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1 Introduction

Consider the following non-autonomous stochastic plate equationwith additive noise defined in the entire

space Rn:

utt + αut + ∆
2ut + ∆

2u + λu + f (x, u) = g(x, t) + βh(x)
dW

dt
, (1.1)

with the initial value conditions

u(x, τ) = u0(x), ut(x, τ) = u1(x), (1.2)

where x ∈ R
n, t > τ with τ ∈ R, α > 0, λ > 0 and β are constants, f is a nonlinearity satisfying certain growth

and dissipative conditions, g(x, ·) and h are given functions in L2loc(R, L
2(Rn)) and H2(Rn), respectively,W(t)

is a two-sided real-valued Wiener process on a probability space.

Plate equations have been investigated for many years due to their importance in some physical areas

such as vibration and elasticity theories of solid mechanics. The study of the long-time dynamics of plate

equations has become an outstanding area in the field of the infinite-dimensional dynamical system. While

the attractors are regarded as a proper notation to describe the long-time dynamics of solutions. To the best

of our knowledge, there have been many works on the investigation of the attractors for the plate equations

over the last few years. For instance, if the random term is vanished and g(x, t) = g(x), then (1.1)-(1.2) change

into a deterministic autonomous plate equation. The existence and uniqueness of the global attractor of the

corresponding dynamical systemwas studied in [1-10]; besides, the uniform attractor of the dynamical system

generated by the non-autonomous plate equation was established in [11].

For the stochastic plate equations, if the forcing term g(x, t) = g(x), then the existence of a random

attractor of (1.1)-(1.2) on bounded domain have been proved in [12-14]. However, it is not yet considered by

any predecessors to the stochastic plate equation on unbounded domain. In recent years, the existence of
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randomattractors for stochastic dynamical system on unbounded domains have been investigated by several

authors, such as Reaction-diffusion equations with additive noise [15], Reaction-diffusion equations with

multiplicative noise [16], FitzHugh-Nagumo equations with additive noise [17, 18], Navier-Stokes equations

with additive noise [19], wave equations with additive noise [20-22], wave equations withmultiplicative noise

[23].

Motivated by above literatures, the goal of the present paper is to study random attractors and its upper

semicontinuity of non-autonomous stochastic equation (1.1). By applying the abstract results in [24-26], we

will first prove the stochastic plate equation (1.1) has tempered random attractors in H2(Rn) × L2(Rn), then

establish the upper semicontinuity of the random attractors.

In general, the existence of global random attractor depends on some kind compactness (see, e.g., [27-

30]). To prove the existence of random attractors for (1.1) in H2(Rn) × L2(Rn), we must establish the pullback

asymptotic compactness of solutions. Since Sobolev embeddings are not compact on unbounded domain, we

cannot get the desired asymptotic compactness directly from the regularity of solutions. We here overcome

the difficulty by using the uniform estimates on the tails of solutions outside a bounded ball in R
n and the

splitting technique, see [20, 31] for details.

The frameworkof this paper is as follows. In thenext Section,we recall a sufficient andnecessary criterion

for existence of pullback attractors for cocycle or nonautonomous random dynamical systems. In Section 3,

we define a continuous cocycle for Eq. (1.1) inH2(Rn)×L2(Rn). Thenwe derive all necessary uniform estimates

of solutions in Section 4. In Section 5, we prove the existence and uniqueness of tempered random attractor

for the non-autonomous stochastic plate equation. Finally, in Section 6, we prove the upper semicontinuity

of random attractors as β to zero.

Throughout the paper, the letters c and ci (i = 1, 2, . . .) are generic positive constants which may change

their values from line to line or even in the same line.

2 Preliminaries

In this section, we recall some basic concepts related to random attractors for stochastic dynamical

systems.

Let X be a separable Banach space and (Ω,F,P) be the standard probability space, where Ω = {ω ∈
C(R,R) : ω(0) = 0},F is the Borel σ-algebra induced by the compact open topology of Ω, andP is theWiener

measure on (Ω,F). There is a classical group {θt}t∈R acting on (Ω,F,P) which is defined by

θtω(·) = ω(· + t) − ω(t), for all ω ∈ Ω, t ∈ R. (2.1)

We often say that (Ω,F,P, {θt}t∈R) is a parametric dynamical system.

The following four definitions and one proposition are from [24].

Definition 2.1. A mapping Φ : R
+ × R × Ω × X → X is called a continuous cocycle on X over R and

(Ω,F,P, {θt}t∈R) if for all τ ∈ R, ω ∈ Ω and t, s ∈ R
+, the following conditions (1)-(4) are satisfied:

(1) Φ(·, τ, ·, ·) : R+ × Ω × X → X is (B(R+) × F ×B(X),B(X))-measurable;

(2) Φ(0, τ, ω, ·) is the identity on X;

(3) Φ(t + s, τ, ω, ·) = Φ(t, τ + s, θsω, ·) ◦ Φ(s, τ, ω, ·);
(4) Φ(t, τ, ω, ·) : X → X is continuous.

Hereafter,we assumeΦ is a continuous cocycle on X overR and (Ω,F,P, {θt}t∈R), andD is the collection

of all tempered families of nonempty bounded subsets of X parameterized by τ ∈ R and ω ∈ Ω:

D = {D = {D(τ, ω) ⊆ X : D(τ, ω) = ̸ ∅, τ ∈ R, ω ∈ Ω}}.

D is said to be tempered if there exists x0 ∈ X such that for every c > 0, τ ∈ R and ω ∈ Ω, the following

holds:

lim
t→−∞

ectd(D(τ + t, θtω), x0) = 0. (2.2)
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Given D ∈ D, the family Ω(D) = {Ω(D, τ, ω) : τ ∈ R, ω ∈ Ω} is called the Ω-limit set of D where

Ω(D, τ, ω) =
⋂

s≥0

⋃

t≥s

Φ(t, τ − t, θ−tω, D(τ − t, θ−tω)). (2.3)

The cocycle Φ is said to beD-pullback asymptotically compact in X if for all τ ∈ R and ω ∈ Ω, the sequence

{Φ(tn , τ − tn , θ−tnω, xn)}∞n=1 has a convergent subsequence in X (2.4)

whenever tn → ∞, and xn ∈ D(τ − tn , θ−tnω) with {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D.

Definition 2.2. A family K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is called aD-pullback absorbing set for Φ if for

all τ ∈ R and ω ∈ Ω and for every D ∈ D, there exists T = T(D, τ, ω) > 0 such that

Φ(t, τ − t, θ−tω, D(τ − t, θ−tω)) ⊆ K(τ, ω) for all t ≥ T . (2.5)

If, in addition, K(τ, ω) is closed in X and is measurable in ω with respect to F, then K is called a closed

measurableD-pullback absorbing set for Φ.

Definition 2.3. A family A = {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is called a D-pullback attractor for Φ if the

following conditions (1)-(3) are fulfilled: for all t ∈ R
+, τ ∈ R and ω ∈ Ω,

(1)A(τ, ω) is compact in X and is measurable in ω with respect to F.

(2)A is invariant, that is,

Φ(t, τ, ω,A(τ, ω)) = A(τ + t, θtω). (2.6)

(3) For every D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,

lim
t→∞

dH(Φ(t, τ − t, θ−tω, D(τ − t, θ−tω)),A(τ, ω)) = 0, (2.7)

where dH is the Hausdorff semi-distance given by dH(F, G) = sup
u∈F

inf
v∈G

||u − v||X, for any F, G ⊂ X.

As in the deterministic case, random complete solutions can be used to characterized the structure of a

D-pullback attractor. The definition of such solutions are given below.

Definition 2.4. A mapping Ψ : R × R × Ω → X is called a random complete solution of Φ if for every t ∈
R
+, s, τ ∈ R and ω ∈ Ω,

Φ(t, τ + s, θsω, Ψ(s, τ, ω)) = Ψ(t + s, τ, ω). (2.8)

If, in addition, there exists a tempered family D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} such that Ψ(t, τ, ω) belongs to

D(τ + t, θtω) for every t ∈ R, τ ∈ R and ω ∈ Ω, then Ψ is called a tempered random complete solution of Φ.

Proposition 2.1. Suppose Φ is D-pullback asymptotically compact in X and has a closed measurable D-

pullback absorbing set K in D. Then Φ has a unique D-pullback attractor A in D which is given by, for each

τ ∈ R and ω ∈ Ω,

A(τ, ω) = Ω(K, τ, ω) =
⋃

D∈D

Ω(D, τ, ω) (2.9)

= {Ψ(0, τ, ω) : Ψ is a tempered random complete solution of Φ}. (2.10)

3 Cocycles for stochastic plate equation

In this section, we outline some basic settings about (1.1)-(1.2) and show that it generates a continuous

cocycle in H2(Rn) × L2(Rn).

Let −∆ denote the Laplace operator in R
n, A = ∆2 with the domain D(A) = H4(Rn). We can define the

powers Aν of A for ν ∈ R. The space Vν = D(A
ν
4 ) is a Hilbert space with the following inner product and norm

(u, v)ν = (A
ν
4 u, A

ν
4 v), ‖ · ‖ν = ‖A

ν
4 · ‖.
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For brevity, the notation (·, ·) for L2-inner productwill also be used for the notation of duality pairing between

dual spaces.

We denoteH = H2(Rn) × L2(Rn).

We define a new norm ‖ · ‖H by

‖Y‖H = (‖v‖2 + (δ2 + λ − δα)‖u‖2 + (1 − δ)‖∆u‖2)
1
2 , (3.1)

for Y = (u, v)⊤ ∈ H, where⊤ stands for the transposition.

