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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO
THE GENERALIZED KdV-BURGERS EQUATION

IKKI FUKUDA
Department of Mathematics, Hokkaido University

Abstract

We study the asymptotic behavior of global solutions to the initial value problem for the gen-
eralized KdV-Burgers equation. One can expect that the solution to this equation converges to a
self-similar solution to the Burgers equation, due to earlier works related to this problem. Actually,
we obtain the optimal asymptotic rate similar to those results and the second asymptotic profile for
the generalized KdV-Burgers equation.

Keywords: Korteweg-de Vries-Burgers equation, asymptotic behavior, second asymptotic profile.

1 Introduction

In this paper, we consider the asymptotic behavior of global solutions to the following generalized
Korteweg-de Vries-Burgers equation (we call it generalized KdV-Burgers equation for short):

Ut + (f(u)):v + kux:mc = Ugg, t> 0, S R, (1 1)
’U,((L',O)ZU(KSE), ZG]R; .
where ug € L'(R), f(u) = (b/2)u? + (¢/3)u® and b,c, k € R. The subscripts ¢ and x denote the partial
derivatives with respect to ¢t and x, respectively. The aim of our study is to obtain an asymptotic profile
of the solution u(z,t) and to examine the optimality of its asymptotic rate.
First of all, we recall known results concerning this problem. When k£ = 0, (1.1) becomes the gener-
alized Burgers equation:

ut—"(f(u))x = Ugz, t>0, TER,

U($70) = UO($>, x € R. (1'2)

It was shown in Matsumura and Nishihara [12] that the solution of (1.2) converges to a nonlinear diffusion
wave defined by

1 T
1) = . L t>0, TER, 1.3
= e () ! (13)
where v )
1 (e?/2 —1)e=="/4 /
J(z) == _ o= dz, b+#0. 1.4
X () b /T + (eb9/2 —1) Joro e~V dy Ruo(x) o b 14
Note that x(z,t) is a solution of the Burgers equation
b o
Xt + §X = Xzz» (15)

satisfying

/Rx(x, 0)dx = .

2010 Mathematics Subject Classification. Primary 35B40; Secondary 35Q53.



Moreover, if ug € L} (R)NH(R) and ||ug |21+ luol o is sufficiently small, then the optimal asymptotic
rate to the nonlinear diffusion wave is obtained by Kato [9] by constructing the second asymptotic profile
Vi(z,t) which is the leading term of u — x. Here LE(R) is a subset of L'(R) whose elements satisfy

HUJOHLE = [z luo(2)|(1 4 |z])Pdz < co. Indeed, the following decay estimate is established:

[u(-,t) = x () = Vil )z < C(lluollzr + uolla)(L+6)71, t>1, (1.6)
where
Vl(x,t)—120\61/7?V*<\/%>(1+t)110g(1+t), t>0, z€eR, (1.7)
Vi(a) = (bxs(a) — 2)e ™"/, (z) = 2%(77*(96)6‘“”2/4), (1.8)
T) =ex é ’ = -1 3
N (z) = p<2/_wx*(y)dy>, d—/R(n*(y)) (x«(y))"dy. (1.9)

From (1.6), the triangle inequality and (1.7), we see that the original solution u(z,t) tends to the nonlinear
diffusion wave x(x,t) at the rate of t~!logt, and in addition, if § # 0 and ¢ # 0, then this asymptotic
rate is optimal with respect to the time decaying order. Also we see that u — x tends to the second
asymptotic profile Vi (x,t) at the rate of t~1.

Next, we consider the case where b=k =1 and ¢ =0 in (1.1):

Ut + Uy + Ugge = Ugz, t >0, x €R,

u(z,0) = uo(z), z€R. (1.10)

This equation is called the KdV-Burgers equation. It was shown in Kaikina and Ruiz-Paredes [5] that if
up € L1(R) N H*(R) with s > —1/2, the following estimate

flu(-t) — x(,t —1) = Va(-, t)||p= < Ct~1/logt (1.11)

holds for sufficiently large ¢, where

d x
V2($7t) _W‘/; (ﬁ)t_l logt

with V. (z) being defined by (1.8). We see from this result that the solution of (1.10) also tends to the

nonlinear diffusion wave y(x,t) at the rate of t~1logt and this rate is optimal. On the other hand, the

asymptotic rate given by (1.11) is rougher than (1.6) by v/logt, although they mentioned in [5] that the

term y/logt in the estimate (1.11) could be removed by more delicate consideration, without any proof.
In this paper, we consider (1.1) for all b, ¢,k € R with b # 0, and obtain the following result:

Theorem 1.1 (Main Theorem). Assume that ug € L'(R) N H3(R) and ||uo|pr + ||uollgs is suffi-
ciently small. Then (1.1) has a unique global solution u(x,t) satisfying u € C°([0,00); H®) and O,u €
L?(0,00; H3). Moreover if ug € Li(R) N H3(R) and luoll L1 + l[uollms is sufficiently small, then we have

lu(t) = x(,8) = VBl < Cllluolly + lluollz) (1 +)71, £ >1, (1.12)

where x(x,t) is defined by (1.3), while V (x,t) is defined by

d ¥k ¢ T
=—— |+ 2\ —=—= )1 ~log(1 > R 1.1
V(x,t) 4\/7?( 5 +3>V<\/m>( +t) " log(l+1t), t>0, zeR, (1.13)

with Vi (z) being defined by (1.8).

REMARK 1.2. From (1.12), the triangle inequality and (1.13), if § # 0 and (b%*k)/8+c¢/3 # 0, we see that
the original solution u(x,t) tends to the nonlinear diffusion wave x(z,t) at the rate of t~!logt. Actually,
we have

C(A+t)" og(1+1t) < |lu(-,t) — x(-,t)||pe < C(1+1) " log(1+ 1)

holds for sufficiently large t. Therefore, this asymptotic rate t~* logt is optimal with respect to the time
decaying order. On the other hand, if (b%k)/8+c¢/3 = 0, then we find the asymptotic rate to the nonlinear
diffusion wave is t~1, because V(z,t) vanishes identically.



