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1. Introduction. As a mathematical model for the population dynamics of N-
species in biology, Lotka [12] and Volterra [17] proposed the ordinary differential
system of the form:

N
dvj/dt = (—e; +b7' Y apvdv;, j=1,...,N, @Lv)
k=1

where e;, bj(> 0), aj are given constants; and v; denotes the biomass of the j-
species; and investigated the asymptotic behavior of vy, ..., vy for large time ¢.
For N = 2, there are extensive literatures on (LV) (or (RD) below), e.g., Copell
[5], Henry [7], Rothe [16]. However, for N > 3, little seems to have been known;
see Amann [2, 3], Krikorian [11], Fife-Mimura [6], Friedmann-Tzavars [8], Oshime
[14] and others.
In the present paper we consider the reaction-diffusion’s version of (LV) of the

form: 5
oW = dGAu +u i) (e, 1>0)

a ,
74 =0 >0 wi|_g=¢; G=1,...,N),

(RD)

where 2 is a bounded domain in R” with smooth boundary 92, d; is a positive
constant, 3/dv denotes the outer normal derivative to €2, and ¢; given smooth non-
negative, and not identically zero function satisfying the compatibility condition:
d¢;j/0v = 0 on 92. The purpose of the present paper is to study the asymptotic
behavior of solutions of (RD) for large # under some assumptions on f;.

We suppose that f;, j =1, ..., N, satisfies the following assumptions.
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1042 KYUYA MASUDA AND KATSUO TAKAHASHI

Assumption 1.1. f; (é ) is a smooth function of £ € Rﬂ such that there is a positive
constant b; with

N
D b fi(E) <0, E=(, ..., &) eRY, ¢))
j=1

RY={§ eRY; =0, j=1,....,N)}).

To state the theorem, we decompose the index set A = {1, ..., N} into three
disjoint sets Ay, Az, Az : A = A; U Ay U Az (disjoint). We define the set Aj
inductively. A ; is the set of all j such that

N
> bk fi) < —8i&, (¢ eRY) @
k=1

for some positive constant §;. If Ay, is defined, then by definition j € Aj 44 if and
only if either j € Aj  orthereisani (1 <i < N) such that

FE) = =88 —p(ED Y &, (€ €RY), 3)

keAy,s

where 8, is some positive constant, and p(s) some positive increasing function of s:
if an index set Ay is empty, we understand Zj ch W = 0. We set

Ay=|JAws
Ay

Ajisthesetofall j € A\ Aj such that

IHEI<p(ED Y & (€ eRY). )

kEA1

Here and in what follows, o (s) denotes a positive increasing function of s. Finally
we set
As=A—A;— A, 5)
Let C be the set of all positive vectors ¢ = (c¢;)iea, (A3 is naturally ordered) such
that
| S ar®|=p0ed Y &, € RD. ©)
i€As jeAy

Assumption 1.2. If A3 is non-empty, there is a vector in C.

‘We denote by r the number of the linearly independent vectors in C, and indepen-
dent vectors by ¢ = (¢¥),, j = 1, ..., r, where a positive vector ¢ means that
all the component ¢; is positive.
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For vector ¥ = (Vk)kea, = 0, non-negative real 1o, and vector pu = (,uj)]’.=0, we
define ®(y, w) by the setof all £ € ]Rﬁ_’ such that

§=0 (jeAp; §=y (forj e Ad);

Y . 7
> bt =po; and Y clogh=p; (G=1,...,7),
j=1 kehs
where we understand that if A is empty set, then © = po.
Remark 1.1. Suppose that A3 = A, and r = N — 2. Suppose also that
N
Z i€ 13 (€) =0, 1
]=
Ny
> cPfE =0, (k=1,...,N-2). @)

j=1

~.