Let ξ = ut + δu, where δ is a small positive constant whose value will be determined later, then (1.1)-(1.2)

can be rewritten as the equivalent system

{
du
dt

= ξ − δu,

dξ
dt

= [δ(α + A − δ) − A]u − (α + A − δ)ξ − λu − f (x, u) + g(x, t) + βh(x) dW
dt
,

(3.2)

with the initial value conditions

u(x, τ) = u0(x), ξ (x, τ) = ξ0(x), (3.3)

where ξ0(x) = u1(x) + δu0(x), x ∈ R
n.

Let F(x, u) =
∫ u

0
f (x, s)ds for x ∈ R

n and u ∈ R. The function f will be assumed to satisfy the following

conditions:

(F1) |f (x, u)| ≤ c1|u|k + η1(x),
(F2) f (x, u)u − c2F(x, u) ≥ η2(x),

(F3) F(x, u) ≥ c3|u|k+1 − η3(x),
(F4) |fu(x, u)| ≤ ϖ,

where ϖ > 0, 1 ≤ k ≤ n+4
n−4 , η1 ∈ L2(Rn), η2 ∈ L1(Rn), η3 ∈ L1(Rn).

Note that (F1) and (F2) imply

F(x, u) ≤ c(|u|2 + |u|k+1 + η21 + η2). (3.4)

We also need the following condition on g: there exists a positive constants σ such that

τ∫

−∞

eσs‖g(·, s)‖2ds < ∞, ∀ τ ∈ R, (3.5)

which implies that

lim
r→∞

τ∫

−∞

∫

|x|≥r

eσs|g(·, s)|2dxds = 0, ∀ τ ∈ R, (3.6)

where | · | denotes the absolute value of real number in R.

For our purpose, it is convenient to convert the problem (1.1)-(1.2) (or (3.2)- (3.3)) into a deterministic

system with a random parameter, and then show that it generates a cocycle over R and (Ω,F,P, {θt}t∈R).

We identify ω(t) with W(t), i.e., ω(t) = W(t) = W(t, x), t ∈ R. Consider Ornstein-Uhlenbeck equation

dy + ydt = dW(t), and Ornstein-Uhlenbeck process

y(θtω) = −

0∫

−∞

es(θtω)(s)ds, t ∈ R.

From [32], it is known that the random variable |y(ω)| is tempered, and there is a θt-invariant set Ω̃ ⊂ Ω of

full Pmeasure such that y(θtω) is continuous in t for every ω ∈ Ω̃. Put

z(θtω) = z(x, θtω) = h(x)y(θtω), (3.7)

which solves

dz + zdt = hdW . (3.8)
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Lemma 3.1 [33] For any ε > 0, there exists a tempered random variable γ : Ω → R
+, such that for all t ∈ R, ω ∈

Ω,

‖z(θtω)‖ ≤ eε|t|γ(ω)‖h‖,

‖∇z(θtω)‖ ≤ eε|t|γ(ω)‖∇h‖,

‖∆z(θtω)‖ ≤ eε|t|γ(ω)‖∆h‖,

where γ(ω) satisfies

e−ε|t|γ(ω) ≤ γ(θtω) ≤ e
ε|t|

γ(ω).

Now, let v(t, τ, ω) = ξ (t, τ, ω) − βz(θtω), we obtain the equivalent system of (3.2)-(3.3),

{
du
dt

= v − δu + βz(θtω),

dv
dt

= (δ − α − A)v + [δ(−δ + α + A) − λ − A]u + β[1 − (α + A − δ)]z(θtω) − f (x, u) + g(x, t),
(3.9)

with the initial value conditions

u(x, τ, τ) = u0(x), v(x, τ, τ) = v0(x), (3.10)

where v0(x) = ξ0(x) − z(θτω), x ∈ R
n. We will consider (3.9)-(3.10) for ω ∈ Ω̃ and write Ω̃ as Ω from now on.

Thewell-posedness of thedeterministic problem (3.9)-(3.10) inH2(Rn)×L2(Rn) canbe establishedby stan-

dardmethods as in [34, 35]. If (F1)− (F4) are fulfilled, let φ(β)(t+τ, τ, θ−τω, φ
(β)
0 ) = (u(t+τ, τ, θ−τω, u0), v(t+

τ, τ, θ−τω, v0))
⊤, where φ(β)

0 = (u0, v0)
⊤. Then for every ω ∈ Ω, τ ∈ R and φ

(β)
0 ∈ H(Rn), problem (3.9)-

(3.10) has a unique (F, B(H2(Rn)) × B(L2(Rn)))-measurable solution φ(β)(·, τ, ω, φ
(β)
0 ) ∈ C([τ,∞),H(Rn))

with φ(β)(τ, τ, ω, φ
(β)
0 ) = φ

(β)
0 , φ(β)(t, τ, ω, φ

(β)
0 ) ∈ H0(R

n) being continuous in φ
(β)
0 for each t > τ. Moreover,

for every (t, τ, ω, φ0) ∈ R
+
×R × Ω ×H(Rn), the mapping

Φβ(t, τ, ω, φ
(β)
0 ) = φ(β)(t + τ, τ, θ−τω, φ

(β)
0 ) (3.11)

generates a continuous cocycle from R
+
×R × Ω ×H(Rn) toH(Rn) over R and (Ω,F,P, {θt}t∈R).

Introducing the homeomorphism P(θtω)(u, v)
⊤ = (u, v + z(θtω))

⊤, (u, v)⊤ ∈ H(Rn) with an inverse

homeomorphism P−1(θtω)(u, v)
⊤ = (u, v − z(θtω))

⊤. Then, the transformation

Φ̃β(t, τ, ω, (u0, ξ0)) = P(θtω)Φβ(t, τ, ω, (u0, v0))P
−1(θtω) (3.12)

generates a continuous cocycle with (3.2)-(3.3) over over R and (Ω,F,P, {θt}t∈R).

Note that these two continuous cocycles are equivalent. By (3.12), it is easy to check that Φ̃β has a random

attractor provided Φβ possesses a random attractor. Then, we only need to consider the continuous cocycle

Φβ.

One can prove Φβ is measurable by using the same method as in the following paper: H. Cui, J.A. Langa,

Y. Li, Measurability of random attractors for quasi strong-to-weak continuous random dynamical systems, J.

Dynam. Differ. Equ. 30 (2018) 1873-1898.

4 Uniform estimates of solutions

In this subsection,wederiveuniformestimates on the solutions of the stochastic plate equations (3.9)-(3.10)

defined on R
n when t → ∞. These estimates are necessary for proving the existence of bounded absorbing

sets and the asymptotic compactness of the random dynamical system associated with the equations. In

particular, we will show that the tails of the solutions for large space variables are uniformly small when

time is sufficiently large.

Let δ ∈ (0, 1) be small enough such that

δ2 + λ − δα > 0, 1 − δ > 0,
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and define σ appearing in (3.5) by

σ = min{α − δ, δ, c2δ
2

}, (4.1)

where c2 is the positive constant in (F2).

Lemma 4.1Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then for every τ ∈ R, ω ∈ Ω, and D = {D(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D, there exists T = T(τ, ω, D) > 0 such that for all t ≥ T,

‖φ(β)(τ, τ − t,θ−τω, φ0)‖2H +

τ∫

τ−t

eσ(s−τ)‖v(s, τ − t, θ−τω, v0)‖2ds

+

τ∫

τ−t

eσ(s−τ)‖u(s, τ − t, θ−τω, u0)‖2ds +
τ∫

τ−t

eσ(s−τ)‖∆u(s, τ − t, θ−τω, u0)‖2ds

+

τ∫

τ−t

eσ(s−τ)‖∆v(s, τ − t, θ−τω, v0)‖2ds

<c + cβ2
0∫

−∞

eσs(1 + ‖∆z(θsω)‖2 + ‖z(θsω)‖2 + ‖z(θsω)‖k+1H2 )ds, (4.2)

where φ(β)
0 = (u0, v0)

⊤ ∈ D(τ− t, θ−tω) and c is a positive constant depending on λ, σ, α and δ, but independent

of τ, ω and D.

Proof. Taking the inner product of the second equation of (3.9) with v in L2(Rn), we find that

1

2

d

dt
‖v‖2 = − (α − δ)(v, v) − (λ + δ2 − δα)(u, v) − (1 − δ)(Au, v) − (Av, v)

+ β(1 − α + δ)(z(θtω), v) − β(Az(θtω), v) + (g(x, t), v) − (f (x, u), v).

