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Abstract: We prove asymptotic completeness for short- and long-range N-body
Stark Hamiltonians with local singularities of at most Coulomb type. Our results
include the usual models for atoms and molecules.

Section 1. Infroduction

In the present paper we will prove asymptotic completeness for short- and long-
range N-body Stark Hamiltonians. The results include the usual models for atoms
and molecules. The Hamiltonian for N v-dimensional particles with charges ¢; and
masses m; in an external electric field & is

N
;(2’" —é"-q,—xl)-l- 5w —x) on LA(RY).

1<i<jgN

By a standard procedure we remove the center of mass motion and obtain the

Hamiltonian
H=—-A—E-x+V onlL*X),

where the v(N — 1) dimensional configuration space X is given by
N
X={xeR" : Y mx =0}
i=1

and the resulting electric field E € X is given by

_ q 0\ . v 9
E—{(%T‘EMV““’(m 2M>’f}’

where Q and M stand for the total charge and mass respectively.
We assume E 0, that is & +0 and there exist 1| < 7 < j < N such that %‘—_ + %
i 1
This paper is a sequel to [HMS1], where absence of bound states and of singular
continuous spectrum for H are proved. These results were obtained for a wide class

3 Research partially supported by NSF grant DMS 9307147.
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of potentials with singularities of at most Coulomb type and the decay assumption
at infinity
[oy (V)] + Vo) = o(1)  for |y| — oo,

plus in addition an assumption on the second order derivatives. Here we shall need
more decay assumptions on the potentials. Although we shall not elaborate in this
introduction we mention that roughly the short-range case is defined by the condition

_ 1
o) = 0| *) for [y 00, p > 5,

while the case 0 < p < % is referred to as the long-range case.

Let a be a decomposition of the particles 1 through N into clusters
a=(c,¢2,.-.,¢k), k=#a).

We say a C b iff each cluster in a is contained in some cluster in b. Let ay, =
((1),(2),....,(N)).

A necessary condition for the existence of a channel (defined as for the N-body
problem without an electric field) is that the corresponding cluster decomposition
a is such that all particles in each cluster have the same charge/mass ratio. This
follows from the results in [HMS1]. There exists a largest of these cluster decom-
positions which we denote by 4.

We are now ready to phrase our results.

Up to Dollard modifications needed to describe the internal motion (if the in-
ternal interaction between particles within clusters of 4 is long-range in the sense
used for E = 0, cf. for example [D]) the (short-range) wave operators
W =s— lim exp(itH) exp(=itH)(P*®1), acCa (1.1)

a

exist and are complete, that is

@ Range(WE)=I1*X).

aCd

Here H, is the Hamiltonian H with the intercluster potential (denoted by 7,) re-
moved and P? is the eigenprojection corresponding to the internal motion within
the clusters of a.

In particular for a¢ = ay,;, the (free channel) wave operators are given by

+

o~ =s— lim exp(itH) exp(—itHy),
min 1—%£o00
where Hy=H, = p*—E - x.

In the case

vy =2, v z3,
¥l
there is only the free channel. Thus we obtain that the wave operators corresponding
t0 amin exist and are unitary. Since generally d=ay;, we need the internal Dollard
modification for this example.
The limits in (1.1) do not exist in general for long-range potentials. Apart from
the internal Dollard modifications (suppressed in this presentation) we shall need in
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this case a phase factor

1
7![[(;(ES2)dS
e 0 (12)

as introduced in [Z] for the 2-body case (cf. also [G2] and [A]). (In (1.2) the
factor I; should be read as the intercluster potential with the singularities removed.)
Up to this additional modification we prove the existence of (1.1) as well as the
corresponding completeness result.

In {T1] and [K] asymptotic completeness is proved for 3-body short-range sys-
tems. For 3-body long-range systems a (partial) result was obtained in [A]. It
required strong fields and the assumption d@ = ami,. (Clearly asymptotic complete-
ness involves only the free channel under the latter assumption.)

In [T2] asymptotic completeness is shown for 4-body short-range systems under
the condition d@ = an,.

In [T3] asymptotic completeness is shown for N-body short-range systems under
the condition (on £) that for all cluster decompositions a with #(a) = 3 there exists
1 £ i £ #(a) such that

Z}Ec,q] 4:2
Zj€c,mj M

Finally [K] contains asymptotic completeness for arbitrary N (including Coulomb
potentials) assuming a strong field and in addition 4@ = ami,.

All the results mentioned above, except for [K], hold for non-singular potentials
only. In our paper we prove asymptotic completeness for short- and long-range
systems with local singularities of at most Coulomb type without any restrictions on
charge/mass ratios (except for E40). Other local singularities of L” type (p > v)
can be handled using the methods developed in [HMS1] but we prefer to concentrate
on the physically relevant Coulomb singularity.

The free classical Stark motion in the center of mass frame is given by

x = xg + 2&t + EF* . (1.3)

Motivated by this the following two local smoothness results should not be surpris-
ing. The first tells us that |x| grows at least as fast as ¢* and the second implies
that the motion will concentrate along the field direction.

(1) The multiplication operator (x) #,p > ; is locally H-smooth.

o _1 .
(2) The multiplication operator h{x)~% is locally H-smooth, where A denotes
the square root of any non-negative smooth function homogeneous of degree
zero outside the unit ball and zero in the direction of E.

Here (x) = (1 + Ix]z)%. The statement (1) follows from a resolvent estimate [HMS]1,
Theorem 6.3] and (2) is verified using a local commutator estimate. The proof of
this local commutator estimate relies on a uniform estimate of [HMS1] (Proposition
2.3 in this paper) in conjunction with an idea of Tamura [T1].

In the short-range case asymptotic completeness follows easily from (1) and (2)
(cf. [T1] for the 3-body case). In the long-range case a difficulty arises in a step
where one proves existence of a certain modified wave operator. One would like to
estimate (cf. (1.3))

{x — Ef}exp(—itH)W = O(1),
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for a dense set of Y/’s. Instead of proving this we introduce an intermediate evolution
U(t) satisfying that
s— lim U*(exp(—itH)
t—too

exist and such that one can prove the estimate
{x —ECYU@W = O(1) .

This process involves a minimal velocity estimate which is proved using a conjugate
operator constructed in [HMS1, Appendix B] and the abstract theory of [Sk].

Another ingredient in our procedure is asymptotic completeness for N-body sys-
tems without an electric field [SS, G1 and D]. This statement is directly applicable
in the last step of the proof{(s).

