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ASYMPTOTIC BEHAVIOR OF WEIGHTED QUADRATIC
VARIATIONS OF FRACTIONAL BROWNIAN MOTION: THE
CRITICAL CASE H=1/4

BY IVAN NOURDIN AND ANTHONY REVEILLAC

Université Paris VI and Humboldt-Universitdit zu Berlin

We derive the asymptotic behavior of weighted quadratic variations of
fractional Brownian motion B with Hurst index H = 1/4. This completes
the only missing case in a very recent work by I. Nourdin, D. Nualart and
C. A. Tudor. Moreover, as an application, we solve a recent conjecture of
K. Burdzy and J. Swanson on the asymptotic behavior of the Riemann sums
with alternating signs associated to B.

1. Introduction. Let B be a fractional Brownian motion with the Hurst in-
dex H € (0, 1). Drawing on the seminal works by Breuer and Major [1], Dobrushin
and Major [5], Giraitis and Surgailis [6] or Taqqu [24], it is well known that:

o if He(0,3), then

1 nl Law
(1.1) \/—Z n( B(k+1)/n Bk/n) —1]—= A, Ch):

o if H=3, then

1 = 3/2(p3/4 3/4\2 Law
Trtoes 2 By = Bifn)” — 11520 A 0. Cipa:
k=0

o if He (3, 1), then

(1.2)

(1.3) nl=2H Z B(k+1)/n B,ffn)z —1] AW, “Rosenblatt r.v.”

n—oo

Here, Cy > 0 denotes a constant depending only on H which can be computed
explicitly. Moreover, the term “Rosenblatt r.v.” denotes a random variable whose
distribution is the same as that of the Rosenblatt process Z at time one [see (1.9)
below].
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Now, let f be a (regular enough) real function. Very recently, the asymptotic
behavior of

(1.4) S FBE O (BH,,),, - B, 1]

received a lot of attention (see [7, 13—15, 17]) (see also the related works [18, 21—
23]). The initial motivation of such a study was to derive the exact rates of conver-
gence of some approximation schemes associated with scalar stochastic differen-
tial equations driven by B (see [7, 13, 14] for precise statements). But it turned
out that it was also interesting because it highlighted new phenomena with respect
to (1.1), (1.2) and (1.3). Indeed, in the study of the asymptotic behavior of (1.4),
a new critical value (H = }T) appears. More precisely:

o if H <3 , then

n—1
_ 2
n?-1 2 :f(Blgn)[nZH(B(IZH)/n - B{,) —1]

(1.5)
Vi H
L 4/ 7"(BH)ds;
° 1f < H< , then
1 n—1
(1.6) " ; FBE W (BHL,,, — B, —1]
ey [ rthan,

for W a standard Brownian motion independent of B ;
o if H=2, then

(1.7) 3/4 3/2 3/4 B3/4)2_1]

W Z S Byl By = Bign

Law

Y, / FBIaw,

for W a standard Brownian motion independent of B3/4;
o if H > 3 then

n—1 1
_ 2 L?
.8) 'S BN (B ), — Bl —1]—>Hoo/0 fBMdz,

for Z the Rosenblatt process defined by
(1.9) Zy =13 (Ly),
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where 12X denotes the double stochastic integral with respect to the Wiener
process X given by the transfer equation (2.3) and where, for every s € [0, 1],
L is the symmetric square integrable kernel given by

Ly, yz)——l[o O 2) / e Ly 2K A, yo) du

vy
Even if it is not completely obvious at first glance, convergences (1.1) and (1.5)
agree. Indeed, since 2H — 1 < —% if and only if H < }1, (1.5) is actually a partic-
ular case of (1.1) when f = 1. The convergence (1.5) is proved in [15] while cases
(1.6), (1.7) and (1.8) are proved in [17]. On the other hand, notice that the relation
(1.5) to (1.8) do not cover the critical case H = %. Our first main result (see below)
completes this important missing case.

THEOREM 1.1. IfH =}, then
i, B Va(BYY Bl
Zf( ) [V (Bgitym — Bijn)” — 1]
(1.10)
——»CU{/LﬂB”ﬁdW-+ /,f%B”ﬁds

1/4

for W a standard Brownian motion independent of B*/* and where

QM—J S (Jlp+ 114 /1p — 11— 2//1p])* ~ 1535.
p=—00

Here, it is interesting to compare the obtained limit in (1.10) with those obtained
in the recent work [18]. In [18], the authors study the asymptotic behavior of (1.4)
when the fractional Brownian motion B¥ is replaced by an iterated Brownian mo-
tion Z, that is, the process defined by Z; = X (¥;), ¢ € [0, 1], with X and Y, two
independent Brownian motions. Iterated Brownian motion Z is self similar of in-
dex H = 1/4 and has stationary increments. Hence although it is not Gaussian,
Z is “close” to the fractional Brownian motion B/4. For Z instead of B4, it is
proved in [18] that the correctly renormalized weighted quadratic variation [which
is not exactly defined as in (1.4), but rather by means of a random partition com-
posed of Brownian hitting times] converges in law toward the weighted Brownian
motion in random scenery at time one, defined as

+00
NG [ FXOLIY) AWy,

compare with the right-hand side of (1.10). Here, {L} (Y)}xeR.:e[0,1] stands for
the jointly continuous version of the local time process of Y, while W denotes a
two-sided standard Brownian motion independent of X and Y.
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From now on, we will only work with a fractional Brownian motion of the
Hurst index H = }1. This particular value of H is important because the fractional
Brownian motion with the Hurst index H = % has a remarkable physical interpre-
tation in terms of particle systems. Indeed, if one considers an infinite number of
particles, initially placed on the real line according to a Poisson distribution, per-
forming independent Brownian motions and undergoing “elastic” collisions, then
the trajectory of a fixed particle (after rescaling) converges to a fractional Brown-
ian motion with the Hurst index H = }L. This striking fact has been first pointed
out by Harris in [11], and has been rigorously proven in [4] (see also references
therein).

