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ABSTRACT. The relation between the upper and lower asymptotic estimates of
the density and the fractal dimensions on the sphere of the spectral measure for
a multivariate stable distribution is discussed. In particular, the problem and
the conjecture on the asymptotic estimates of multivariate stable densities in
the work of Pruitt and Taylor in 1969 are solved. The proper asymptotic orders
of the stable densities in the case where the spectral measure is absolutely
continuous on the sphere, or discrete with the support being a finite set, or a
mixture of such cases are obtained. Those results are applied to the moment
of the last exit time from a ball and the Spitzer type limit theorem involving
capacity for a multi-dimensional transient stable process.

1. INTRODUCTION

Since Lévy [20] in 1937, the study of stable processes and their distributions has
been an important subject not only in theoretical probability but also in physics and
finance. Many properties of univariate stable distributions are found in Zolotarev
[43]. However, there are few known results on the asymptotic properties of mul-
tivariate stable densities up to now. Ounly Pruitt and Taylor [28] investigated the
asymptotic estimates of multivariate stable densities in a general setting. The others
made certain strong assumptions on the spectral measure, for instance, symmetry,
absolute continuity or discreteness. In this paper, surprisingly explicit estimates
can be obtained for a multivariate a-stable density p(z) on RY. We first obtain the
general upper and lower estimates without any technical assumption. See Theorem
1.1. In particular, we find the best possible and worst possible cases. Then we
discuss the upper and lower asymptotic estimates of p(x + y) as |z| — oo with y
being bounded, from the point of view of their relation to the fractal dimensions
of the spectral measure o on S4~!. See Theorems 1.2 and 1.4. The asymptotic
order delicately depends on the direction of x/|z| in relation to the location of the
support of . Thus we discover that a wide range of decay orders is possible. See
Remark 1.3. Moreover, we solve the problem (Theorem 1.1) and the conjecture
(Theorem 1.5) on the upper asymptotic estimates of multivariate stable densities
in the classical work of Pruitt and Taylor [28] in 1969.
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2852 TOSHIRO WATANABE

In what follows, we use the terminology in Sato’s book [32]. Let {X;: t > 0} be a
Lévy process on R%, d > 1, with generating triplet (4, v, ). Here A is the Gaussian
covariance matrix, v is the Lévy measure, and + is the location parameter. That
is,

(1.1) Eexp(i{z, X1)) = exp(ty)(z)), z€RY,

with
; . . 1
(12) 0 = [ (@ 1= L @il alv(dn) + itr.2) = 5(42.2),

where v is a measure on R? satisfying v({0}) = 0 and [5,(1 A |z[*)v(dz) < oo,
v € R% and A is a nonnegative-definite matrix. If A = 0, {X;} is said to be purely
non-Gaussian. A Lévy process {X;} on R? is called a trivial process if there is
c € R? such that, for every ¢, X; = tc a.s.; otherwise {X;} is said to be nontrivial.

A set B in R? is called one-sided if there is ¢ # 0 in R? such that B C {x: {c,z) >
0}. A measure p on R? is called one-sided if the support S, of p is one-sided. A
measure p on R? is called degenerate if there are a € R? and a proper linear subspace
V of R? such that S, C a+V; otherwise p is called nondegenerate. A Lévy process
{X;} on R? is called degenerate if the distribution of X; is degenerate for every t > 0
(equivalently, for some ¢ > 0); otherwise {X;} is called nondegenerate. See [32],
Proposition 24.17 for conditions for nondegenerateness in terms of the generating
triplet.

A Lévy process {X;} on R d > 1, is called stable if, for every a > 0, there are
b >0 and ¢ € R? such that

(1.3) (Xa: t >0} 2 {bX, +te: t >0}

If {X:} is a nontrivial stable process, then define the index « of {X;} by a =
loga/logb for a # 1; this a is uniquely determined and 0 < o < 2. In this case
the process {X;} is sometimes called an a-stable process. Let {X;} be a nontrivial
stable process on R%. If ¢ = 0 in (L3) for every a > 0, we call {X;} a first-class
stable process. Otherwise we call {X;} a second-class stable process. The process
is first-class stable if and only if it is strictly stable in the terminology of [32]; it is
second-class stable if and only if it is stable but not strictly stable.

Let {X;} be a nontrivial a-stable process on R? with « # 2. Then there is a
probability measure o on S471 = {¢ € R?: [¢| = 1} such that

(1.4) v(B) = C/Sd_1 o(d€) /Ooo 1B(T§)T71*adr for B € Bga,

where ¢ is a positive constant independent of £ and 7, and Bga is the class of all
Borel sets in R?. This ¢ is uniquely determined and is called the spectral measure
of the process {X;}. We consider o as a measure on R? with the understanding
that o((S971)¢) = 0.