(4.3)

By the first equation of (3.9), we have

v =
du

dt
+ δu − βz(θtω). (4.4)

Then substituting the above v into the second, third and last terms on the right-hand side of (4.3), we find

that

(u, v) =(u,
du

dt
+ δu − βz(θtω))

=
1

2

d

dt
‖u‖2 + δ‖u‖2 − β(u, z(θtω))

≥
1

2

d

dt
‖u‖2 + δ‖u‖2 − |β|‖z(θtω)‖‖u‖

≥
1

2

d

dt
‖u‖2 + 3δ

4
‖u‖2 − β2

3δ
‖z(θtω)‖2, (4.5)

−(Au, v) = − (∆2u,
du

dt
+ δu − βz(θtω))

= −
1

2

d

dt
‖∆u‖2 − δ‖∆u‖2 + β(∆u, ∆z(θtω))

≤ −
1

2

d

dt
‖∆u‖2 − δ‖∆u‖2 + |β|‖z(∆θtω)‖‖∆u‖

≤ −
1

2

d

dt
‖∆u‖2 − 3δ

4
‖∆u‖2 + β2

3δ
‖z(∆θtω)‖2, (4.6)

(f (x, u), v) =(f (x, u),
du

dt
+ δu − βz(θtω))

=
d

dt

∫

Rn

F(x, u)dx + δ(f (x, u), u) − β(f (x, u), z(θtω)). (4.7)
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From condition (F2) we get

(f (x, u), u) ≥ c2

∫

Rn

F(x, u)dx +

∫

Rn

η2(x)dx. (4.8)

By conditions (F1) and (F3), it yields

β(f (x, u), z(θtω)) ≤|β|
∫

Rn

(c1|u|k + η1(x))|z(θtω)|dx

≤|β|‖η1(x)‖‖z(θtω)‖ + c1|β|(
∫

Rn

|u|k+1dx)
k

k+1 ‖z(θtω)‖k+1

≤|β|‖η1(x)‖‖z(θtω)‖ + c1|β|(
∫

Rn

(F(x, u) + η3(x))dx)
k

k+1 ‖z(θtω)‖k+1

≤
1

2
‖η1(x)‖2 +

β2

2
‖z(θtω)‖2 +

δc2
2

∫

Rn

F(x, u)dx +
δc2
2

∫

Rn

η3(x)dx + cβ
2‖z(θtω)‖k+1H2 . (4.9)

Using the Cauchy-Schwartz inequality and the Young inequality, there holds

β(1 − α + δ)(z(θtω), v) ≤
2(1 − α + δ)2β2

α − δ
‖z(θtω)‖2 +

α − δ
8

‖v‖2, (4.10)

−β(Az(θtω), v) = −β(∆z(θtω), ∆v) ≤
β2

2
‖∆z(θtω)‖2 +

1

2
‖∆v‖2, (4.11)

(g(x, t), v) ≤ ‖g(x, t)‖‖v‖ ≤ 2

α − δ
‖g(x, t)‖2 + α − δ

8
‖v‖2. (4.12)

By (4.5)-(4.12), it follows from (4.3) that

1

2

d
dt
(‖v‖2 + (δ2 + λ − δα)‖u‖2 + (1 − δ)‖∆u‖2 + 2

∫

Rn

F(x, u)dx)

≤ −
3

4
(α − δ)‖v‖2 − 3

4
δ(δ2 + λ − δα)‖u‖2 − 3

4
δ(1 − δ)‖∆u‖2

−
δc2
2

∫

Rn

F(x, u)dx −
1

2
‖∆v‖2 + cβ2(1 + ‖∆z(θtω)‖2

+ ‖z(θtω)‖2 + ‖z(θtω)‖k+1H2 ) +
2

α − δ
‖g(x, t)‖2. (4.13)

Recalling the norm ‖ · ‖H in (3.1). By (4.1) we obtain from (4.13) that

d
dt
(‖φ‖2H+2

∫

Rn

F(x, u)dx) + σ(‖φ‖2H + 2

∫

Rn

F(x, u)dx)

+
1

2
(α − δ)‖v‖2 + 1

2
δ(δ2 + λ − δα)‖u‖2 + 1

2
δ(1 − δ)‖∆u‖2 + ‖∆v‖2

≤cβ2(1 + ‖∆z(θtω)‖2 + ‖z(θtω)‖2 + ‖z(θtω)‖k+1H2 ) +
4

α − δ
‖g(x, t)‖2. (4.14)

Multiplying (4.14) by eσt and then integrating over (τ − t, τ), we have

eστ(‖φ(τ, τ − t, ω, φ0)‖2H + 2

∫

Rn

F(x, u(τ, τ − t, ω, u0))dx)

+
1

2
(α − δ)

τ∫

τ−t

eσs‖v(s, τ − t, ω, v0)‖2ds +
1

2
δ(δ2 + λ − δα)

τ∫

τ−t

eσs‖u(s, τ − t, ω, u0)‖2ds

+
1

2
δ(1 − δ)

τ∫

τ−t

eσs‖∆u(s, τ − t, ω, u0)‖2ds +
τ∫

τ−t

eσs‖∆v(s, τ − t, ω, v0)‖2ds
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≤ eσ(τ−t)(‖φ0‖2H + 2

∫

Rn

F(x, u0)dx) + cβ
2

τ∫

τ−t

eσs(1 + ‖∆z(θsω)‖2 + ‖z(θsω)‖2

+ ‖z(θsω)‖k+1H2 )ds +
4

α − δ

τ∫

τ−t

eσs‖g(x, s)‖2. (4.15)

Substituting ω by θ−τω, then we have from (4.15) that

(‖φ(τ, τ − t, θ−τω,φ0)‖2H + 2

∫

Rn

F(x, u(τ, τ − t, θ−τω, u0))dx)

+
1

2
(α − δ)

τ∫

τ−t

eσ(s−τ)‖v(s, τ − t, θ−τω, v0)‖2ds

+
1

2
δ(δ2 + λ − δα)

τ∫

τ−t

eσ(s−τ)‖u(s, τ − t, θ−τω, u0)‖2ds

+
1

2
δ(1 − δ)

τ∫

τ−t

eσ(s−τ)‖∆u(s, τ − t, θ−τω, u0)‖2ds +
τ∫

τ−t

eσ(s−τ)‖∆v(s, τ − t, θ−τω, v0)‖2ds

≤e−σt(‖φ0‖2H + 2

∫

Rn

F(x, u0)dx) + c

τ∫

τ−t

eσ(s−τ)(1 + ‖∆z(θs−τω)‖2 + ‖z(θs−τω)‖2

+ ‖z(θs−τω)‖k+1H2 )ds +
4

α − δ

τ∫

τ−t

eσ(s−τ)‖g(x, s)‖2

≤e−σt(‖φ0‖2H + 2

∫

Rn

F(x, u0)dx) + cβ
2

0∫

−t

eσs(1 + ‖∆z(θsω)‖2 + ‖z(θsω)‖2

+ ‖z(θsω)‖k+1H2 )ds +
4

α − δ

τ∫

−∞

eσ(s−τ)‖g(x, s)‖2. (4.16)

Thanks to Lemma 3.1, it follows that

0∫

−t

eσs(‖∆z(θsω)‖2 + ‖z(θsω)‖2 + ‖z(θsω)‖k+1H2 )ds

≤

0∫

−∞

eσs(‖∆z(θsω)‖2 + ‖z(θsω)‖2 + ‖z(θsω)‖k+1H2 )ds

≤

0∫

−∞

e
σs
2 (γ2(ω)(‖∆h‖2 + ‖h‖2) + γ

k+1(ω)(‖∆h‖k+1 + ‖∇h‖k+1 + ‖h‖k+1))ds

< +∞. (4.17)

From (3.4) yields ∫

Rn

F(x, u0)dx ≤ c(1 + ‖u0‖2 + ‖u0‖k+1H2 ). (4.18)

Due to φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω) and D ∈ D, we get from (4.18) that

lim
t→+∞

e−σt(‖φ0‖2H + 2

∫

Rn

F(x, u0)dx) = 0. (4.19)
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Therefore, there exists T = T(τ, ω, D) > 0 such that e−σt(‖φ0‖2H + 2
∫
Rn F(x, u0)dx) ≤ 1 for all t ≥ T. Thus the

Lemma follows from (3.5), (4.16) and (4.17). �

Lemma 4.2 Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then there exists a random ball {Eβ(τ, ω) : τ ∈
R, ω ∈ Ω} ∈ D centered at 0 with random radius

ϱ(τ, ω) = c + cβ2
0∫

−∞

eσs(1 + ‖∆z(θsω)‖2 + ‖z(θsω)‖2 + ‖z(θsω)‖k+1H2 )ds,

such that {Eβ(τ, ω) : τ ∈ R, ω ∈ Ω} is a closedmeasurableD-pullback absorbing set for the continuous cocycle

associated with problem (3.9)-(3.10) inD, that is, for every τ ∈ R, ω ∈ Ω, and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈
D, there exists T = T(τ, ω, D) > 0, such that for all t ≥ T,

Φβ(t, τ − t, θ−tω, D(τ − t, θ−tω)) ⊆ A(τ, ω). (4.20)

Proof. This is an immediate consequence of (3.11) and Lemma 4.1. �

Choose a smooth function ρ, such that 0 ≤ ρ ≤ 1 for s ∈ R, and

ρ(s) =

{
0, 0 ≤ |s| ≤ 1,
1, |s| ≥ 2, (4.21)

and there exist constants µ1, µ2, µ3, µ4 such that |ρ′(s)| ≤ µ1, |ρ′′(s)| ≤ µ2, |ρ′′′(s)| ≤ µ3, |ρ′′′′(s)| ≤ µ4 for
s ∈ R.

Given r ≥ 1, denote Hr = {x ∈ R
n : |x| < r} and R

n \ Hr the complement of Hr. To prove asymptotic

compactness of solution on R
n, we prove the following lemma.

Lemma4.3Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then for every τ ∈ R, ω ∈ Ω, and D = {D(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D, there exists T = T(τ, ω, D, ε) > 0 and R̃ = R̃(τ, ω, ε) ≥ 1, such that for all t ≥ T, r ≥ R̃,

‖φ(β)(τ, τ − t, θ−τω, φ0)‖2H(Rn\Hr)
≤ ε, (4.22)

where φ(β)
0 = (u0, v0)

⊤ ∈ D(τ − t, θ−tω).