Now let us explain an interesting consequence of a slight modification of Theo-
rem 1.1 toward the first step in a construction of a stochastic calculus with respect
to B/, As it is nicely explained by Swanson in [23], there are (at least) two
kinds of Stratonovitch-type Riemann sums that one can consider in order to de-
fine fol f (le / 4) od le /* \When f is a real (smooth enough) function. The first one
corresponds to the so-called “trapezoid rule” and is given by

_ 1/4 14
" S Bygn) + Bty ) B/
2

1/4
- Bk/n)

Sn(f) = Z ( (k+1)/n

k=0
The second one corresponds to the so-called “midpoint rule” and is given by
s 1/4 1/4 1/4
()= FBak—1y/n) (Baryn — Bak—2)/n)-
k=1

By Theorem 3 in [17] (see also [3, 8, 9]), we have that
1
repl/dy jopl/d . _ 1 / s .
'/0 [ (B,/)d By’ := nlgr(}o Sn(f") exists in probability
and verifies the following classical change of variable formula:
(1.11) A f(By)d B = f(B;"") — f(0).
On the other hand, it is quoted in [23] that Burdzy and Swanson conjectured' that

1
14\ pxpl/d . 1 .
/0 f'(BY*a*B) ':nlngOT”(f/) exists in law

1Actually, Burdzy and Swanson have conjectured (1.13) not for the fractional Brownian motion
B1/4 but for the process F defined by

(1.12) Fr=u(t,0), te€[0,1],
where

Uy = %uxx + W(t,x), tef0,1],xeR with initial condition #(0, x) =0, x € R.
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and verifies, this time, the following nonclassical change of variable formula:

1 1
1epl/4y gx pl/a Law /4y _k e pl/4
(1.13) fof(Bs yd* B4 £ _ r(0) 2/0 F(BY* aw,,

where k is an explicit universal constant, and W denotes a standard Brownian
motion independent of B!/, Our second main result is the following:

THEOREM 1.2. The conjecture of Burdzy and Swanson is true. More pre-
cisely, (1.13) holds for any real function f:R — R verifying (Ho) (see Section 3
below).

The rest of the paper is organized as follows. In Section 2, we recall some no-
tions concerning fractional Brownian motion. In Section 3, we prove Theorem 1.1.
In Section 4, we prove Theorem 1.2.

Note: Just after this paper was put on the ArXiv, Burdzy and Swanson informed
us that, in their manuscript [2], prepared independently and at the same time as
ours, they also proved Theorem 1.2 by using a completely different route.

2. Preliminaries and notation. We begin by briefly recalling some basic
facts about stochastic calculus with respect to a fractional Brownian motion. We
refer to [19, 20] for further details. Let B = (B,H )ref0,1] be a fractional Brownian
motion with the Hurst parameter H € (0, %). That is, B is a centered Gaussian
process with the covariance function

2.1) Ry(s,t) = @7 + 527 — |1 — 5?1,

We denote by & the set of step R-valued functions on [0, 1]. Let $ be the Hilbert
space defined as the closure of & with respect to the scalar product

(Ljo.11, Ljo.s1)g = Ru (2, 5).

The covariance kernel Ry (z, s) introduced in (2.1) can be written as

SNt
RH(t,s)=/ Kr(s,w) K (1, u) du,
0

(Here, as usual, W denotes the space-time white noise on [0, 1] x R.) It is immediately checked that
F is a centered Gaussian process with covariance function

1
E(“” +s5 =]t —sl),

so that F is a bifractional Brownian motion of indices % and % in the sense of Houdré and Villa [10].

E(FsFy) =

Using the main result of [12], we have that BY/* and F actually differ only from a process with
absolutely continuous trajectories. As a direct consequence, using a Girsanov-type transformation, it
is equivalent to prove (1.13) either for B/4orfor F.
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where Ky (¢, s) is the square integrable kernel defined, for 0 < s < ¢, by

\H-1/2
KH(t,s)ch[(;) (t—s)H_l/2

t
_(H - 1/2)S1/2—H/ W32, _S)H—I/Zdu]’

N

2.2)

where ¢, =2H (1 —2H)~'8(1 — 2H, H + 1/2)~" (B denotes the Beta function).
By convention, we set Kg(¢,s) =0if s > t.
Let K} : & — L2([0, 1]) be the linear operator defined by

K (1o.n) = Ku(2,-).
The following equality holds for any s, ¢ € [0, 1]:
(110,01, L.51)y = (K Lj0.11, KirLio.s1)2 0.1y = BB B

hence K}, provides an isometry between the Hilbert spaces §) and a closed sub-
space of L2([0, 1]). The process X = (X;):e[0,1] defined by

(2.3) X: =B (K5~ (110.07))

is a standard Brownian motion, and the process B has an integral representation
of the form

t
BH = / Ky(t,s)dX;.
0
Let . be the set of all smooth cylindrical random variables, that is, of the form
(2.4) F=vy B/ ... B,

where m > 1, ¥ :R" - Re 4;° and 0 <1| < --- <, < 1. The Malliavin deriv-
ative of F with respect to B is the element of L?(2, $)) defined by

_ - 3l// H H
DiF =) ——(Bil,.... B, Lo(s),  s€l0,1]
i=1 """

In particular Dy B,H = 10,11(s). For any integer k > 1, we denote by D*2 the clo-
sure of the set of smooth random variables with respect to the norm

k
IFI7 2 =E[F*1+ Y ElIDI Fle,.
j=1

The Malliavin derivative D verifies the chain rule: if ¢ :R" — R is %bl, and if
(F;)i=1,...n 1s a sequence of elements of D2, then o(F1,..., ) € D2, and we

have, for any s € [0, 1],
n a(p
Dso(Fi, ..., F,) =Z§

i=I !

(F17'~'3FH)DSFi'
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The divergence operator [ is the adjoint of the derivative operator D. If a random
variable u € L?($2, ) belongs to the domain of the divergence operator, that is, if
it verifies

|[E(DF,u)g| <cullFlli2 forany F € .,
then 7 (1) is defined by the duality relationship
E(FI(u))=E(DF,u)g)

for every F € D2,

For every n > 1, let H,, be the nth Wiener chaos of B H  that is, the closed
linear subspace of L3() generated by the random variables {H,(B"(h)),h €
H, |h|s, = 1} where H, is the nth Hermite polynomial. The mapping I,(h®") =
n!H, (B (h)) provides a linear isometry between the symmetric tensor product

$H°" and H,,. For H = 5, I,, coincides with the multiple stochastic integral. The
following duality formula holds
(2.5) E(FI,(h)) = E(D"F, h)gen)

for any element h € $HO" and any random variable F € D2, Let {ex,k > 1} be
a complete orthonormal system in $). Given f € HOP and g € H®, for every
r=0,...,p Agq, the rth contraction of f and g is the element of §®P+4=2)
defined as

o0

f®g= Y (fien® Qe )ner ®(g,e;, @ Qe )gor.