Let ¢(r) be a positive and decreasing function on (0,00). We use the words
“increase” and “decrease” in the wide sense allowing flatness. Then we say ¢ € D
if there is a constant ¢; > 0 such that ¢(r) < c1¢(2r) for » > 0. A positive
and decreasing function ¢ € D is called of dominated variation. Denote by B,
an open ball in R? with center 0 and radius a. Thus B, = {z: |z| < a} and
B, +vy ={z: |x —y| < a}. For the spectral measure ¢ of an a-stable process {X;}
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on R? with a # 2, define functions o¢(r) and o*(r) for r > 0 as

(15) o) =0+ By)  and o*()= swp o(6+ By,

£esd-
Obviously o*(-) is positive and decreasing and o*(-) € D. Thus there is a constant
b > 0 such that

(1.6) o*(sr) < s7lo*(r) for 0 < s <1andr>0.

See Bingham et al. [3]. Let S, be the support of 0. Taking Carathéodory’s theorem
into account, we define

C(n) ={¢e St £ =" ¢;& for some ¢; > 0 and & € S,
j=1,...,n, such that &,...,&, are linearly independent}

for 1 <n<d, T,(1) =CY1) = S,, and

(1.8) To(n) = C3(n) \ Co(n — 1)

for 2 < n < d, where CO(n — 1) is the closure of C9(n — 1). We have C%(n) D

CO(n —1) for 2 < n < d, since it is clear that C%(n) D C%n — 1). We write
C% = CY%d) and C, = CY. Let int C, be the interior of the set C, in the relative
topology on S¢~!. Note that in general, C, D Uizl T,(n) and int C, D CY. The
set CY is nonempty if {X;} is nondegenerate. These sets are introduced by Hiraba
[12], when S, is a finite set.

In the rest of this section, we assume that {X;} is a nondegenerate a-stable
process on R? with 0 < o < 2 and d > 1. Thus {X;} is purely non-Gaussian and
X has the probability density function p(t, z) for ¢ > 0. We write p(1, ) = p(x). We
denote by m the uniform probability measure on S?~!. In the case where 0 < ar < 1
and v is one-sided, p(x) can be zero, and thereby an additional condition |z| > R
with sufficiently large R > 0 is needed in the lower estimates of p(z). Otherwise,
there is no need for that condition. Thus we promise to omit such a condition in
the lower estimates of p(z). First we give general asymptotic estimates applicable
for all a-stable densities.

(1.7)

Theorem 1.1. (i) There is a constant ¢y > 0 such that

(1.9) p(z) < er(1+ |z))~HFYo* (1 + |z]) for x € RY.
In particular, we have
(1.10) p(x) < er(1+ |zf)~Fe for x € RY.

(ii) Let €0 € S9=1. In the case where 0 < o < 1 and v is one-sided, we make
an additional assumption that € € intC,. (Otherwise we make no additional
assumption.) Then for any 61 > 0, there is co > 0 such that it is independent of £°
and

(1.11) p(re® +y) > ca(1+7)" oo (1+7) whenever |y| < 4.
(iii) For any compact set Ky in CO and for any 82 > 0, there is c3 > 0 such that
(1.12) p(x+y) > c3(1 4 |f)~OHed whenever z/|z| € K1, |y| < 8.

(iv) For any compact set Ky C S4™1 with Ky N Cy = 0, for any 63 > 0, and for
any co > 0, there is ¢4 > 0 such that

(1.13) p(z +y) < caexp(—co|z|log|z|) whenever x # 0, z/|z| € Ka, |y| < 3.
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Pruitt and Taylor [28] showed the second assertion of (i) of Theorem 1.1 by a
complicated Fourier-analytic method except in the case of second-class with a = 1;
in this case the estimate (LI0) has been unproven up to now. Our method of proof
is more probabilistic and simpler. Further Port [24] used (II0) for the classification
of transient stable processes into weakly transient and strongly transient. Thus he
could not classify the case of second-class with « = 1 and d = 2, which is shown to
be strongly transient by Sato and Watanabe [34]. Pruitt and Taylor [28] called the
order (1 4 |z[)~(1+®) of the density p(z) the worst possible case. Thus the order
(14 |z[) =+ should be called the best possible case in the case where C9 = S,
The following theorem gives a proper asymptotic order of the density, which leads
to a remark amazing even to the author.

