v
Obviously h must be greater than «, otherwise Lemma 3 is violated once again. |

We note that in both cases, for h > 1/v/2 and for h < & (for type I), Lemma 3 is
violated. However, in the first case the negativity of G is violated near x = 0, whereas
in the latter one it is violated as x — oo.

4. Concluding remarks. In the following we comment on the significance of the
previous results to time-dependent analysis.

The linear stability of the solutions to (1.1) has been studied by Chapman [6] in the
case ¥ < 1. His results clearly show that superconducting solutions are stable for type
IT superconductors and unstable for type I. Expecting that these results would be still
valid for solutions for which 1 is not necessarily small, it seems plausible that for type
I superconductors, the solutions obtained in Sec. 2 are not of any practical importance
since they are unstable. On the other hand, we expect to have stable solutions for
type II superconductors when 1/v/2 < h < k. Our energy calculations support this
assumption: the superconducting solutions were found to have lower (higher) energy
than the normal state for type II (type I) superconductors. The results of Sec. 3 clearly
show that such “mixed state” solutions do not exist when either h < 1/ V2 or h > k.
Linear stability analysis [6] shows that for h > & the normal solution (1.2) is stable;
however, for 0 < h < 1/4/2 no stable solution of (1.1) exists. In the latter case, the
long-time solution of the time-dependent Ginzburg-Landau equation cannot be steady.

If we look at the leading-order solution of (2.2), vy we see that as h; — 0,9 —
1. Looking at Chapman’s [5] plots of v we see that as ¥ becomes closer to 1 the
domain in which 1y is very close to 1 becomes larger. This domain constitutes a purely
superconducting region around x = 0. In addition, two transition layers and two normal
regions, as x — oo, exist. The solution inside the purely superconducting region is
(almost) ¢ = 1, A = 0. In the normal region it is approximately (1.2) and the transitions
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layer, formed around = = tx(hy) (at which ¥ = 1/2 say), approximately satisfies the
following boundary conditions:

Yv—1, A—>0 as sign(zg)r — zg — —00,
Y -1, A - % as  sign(zg)r — xg — o0.

The qualitative features of the solution of (1.1a) and (1.1b) together with the above
boundary conditions, have been thoroughly discussed in [8]. For type II superconductors
when h > 1/v/2 we expect that the transition layers would save as wavefronts propagating
towards +oo. The velocity of propagation should be determined by the free-boundary
model obtained by Chapman [7].

For large but finite intervals we expect that the solution would reach a steady state
when the wave fronts hit the edges. Yet, the solution is expected to be of a completely
different nature than the solutions obtained in this work or from any linearized solution
[12]. Tt is more likely to be wholly superconducting in the bulk of the material, whereas
near the edges a boundary layer is expected. Such a solution was provided in [10].
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