REMARK 1.3. It seems that our regularity assumption on the initial data is stronger than previous
works [5] and [9]. However, even if we assume the same regularity as those works, since the solution of
(1.1) becomes smooth wu(z,t) € C°°((0,00); H>*(R)) by virtue of the smoothing effect of the parabolic
type equations, we may assume that the initial data ug € L'(R) N H3(R) by changing the initial time.
Taking this fact into account, we can say that (1.11) is improved, and that the results due to Kato [9]
and Kaikina and Ruiz-Paredes [5] are unified.

This paper is organized as follows. In Section 2, we prove the LP-decay estimates of solutions to (1.1).
In Section 3, we prepare a couple of lemmas for an auxiliary problems. Finally, we give the proof of our
main theorem in Section 4. In the proof of the main theorem, in order to estimate the dispersion term
in the integral equation (4.11) below, we rewrite this term by making the integration by parts. It is the
main novelty of this paper since we can not estimate this term in the same way as previous works.

2 Decay Estimates for Solutions to (1.1)

In this section, we shall derive decay estimates for solutions to (1.1). First, we introduce the Green
function associated with the linear part of the equation in (1.1). Here and later, for f,g € L?>(R)NL*(R),
we denote the Fourier transform of f and the inverse Fourier transform of ¢ as follows:

m/ )

§(x) =F~! x) / 8y
(@) =F o)) = =
Then the Green function is defined by
S(x,t) = Ffl[e*”ﬂ?”tkfs](x).

By a direct calculation, we can show the estimates of derivatives of S(z,t). For the proof, see Lemma
A.1l. and Lemma A.2. in [8].

Lemma 2.1. Let | be a non-negative integer. Then, for p € [2,00], we have
1055, )l < CE2(L YY), t>0,
10LS (-, 1) || e < Ct=W/DA=UR)=1/2 45 g, (2.2)
Moreover, for the convolution S(t) % f, we obtain the following estimate:
Lemma 2.2. Let m be a positive integer. Suppose f € H™(R) N LY (R). Then the estimate
J0L(S () * )l < OO+ A2 s+ e joL 12, £ 0 (2.3)
holds for any integer 0 <1 < m.

Proof. By using Plancherel’s theorem, we have

IL(S * f)|22 = [le~ " +RE (i) f(€))|2. = / e 21 (i) f(€) Pde

</g|>1 /5> e 218 (3€)! (&) de

First, we evaluate I;. By Plancherel’s theorem, we have
nee® [ e forde < e [ IO = 1oL 2.4)
§l>1

Next, we evaluate 5. Since |f(€)| < C||f]|1: for all £ € R, we have

2
L= / e”“wol2|f<s>|2dss0<3up |f(£)|>/ SR
lg]<1 lel<1 l€1<1 (2.5)

1
< ClfIE, / € e < O(1 4 1) 2 £
0

From (2.4) and (2.5) we obtain (2.3). O



Now we turn back to (1.1). Local existence and uniqueness of the solution to (1.1) can be shown by
the standard argument (see e.g. [8], [10], [12]). Moreover, one can obtain the global solution satisfying

t
(-, )13 +/ 10z u(-, 5)[|3sds < Clluols, ¢ >0 (2.6)
0

Furthermore, the solution satisfies the following decay estimates:

Lemma 2.3. Assume that ug € L'(R) N H3(R) and |juo||z: + ||uollms is sufficiently small. Then the
solution u(x,t) to (1.1) satisfies

10l ) <C(lluollpr + [fuoll )t ™2 (L +¢71%), >0, (2.7)
105u(- )]z <Cluollpr + lluollms) (L +8)7412 ¢ >0 (2.8)
forl=0,1,2,3.

Proof. We consider the following integral equation associated with the initial value problem (1.1):

u(t) =S(t) * o — / S(t — 8+ (f(u)s)(s)ds

—S(8) o — /O (0,50t — 5)) * (F(w))(s)ds 9
=S(t) x ug — g /0 (0:S(t — 5)) * u?(s)ds — g /0 (0:8(t — 5)) * u3(s)ds
Ell + 12 + 13.

First, we shall prove (2.8). If we set

3
M(T)= sup > (1L+6)Y*2|00u(-,t)| L2, (2.10)

0<t<T +—=0

then from the Sobolev inequality
1£lle= < AN, | e H ®),

we have
Jobu, Bl < M(T)(1+1)~2712 1= 0,1,2. (2.11)
Here and later, M (T') are assumed to be small. Before evaluating I; , I and I3 , we prepare the following
estimates for [ = 0,1, 2, 3:
185 (w? (-, )2 SC(L+6)"V/2 2 M(T), (2.12)
105 (@ (- 8)) [ <CL+6)7 7 2M(T)?. (2.13)

Let 1 =0,1,2,3 and 0 <t < T. We have from (2.10) and (2.11)

l
105 (u® ()l <C Y (07wl )| 2105 ™ ul- )] 2
m=0

SC(l + t)_1/2_l/2M(T)27
and

105 (u® () [y <ClA%ul, 1) L2 ul- )| 2 llul:, )] L
-1 1l-m

+C Y Y ol )l 107 ul, )l 2105 ul-, 1) 2

m=0n=0
<CA+t)~ V4121 4041 + )~ V2M(T)?
-1 1-m
+C Z Z(l =+ t)—1/2—7n/2(1 + t)—1/4—n/2(1 + t)_1/4_(l_m_n)/2M(T)3

m=0 n=0

<C(1+ )72 M(T)3.