We find it convenient to consider the problems within the framework of gener-
alized Schrédinger operators although this involves a technical condition (denoted
by (C)) which holds in the above physical framework. In Sect. 2 we make the nec-
essary definitions and introduce various conditions to be imposed on the potential.
Furthermore Sect. 2 contains (1) and (2) and various results from [HMS1] needed
in this paper. In Sect. 3 we prove the local commutator estimate used in the proof of
(2) and in Sect. 4 we prove an asymptotic localization result which follows from (2)
and can be viewed as an elaboration of (2). In Sects. 5 and 6 we prove existence of
some short- and long-range modified wave operators and in Sects. 7 and 8 we use
these to prove existence and completeness of the wave operators discussed above.
All results in Sects. 3-8 are stated for non-singular potentials only although they
all hold with local singularities of at most Coulomb type included. In Sect.9 we
discuss this point and state our most general version of asymptotic completeness.
In Appendix A we prove a minimal velocity estimate needed in Sect. 6.

Section 2. Definitions and Preliminary Results

We shall use the framework of generalized Schrodinger operators throughout the
whole paper. Let {X,},c.s be a finite family of subspaces of a real finite dimen-
sional vector space X, equipped with an inner product. We assume without loss of
generality that X, = X, = a = b. We denote by X“ the orthogonal complement to
X, and we introduce a partial ordering on .2/ by

achbe X cxb.

The orthogonal projection onto X is denoted by I7%.
The family of subspaces is assumed to satisfy

(1) 3amin, Gmax € & such that X, =X and X, ., = {0},
(2) Va,b € of, 3c € o such that X, N Xp = X..

For x € X we denote by x, and x“ the orthogonal projections of x on X; and
X respectively. Similar notation will be used for components of the momentum
operator p.

We use the notation E € X\{0} for the electric field vector.

Since the sets

Xa\ U Xb, az‘:amax
bZa
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form a disjoint covering of X\ {0}, there exists a unique @= a@max such that

E e X;\ U Xp
bga

Notice that a satisfies £ = 0 & a C 4.
The generalized Stark Hamiltonian is

H=Hy+V, Hy=p’—E-x and V(x)= 3 V,(x), 2.1)
ac./

where the potentials ¥, are real functions on X¢ (for a +ap, ). We define the cluster
Hamiltonians, which are again generalized Stark Hamiltonians, by

H,=Ho+ V9 Vix)= S Vp(x),

bCa
and the intercluster potentials by
lLi=H-H,=V-V'=>V,. (2.2)
bZa

We can write the cluster Hamiltonians as follows:

H,=H°®I+1®T, onl*X*)®L*X,), (23)
where
H®= —A% —E% . x“ 4 * (24)
and
T,=—Ad,—E, - %z, (2.5)

where we denote by A% and 4, the Laplacian on L*(X?) and L*(X,) respectively.
If £“#0 the operator H” is again a generalized Stark Hamiltonian with respect to
{X 0 X%}pc, as a family of subspaces of the vector space X*. If E = 0 we have
an ordinary generalized N-body Hamiltonian.

Below we introduce a list of various conditions on the potentials V,,a € o#.
These conditions involve a fixed strictly positive ¢ and will be combined differ-
ently in different contexts in the paper. For notational convenience we assume that

1
Séi

(V1) Vy € CHXY), [Va(xD)] + [V V(x| = o(1).
(V2) V, € CX(X?) and |*V,| = O(1), |o| < 2.
(V3) (Vo] = O(x| 7).
(V4) [VV(x")| = O(Jx*) 7).
(VS) V(x| = O(Jx*|~1=%), when E¢ = 0.
(V6) [Va(x®)| = O(Ix*|*) ]and [VVa(x®)| = O(|x|~'%).
(V7)) [0"Va(x®)| = O(|x*]7277), |a] = 2.
(V8) [Vu(x®)| = O(Jx4|~V3=D=) and |V V,(x*)| = O(}x?|~V>~*), when E® = 0.
(V9) The potential V, is measurable and obeys

lnwn§@§W—m”,
=
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with ry,...,r, € X%, and it has distributional derivative satisfyin
ymng

IVV (x| £ C>0 Ix—r| 72

J=1

If C, is non-zero then dim(X*“) = 3.
(V10) supp(V,) is a compact subset of X“.

We say that the potential is/has/satisfies

(SR) Short-range if V, satisfies (V1-3) and (V5) for all a € &/.
(LR) Long-range if V, satisfies (V1-2) and (V6-8) for all a € /.
(SC) Singularities of at most Coulomb type if V, satisfies (V9-10) for all a € /.

We use the corresponding notations Vinor, Vieng and Viing respectively. By the
condition on the potential

V= Vshon + Vlong + Vsing )

for example, we mean that each term has the indicated form explained above. We
find it convenient from time to time to impose some other combinations of the con-
ditions (V1-10). When we write that V' = 3" _ ¥, satisfies a certain combination
of (V1-10) we mean that ¥, satisfies the combination of these conditions for all
ac A

Before we continue we will introduce some notation. Let (x) = (1 + ]x|2)%,
X=qyand o= |~§~| Similar notation (4) = (1 + [A|)% applies to numbers and self-
adjoint operators. By F( - < R) : R — [0,1] we will denote the sharp charac-
teristic function for the set (—oo,R). We will denote by (- < R) : R — [0, 1]
a smooth characteristic function satisfying y(s < R)y=1, s < R and y(s < R) =
0, s>2R Let F(+ ZR)y=1—-F(- <R)and y(+ >R)y=1—y(- <R).
For a given real valued function 2 we denote by F(kh < R) the composition of
the functions 2 and F( - < R) and likewise for (A < R). For é > 0 the notation
ns stands for any smooth function # : R — [0, 1] such that #(z) =1 for |¢f| < §
and #n(z) = 0 for [¢t| > 20.

In order to include singularities we introduce the technical condition

(C) For all b € &7 for which the singular part of ¥} is non-zero and for all a=+b
with ¥, +0 and I1°I1° #0

dim (Range IT°I1°) > 3 .

In the remaining part of this section we assume (C),
V="V + Vsing

and we will specify F; for each result.

We note that the Hamiltonian (2.1) is essentially selfadjoint on C3°(X) if V)
satisfies (V1) since by [HMSI, Proposition 6.4] V is Hp-bounded with bound less
than one.

This paper depends strongly on the following three results of [HMS1]. The first
two follow from [HMS1, Theorem 6.2] and [HMS1, Theorem 6.3].