Theorem 1.2. Let ¢ € D and let K be a compact set in S,. Suppose that

+B r _|_B .

(19 dmsp sp D) it g 76T Bue)
r—o0 gesd-l o(r) r—oo €K (1)

In the case where 0 < a < 1 and v is one-sided, we make an additional assumption
that K C int C,. Then given 6 > 0, we can find ¢c; > 0 and ca > 0 such that

(115)  ear(1+[2)) "ML + |2]) < ple +y) < eo(1+[2]) " HYo(1 + [a])
whenever x/|z| € K, |y| < 0.

> 0.

Remark 1.3. Let d > 2 and fix o € (0,2) in the above theorem. Let § be an
arbitrary real number in (1 4+ «,d + «). Then we can choose the spectral measure
o in such a way that, for any § > 0, there is a compact set K in S4~1, ¢; > 0, and
¢co > 0 such that

(1.16) (1 +]z)) P <plx+y) <co(l+|z[)™? whenever z/|z| € K, |y| <.

Indeed we can take o as a so-called s-measure on S%~1 with 0 < s < d — 1 such
that K = S, and 8 = 1+ s + a and that, for ¢3 > 0 and ¢4 > 0 independent of
re K,

(1.17) cza® < o(KN(z+ B,)) € caa’ for x € K and a € (0,1).
The existence of s-measure on S%1 is clear from that in R4~1.

Now we can give interesting asymptotic estimates of p(r&® + y) for €0 € T, (n)
with 1 < n < d as r — oo in relation to the fractal dimensions of the spectral
measure o. The upper estimate (1.19) and lower one (1.21) are attained in the
cases of Theorems 3.8 and 3.10, respectively.

Theorem 1.4. Consider £° € T, (n) with 1 <n < d. Let ¢1, ¢ € D.
(i) Suppose that

(1.18) limsup sup M
r—oco gegi-1 ¢1(r)
Then, given 61 > 0, we can find ¢; > 0 such that
(119)  p(re®+y) <er(1+7r) " (1 4 7) whenever > 0, |y| < 1.
(i) Suppose that

By,
(1.20) lim inf Z& - Bur)

im in 520 >0 for any £ € S,.
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In the case where 0 < o < 1 and v is one-sided, we make an additional assumption
that £€° € int C,,. Then, given 83 > 0, we can find c > 0 such that

(1.21) p(ré® 4+ 1) > ¢ <(1 +7)"(F g, (1 4 r))n whenever |y| < da.

Next, we give some new estimates of p(z), which include the well-known rotation-
invariant case. The upper estimate (L23)) was conjectured by Pruitt and Tay-
lor [28] under the assumption (L22]). Dziubanski [7] showed the existence of
lim, oo 74Hp(r€) = k(&) with some k(£) in some special case. Further related
results were obtained by Arkhipov [I], Glowacki and Hebisch [10], and Glowacki
[9]. They also obtained (1.23) under certain additional assumptions. Namely, [1]
assumed first-class and smoothness of the density of the spectral measure. On the
other hand, [7], [9], and [I0] assumed symmetry. The results of those papers are
interesting in view of ours.

Theorem 1.5. (i) If, for some ¢; > 0,

(1.22) o(dg) < eym(dg) on %71,
then, for some co > 0

(1.23) p(x) < co(1+ |z))~F)  forz e R

The converse is also true except in the case where 0 < a < 1 and v is one-sided.
(ii) Suppose that there is a nonempty compact set K in S such that

B
(1.24) limint g 2B

rooo €K  p—(d—1)

In the case where 0 < a < 1 and v is one-sided, we impose an additional condition
that K C int C,. Then, for any 6 > 0, there is c3 > 0 such that

(1.25) p(z+y) = ez(1 + |z]) =@+ whenever z/|z| € K, |y| < 0.

Remark 1.6. The condition (1.24) is satisfied if there are a nonempty relatively
open set U in S% 1, a compact set K in U and ¢; > 0 such that

(1.26)  o(d§) = cxm(dg) onU and liminf inf m((&+ Ba)NU)

> 0.
a—0+ €K ad—1

We prove the main results above in Section 3 after some preliminaries in Section
2. In Section 3, we add several other interesting results as follows. First we make
a more precise observation of both the best possible and the worst possible cases.
See Corollaries 3.4 and 3.5. Next we obtain the proper asymptotic order of the
stable density p(z + y) as |x| — oo with y being bounded for all or most of all the
directions of z/|x| in the case where the spectral measure o is absolutely continuous
with respect to the uniform measure m on S, or discrete with the support S,
being a finite set, or a mixture of those cases. See Theorems 3.8, 3.10 and 3.13.
Then we apply those results to the moment of the last exit time from a ball and also
to the Spitzer type limit theorems involving capacity in Section 4 for a second-class
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transient stable process with d > 2 and 1 < a < 2. The reason why we study the
order of p(ré + y) not of p(r¢) for € € S41 is found in Lemma 4.5.