Proof. We first consider the random equations (3.9)-(3.10). Taking the inner product of the second equation

of (3.9) with ρ( |x|
2

r2
)v in L2(Rn), we obtain

1

2

d

dt

∫

Rn

ρ(
|x|2
r2

)|v|2dx = −(α − δ)

∫

Rn

ρ(
|x|2
r2

)|v|2dx − (λ + δ2 − δα)
∫

Rn

ρ(
|x|2
r2

)uvdx

− (1 − δ)

∫

Rn

ρ(
|x|2
r2

)(Au)vdx −

∫

Rn

ρ(
|x|2
r2

)(Av)vdx + β(1 − α + δ)

∫

Rn

ρ(
|x|2
r2

)z(θtω)vdx

− β

∫

Rn

ρ(
|x|2
r2

)(Az(θtω))vdx +

∫

Rn

ρ(
|x|2
r2

)g(x, t)vdx −

∫

Rn

ρ(
|x|2
r2

)f (x, u)vdx. (4.23)

Substituting v in (4.4) into the second, third and last terms on the right-hand side of (4.23), using Young

inequality and the Sobolev interpolation inequality

‖∇v‖ ≤ ς‖v‖ + Cς‖∆v‖, ∀ ς > 0,

we conclude that
∫

Rn

ρ(
|x|2
r2

)uvdx =

∫

Rn

ρ(
|x|2
r2

)u(
du

dt
+ δu − βz(θtω))dx

=

∫

Rn

ρ(
|x|2
r2

)(
1

2

d

dt
u2 + δu2 − βz(θtω)u)dx
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≥
1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)|u|2dx + δ
2

∫

Rn

ρ(
|x|2
r2

)|u|2dx − β2

2δ

∫

Rn

ρ(
|x|2
r2

)|z(θtω)|2dx, (4.24)

−

∫

Rn

ρ(
|x|2
r2

)(Au)vdx

= −

∫

Rn

(∆2u)ρ(
|x|2
r2

)(
du
dt

+ δu − βz(θtω))dx

= −

∫

Rn

(∆u)∆(ρ(
|x|2
r2

)(
du
dt

+ δu − βz(θtω)))dx

= −

∫

Rn

(∆u)((
2

r2
ρ′(

|x|2
r2

) +
4x2

r4
ρ′′(

|x|2
r2

))(
du
dt

+ δu − βz(θtω))

+ 2 ·
2|x|
r2

ρ′(
|x|2
r2

)∇(
du
dt

+ δu − βz(θtω)) + ρ(
|x|2
r2

)∆(
du
dt

+ δu − βz(θtω)))dx

≤

∫

r<x<
√
2r

(
2µ1
r2

+
4µ2x

2

r4
)|(∆u)v|dx +

∫

r<x<
√
2r

4µ1x

r2
|(∆u)(∇v)|dx

−
1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx − δ
∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + β
∫

Rn

ρ(
|x|2
r2

)|∆u||∆z(θtω)|dx

≤

∫

Rn

(
2µ1 + 8µ2

r2
)|(∆u)v|dx +

∫

Rn

4
√
2µ1
r

|(∆u)(∇v)|dx − 1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx

− δ

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + δ
2

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + β2

2δ

∫

Rn

ρ(
|x|2
r2

)|∆z(θtω))|2dx

≤
µ1 + 4µ2

r2
(‖∆u‖2 + ‖v‖2) + 4

√
2µ1
r

‖∆u‖‖∇v‖ − 1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx

− δ

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + δ
2

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + β2

2δ

∫

Rn

ρ(
|x|2
r2

)|∆z(θtω))|2dx

≤
µ1 + 4µ2

r2
(‖∆u‖2 + ‖v‖2) + 4

√
2µ1
r

‖∆u‖(ς‖v‖ + Cς‖∆v‖) − 1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx

− δ

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + δ
2

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx + β2

2δ

∫

Rn

ρ(
|x|2
r2

)|∆z(θtω))|2dx

≤
µ1 + 4µ2

r2
(‖∆u‖2 + ‖v‖2) + 2

√
2µ1
r

(‖∆u‖2 + 2ς2‖v‖2 + 2C2ς‖∆v‖2)

−
1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx − δ
2

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx

+
β2

2δ

∫

Rn

ρ(
|x|2
r2

)|∆z(θtω))|2dx,
∫

Rn

ρ(
|x|2
r2

)f (x, u)vdx (4.25)

=

∫

Rn

ρ(
|x|2
r2

)f (x, u)(
du
dt

+ δu − βz(θtω))dx

=
d
dt

∫

Rn

ρ(
|x|2
r2

)F(x, u)dx + δ

∫

Rn

ρ(
|x|2
r2

)f (x, u)udx − β

∫

Rn

ρ(
|x|2
r2

)f (x, u)z(θtω)dx. (4.26)
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From condition (F2), we find

δ

∫

Rn

ρ(
|x|2
r2

)f (x, u)udx ≥ c2δ

∫

Rn

ρ(
|x|2
r2

)F(x, u)dx + δ

∫

Rn

ρ(
|x|2
r2

)η2(x)dx. (4.27)

In line with conditions (F1) and (F3), it leads to

β

∫

Rn

ρ(
|x|2
r2

)f (x, u)z(θtω)dx ≤|β|
∫

Rn

ρ(
|x|2
r2

)(c1|u|k + η1(x))|z(θtω)|dx

≤
1

2

∫

Rn

ρ(
|x|2
r2

)|η1(x)|2dx +
β2

2

∫

Rn

ρ(
|x|2
r2

)|z(θtω)|2dx

+ cβ2
∫

Rn

ρ(
|x|2
r2

)|z(θtω)|k+1dx +
c2δ
2

∫

Rn

ρ(
|x|2
r2

)(F(x, u) + η3(x))dx. (4.28)

By means of the Cauchy-Schwartz inequality and the Young inequality, we obtain

−

∫

Rn

ρ(
|x|2
r2

)(Av)vdx = −

∫

Rn

(∆2v)ρ(
|x|2
r2

)vdx

= −

∫

Rn

(∆v)∆(ρ(
|x|2
r2

)v))dx

= −

∫

Rn

(∆v)((
2

r2
ρ′(

|x|2
r2

) +
4x2

r4
ρ′′(

|x|2
r2

))v + 2 ·
2|x|
r2

ρ′(
|x|2
r2

)∇v + ρ(
|x|2
r2

)∆v)dx

≤

∫

r<x<
√
2r

(
2µ1
r2

+
4µ2x

2

r4
)|(∆v)v|dx +

∫

r<x<
√
2r

4µ1x

r2
|(∆v)(∇v)|dx −

∫

Rn

ρ(
|x|2
r2

)|∆v|2dx

≤

∫

Rn

(
2µ1 + 8µ2

r2
)|(∆v)v|dx +

∫

Rn

4
√
2µ1
r

|(∆v)(∇v)|dx −
∫

Rn

ρ(
|x|2
r2

)|∆v|2dx

≤
µ1 + 4µ2

r2
(‖∆v‖2 + ‖v‖2) + 4

√
2µ1
r

‖∆v‖‖∇v‖ −
∫

Rn

ρ(
|x|2
r2

)|∆v|2dx

≤
µ1 + 4µ2

r2
(‖∆v‖2 + ‖v‖2) + 4

√
2µ1
r

‖∆v‖(ς‖v‖ + Cς‖∆v‖) −
∫

Rn

ρ(
|x|2
r2

)|∆v|2dx

≤
µ1 + 4µ2

r2
(‖∆v‖2 + ‖v‖2) + 2

√
2µ1
r

(‖∆v‖2 + 2ς2‖v‖2 + 2C2ς‖∆v‖2)

−

∫

Rn

ρ(
|x|2
r2

)|∆v|2dx, (4.29)

− β

∫

Rn

ρ(
|x|2
r2

)(Az(θtω))vdx

= − β

∫

Rn

(∆2z(θtω))ρ(
|x|2
r2

)vdx

= − β

∫

Rn

(∆z(θtω))∆(ρ(
|x|2
r2

)v))dx

= − β

∫

Rn

(∆z(θtω))((
2

r2
ρ′(

|x|2
r2

) +
4x2

r4
ρ′′(

|x|2
r2

))v + 2 ·
2|x|
r2

ρ′(
|x|2
r2

)∇v + ρ(
|x|2
r2

)∆v)dx

≤|β|
∫

r<x<
√
2r

(
2µ1
r2

+
4µ2x

2

r4
)|(∆z(θtω))v|dx + |β|

∫

r<x<
√
2r

4µ1x

r2
|(∆z(θtω)))(∇v)|dx
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− |β|
∫

Rn

ρ(
|x|2
r2

)|∆z(θtω)||∆v|dx

≤|β|
∫

Rn

(
2µ1 + 8µ2

r2
)|(∆z(θtω))v|dx + |β|

∫

Rn

4
√
2µ1
r

|(∆z(θtω))(∇v)|dx

− |β|
∫

Rn

ρ(
|x|2
r2

)|∆z(θtω)||∆v|dx

≤
µ1 + 4µ2

r2
(β2‖∆z(θtω)‖2 + ‖v‖2) + 4

√
2µ1|β|
r

‖∆z(θtω)‖‖∇v‖ − |β|
∫

Rn

ρ(
|x|2
r2

)|∆z(θtω)||∆v|dx

≤
µ1 + 4µ2

r2
(β2‖∆z(θtω)‖2 + ‖v‖2) + 4

√
2µ1|β|
r

‖∆z(θtω)‖(ς‖v‖ + Cς‖∆v‖)

− |β
∫

Rn

ρ(
|x|2
r2

)|∆z(θtω)||∆v|dx

≤
µ1 + 4µ2

r2
(β2‖∆z(θtω)‖2 + ‖v‖2) + 2

√
2µ1
r

(β2‖∆z(θtω)‖2 + 2ς2‖v‖2 + 2C2ς‖∆v‖2)

+

∫

Rn

ρ(
|x|2
r2

)|∆v|2dx + β2

4

∫

Rn

ρ(
|x|2
r2

)|∆z(θtω))|2dx, (4.30)

β(1 − α + δ)

∫

Rn

ρ(
|x|2
r2

)z(θtω)vdx

≤
(1 − α + δ)2β2

α − δ

∫

Rn

ρ(
|x|2
r2

)|z(θtω)|2dx +
α − δ
4

∫

Rn

ρ(
|x|2
r2

)|v|2dx, (4.31)