Theorem 2.1. Assume V| satisfies (V1-2). Then the spectrum of H is purely
absolutely continuous.
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Theorem 2.2. Assume V| satisfies (V1-2) and let p > 0. Then the operator of
multiplication by <x>‘%_” is locally H-smooth. That is for all f € C5°(IR) there
exists C > 0 such that

e rexp (it ) WP < CluE

for all € L*(X).

Proposition 2.3 [HMSI, Corollary 6.7] (cf. [HMSI1, Proposition 3.7]). Assume V;
satisfies (V1). Suppose R > 0 and Il : X — X is an orthogonal projection such
that HE +0. Then

lno(H — DWF(|IIx] < R)|| =0 for 6 —0,
uniformly in 2 € R.

Assuming in addition to (V1) either (V3) or (V4) we will be able to prove a
local commutator estimate (cf. [T1] for a proof in the 3-body case), which implies
an improved smoothness result.

Throughout the paper we denote by ¢, the function

Go=VIE(Q-w-%). (2.6)

Proposition 2.4. Define the observable A = (x)_%(a) . p)(x)’%. Assume Vy sat-
isfies (V1) and either (V3) or (V4). Then there exists 6 > 0 such that for all
A€ R and real [ € CP((A— 6,4+ 9)), we have the estimate

SEDTH AV H) 2 3 [ 4G 047 ~ £0 ) 488004 o),
where B = B(1) is bounded.

Since 4 is H-bounded (cf. (3.1) below) this result together with Theorem 2.2
implies
Theorem 2.5. If V| satisfies (V1-2) and either (V3) or (V4), then the operator
o (x)'% is locally H-smooth.

Clearly the above results hold upon replacing H by any cluster Hamiltonian

Hy,a %+ Gmax.
For convenience we define the spaces

OnX) = {g € C®(X): g real, [(*q)(x)] < C,(x)* P}, keR.

We will by ¢; and 5,( denote elements of O (X) and vectors with entries in Oy (X )
respectively. This shall frequently be tacitly understood.

We now introduce three functions jj, /> and j3 which will be used extensively
throughout the paper. They are assumed to satisfy

(J1) j, € C*°(X) and is homogeneous of degree 0 for |x| > 1.
(J2) 0 £ j; =1 and j, =1 in a neighbourhood of .
(J3) The support of j; satisfies

supp (i) C X\ U X, .
b da

(J4) jojr = ji and jijr = ja.



516 1. Herbst, J.S. Magller, E. Skibsted

Note that (J1) implies j; € Qo(X) and (J1-2) imply (1 — j,)(Gy)F € Qo(X) for
any k € R.
The property (J3) assures that for b ¢ d and x € supp(j,) we have

Ko > Gy, (2.7)
for some constant Cp ; > 0. Notice that (J4) implies that
(1= —=p)=1-j2 and (1-j)V;, =V . (2.8)
All results in Sects. 3-8 hold for potentials of the form
V=V Vg,

where V) satisfies some combination (depending on the given context) of the con-
ditions (V1-8) and under condition (C). For simplicity we will only state and
prove results in the case Vng = 0 leaving the general case to be discussed in
Sect. 9.

Section 3. Proof of Proposition 2.4

Put 4 = (x)_"l‘(w . p)(x)‘ﬁlt and Do =X - p.
We will need the following two elementary results which hold for ¥ satisfying
(V1), cf. [HMS1, Lemma 3.1].

x)"1 gy - p(H +i)"" € BUAX)), 3.1

and
)P H 41T € BUAHX)) . (32)

Note the 4 is H-bounded by (3.1) and hence the commutator i[f, 4] is naturally
defined as a form on Z(H). First we state a result due to Tamura [T1].

Lemma 3.1. Let V satisfy (V1). We have the following inequality

.41 2 ()~ - 2 >7V N () NP
x)2
Proof. 1t is easy to verify that
IE - x, 4] = —{(x)~%|E|(x)"4 (33)
and oy
iy, 4] = -2 (3.4)

We have the identity
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We apply this result to the commutator

iTp% Al = (x) "3 (@« pYLp% ()" 1] +ilph (x) 731w - p)x) 4,

and obtain after symmetrizing

. 1, .3 y _3

ilp?, 4l = =5 ()7 H{(@ - p)Do+ Dj(@ - pIHX)TH +q 3.
Using the inequality

(0« p)Dy + Dj(w - p) £2p%,
we get
3 3
ilp* A1z ()7 ") Ti gy
By (2.1) we can substitute p?> = H + E - x — V. Combining this with (3.34), we
conclude the result. O
The next lemma is elementary and its proof is left to the reader.

Lemma 3.2. Assume V satisfies (V1). Let s,r, k 2 0, z € C, Im(z)+0 and S be
an H-bounded operator. Then we have the following:

(1) (H —2)"" 1 2(x)*) = 2((x)*) and (x)'(H —2)"Hx)™* € BLA(X)) for

r < s.

2) () (H —2)"" 1 D((x)") — D(H) and S(x) (H — )~ (x) = € BLAX)) for
r <.

(3) [(H —2)".q] : LX) — D((x) T *)and (x)'[(H ~ z)"', q_4] € BULAHX))
forr < % + k.

4) (O)UH —2)",q-i]: LP(X) > 2(H)and S{(x)'[(H —z)~',q_+] € BULHX))
for v < % + k.

(5) SEY(H —2)~",q_41{x)* extends from D({x)*) to a bounded operator on
LXX) forr £ 3 +k—s

Furthermore as #(L*(X ))-valued functions on {z € C|Im(z)#0} the operators in
(1-5) are continuous and bounded by polynomials in |z| and |Im(z)|~".

We shall use the fact that given g € C5°(IR), there exists § € C5°(C) satisfying

9) = Gr()
and -
Yk € N3C; = 0 such that |3G(z)|] < Ci|Imz|* . (3.5)
Then we have, cf. [HO, p. 63],
1 . -
g(x) = = S0 (=) (x — 2y 'dudv, z=u+iv. 3.6)
T

By (3.5-6) and Lemma 3.2 we obtain

Lemma 3.3. Assume V satisfies (V1). Let s,r,k 2 0, f € C§°(R) and S be an
H-bounded operator. Then we have the following:

(1) fUH) : D({x)*) — D((x)*) and {x)" f(H){(x)~* € BLX)) forr < s.
() ) fH): 2((x)) — Q(H) and Sx)' f(H)(x)~* € BLXX)) forr < s.
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(3) [f(f? qi) LX) — ,@((xﬁ’”k)and x)'[f(H),q-x) € BUL*X)) for r <
+
2
() QL. g L1CY) = SUH) and S 1 (H).q 4] € B forr
1+
(5) §< ) [f(H) g_i]{x)* extends from @({x)*) to a bounded operator on L*(X)
Jorr < +k — .