Thus we get (2.12) and (2.13).
By Lemma 2.2, we get

10,11 ()22 < O+ )2 (Jug | o + luollm), ¢ > 0. (2.14)

From Young’s inequality, Lemma 2.1 and (2.12), we have

t/2 t
105 T (-, 1)1 2 SC/ 18518 (t = s)) % u?(s) || 2ds + C ) 1(8:5(t = 5)) * Oy (u?)(s)|| 2 ds
0 t/2
t

t/2
SC/ ||3i“5(tS)|L2llu2(~,8)lluds+0// 1025 (t = 8)[| 2105 (w? (-, )| L2 ds
0 t/2

t/2 t
gc/ (t —s) V/AED2 L ) 7V2M(T)2ds +C | (t— )73/ (1 +5) "2 2 M(T)%ds
0 t/2
<C(+ )" Y4120 ()2, ¢ > 1.
(2.15)

Similarly, we have from Young’s inequality, Lemma 2.1 and (2.13)

t/2 t
105 T(-, 1)| 2 SC/ 1575 (t =) % u? ()| r2ds + C [ [[(8:5(t = 8)) ¥ O (u?)(s)[| 2 dls
0 t/2

t)2 t
<c / 1051 5(t — 8) |2 llu® (-, ) | ads + C // 1055t — )| 1211 (4, 8)) | 2
0 t/2
/2 ¢
gc/ (t—s)’l/‘*’(l“)m(l+s)’1M(T)3ds+C/ (t— )73/ + )12 M(T)3ds
0 t/2
<C(1+t)7342log(1 + t)M(T)3, t> 1.

(2.16)
Therefore, from (2.9), (2.14) through (2.16), we have
105ul- 6)ll2 < C(L+ )"V 2 (luoll s + uollms +M(T)?), 1<t<T. (2.17)
For 0 <t <1, from (2.6), we see that (2.17) is also valid. Thus, we get
M(T) < C(|luollzr + lluollms + M(T)?).
Since ||ug||r + |Juo|| gz is small, we obtain the desired estimate
M(T) < C([luolLr + [luollz2)- (2.18)
This completes the proof of (2.8).
Next, we shall prove (2.7). By Young’s inequality and Lemma 2.1, we have
10511 (-, t) || < Ct=2(1 + Y4 Jug|| 11, ¢ > 0. (2.19)
Moreover, we have from Young’s inequality and Lemma 2.1, (2.8), (2.12), (2.13) and (2.18).
t/2 ¢
10 L2(-, £)]| 1 SC/ 105718 (t = 5)) xw?(s)|[prds +C [ [(02S(t = 5)) * O (u®)(s)]| 2 ds
0 /2
t/2 t
SC/ 10555 (t = 8)|[ L [[u? (-, )| rds + C/ 1025 (t = )l 10 (w? (-, )| 1 ds
0 t/2
t/2
<C [ =97 R (=T ) ol + ol s
0 (2.20)
¢

+C | (t—8)"V2A 4t — )Y+ 5) V22 (JJug| 2 + ol s )ds
t/2

<Ot 472 (fluol o + [luo o)
+O(L+ )7 222 61 (Juoll 1 + lluollms)
<C(lluoll s + lluoll )t /2 (L + 714, ¢ >0,



and

t/2 t )
10525, )| 1 SC/O II(GiS(tS))*az(us)(S)llleHC/t/z@S(t8))*5i(u3)(5)||uds

t/2 t
SC/ 1055 (t = )| 21 (100 (u? (-, 5)) || rds + C// 1025 (t = 8)[[ L1105 (u (-, )| 2 ds
0 t/2
t/2
SC/ (t— )21+ (=) (1 +9) 2 (luoll 1 + [luol| s)*ds
0
t

+0/ (t =)+ (=) (1 +5) "2 (Juollr + [luoll ) ds
t/2

<O+ 174 (o | 1 + o 1)
+ O+ )2 4 ) (a1 + o)

<C(Jluol|r + |luol|gs)t ™21 + 74, ¢ > 0.
(2.21)

Therefore, summing up (2.9) and (2.19) through (2.21), we get (2.7). O

3 Basic Lemmas and Auxiliary Problem

In order to show basic estimates for auxiliary problems, we prepare a couple of lemmas. First, we treat
the nonlinear diffusion wave x(z,t) defined by (1.3), and the heat kernel

1 e
G(x,t)zﬁe /4t

A direct calculation yields

(2, )] < C|8|(1 +¢)" 2" /4040) ¢ >0 z eR. (3.1)
Moreover, we can estimate derivatives of x(z,t) and G(x,t) (for the proof, see e.g. Lemma 4.1 of [12]).
Lemma 3.1. Let o and B be non-negative integers. Then, for p € [1,00], we have

%P (-, V)|lr < C|6](1 4 )~ WD) =a/2=6 ¢ > ¢, 3.2
x Ut
1020 G(-, )| L» < Ct~(/DA=VP)=a/2=5 4 ¢ (3.3)

Next, for the latter sake, we define

m(@,t) = . (

772($7t) = (nl(x’t

il
_l’_
~
~——
I
@

]
ol
N
N | o
;i
=
=
N
QU
NS
——
w
=
S—

~—

—
—
@
ot
=

).
For these functions, we can easily show
min{1, e*/2} < gy (z,t) < max{1,e"/?}, (3.6)
min{1, e %/2} < ny(x,t) < max{1,e 2}, (3.7
Moreover, we have the following estimates by using Lemma 3.1 (for the proof, see Corollary 2.3 of [9]).
Lemma 3.2. Let | be a positive integer and p € [1,00]. Fori=1,2, if |§| < 1, then we have
10, (-, )| Lo < Cl8](1+ )~ H/DUAPIZZE2 -y > . (3.8)

In order to prove the main theorem, we introduce an auxiliary problem. We set 9 (z,t) = u(x,t) —
x(z,t), where u(z,t) is the original solution to (1.1) and x(z,t) is the nonlinear diffusion wave defined
by (1.3). Then, ¢(x,t) satisfies the following equation:

et 00+ (50°) 4 (504 0°) s+ bens — b0 =0

x



Based on the observation given in the paper [5] and [9], one may guess that the main term of asymptotic
expansion of ¥ at t — oo is governed by the solution to the following equation:

C
vt + (bXU)z + (3X3> +szmc — Uge = 0.

