
Asymptotic Behavior of the Solutions 
of the Third Order Nonlinear Differential Equations 

u"  ± t" ' ~  = 0 (*) (**). 

1)Arm A. On:M:E (TMlahassee, ~lorida) 

S u m m a r y .  - The asymptotic behavior o] the proper nonoseiIlator solutions o] the nonlinear, third 
order, ordinary di]ferentiaI equation (.) u r~r ~= t~u ~ = 0, where n > 1 and a is an arbitrary 
real number, is considered. Cases ]or a and ~ are studied and the possible asymptotic 
behavior (t-+ c~) o] the solutions of ( . )  are ]ound and conditions ]or their existence are 
demonstrated. 

1 .  - I n t r o d u c t i o n .  

Lit t le  is known about  the  asymptot ic  properties of the solutions of third order 
nonlinear differential equations al though there  have been several investigations of 
th i rd  order l inear equations. Among these are the papers of AmvIAD and LAZE~ [1], 
M. t t A ~ A ~  [11], LAZE~ [1917 SCn-U~ [23], and Sz~G~ [24]. 

Autonomous th i rd  order nonlinear differential equations have been considered 
by  J.  O. C. ]~ZEILO [8], V. HAAS [12], 1% R. D. K E ~  [14], and ]3. S. LALLI [18], 
while nonautonomous  th i rd  order nonlinear equations have been studied b y  
D. BomcowsKI [3], ]~ZELIO [5]-[7], J.  W. ttEIDEL [13], KIGUlCADZE [15]-[16], LEGATOS 
and STA~K0S [20], LzCKO and M. SVEC [21], J.  L. ~ELSO~ [22], K. E. SWlCK [25]-[26], 
W. 1~. UTZ [27], and P. WAL~r_~ [28]. 

The above ment ioned papers on nonlinear differential equations have primari ly 
discussed oscillation or other  asymptot ic  behavior  of equations of a part icular  form. 
This paper  follows the same pa t te rn  in tha t  it  discusses the asymptot ic  behavior  of 
nonoseil latory solutions of two part icular  third order, nonlinear, nonautomous equa- 
tions. The equations considered were chosen because of wide interest  in the second 
order equations of the same form whose asymptot ic  behavior  has been discussed by  
1~. BELL~L~ in Chapter  7 of his book [2]. 

A proper  solution of a third order differential equation is one which is real and 
has a continuous second derivat ive for t>t0.  This paper  introduces a technique 
(Theorem 3.1) whereby the proper  solutions of the equation 

(1.]) u r ' - - t ~ u ~ = O ,  n > l ,  ( r e ( - - ~ ,  oo) 

(*) This paper is part of the author's dissertation which was prepared under the dirrec- 
tion of Professor Tr~o~As G. HALLAM at Florida State University. This research was sup- 
ported by ~ISF grant GP 11534. 

(**) Entrata in Redazione il 9 maggio 1973. 
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can be shown to be  bounded  b y  cer ta in  powers of t. I f  q(t )> 0 is bounded  below b y  

a power (possibly negative) of t, t hen  the  above ment ioned  technique can be applied 
to the  equat ion  

u " - -  q(t) u" = 0 

with similar  results being obtained.  
The  a sympto t i c  expansions in this paper  are similar to the  expansions found in 

ItALLA~ and tIEIDEL [10]. However ,  when their  results are res t r ic ted to our situa- 

t ion, we are able to obta in  an addi t ional  t e r m  in each expansion.  

Our discussion is res t r ic ted to posi t ive solutions since either u ~ is not  real for 

negat ive  values of u or ( - - u ) " =  =~ u ". Thus,  in the  case of negat ive solutions of 

u "~ ~ t ~ u  ~ = 0 

the  discussion can be reduced to t ha t  of posi t ive solutions of the  same equat ion or 
of the  equat ion 

U'l~ ~ t~u" = 0 . 

2.  - F u n d a m e n t a l  c o n c e p t s .  

To see if ei ther  of the  equations 

(2.1) u ' r ' - F t ~ u ' - = O ,  n > l  

h a v e  solutions of the  form ct ~ we subs t i tu te  u = ct ~ into (2.1). After  a s imple 

calculat ion we have  t h a t  if 

(2.2) c = [±  (~ + 3)(~ + n + 2)(~ + 2 ~  + 1 ) / ( n - - 1 ) ~ ]  11("-1) 

= [ Jr- W(W - -  1 ) ( w  - -  2 ) ]  1/("-  1) 

where 

(2.3) w = - (~ + 3 ) / ( ~ - 1 )  

t hen  ct ~ is an exact  solution of (2.1). Since we are concerned only wi th  reM solu- 
tions, we need to t ake  note  of the  values of a and n which yield a real value for c. 
Before examining  the  various cases of a and  n, we will s ta te  l emmas  tha t  will be 

used often in our s tudy.  

IJEiVlWIA 2.1. - I f  l i m u ( t ) =  c~, and  if u ' ( t ) > 0  eventual ly,  then  u ' < u l + ~  for t> to  
t-->oo 

for any  s > 0, except  perhaps  in a set of intervals  of finite to ta l  length which de- 

pends upon  e. 
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The proof  of this l e m m a  m a y  be found on page 97 of [2]. 

o o  

L E n A  2.2. - Le t  /(t)>~O for t>~to I f  f](t)dt = ~ t hen  
to 

t t 

f1(~)E~ + o(:[)]a-~ = (~ + o(1))f/(~)aT 
to t0 

o o  

LEM~_A 2.3. - Le t  ](t)>~O for t>~to. I f  f ] ( t ) d t ~  ~ then  
to 

f/(~)E1 + o(~)] a~ = [1 + o(]-)]fl(~)a~. 
t t 

The proofs of L e m m a s  2.2 and 2.3 are tr ivial .  

L E ~ t  2.4. - Le t  X =  x2 be a vector  in R 3. 

1 

A---- 0 

Define the  ma t r i x  

where :¢----3(w--1),  fi = 3 w ~ - - 6 w - ~  2, and  ~ =  w ( w - - 1 ) ( w - - 2 )  for some real  con- 

s t an t  w. The character is t ic  roots of A are - - w ,  l - - w ,  and  2 - - w .  Then,  for 
t e [to, c~) and  for a n y  negat ive  character is t ic  root  ~ of A there exists a solution 

~(t) of 

(2.4) 

where 

such t h a t  

(2.5) 

X'(t)  : AX( t )  JF .E(X),  

~(t) = k exp [~t] + o(exp [~t]) ,  

where k is some nonzero constant .  Conversely, if w ¢ 0, ]~ or 2, t hen  any  solu- 
t ion ~(t) of (2.4) which tends  to zero as t goes to infinity mus t  sat isfy (2.5)for  some 

negat ive  character is t ic  root  of A. 
The proof  is a direct  consequence of Theorems 4.1, 4.3, and  4.4 in Chapter  13 of [4]. 
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LEPTA 2.5. - I f  the  cont inuously  differentiable funct ion ] is oscillatory, then  

for a n y  two real numbers  ~, fl the  funct ion a]'+ fl] is oscillatory. 