Then the set

N
O={ cRE ) bif=po ) o logl = (1=k=1)
j=1

JEA3

is a bounded closed orbit, and so it is a periodic orbit for (RD).
Then our main theorem reads as follows:

Theorem 1.1. Let the above assumptions 1.1 and 1.2 hold. Then any bounded
solution u of (RD) converges to a ©(y, ) as t — oo, uniformly on Q for some

Y = (yj)jeAz and L = (,U'j)Jr‘=o~'

dist (u(x, 1), 0(y, u)) = 0 ast — oo, uniformly on Q,
where

y; > 0 (if Az is not empty); -

o > 0 (if Ao N As is not empty);

wp =0 (if As is empry).

Corollary 1.1. In addition to the assumptions 1.1 and 1.2, assume that A3 = A,
andr = N — 2, and that (1'), and (2") hold. Then any bounded solution u converges
to a periodic orbit for (RD).

The proof is a direct consequence of Theorem 1.1 and Remark 1.1.
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‘We now consider the reaction-diffusion system of the form considered originally
by Lotka and Volterra, which is a special case of (RD):

3 N
auj =djAu; + (—e; +bj~1 Zajkuk)uj, xe, t>0)
i = ®)
51@ =0, x€dQ, t>0); uj=¢;, xeQ, t=0).
In this case it is easy to see that assumption 1.1 in Theorem 1.1 implies that e; > 0,
(j =1,..., N) and that the matrix (ajx + a;) is non-positive definite. Let us see

the construction of Ay, Az, A3 more concretely. j € Ay if

N N
D obi(—ei+ b7t Y anbb < —8if, (¢ €RY) ©)
i=1 k=1

with some 8; > 0. The above condition is equivalent to the one that ¢; > 0 and the
matrix (ajx + ax;) is non-positive definite.

If Ay is constructed, then Aj 41 = A U Al1,s+1- Here j € A/I,s+1 if and only
if there is an i € A with a;x > 0 (for k € A — Ay,) and with @;; > 0. Then we
set A; = |, A1y and A3 = A — Ay — A,. Suppose that there is a positive vector
¢ = (¢j)jen, With

> cibilay =0, (keAyUAy). (10)
i€As
Then the number of the linearly independent vectors in C is the dimension of the
kernel of the matrix (ajk)}*e AskeA,UAy (T denotes adjoint matrix). We can now state
Theorem 1.1 in a more concrete form.

Theorem 1.2. Assumethate; >0, (j =1,2, ..., N) and that the matrix (aj; +ax;)
is non-positive definite. Assume also that if A3 is non-empty, then there is a ¢ in
C satisfying (10). Then any bounded solution of (8) converges to some 6(y, ),
uniformly on Q ast — oo, uniformly on Q.

Remark 1.2. Let the assumptions in Theorem 1.2 hold. If n = 1, (n: space
dimension), then it can be shown that any solution is bounded, and so converges to
some 6(y, () as t — 0o, uniformly on 2.

Corollary 1.2. In addition to the assumptions in Theorem 1.2, assume that aj, =
—ay, v =N —2,and A3 = A (={1, ..., N}). Then any bounded solution of (8)
converges to some periodic orbit as t — oo, uniformly in Q.

Example 1.1. Consider the reaction-diffusion system

3

guj =dj8fuj + (W1 — uj_l)uj, xe, t>0

3

=0 (x €32, 1> 0); w(x,0) =), (e an

(G=1,2,3; us=uy, ug=us)
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(82 = 9%/0x?). 1t is easy to verify that Assumption 1.1 is satisfied, that A; = A, =
empty set and Az = {1, 2, 3}, and that the kernel of (a;x)* is spanned by the positive
vector (1, 1, 1). Thus any bounded solution of (11) tends to the set

O@={teR3; & +&+& =, 516263 = 1}

for some positive o, ;. Clearly @ is a periodic orbit. Hence any bounded solution of
(11) with positive initial data converges to some periodic orbit as # — oo, uniformly
on €.

Example 1.2. Consider the reaction-diffusion system:

3
Py =d;u; — ejuj + (Wj1 — uj-1);,
3
—uy =0 (x €02, > 0), (x,0) = () (> 0) (12)
G=1,...,N; uo=uy, uyy = u1),
wheree, =1(k=1,...,L);ex =k =L+1,...,N). Then we can see that
' N-L
Ar={L,....L,L+2,....2——1}
N—L+1
A2={L+1,...,2[—i——]+L—1}; A3 = empty set,

2

where [ ] denotes Causs symbol; thus any bounded solution u of (12) converges to a
constant vector (y1, ..., yn) where y; =0, (j € Ar) and y; > 0, (j € Ap).