∫

Rn

ρ(
|x|2
r2

)g(x, t)vdx ≤
1

α − δ

∫

Rn

ρ(
|x|2
r2

)|g(x, t)|2dx + α − δ
4

∫

Rn

ρ(
|x|2
r2

)|v|2dx. (4.32)

Then it follows from (4.24)-(4.32)

1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)(|v|2 + (δ2 + λ − δα)|u|2 + (1 − δ)|∆u|2 + 2F(x, u))dx

≤
c

r2
(‖∆v‖2 + ‖v‖2 + ‖∆u‖2 + ‖∆z(θtω)‖2) −

α − δ
2

∫

Rn

ρ(
|x|2
r2

)|v|2dx − δ(δ2 + λ − δα)
2

×

∫

Rn

ρ(
|x|2
r2

)|u|2dx − δ(1 − δ)
2

∫

Rn

ρ(
|x|2
r2

)|∆u|2dx − c2δ
2

∫

Rn

ρ(
|x|2
r2

)F(x, u)dx

+ cβ2
∫

Rn

ρ(
|x|2
r2

)(1 + |∆z(θtω)|2 + |z(θtω)|2 + |z(θtω)|k+1 + |g(x, t)|2)dx. (4.33)

Let

X = |v|2 + (δ2 + λ − δα)|u|2 + (1 − δ)|∆u|2. (4.34)

Then, by (4.1) we show from (4.33) and (4.34) that

1

2

d
dt

∫

Rn

ρ(
|x|2
r2

)(X + 2F(x, u))dx + σ

∫

Rn

ρ(
|x|2
r2

)(X + 2F(x, u))dx

≤
c

r2
(‖∆v‖2 + ‖v‖2 + ‖∆u‖2 + ‖∆z(θtω)‖2) + cβ2

∫

Rn

ρ(
|x|2
r2

)(1 + |∆z(θtω)|2

+ |z(θtω)|2 + |z(θtω)|k+1 + |g(x, t)|2)dx. (4.35)
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Multiplying (4.35) by eσt and then integrating over (τ − t, τ), we deduce
∫

Rn

ρ(
|x|2
r2

)(X(τ, τ − t, ω, X0) + 2F(x, u(τ, τ − t, ω, u0)))dx

≤e−σt
∫

Rn

ρ(
|x|2
r2

)(X0 + 2F(x, u0))dx +
c

r2

τ∫

τ−t

eσ(s−τ)(‖∆v(s, τ − t, ω, v0)‖2

+ ‖v(s, τ − t, ω, v0)‖2 + ‖∆u(s, τ − t, ω, u0)‖2 + ‖∆z(θsω)‖2)ds

+ cβ2
τ∫

τ−t

eσ(s−τ)
∫

Rn

ρ(
|x|2
r2

)(1 + |∆z(θsω)|2 + |z(θsω)|2

+ |z(θsω)|k+1 + |g(x, s)|2)dxds. (4.36)

By replacing ω by θ−τω, it then follows from (4.36) that
∫

Rn

ρ(
|x|2
r2

)(X(τ, τ − t, θ−τω, X0) + 2F(x, u(τ, τ − t, θ−τω, u0)))dx

≤e−σt
∫

Rn

ρ(
|x|2
r2

)(X0 + 2F(x, u0))dx +
c

r2

τ∫

τ−t

eσ(s−τ)(‖∆v(s, τ − t, θ−τω, v0)‖2

+ ‖v(s, τ − t, θ−τω, v0)‖2 + ‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖∆z(θs−τω)‖2)ds

+ cβ2
τ∫

τ−t

eσ(s−τ)
∫

Rn

ρ(
|x|2
r2

)(1 + |∆z(θs−τω)|2 + |z(θs−τω)|2

+ |z(θs−τω)|k+1 + |g(x, s)|2)dxds

≤e−σt
∫

Rn

ρ(
|x|2
r2

)(X0 + 2F(x, u0))dx +
c

r2

τ∫

τ−t

eσ(s−τ)(‖∆v(s, τ − t, θ−τω, v0)‖2

+ ‖v(s, τ − t, θ−τω, v0)‖2 + ‖∆u(s, τ − t, θ−τω, u0)‖2)ds +
c

r2

0∫

−t

eσs‖∆z(θsω)‖2ds

+ c

τ∫

τ−t

eσs
∫

|x|≥r

|g(x, s)|2dxds + cβ2
0∫

−t

eσs
∫

|x|≥r

(1 + |∆z(θsω)|2 + |z(θsω)|2

+ |z(θsω)|k+1)dxds

≤e−σt
∫

Rn

ρ(
|x|2
r2

)(X0 + 2F(x, u0))dx +
c

r2

τ∫

τ−t

eσ(s−τ)(‖∆v(s, τ − t, θ−τω, v0)‖2

+ ‖v(s, τ − t, θ−τω, v0)‖2 + ‖∆u(s, τ − t, θ−τω, u0)‖2)ds +
c

r2

0∫

−∞

eσs‖∆z(θsω)‖2ds

+ c

τ∫

−∞

eσs
∫

|x|≥r

|g(x, s)|2dxds + cβ2
0∫

−∞

eσs
∫

|x|≥r

(1 + |∆z(θsω)|2 + |z(θsω)|2

+ |z(θsω)|k+1)dxds (4.37)

In what follows, we estimate the terms on the right-hand side of (4.37). Due to φ
(β)
0 ∈ D(τ − t, θ−tω) ∈ D and

(4.18), it’s easy to obtain that, there exists T̃1 = T̃1(τ, ε, ω, D) > 0, such that for all t > T̃1,

e−σt
∫

Rn

ρ(
|x|2
r2

)(X0 + 2F(x, u0))dx ≤ ε. (4.38)
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By Lemma 4.1, there are T̃2 = T̃2(τ, ε, ω, D) > 0 and R̃1 = R̃1(ε, ω, D) > 1, such that for all t > T̃2 and r > R̃1,

c

r2

τ∫

τ−t

eσ(s−τ)(‖∆v(s, τ − t, θ−τω, v0)‖2 + ‖v(s, τ − t, θ−τω, v0)‖2 + ‖∆u(s, τ − t, θ−τω, u0)‖2)ds ≤ ε. (4.39)

By Lemma 3.1, there are T̃3 = T̃3(ε, ω) > 0 and R̃2 = R̃2(ε, ω) > 1, such that for all t > T̃3 and r > R̃2,

cβ2
0∫

−∞

eσs
∫

|x|≥r

(1 + |∆z(θsω)|2 + |z(θsω)|2 + |z(θsω)|k+1)dxds + c

r2

0∫

−∞

eσs‖∆z(θsω)‖2ds ≤ ε. (4.40)

According to condition (3.6), there is R̃3 = R̃3(τ, ε) > 1, such that for all r > R̃3,

c

τ∫

−∞

eσs
∫

|x|≥r

|g(x, s)|2dxds ≤ ε. (4.41)

Letting T̃ = max{T̃1, T̃2, T̃3}, R̃ = max{R̃1, R̃2, R̃3}, then combing with (4.38)-(4.41), we have for all t > T̃

and r > R̃, ∫

Rn

ρ(
|x|2
r2

)(X(τ, τ − t, θ−τω, X0) + 2F(x, u(τ, τ − t, θ−τω, u0)))dx ≤ 4ε, (4.42)

which implies

‖φ(β)(τ, τ − t, θ−τω, φ
(β)
0 )‖2

H(Rn\Hr)
≤ 4ε, (4.43)

Then we complete the proof. �

Let ρ̂ = 1 − ρ with ρ given by (4.21). Fix r ≥ 1 and set



û(t, τ, ω, û0) = ρ̂( |x|

2

r2
)u(t, τ, ω, u0),

v̂(t, τ, ω, v̂0) = ρ̂( |x|
2

r2
)v(t, τ, ω, v0),

(4.44)

then φ̂(β)(t, τ, ω, φ̂0
(β)
) = (û(t, τ, ω, û0), v̂(t, τ, ω, v̂0))

⊤ is the solution of problem (3.9)- (3.10) on the

bounded domainH2r, where φ̂0
(β)

= ρ̂( |x|
2

r2
)φ

(β)
0 ∈ H(H2r).

Multiplying (3.9) by ρ̂( |x|
2

r2
) and using (4.44) we find that





dû
dt

= v̂ − δû + βρ̂( |x|
2

r2
)z(θtω),

dv̂
dt

= −(α − δ)v̂ − (λ + δ2 − δα)û − (1 − δ)Aû − Av̂ + β(1 − α + δ)ρ̂( |x|
2

r2
)z(θtω)

−βρ̂( |x|
2

r2
)Az(θtω) + ρ̂(

|x|2
r2
)g(x, t) − ρ̂( |x|

2

r2
)f (x, u) + 4(1 − δ)∆∇ρ̂( |x|

2

r2
)∇u

+6(1 − δ)∆ρ̂( |x|
2

r2
)∆u + 4(1 − δ)∇ρ̂( |x|

2

r2
)∆∇u + (1 − δ)uAρ̂( |x|

2

r2
)

+4∆∇ρ̂( |x|
2

r2
)∇v + 6∆ρ̂( |x|

2

r2
)∆v + 4∇ρ̂( |x|

2

r2
)∆∇v + vAρ̂( |x|

2

r2
).

(4.45)

Considering the eigenvalue problem

Aû = λû in H2r , with û =
∂û

∂n
= 0 on ∂H2r . (4.46)

The problem (4.46) has a family of eigenfunctions {ei}i∈N with the eigenvalues {λi}i∈N:

λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · · , λi → +∞ (i → +∞),

such that {ei}i∈N is an orthonormal basis of L2(H2r). Given n, let Xn = span{e1, · · · , en} and Pn : L2(H2r) →
Xn be the projection operator.