Note that f ®¢ g = f ® g equals the tensor product of f and g while for p =g¢,
S ®p & ={(f, 8 oo, Finally, we mention the useful following multiplication for-
mula: if £ € HOP and g € H®Y, then

2.6) L@ =Y (") (4) trsa-atr 00

r=0

3. Proof of Theorem 1.1. In this section, B = B!'/* denotes a fractional
Brownian motion with the Hurst index H = 1/4. Let

Gy = f Z F Bin) [V (Ba+1yn — Bk/n)2 —1], n>1.

Fork:O,...,n—landte[O,l],weset

(Sk/n = 1[k/n,(k+l)/n] and & = 1[0,1].

The relations between Hermite polynomials and multiple stochastic integrals (see
Section 2) allow one to write

V(Bg4iym — Bim) —1= flz(Sk/n
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As a consequence,

n—1

Gu=y_ fByn ().

k=0
In the sequel, we will need the following assumption:

Hypothesis (Hy). The function f:R — R belongs to 4 and is such that
sup E(|f(B)]") < o0
1€[0,1]
forany p>1andi €{0,...,q}.

We begin by the following technical lemma:

LEMMA 3.1. Letn>1andk=0,...,n— 1. We have:
(i) |E(B,(B; — By ))| <Jt—sforanyre€[0,1]and0<s <t <1;
(i) sup;eo,17 2k= o {er; dkmdal = O(1);

(iii) ij o [{€j/ns Skm)sl = 0(”)

_|<7Vk+‘/—
4n! — 2n

(iv) |<8k/n,3k/n);,— ; consequently Zz;é|(8k/n,5k/n)% -

|—>0
n—oo

PROOF.
(i) We have
E(B,(B: — By)) = 5(v1 = /5) + 5(VIs = r[ = /It = r]).

Using the classical inequality |s/|b| — +/|a|| < +/|b — a], the desired result follows.
(i) Observe that

(&1, k/n)sy = f(‘/ —Vk =k +1=nt|+ |k —nt)).

Consequently, we have

n—1
> e Skym) sl
k=0
1 1 (anjl
<-+—F Z\/nt—k Vnt —k—1
2 2n =

+/|nt] +1—nt —/nt — |nt]

n—1
+ > \/k—nt—\/k—i—l—nt).

k=|nt]+1
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The desired conclusion follows easily.
(iii) Itis a direct consequence of (ii),

Z [(&j/nsSkm)nl < n Zlgj/n»ak/n
k, j=0 ]:0 ..... n— k=0

(iv) We have

) 1
(&k/n> Ok/n)s — ™

=4L(¢m_wz)wm_¢z—z|.

Thus the desired bound is immediately checked by using 0 < /x 41 f
available for x > 0.

The main result of this section is the following:
THEOREM 3.2. Under Hypothesis (Hy), we have

1 1 /1
Gu % / F(BYAWs + /O £"(By)ds,

where W = (W;)s¢(0,1] is a standard Brownian motion independent of B and

1 o0
Ciya ::J D> (/1P + 11+ /1p — 11 —2//1pl)* ~ 1535
p=—00

PROOF. This proof is mainly inspired by the first draft of [16]. Throughout
the proof, C will denote a constant depending only on || f | s, a =0, 1,2, 3, 4,
which can differ from one line to another.

STEP 1. We begin the proof by showing the following limits:

. 1 1 1
3.1 Jim E(Gy) = Z/o E(f"(Bs))ds

and

1
Jim E@G3)=CFs [ E(AB)ds

—E(/Ol f”(Bs)ds)z.

(3.2)



WEIGHTED QUADRATIC VARIATIONS OF FBM WITH INDEX 1/4
PROOF OF (3.1). We can write

n—1

EGn) = Y E(f(Bim)(F)))

k=0

n—1
= ZE((Dz(f(Bk/n)),fS/%)ﬁ)

k=0

n—1

= Y ECF(Brm) (e Sem)

k=0

= — Z E(f"(Bin))

kO

n—1 1
+y E(f”(Bk/n»((sk/n, Sk/n)g — —)

=0 4n

1 /1
e A / E(f"(By))ds by Lemma 3.1(iv) and under (Hy).
- 0

PROOF OF (3.2). By the multiplication formula (2.6), we have

12(51/,1)12(5/(/")—14(51/,, k/n)+412(3;/n ® Sk/n){8j/ns Ok/n)
3.3)

+2(5j/n,5k/n)y3-

Thus

n—1
E(GH= Y E(fBjm)f B h(6E2)L(E2)
k=0

n—1
:';0 (f(Bj) f (Biy) 4855, @ 852))
J K=

n—1

+4 > E(fBjn) f Bryn)28/n ® 8k/n))(8j/ns k)
J.k=0

n—1

+2 > E(fBjm) f Brym)(8jms Sk/n)s
J.k=0

=A,+B,+C,.

2209
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Using the Malliavin integration by parts formula (2.5), A, can be expressed as
follows:

n—1
An= Y E((D*(f(Bjn)f(Bim). 55 ® 550) go4)
j k=0

=24 Z > E(f OB P Biyn)) (2 Rt 65 @ 852 ) o
j.k=0a+b=4

In the previous sum, each term is negligible except

n—1

Y ECf"Bjsn) " Brym))(€jns 8j/n)5 €k /ns Sk )
jk=0

n—1 5
= E<|:Z f”(Bk/”)(gk/n, 8k/n>%j| )
k=0
1 n-l n—1 i | )
= E<|:E kg(:)f//(Bk/n) + kg(:)f//(Bk/n)<(8k/n, 81{/”)53 _ E)i| )

1! 2
— E([—/ f”(Bs)ds] ) by Lemma 3.1(iv) and under (Hy).
4 Jo

n—oo
The other terms appearing in A,, make no contribution to the limit. Indeed, they
have the form

n—1

3
> E(fBjm) £ Biym) e jfn. Sesm)s F[ (exi/n: Oyi/n)s

j.k=0

(where x; and y; are for j or k), and from Lemma 3.1(i), (iii), we have that
3
sup [T lew/ns Syymdal = 0™,

Z [(ej/ns Skm)sl = Om).
k=0

Still using the Malliavin integration by parts formula (2.5), we can bound B, as
follows:

n—1

1Bal <8 > > |E(f“Bjm) f P (Bisn))

j.k=0a+b=2

x (& j/n®8k/n’ 8]/71 b2 <Sk/n)fj®2 (81/117 8k/n> |
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n—1
< cn™! Z {8 /ns Sk/n) sl by Lemma 3.1(i) and under (Hy)
j.k=0
n—1
=Cn=2 37 1p(j =k
k=0
<cil? Y @), = 0m™'?),
r=—00
where
(3.4) o) =Ir +1|+|r — 1] =2V]r], rel.