2. Some estimates. In this section we give some estimates to be used later. We
begin by introducing some notations. || ||, denotes the usual L?-norm over 2; we
simply write || || for || |l2. HP*? denotes the LP-Sobolev space of order 2 with the
norm || ||,,2. We define the operator P by

1
sz—/ w(x)dx.
12| Jo

In what follows, M denotes various constant independent of ¢; and set

g &) =& £

K =supluj(x,t)] (x€Q,t>0, j=1,...,N) (13)
Ki= sup |fj(§)], Ka= sup |Veg;(©)l
|E1<K,Jj |§1<K,Jj

Siriqe the initial function is non-negative and not identically zero, it follows from the
elementary property of parabolic equations that

uj(x,t) >0, x€Q,t>0, j=1,...,N. (14)

Since we are concerned with behavior of solution for large ¢, we may assume that
(14) hold for x € Q2 and # > 0.
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Lemma 2.1. Let u be a solution of (RD). Then
Ol <M, (G eA), (1s)
fot lujHllids <M, (j €A, (16)
where M is a constant.

(Here and in what follows we shall simply write u; (¢) for u;(x, t))

Proof. Integrating the j-th equation in (RD) in x and ¢ over Q2 x (0, ¢), multiplying
b;, and taking the summation in j, we get by (2)

/Q(b,u(x, 1))dx + 61 Z /o /ijuj(x,s)dxdss/g;(b, ¢ (x))dx, an

JE€AL1

({,): the inner product in RY) from which (15) and (16) follow immediately in view
of (14).

Lemma 2.2. Let u be a bounded solution of (RD). Then

t
/ IVu; )P ds < M, j e A; (18)
0
t
/ lujHllids <M, jeAy (19)
0
and ,
/ lgc@) i ds <M, ke A UAs, (20)
0

where M is independent of t.
Proof. By the assumption

sup [u(x, )| (= K) <00, (x€Q,t>0). 21)
If j € Ay, then (16) implies (19). Let j € Ay — Ay,1. Then for some i € A,

£iw) = 8u; — p(K) Y wi.

kelq,1

Integration of the i-th equation (divided by u;) in (RD) over & x (0, ) gives

t t
p) /O (Ve ()) /s (5) | ds + 8 fo ()11 ds
R e
< 1 i(x,t)dx — 1 i d .
< [toguts nax~ [ togaitx)dn o) 3 [ htlhds

ke, 0
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The first term on the right hand side of (22) is, by (21), bounded, since log u; (x, t) <
log, u;(x,t) < |u;(x,t)|. The second term is, by (14), bounded. The third term is,
by (16), bounded. Hence the right-side is bounded, and so is the left hand side. Thus
(19) holds for j € Ay,2. Inductively we can show (19) holds for j € A;. Clearly
(20) holds for j € Aj in view of (21) and (19). For j € A, we have, by (4) and (21),

gy @)l < p(K) D Il

€A

which together with (19) gives (20) with j € A,. Taking the inner product of the
j-th equation in (RD) with u;, and then integrating the result in ¢, we see

llu; ()11 + 24 f |V, (s)||* ds
¢ ° 23)
1P +2 /0 (& (s, 1;(s)) ds, (j € Ay UAs)

((,) : L*-inner product). The right hand side is, by (20), bounded, in view of the
boundedness of u. This shows that (18) holds for j € A; U A,. Finally let j € As.
Similarly to (22), integrating the i-th equation (multiplied by ¢; /u;), and taking the
sum in i one finds that

> / V) P ds = Zci[ [ rogte sy dx = | 1oz dx]
—Zi:c,./o /Qf,-(u)dxds.