2. PRELIMINARIES

In this section, we provide some preliminary results for Section 3. The support
S, of a measure p on R? is the smallest closed set that carries the whole measure
of p. We denote by p™* n-th convolution power of the measure p. The distribution

of an R%valued random variable X is denoted by £(X). We write {X;} 4 {Y;} for
two stochastic processes {X;} and {Y;} if they have an identical system of finite-
dimensional joint distributions. For a Lévy process { X;}, we denote p = £(X;) and
ut = L(X;). The support of ut is denoted by S(X;). If u? is absolutely continuous
with the density p(t,z) being continuous in x, then the set {z : p(t,x) > 0} is
denoted by G(X3).

Let {X;} be a nontrivial a-stable process on R? with 0 < a < 2 and Lévy
measure v. Let 1(z) be the function defined in (1.2). If 0 < o < 1, then

2. 0(2) = [ (€5 = D(da) +itr0.2)

where 7 is called the drift of {X;}. If 1 < o < 2, then
(2.2) w@%:/(é“”*lfﬂzﬂwwﬂ+ﬂmw>
]Rd

where 7, is called the center of {X;} and 7, = EX;. We define 7 € R? as 7 = g
for0 <a<l,7=myforl <a<2 and 1 =c [g, o(dE) for = 1. Here c is
the constant in (1.4). Note that the stable process {X;} is first-class if and only if
7 = 0. If {X,} is nondegenerate, then £(X;) has the probability density function
p(t,x). We write p(1,z) = p(x). Then p(z) is of class C*° and satisfies the relation

(2.3) oy = [T (A=) (A D),
' PR t=dp(t~tz — (logt)7) (a=1).

A Lévy process {X;} on R?, d > 1, is called semistable if, for some a > 0 with
a # 1, there are b > 0 and ¢ € R? satisfying ([L3). We call a semistable Lévy
process, briefly, a semistable process. In this case we can choose a > 1 without
loss of generality. If {X;} is a nontrivial semistable process, then the index « can
be defined in the same way as for nontrivial stable processes. See Sato [31], [32]
concerning semistable processes.

A subset H of R? is said to be a closed additive semigroup if H is a closed set
such that H + H € H. If moreover —H C H, then H is called a closed additive
group. It should be noted that a closed additive semigroup H in R? is either one-
sided or a closed additive group. See Sato and Watanabe [33]. Let {X:} be a
nondegenerate a-stable process on R? with 0 < o < 2 and Lévy measure v. The
set Sgp(v) is the smallest closed additive semigroup containing S,. We define a
map II from R?\ {0} to 47! as [Ix = z/|x|. Note that C, = I1(Sgp(v) \ {0}). The
following lemma is due to Taylor [38] and Port and Vitale [27]. See Tortrat [39],
Sharpe [35], and Sato and Watanabe [34] concerning the supports of general Lévy
processes and semistable processes.
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Lemma 2.1. Let {X;} be a nondegenerate a-stable process on R% with 0 < o < 2.
(i) Suppose that 0 < a < 1 and v is one-sided. Then Sgp(v) is a one-sided,
closed convex cone, and

(2.4) S(X:) =ty +Sgp(v) and G(X;) =ty +intSgp(v) fort >0,

where int Sgp(v) is the interior of the set Sgp(v).
(ii) Suppose that 1 < o < 2, or suppose that 0 < a < 1 and v is not one-sided.
Then

(2.5) S(X;) = G(Xy) =R? fort>0.
The following lemma was found by Taylor [38].

Lemma 2.2. Let {X;} be a nondegenerate a-stable process on R? with 0 < o < 2.
Then the following conditions are equivalent:

(2.6) 0<a<1and —y ¢ int Sgp(v),
p(t,0) =0 for all t > 0,
p(t,0) =0 for some t > 0.