This observation leads to the following auxiliary problem:

2zt + (bX2)z — 2ge = O\ (2,t), t>0, z€R,

Z(.’L‘,O) = ZO(CU), z € R, (3.9)

where A(z,t) is a given regular function decaying fast enough at spatial infinity. The explicit represen-
tation formula (3.11) below plays an important roles in the proof of the main theorem, especially in the
proofs of Proposition 4.2 and Proposition 4.3 below. If we set

Y

Ulh(z,t,5) = / 3x(G(~T—y»t—S)Ul(w»t))n2(y,8)( / h<§>ds)dy, 0<s<t zcR  (3.10)
then we have:

Lemma 3.3. The solution of (3.9) is given by
¢
z(xz,t) = Ulzo)(x,t,0) +/ U0 A(9)](x,t,8)ds, t>0, ze€R. (3.11)
0
Proof. We set "
)= [ w0y
and integrate both sides of the equation (3.9). Then, we get

re +bxre — T = A, t>0, xR,

o0 = [ w0y (3.12)

—o0
Multiplying n2(z,t) both sides of (3.12), we have
Moty — 2(0ut2) T — NaTax = M, (3.13)

since dyma(w,t) = —(b/2)x(x,t)n2(x,t). Now, we put E(x,t) = na(x,t)r(z,t). Since 9y — 82n9 = 0,
(3.13) leads to
Et — Ezz = 7]2)\

Therefore, we obtain

E(a,t) = / Gz — 1) E(y, 0)dy + / / (@ — y,t — 5)mays )My, 8)dyds,

or

n2(z, t)r(x,t) = /RG(x =y, t)n2(y, 0)r(y, 0)dy + /O /RG(m —y,t —s)n2(y, s)A(y, s)dyds.

Since n; = n;l, we have

/z z(y, t)dy =771(fv7t)/RG(w—y,t)nz(y,0)</y ZO(£)d£)dy

t
(e, ) / / Gl =yt — 5)1a(ys 5)A\(y, 5)dyds.
0 R

Thus we get (3.11). O

For the first term and the second term of (3.11), the following estimates are established (for the proof,
see Corollary 3.4 and Lemma 3.5 in [9]).



Lemma 3.4. Let m be a positive integer. Assume that 6] <1, zo € H™(R)NL}(R) and [ zo(x)dx = 0.
Then the estimate

105U 0] (- £, 0)[ 22 < Clllz0ll e + llz0ll L) (1 +6) 7472, >0 (3.14)
holds for any integer 0 <1 < m.

Lemma 3.5. Let m be a positive integer. Assume that |§| <1 and A € C°(0,00; H™) N C%(0, 00; W™1).
Then the estimate

ai/o Ul A(5)](-, t, s)ds

t/2
<c / (L4t — 8) 3/ V2|A(, )| pads
0
l

t
oy //2<1+ts>3/4<1+s><l”>/2||agx<',s>pds (3.15)

1/2
+CZ(/ L) N8 s

holds for any integer 0 <1 < m.

4 Proof of the Main Theorem

In this section, we shall prove our main theorem. First, we consider

v + (bXU)z + (CX3> +hkXeze —Vez =0, t>0, z€R,
x

3 (4.1)
v(z,0) =0, zeR.
The solution of this problem satisfies the following estimates.
Lemma 4.1. Let [ be a non-negative integer. Assume that |6| < 1. Then we have
1050 (, )22 < Cl8|(L+6)"%/* "2 log(2 +1), ¢ >0, (4.2)
where v(z,t) is the solution to (4.1). In particular, we get
10L0(-, )|l < Cl0|(1+1)"1 "2 log(2+ 1), t>0. (4.3)
Proof. Applying Lemma 3.3, the solution v(x,t) to (4.1) is given by
¢
v(z,t) = / U{(@I <—§X3> —kag;> (s)} (z,t,8)ds.
0
By Lemma 3.5, we have
¢
10z0(-, )] 2 SC/ (L4t =)Ao 8) o+ Xy 8)l121)ds
0
l t
+C Z / (L4t =)7L +8) 20703 ()l + 1072 x (- 8) o )ds
t/2 (4.4)
1/2
+C Z (/ T+ s) 0 O 8)) 12 + |5?+2X(~78)|I%2)d8)
=1, + 12 I
For p € [1, o¢], we obtain
m o m—n ]
1052 O (Nl <C D7 Y NN, )2 195X )= 107" X (-, 5) | o
n=0 =0
m—n (4.5)

<C|sp Z Z (1+s) 1/27n/2(1+S)71/27i/2(1+S)71/2+1/2p7(m7n7¢)/2
n=0 =0
(1+

<C|6)? )~ B-1/ptm)/2.



where we used Lemma 3.1. Thus we get

t/2
I gc/ (1+t—s) 320621+ s) 7L +10](1 + s)"V)ds
0

(4.6)
<C|5|(1 + )34 2 10g(2 + t).
Moreover, we have from (4.5) and Lemma 3.1
I <CZ/ (T4t =)0 +8)"E™2(53(1 + )71 7™/2 4 |8](1 + 5)1"™/2)ds
(4.7

<C|s| (1+t $) (1 4 5) 7 24ds
t/2

<C|8|(1 4 ¢)73/4712

and
1/2
I <C Z ( / T ) MO (1 )72 (0P (1 s>5/2m>ds)
: 1/2 (4.8)
<C4| </ e~ =91+ s)s/zlds>
0
<C6|(1 4 t)=>/4=12,
Summing up (4.4), (4.6), (4.7) and (4.8), we obtain (4.2). O

Our first step to prove the main theorem is to show the following proposition.

Proposition 4.2. Ifug € L}(R) N H3(R) and uollzr + l[uollms is sufficiently small, then the estimate

195 (u(-,t) = X (1) = o( 1))z < Cllluoll s + lluollas) (1 +8)"3/47H2, ¢ >0 (4.9)

holds for 1 = 0,1, where x(z,t) is defined by (1.3), while v(z,t) is the solution to (4.1). In particular, we
get
lu(,t) = x(t) = v(, )z < Cllluollor + [luollms) X +8)7F, ¢ > 0. (4.10)

Proof. We set
w(zx,t) = u(z,t) — x(z,t) —v(x,t).

Then w(x,t) satisfies the following equation:

Wy + (wa)z — Wy = g(wa va)z - kwmmz - kvza::rv t > Oa T e Ra
w(z,0) = wo,

where we have set
b
glwxw) = ~glws o = (w8408 4 3w ) 00+ 0)).

wop(z) = up(z) — x(x,0).

By the assumption on the initial data, (1.4) and (3.2), we get wo € L{(R) N H3(R) and [, wo(x)dz = 0.
From Lemma 3.3, we obtain

w(ir, 1) =Ulwo) (z,£,0) + / Uldag(w, X, v)(3))(z 1, 5)ds — & / U(Ware + Vaza) ()] (2, 5)ds

EIl + IQ + I3.