PEOOF. - I f  ~ ~ 0, the  l emma  is true.  I f  ~ # 0, then  i t  is sufficient to  prove  

the  l e m m a  for ] '~  ~], y == fi/~. We will assume tha t  ~ >  0 as the  proof for N = 0 
or y ~ 0 is analogous to t ha t  for y > 0. Le t  x, y, z be  a n y  three  consecutive zeros 
of ]. Then  b y  l~olle's Theorem there  exis t  ce (x , y )  and de(y ,  z) such t h a t  ]'(c)= 
= F(d)--O. I t  c~n be assumed wi thout  loss of general i ty  t h a t  ](t)> O, t e (x, y) 
and ](t) < O, t e (y, z). Then  there  exist  points  near  e such t ha t  ] ' -~  ~] is posi t ive 

~nd points  near  d such t ha t  ] ' -~  ~] is negative.  Since this procedure can be re- 
pea ted  for each tr iple of consecutive zeros, the  funct ion ] '~-y/  is oscillatory. 

LE~VIA 

Then,  
2.6. - Le t  b(t)>O for t~to, fb(t)dt< ~ ,  and p be a posi t ive number .  

to 

g 

t-~ f s ~ b (s) ds 
to 

approaches  zero as t approaches  infinity.  

LEMiVIA 2.7. -- Le t  b(t)>O for t>to and fs~b(s)ds< ~ where p > O ;  t hen  
to 

oo  

t*f b(s) ds 
t 

approaches  zero as t approaches  infinity. 

The proofs of L e m m a s  2.7 and  2.8 are conta ined in [9]. 

LE~_A 2.8. - I f  [a]<K, Ib]<~K, and r > l ,  then  

r . 

The proof of the  l e m m a  m a y  be found in [10]. 

LE~DIA 2.9. - I f  l im]( t )  = k, a finite number ,  and F(S) exists and  is eventual ly  
$-->¢o 

nonposi t ive or nonnegat ive ,  then  for a n y  e >  0 and  for t sufficiently large ]]'(t)] < s 
except  possibly on a set  of finite measure.  

I ~ o o P .  - Suppose ]'(t)>~O for t>~to. Then, if there  exists an  e > 0  such t h a t  
]'(t)>s on a set A of infinite measure  t hen  

oO 
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where re(A) denotes the  measure  of A. This contradicts  the  finiteness of k. The 

proof for fl(t) eventua l ly  nonposi t ive  is analogous. 

3 .  - The equat ion ~ " - - t ° u ~  : 0, w > 2. 

TttEOI~E:~ 3.1. -- I f  u(t) is a solution of Eq.  

( 3 . 1 )  u ' ~ -  t 6 u  ~ = 0 ,  n > 1 

such t h a t  l im u(t) -= oo t hen  there  exist  numbers  ~ ~nd 2. such t ha t  for a n y  e > 0 
t-->oo 

and  

lira u (t)/t ~+~ = 0 
t-->co 

l i r a  u ( t ) / t ~ - * - ~  c~z . 
$--+co 

Moreover,  %>2 ~nd n < w  + 3 / ( n - - l ) .  

PI~ooF. - F r o m  limu"(t)---- oc we h~ve t - ~  t-~oo t-~oo l i m u ' ( t ) -  co ~nd l im  u(t)---- oo. F r o m  

(3.1) we get t ha t  u " ( t ) >  0. Choosing e , >  0, i = 1, 2, 3 small  enough so t ha t  for 

a n y  0 < s < n - -  1, (1 + s~)(1 + s~)(1 + s,) < n - -  e, we have  b y  apply ing  L e m m a  2.1 

three  successive t imes 

except  possibly on a set A~ of finite measure.  I t  follows tha t  for a rb i t r a ry  $ > 0 

t h a t  except  possibly on a finite set A~ ~ A,.  Defining k = ~ a/~ implies t ha t  

I f  the  set  A~ is bounded  for all posi t ive ~ sufficiently small  then  clearly t im  (u/t ~) =- O. 
t-->oo 

I f  the  set  A~ is not  bounded  for all posi t ive ~ sufficiently small then  for a given 
the  set  A~ is a. sequence of intervals ,  {I~},~1 whose length tends  to  zero. Also, there  

exists  a subsequence {I,j}~=x of {I,}7=~, hencefor th  noted  as {Ia}?=1, such that there 

exists ta, ta + ha e la, h~ > 0 with  u(ta) ---- 251t ~ and  u(ta + hi) -=- $l(ti + ha) k. F r o m  the  

mono ton ic i ty  of u(t) we have  

I f  follows t h a t  

(3.2) 

~l(t a + ha) ~ = ~(t a + h~) > u(t~) = 2~1t~. 

((ta + ha)/ta) ~ > ~ .  
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Since the  length of the  intervals  I j  tends to zero as j goes to infinity, l ira hj = 0. ~+-~ 

Taking  the  l imit  in expression (3.2) as j goes to infinity yields 1~>2, an obvious 

contradict ion.  Hence,  ~imu( t ) / t~=O.  Defining ~ = i n f { k :  t~limu(t)/t~= 0} we see 

t h a t  ~ does exist  and  ~ ~ < -  a/s. B y  choosing s a rb i t r a ry ly  close to n - - 1  we see 

t h a t  

~ <  - ( r / ( n -  1) = w ÷  3 / ( n - 1 ) .  

F r o m  l ' t t o s p i t a r s  Rule lira u(t)/t 2 = l im u"(t)/2) = ~ .  

Therefore,  X = sup {k: ~imu(t) / t  k ---- c~} is well-defined and ~ > 2 .  

CO~OLLARY 3.1. Under  the  hypothesis  of Theorem 3.1 2~<w. Therefore,  if 

w < 2  there  are no solutions u(t) of (3.1) such t ha t  l imu"( t )=-  c¢. 
t-->co 

Pl~OOF. - Suppose t h a t  the  2 given b y  Theorem 3.1 is greater  t h a n  two and 

greater  t h a n  w. Then there  exists a k < 2 such t ha t  k > 2, k > w and l im u(t)/t k = c~. 