When we refer to Lemma 3.3(5) without specifying S it is tacitly understood
that S = 1.

Using Lemma 3.3(5) with £ = % = %,r =0 and S =V — H, we obtain for
g € G°(R),

(V = H)lg(H), (x) " 3](x)? € BILA(X)). 3.7)

Let f € C§°(IR) be given. By choosing g € C§°(IR) such that fg = f one obtains
the following result by applying (3.7) to Lemma 3.1.

Lemma 3.4. Let A € R and f € C§°((A — 1, A+ 1)) be real, and suppose V satis-
fies (V1). Then we have the local commutator estimate

i 1 V
SEDIH, Af(H) Z f(H)(x)"3G5(x)"3 f(H) ~ f(H)w S(H)

x)2
+ f(H)X)2B(x)TIf(H),

where B = B(1) is bounded.

Lemma 3.5. Assume the potential satisfies (V1) and either (V3) or (V4). Then
there exists & > 0 such that for all 2 € R and real f € CJ°((A—9,A+9d)) we

have
w -+ V V

X

f(H) < f(H)<x>*%éé<x>—%f(H>

S(H)

+ fUH)(X) 38R TE T f(H)
where B = B(1) is bounded.
Proof. We write

- VV =3 {jho- V") +(1- o - V("))
be.oA

First we consider the terms localized away from the field direction.
Let 2 € R and f € Cg°((A — 6,4+ 0)) for some 6 > 0 to be chosen later. In
the following computations we abbreviate

g_1 = ()74 Ge(1 = ji)

1
3

and
w - VV,,(xb)

QO

hy = (1 - j2)
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Notice that 4, is bounded. We write using (2.8),
SEYE I = jp)o - VYY) ™4 f(H)
= f(Hns(H = 2)q_yhog_no(H — A)f (H)

=TT+, +171;, (3.8)
where
T = .f'(H)q%na(H — Ahpns(H — /“t)q_%f(H),
Ty = 2Re{ f(H)[ns(H — ;L),q,%]hb’?&(H - ft)q,%f(H)} ,
Ty = f(H)ns(H — 2).q_ 3 Vholg_yns(H = DI ().
Consider

no(H — Whpns(H — 1) = ns(H — DF(X°] < R)hyns(H — 1)
+ no(H — DF ("] > RYhpns(H — 7).

We start by estimating the second term. Since by assumption |VVi(y)| = o(1) we
can choose R large enough such that

1
F(|x"| > R < —
[F(|x°] > R)hp| < 1]

Fix such an R.

To estimate the first term we can assume E? =0, since otherwise we will have
w - VVp(x?) = 0. This observation assures that we can use Proposition 2.3. Thus
there exists & = d(b) > 0 such that for all 2 € R we have

na(H — DF(|x°| < R)hpns(H — 1)

1
< no(H — /I)F(be| < R) {sup |hb(x)|} ne(H — ) £ —1.
xeX 4|‘Q{|

We can now estimate

I Sl 1
T < g /D G x) 4 /(). (39)
for all f € Cg°((A — 6,44 9d)).

We can estimate 73 using Lemma 3.3(5) twice, with s = %, r=0and k = %,
obtaining

T3 = f(H)(x)"2B(x) "2 f(H). (3.10)

To estimate 75 we use Lemma 3.3(5) with s =k = % and r = % and Lemma

33()y with r =5 = }1 and obtain

To = f(H)(x) 3B(x)"3 f(H), (3.11)

where B is bounded.
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Combining (3.8-11) we have obtained a é = d(b) > 0 such that for all 1 € R
and f € C§°((A— 93,4+ 9)),

FED) T = j)o - Vb)) ™4 f(H)

1 PN . _1 ~1
S /DR AW T WD)+ fH)D)TIBE T H), - (312)
where B = B(4) is bounded.
Clearly (by choosing the smallest) we can assume that § does not depend on b.
Now we consider the terms localized along the field direction.
If bC @ we have w - VV,(x?) = 0. If b ¢ &, we have by (2.7) that

. VV b 1_ ¢ 1 _ &
f(H)jz“’i)f(”f(H) = f(H)x) "1 5BR) i f(H), (3.13)
x)2
if V' satisfies (V4).
For V satisfying (V3) we obtain using (3.1)

. b 1 1 1_ ¢ |
JREARAVLY; <V>Vf("):<x>“1jzw-i[p,Vb]<x>z=<x>—rfS<x>—r ,
)3

where S is H-bounded. Using Lemma 3.3(5), with S as the H-bounded operator,
k= % + 3,8 = % + 5 and r = 0, we can derive (3.13) for this case also. Combining
(3.12) and (3.13) we now conclude the lemma. [

™~

Proposition 2.4 is a direct consequence of Lemmas 3.4 and 3.5. [

Section 4. Asymptotic Localization

In this section we prove that asymptotically any state will be localized in an arbi-
trarily small conic neighbourhood of the field.
We will introduce the notation

Y(t) ~ ¢(1) & (1) = pt) + o(1), t— +00

for families W(¢) and ¢(¢) of functions in L>(X). It will be used in this and subse-
quent sections.
We will need the following lemma.

Lemma 4.1. Ler i € {1, 2,3} and g € C(R) such that g(x) — 0 for |x| — co.
Then the following operators are compact for V satisfying (V1).

(1) ji(g(H) — g(Hz)),

(2) [9(Ha), jil for any a € o.
Proof. Clearly it is enough to consider g € C§°(IR). Because of (3.5-6) it is suffi-
cient to show that the operators

Ji(H =2 = (Hi —2)7") and [(H,—2)7",ji]

are compact for fixed z with Im(z)=0. First we note that the operator f(x)(H,—
z)~' is compact if f(x)=o0(1) (cf. (3.1-2)). This gives the result for the
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commutator. The compactness of the first operator is seen from the identity
Jl(Hy —2)™ = (H = 2)™") = ji(Ha = 2)"'Ia(H = 2)7",

using the compactness of the commutator above and (2.7). O

The following fact which holds for V satisfying (V1-2) follows from Theorem
2.1 and will be used in conjunction with Lemma 4.1,

w— lim exp(—itH)=0. 4.1)
t—Foo

Proposition 4.2. Let V satisfy (V1-2) and either (V3) or (V4). Then we have for
any € L*(X),
. ligq (1 —j)exp(—itHW =0.

