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Abstract The asymptotic equilibrium problems of ordi-
nary differential equations in a Banach space have been
considered by several authors. In this paper, we investigate
the asymptotic equilibrium of the integro-differential
equations with infinite delay in a Hilbert space.
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Introduction

The asymptotic equilibrium problems of ordinary differ-
ential equations in a Banach space have been considered by
several authors, Mitchell and Mitchell [3], Bay et al. [1],
but the results for the asymptotic equilibrium of integro-
differential equations with infinite delay still is not pre-
sented. In this paper, we extend the results in [1] to a class
of integro-differential equations with infinite delay in a
Hilbert space H which has the following form:
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dxd—(tt) =A@ | x(r) + / k(t = 0)x(0)d0f,  1>0,
*(1) = (1), h r<0
(1)

where A(¢) : H— H, ¢ in the phase space %, and x; is
defined as

x(0) =x(t4+0), —oc0o<0<0.
Preliminaries
We assume that the phase space (4, |].||,) is a seminormed

linear space of functions mapping (—o0,0] into H satisfy-
ing the following fundamental axioms (we refer reader to

(2D

(A1) Fora >0, if x is a function mapping (—o0, a] into
H, such that x € % and x is continuous on [0, a],
then for every ¢ € [0, d] the following conditions
hold:

@) x; belongs to 4;
(i) [x(@) < Gllxel| 4
(i) |lxll < K(2) supseo  [1x(s)| + M(1)]]x0ll 4

where G is a possitive constant, K, M : [0,00) — [0, 00),
K is continuous, M is locally bounded, and they are inde-
pendent of x.

(A,) For the function x in (A;), x, is a #-valued
continuous function for ¢ in [0, a].

(A3) The space % is complete.
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Example 1

(i) Let BC be the space of all bounded continuous
functions from (—o00,0] to H, we define C°:=
{p € BC :limy_,_ ¢(0) =0} and C*:={¢p <
BC : limg_,_ ¢(0) exists in H} endowed with the
norm
lloll, = sup [[o(0)l]
0e(—00,0]
then C° C>™ satisfies (A;)—(Az). However, BC
satisfies (A;) and (A3), but (A,) is not satisfied.
(i) For any real constant y, we define the functional
spaces C, by

C, = {(p € C((—0,0],X) : HErjlwe7’9¢(0) existsinH}

endowed with the norm

sup e[| (0)]].

0€(—00,0]

llolly =
Then conditions (A{)—(A3) are satisfied in C,.

Remark 1 In this paper, we use the following acceptable
hypotheses on K(f), M(t) in (A;)(iii) which were introduced
by Hale and Kato [2] to estimate solutions as ¢ — oo,

(y)) K = K(¢) is a constant for all ¢ > 0;
(y,) M(t) < M for all t > 0 and some M.

Example 2 For the functional space C, in Example 1, the
hypotheses (y,) and (y,) are satisfied if y > 0.

Definition 1 Equation (1) has an asymptotic equilibrium
if every solution of it has a finite limit at infinity and, for
every hy € H, there exists a solution x(f) of it such that
x(t) — hgy as t — oo.

Main results

Now, we consider the asymptotic equilibrium of Eq. (1)
which satisfies the following assumptions:

(M) A(®) is a strongly continuous bounded linear

operator for each t € R™;

(M2)  A(¢) is a self-adjoint operator for each t € R™;
(M3)  k satisfies

+00

/ k(0)|d0 = L< + oo

0
and

’r @ Springer

(My) There exists a constant 7 > 0 such that

r 1
sup /IIA(f)tht<61<—, (2)
hes(o,l)T K

herein S(0, 1) is a unit ball in H, x = L(K + M) +
1, where K, M, L are given in (y;), (7,) and (M3).

Theorem 1 If M;), (M), (M3) and (My) are satisfied,
then Eq. (1) has an asymptotic equilibrium.