For  t sufficiently large u ( t ) >  (nk ~ - a - ~  1)~/~t ~ which implies f rom (3.1) 

u"(t) > (n/~ ÷ ,~ ÷ 1) t  ~*+~ t~> to 

Since k > w and k > 2, i t  follows tha t  

n k ~ a > k - - 3 > - - l .  

By successive integrat ions we get 

u(t) > t ~k+~+8 

for t sufficiently large. 
Since k > 2, we have  k(n - -  1) > - -  (a -~ 3), or t h a t  there  exists a bl > 0 such t h a t  

(3.3) u(t) > (k ~ b 1 ~ 1)1/'t ~+b' . 

Now subs t i tu t ing  (3.3) into (3.1) we get again b y  successive integrat ions 

u(t) > t (k+bl)~+~+8 

for t sufficiently large. We can define b~+l --= bl~- nb~, i = 1, 2, 3, ..., and  repeat  our 
process subs t i tu t ing  u(t) > (k ~ b~ -~ 1)1/'t k+b' into (3.1) unt i l  we obta in  af ter  a finite 

n u m b e r  of steps 

u(t) > t ~+l 

for t sufficiently large, which contradicts  the  definition of ~ in Theorem 3.1 and  shows 

tha t  ~ ~< w. 
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I f  2 - = 2  then  clearly 2 < w  whenever w ~ 2 .  Suppose now tha t  w < 2  and set 
k = 2 = 2. The inequal i ty w < 2 implies tha t  2n + a + 1 > 0. We can now repeat 
the  above argument  to get ~<w.  For w < 2  we have 2<~2<~w<2,  which is ab- 
surd. In  particular when w < 2 then  there are no solutions u(t) of (3.1) such tha t  
limu"(t) = c~. 

Tm~Ol~D~ 3 . 2 . -  I f  2 n - { - a +  1 <  0, ( w > 2 )  then  any  positive, proper solution 
u(t) of Eq. (3.1) has one of the asymptot ic  behaviors given by  (3A)-(3.11) below. 

In  the following s ta tements  a, b, d, and to are constants. 

(3.4) u ( t ) = c t z ( 1  + o(1)) 

(3.5) 

(3.6) 

(3.7) 

(3.S) 

(3.9) 

(3.10) 

u(t) : a + b( t - - to)  -~- d(t-- to)2 + 

d~(t--t°)2~+~+3 (1 + o(1)) 
-}- (2n -+ a + 3)(2n + a + 2)(2n + a + 1) 

u(t) - a + b ( t -  t o )+  d ( t -  to) 2 + d~[t In ( t / t o ) -  ( t -  to)](1 -{- o(1)) 

u(t) --= a + ( t - - to)  + ½d(t--to)2 + ½d"ln (t/to)(1 -f- o(1)) 

b"(t--t°)~+"+3 (1 + o(1)) 
u ( t ) :  a + b( t - - to)  + (n + a + 1)(n + a -~  2)(n + a + 3) 

u(t) -~ a + b( t - - to)  + ½-b~ ln (t/to)(1 -4- o(1)) 

a n ta+a 

u(t) = a -4- (a -[- 1)(a -~ 2)(a + 3) (1 A- o(1)) 

There exists ~, ~ such tha t  

(3.11) There exists 2, ~ such tha t  2<~),, ~<~w + 3 / ( n - - l )  

such tha t  for any  e >  O, ta-%~u(t)<~t ~+~ for t sufficiently large and 

lira u"(t) = l i m  u ' ( t )  = l i m  u(t)  = c~; 
t<--¢¢ t->co t * - ~  

u(t) # ct~. 

P~ooP. - Since u(t) is a positive, proper solution of (3.1), u" '=  t a u n >  0 for 
positive t. I t  follows then  tha t  we have the following three cases: 

(a) lira u~(t) -~ 0; 
b-->'oo 

(b) l im u"(t) -~ dl > 0; 
t--~¢o 

(e) l im u"(t) = c~ . 
~-¢-oo 

First ,  we will consider the case (a). From u"(t) increasing and tending to zero 
as t tends to infinity, we have u" ( t )<  0; therefore, u'(t) is a decreasing function. 

4 - A n n a l i  d i  M a t e m a t i c a  
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I f  lira u'(t) = b > O, then  by  integrat ing Eq.  (3.1) twice from t to infinity and 
t-~-oo 

t hen  from to to t we obtain either the asymptot ic  expansion (3.8) or (3.9). 
I f  l ira u'(t) = 0, then  since u'(t) > 0, we must  have ]ira u(t) = a > 0 or ~olim u(t) --- co. 

I n  the case where lira u ( t ) =  a > O, by  integrat ing (3.1) f rom to to infinity three 
successive times, we obtain the asymptot ic  expansion (3.10). 

To rule out the case where l i m u ' ( t ) =  0 and l imu( t )=-  c~, the t ransformations 
t--¢-oo 

u =-ctWv and t = e 8 are applied in (3.1). This leads to the equation 

(3.12) v " +  ~v"+ f ly '÷  yv = 7v ~ 

where g = 3 ( w - - l ) ,  fl = 3w ~ -- 6w -~ 2 and 7 = w ( w - - 1 ) ( w - - 2 ) .  A simple calcula- 
t ion yields - - w ,  1 - - w ,  and 2 - - w  as the characterist ic roots associated with the 
linear par t  of (3.12), 

(3.13) 

Our hypothesis  w ~ 2 implies tha t  the three  characteristic roots are negative. 
Placing (3.12) into system form we get 

(3.14) x ' =  A X  + F(X)  

where 1Z] X = -  0 , F ( X ) - =  

- -  f l  - -  

ix1] [! 
X~ ~ X l ~  -~- V~ X ~ :  q3r~ Z a :  V r / A - -  

x 3 

By  Lemma  2.4, it  follows tha t  

v(s) -- k exp [ks] + o(exp [;,s]) 

where k ~= 0 and 2 is one of the  three characterist ic roots. Transforming these three 
forms to there  corresponding forms for Eq.  (3.1)2 we see tha t  

u(t) = kct~+w + o(t~+~) . 

But  for none of the three possible values of 2, - -w ,  1 -  w, 2 -  w 2 can u(t) satisfy 
~imu(t)  =- ~ and t-~limu'(t)= 0. 

In  case (b) we have u(t) -~ t2(dl/2 ~- o(1)). Let t ing  d = dl/2 and integrat ing (3.1) 
first f rom t to infinity and then  twice from to to t we obtain one of the asymptot ic  
expansions (3.5)2 (3.6)~ or (3.7). 