Notice that j, could be chosen with support in an arbitrarily small conic neigh-
bourhood of the field direction.

Proof. The first step will be to verify existence of the modified wave operators

Wi=s— lim W),

t—too

where ~
Wty =exp(it HX1 — jy)exp(—itH). 4.2)

Next we will show that W1 = 0 thereby concluding the proposition.
We will only consider the case t — 400 since the case ¢ — —oo is similar.
Let = f(H Yo, where f € C°(IR) and yp € L2(X). By Lemma 4.1 and (4.1)
we have ~ ~
W ~ gl )W (), geC(R),gf =/

Hence we can write
W ~ g(HY(1 — joW + [ g(H )exp (isH)i[H, 1 — jolexp (—isH ) ds . (43)
0

We compute the commutator using (2.8) and (3.1),
iTH, 1= ja] = O((x) ") = 2Vja + p=0((0)™*) +4_3Sq_y ,
where 9.1 = (x>_%(jo(1 —j1) and S is H-bounded. Consider
g(H)q_1Sq_1 f(H)=Ti + T2,
where

T\ = g(H)q_ySq(H)q_y f(H) and T> = g(H)q_ySla_1,gUDIf (H) .

Applying Lemma 3.3(5) to 7> with the above S,k = ;,s = 1 and » = 0 we obtain
the existence of the limit of (4.3) by Theorems 2.2 and 2.5. We have thus proved
existence of the modified wave operator.

We shall now prove that }¥ is zero. Consider

W= fH)X) 3o, o € LX), f € C(R).
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We will use the following notation to denote the expectation of an observable 4 in

tate 1,
o Ay = Y, 4Y) .

We abbreviate
Y(t) =exp(—itH)W,

and estimate using the Cauchy Schwarz inequality
oo 1 q l//(t) !
[l dgguoar = JI9HO5 (44)
! x) : >|//(t)

By Theorem 2.5 the left-hand side is finite. (We used that g, is bounded.) By the
choice of iy and (3.1) we can estimate the expectation of (x)%,

() gy = (Wt () 2(0))
= () + Of’w,exp SEDL P (x) Hexp (—ist )

= 0@r). (4.5)

Combining (4.4) and (4.5) we can find a sequence {#, },en such that #, — 400 for
n — oo and

lim (G5, =0 (4.6)
Estimating

I OWI1P = (1= 722y = CL@Ewery »

we obtain by (4.6) that N

Tim [ ()] = 0.
Thus W, is zero. [

The simple sequence argument applied at the end of the above proof was also
used in [E].

The idea of utilizing a smoothness estimate (as the one given by Theorem 2.5)
to obtain a pointwise estimate (cf. Proposition 4.2) was used in a different but
somewhat related context in [He]. (See also [E].)

Section 5. Modified Short-Range Wave Operators

In this section we prove existence of some modified short-range wave operators
which will be used in Sect. 7 to prove existence of wave operators and asymptotic
completeness in the short-range case.

Proposition 5.1. Assume V satisfies (V1-3). Let
W(t) = exp(itH)j,exp(—itH;).
Then the modified wave operators

Wy =s~ z—l}:rtnoo W(t)
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and
Wr=s— lim W*(¢)

t—too
exist.

Remark. Since both limits exist W: is in fact the adjoint of W, (motivating the
notation). A similar remark applies to W*.

Proof. We will only prove the existence of Wj since existence of the other three
wave operators are proven similarly. The proof goes along the line of the first part
of the proof of Proposition 4.2.

Let ¢ = f(H Yo, where f € Cg°(R) and yp € L*(X). By (4.1) and Lemma 4.1
we can write

W ~ gHHW* (1), g€ C(R), gf = f .

Then we can compute using (V3) and (2.7-8),

W* (W ~ g(Ha)jab + [ g(Ha) exp (isHa)i(Hajo — j2H ) exp (—isH ) ds
(]

and
i(Haj = joH) = O(0) ™) +q_y Sq_y — ijala

= O0((x) 1) +q_15

k]

i
where q.1= (x)‘iljo(l —j1) and S is H-bounded. We can now apply Lemma

3.3(5) (cf. the proof of Proposition 4.2) and conclude the existence of the limit by
Theorems 2.2 and 2.5. [

Section 6. Modified Long-Range Wave Operators

In order to prove asymptotic completeness in the long-range case we will need some
modified long-range wave operators introduced in [Z] for the 2-body case (cf. also
[G2]). -

The modified wave operators are

wE =5 Jim W),

dx . *
W;"=s 1_1}2100 W;(t),
where
Wz(t) = exp (itH)jp Us(t)
and
Lt 25 go
Uy(t) = e Io/a B o ity (6.1)

Notice that Ug(¢) is the time evolution corresponding to the time dependent

Hamiltonian
Hi(t) = H; + I;(EF). (6.2)

All results in this section hold for V' satisfying (V1-2) and (V6-7).
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Proposition 6.1. The modified long-range wave operators WZ:t and WZi* exist.

The existence of WZjt will be proved in a simpler and more direct way than the
existence of W *. For the latter problem we shall need an intermediate evolution
U(t) generated by a time dependent Hamiltonian H(¢).

To define H(t) we let 0 be as in Proposition A.1 in Appendix A. Let k =
;min{0,| E |}. The time dependent Hamiltonian generating U(?) is

H()=H; +1(t,x),

where
x|

I(t,x) = Li(x)y (W > K) j3- (6.3)

From the definition of /(z,x) one obtains for || < 2,0 < p < m(|2c4) +¢ and
neNU{0}

(12Tt x) = (x)"PO((t)~mIxh=2emnt2py (6.4)

where m(0) =0, m(1) =2 and m(2) = 1.
To handle this intermediate evolution we shall need two smoothness results.