By Assumption 1.2 the right-hand side of (24) is bounded by

(24)

s @)1 + [ log gilly) + p(K) Y /0 il ds,

keAq
which is, by (15) and (19), bounded. Hence the left hand side of (24) is also bounded.
Consequently, by the positivity of ¢;,

t t
fo VP ds < K /0 1(Vag) Jus | ds < M,

showing that (18) holds for j € As. This proves Lemma2.2. [
To get the L>®-bounds for solutions u of (RD), we introduce an operator 4;,, in
LP(Q):

D(Aj,) ={v e H?*(Q); (3/3v)v =0 (ondQ)};
Ajpv=—djAv+8v (j € Ay1); = —djAv (otherwise).
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We first note that A;, is a non-negative self-adjoint operator in L2(2). Let us fix
p so that p > n, and write A; for A; , for simplicity. Then A; has the following
properties:
i) the spectral set of A; consists only of isolated eigenvalues {A;} with 0 <
A1 < Az < ..., and with finite multiplicities;

ii) the first eigenvalue A; is positive if and only if j € Ay 1;
iii) the estimate holds:

vllp.2 <= M{[|4; vll, +lvllp}, v € D(Ap); 25)

iv) if we define the operator Q by Q = I, (if »; > 0); Q=1 — P, (if ,; = 0)
(I = identity operator), then Q e™*4 = Qe~*41 Q;
v) A; generates the holomorphic semigroups {¢™*4/} in L (£2) so that

le™ @1 = M; 1Qe™ V|| < Me™; || 4™V | < M/t (26)
with some positive S;
vi) the solution u of (RD) can be written as

w6 = ey + /0 e~ g% (u(s)) ds, @7

where g}‘(u) = g;j(u) + 81uj, (j € A1,1); = g;j(u) (otherwise)
(see Agmon-Douglis-Nirenberg [1], Friedmann [7]).

Lemma 2.3. We have
IVllo < M||Ajvl, + M|Pv|, (v e D(4;)) (28)

(| | : absolute value)

Proof. Using the a priori estimate (25) for solutions of elliptic equations, || Qv|l, <
M]||A;v]p, and the Sobolev inequality, we get

lvlleo = M([[Ajv]lp + I Pv]lp),
showing (28); note || Pvl|, < |Pv||22|/?.
Lemma 2.4. Let u be a bounded solution of RD). Then

/0 |Qgj(u(s)Ifds <00, (j=1,...,N). (29)

Proof. If j € Aj i, then (29) is clear from (16). Suppose j € A — Ay,1. By
integration by parts, (—Au;, u;) = |Vu;|?, which is integrable by (18). Since

10u; 11 < MIAZui|? = M(4j2u5, u5) = Md;(—Auy, up) = Md; | Viy |*,



REACTION-DIFFUSION SYSTEMS 1049

which is integrable by (18) and since || Qu; (£) |5 < 2P~2K P72 Qu;(t)||2, we see that
| Qu; (£)||3 is integrable on [0, 00). By the mean-value theorem,

108 @), = 11 0lg; (0) — & (Pu)ll,
N 1
<> [ 101Gt CPu— ) - (Prs = )l ds

i=1 30)
N N
< KoM Y [|Pui —uill, < KaM Yy (| Quillp,
i=1 1=1
from which (29) follows. This proves Lemma 2.4.
Lemma 2.5. Let u be a bounded solution of (RD). Then
lAju;Oll, >0 as t— oo, 31
1Qu;®l, -0 as t— oo, (32)
1Quj®loo >0 as t— oo. 33)
In particular,
luj@lloo =0 as t—o00 (jeA). (34)

Proof. We first show (32). Applying the Q to both sides of (27), and using (26) and
iv), we find that

1Qu;®llp < Me™ligs1, + M/O e P Qg w(s)) |l ds.