Case (c) yields the  asymptot ic  expansion (3.4) or by  Theorem 3.1 the asymptot ic  
behavior  described in s ta tement  (3.11). 
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:Now we will show the existence of solutions which possess the  a sympto t i c  ex- 
pansions (3.5)-(3.10). The me thod  of successive approx imat ions  will be  used in a 

manne r  s imilar  to t h a t  used b y  HALLA~ and  IIEIDEL [10]. Le t  the  constants  c~, 
i = 0, 1 and  d~, j = 1 ,2 ,  3 be given as follows: 

co------½, c : = 1  

~x= ½, d= = - - 1 ,  d a=  ½. 

L]~mvfA 3.1. - Le t  ~ be one of the  integers 0, 1 or 2; suppose t ha t  ar, p = O~ ..., 
are given real  constants .  I f  y(t) is ~ solution of the  integral  equations 

(3.~5) 

oo 

y(t) ~o~ . .  ( t-- t°)~ -~- ~-" %(t-- t°)2-  = ~J ( s - -  to)~s~y~(s) ds 
9 = 0  

t 
t 

~+1 i f  + ~ d~+~_~(t--to) ~-~+ (S~to)~-~+~s~y~(s)ds 
2)=1 

to 

y(~)(t) - -  - -  ( t - -  toF -~ 
~=k (P - -  k) ! 

c,o 
1--~ ~ f (  

+ ~ (--1)~+~(t - -  to) ~-~- S-- toFs"y ' ( s )ds  
~ = 0  

t 

~ + l - k  + ! ;  

d 8 ,  

and  for 0 < k < 2 - -  z¢ 

(--  1)~+~-1(t-- to) =-~-~+1 f (s ~ to)~-~+~s~y~(s) ds 

to 

oo 

y~+k)(t)= ~, ( - -1 )v+ l ( t~ to )2 -~ -v -  s--to)vs°y"(s) 
~ = 0  

t 

0 <  k<~c¢, 

then  y(t) is a solution of (3.1) such t ha t  y(~)(to)= a, ,  i = 0, 1, ..., a. 
The proof follows b y  direct  verification. 

:Now define for a = 0, 1, 2 and  for given constants  a,, i = O, ..., 

and  

B ~ = i  }aJl + 1  k = 0 , 1 , 2 ,  
~.=~ ( j - -  k)! ' 

B -  m a x  (B~, nB~}, 
k = 0.1,2 

R ~ =  rain { ] i n + a + 3 ] ,  ] i n ÷ a ~ - 2 [ ,  I i n + a + l l } ,  
i~0.. . ,o:  

T~ = [R~/(4B)] 1/E~+"+2+'gm-~)J . 
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L~,~ngA 3.2. - For  t > t o > T  ~ the  following s ta tements  are t rue:  

(a) for O<k<2--~ 

and 

(b) for O<k< 

(c) for k = 0 

c~o 

2-~-~ 
"~ ~=0 t2-2~-~ 8~+a+n(~-k)~8~1~ 

t 

¢Y,3 

~ t 2 -~ -  ~+(7+n~-knd8 
~ = 0  

t 
t 

a ÷ l - - k  

~ = 1  J 
to 

~o 
X--or ~f~ 

t 
t 

a + l  ~f8 ~-B  ~ [d2+~_~lt 1- ~-~+~+~+~,7~1 

to 

The proof of Lemma 3.2 is s traightforward and is, therefore, omitted. 

T~EO~,~  3.3. - I f  ~ n ~ a ~ 3 - - ~ < O ,  a = O ,  1 or 2 and %, p = O , . . . , a  are 

given constants,  then  for to>T ~ there  exists a solution y(t) of (3.1) which possesses 
the asymptot ic  behavior  (3.10) whenever a = O; (3.8) and (3.9) whenever a = 1; 
and (3.5), (3.6) and (3.7) whenever a = 2. Fur thermore ,  the  derivatives of y(t) have 
the asymptot ic  expansions given by  

a ~  (t_to)~_ ~ ÷ (3.16) y(O(t) ~- ~=~ (P - - i ) !  

a~(t--  to) ~'+"+ 8-~ 
+ ( a n + a @ 3 - - i ) . . . ( ~ z n ~ - a + l ) ( l + ° ( 1 ) ) '  i = 1 , 2  

provided tha t  when i----1, 2 n ~ - a ~ - l ¢ - - l .  In  the case where i----1 and 
2n~-  a-~- 1 : - - 1  

(3.17) y(1)(t) = al + a2(t-- to) + a~ln (t/to)(1 + o(1)). 
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Because  this  proof  is s imilar  to  the  ex is tence  proof  in [10], we will leave out  m a n y  
of t he  details .  

PROOF. - Def ine  

a 
~l(t; to) = ~ ~ (t--to), 

, = o P  ° 

¢~(t; to) = ,~ a~ (t--to) "-k , 
W~ ( p -  k)! 

~+k(t;  to)= t ~-k 

/ ~ = 1 ,  . . . , g  

k =  1, . . . ,  2 - - ~ .  

I n d u c t i v e l y ,  we define for ~ = O, 1, 2, 

oo  

0 . 1--o: , (  
¢P,+l(t, t o ) =  (~(t ;  to) -}- ~ % ( t - - t o )  2- (S--toFS"qS°(S; to)"ds 

3 , = 0  
t 

t 
a+l /~ 

+ (s-to)>.+,s.¢l(=; to).d= 
to 

co 
£ • 1--¢t I c~  

~b~+l(t , to) = ~bl(t; to) -}- ~ ( - - l ) ' + l ( t - - t o ) ~ - ' -  (s - - t -~ 's  ~qSkt°" tolnds 
3 u /  ~k ° , 

, = 0  

to 

0 < k < ~  

and  for  0 < k < 2 - -  

co 

2-¢~--k 1 k f  --,+1 ( ,  to) - -  ~ ( - -1)  "+ (t--to) 2 - ~ - ' -  
, : 0  

t 

; to)"ds. 

F o r  t>T= i t  is easy  to  see t h a t  

(3.1s) ]¢0k(t;t0)]<Bkt ~-~, k = 0 , 1 , 2 .  

Iqow, i t  can  be  shown b y  induc t ion  t h a t  for  t > T ~  

[qS~+l(t , to)I<Bkt ~-~,  k = O, 1, 2 ,  ~ = 0, 1, 2, . . . .  