(4.11)

Now, we define N(T) by

1
) = (1 + )34 2) 7w (-, 1) 2. 4.12
g ; 0z w(-,t)|| L2 (4.12)

S
0<t



Then, from the Sobolev inequality, we have
[w(t) [ < N(T)(1+)7" (4.13)
Before evaluating 11, I and I3, we prepare the following estimates for [ = 0, 1:

10,9(, D)t < O+ )27 2((8]log(2 + 1))* + N(T)?), (4.14)

1059(, t)llze < C(1+ 1)~ 7412((|8] log(2 + 1)) + N(T)?). (4.15)
We shall prove only (4.14), since we can prove (4.15) in the same way. Here and later, |§| and N(T)
are assumed to be small. We put hy(x,t) = w(z,t) + v(z,t), ho(x,t) = w(z,t) + x(z,t) and hg(z,t) =
x(x,t) +v(z,t). Let m =0,1 and 0 < ¢ < T. Then we have from Lemma 4.1 and (4.12)

107 ha (- )12 < C(L+8) =24 2(|6] log(2 + ) + N(T)). (4.16)
In particular, from the Sobolev inequality, we get

1h1 ()l < C(1+ )7 (|0]log(2 + t) + N(T)). (4.17)

Moreover, we get from Lemma 3.1 and (4.12)

107 o (- )| 22 < C(L+ )~ H47™/2(|8] + N(T). (4.18)

In particular, we get
Iha (-, 1)L < C(1+1)"Y2(|8] + N(T)). (4.19)

Moreover, from Lemma 3.1 and (4.3), we have
100 b3 (-, )| Lo < CJ8](1+1)~1/27m/2, (4.20)

Hence, for | = 0,1, we have from Lemma 4.1 (4.12), (4.13), (4.16), (4.18) and (4.20)

l
104 ((w + 02 ()L <C Y 105 ha (-, ) 2105 ha (-, ) 2

i (4.21)
<C(141)7*2712((|5|log(2 + 1)) + N(T)?),
185 (w? (s )| <CllBpw (-, )| 2w (-, )| 2w (-, )| oo
-1 l—-m
+C ZO Z% 185w (-, )| o< |05 w (-, )| 2|05 w (-, 1) 2
<C(1 r;)j‘;‘**l”(l+t)*3/4(1+t)*1N(T)3 (4.22)
+C li lf(l + 1) T2 (1 4 ) T3 ATN/2(1 4 ) TI/ATY 24 /242 ()3
m=0 n=0

<C(1+1t)7°/27V2N(T)3,

I l-m
105 (0 ()l <C Y7 D 105 (s )|l [0 0(, )22 105 ™0 -, t) | 2

m=0 n=0

I I-m
SCY S A+ )T (A )T ATR(1 ) TIATYZE2R2 (5] log (2 + 1)) (4.23)

m=0 n=0
<C(1+t)7%2712(|5| log(2 + t))*
<C(14t)732712(|5| log(2 + t))?
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and

105 (h1hahs) (-, )| 1 <C Z Z 107 B (-, )| 22 103 b (-, ) || 2 105 " s (- )| e

m=0 n=0
I l-m
<C YN (41742 ([5]log (2 + t) + N(T))

m=0 n=0

% (1 _~_t)—1/4—n/2(|5‘ + N(T))(l +t)—1/2—l/2+m/2+n/2|6|
<C(1+1)7*272(|5|log(2 + t) + N(T))(|6] + N(T))
<C(1+t)73/272((16]log(2 + 1))* + N(T)?).

We note that the second term in (4.22) does not appear for [ = 0. Summing up (4.21) through (4.24),
we obtain (4.14).
Now, we start with evaluation of I, I and I3. By using Lemma 3.4 and |§] < HUOHL}, we get

(4.24)

1011 ()22 < Clluollme + lluoll L) (L +8) /4712, 1=0,1,2,3. (4.25)

From Lemma 3.5, for [ = 0,1, we have

t/2
10512+, 1)]| 2 SC/ L+t =) g(, )| 1 ds
0

$OD [ =) ) g5 ds
=i (4.26)

t
+C Z (/ e*(tfs)(l + 3)“m)||8;?19(-7s)||%2d5>
0

=lrq +Ioo+ Izs.
We have from (4.14) and (4.15)

1/2

I, SC/O (1+¢— )34 12(1 4 )73/2((16] log(2 + 5))? + N(T)?)ds (4.27)

<O+ )72 (61 + N(T)?),

L <OZ / (14t — )74 (14 )*/272((18] log(2 + 5))° + N(T)?)ds

SC(l + t)_3/2—l/2((|5| 10g(2 + t))2 + N(T)2) /t (1 tio S)_3/4d8 (428)
t/2

<CA+t)7/42((16]10g(2 4 1)) + N(T)?)

and

1/2

I <C Z ( / e~ (1 4 5)~T/21((|6] log(2 + 5))* + N(T>4>ds)
¢ 1/2 (4.29)

C((|6]log(2 +1))* + N(T)?) </ e~ =91 4 5)7/2lds)
0
<C(1+1t)7=12((8]log(2 + 1)) + N(T)?).
Summarizing (4.26) through (4.29), we obtain

105,12, 1) 22 < C(81 + N(T)?) (1 + )~ /42, (4.30)

Finally, we evaluate I3. At first, since ¥ = u — x = w + v, from Lemma 2.3, Lemma 3.1 and Lemma
4.1, we have

18Lh(-, )| < C(|JuollLr + |Juollms)t™2(1+ ¢4, t>0, 1=0,1,2,3, (4.31)
0L (-, )2 < Clluollpr + lJuollgs) (X +8)~V4V2 >0, 1=0,1,2,3, (4.32)
0L (, )|z < C(16]log(2+t) + N(T))(1 +¢)~*/*71/2 1=0,1. (4.33)
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From the definition of I3, it follows that
¢
O Iy (w, 1) = — kol / Ultbana(5)] (2, 1, 5)ds
0