For the rest in this section let {X;} be a nondegenerate a-stable process on R?
with 0 < a < 2. Our basic technique is to decompose {X;} into the sum of inde-
pendent Lévy processes {Y;} and {Z;}. That is, let {Y;} and {Z;} be independent
Lévy processes such that {X;} 2 {Yi+Z;} and {Z;} is a compound Poisson process
with Lévy measure vz equal to v restricted to {|z| > 0} for some 6 > 0. Thus the
Lévy measure vy of {Y;} is the restriction of v to {|z| < 6}. Let L(Y1) = uy
and £(Z;) = pz. Since |logfiz(z)| is bounded, we get |fi} (2)| < e~¢t*I"+e1t with
some ¢ > 0 and ¢; > 0 as in Proposition 24.20 of Sato [32]. Thus £(Y}), ¢ > 0,
has a density py (¢, z), which is continuous in (¢, z), of class C*° in z, and bounded
for (t,x) € [e1,e2] x R? for every 0 < g1 < g9 < 00. We write py (t,2) = ¢(t, 7)
and L£(Z;) = pf, = M. Further we write ¢(z) = ¢(1,z) and A = A\!. As before,
B, = {z: |z| < r}; thus B, = {z: |z| < r} and B, +y = {z: |z — y| < r}. The
following fact will be useful. See Sato and Watanabe [34] for the proof.

Lemma 2.3. Let {X;} be a nondegenerate a-stable process on R, 0 < a < 2, with
Lévy measure v. Then S(Y;) = S(X;) and G(Y;) = G(X}) fort > 0.

Lemma 2.4. Let ¢g > 0. If 0 in the above satisfies that 0 < 0 < 1/(2¢o), then
there is ¢1 such that

(2.9) q(z) < 1 exp(—co|z|log|z|) for |z| > 0.

Proof. Theorem 26.1 of [32] tells us that

/ q(1/2,y)dy < ez exp(—2(co + d)rlogr) for r >0
ly|>r
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with some positive constants c3 and 0. Let ¢y = sup,cga q(1/2, ). Now,

q(z) =/ Q(l/Zx—y)q(l/?,y)dyﬂL/ q(1/2,2 —y)q(1/2,y)dy
le—y|<|el /2 lz—y|>|e|/2

< 2@/ q(1/2,y)dy
lyl>|2]/2

< 2cqc3 exp(—(co + 0)|z|log(|x]/2))
< cgexp(—cola|log |z|)

for large |z| with some positive constant c4. This gives (2.9). O

The following simple lemma, together with Lemma 3.1, will be a key to prove

the main results. All the estimates below are carried over under the condition that
0 is given and fixed.

Lemma 2.5. Let 1 and @2 be nonnegative decreasing functions on (0,00) with
01 €D and let K, and Ky be compact sets in S41.

(i) Asssume that there are ¢y > 0 and §g > 0 such that if x # 0 and z satisfy
x/|z| € K1 and |z| < do|z|, then
(2.10) Mz +z+ Br) < caapr(1+|z)).
Then, for any & > 0, there is c3 > 0 such that if © # 0 and y satisfy x/|z] € K3
and |y| < 1, then
(2.11) plz+y) < capr(1+ |z]).

(ii) In the case where 0 < a < 1 and v is one-sided, we impose an additional
condition that Ko C int C,. Otherwise we impose no additional condition on Ks.
Assume that there are a > 0, ¢cs > 0 and Ry > 0 such that if z/|x| € Ko and
|z| > Ry, then
(2.12) Az + By) = c3pa(1 + |z|).

Then, for any d3 > 0, there are ¢y > 0 and Re > 0 such that if xz/|zx| € Ko,
|x| = Ra, and |y| < 62, then
(2.13) p(z +y) = capa(1 + [x).

Proof. (i) Since p(t,x) = [q(t,z — 2)A*(dz), we have
pot) = [al-2Me+y+d)

:/ q(—2)Mx +y +dz) —|—/ q(—2)Mx + y + dz).
[z|<do|z]/2 [2|>d0|x]/2

Let J; and Jo be the first and the second term in the last expression. We can
choose zj, j =1,...,N = N(z), with |z;| < do|z|/2 such that {z: |z] < do|z|/2} C
UéV:l(Bl +x;), and there is ¢5 > 0 independent of N and z satisfying Zjvzl Qj <cs
for @Q; = sup.cp, 44, ¢(—2). This is possible by Lemma 2.4l Let R = 261/d. If
x/|z| € K1, |x| = R, and |y| < 41, then
ly + x| < lyl =+ la;] < (Jyl/leD]x] + (60/2)|2] < bol=],
Mz +y+xj+ Br) < cpi(l+|z))
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by ([210). Hence
N
ZQJA (r+y+z; + B1) < cicspr (1 + |z]).
j=1

On the other hand, by Lemma 24 and ¢, € D,

J2 <| S q(—2) < cgexp(—co(do|x(/2) log(do|x[/2)) < crpr (1 + [x])
z|>d0|xz|/2

with some cg, ¢g, and c¢7. Thus we get [2I1) under the condition |z| > R. Hence
it holds without this condition with a suitable choice of ¢s.