Lemma 6.2. There exists C > 0 such that for all p > 0 and y € L*(X) we have

:ﬁ 0) 52 (Ha — iy U2 dr = CllylP

Lemma 6.3. There exists C > 0 such that for all y € L*(X) we have
TN —
J lgotx) =4 (Ha — U@ dt < Cllyl? .
0

l .
Proof of Lemma 6.2. We can assume that p < . Since

) IHs— i) HE - p) = () IHi— DY NE - p—DMH(E - p— i) HE - )},

we obtain by (3.1) and Lemma 3.2(2) with S = (x>_%(E -p+i)and s=r =1

that (x)_%(Hd —i)~Y(E - p) is bounded. By an interpolation argument it is thus
sufficient to find a C > 0 such that for all y € L*(X),

:f HE - )2 U@W|Pdr < ClyIP . (65)
Let
A@t)y =U(){E - p}U(2)
and

Ao(t) = exp (itH;){E - pyexp(—itH;) =E - p+|E*t. (6.6)
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Then the difference

Ag(t) — A1) = f U*(s)E - VI(s,x)U(s)ds = O(1),
0

by (6.4). This result implies
A) ™ {Ao(0)) | = O(1) .

By an interpolation argument we thus obtain
[[{A(1)) ™ (4o())*[| = O(1)

for0 <s < 1.
We can now estimate

i 1 1
IKE - p)= 272U = [[(4(0) 7279 11> < Cll(Ao(0)) ™2 y)i”.
Applying this estimate to the left-hand side of (6.5) and by using (6.6) we obtain

07? WE - p) 32 U@w|Pdr < c;f o)) =320y dr

— CT B - &+ BP0 P ds
0

o0

=CIEI2[ [ Hs)~3 (&) dsde

X¢oE

< CIEF [ (s)~ "~ ds|y]?,

— O
where x/; denotes the Fourier transform of y. We are done since p > 0. [

Proof of Lemma 6.3. Define the observable
A= (H;+ iy 2 AH; —i)7%,

where 4 is the observable from Sect. 3. By (6.4) with || =1, p=1 and n =0 we
obtain

i[H(t),(Ha — )" = (Hz — )~ i[ p* 1(1,x))(Hz — )™ = O((£)™'7%).

We compute using this estimate in conjunction with (6.4), Lemma 3.1 and the fact
that w - VV* =0,

ﬂmm&zmﬁﬂ”ﬁg%—wz

X2

+ (H(i + l)‘2{<x>_%(V - H)<x>_% + q_%}(Hﬁ _ l')—z + 0(<t>—1~21:)

~2
= Hi+ )2 -0y ?
x)?

+ (H; + l’)"(x)_%B(x)—%(Hﬁ ) o)y,
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where B is bounded. In the last step we used Lemma 3.2(5). The result now follows
from Lemma 6.2. [

Lemma 6.4. For = (x)~' f(pa)(H® — i) '@, f € C(X;) and ¢ € L*(X) we
have the estimates

{x — ECLYU(t) = O({1))
and

{x — ECYU(tW = O((1)) -

Proof. For s of the above form we compute (using (6.4))

U*(t){x; — EPYUQW = (xg + 2 pat W — 2 ftfs U*(NV gl (r,xYU(rWrdrds
00

= 0({1)) .
For Uj; the same procedure applies. We are thus left with proving
XU = 0((r))

and i
XU = 0({1)) .

We represent U*(t)x?U(¢)y — x% as an integral and use the fact that p(H? +
I(t,x) — i)~! is uniformly bounded in ¢ to conclude that it is sufficient to prove

(H® + I(t,x) — DU = 0(1). (6.7)
This statement for U(r) replaced by Us(¢) follows from the identity
(H = )Ua(t)y = Ut ) H* = i) .
To prove (6.7) we compute

U*()HE + I(t,x) — D)UY

= (H*+1(0,x) — i)y + f U*(s) {i[Td, I(s,x)] + %1@,;@} U(s)ds
0

=0(1) +2j U*(s)Val(s,x) - psU(s)Wds.
0
By another application of (6.4) we compute
U psUW = pay + bf U*(SYE — Val(s,x)}U(sWds = O({2)) .

Combining these statements we conclude (6.7) and hence the lemma. []
We are now ready to prove Proposition 6.1.

Proof of Proposition 6.1. Throughout the proof we will only consider limits at plus
infinity. To prove existence of W™ it is sufficient to prove existence of the strong
limits of

Uz ())U(1)
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and
U*(t)jexp(—itH).

Let ¥ be of the form considered in Lemma 6.4. We compute using (J2), (6.3) and
the choice of «k,

Uz (U = U (1)U (10 + [ Uz ()i{Ia(Es®) — I(s,x)}U(s W ds

fy

= U (Hp)U(to ) + ft U;(s)i{](s,Esz) —I(s,x)}YU(s W ds,

fo

where ¢ > fp = max{l, ﬁ} By Taylor’s formula, (6.4) and Lemma 6.4 the right-

hand side has a limit as t — +o0.
Let y = (H + i) Yo, = f(H){x) " o, £ € C§(R) and ¢ € L*(X). We write
using Lemma 4.1, (4.1) and Proposition A.1,

U™(0)ja exp (=it H W ~ U*(t)(Hz + i) jaexp (=it H o

~ Ut Hz + i)y (% > 2K> Jaexp(—itH Wy

=+ [U*)(Ha + ) {Ti(s) + Ta(s) + T3(s)} + Ta(s)) exp (—is H o ds ,
0

where Yy = (Hz + i) 2x(|x| > 2x)j2\p and

Ti(s) =1 [PZJC (M > 2K> jz} ,

()2
Ta(s) = iy (ﬂ > 2rc) Jo(s,x) — 1),
(s)2
d
T3(s) ijgx (% > 2K) ,
Ty(s) = i[I(s,x), (H; + 1)1y <% > 2;c) Ja.

We treat the terms one by one. In the following we denote by B(s) and S(s) families
of bounded and H-bounded operators such that ||B(s)| and ||S(s)(H —i)~'|| are
uniformly bounded in time, respectively.

We abbreviate g_; = (x _4147 (1 — j1) and calculate using (3.1) and (2.8),
! 0

x
T\(s) = q_%Sl(s)qfﬁ -+ <S>_IS2(S)F <<|—S>~|2— < 4K> . (6.8)
The contribution from the first term can be shown to have a limit by Lemma 3.3(5)
with k =}, s =} and r = 0, Lemma 6.3, Theorems 2.2 and 2.5. As for the con-

tribution from the second term we invoke Proposition A.1.
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From the definition of I(#,x) and (J4) we obtain

Tz(s)__zx<<l>|2 > 2K >X<<st—>|2 <;<>j215:0.

We compute

x| IXI x|
T3(s) =y’ ( < 2K = 0({s)~ NWF 55 <4, (6.9)
’ ()2 % (s)?
and thus we obtain integrability by Propositlon Al
Using (3.1) and (6.4) with |¢| =1, p =5 and n=0 we get

Ty(s) = ()"~ B(s).