1|I’|_3/2.

Observe that the series Y 2 |p(r)| is convergent since |p(7)] | |~ 3
r|—o0

r=—00

Finally, we consider the term C,,.

1
Ch = — Z E(f(Bjn) f (Bi/n))p*(j — k)

2]k0

oo (m—DAMm—1-r)

= Z Z E(f(Bjjn) f (B(jrym)0*(r)

r_—OO j=0v—r

/ EGFABYds S o20)

n—)oo 2
r=-—00

= 1/4/ E(f2(By))ds.

The desired convergence (3.2) follows.

STEP 2. Since the sequence (G,) is bounded in L2, the sequence (G,
(Bi)ieo,17) is tight in R x €' ([0, 1]). Assume that (G, (B:)se[0,1]) denotes the
limit in law of a certain subsequence of (G, (B;)e[0,1]), denoted again by

(Gn, (Bo)refo,1)-
We have to prove that

1 1 rl
Goo 2 Cua [ fBOAW+ 5 [ £/ (B,

where W denotes a standard Brownian motion independent of B, or, equivalently,
that

(.5 Ee “G°<>|<Bt>teou)—exp{z—f f”(B)ds——C1/4f 728y ds).
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This will be done by showing that for every random variable & of the form (2.4)
and every real number A, we have

. 1 irGoo i ! " 2 ! 2
(3.6)  lim ¢n<x)=E{e s(z /0 f"(By)ds — AC} /0 f(Bs)dS)},
where
¢, (3) = %E(ei*%) =iE(G,e""),  n=1.

Let us make precise this argument. Because (G o, (Bt)re(0,1]) 1S the limit in law of
(Gn, (Bt)iefo,17) and (G,) is bounded in L2, we have that

E(Goote?0®) = lim E(Gn£e”C")  VreR
n— oo

for every £ of the form (2.4). Furthermore, because convergence (3.6) holds
for every & of the form (2.4), the conditional characteristic function A +—
E (eMGoo |(Bt):efo,17) satisfies the following linear ordinary differential equation:

d ,
d—AE(elAGOOKBz)ze[O,l])

= E(e*C>|(B,) ) ! lf”(B)d — AC? lfz(B)d
t)tel0,1] 4 Jo s)as 1/4 0 s)as |.

By solving it, we obtain (3.5), which yields the desired conclusion.
Thus it remains to show (3.6). By the duality between the derivative and diver-
gence operators, we have

B7)  E(fByn) (G &) = E(D*(f (Bijn)e "), 857) 5s2).
The first and second derivatives of f (B /n)ei *Gng are given by
D(f (Bijn)e*9"&) = f'(Bijn)e" O &ep n + idf (Bxyn)e " EDG,,
+ f(Biyn)e'" 9" Dg
and
D*(f(Bin)e™Cn&)
= ["(Bin)e O Ee, + 2if (Biyn)e O E(ekn®DGy)
+ 2" (Biyn)e O (exyn®DE) — A% f (Bijn)e'* 7 DGE?
+2if (Bjn)e* " (DG, ® DE)
+ihf (Byw)e" O ED*Gy + f(Bijn)e " D2
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Hence allowing for expectation and multiplying by 8% B / ., yields

({D*(f (Brjn)e™ &), 857) 502)
= E(f"(Beyn)e* ") (ex/n, St/n)5
+ 2 LE(f(Byn)e " "E(DG . 8k/n) ) (Ekjns Sk jn) s
+ 2E(f'(Bin)e™ " (DE. 1)) (Ek/n- Sk/n)
— ME(f (Br/n)e* " E(DGp, St/n)%)
+ 2iLE(f (Bin)e ™" (D&, 8/n) (DG 8k /n)s)
+iLE(f (Bin)e 9" E(D* G, 8) g2)

+ E(f (Bijn)e* (D&, 857 ) o2).

(3.8)

We also need explicit expressions for (DG, §x/n)s and for (D*G,, 6,?}%1)5(3@2. By
differentiating G,,, we obtain

n—1
(3.9) DG, =) _[f (Bz/n)12(5l/n)81/n +2f(Bi/n) ABijnéi/nl.
1=0
As a consequence,
n—1
(DG, Sk/n)sy = [ (Biyn) 2(8F2)(61/n Sk /n) sy
1=0
(3.10)
n—1
+2> " f(Byn)ABin(Si/n, Sk/n)5-
1=0
Also
n—1
D*Gy =Y [f"(Byn) (el
1=0

+ 4f (Bl/n)ABl/n(Sl/n®Sl/n) + 2f(Bl/n)61/n
and, as a consequence,

n—1

(D*G, 850 go2 = D Lf" (Biyn) (85 (E1pm, Sy,
=0

(G.1D) + 4 (Biyn) ABijn E1/n, Sk/n) 81/, Skyn) 9
+2f(Biyn){Si/ns 8k/n>%]-
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Substituting (3.11) into (3.8) yields the following decomposition for ¢, (1) =
iE(Gne'*Cng):

n—1

¢, (W) = =21 > E(f(Bi/n) f(Bijn)e &) (81/n, S1/n)5
(3.12) =0

n—1 n—1

+i Y E(f"(Biyn)e™ e e, Sknde +i Y i,
k=0 k=0

where ry , is given by
Tk = 200E(f (Beyn)e ™ "€ (DG, 8t/n) ) €k /ns Sk/n)sy
+ 2E(f'(Bijn)e™ " (D&, 8k/n) ) (kc/ns Sim) 5
— M E(f (Biyn)e " E(DG . 8k/n)g)
(3.13) 4 2AE(f(Byn)e " (DE, 8/n) (DG, 8k /n)s)

n—1

+id Y E(f (Biyn)eCrEf" (Biyn) ) E1ym, Skn),
=0

n—1

+4in > E(f (Beyn)e & F (Biyn) ABiyn) (€1 8k/n) s (81 Sk /n)sy
[=0

7
+ E(f (Bym)e (D8, 85 ) gen) = 3 R,
j=1
Remark that the first sum in the right-hand side of (3.12) is very similar to the
quantity C,, presented in Step 1. In fact, similar computations give

n—1

lim =24 Y ELf (Biyn) £ (Biyn)e ™ P E1(81/ms k)
(3.14) =0

1 .
= —Clut [ BB ) s

Furthermore, the second term of (3.12) is very similar to E(G,). In fact, using the
arguments presented in Step 1, we obtain here that

n—1
lim ];) E(f" (Bi/n)e™ % €) (ex/n. Sk/n),

(3.15) .
_ i /7 iLGo
_4/0 E(f"(Bys)e*C>g) ds.