(ii) First, suppose that 1 < « < 2, or suppose that 0 < o« < 1 and v is not
one-sided. We have

plz+y) = / q(y — 2)A(z + dz).

a

Let cg = inf|y|<4,, |2|<a ¢(y — 2). Then cg > 0 by Lemma 2.1 Lemma 23] and the
continuity of ¢(-). Thus, if 2/|z| € Ko, || > R, and |y| < d2, then

p(z+y) = csA(@ + Ba) = cseapa(l + [2]).

Next, suppose that 0 < a < 1, v is one-sided and K> C int C,. Recall that
q(z) > 0 for z € v + int Sgp(v) (Lemmas 2.1 and 2.3]) and that

(2.14) Sgp(v) =TI"*C, U {0}
(the closedness of Sgp(v) under multiplication by positive reals in Lemma [2T]).
Choose 19 > 0 so large that K’ = roKs + Ea+62+\’m| C intSgp(v). Let ¢g =
inf,ey 4k q(2). Then cg > 0. If z/|z| € Ko, ] = R1 + 19, and |y| < 62, then
plz+y) = / q(y — 2)A(x + dz) = co\(x — roKa + Ba)
z€—roK2+B

coMx — rox/|z| + Ba) = coA((|x]| — ro)z/|x| + Ba)
cocapa(1 + (|| — 7o) = cropa(l + |z)

VoWV

with some cyp. O

Remark 2.6. Picard [22] studied the density estimates in small time for jump pro-
cesses. In the case of first-class stable processes, his results are essentially similar
to the statements of Lemma 2.5 because of the relation (2.3) with 7 = 0. However,
the arguments in Lemma 2.7 below are not therein, and thereby the relation to the
spectral measure is not discussed in [22].

Let [ be a positive integer. For £9,&,...,& € S9! (not necessarily distinct),
r>0,ycR? let

l
(2'15) I= I(fla & €07y) = /(0 ) Lrgoty+By ergj
,O0 j=1
and

1
2.16 J=J(l,r &y = I(&h,... &1, E° o(d
(2.16) Crem= [ e o]t
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Note that v} (ré® + y + By) = ! J(1,7,£% y) with ¢ being the constant in (1.4).
Denote the smallest linear subspace containing &1, . . ., & by Span{¢y, ..., & }. Define
the set =Z,, with 1 <n <d as

En ={(€1,--6n) 1§ € 577,

2.17
(2.17) j=1,...,n,such that &,...,&, are linearly independent}.

For (&1,...,&,) € En, let P be a isometric linear mapping from Span{&y,...,&,}
to R™ and define D(&q,...,&,) = |det(P&,. .., P&,)| where det(P&y, ..., P&,)
is the determinant considering each P¢; as a column vector in R". Obviously
D(&,...,&,) does not depend on the choice of the mapping P. Define

n

1
(2.18) A, = L D& e jl:[la(dgj).

Next we give some upper estimates of the integral J for £° € T, (n) with 1 < n < d.

Lemma 2.7. Given £° € T,(n) with 1 < n < d, we can find 0 <5 <1 and R > 0
with the following properties:

(i) If &,...,&§ € S, and dimSpan{&;,...,&} < n—1, then I = 0 whenever
ly| < ér andr > R.

(ii) There are constants b > 0, ¢c1 > 0 and ca > 0 determined by «, 6, §, and n,
such that, if &1,...,& € Sy and dim Span{&,...,&} = n, then

l
(2.19) J<ao (n)l(Ho‘)"al@alr(Ha)”An whenever |y| < or/2 andr > R

and

l
(2.20) J < CQ( )la”eralH"‘lr(Ha")a*(r) whenever |y| < 0r/2 and r > R.
n

Proof. Given £9 as above, choose § > 0 so small and R so large that, if |y| < ér

and 7 > R, then (ré® +y+ B;) NI~1CY%(n — 1) = (. This is possible because, for

=1+ y+2zwith |y <rdand |z| <1, we have r(1—0) — 1 < |z| < r(1+8)+1

and

£ r—lz)) +y + 2| c 2041 20+ R
|| Sr(l-6)—-1 " 1-§—RV

B 50‘ -t

and €9 ¢ CY9(n —1).