— / / DG — g, t — ) (@ 1))1a(y, 8)ibyy (v, )dyds

I+1

:_kZC“)al“ P (s )T (2, ),

where we put
t
Hat) = [ [ 6o =t = 5)nalu. s )duds.
o Jr

Therefore, from Lemma 3.2, we have

I+1
104 I3 (-, )| 2 <C (1 +8)~ 2977 (- 1) 2.
n=0

By making the integration by parts, we have

(4.34)

t t
J(a,t) = / / O2G(x — .t — 8)aly, ) (y, s)dyds — 2 / / 0:C(x — y,t — )0y ma(y, ) (y, s)dyds

t
_ _ 2
+ [ ] Gl =t = 0m it s

Then, it follows that

0z (, )HL2<CZ
r=0

8"/ /82 "Gz —y,t = s)0ym2(y, s)v(y, s dyds

r=0
First, we shall evaluate J,. for r = 0,1. By Plancherel’s Theorem, we have
e <[agrer [ e parmie, syas
0 L2(|€]<1)
ey 2 [ P, )i
0 L2(]¢|>1)
=dJdr1+ Jr.2
and
t/2 t )
s / D€ 2 == Fl(@m)ul(€. o) 2 ds
0 t/2
=Jr11+ Jr1o.
Since
/ P e 2= e < C(1 4+t —5)7/2712 >0,
|§1<1
and (4.31), (3.7) and Lemma 3.2, we have
t/2 , 1/2
han<C [ s Fl@me N [ lgpire et ) as
0 g1 |€1<1

/2
<c / (L4t — 8) /2502 (D)) (- )| o ds
0

t/2
<C(1+ )2 [T ) a4 s (04 57
0

C(lluollpr + lluol| ms) (1 + t)~"/21/4,

12

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)



While, we have from Lemma 3.2, (3.7), (4.31), (4.32) and (4.38)

t . 1/2
Jri2 <C [ sup |(i€)" T F[(9m2) ] (€, 5)| ( / |¢|2em 20— d&) ds
[€1<1

t/2 |¢|<1
t
<C [ (Wt =) Mo (05m)w) (s 8)l|pads

t/2
n+l—r t
4.40
¢ Z / (L4t =) or " (-, )07 (-, )| L1 ds (4.40)
m=0 t/2
n+l—r t
<C Z / (1+t— 5)73/4(1 + s)*n/271/2+m/2(HUOHL1 + ||U0||H3)57m/2(1 + 571/4)d$
m=0 t/2

<C(|uollrr + luollms) (1 + &)~ "/27 14 ¢ > 1.

For |£| > 1, by using the Schwarz inequality, we have

(i) / e~ PO )0) (€, 5)ds

S0/0 [€le= IR (et F[(87m2)) (€, 5)|ds
t 1/2 t

sc( / |§|2e-<f—s)“ds) ( / e-<t—s>f2|<z'f>"+1-rF[<a;n2>w]<s,s>|2ds)
0 0

1/2

. 1/2
so( / e<”>'E'2|<z's>"“TF[(a;m)m(f,s)?ds) .
0

Therefore we have from Lemma 3.2 and (4.32)
t ) 1/2
nase([ [ et g emm e o Pas
le|>1Jo

' 1/2
—(t—s) ondler - )
§C</° ) /|5|21 |GE)"™ T FI(0pm2)¥ (€, 5)] dgds>

n+l-—r t 1/2
<C / e (t=9) A HL=m (-, 8)0M (-, 8)||2 ds>
> ([ oozt )
n+l—r t 1/2
<C 3. (/ IO (L 4 8) " (gl s + o)1 + s>”2md5)
m=0 0
t 1/2
<Clluolls + uallas) ([ 14 5)792-0as)
0
<C(luollr + lluoll =) (1 +)~"/273/4,
From (4.36), (4.37), (4.39), (4.40) and (4.41), we obtain
Jr < C(luoll oy + luollms) (1 +1)"/27V4, 121, r=0,1. (4.42)
Next, we evaluate .JJo. For n = 0, we have from Lemma 2.1 with kK =0
t
Ja SC/ 1“2 [((D2m2)8) ()] ()| 2 dls
0
(4.43)

SC/O (Lt =) H(@2n2)) (- 9) e + e N ((7m)9) (-, 8) 2 ) ds

=Jo.0.1 + J20.2.
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From Lemma 3.2 and (4.33), we have

Ja01 = (/t/Q //2> (L4t =) H(@2n2)¥) (-, 5)| Lrds

<C(1+)/ /t 1611+ 8)~3/4(|8] log(2 + ) + N(T))(1 + )~ *4ds
0

t
+C [ (A4t —s) Y4814 5)734(|6]log(2 + s) + N(T))(1 + s) ">/ *ds
t/2

<C(L+t)"Y4(612 + N(T)?) + C(1 + ) 73/4(6 log(2 + t) + |6]> + N(T)?)
<C(1+t)"Y4(|6* + N(T)?)

and
t
Taoa <C [N+ 5) (3] log(2 4 ) + ND)(1+ ) ds
0

C(|6]*log(2 + t) + |6]* + N(T)?) /Ot e~ (t=9) (1 4 5)"T/4ds
<O(1+5)74(8] log(2 + ) + |8” + N(T)?).
Therefore, we obtain from (4.43) through (4.45)
Jy SCA+HVSP + N(T)?), n=0.

In the following, let n > 1. By using Plancherel’s theorem, we have

Jo <

(i€)" / == F((02n)0](€, 5)ds

L2(|¢1<1)

+ |l Ge / ~=9IE” Pl(@2na)] (€, 5)ds

=Jo1 + Joo.

L2(|¢]=1)

First, we estimate J5 1. It follows that

t/2 t )
Jor g(/ +/ )ll(if)”e‘(t‘s)'f' Fl(02n2)0)(€, 8) || L2 (e <1yds
0 t/2

=Jo11 + Jo1..

From Lemma 3.2, (4.33) and (4.38), we have

t/2 2 1/2
T <C [ s [F@m)ele s>|( [ leprememsi ds) s
0 [€1<1

l€1<1
t/2
<C [T Wt A ()5 s
0

t/2
<c(1+ t)’”/2’1/4/ 161(1 4 5)"%/4(15] log(2 + ) + N(T))(1 + 5)~%/*ds
0

<C(1+t)"2714(16)2 + N(T)?)