Lemma4.4Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then for every τ ∈ R, ω ∈ Ω, and D = {D(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D, there exists T̂ = T̂(τ, ω, D, ε) > 0 and R̂ = R̂(τ, ω, ε) ≥ 1 and N = N(τ, ω, ε) > 0, such that

for all t ≥ T̂, r ≥ R̂ and n ≥ N,

‖(I − Pn)φ̂(β)(τ, τ − t, θ−τω, φ̂
(β)
0 )‖2

H(H2r)
≤ ε, (4.47)
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where φ̂(β)
0 = ρ̂( |x|

2

r2
)φ(β)

0 , φ(β)
0 = (u0, v0)

⊤ ∈ D(τ − t, θ−tω).

Proof. Let ûn,1 = Pn û, ûn,2 = (I − Pn)û, v̂n,1 = Pn v̂, v̂n,2 = (I − Pn)v̂. Applying I − Pn to the first equation of

(4.45), we obtain

v̂n,2 =
dûn,2
dt

+ δûn,2 − β(I − Pn)ρ̂(
|x|2
r2

)z(θtω). (4.48)

Then applying I − Pn to the second equation of (4.45) and taking the inner product of the resulting equation

with v̂n,2 in L2(H2r), we have

1

2

d

dt
‖v̂n,2‖2 = − (α − δ)‖v̂n,2‖2 − (λ + δ2 − δα)(ûn,2, v̂n,2) − (1 − δ)(Aûn,2, v̂n,2) − (Av̂n,2, v̂n,2)

+ β(1 − α + δ)(ρ̂(
|x|2
r2

)z(θtω), v̂n,2) − β(ρ̂(
|x|2
r2

)Az(θtω), v̂n,2) + (ρ̂(
|x|2
r2

)g(x, t), v̂n,2)

− (ρ̂(
|x|2
r2

)f (x, u), v̂n,2) + (4(1 − δ)∆∇ρ̂(
|x|2
r2

)∇u + 6(1 − δ)∆ρ̂(
|x|2
r2

)∆u

+ 4(1 − δ)∇ρ̂(
|x|2
r2

)∆∇u + (1 − δ)uAρ̂(
|x|2
r2

), v̂n,2) + (4∆∇ρ̂(
|x|2
r2

)∇v

+ 6∆ρ̂(
|x|2
r2

)∆v + 4∇ρ̂(
|x|2
r2

)∆∇v + vAρ̂(
|x|2
r2

), v̂n,2). (4.49)

Substituting v̂n,2 in (4.48) into the second, third and eighth terms on the right-hand side of (4.49), we obtain

(ûn,2, v̂n,2) =(ûn,2,
dûn,2
dt

+ δûn,2 − β(I − Pn)ρ̂(
|x|2
r2

)z(θtω))

≥
1

2

d

dt
‖ûn,2‖2 + δ‖ûn,2‖2 − β‖ûn,2‖ · ‖(I − Pn)ρ̂(

|x|2
r2

)z(θtω)‖

≥
1

2

d

dt
‖ûn,2‖2 +

δ

2
‖ûn,2‖2 −

β2

2δ
‖(I − Pn)ρ̂( |x|

2

r2
)z(θtω)‖2, −(Aûn,2, v̂n,2) (4.50)

= − (∆ûn,2, ∆(
dûn,2
dt

+ δûn,2 − β(I − Pn)ρ̂(
|x|2
r2

)z(θtω)))

≤ −
1

2

d

dt
‖∆ûn,2‖2 − δ‖∆ûn,2‖2 + β‖∆ûn,2‖ · ‖(I − Pn)∆(ρ̂(

|x|2
r2

)z(θtω))‖

≤ −
1

2

d

dt
‖∆ûn,2‖2 −

δ

2
‖∆ûn,2‖2 +

β2

2δ
‖(I − Pn)∆(ρ̂( |x|

2

r2
)z(θtω))‖2. (4.51)

By (F1) and Gagliardo-Nirenberg interpolation inequality, we set θ = n(k−1)
4(k+1)

, then the eighth term on the right

hand of (4.49) is bounded by

(ρ̂(
|x|2
r2

)f (x, u), v̂n,2) ≤c1

∫

Rn

ρ̂(
|x|2
r2

)|u|k|v̂n,2|dx +
∫

Rn

ρ̂(
|x|2
r2

)|η1(x)||v̂n,2|dx

≤c1‖u‖kk+1‖v̂n,2‖k+1 + ‖η1‖‖v̂n,2‖

≤c1‖u‖kk+1‖∆v̂n,2‖θ‖v̂n,2‖1−θ + λ
− 1
2

n+1‖η1‖‖∆v̂n,2‖

≤c1λ
θ−1
2

n+1‖u‖
k
H2‖∆v̂n,2‖ + λ

− 1
2

n+1‖η1‖‖∆v̂n,2‖

≤λ
− 1
2

n+1‖∆v̂n,2‖(c1λ
θ
2

n+1‖u‖
k
H2 + ‖η1‖)

≤
1

6
‖∆v̂n,2‖2 +

3

2
λ−1n+1(c1λ

θ
2

n+1‖u‖
k
H2 + ‖η1‖)2. (4.52)

Applying the Cauchy-Schwartz inequality and the Young inequality, we have

−β(ρ̂(
|x|2
r2

)Az(θtω), v̂n,2) ≤|β|‖(I − Pn)ρ̂(
|x|2
r2

)∆z(θtω)‖ · ‖∆v̂n,2‖

≤
3β2

2
‖(I − Pn)ρ̂( |x|

2

r2
)∆z(θtω)‖2 +

1

6
‖∆v̂n,2‖2, (4.53)

β(1 − α + δ)(ρ̂(
|x|2
r2

)z(θtω), v̂n,2)
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≤|β|(1 − α + δ)‖(I − Pn)ρ̂( |x|
2

r2
)z(θtω)‖ · ‖v̂n,2‖

≤
7(1 − α + δ)2β2

2(α − δ)
‖(I − Pn)ρ̂( |x|

2

r2
)z(θtω)‖2 +

α − δ
14

‖v̂n,2‖2, (4.54)

(ρ̂(
|x|2
r2

)g(x, t), v̂n,2)

≤‖(I − Pn)ρ̂( |x|
2

r2
)g(x, t)‖ · ‖v̂n,2‖

≤
7

2(α − δ)
‖(I − Pn)ρ̂( |x|

2

r2
)g(x, t)‖2 + α − δ

14
‖v̂n,2‖2, (4.55)

(1 − δ)(4∆∇ρ̂(
|x|2
r2

) ·∇u + 6∆ρ̂(
|x|2
r2

) · ∆u + 4∇ρ̂(
|x|2
r2

) · ∆∇u + uAρ̂(
|x|2
r2

), v̂n,2)

=(1 − δ)(4∇u · (
12|x|
r4

ρ̂ ′′(
|x|2
r2

) +
8|x|3
r6

ρ̂ ′′′(
|x|2
r2

)) + 6∆u · (
2

r2
ρ̂ ′(

|x|2
r2

)

+
4x2

r4
ρ̂ ′′(

|x|2
r2

)) +
8|x|
r2

∆∇u · ρ̂ ′(
|x|2
r2

) + u(
12

r4
ρ̂ ′′(

|x|2
r2

) +
48x2

r6
ρ̂ ′′′(

|x|2
r2

)

+
16x4

r8
ρ̂ ′′′′(

|x|2
r2

)), v̂n,2)

≤
16

√
2(1 − δ)(3µ2 + 4µ3)

r3
λ
− 1
4

n+1‖∆u‖ · ‖v̂n,2‖ +
12(1 − δ)(µ1 + 4µ2)

r2
‖∆u‖ · ‖v̂n,2‖

+
8
√
2(1 − δ)µ1

r
λ
− 1
4

n+1‖∆u‖ · ‖∆v̂n,2‖ +
4(1 − δ)(3µ2 + 24µ3 + 16µ4)

r4
‖u‖ · ‖v̂n,2‖

≤(1 − δ)2λ
− 1
2

n+1(
42(48µ2 + 64µ3)

2

5(α − δ)r6
+
96µ21
r2

)‖∆u‖2 + 1

3
‖∆v̂n,2‖2 +

21(1 − δ)2

5(α − δ)
·

(
(12µ2 + 96µ3 + 64µ4)

2

r8
‖u‖2 + (12µ1 + 48µ2)

2

r4
‖∆u‖2) + 5(α − δ)

28
‖v̂n,2‖2, (4.56)

(4∆∇ρ̂(
|x|2
r2

) ·∇v + 6∆ρ̂(
|x|2
r2

) · ∆v + 4∇ρ̂(
|x|2
r2

) · ∆∇v + vAρ̂(
|x|2
r2

), v̂n,2)

=(4∇v · (
12|x|
r4

ρ̂ ′′(
|x|2
r2

) +
8|x|3
r6

ρ̂ ′′′(
|x|2
r2

)) + 6∆v · (
2

r2
ρ̂ ′(

|x|2
r2

)

+
4x2

r4
ρ̂ ′′(

|x|2
r2

)) +
8|x|
r2

∆∇v · ρ̂ ′(
|x|2
r2

) + v(
12

r4
ρ̂ ′′(

|x|2
r2

) +
48x2

r6
ρ̂ ′′′(

|x|2
r2

)

+
16x4

r8
ρ̂ ′′′′(

|x|2
r2

)), v̂n,2)

≤
16

√
2(3µ2 + 4µ3)

r3
λ
− 1
4

n+1‖∆v‖ · ‖v̂n,2‖ +
12(µ1 + 4µ2)

r2
‖∆v‖ · ‖v̂n,2‖

+
8
√
2µ1
r

λ
− 1
4

n+1‖∆v‖ · ‖∆v̂n,2‖ +
4(3µ2 + 24µ3 + 16µ4)

r4
‖v‖ · ‖v̂n,2‖

≤λ
− 1
2

n+1(
42(48µ2 + 64µ3)