Letting ¢ — oo in the above inequality, we have, by (29), (32). We next show (31).
To this end we express A;u; in the form:

Ajui(t) =Aje™ M ; + / , A;e 04 (0gi (u(s)) — Qgj(u()) ds

t/2
4 [ A 0g e ds + (1 — ) 05y o)
o .
=h+ 2+ S+ Js).
Clearly, J1 — Oast — oo (in L?). By(26) and (32), J4 — 0 ast —> oo. From (25)

it is easy to see that

t/2
1511, < MK /0 ¢t — )L Qg (u(s)l, ds

from which it follows that J3 — 0. It remains only to show J, — 0. Similarly to
(30), v
10gi @) — QgjwsHll, < MKs|lu(®) —u(s)llp. (35)
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On the other hand, by standard arguments in the theory of (linear) evolution operators,
we can show: '

i () — wy (), < MK (It — 5| + [t — 5]/). (36)

(For the proof see the appendix). Thus it follows from (26), (30), (23) and (36) that
t
1920 = () [ (it =572 41t = 5|5/ s (o),
t/2

where o () = sup;/,<;< | Qu(s)|lp. Since w(t) — O, it follows that J, — 0. This
shows (31). (33) and (34) are immediate consequences of (28), (31) and the Sobolev
inequality.

Lemma 2.6. Let j € As. Then there is a § > 0 such that

|Pu;(t)|>=6>0 (t>0). 37
Proof. By (24) and (2),

> ¢j(P(logu;(®) — P(log ¢)))

Jj€EA3
Zfo A];chfj(u)dxds
> 0@ Y [ Iy)lids by @)
jeh V0 ,
>M, (>-o) [by (19))

Consequently, by the positivity of c;,
Plogu;(t) = —My, (t>0) (38)

with some constant M. By Jenssen’s inequality, (37) follows from (38).

3. Proof of Theorem 1.1. We first show that u;(¢) (j € A1 U As) converges to
some constant y; as t — 00, uniformly on . We decompose u; in the form:

uj(t) = Pu;(8) + Qu; (1), (= 1Li(®) + L(2)). (39)

Then by (33)
L (t) — 0, uniformly on Q. 40)
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Applying P to both side of (RD), integrating in x and ¢ and noting P Au; = 0, we
see

1 t
I -1 = — .
0= 16) = o / ( /Q ¢(w) dx) ds (@41)

Since || gj W) ll1, (j € A1UAy) is, by (20), integrable on [0, 00), it follows that {; ()}
is a Cauchy sequence. Hence there is a constant y; with

() = v

which together with (40) shows that u;(z) converges to y; as ¢ — 00, uniformly on
Q. Clearly y; > 0 since u; > 0. Since |lu;(#)|l1, (j € A1) is integrable on (0, co)
by (19), it follows that

Yi = O, (] S Al)

Let j € A,. Similarly to (24) we get

t
/ / fj(u)dxds—}—/ log ¢j(x) dx < / logu;(x,t)dx. (42)
0 Ja Q Q
The first term on the left hand side is bounded from below, and so
—M; < the left hand side of (42),

M, being some positive constant independent of ¢, since || fj(w)|[1 is integrable on
[0, 00) in view of (4) and (19). Hence letting ¢ — oo in (42) we see that the limit of
the right hand side is bounded by —M from below. Since the limit of the right side
is |2 log y;, it follows that

>0 (j €Ay 43)

Set N
h(t) = Zkauk(t)
k=1

for simplicity. Then by (1)
(d/dtyh(®) = P()_ brge(w)) <0
k=1

since PAu; = 0. Hence A(t) is monotone decreasing in . h(t) is non-negative,
since u;(t) is non-negative. Thus the limit of h(z) exists, and we denote it by . If
A1 # A, then po > 0in view of (37), and (43). Finally we show

J= ¢ logue(t) > pj (¢ — 00), uniformly on . (44)
kGA3 .
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Put )
Li=PJ, h=0J, ca=c.

Then
Jr =) ckQllog(Pur(t) + Qui(£)) — log Pu(t)]
k

= ceQlog(l + Qui(t)/Pu())
4 _

which tends to zero as ¢t — oo, uniformly on €, in view of (33) and (37). Simple
calculation gives

10 =56 = Yo [ [ [ @lvulpm?+ f)dz]ds. @9)

k

By (24), |(Vug) /ug| is square integrable on €2 x (0, co). Also the absolute value of
the integral of ), cx fi (1) on the right hand side of (44) is, by (6), dominated by the

integrable function
t
o) Y [ @l a,
kGAl s

Hence the right hand side of (45) tends to zero as s,  — oco. Thus {J;(¢)} is a Cauchy
sequence, and so is J (¢). This shows (44). This completes the proof of Theorem 1.1.