14
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(4.45)

(4.46)

(4.47)

(4.48)

(4.49)



and

t , 1/2
Ja1.2 <C [ sup |[(i)" " F[(02n2)¥](€, )| ( / |€|2e 2= lel d&) ds
[€1<1

t/2 [¢]<1
t
<C [ (A4t o7 = (02n2)9) (-, 8) | prds
t/2
n—1 ¢

<C) / (L4t =)0y (-, )07 (-, 8) | ads

m=0"1t/2

(4.50)

n—1 ¢

SOZ/ (1+t—8)73/4‘5“1—|—$)7"/271/2+m/2+1/4

m=0"1t/2

x (|8]1og(2 + s) + N(T))(1 + s)~™/2=3/4(s
t
<C+H7271 (0] log(2 + 1) + [0 +N(T)2)/ (1+1— 5)3/ds
t/2
<C(1L+)7 2734187 log(2 + 1) + 8] + N(T)?).

In the same way as (4.41), we have from Lemma 3.2 and (4.33)

t ) 1/2
sz <0 ([ [ eI g0 e ) P
|§1>1J0

' 1/2
—(t—s) conn—1 9 )
SC(/O ’ /521 |@€)" Fl(0;n2)¢] (€, 8)l dfdg)
1/2

n—1 +
<C /ef(tfs) o T G PO U VT 22ds>
mzz( 102, )0 )2 .

1/2

n—1 t
<C Z (/ e~ UI512(1 + 5) 7™ (|6] log (2 + s) + N(T))%(1 + S)S/de8>
m=0 0

t 1/2
<C(|6]* log(2 + t) + |6[% + N(T)Q)(/ (=1 4 s)s/znd8>
0

<C(1+1t)275/4(16)2 log(2 + t) + |02 + N(T)?).
Therefore, summing up (4.46) through (4.51), for n > 0, we obtain
Jo < C(14t)7"27 V4162 + N(T)?). (4.52)
Therefore, from (4.34), (4.35), (4.42) and (4.52), we have
1015 (-, D)l 22 < Cllluoll s + lluollms + 18] + N(T)*) (1 +6)=/+H2) g >1, 1=0,1. (4.53)
Since || < [uol|z1, summarizing (4.11), (4.25), (4.30) and (4.53), we obtain
0w, e < O+ 0~V ugll s + woll s + N(TY?), 1<¢<T, 1=0,1.  (454)
For 0 <t <1, from (2.6), (3.2) and (4.2), we obtain

10w (-, t)[lLe <CllA5ul- 8|2 + ClOLX(C )] L2 + Clld5v(-, )| 2 (4.55)
<Clluollgs +Cl6], 0<t<1, 1=0,1.
Finally, combining (4.54) and (4.55), we get
(1 %20, )12 < Cllluollzy + luolls + N(T)), 0<t<T, 1=0,1
Since [lugl|L: + [luol| s is small, we obtain the desired estimate

N(T) < C(lluollzy + lluollrs)-

This completes the proof. O
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In order to complete the proof of the main theorem, it is sufficent to show Proposition 4.3 below.
Here we need to improve the proof of Lemma 3 in [5] to avoid the factor /logt.

Proposition 4.3. Assume that [0] < 1. Then the estimate
[o(8) = V(D)L= < CI(L+1)7H t2>1 (4.56)
holds. Here v(x,t) is the solution to (4.1) and V (z,t) is defined by (1.13).
Proof. We set
Az, y,t,8) = 0. (G(x — y,t — s)m(z,t))

= 0,G(x —y,t — s)m (z,t) + gx(x, )G(x —y,t — s)ni(x, t), (4.57)
F(y,s) = n2(y, s)(—(c/3)x(y, 5)° = kxyy(y, ).

By Lemma 3.3 and (3.10), we have

oz, t) = /0 t /R A,y £, 5) F(y, 5)dyds

¢ t/2 (4.58)
t/2 JR 0 R
=J, + Jo.
First, we evaluate .J;. We shall show
11 (, 1)l L < Cl6](141) 7" (4.59)
It follows that from (4.57)
b
J1 = ——171 x,t / / (8 Glx—y,t—s)+ éx(%t)G(x —y,t— s))ng(y,s)x(y,s)3dyds
t/2

b
— km(x,t) // / (8 Glx—y,t—s)+ 2)((:5 )Gz — y,t — s))ng(y, $)Xyy (Y, 8)dyds
2
=Ji1+ Jio.
For J;.1, by making the integration by parts, we have

Datat) = ~gmet) [ [ 6o == 0 (B0 x4 GOm0 100,99 s

- —gnl(x,t) /f/: /R Gz —y,t—s) (—gx(y, s)'n2(y, 5)

+ 32y, $)X (¥, 5)*xy (4, 5) + gx(x, ) (n2(y, 8)x (v, 3)3)) dyds.

Therefore, from Lemma 3.1, we obtain
t
[ J1a( 8L < /t/2 1GCot = )L (IXC, 8)l 7 + IXC ) IFe I (s 8) [z + IXC )z IXC, 8) 170 )ds

t
§C|6|3/ (14 5)2 + (1+8)"V2(1 + 5)~%/2)ds
t/2

<ClIsPa+t)7L
(4.60)
For Ji o, by making the integration by parts, we have

Dty = km(ot) [ [ G == ) (2400009700 + G D00 )00 )i

= —km(z,t) /t/2 /R G(r —y,t—s) (—Sx(y, 8)Xyy (Y, 8)12(y, 5)

05 X (05) 50200 (0 5) ) s
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Therefore, from Lemma 3.1, we have

t

1120 1) £ g/

o IGCot =)L (lxCs 8)llzoe lxaa (5 8) Lo + [Xaaz (5 8)llLoe + [IXC ) Lo [[Xaa (-5 8) [ Lo )ds

t

<Ol | (A+8)72+Q+1)"Y2(145)7?)ds
t/2

< Ol(1+4)L
(4.61)