Consequently, (3.6) will be shown if we prove that lim,,_, Zz;é rk.n = 0. This
will be done in several steps.
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STEP 3. In this step, we state and prove some estimates which are crucial in
the rest of the proof. First, we will show that

(3.16) |E(f (Biyn) f'(Bym)e 52 <= forany0<k.l<n—1.

Then we will prove that

C
|E(f (Biyn) £ (Bjym) ' (Biym)e™ "€ L85, @ 7)) < —
3.17)
forany 0 <k, j,l <n—1.

PROOF OF (3.16)._ Let ¢tk n denote any random variable of the form
f (a)(Bk/n) fO (B /n)e”\G"S with a and b two positive integers less or equal to
four. From the Malliavin integration by parts formula (2.5) we have

E(f'(Biyn) ' (Biyn)e* & L (850))

= E(D*(f'(Biyn) [ (Biyn)e*978), 8(57) o).

When computing the right-hand side, three types of terms appear. First, we have
some terms of the form,

E (s k.n)(€k/n> S1/n)G OF
(3.18) E (s k.n(DE, 81/n)9)(€k/ns Oi/n) s, OF
E (8 k. (D2, 8{77) o),

where D& and D% are given by,
DS Z (Bll7 ey Btm)gti7

m 2
Y
Dzé-' = Z ax 8 (Btl g 0oy B[m)gtj ® 8[,‘-
ij=19%J

From Lemma 3.1(i) and under (H4), we have that each of the three terms in (3.18)
is less or equal to Cn~!. The second type of term we have to deal with is

{ E (Gt kn{DGn, 01/n) ) (Ek/n> O1/n) s, OF
E(Cek,n(DGn,81/n)5(DE, 81/n)5)-

By the Cauchy—Schwarz inequality, under (H4) and by using (4.20) in the third
version of [16], that is,

(3.19)

E((DGp,81/n)g) <Cn™ ",

we have that both expressions in (3.19) are also less or equal to Cn~!
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The last type of term which has to be taken into account is the term
—A2E(f'(Bijn) f'(Biyn)e* 9" E(D* G, 8 ) ge2).
Again, by using the Cauchy—Schwarz inequality and the estimate
E(D*Gp, 88 5e2) <Cn™>

(which can be obtained by mimicking the proof of (4.20) in the third version of
[16]), we can conclude that

) C
=32 E(f' (Biyn) ' (Buym)e ™ & (D* Gy, 87, b go2)| < —
As a consequence (3.16) is shown.

PROOF OF (3.17). By the Malliavin integration by parts formula (2.5), we
have

E(Ceionf (Bjsn) ' (Bym) 155, ® 850))

= E((D*Cesen ' Biyn) £ (Biyn)). 852, @ 552 go1).

When computing the right-hand side, we have to deal with the same type of term
as in the proof of (3.16), plus two additional types of terms containing

E((DBGn, ]/n®8l/n>ﬁ®3) and E(<D4G”’5;8>2n®61/">53®4)'

In fact, by mimicking the proof of (4.20) in the third version of [16], we can obtain
the following bounds:

E((D*Gy. 85, ®8in)ges) <Cn > and  E(D*Gp. 85, ® 8705 04) < Cn*

This allows us to obtain (3.17).

STEP 4. We compute the terms corresponding to R,(C’l,)l, R,@l and R,ﬁ in (3.13).
The derivative DG, is given by (3.9) so that

n—1
ZR(” =2iL Y E(f'(B/n) £ (Biyn)e & SFM) 1 /ns 8k /n)s (Ek/ns Sk/n)s
k,[1=0
n—1 '
+2 Z E(f'(Bijn) f (Biyn)e™ & AB1/w){(S1/n, Sk/n) s (Ekjns Sk/n) sy
k,1=0

=1+ 1",
From (3.16), Lemma 3.1(i), (iii) and under (H4), we have that

n—1
TP < Cn™32 3" Keryn, Skym)gl < Cn™ V2,
k,1=0



WEIGHTED QUADRATIC VARIATIONS OF FBM WITH INDEX 1/4 2217

For Tz(l), remark first that the Cauchy—Schwarz inequality and hypothesis (H4)
yields

(3.20) |E(f'(Biyn)e ™ & f (Biyn) ABiyn)) < Cn~ /%,

Thus by Lemma 3.1(i),

n—1 n—1
1 _ _
|T2()|§C” 314 E {81 /ms Sk ) = Cn >/ E lo(k — D)
k,1=0 K.1=0

o0
<Cn VP 37 el =cn A,
r=—00
where p has been defined in (3.4).

The term corresponding to R,Ef‘,)l is very similar to R,Elr)l Indeed, by (3.9), we

have
n—1 @ m n—1 ) 81// 5
S RY =20 1 E(f(Bk/n)f%Bz/n)el*Gn W (B,..... Btmﬂz(af?n))
k=0 i=1k,1=0 0xi
X (€1 /n» Sk /n) 9 €t Sk yn) &
F4LYD Y E( (B FByn)e™ O AByw o (B By
. 0x;
i=1k,I=0
X (81/n, Sk/n)ss (€t Sk/n)sy
@ “
=T, " +1,
and we can proceed for Ti(4) as for Ti(l).
The term corresponding to R,E?,)l is very similar to Tz(l). More precisely, we have

n—1 n—1 n—1

6 — _
S RO <Cn N iy Shym)sl = Cn YT |k = D)
k=0 k,1=0 k,1=0

o0
<™Vt 37 )l =Cnm A

r=—00

STEP 5. Estimation of ng Let ¢ gn = )sz(Bk/n)e"AG”é. Using (3.9), we
have
n—1

(DG, St/ndg =D ' Biyn) f' Bjym) F 2SS /ns Sk/n) 5 (€1 ns Sk /n) s
j,1=0

n—1

+ Z S Bjn) [ (Biyn)ABjnAB /{8 /ns Sk/n)5{81/ns Ok/n) 5,
=0
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and, consequently,

n—1 n—1

S RE | < Y IEGeskn(DGn. 83l
k=0 k=0
n—1
<2 > |E(é“s,k,nf/(Bj/n)f/(Bz/n)12(5?}2,,)12(31/,,))
k, j,1=0
X{€j/ns Ok/n) s (&l ns> Ok/n) 5|
n—1
+38 Z |E(Cekn S (Bjn) f (Biyn) ABj/nABin)
k, j.1=0