2

5(α − δ)r6
+
96µ21
r2

)‖∆v‖2 + 1

3
‖∆v̂n,2‖2 +

21

5(α − δ)
·

(
(12µ2 + 96µ3 + 64µ4)

2

r8
‖v‖2 + (12µ1 + 48µ2)

2

r4
‖∆v‖2) + 5(α − δ)

28
‖v̂n,2‖2. (4.57)

From (4.50)-(4.57) yields

1

2

d
dt
(‖v̂n,2‖2 + (δ2 + λ − δα)‖ûn,2‖2 + (1 − δ)‖∆ûn,2‖2)

≤ −
α − δ
2

‖v̂n,2‖2 −
δ
2
(δ2 + λ − δα)‖ûn,2‖2 −

δ
2
(1 − δ)‖∆ûn,2‖2 + cβ2(‖(I − Pn)ρ̂(

|x|2
r2

)z(θtω)‖2

+ ‖(I − Pn)∆(ρ̂( |x|
2

r2
)z(θtω))‖2 + ‖(I − Pn)ρ̂( |x|

2

r2
)∆z(θtω)‖2)

+ c‖(I − Pn)ρ̂( |x|
2

r2
)g(x, t)‖2 + (1 − δ)2λ−

1
2

n+1(
42(48µ2 + 64µ3)

2

5(α − δ)r6
+
96µ21
r2

)‖∆u‖2

+ λ
− 1
2

n+1(
42(48µ2 + 64µ3)

2

5(α − δ)r6
+
96µ21
r2

)‖∆v‖2 + c

r8
(‖u‖2 + ‖v‖2) + c

r4
(‖∆u‖2 + ‖∆v‖2)
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+
3

2
λ−1n+1(c1λ

θ
2

n+1‖u‖
k
H2 + ‖η1‖)2. (4.58)

Recalling the norm ‖ · ‖H in (3.1), from (4.1) and (4.58) we conclude that

d
dt
(‖φ̂(β)

n,2‖
2
H(H2r)

) ≤ − σ‖φ̂(β)
n,2‖

2
H(H2r)

+ cβ2(‖(I − Pn)ρ̂( |x|
2

r2
)z(θtω)‖2

+ ‖(I − Pn)∆(ρ̂( |x|
2

r2
)z(θtω))‖2 + ‖(I − Pn)ρ̂( |x|

2

r2
)∆z(θtω)‖2)

+ c‖(I − Pn)ρ̂( |x|
2

r2
)g(x, t)‖2 + 2(1 − δ)2λ−

1
2

n+1(
42(48µ2 + 64µ3)

2

5(α − δ)r6
+
96µ21
r2

)‖∆u‖2

+ 2λ
− 1
2

n+1(
42(48µ2 + 64µ3)

2

5(α − δ)r6
+
96µ21
r2

)‖∆v‖2 + c

r8
(‖u‖2 + ‖v‖2) + c

r4
(‖∆u‖2 + ‖∆v‖2)

+ 3λ−1n+1(c1λ
θ
2

n+1‖u‖
k
H2 + ‖η1‖)2. (4.59)

Recall that η1 ∈ L2(Rn), λn → ∞ and (3.7), there exist N̂1 = N̂1(ε) > 0 and R̂1 = R̂1(ε) > 0 such that for all

n > N̂1 and r > R̂1,

d
dt
(‖φ̂(β)

n,2‖
2
H(H2r)

) ≤ − σ‖φ̂(β)
n,2‖

2
H(H2r)

+ c‖(I − Pn)ρ̂( |x|
2

r2
)g(x, t)‖2 + c

r8
(‖u‖2 + ‖v‖2) + ( c

r4
+ ε)(‖∆u‖2 + ‖∆v‖2)

+ ε(1 + ‖u‖2kH2 + |y(θtω)|2). (4.60)

Multiplying (4.60) by eσt and then integrating over (τ − t, τ), we have for all n > N̂1 and r > R̂1,

‖φ̂(β)
n,2(τ, τ − t, ω, φ̂

(β)
n,2,0‖

2
H(H2r)

≤e−σt‖φ̂(β)
n,2,0‖

2
H(H2r)

+ c

τ∫

τ−t

eσ(s−τ)‖(I − Pn)ρ̂( |x|
2

r2
)g(x, s)‖2ds

+
c

r8

τ∫

τ−t

eσ(s−τ)(‖u(s, τ − t, ω, u0)‖2 + ‖v(s, τ − t, ω, v0)‖2)ds

+ (
c

r4
+ ε)

τ∫

τ−t

eσ(s−τ)(‖∆u(s, τ − t, ω, u0)‖2 + ‖∆v(s, τ − t, ω, v0)‖2)ds

+ ε

τ∫

τ−t

eσ(s−τ)(1 + ‖u(s, τ − t, ω, u0)‖2kH2 + |y(θsω)|2)ds. (4.61)

By substituting ω by θ−τω, we can get from (4.61) that,

‖φ̂(β)
n,2(τ, τ − t, θ−τω, φ̂

(β)
n,2,0‖

2
H(H2r)

≤e−σt‖φ̂(β)
n,2,0‖

2
H(H2r)

+ c

τ∫

−∞

eσ(s−τ)‖(I − Pn)ρ̂( |x|
2

r2
)g(x, s)‖2ds

+
c

r8

τ∫

τ−t

eσ(s−τ)(‖u(s, τ − t, θ−τω, u0)‖2 + ‖v(s, τ − t, θ−τω, v0)‖2)ds

+ (
c

r4
+ ε)

τ∫

τ−t

eσ(s−τ)(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖∆v(s, τ − t, θ−τω, v0)‖2)ds

+ ε

τ∫

τ−t

eσ(s−τ)(1 + ‖u(s, τ − t, θ−τω, u0)‖2kH2 + |y(θs−τω)|2)ds. (4.62)

We next estimate each term on the right-hand side of (4.62). Thanks to condition (F1), φ
(β)
0 ∈ D(τ − t, θ−tω)

and D(τ − t, θ−tω) ∈ D, there exists T̂1 = T̂1(τ, ε, D, ω) > 0 and R̂1 = R̂1(τ, ε, ω) > 1, such that if t > T̂1 and

r > R̂1, then

e−σt‖φ̂(β)
n,2,0‖

2
H(H2r)

≤ ε. (4.63)
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For the second term on the right-hand side of (4.62), due to condition (3.5), there is N̂ = N̂(τ, ε, ω) > 0, such

that for all n > N̂, then

c

τ∫

−∞

eσ(s−τ)‖(I − Pn)ρ̂( |x|
2

r2
)g(x, s)‖2ds ≤ ε. (4.64)

For the third and fourth terms on the right-hand side of (4.62), taking advantage of Lemma 4.1, there exist

T̂2 = T̂2(τ, ε, D, ω) > 0 and R̂2(τ, ε, ω) > 1, such that for all t > T̂2 and r > R̂2, there holds

c

r8

τ∫

τ−t

eσ(s−τ)(‖u(s, τ − t, θ−τω, u0)‖2 + ‖v(s, τ − t, θ−τω, v0)‖2)ds

+ (
c

r4
+ ε)

τ∫

τ−t

eσ(s−τ)(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖∆v(s, τ − t, θ−τω, v0)‖2)ds ≤ ε. (4.65)

For the last term on the right-hand side of (4.62), due to Lemma 4.1, there is T̂3 = T̂3(τ, ε, D, ω) > 0, such that

for all t > T̂3, it follows that

τ∫

τ−t

eσ(s−τ)(1 + ‖u(s, τ − t, θ−τω, u0)‖2kH2 + |y(θs−τω)|2)ds < ∞. (4.66)

Let T̂ = max{T̂1, T̂2, T̂3}, and R̂ = max{R̂1, R̂2}. Then, collecting all (4.63), (4.64), (4.65) and (4.66), for all

t > T̂, r > R̂ and n > N̂, we arrive at

‖φ̂(β)
n,2(τ, τ − t, θ−τω, φ̂

(β)
n,2,0‖

2
H(H2r)

≤ cε, (4.67)

which completes the proof. �

5 Random attractors

In this section, we prove the existence of D-pullback attractors for the stochastic problem (3.9)-(3.10) in

H(Rn). We are now ready to apply the Lemmas in Section 4 to prove the asymptotic compactness of solutions

inH(Rn).

Lemma 5.1 Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then the solution of problem (3.9)-(3.10) is

asymptotic compactness inH(Rn); that is, for every τ ∈ R, ω ∈ Ω, and B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,

the sequence {φ(β)(τ, τ − tm , θ−τω, φ
(β)
0,m)} has a convergent subsequence in H(Rn) provided tm → ∞ and

φ
(β)
0,m ∈ B(τ − tm , θ−tmω).