Appendix. Proof of (36). Here we shall give the proof of (36). Set A; = A,

gj = &, etc. for simplicity. To show (36), we estimate each term on the right-hand
side of the equation

u(t) —u(s) = (4 — e 4)p + / t e~ g (u(r)) dr
t f s<e‘(“f>f‘ —e I fu(r))dr (=01 + L+ ).
0

From the elementary properties in semigroup theory it follows that

[ — e N < ¢t =)l 4 =D/t — ) A | Ae™™4|
<M(t—s)s"te™P; and

”e—-tA _ e——sA" < Me“sﬂ.
Hence by the interpolation theorem,

le ™ —eA < M@t —s5)Ps%F 0<0<1; 0<s<1). (A1)
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Similarly, |
I — Al < M(t — ) [ Ag,.

Thus by (26)
il = M =), [2ll, = MK3(t — ),

where K3 = sup |g(§)], (|§] < K). Also by (A1) with 6 = 1/2,
5]l < Mt — )"/,

Collecting all the estimates above we get (36).

Acknowledgment: The authors express their gratitude to the referee for useful com-
ments, e.g., on the definition of A;.

REFERENCES

[1] S. Agmon, A. Douglis and L. Nirenberg, Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions, I, Comm. Pure Appl. Math.,
12 (1959), 623-727.
[2] H. Amann, Existence and stability of solutions for semilinear parabolic systems and applications
to some diffusion-reaction equations, Proc. Roy. Soc. Edinburgh, Sect A, 81 (1978), 35-42.
[3] H. Amann, “Ordinary Differential Equations,” Walter de Gruyter, Berlin, New York, 1990.
[4] K.J. Brown and P. Hess, Positive periodic solutions of predator-prey reaction-diffusion systems,
Nonlinear Anal., 16 (1991), 1147-1158.
[5] W.A. Coppell, A survey of quadratic systems, J. Differential Equations, 2 (1966), 293-304.
[6] P.Fife and M. Mimura, A 3 component system of competition and diffusion, preprint.
[7] A.Friedman, “Partial Differential Equations,” Holt, Rinehart and Winston, INC., New York, 1969.
[8] A. Friedman and A. Tzavaras, A quasilinear parabolic system arising in modelling of catalytic
reactors, J. Differential Equations, 70 (1987), 167—-196.
[9] D. Henry, “Geometric Theory of Semilinear Parabolic Equations,” Lecture Notes in Math. 840,
Springer-Verlag, New York, 1981.
[10] A.N. Kolmogorov, Sulla teoria di Volterra della lotta per I’esistenza, Giorn. Instituto Ital. Attuari,
7 (1936), 74-80.
[11] N. Krikorian, The Volterra model for three species predator-prey systems: boundedness and sta-
bility, J. Math. Biol., 7 (1979), 117-132.
[12] PHess and Alan C. Lazer, On an abstract competition model and applications, Nonlinear Anal.,
16 (1991), 917-940.
[13] A. Lotka, “Elements of Mathematical Biology,” Dover, New York, 1956.
[14] Y. Oshime, Global boundedness of cyclic predator-prey systems with self-limiting terms, preprint.
[15] Y. Oshime, Global boundedness of cyclic predator-prey systems with self-limiting terms, Japan J.
Appl. Math., 5 (1988), 153-172.
[16] E. Rothe, “Global Solutions of Reaction-Diffusion Systems,” Lecture Notes in Math. 1072,
Springer-Verlag, New York, 1984.
[17] Y. Takeuchi, N. Adachi and H. Tokumaru, Global stability of ecosystems of the generalized Volterra
type, Math., Biosci., 42 (1978), 119-136.