X {8 /ns Ok/n) 581 /ns Ok/n) s
Using the product formula (3.3), we have

n—1
ZRkn <2 3 |E@eint (Bjm) [ (Byn)1a(65, ® 550))|
k=0 k, j1=0
X(&j/ns Ok n) e €1/ns Ok/n) ol
n—1
+8 > |E(¢exntf Bjm)f Biym)a(8j/n ® 81/))]
k, j1=0
X 8 /ns81/n)5(€j/ns Skyn) s (€l/ns Skyn) s
n—1
+4 > |E@exnf (Bjm)f (Biyn))l
k, j.1=0
X {8j/n, 81/n>52§(8j/n’ Sk/n) 5 €1 ns Ok yn) 5|
n—1
+38 Z |ECekn S (Bjn) f (Biyn) ABj/nABin)|
k, j1=0

X 18 /ns 8k/n) {81 /ns Sk yn) |

4
Z (3)

From (3.17), we have

1 <cn”'? Z |E(Cetent (Bjm) f By a(S @ 85)I(E /- Sk/n) s |
k, j,1=0

n—1
§Cn_5/2n2' sup > ej/n. Skymdgl <Cn~ % by Lemma 3.1(i).
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Now let us consider T2(3). Using (3.16) and Lemma 3.1(ii), we deduce that

n—1

‘TG)‘ <Cn_3/2 Z 1{8/n» S1/n) 9 _ Z| (€j/nsOk/n) e
j,1=0 _/—0 ..... n— k=0

oo
<Cn”'2 37 p)|=Cn 2,

r=—00
For T3(3), we have
3 n—1
!T( )| <cn12 Z ,/n,&/n Zl (€j/n> Ok/n) e
j,1=0 J' 0 "—lk =0

o0
fCl/fl/2 Z ,02(1”):Crfl/2

r=—00

Finally, by the Cauchy—Schwarz inequality and under (H4), we have

|E e kon f(Bj/n) f (Biyn)ABj/nAByn)| < Cn1/2,

Consequently,

n—1
3 —
T < Cn™ 23" 18y Sknd s Bksm- 1) |
k,j,1=0

n—1
<Cn N plk—Dpk — j)
k,j,1=0

00 2
an—W( > |p(r)|>
r=—00
=Ccn~ 2,

STEP 6. Estimation of R (5) . From (3.16) and Lemma 3.1(iii), we have

n—1
ZR“) <Cn™2 3" Wewm, Siy)sl < Cn!
k=0 k,1=0

STEP 7. Estimation of R,gz,)l and R,(j,)l We recall that

0<vx+1-yx<1 for any x > 0.

2219
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Thus under (Hs) and using Lemma 3.1, we have,

Z RO < ZZ > E<f’(Bk/n)e“Gna—m(Btl, e B,,,,))
i=1k=0
X (&1, 8k /n) 9 {€k/ns 5k/n>.6‘
n—1
<C(f. ™ sup Y (e, Sym)gl < Cn 2,
Z‘E[O,l]k:O
Similarly, the following bound holds:
o = Gy OV
E B 1A&n By,....,B
< Z_ Y| E(rBme o )
i,j=1k=0
X (&, 8k/n) s (€t s 5k/n)y)'
<cn~ 2,

The proof of Theorem 3.2 is complete. [

4. Proof of Theorem 1.2. Let B = B'/# be a fractional Brownian motion with
the Hurst index H = 1/4. Moreover, we continue to note A By, (resp. 8x/n’ €k/n)
instead of B(x+1)/n — Bk/n (t€sp. 1 n, (k+1)/n15 1{0,k/n))- The aim of this section
is to prove Theorem 1.2, or equivalently,

THEOREM 4.1 (Itd’s formula). Let f:R — R be a function verifying (Ho).
Then

1 n/2]
/0 f'(Bs)d*Bs := nll>néo ; I (Bak=1y/n) (B@ky/n — B@k—2)/n)

exists in law.

Moreover, we have

1
/ Fl(B)d* B, (B — f(0)— < / £"(By) dW,

with k defined by

(4.1) K=J2+Z(—1)rp2(r)m129o

r=1
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[recall the definition (3.4) of p] and where W denotes a standard Brownian motion
independent of B.

PROOF. In [23] [identity (1.6)], it is proved that
[n/2]
Y ' (Bak-1y/n)(Bry/n — Bak-2)/n)
k=1
~ f(B1) — f(0)
1 L"/ZJ

-3 > F(Bak-1y/m)[(ABai-1y/n)° — (ABak-2y/m)’]
k=1

| /2

3 3
— g Y " (Baj-nm)[(ABaj—2m)” + (AB@j-1y/n)’ ],
=1

where “A” means the difference goes to zero in L2. Therefore, Theorem 4.1 is a
direct consequence of Lemmas 4.2 and 4.3 below. [

LEMMA 4.2. Let f:R — R be a function verifying (Hg). Then

/2]
3 37 L?
(4.2) Zl F(Baj-ym(ABaj-2m)” +(AB@j-1)/n)"] —= 0.
J:

PROOF. Let H3(x) = x> — 3x be the third Hermite polynomial. Using the re-
lation between Hermite polynomials and multiple integrals (see Section 2), remark
that

3 3
(AB@j-2)/n)" + (AB@j—-1)/n)
= "_3/4[113 (' *AB@j_2)/m) + H3(n'/* ABj—1)n)

3
+ W(B(zj—z)/n - B(zj)/n)}

3
= B06G o))+ BOE 1))+ N (Li2j-2)/n.j)/m)-

so that (4.2) can be shown by successively proving that

1n/2] 2
(4.3) Elm 2 fBej-nmh(hej-2amepm)| 57,0
j=1
/2] 2
_ @3 .
(4.4) E X; F(Baj-nm)BOG; am)| 57,0
J:
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/2] 2
3
(4.5) E Zl FBaj—nmBOG_nm)| 7.0
]:

Let us first proceed with the proof of (4.3). We can write, using, in particular,
(2.6),

| 2] 2

[ Z F(Baj—1y/n) 11 (Li2j—2)/n.2j)/n1)

[n/2]

Z E{f(B@j-1)/n) f(B@k-1)/n)
jk 1

1

x 11 (L@j-2)/n.@jy/m) 11 (Lj@k-2)/n. 2K /1) }

IA

S| =
—
=
~
0
A

™

|E{f(B@j-1)/n)f(Bk-1)/n)

j 1

X L (1{@j-2)/n.2j)/n) ® Lj@k—2)/n. k) /n1) }]

n/2)
F(Baj—1y/n) f(Bak-1y/n)p2j — 2k)}|

]k 1
5 n/2) .
- Y NE{F 9 (Baj-1yn) f P (Bak-1y/m)}]
a+b=2 j k=1
b
x |55 _1)/n ® €Gk—1)/n>
Li2j-2)/n.@j)/m) ® Li@k—2)/n.2K)/n1) o2 |

[n/2]
F(B@j—1y/n) f(Bak=1y/n)P2j —2k)}|.

] k=1
But by Lemma 3.1(i), we have

® Qb
(eRj—1)/n ® €ak—1)/n> Li@j—2/n.@j)/m ® Li@2k=2)/n, 200 /n1) o2 |

< ﬁ(|(8<2.1>1>/n’ Lij-2)/m.j/mgl + [{e@r—1)/ns Li@k—2)/n, @0 /n1)g])

:%(\/?_,/2]'—2%/27—«/%—2).
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Thus under (Hg),

n/2) )
Yo Y IE{F 9 Baj-1ym) f P (Bak-1ym)}]
atb=2 j k=1

® b
X (625 1)/n ® €at—1)/n> L@i—20/n,@j)/m © Li@k=2)/n, @) /n1) g2 |

- o)
Moreover,
[n/2]
ST IE{f(Baj-1y/n) f(Bk=1)/n)p(2j — 2K)}|
k=1
[n/2]
<C ) [pQ2j—2k]=0().
k=1

Finally, convergence (4.3) holds.
Now let us only proceed with the proof of (4.4), the proof of (4.5) being similar.

‘We have
[n/2] 2

3
Y F(Baj-1m) (857 2))
=1

E

ln

~
8]
—

E{f(B@j-1y/n) f (Bar—1/n) 350G 2, 363k 2)/n))
1

™

J

32 /2]
r!( ) n=C2 Y E{f(Baj-tyn) f (Bek—1n)

r
jik=1

N

r

0
® ®
X Iy (3(2;—2)/;1 ® 5(22—2)/;1)}
x p37" (2] — 2k).
To obtain (4.4), it is then sufficient to prove that, for every fixed r € {0, 1, 2, 3}, the
quantities

[n/2]
R =n=C/2 3" Elf(Baj—1)/n)f(Bak-1)/n)
k=1
X Doy (58;72)/,1 ® ngfz)m)}

x p37(2j — 2k)
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tend to zero as n — 0o. We have, by Lemma 3.1(i) and under (Hg),

e /ZJ}E{f(B(zj—n/n)f(B(zk—1>/n)12r (832 ® 835k _2y/) ]
J.k=1,..., n

= sup @) > E{f“Baj-1ym) P (Bak-1m)}
Jjk=1,..., |n/2] a+b=2r

(29 = Qb
X Q5 -1)/n®EQ 1)/

®r ®r
122y /m.2jym1 © Yk—2)/n, 2k my e

<C sup sup |(e5?_ ®e80
Fk=lo /2] atbmar - FITD/MEE@I=D/

Qr Qr
L2 -2y/m.2jym1 © Yk—2)/n, k5o
—o(m™).

Consequently, when r # 3, we deduce

ln/2]
(r) —(r+3)/2 i — —(r+1)/2
R < Cn= .§k :1|p(21 —20|=0(n~"*V?) — o,
Jk=

while when r = 3, we deduce

|R,(l3)|§Cn_l — 0.
n—-+o00

The proof of (4.4) is complete while the proof of (4.5) follows the same lines.
Hence the proof of (4.2) is complete. [

LEMMA 4.3. Let f:R — R be a function verifying (Ha). Set

Ln/2]
Fo=Y_ f(Bet—1ym)[(ABr-1y/n)° — (ABak—2)’].
k=1
Then
1
4.6) F / F(By)dW,
n—oo 0

with k defined by (4.1) and where W denotes a standard Brownian motion inde-
pendent of B. Here, the stable convergence (4.6) is understood in the following
sense: for any real number ) and any o {B}-measurable and integrable random
variable &, we have that

E(e*gy — E(e—ﬂxz/zfo‘ fz(Bx)dsé__).

n—oo
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PROOF. Since we follow exactly the proof of Theorem 3.2, we only describe
the main ideas. First, observe that
[n/2]

2 2
Fp = Z f(B(Zk—D/n)(12(3%{71)/0 (5(% 2)/n))
k=1

Here the analogue of Lemma 3.1 is

[n/2]
sup &ty 8(2k—1 =_0(),
1€l0,1] Z| o )/”> ’ e
4.7)
[n/2]
sup &ty 8(2k—2 =_0(),
t€[0,1] I;| o )/”> | S
) 1 2k — A2k —
(4.8) (e@k—1)/n: 8ak—1)/n)g — E‘ - 8
and
> J2k —1-v2%-2
4.9) {e@r—1)/n> S@k—2)/n)g — in in

In fact, the bounds (4.7) are obtained by following the arguments presented in the
proof of Lemma 3.1. The only difference is that in order to bound sums of the type

L"/ 2] 2k — +/2k — 1 (which are no more telescopic), we use
ln/2] [n/2]

Z\/_ V2k = 1<ZJ_ V2k—2=/2[n/2] < Vn.