Proof We shall begin with showing that all solutions of
(1) has a finite limit at infinity. Indeed, Eq. (1) may be
rewritten as

0
=A@ | x(t) + / k(—0)x,(6)do] ,

—00

dx(7)
Cdr

then for t > s > T we have

t 0

x(t) :x(s)—|—/A(r) x(t) + / k(—0)x.(0)d0| dz

s —00

t 0
<x(s)+/A(r) (x(r)+ / k(@)xT(G)dH) d‘c,h>

0
<x(‘c) + / k(—0)x,(0)d0,A(‘c)h>

< |x(s)l +Q<(LK+ 1)551323] (O +LM||<P||%>
cel0,t

1

<[]+ sup /
hesS(0,1)

s

dt

implies

1O < x| + g (LK + D[x(0)]]| + LM][ ]| )

or
|[x(s)[| + gLM || ][ 4
Hlll < Z 4
Il < P )
where
[[x(@)]| = sup [[x(S)]]-
0<ésr
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Now, we conclude that x(¢) is bounded since

I 1 I
0<g<-= LK +1)<1
SO T IREIm a1 Ik g1 K<
and by (4).

Putting
M" = sup [[x(1)]],

teR

we have

|[x(t) —x(s)[| = sup |<x(t) —x(s),h>|

heS(0,1)
t 0
< sup / <A(D)| x() + / K(—0)x.(0)d0) ,h > |dz
hes(0,1) -

t
<MLK+ 1) +LM]|o||,] sup /HA(r)thHo
hesS(0,1)

as t > s — +oo. That means all solutions of (1) have a
finite limit at infinity. To complete the proof, it remains to
show that for any hy € H, there exists a solution x(¢) of (1)
such that

Jim x(0) =,

Indeed, let iy be an arbitrary fixed element of H; we choose
the initial function ¢ belongs to % such that ¢(0) = hg and
[loll4 < ||ho|| and consider the functional

gl(tv h) = <h0ah>

_/OC<A(T) ho + / k(t — 0)xo(0)d0 ,h>dr

We have

“+00
1916, )] < [[hol ]| + / I (2)
t

T

+ / k(t — 0)x0(0)d0]]||A(7)h]|dx.

Since x(t) = hy, then
g1 (6, )| < [[Rol[([[A]] + grc)-

It follows from Riesz representation theorem that there
exists an element x;(¢) in H, such that

g1(t;h) = (xi (1), h)

b

and
()] < Aol (1 + gx).
Now, we consider the functional

g2(t,h) = (ho, h)

- / <A(7:) n(f) + / k(z — 0)x, (0)d0 ,h>d'c.

By an argument analogous to the previous one, we get
g2t )| < kol [[I1A]] + g + (g)*]

and there exists an element x;(¢) in H, such that
82(t,h) = (xa(1), )

with

20| < [[Roll(1 + g + (gr)).

Continuing this process, we obtain the linear continuous
functional

gn(tv h) = <h0ah>

+00 T
— / <A(r) Xn—1(t) + / k(t — 0)x,-1(0)do ,h>dr
t —00
(5)
and x,(¢) € H such that
gn(t;h) = (xa(1), )
satisfies the following estimate
< 2 n < ||h0||
a0l < (1 i g -+ (gl < 722

Futhermore,
2 (8) = X1 (1) || < [Io|[(gre)".

This inequality shows that {x, ()} is uniformly convergent
on [T, +00) since gk <1. Put

x(r) = nginoo Xn(1).

In (5), let n — 400, we have

(x(2), h) = (ho, )

7/ <A(‘c) x()+ / k(t—0)x(0)do ,h>d‘c

(6)

and since

Y
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[ ae), o) < / e (1)

T

+ / k(x — 0)x,1(0)d0]||A(x)h]|dz

—00
or

|lhollq
1 —gx’

| Gen(2), o) | <

we have x,(t) — hy as g — 0, which means that there
exists a solution of (1) converging to /. The theorem is
proved.
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