We will now show the existence of W/ .

Let ¢ = g(Ha)Yo, Yo = ()~ f(pa)(H' + )", where [ € C5°(Xa), g € C°
(R) and ¢ € L*(X). Let h € Cg°(R) satisfy that hg = g. Using Lemma 4.1, (4.1)
and Proposition A.l (with H replaced by H;) we obtain

exp (it H )jyUs(t Wy ~ h(H ) exp (it H ) <% > 2K> 22Ua(t W

=\ + [ h(H ) exp (isH){Ti(s) + T3(s) + Ts(s)}Ua(s ) ds ,
o

where i, = h(H )exp (itoH )x( <t'g>'2 > 2k)Ua(to) and ¢ > fo = max{1, \/;F}

The terms T)(s) and T3(s) are as above and

Ts(s) = iy (%'5 > 2K) Jolly = I{(Es)) .

By (6.8-9) and similar arguments we can show the existence of the limit of the
contributions from 7'(s) and 73(s). We write using (J2),(J4),(6.3) and the choice
of x,

Ts(s) = iy (%'5 > 2K> Jo(I(s,x) — I(s,Es?)).

This tells us that the contribution from T7s(s) is integrable by Taylor’s formula,
(6.4) and Lemma 6.4 provided that we can prove

[{x — Es}, g(HD)]Us(sWo = O((s)) -
By Lemma 6.4 and a simple interpolation it is sufficient to verify
i
[x, g(H)](x) "7 € BL*(X)). (6.10)

To do that we compute for Im(z)=+0,

1

[, (Hz —2) ')(x) 2 = ~i2(H; ~2) 'S (Hz —2)7' (0) 8, § = )t
This formula in conjunction with (3.1), Lemma 3.2(2) and (3.6) implies (6.10). [
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Section 7. Short-Range Systems

In this section we will prove existence of wave operators and asymptotic complete-
ness for short-range systems.

We denote by P? the eigenprojection of H¢ for a+any,. If this projection is
non-zero Theorem 2.1 implies a C 4.

Theorem 7.1 (Existence of short-range wave operators). Assume V satisfies (SR).

Then the wave operators

Wi:s~lT Wit), acCa,

4 {— 00
where
W, (t) = exp(itH)exp(—itH,)(P* @ 1)

exist. (Here the tensor symbol refers to the decomposition L*(X)= L} X)®
L*(X,). For a= ampn,P*®1=1) Their ranges are closed and mutually
orthogonal.

Proof. We will only prove the existence of W7, a C d, since the others are verified
to exist similarly. Let = 9 @ Yz € L2(X?) ® L*(X;) and a C 4. We write
W.(t)y = exp(itH)exp(—it H;)exp (it H;)exp(—it H,) (P @ 1) Y
== exp(it H ) exp(—it Hg) (exp (it H* ) exp(—it Hy ) (P* © 1} @ 1) (4" & i),
where
HY = (p*Y +V* on L*(X7).

By the existence of the wave operators for the usual N-body problem [SS,Gl, D],
there exists

e ligrn exp(it HY)exp(—itHY) (P @ I) y/* .
{—+00
We can thus write using Propositions 4.2 and 5.1,

Wa(t)y ~ exp(it H yexp(—it Hi )¢ © ¥s)
~ W () (9 @) ~ W (0" @ i),

which implies the existence of the wave operator.

Since the wave operators are partial isometries their ranges are closed. Mutual
orthogonality follows from mutual orthogonality for the usual N-body problem and
the above calculation. [

Theorem 7.2 (Asymptotic completeness for short-range systems). Assume V satis-
fies (SR). Then the wave operators are complete. That is

€ Range (W,.}) = L*(X) .

aCad

Proof. We will only prove completeness for ¢ — +o00 since the other case is proved
similarly. Let & > 0 and ¢ € L*(X). Choose ¢ = Y7, ¥ @ Yz, € LA(X?) @ L*(X3)
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such that |7 — ¢|| < J. Then by Propositions 4.2 and 5.1
exp(—itH ) ~ exp(—it H)W = (exp(—it H*) @ exp(—itT;))p + O/(3) ,

where O,(8) € L*(X) satisfies ||O,(8)|| < & uniformly in time. We can now apply
asymptotic completeness [SS,G1,D], for the usual N-body problem to obtain the
existence of ', € LX(X?), aCdand 1 £ j < n, such that

exp(—itH)Y ~ 3 exp(—itHy) (P @ Iy + O(0) ,
aCd
where Y, = Z;’zl /é ; ®Yg;. Since o is arbitrary Theorem 7.1 now implies the
result. [

Section 8. Long-Range Systems

In this section we use the modified long-range wave operators from Sect. 6 to prove
existence and completeness of the long-range wave operators W, ffa to be defined
below.
Let R
=1,—-L=%"V, acad. (8.1)
bCa
bZa

We introduce the Dollard modifications corresponding to the usual generalized
N-body system defined by 4,

sa(Gn) = (& =P+ [EIE - &), aca.
The Dollard type Hamiltonians are
Hp () =H'QIQI+IRs(p, )OI +1R1® T; +I(Ef?), acCa,
where we have decomposed L*(X) = L*(X?) ® L*(X9 © X“) ® L*(X;). The corre-
sponding evolutions are
Up.a(t) = e ho LB oo (—it HY) © exp(—iSi(p,1)) @ exp(—it Ta)}, a Ca,

where

SAE 1) = ((ET — EV + [T(25(E7 — E))ds .
0

(This choice of S¢ is not unique.)
The Dollard type wave operators are

Wi, =s— tim exp(itH)Up ()P ®I), acCd,

where P¢ are the eigenprojections of H.
Using [D, Theorem 3.6], Propositions 4.2 and 6.1 we can apply exactly the same
procedure as in Sect. 7 to obtain the following results.