I n  order  to  es tabl ish  the  ex is tence  of a solut ion (t; to) of the  integrals  (3.15), i t  
can  be  shown t h a t  

(3.19) , k . k I~b,+l(t, t o ) -  ~ , ( t ;  to)L<t~-k/2 '+1 for  t > T ~ ,  k = 0, 1, . . . .  
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Therefore,  for each /~ = 0, 1, 2 l im #~(t; to) =- #k(t; to) exists uniformly on com- 
~- ->  o o  , t  

pact  subintervals  of [to, ~ ) .  Also, 

I#(t; to) l< B k t  ~-k , k ---- O, 1, 2 .  

We will now show tha t  ¢°(t ;  to) has the  proper  asymptot ic  behavior.  Le t  us first 
note  tha t  

c o  

t~oolim [qio(t; to)It - -  to) ~] = a~/a ! + d2+~f (s - -  to)e-~s"qS°(s ; to)~ s ds == ~ .  

to 

I f  an + a + 3 and  an  + a + 2 are negative for a =-2 or if an + a + 3 is nega- 
t ive for a = 1, then  L e m m u  2.6 and 2.7 assure of having the indeterminate  form 0/0 
in the  expression 

[ ~_,%(t--to) 2-~ s--to)~s*qb°(s; to) 'ds 
2a=O J 

t 
~ + 1  

+ _X d~+~_:(t- toY-: +lj (s - to):S.@o(s; to)"as 
to 

c o  

+ d~+~f(S--to)s*#o(s; to)'ds]l(t--toy"+~+~. 
t 

I f  these numbers  are positive then  one may  also apply L 'Hospi ta l ' s  l~ule. Thus, 
in ei ther ease we have 

(3.20) 
o o  

l im [ ~ % ( t - -  to) 2-~ s - -  toffs °q~°(s; to) ~ ds 

t 
t 

2F~=2~2+~_~(~-'o)Ct-'+ t~(8-- to) '8"~O( "~8 ; to)rid8 

to 
o o  

÷ ,o).d.]/(,-,o)=+o+o 
t 

~-<" (( 
= l im [ 2 (--1)~+l(t--to) 1-~ S--to)~S~qb°(s; to)~ds 

t - - + o o  " t l~O , d  

t 
t 

t~ 

a + 3) ( t - -  to) ~'+°+z 
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c~ 

--fs~¢°(s; to)~ds/[(~n -~- a -~ 3)(~n -~- a -~ 2 ) ( t - -  to) ~+~+~] 

=-l im t 
t--~c~ t 

s~O(s; to)~ds/[(~n + ~ + 3)(~n + ~ + 2)(t-- t0)~+~+~ 

t~ 

= l im t ~ ° ( t ;  t0)~/[(~n + ~ + 3)(~n + ~ + 2)(en ~- ~ ÷ 1)(t-- t°)  ~+~ 
t--->eo 

= ~ / [ ( ~ n  + ~ + 3)(~n + ~ + 2 ) ( ~  + ~ + 1)]. 

if ~ ~ 0 or i 

if ~ - ~ 2  

This shows the existence of the asymptot ic  expansions (3.3), (3.6) and (3.8). 
I f  ~ n ~ - a ~ - 3 = - 0  for ~ = 1 ,  then  

oo co 

t t 
t 

to 
co co 

t t 
oo 

= l im ( s~0 ( s ;  to)~ds/t-2= ½ l im ~°(t; t0)~= ~21 1 n 

t 

Fro m the above we have the existence of the asymptot ic  behavior  (3.7). Similarly, 
one can establish the  desired asymptot ic  behavior  for ~b°(t; to) when 2n -~ a + 3 = 0 
or 2 n ~ - a - ~ 2 = 0  for ~blc(t; t0), k ~ 1 , 2 .  

THEOREM 3.4. -- I f  k > ~, where ~ is the number  given b y  Theorem 3.1, then  any  

solution u(t) of Eq.  (3.1) such tha t  U(to)> ate, u'(to)> aktko -1, and u"(to)> ak(k--1)to k-2, 
where a = [k(k--1)(k--2)] ~1(~-1), has a finite escape t ime, t ha t  is~ there  exists a T, 
to < T < ~ such tha t  l im u(t)= c~. 

t---->T- 

P R O O F .  - -  Suppose tha t  u(t) does not  have a finite escape t ime and hence exists 
on [to, ~ ) .  Le t  v(t)----at ~ and J=[to,  x) be the m a x i m u m  interval  such tha t  
u(t)>v(t).  From the  definition of wk>z>~w implies tha t  a + n l ~ > k - - 3 .  For  
t e J we have from Eq. (3.1) 

(3.21) u'H(t) > ant~+~k> a~tk-8 : F(t) '~' . 

Fro m u"(to)> F"(to) and (3.12) it follows tha t  u"(t)> ~H(t), t~J .  Similarly, we can 
obtain tha t  u'(t)>F'(t)~ t~J .  I n  order for u(t) and v(t) to intersect  at  t ime tl, 
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there  must  exist a t ime t~ prior to t~ such thgt  u ' ( t2 )< ~f'(t,,,). Therefore, we must  
have J =  [to, c~). An application of Theorem 3.1 yields tha t  u ( t ) <  t ~ for t sufli- 
c ient ly large which contradicts  u ( t ) >  t k>  t ~ for t e J .  

COrOLLArY 3.2. -- Given u(to) and u'(to) to be any  two arb i t ra ry  positive numbers,  
i t  is possible to  choose u"(to) in such a way tha.t the  corresponding solution u(t) has a 
finite escape t ime. 

PROOF. - B y  integrat ing Eq.  (3.1) and using integrat ion by  p~rts we see tha t  

and 

t 

u(t) = u(to) + u' (to)(t - -  to) + ½ u" (to)(t - -  to) ~ + ½ f (s - -  t)~s~ u'(s) ds , 
to 

t 

u' (t) = u' (to) + u" ( t o ) ( t -  to) + ~ ( t -  sis ~ u~(s)ds , 
to 

t 

u"(t) = u"(to) + fs~u~(s)as 
to 

which implies respectively tha t  for t , >  to 

and 

2 u ( t , ) / ( t , - -  t~) ~ > u~(t~), 

u ' ( t , ) / ( t , - - t o )  > u"(to), 

u"(t,) > u"(to) . 

Given t ,  > t0, we choose u"(to) so tha t  u"(to) so tha t  u"(to) > a k ( k - -  k-2 1)t ,  , where 
a and k are as in Theorem 3.4, then  by  Theorem 3.4 u(t) has a finite escape time. 

COt¢OLLAI~¥ 3 . 3 . -  I f  u(t) is a solution of Eq.  (3.1)such tha t  U(to)>ct~, u ' ( to)~ ewt~o ~-1 
and u " ( t o ) > e w ( w - - 1 ) t ~  -~ which strict  inequal i ty  holding in a t  least one of the. 
three inequalities, then  u(t) > ct ~ for t > t o. 