Proof. We first let tm → ∞, B ∈ D, and φ
(β)
0,m ∈ B(τ − tm , θ−tmω). By Lemma 4.1, {φ(β)(τ, τ − tm , θ−τω, φ

(β)
0,m)}

is bounded inH(Rn); that is, for every τ ∈ R, ω ∈ Ω, there exists M1 = M1(τ, ω, B) > 0 such for all m > M1,

‖φ(β)(τ, τ − tm , θ−τω, φ
(β)
0,m)‖

2
H(Rn) ≤ ϱ

2(τ, ω). (5.1)

In addition, it follows from Lemma 4.3 that there exist r1 = r1(τ, ε, ω) > 0 and M̂2 = M̂2(τ, B, ε, ω) > 0, such

that for every m ≥ M̂2,

‖φ(β)(τ, τ − tm , θ−τω, φ
(β)
0,m)‖

2
H(Rn\Hr1

) ≤ ε. (5.2)

Next, by using Lemma 4.4, there are N = N(τ, ε, ω) > 0, r2 = r2(τ, ε, ω) ≥ r1 and M̂3 = M̂3(τ, B, ε, ω) > 0,

such that for every m ≥ M̂3,

‖(I − PN)φ̂(β)(τ, τ − tm , θ−τω, φ̂
(β)
0,m)‖

2
H(H2r2

) ≤ ε. (5.3)
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Using (4.44) and (5.1), we find that {PN φ̂(β)(τ, τ− tm , θ−τω, φ̂
(β)
0,m)} is bounded in the finite-dimensional space

PNH(H2r2 ), which together with (5.3) implies that {φ̂(β)(τ, τ − tm , θ−τω, φ̂
(β)
0,m)} is precompact in H2(H2r2 ) ×

L2(H2r2 ).

Note that ρ̂( |x|
2

r22
) = 1 for |x| ≤ r2. Recalling (4.44), we find that {φ(β)(τ, τ − tm , θ−τω, φ

(β)
0,m)} is precompact

inH(Hr2 ), which along with (5.2) shows that the precompactness of this sequence inH(Rn).This completes

the proof. �

Theorem 5.1 Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then the continuous cocycle Φβ associated

with problem (3.9)-(3.10) has a uniqueD-pullback attractorAβ = {Aβ(τ, ω) : τ ∈ R, ω ∈ Ω} inH(Rn).

Proof. Note that the cocycle Φβ is pullbackD-asymptotically compact inH(Rn) by Lemma 5.1. On the other

hand, the cocycle Φβ has a pullbackD-absorbing set by Lemma 4.1. Then the existence and uniqueness of a

pullbackD-attractor of Φβ follow from Proposition 2.1 immediately. �

6 Upper semicontinuity of pullback attractors

First, we present a criteria concerning upper semicontinuity of non-autonomous random attractors with

respect to a parameter in [23].

Theorem 6.1 Let (X, ‖ · ‖X) be a separable Banach space and Φ0 be an autonomous dynamical system with

the global attractor A0 in X. Given β > 0, suppose that Φβ is the perturbed random dynamical system with a

random attractorAβ ∈ D and a random absorbing set Eβ ∈ D. Then for P − a.e. τ ∈ R, ω ∈ Ω,

dH(Aβ(τ, ω),A0) → 0, as β → 0,

if the following conditions are satisfied:

(i) there exists some deterministic constant c such that, for P − a.e. τ ∈ R, ω ∈ Ω

lim sup
β→0

‖Eβ(τ, ω)‖X ≤ c.

(ii) there exists a β0 > 0, such that for P − a.e. τ ∈ R, ω ∈ Ω,
⋃

0<β≤β0

Aβ(τ, ω) is precompact in X.

(iii) for P − a.e. τ ∈ R, ω ∈ Ω, t ≥ 0, βn → 0, and xn , x ∈ X with xn → x, it holds that

lim
n→∞

Φβn (t, τ, ω)xn = Φ0(t)x,

where ‖Eβ(τ, ω)‖X = supx∈Eβ(τ, ω) ‖x‖X .

Next, we will use Theorem 6.1 to consider an upper semicontinuity of random attractors Aβ(ω) when

β → 0. To indicate the dependence of solutions on β, we respectively write the solutions of problem (3.9)-

(3.10) as u(β) and v(β), that is, (u(β), v(β)) satisfies




du(β)

dt
= v(β) − δu(β) + βz(θtω),

dv(β)

dt
= (δ − α − A)v(β) + [δ(−δ + α + A) − λ − A]u(β) + β[1 − (α + A − δ)]z(θtω) − f (x, u

(β)) + g(x, t),

u(β)(τ, τ, x) = u
(β)
0 (x), v(β)(τ, τ, x) = v

(β)
0 (x).

(6.1)

When β = 0, the random problem (3.9)-(3.10) reduces to a deterministic one:




du(0)

dt
= v(0) − δu(0),

dv(0)

dt
= (δ − α − A)v(0) + [δ(−δ + α + A) − λ − A]u(0) − f (x, u(0)) + g(x, t),

u(0)(τ, τ, x) = u(0)0 (x), v(0)(τ, τ, x) = v(0)0 (x).

(6.2)
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Accordingly, byTheorem 5.1 thedeterministic andautonomous systemΦ0 generatedby (6.2) is readily verified

to admit a global attractorA0 inH(Rn).

Theorem 6.2 Assume that h ∈ H2(Rn), (F1)-(F4) and (3.5) hold. Then the random dynamical system Φβ

generated by (3.9)-(3.10) has a uniqueD-pullback attractor {Aβ(τ, ω)}τ∈R, ω∈Ω inH(Rn). Moreover, the family

{Aβ}β>0 of random attractors is upper semicontinuous.

Proof. By Lemma 4.2 and Theorem 5.1, Φβ has a closed measurable random absorbing set Eβ(τ, ω) and a

unique random attractorAβ.

(i) since Lemma 4.2 has proved that system Φβ possesses a closed random absorbing set Eβ =

{Eβ(τ, ω)}τ∈R, ω∈Ω inD, which is given by

Eβ(τ, ω) = {(u, v) ∈ H2(Rn) × L2(Rn) : ‖u‖2H2(Rn) + ‖v‖2L2(Rn) ≤ R1(τ, ω)}

with

R1(τ, ω) = c + cβ2
0∫

−∞

eσs(1 + ‖∆z(θsω)‖2 + ‖z(θsω)‖2 + ‖z(θsω)‖k+1H2 )ds,

it is readily to obtain that

lim sup
β→0

‖Eβ(τ, ω)‖H(Rn) ≤ c, (6.3)

which deduces condition (i) immediately.

(ii) Given β ∈ (0, 1], let E1(τ, ω) = {(u, v) ∈ H2(Rn) × L2(Rn) : ‖u‖2H2(Rn) + ‖v‖2L2(Rn) ≤ R*(τ, ω)}, where
R*(τ, ω) = c + c

∫ 0

−∞
eσs(1 + ‖∆z(θsω)‖2 + ‖z(θsω)‖2 + ‖z(θsω)‖k+1H2 )ds, then

⋃

0<β≤1

Aβ(τ, ω) ⊆
⋃

0<β≤1

Eβ(ω) ⊆ E1(τ, ω). (6.4)

For one thing, by (6.4), Lemma 4.3 and the invariance ofAβ(τ, ω), we find that for every β > 0 and P−a.e.τ ∈
R, ω ∈ Ω, there exists r0 = r0(ω, ε) ≥ 1 such that

∫

|x|≥r0

(‖u(x)‖2 + ‖∆u(x)‖2 + ‖v(x)‖2)dx ≤ ε, for all (u, v) ∈
⋃

0<β≤1

Aβ(τ, ω). (6.5)

For another, by (6.4), the proof of Lemma 5.1, Lemma 4.4 and the invariance ofAβ(τ, ω), we know that there

exists r1 = r1(ω, ε) ≥ r0 such that for all r ≥ r1, the set
⋃

0<β≤1

Aβ(τ, ω) is precompact inH(Hr), which together

with (6.5) implies that
⋃

0<β≤1

Aβ(τ, ω) is precompact inH(Rn).

(iii) Let φ(0) = (u(0), v(0)) be a mild solution of (6.2) with initial data φ(0)
0 = (u(0)0 , v(0)0 ), and U = u(β) − u(0),

V = v(β) − v(0). It follows from (6.1) and (6.2) that





dU
dt

= V − δU + βz(θtω),

dV
dt

= (δ − α − A)V + [δ(−δ + α + A) − λ − A]U − f (x, u(β)) + f (x, u(0)) + β[1 − (α + A − δ)]z(θtω),

U(τ, τ, x) = U0(x), V(τ, τ, x) = V0(x).

(6.6)

First taking the inner product of the second equation of (6.6) with V in L2(Rn), and then using the first

equation of (6.6) to simplify the resulting equality, we obtain

1

2

d

dt
(‖V‖2 + (δ2 + λ − δα)‖U‖2 + (1 − δ)‖∆U‖2)

≤ −
3

4
(α − δ)‖V‖2 − 3

4
δ(δ2 + λ − δα)‖U‖2 − 3

4
δ(1 − δ)‖∆U‖2 +

(
− f (x, u(β))

+ f (x, u(0)), v
)
+ cβ2(1 + ‖∆z(θtω)‖2 + ‖z(θtω)‖2). (6.7)
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By (F4), the nonlinear term in (6.7) satisfies

|(f (x, u(0)) − f (x, u(β)), V)| ≤ c‖U‖2 + c‖V‖2, (6.8)

which along with (6.7) implies

d
dt
(‖V‖2 + (δ2 + λ − δα)‖U‖2 + (1 − δ)‖∆U‖2) ≤c(‖V‖2 + (δ2 + λ − δα)‖U‖2 + (1 − δ)‖∆U‖2)

+ cβ2(1 + ‖∆z(θtω)‖2 + ‖z(θtω)‖2). (6.9)

Applying Gronwall inequality to (6.9) over (τ, t), we have

‖u(β)(t, τ, ω, u(β)0 ) − u(0)(t, τ, u(0)0 )‖2H2(Rn) + ‖v(β)(t, τ, ω, v(β)0 ) − v(0)(t, τ, v(0)0 )‖2L2(Rn)

≤cec(t−τ)(‖u(β)0 − u(0)0 ‖2H2(Rn) + ‖v(β)0 − v(0)0 ‖2L2(Rn)) + cβ
2

t∫

τ

ec(t−s)(1 + ‖∆z(θsω)‖2

+ ‖z(θsω)‖2)ds,

which along with (i),(ii) and Theorem 6.1 completes the proof. �
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