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Introduction

In this work we compare the performance of asymptotic
confidence intervals for Zenga’s new inequality measure to that
of Gini’s traditional measure.

Normal, percentile, BCa and t-bootstrap confidence intervals
have been considered.

L. Pasquazzi, F. Greselin Asymptotic Confidence Intervals for a New Inequality Measure



Introduction
Simulation Study

Conclusions

The topic of interest
Confidence Intervals

Gini’s measure is defined by

G(F ) = 2
∫ 1

0
(p − LF (p))dp,

where

LF (p) =
1
µF

∫ p

0
F−1(t)dt , 0 ≤ p ≤ 1

is the Lorenz curve associated with the distribution F
and µF is the first moment of F , 0 < µF < ∞.
Hoeffding (1948) proved the asymptotic normality of G(F),
under second order moment restrictions on F .
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For continuous distributions F ,
with non negative support and finite first moment,
the new Zenga inequality measure is given by

I(F ) =

∫ 1

0
IF (p)dp (1)

where

IF (p) = 1 −
LF (p)

p
·

1 − p
1 − LF (p)

, 0 ≤ p ≤ 1

is Zenga’s new inequality curve.
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Gini’s index can be expressed also as

G(F ) =

∫ 1

0
(GF (p)2p)dp (2)

where

GF (p) =
p − LF (p)

p
, 0 ≤ p ≤ 1

measures the relative inequality at p (Gini,1914).
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The sample estimators are the sample Gini concentration ratio

Ĝ = ∆̂/(2X )

for Gini’s index and

Î = 1 −
1
n

n−1∑

i=1

(
n − i

i
·
∑

j≤i xj∑
j>i xj

)

for the Zenga inequality functional.
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Normal Confidence Intervals

The normal confidence interval is based on the quantiles zα of
the standard normal distribution:

(θ̂ − z1−ασ̂; θ̂ + z1−ασ̂),

where θ̂ is the inequality functional computed on the ECDF,
and σ̂ is the variance of the empirical influence values.
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Percentile and BCa Confidence Intervals

The percentile and BCa confidence intervals are based on the
quantiles θα of the bootstrap distributions P∗ of the statistical
functionals. In our simulation study we obtained the bootstrap
distribution by taking 9999 resamples.

The percentile confidence interval is (θα, θ1−α)

The BCa confidence interval is given by (θα, θα), where

α = Φ

(
b +

(b − z1−α)

1 − a(b − z1−α)

)
, α = Φ

(
b +

(b − zα)

1 − a(b − zα)

)
,

b = Φ−1(P∗(θ̂)), and a is 1/6 times the standardized third
moment of the empirical influence values.
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t-bootstrap Confidence Intervals

The t-bootstrap confidence interval is based on the quantiles tα
of the bootstrap distribution of the standardized statistical
functional,

(θ̂ − tασ̂; θ̂ + t1−ασ̂),

where standard deviations are estimated by the variance of the
empirical influence values.
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Simulation Study

Choice of the underlying distributions

The Dagum parent distribution has density function

f (x) = λβθx−(θ+1)
(

1 + λx−θ
)−(β+1)

, (λ, β, θ > 0, x > 0),

with β̂ = 1.055, θ̂ = 3.095 and λ̂ = 44030
(MLE from Italian Expenses distribution,
2002 Bank of Italy Survey on Household Income and Wealth
(8001 households)).
This yields Ĝ = 0.3193 and Î = 0.6505.
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Choice of the underlying distributions

The Lognormal parent distribution has density function

f (x) =
1

√
2πδ

1
x

e− 1
2(

ln x−γ
δ )

2

, (−∞ < γ < ∞, δ > 0, x > 0),

with γ̂ = 2.8171 and δ̂ = 0.6262, from Latorre (1989) using the
Italian Income distribution,
(1983 Bank of Italy Survey on Household Income and Wealth
(4107 households)).
In this case Ĝ = 0.3420 and Î = 0.6774.
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From each distribution, we draw 10000 samples of size 100,
200 and 400.

The relative frequencies of the confidence intervals containing
the true value of the inequality measures are the coverage
probabilities reported in our results.
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Simulation Results
Dagum (β = 1.055; θ = 3.095; λ = 44030) ⇒ G = 0.3193 and I = 0.6505
95% confidence intervals

Coverage probabilities
normal percentile Bca t-bootstrap

n Gini Zenga Gini Zenga Gini Zenga Gini Zenga
100 0.8842 0.9032 0.8571 0.8743 0.8959 0.9075 0.9226 0.9276
200 0.9005 0.9102 0.8880 0.8915 0.9020 0.9098 0.9232 0.9268
400 0.9194 0.9236 0.9108 0.9092 0.9181 0.9212 0.9338 0.9344

Average sizes
normal percentile Bca t-bootstrap

n Gini Zenga Gini Zenga Gini Zenga Gini Zenga
100 0.1114 0.1272 0.1095 0.1258 0.1162 0.1262 0.1512 0.1491
200 0.0850 0.0945 0.0840 0.0938 0.0896 0.0952 0.1064 0.1081
400 0.0641 0.0702 0.0636 0.0698 0.0676 0.0713 0.0763 0.0786
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Simulation Results
Lognormal (γ = 2.8171, δ = 0.6262) ⇒G = 0.3420, I = 0.6774
95% confidence intervals

Coverage probabilities
normal percentile Bca t-bootstrap

n Gini Zenga Gini Zenga Gini Zenga Gini Zenga
100 0.9188 0.9282 0.8971 0.9101 0.9234 0.9270 0.9391 0.9391
200 0.9354 0.9429 0.9243 0.9260 0.9369 0.9412 0.9488 0.9479
400 0.9431 0.9457 0.9345 0.9369 0.9423 0.9451 0.9483 0.9508

Average sizes
normal percentile Bca t-bootstrap

n Gini Zenga Gini Zenga Gini Zenga Gini Zenga
100 0.0938 0.1036 0.0933 0.1033 0.0961 0.1025 0.1082 0.1114
200 0.0686 0.0745 0.0685 0.0743 0.0702 0.0743 0.0747 0.0784
400 0.0494 0.0533 0.0494 0.0532 0.0503 0.0533 0.0519 0.0550
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Simulation Results

Samples of size 400 are large enough for accurate
confidence intervals for both inequality measures.

The t-bootstrap confidence interval performs best in terms
of coverage probability at the cost of providing larger
confidence intervals.

There is no substantial difference in the coverage
probabilities and in the sizes of confidence intervals for the
two inequality measures.
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