Theorem 8.1 (Existence of long-range wave operators). Let V satisfy (LR). Then
the wave operators WDi’a, a C a exist and their ranges are closed and mutually
orthogonal.
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Theorem 8.2 (Asymptotic completeness for long-range systems). Let V satisfy
(LR). Then the wave operators WD a C d are complete, that is

@ Range (Wj,) = L*(X) .
aCad

Section 9. Inclusion of Singularities

In this section we will explain how to include singularities of at most Coulomb
type in our results of Sects. 3-8.
We consider potentials satistying (C) and

V="r-+ Vsing P

where V| satisfies a combination of the conditions (V1-8) depending on the context.
The only situation where inclusion of singularities cannot be handled using only
the H-boundedness of the Coulomb potential fHMSI1, Proposition 6.4] is the esti-
mate (3.9) in the proof of Lemma 3.5.
To obtain (3.9) with singularities we have to prove that

no(H — hpns(H

is small when & is small, where A, is given as in the proof of Lemma 3.5. A
similar statement was an ingredient in the proof of [HMS1, Theorem 6.2]. We can
assume V), has a singular part (otherwise we can use Proposition 2.3 as before)
and without loss of generality that n =1 and »; =0 in (V9). As before we can
assume E°+0. Let p > 0 be given. Then by (V9) it is enough to find & > 0
such that

no(H — L)1 S p. (9.1)

lbl

To do this we use [HMSI, Lemma 6.8] to obtain 8;,5, > 0 such that

‘;15,(11— " |F(|xb] < &) < g.
Since E? =0 it follows from Proposition 2.3 that
mo(H = 2) blF(lx”! o) = £

for & > 0 small enough. Thus by choosing ¢ < %‘ small one obtains (9.1).

We have the following generalization of the results in Sect. 7.

Theorem 9.1. Assume (C) and V = Vgorr + Viing. Then the wave operators Wai, acC
a exist, their ranges are closed and mutually orthogonal. Furthermore they are
complete.
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As for the results in Sects. 6 and 8 these hold under the condition (C) and
V = V1 -+ Vshol‘t -+ Vsing >

where V7 is assumed to satisfy a combination of the conditions (V1-2) and (V6-8)
depending on the section.

To obtain the existence of the modified long-range wave operators in Sect. 6
we replace I; by Iz in (6.1-3), where /;; is given in terms of V| which satisfies
(V1-2) and (V6-7). As for the results of Sect. 8 one should define 79 (cf. (8.1))
in terms of V| = Viong. (Notice that the wave operators depend on the splitting of
the potential which is non-canonical).

The results in Sect. 8 generalize to

Theorem 9.2. Assume (C) and V = Vigng + Vihort + Vsing. Then the wave operators
W;a,a C d exist, their ranges are closed and mutually orthogonal. Furthermore
they are complete.

Theorem 9.2 implies
Corollary 9.3 (Coulomb systems). Let V, = ,;’—g,, g, € R and assume (C). Then

the conclusions of Theorem 9.2 hold.

Notice that in this case Vigng#0 if d=+amin, but we can take /z; = 0 in the
purely multiplicative phase factor.

By Corollary 9.3 and [B, Si, FH| we obtain the following result for the physical
Stark Hamiltonian with Coulomb interactions.

Corollary 9.4 (Coulomb systems). Let H be given as in Sect. 1 and suppose
v, (y) =21y > 3. Then the wave operators Wi st and it -
(v o v 2 3. The perators Wy, exist and are unitary oper

ators on L*(X).

In a similar way one can prove asymptotic completeness for Born—-Oppenheimer
molecules.
Appendix A. Minimal Velocity Estimate

In this appendix we will prove the following proposition.

Proposition A.1. Assume (C), V = Vi + Viing and that V, satisfies (V1-2). Then
there exist p,0 > 0 such that for all f € C§°(R) we have

F (% < 0) exp(—itH) f(H)x) ™' = O({)~") for |t] — oo .

Proof. Let f € C§°(R). Consider the observable
1 i
4= E{E(x) “pt+p-EX)}=EX) - p- 7V EG).

defined in Appendix B in [HMS1]. By [HMS1, Proposition B.4 and Corollary B.6]
we can use [Sk, Corollary 2.5] (with 0 =1, fp =1, ko =0, ny = 2 and Sy, 09 € R
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such that 0 < 3 < By < o < 1) to obtain p,d > 0 such that
A . . 1 -
F 0] < 20 Jexp(—it H)f(H)Y(H +i){4)” = O({#)™") for t — +oco.

Although Corollary 2.5 in [Sk] is not directly applicable since it requires H to
be bounded from below the result still holds. To see this we remark that [Sk,
Lemma 2.11] can be proved without the lower boundedness assumption by using
the representation formula (3.6). For that one needs a slight modification of [Sk,
Lemma 2.10].

Since (3.1), Lemma 3.2(2) and [HMSI1, (B.5)] imply that {(4)(H + i)~ {x)~!
is a bounded operator we thus obtain

F <<% < 25) exp(—itH) f(H)x)"' = 0((1)™"). (A1)

We can assume p < 2.
Let x and ¢ be abbrevations for

X (% < 0) and exp(—itH)f(H)x) "o, ¢ L*X),

respectively. Here 6 > 0 will be chosen later.
In the following all estimates are uniform with respect to ¢, |l¢| < 1. We
compute using [HMSI, Proposition 6.4] and (3.1)

Ipx¥llP = (H -V +E - x),y
< I+ IV 4+ D H + DTWHIEH + Dyl + 200 E10? | x )

C ) I
= VIOl - I+ vl + 200 e
< 0PI + s 10 + 0 + 200810yl

Co,1

= OCIE|+ DUF Il + 72 -

Using this estimate we calculate

Axw))® < 20Ex) - pxy))* + Cillxy )

2 2 Cl 2 C(),z
= {2 (suplecor) otz + 107 + Vit Yl + 022
< Mool + 2 (a2)

(1)?

where
My = 0{1 + (4|E[ + 2) sup [E(x)[*} .
x€X
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We can also estimate

[z w2 () <X (% ~ 52) >N

) 2
= Rl - 207 i (7 < ) oo (A3)
Putting (A.2-3) together we obtain
202 %5 2 2 Co3 2 2 2
07 1 (5 < ) | + 52 2 @ -M00evE. A

2 . .
We now choose 0 > 0 such that My < % To estimate the left-hand side we
notice that the commutator

A4 2 3
- 5 s = 0 I8 s
[X<<t)2 < ) x} «0)
as can be shown by first writing it on the form [g(%), x] for some g € Cj°(IR)
and then applying (3.6). We thus obtain

A2 2 A2

— < & <2 < &
e (7 <) ]| =2 (G <)
This result in conjunction with (A.1) and (A.4) yields

¥l = Gy O

+C{t)~°.

Note added in Proof. After the submission of this paper the authors realized how to remove the
technical condition (V7) assumed for the main result, Theorem 9.2. This is done by proving a
weaker version of Lemma 6.4 using certain differential inequalities.
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