As in Step 1 of the proof of Theorem 3.2, here we also have that (F},) is bounded
in L2. Consequently the sequence (Fj, (B;)sefo,17) is tight in R x ([0, 1]). As-
sume that (Foo, (Bt):e[0,1]) denotes the limit in law of a certain subsequence of
(Fu, (Br)ie[o,11), denoted again by (Fy,, (B;):c[0,1]). We have to prove that

. 22 1
(4.10) E(el)\FwKBt)te[O,l]) = eXP{—EKZ/(; fZ(Bs)dS}-

We proceed as in Step 2 of the proof of Theorem 3.2. That is, (4.10) will be ob-
tained by showing that for every random variable & of the form (2.4) and every real
number A, we have

, 1
tim ¢,,0) = 26 [ 2B ds),
n— 0

where

¢ () = j—/\E(ei”ns) =i E(F,e*re), n>1.
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By the duality formula (2.5), we have that

The

(E(

[n/2]
¢ ()= Y E((D*(f(Bax-1/n)e™"&), 5%% 1)/n 58% 2)/nlg9?)-

analogue of (3.8) is here:
D*(f (Bak—1/n)e™ &), 880 _1) 1 — 8540y nlsye2
= E(f"(Bak-1y/n)e™ &) [{e@k—1y/n, 82k-11/n) = (e@k—1)/m> S2k-2)/)5]

+ 200 E(f'(Bak—1y/n) e E(D Fy, 8ok -1y /), (e 2k—1) /> S2k—1) /)
— 2iME(f'(Bk—1)/n)e " E(D Fy, 8k—2)/n)5 )(E@k—1)/ns S2k-2)/n)
+2E(f'(Bak—1y/a)e (D&, 8k—1)/n)5)(e@t—1)/n S2k—1)/n)g;
— 2E(f"(Bax—1)/n)e " "(DE. 8ak—2/n)s, E@h—1)/n> S2k—2)/n)5
— 22E(f (Bak-1y/n)e™™ (D Fy, Sk-1)/)5)
+12E(f (Bak-1y/n)e (D Fy. 8k-2)/n))
+ 20 E(f (Bak—1)/n)e™ (D, 8t—1)/n)5(D Fus 2k—1)/n)s;)
— 2ihE(f (B@r—1)/n)e™ (D&, 82k=2)/n)5y(D Fus 82k=2)/n) )
+iLE(f (Bak—1n)e™ g

+ E(f (Bak—1y/n)e* (D%, 5(2k 1)/n 8(2k—2)/n>,6®2)'

®2 ®2
D Fy 8(21( 1)/n 8(2k 2)/n)f)®2)

Asa consequence,

¢ (W) =—=21 Y E(f(Bak—1)/n) f(Bai-1)/n)e'*""€)

k,1=0

®2 ®2 ®2 ®2
(4.11) <5(2z /n = 8@1—2)/m2 S2k—1)/n — B2k~ 2)/n),\7)®2

n—1
+ l Z rk,n’
k=0

where ry , is given by

rien = ELf"(Bak—1y/n)e €]
x [(e@r—1)/ns 8(2k—1)/n)§3 —(ek=1)/n 8(2k—2)/n>52§]
+ 200 E(f'(Bak—1y/n) e " E(D Fy, 8ak—1y /)5, ) (e 2k—1) /> S2k—1) /)

(4.12) — 2iME(f'(Bak—1)/n)e* " E(DFy. 8k—2)/n)s,E@k—1)/n- 82k —2)/n)5
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+2E(f"(Bak-1)/n)e (D€, 8ak—1)/n)5))(E@k—1) /s S2k—1)/n)
— 2E(f'(Bk—1y/n)e (D&, 8k=2)/n) )@= 1) /s B2k—2)/n)gy
—)2E(f (Bak—1)/n)e*"&(DF,, 3(2k—1)/n>%)

+ A2E(f (Bak—1y/n)e™&(D F. 8k —2)n)3)
+2i0E (f (Bk—1y/n)e* (D&, 8k—1)/n){D Fs 82k—1)/n) )
— 2iAE(f (Bak—1)/n)e (D€, 82k-2)/n)g (D Fs 82k-2)/n)5)
+ E(f(Bak—1y/n)e (D€, 85 1)1 — 8522 julsye2)

n/2]
+ix Y E(f(Bak—1ym)e ™ Ef" (Bai-1)/n)
=1

X (12(5812—1)/n) - 12(5812—2)/;1)))

®2 ®2 ®2
X (8(21—1)/n’ Sk—1)/n — 8(2k—2)/n).6®2

ln/2]

+4in Y E(f(Ba—1y/n)e " ES (Bai—1y/n) ABQi-1)/n)
=1
o~ ®2 ®2
x (8(21—1)/n ®8@i-1)/n 8(2k71)/n - 8(2k72)/n>5§®2

/2] |
—4i) Y E(f(Bak—1y/n)e* & (Bi-1)/n) AB@i-2)/n)
=1

= ®2 X2
X (e@i-2)/n ®81-2)/n: 82k —1)/n — S(2k—2)/msre2

13
=y R,
j=1

The only difference with respect to (3.12) is that, this time, the term

n—1

i Y ELf"(Bar-1y/n)e €] [ek—1)/ns Sk—1)/n)5 — (E@h—1)/ns S@k—2)/n)g]
k=0

corresponding to (3.15) is negligible. Indeed, we can write

n—1

Y E[f"(Bax—1y/n)e”"&]

k=0

x [{eat=1)/ms 81y /mley = (E@k—1/ms k-2 /n)3]
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n—1
' 1
=2 E(f”(B(Zk—U/n)eMF”S)[(8<2k—1)/n, S(ak—1y/nle — 4_}
k=0 n

n—1
i 1
-2 E(f”(B(Zk—D/H)eMF"S)[(S(Zk—l)/n, 5(2k—2)/n>% B 4_}
k=0 n

— by (4.8)—(4.9), under (Hy4).

n—oo

Moreover, exactly as in the proof of Theorem 3.2, one can show that

[n/2]
rn, 2 7k =0,
Consequently, we have
Jlim_¢;,(3)
A iLF,
=2 nlinéokél E(f(Bak-1y/n)f(Bai-1)/n)e"""§)
x <8812—1)/n - 8812—2)/n’ 88%—1)/n - 8(%%—2)/n>5§®2
A A irF,
=2, k’lzzl E(f(Bk-1)/n)f (Bai-1)/n)e™""§)

x (20%(2k = 21) — p*(2L — 2k 4+ 1) — p*(2 — 2k — 1))

- _% > (20%@2r) = p*2r +1) — p*(2r — 1))

r=—00
5 n/20A (/2] 1) "
. LAl
x lim — > E(f (B@k—1)/n) f (Bk—1-2r)/n)e'"""§)

k=1v(1—r)

_ ) (! 2 iAFoo
— /0 E(f2(By)e*F~=g) ds,

where « is defined by (4.1). In other words, (4.10) is shown and the proof of
Lemma 4.3 is done. [
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