(i) Assume that dim Span{¢y,...,&} < n— 1. We claim that, if w = 23:1 r;&;
with 71, ...,7 > 0, then w € T~ JFZ] CO(k)U{0}. Indeed, if &, ... , & are linearly
independent, then this is clear; if &1, ..., & are linearly dependent, then we can find
(after change of numbering if necessary) by, ..., b satisfying Z;Zl bjr;&; = 0 and
by =1 2> b; for 1 < j < 1 —1, which implies that w is a linear combination
with positive coefficients of some {£7,...,&,} & {&1,...,&}. We can continue this
procedure until w is expressed as a linear combination with positive coefficients of
some linearly independent subsystem of {&1,...,&}. Now we see that I = 0 from
the definition of I.

(ii) Let |y| < 0r/2 and r > R. Suppose that w = 2221 ri&; € r€® +y+ By.
We may assume that there is l; such that r; > ér/(2l) for j = 1,...,1; and
r; < or/(2l) for j = Iy + 1,...,1 after rearrangement of &;,...,& if necessary.

. l 1
Write yo = 375 1 75&, Y1 = ¥y —y2, and w’ = w —yp = 371 7;&. Then
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ly2| < 0r/2, [ya| <yl + |yl < Or, and w' € 1€ +y + By — g2 = r€® +y1 + Bi.
Thus, w’ ¢ II71CY%(n — 1). Now the property shown in the proof of (i) tells us that
dim Span{¢1,...,&,} = n. Hence l; > n. It follows that I is not larger than

ll n

Sr (1+a)n l d?”j
(n> <2l> ‘/(\9’00)171 H plta »/(G,oo)n Lrgosyi+m Z 738 H drj.

j=n+1"3 j=1 j=1

Denote by V,, the volume of the n-dimensional unit ball. We have
/ Lrgoty, 4B, Z""]é} H drj < 7‘/
(8,00) D(&, ... 6n)

when r; (n+1<j <) are fixed. Therefore, noting V,, < 2™,

(14a)n
J < < > <(;§> Oéf(lfn) afa(lfn) gn Ana

which is written as (ZI9). On the other hand, since {1 > n it follows that I is not
larger than

—a(n— l
1) e 1)(5r> ”/ dr; /°° dry
@ | I o | Sup Loy, (r1é1) —TFa-
(Tl 21 (0,00)t=m \ 7“1-+ a€Rd J (67)/(21) ! T}Jr

j=n+1 "2

We have by (1.6)
o0 dr
sup / U(dﬁl)/ Loy B, (m1&1) Tla
Sd—1 7‘1

a€R? (67)/(20)
o o du
=r~% sup / U(d{l)/ Lot B, (ué1) —ra
a’€Rd J §d-1 5/(21) u
5/@0+2/T g,
g'f'_a sup U(&—i—Bg)/ Tta
gesd-1 S /20 u
20\ 1)
<630[71 <5> T,faflo_* <27;> < C4la+br7a710_*(7,)
with positive constants b, ¢z and ¢4, which implies ([220]). O

Remark 2.8. Let K be a compact set in T,(n). Then we see from the proof above
the constants ¢; and ¢, can be taken uniformly with respect to ¢° € K.

3. PROOF OF THE MAIN RESULTS

In this section, we prove the results mentioned in Section 1 and their corollaries
and remarks by using the preliminaries in Section 2. Then we present some addi-
tional results which give the proper asymptotic orders of the stable densities. We
continue to use the notation of Sections 1 and 2.

Lemma 3.1. (i) There is a constant ¢; > 0 such that
(3.1) Ao+ By) <er(1+|z)~Fo* (14 |z])  forz e RE

(ii) Let € € S9=1. There are constants co > 0 and R > 0 independent of
€0 € S971 such that

(3.2) ArE® + By) = co(1+7) " Mg (1+7)  forr >R
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Proof. (i) Recall (1.4) and see that vz(dr) = 1yz>6y(7)v(dx). Then, for n > 1

and |z| > 2,

n

Vg (@ + By) = ¢ / v, | & | T[] e T o(dér)dry.