P ~ o o ~ .  - This follows from the  proof of Theorem 3.4 by  using the propert ies of e 

~nd w from Eq. (2.2) and (2.3). 

4 .  - T h e  e q u a t i o n  u1Jr--t~u~--O, w < 2 .  

:Now we will consider the remaining eases of a and n for Eq.  (3.1). 



1)A~ A. Omvm: Asymptotic behavior of the solutions, etc. 57 

Tm~ORE~ 4.1. -- A n y  positive, proper solution u(t) of Eq. (3.]) with w < 2  has 

the following asymptot ic  behavior:  

a, n w asymptotic behavior 

2n + ~ + 1 : -  0 w = 2 (3.8) (3.9) (3.10) (3.11) (4.2) 

2n.-~ a-~ I~-0,  (~-~ 3 < 0 ,  n ~ a + 2 < 0  l < w < 2  (3.8)(3.9)(3.10) 

n + q + 2 = 0  w =  I (3.10) (4.2) 

2 n +  a@ 1 > 0 ,  a +  3 < 0 ,  n + a + 2 > 0  0 < w < l  (3.4) (3.t0) (4.1) 

a + 3 = O w = 0 no positive proper 

a -F 3 > 0 w <: O solutions exist 

where 

(;.]) 

and 

(4.2) 

the solution u(t) intersects with the funct ion v(t)-~ ct ~ infinitely often, 

lira u"(t):  lira u'(t)= O; lim u ( t ) =  c~; u ( t )  # c t  ~ . 
t-->co t-~co t-~-co 

In  this section we have, as in Section 3, u"~(t)> 0 and the three cases 

and 

(a) lira u"(t) = 0 ; 

(b) lim u"(t) = dl > 0; 

(c) l i ra  u"(t)  = ~ . 

LEPTA 4.1. I f  2 n ~  a ~ - 1 ~ 0 ,  (w<2)  then  Eq. (3.1) does not  have a positive, 

proper  solution u(t) such tha t  l i m u " ( t ) =  d l > 0 .  
t - '>~ 

P~ooP. - Suppose there exists such a solution. Then u ( t ) =  dt~(1 ~-o(1)),  where 

d = d!/2. From (3.1) we have 

u '=  ~t°+~(1 + o(1)). 

Since 2 n ~ - a ~ > - - l ,  we have by  integrat ing tha t  l i m u " ( t ) =  ~ .  This is a con- 
t-->co 

tradiction. 

L E n A  4.2. - I f  n ~ - a - ~ 2 ) O ,  ( w < l )  then the Eq. (3.1) does not  have a posi- 

tive, proper solution u(t) such tha t  l i m u ' ( t ) = - b  > O. 
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L]~MA 4.3. - I f  ~ +  3 > 0 ,  (w<0)  then  the Eq.  (3.1) does not  have a positive, 
proper  solution u(t) such tha t  l i m u ( t ) =  a >  0. 

t ->co 

The proofs of Lemmus 4.2 and 4.3 are similar to the proof of Le mma  4.1. 

~or  the  ease 2n + ~ + 1 = 0 (w = 2) we eliminate case (b) by  Le mma  ~.1 and 
apply  Theorem 3.1 to case (c) to get the possible asymptot ic  behavior  (3.11). For  
case (a) since u"(t)< 0 ~nd u( t )>  0 we have 

o r  

(al) l im u'(t) --~ b > O 
t-->oo 

(a~) lira u' (t) = O . 
t ->co 

By  subst i tut ing re(t) = bt(1 -~ o(1)) into (3.1) ~nd integrat ing case (al) yields ei ther 
(3.8) or (3.9). In  the case ~a~) if l i m u ( t ) = a ,  0 ~ a ~  ~ ,  we subst i tute  u ( t ) =  

t-->oo 

=-a(1-~  o(1)) into (3.1) and integrate  f rom t to infinity three times to obtain the 
asymptot ic  expansion (3.10). I f  l i m u ( t ) =  c~, then  we have the possible asymp- 

t--> c~ 

tot ic  behavior  (4.2). 

At  this point  we observe tha t  for all remaining eases~ as indicated by  the chart,  
Corollary 3.1 eliminates case (c) and Lemma 4.1 eliminates ease (b). 

For  2 n + a + l > 0 ,  ~ + 3 < 0 ,  n + ( ~ + 2 < 0  ( 1 < w < 2 )  we note tha t  e i s  not  
a positive number,  hence we do not  have the behavior  (3.4). For  the case (a) we have 
tha t  l i m u ' ( t ) : b > 0 .  Set t ing v : u / t  w we obtain by  L ' t tospi ta l ' s  Rule l i m e ( t ) =  

t---> co 

=lim[u ' / (wtW-1)]=O.  Performing the t ransformations v = u / t  ~ and t - ~ e  ~ in 
t-->oo 

Eq. (3.1) we have 

(4.3) 

where 

(4.4) ~ = 3 ( w - - 1 ) ,  

v " ÷  ~v"÷ flv ÷ rv  = v ~ 

f i - = 3 w ~ - - 6 w ~  2 and ~ = w ( w ~ l ) ( w - - 2 ) .  

Changing (4.3) into system form and applying Le mma  2.4 in a manner  analogous 
to tha t  in the paragraph  containing Eq.  (3.14) we have 

v(s) = k exp  [~s] + 0(exp [ks]) 

where k =/= 0 and 2 is one of the negative characterist ic roots of the linear par t  of (4.3); 
- - w  or 1 - -w.  Transforming these two forms to their  corresponding forms for u(t), 
we see tha t  

u(t) = kt~+~ ÷ o(t~+~). 

For  ~ = - - w  and ~ ~ 1 - - w  this yields the asymptot ic  behaviors (3.10) and (3.8) 
or (3.9) respectively. 
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For  n - t - a  @ 2----0 (w = 1) we handle  case (a) in the  same m a n n e r  as we did 
for w = 2 in the  a rgumen t  following L e m m a  4.3. 

For  2 n ~ - a - [ - l > 0 ,  n - t - a @ 2 > 0 ,  a @ 3 < 0  ( 0 < w < l )  we have  f rom 
lira u( t )  = 0 
~*->oo 

o r  

(a~) t im u ' ( t )  -= 0 

(as) lim u ' ( t )  = a . 