Hence, from (4.60) and (4.61), we have (4.59).
Next, we evaluate J,. Spliting the y-integral at y = 0 and making the integration by parts, we obtain

t)2
Ty = / / A, 9,1, 5)F(y, s)dyds
0 R

t/2 00 00 t/2 0 Y
:/ / Ay(amy,t,s)/ F(q,s)dqdyds—/ / Ay(x,y,t,s)/ F(q, s)dqdyds
0 0 Yy 0 —00 —00 (462)

t/2
+ / A(z,0,t,s) / F(q, s)dqds
0 R
=J3+Jy+ Js5.
First, we note that Lemma 3.1 yields

sup sup sup|Ay(z,y,t,s)|
0<s<t/2xz€R yeR

<C sup ([02G(-t = 8)llLoe + IX( ) |2 [|02G (-, t = )| =) (4.63)
0<s<t/2

<C sup ((t—8) 324 (1 +0)"V2(t—s)"") <Ot3/2,
0<s<t/2

since

Ay(.’L’,y,t, S) = _,’71(337t) (836’(:5 - yat - S) + gX(l’,t)azG(l' - y7t - S)) .

By making the integration by parts, we have

/ 120 )X (4 8)dg = —1a(ys 8)x0 (s 8) + / " (0.9 (x(@.9))adg

S NS

VR
= 9 0:5) — T X5+ [ mla. (e s) e
Yy

Therefore, we have
o0 o] c
| Fasin= [l (<5ria s - bl o
y Yy

4.64
b2k (4.64)

b AN
= b0:5) (o 9) + 39 ) = (4 5 ) [ mlasitasan
Yy
Similarly, we obtain

/y F(g,s)dq = —kna(y, ) (xy(y, 5) + Zx(% 8)2> - (bzk + g)/y 12(q,5)x(q, 8)*dg, (4.65)

— 00

because

| et o = (o)) + 5 [ ala o))

— 00 — 00

b b2 Y
— 090 0:5) + N9+ 5 [ mlasnla s e

— 00
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From Lemma 3.1, (4.63) and (4.64), we have
t/2 o
a0 <0t [ [ (gt e+ [ vt

t/2 t/2
<Ct-3/2(/ [ o9+ )Py + | / / (s |dydqu)

<Ct3/2< / (e (s )llzs + I 8)l[32)ds + // / qx(qu)'?’dq“)

/2 /2
<cr ( |2 v mpa s s [ f |y|x<y,s>3dyds)
0 R

’ t/2
<Clo|1+t)~t+ Ct*?*/?/o /R|y||x(y,s)|3dyd5.
By using (3.1), we have
[ Py < €10 [ (14972 0y
= CIAP [ (1487 (4 )ty

< CI6P[0:G (-1 + s)|| 1
< Cl6PQA+s)" V2

Thus, we obtain

t/2
1 J5(- )|z < Cl6](1+ 1)~ + C’t_3/2/ 63(1 + 5)~/2ds
0

(4.66)
<CP|(L+)7 t>1.
Similarly, we have from (4.63) and (4.65)
t/2 Y
[ Taa, )] <Ct? / / (Ixy v 5)] + (w9 + / x(@ >|3dq)dyds
t/2 t/2
<cr 3/2( / / o (9 )] + (s )2 dyds + / / / (g, s |dydqu)
t/ t/2
scﬂ”( / (ool + InC o)) + [ / D@ 9)] dqu)
0
<O15(1 4+ ) + Ot/ / / Wlix (. s)Pdyds.
0 R
Therefore, we have
a0l < CloJ(1+ )71, ¢ > 1 (4.67)

Finally, we evaluate J5. By the integration by parts, we get

/RF(q,S)dq = *%Aﬁz(q,S)x(q,S)ng*k/an(q, $)Xqq(a: $)dg

C

- —g/ﬂ{nz(q,s)x(q,s)gdq— %/an(q, 5)(x(,)*)qda

__ (; + ?)Anz(q, s)x(q,s)*dg.

From the definition of 7y and x, and (1.9), we have

Rn*<\/1q?>l(1+s)g/2x*( 1q+s>3dq
<1+s)—1/Rn*(z)—1X*(z)3dz
d(1+s)™*

/ n2(g, $)x(a, 5)°dg
R
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Thus, we obtain

/RF(q, s)dq = —d(b;k + g) (1+s)L

Therefore, we have

Js = — d<b28k + ;)nl(m,t) /Ot/Q(l +5)71 ((%G(m,t —8)+ gx(a:,t)G(x,t - 8))d$

Bk c #/2
=— d<8 + 3)771(32,15)/ (14s)7! <8$G(a:,t —8) — 0,G(z,t+1)
0

4.68
+gx(ac,t)(G(x,t—s) —G(m,t—i—l)))ds (4.68)
v’k ¢ b t
—d ra + 3 m(z,t)| 0:G(x,t+ 1)+ §X(a:,t)G(x,t—|— 1) Jlog| 1+ B
=J51+ Js.2.
Since .
LGz, t —s) — .Gz, t +1) = —(1 + s)/ (0L GY(z, 1+t —0(1 + s5))db
0
for l = 0,1, we have
|0LG(z,t — s) — OLG(x,t + 1) < C(1 + 5)(t — 5)73/271/2,
From (1.9), (3.7) and Lemma 3.1, we obtain
1< [ )l e )Py < ClC 0l < It
Therefore, we obtain
t/2
sl <ClP [ (e =92+ A0 P4 a0 )as
O .
<CPP1+t)~Y t>1.
Finally, by the definition of V(x,t), J5.2 can be written as follows:
b’k ¢ b t
Js2(z,t) =—d 5 + 3 m(x,t)| 0:G(x,t+ 1) + 5x(x,t)G(a:,t+ 1) Jlog| 1+ 3
d (V’k ¢ x t
= Dt ——— 4+ = Vi — |1+ 1) log(l +1t) —1 1+-1).
e e o)
Since Vi (x) is bounded, we obtain
aatet) =Vl <CloP(ve (2= )| ton(1 s Jaw o
o ' - VI4+t) | 1+1t/2 (4.70)
<ClsPa+n~" t>1
Therefore, summarizing (4.58), (4.59), (4.62) and (4.66) through (4.70), we obtain (4.56). O
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