Since L e m m a  4.2 el iminates case (a~) we have  ei ther  l im u( t )  = a or l im u( t )  --- co .  
$-->0o t-->oo 

The first  l imi t  yields the  a sympto t i c  expansion (3.10). The  second condit ion is satis- 
fied b y  the  solution u ( t ) =  ct  w. To invest igate  the  possibili ty of other  solutions of 

this form, we again m a k e  the t ransformat ions  u----ct ~ and t = d. We obta in  as 

in the  pas t  

(4.5) v'H÷ ~v"-t- fiv~+ ~v = ~v~, 

where e, t3 and  ~ are defined in (4.4). I f  lira k( t )  = k ,  a nonzero finite number ,  then  

it follows f rom L 'Hosp i t a l ' s  Rule,  Eq.  (3.1), and the  definition of w tha t  

(4.6) k = l im u l ( c t  '~) < l im u~ ' / [cw(w - -  1)(w - -  2) t ~'-~] 
t--.'-oo t--->?~ 

= ~-~oolim tu~lEew(w - 1)(w - 2) t~-~] = ~ m  [~l(ct~)]p = ~ .  

Therefore,  we have  k > l .  Likewise, if l i m v ( t ) =  m, not  zero or infinity, an  anal- 
t ->co 

ogous a rgum en t  shows t h a t  m < 1. F r o m  this we see t h a t  one of the  following cases 

m u s t  occur: 

(al~) lira v( t )  = 1;  

(a~) lira v( t )  = 0 ; 

(a~) 1 ~  v(t) = oo; 

(a~,) v( t )  intersects the line v -  1 infinity often and has no l imit  as t tends 
to infinity. 

I n  case (a12) we can proceed as was done in the pa rag raph  containing Eq.  (3.14). 
This would lead to 

v(s) = k exp [ - -  ws] + o(exp [ - -  ws]), k ¢ O. 

This leads to u ( t ) =  ck(1-1-o(1)) which is the  a sympto t i c  expansion (3.10). 
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To el iminate  v(t) tending  to infinity as t tends to infinity we note  t ha t  for our 

choice of w 

~ < 0 ,  8 < 0 ,  y > O .  

I f  v(s) is not  eventua l ly  monotone  increasing, thon v'(s) is oscinatory.  B y  apply ing  

L e m m a  2.5 first to the  funct ion v'(s) and then  to  the  funct ion 

](s) = ~[v"(s)÷ (3//~)v'(s)] 

where 

we have  t h a t  the  funct ion 

~ = ~ D + ( ~ - ~ Z )  ~] 

v"÷ ~v"÷ ~v'= Iv"÷ (~/~)v"] -I-/~[v",l, (~/l~)v'] 

is oscillatory. Using Eq.  (4.5) l i m v ( s ) =  oo implies t ha t  this is impossible, hence 

v'(s) is eventua l ly  positive. I t  follows tha t  

v"÷ ~v"= y(v~--v)--~v'> o. 

B y  L e m m a  2.5 v'(s) does not  oscillate for otherwise the funct ion ](s) = v"(s) ÷ v'(s) 

would also oscillate. I f  v ' ( s ) ~ 0  or if J im v'(s) = 0 we have  for all s sufficiently large 

v " =  y(v~-- v) --fly'-- ~v"> 0. 

With  v"(s) eventua l ly  posi t ive and  l ira v(s)---- c~ the  following possibilities exist :  

l im v"(s) = lira v'(s) = l im v(s) --- cx~ , 
8 - - > 0 o  8~->OO 8---> Oo 

o r  

o r  

l im v"(s) = k > 0 ,  l im v ' ( s )=  l im v ( s )=  c~ , 

l im v"(s) = k ~ ) O ,  limvr(s) = k~>~0, l im v ( s ) =  ~ .  

I f  lira v(~)(s), i = 1, 2 is finite then  we have  limv(~)(s)/v~(s) ---- 0 since l imv(s)  = 

and  f rom L e m m a  2.9 v(~-l)(s)/v~(s) is a rb i t r a ry  small  except  possibly on a finite set. 
I f  j im  v(~)(s) = c~, i = 0, 1~ 2, then  since v (~+ ~)(s)~ 0 eventua l ly  we have  b y  L e m m a  2.1 

v(~)<[v(~-e)](~+~)<v (~-~)/2 for an  appropr ia t e  e >  0 which implies t h a t  v(~)(s)/v~(s) is 
a rb i t ra r i ly  small  except  possibly on some finite set. I n  a n y  case 

l-v"÷ o~"-I- ~v' ÷ kv]/v ~ 
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can be made a rb i t ra ry  small except  on a finite set. This contradicts equat ion (4.5). 
I f  l imv" ( s )= /=0  but  v " ( s ) < O  then  we have l i m v ' ( s ) =  k = 0  which implies by  Lem- 

ma 2.9 tha t  for a rb i t ra ry  e > 0 

- -  s <  v"(s)  < 0 

except  possibly on a set of finite measure. Le t  {s~}~=l be a sequence of points where 
v"(s) is maximum.  Then for points sufficiently large 

(4.7) v " ( s i )  - -  ~ , v ( s 3  - -  f i v '  (s i )  - ~ v "  (s~) > o 

but  by  equat ion (4.5) s ta tement  (4.7) is equal to v ' ( s i ) =  O. 

Cases (a11) and (al~) yield the asymptot ic  behaviors (3.4) and (4.1) respectively. 
I f  a + 3 ~ > 0  (w~<0) Lemma  4.2 rules out l i m u ' ( t ) =  b >  0 and Le mma  4.3 elim- 

t--->oo 

inates lira u ( t ) =  a>~O. The only remaining possibility is for l im re(t)= c~ with 
t-->c¢ t - > c o  

lira u'( t )  = O. T o  eliminate this possibility we first observe tha t  u " ( t ) <  0 and u ' ( t ) > 0  
t - > c o  

which with L 'Hosp i ta l ' s  Rule implies 

(4.8) 0 ~< lim t u ' / u  <~ l i m  [1 + tu" /u ']  <~ 1 .  
b--> oo 

In  equat ion (3.1) we subst i tute  t = e 8 whenever w = 0 and u = t~v,  t =- e 8 when- 
ever w < 0. We get respect ively 

(4.9) 

and 

(4.10) 

u ' ( s )  - 3u"(s) + 2u'(s)  = u"(s) 

v " +  v .v"÷ fly'-i- rv  = v ~ 

where ~, fi, ~, are defined by  (4.4). 
F rom (4.8) we see tha t  

(4.11) 

and since 

(4 .12)  

u ' - -  3u" = u"(s)  - -  2u'(s) = u"(t) - -  2 tu '  (t) 

= u " ( t ) [ 1 -  2tu ' ( t ) /u"( t ) ]  > O, 

v' (s) /v(s) -= ( tu ' - -  w u ) t - ~ / ( u t  -~)  = tu '  /u  - -  w < 1 - -  w ,  

v ' - -  ~v" = v" - -  7v  - -  fly' > O. 

By  I~emma 2.5 s ta tements  (4.11) and (4.12) imply respectively tha t  the functions 
u"(s) and v"(s) do not  oscillate, which, in turn ,  implies tha t  the functions u'(s)  and 
v'(s) do not  oscillate. 
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F o r  b o t h  w = 0 a n d  w < 0 we c~n p roceed  as we did  for  0 ~ w ~ 1 in t he  above  

p a r a g r a p h .  Thus ,  we are  able to  conc lude  t h a t  for w <~ 0, t he re  are no posi t ive,  p roper  

solut ions for  Eq .  (3.1). 

T h e o r e m  3.3 shows the  exis tence of t he  a s y m p t o t i c  expans ions  (3.5)-(3.10) for  

all va lues  of a a n d  n t h a t  pe rmi t  t h e m  to exist .  Solut ions  wi th  a finite escape t ime  

can  be shown to  exis t  for  values  of w~<2 b y  m e t h o d s  ana logous  to  T h e o r e m  3.4. 

EXAL~'IPLE. - -  I f  n = --{-,  t h e n  u(t) ----- ( 1 -  2 / f f ~ t )  -½ is a solut ion of the  differen- 

t ial  equa t ion  u " - - u  ~ = 0 wi th  a finite escape t ime.  

5 .  - N o t e s .  

i) I f  in  Eq .  (3.])  t ~ is rep laced  b y  q(t), we can  use t he  t echn iques  of T h e o r e m  3.1 

to  show t he  following. 

THEOI~E~ 5.1. -- I f  for  t>to, 0 <  ~t-~<q( t )  for  some real  n u m b e r s  ~, /~ a n d  for  

some e, 0 ~ e ~  n - - l ,  t h e n  the re  exists  a c o n s t a n t  fi > 0 such t h a t  for  a n y  posi- 

t ive,  p rope r  solut ion u(t) of the  equa t ion  

u '~1- q(t) u" = 0 ,  n > 1 

satisfies u(t)<flt ~ for  t sufficient]y large. 

ii) Because  t he  discussion of t he  nonosc i t l a to ry  solut ions oi t he  equa t ion  

(5.1) uH~t"un----O, n > l ,  a ~ R  

is s imilar  to  the  work  in  Sect ions 3 and  4 we will s t a te  our  resul ts  w i t h o u t  proof .  

Tm~ol~,~ 5.2. - All  proper ,  pos i t ive  solut ions u(t) of Eq .  (5.1) h a v e  t he  fol lowing 
a s y m p t o t i c  behav io r :  

(r, n w asymptotic  behavior 

2 n ~  ~Jr  1 ~  0 w ~ 2  (5.3)-(5.8) 

2~ + ~ + 1 = 0 w = 2 (5.6) (5.7) (5.8) (5.10) 

2n + (~-{- 1 > 0 ,  ( r+  3 < 0 ,  n + ~ + 2 ~ 0  l < w < 2  (5.2)(5.5)(5.7)(5.8)(5.9) 

n ~  (~-F2~=0 w =  1 (5.8) 

2n-~ ~ +  1 > 0 ,  a-~ 3 < 0 ,  n -F  a -~  2 > 0  0 < w < l  (5.8) 

a ~  3-~ 0 w = 0 (5.11) 

(~ ~- 3 :> 0 w < 0 (5.2) (5.11) 
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(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.s) 

In  the following expressions a, b, d, and to are some constants.  

u(t) = ct~(1 + o(1)) 

u(t )  = a 4- b ( t - - t o )  + d ( t - - t o P  

d~(t-- t0)2~+~,+3 
- -  (2n + o + 3)(2n + o + 2)(2n + (~ -+- 1) 

u(t)  = a + b ( t - - t o )  + d ( t - - t o ) ~ - - d ~ [ t l n  ( t / t o ) - - t - - t o ] ( 1  + o(1)) 

u(t)  = a + b ( t - - t o )  + ½ d ( t - - t o ) 2 - - ½ d  ~' In( t / to ) (1  + o(1)) 

u(t )  = a + b ( t - - t o ) -  b"(t-- t°)"+"+a(1 ÷ o(1)) 
(n + o + 1)(n + a + 2)(n + a + 3) 

u(t)  = a + b ( t - - t o ) - - b " l n ( t / t o ) ( 1  + o(1)) 

a " ( t - - t ° F + 8  (1 + o(1)) 
u(t) = a (o + 1)(o + 2)(0 + 3) 

(1 + o(1)) 

(5.9) The solution u(t)  intersects with the funct ion v ( t ) =  ct ~ infinity o f t e n .  

(5.10) l im u"(t) = O ; l im u'( t )  = l ira u(t)  = c~ , u ~ et w . 
t--.-> ¢,o t---> oo  t - ~  c o  

(5.11) t--~lim u"(t) = t--~lim u ' ( t )  = 1~;~ u(t)  = O , u # ct" . 

In  the  ease w < 0  we point  out tha t  for u(t)  a solution of Eq.  (5.1) tha t  
l imu(t)  = l i m u ' ( t ) = l i m u " ( t ) =  0. The solution u ( t ) =  ct ~ is of this form. To in- 

vest igate the possibility of other  asymptot ic  expressions possessing this behavioral  
condition, we set u = ctWv, t = e s in Eq.  (5.1) and obtain as before 

(5.12) v" + ~v" + f l y ' +  yv  = yv"  . 

Since the  characterist ic  roots of the l inear par t  of Eq.  (5.12) are - - %  1 - - %  and 
2 - -w,  all positive, we have by  Le mma  2.4 tha t  no positive solution of (5.12) tends 
to zero as s tends to infinity. Hence,  any  proper  solution of (5.1) for w <  0 tends 
to zero monotonical ly  bu t  not  (( faster  )) than  ct ~. 

In  a theorem analogous to Theorem 3.2, we can prove tha t  the  asymptot ic  
forms (5.3)-(5.8) are valid asymptot ic  behaviors for the values of o and n tha t  allow 
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t h e m  to  exist. B y  in t eg ra t ing  

u(t) = uCt0 ) + u'(to)(t--to) + ½u"(to)(t--to) ~" 

to 

- l f ( s  - t )~s~u"(s )ds  
t 

~ u(to) + u' (to)(t-- to) + ½u'~ (to)(t-- to) ~ • 

Therefor% a n y  pos i t ive - so lu t ion  of Eq .  (5.1) can  be con t inued  to  the  ent i re  in- 

t e rva l  [to, ~ ) .  
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