(S4=1)m x(0,00)™ j=1 k=1

If 327 rj& € @ + By, then 7y > |z[/(2n) for some | with 1 <1 < n. Thus we see
from (1.6) that

*° d
I/g*(ﬂf+B1) < Cna*(n—l)gfa(nfl) sup / o’(dfl)/ 1a+31 (Tlfl) %
a€Rd J §d-1 |z]/(2n) T

oo du
_.n —(n—l)e—a(n—l) —a d / 1.,
c o |$‘ sup /Sd—l U( fl) 1 /(2m) a’+B1/|z| (Uf[) ulte

a’ R4

1/(2n)+2/|x| d
gcnof(n—l)gfa(nfl)w‘*a sup O'(§—|-B2_n)/ %
gesd-1 = J1y(2n) urre

<636na—n9—a(n—1) (2n)a|x|—a—10_* (ﬂ)
n

<C4c”of"9_°‘("_1)(2n)°‘+b(1 +lz))"* e (1 + |z))
with some positive constants c3 and c4. Hence there is ¢5 such that
Ma+By) <Y e *(n) vy (w+By) < es(1+]a) "o (1+[a])  for x| > 2,
n=1

where a = vz(R?). This proves ([B.I) with some c;.
(ii) Let 7 > 20 + 2. There is ¢g > 0 independent of £° € S9! such that

A(re® + By) > e vz (r® + By)

. oo dr
e / o(dér) / Lot p, (11€1) 75
Sd—1 ] 7‘1

6’“7“’“/ (d€ )/001 (u&1) du
p— 0' —_—
gd—1 ' 0 o+ Be/r Y it

/r
>cge ‘o rT o (&0 + Byyy)
>cge a1 +7) "o (l+ 1),

which implies (3.2). O

Proof of Theorem 1.1. (i) By Lemma 3.1 and (1.6) we can find ¢5 > 0 and ¢g > 0
such that, for any z, 2 € R? with |2| < |z|/2,

Mz+z+By) <c(l+|z+ z|)_(1+a)a*(1 +lx+z]) <cs(l+ |x|)_(1+a)a*(1 + |x]).

Hence, applying Lemma 23 (i) to K; = %! and y = 0, we get (LJ). The second
assertion is obviously true because o*(1 + |z|) < 1 for z € R%.
(ii) By Lemma 3.1 we can find ¢; > 0 and R3 > 0 such that

Mre® + Ba) = cr(1+7)"* Logo(1+7) for r > Rs.
Hence, applying Lemma 2.5 (ii) to Ko = {¢°} we get (1.11).
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(iii) We have K7 C CY. Let us check the assumption in Lemma (i) with
@o(r) = r~41+%)  Namely, we claim that there are cg > 0 and R4 > 0 such that if
£ € Ky and r > Ry, then

(3.3) A€+ By) = cg(1 4 )"0+,
Let €2 € K;. By (1.7) we can find a linearly independent system £7,...,6% in S,
and positive reals aJ, ..., aY such that £ = Z;l 1 aJ . Choose a small relatively

open neighborhood U (ij) of 55») in S?! for each j in such a way that, for every
§ € UE)), j = 1,...,d, there uniquely exist a; > 0, j = 1,...,d, satisfying
£0 = Zj 1 a;&; and that a4, ..., aq continuously depend on {&;}. We have a; = a?
for {¢;} = {{?} For r > 2 let

Vo(re®) =Sy = Zsjﬁj: &G eU(E))and ajr—e <sj <ajr+eforj=1,...,d
j=1

Choose € > 0 so small that V.(r£%) C 7¢° + By. Then, with a = vz(R?), there are

¢cg and Ry such that

Mre® + Br) = e”(d!) " vg (Ve(r€”))
a,r—}-s

@_a(d!)_lcd/ o(dér) - - - o(dq) H/ ;1 ds;
U(£9)x--xU(&9) ajr—e

> Cg’r‘_d(1+a) > Cg(]. +T)—d(1+a)

for all » > Rs. The set C? is relatively open in S?~!. On reflection we see that
there is a small relatively open neighborhood W (£°) of ¢° in S9~! such that we can
find ¢19 and Rg satisfying

A(ré+ Br) 2 cip(1+7)790H)
for all £ € W(£9) and r > Rg. By compactness of K; we see ([3.3]). Now we have
only to apply Lemma (ii).

(iv) This is a one-sided case. Given Ko, ¢g, and d3 with Ko N C, = (), we have
to show (LI3). Let § be the distance between Ky and C,. We have 0 < § < 2.
Choosing 0 < 6 < §/(8¢p), we will apply Lemma 24l Let z/|x| € K3 and |y| < ds.
As in the proof of Lemma 25 (i),

p(xz+y) :/||<5 P q(—z))\(x+y+dz)+/|>6 P g(—2)A(z +y + dz).

Denote by J; and Js the first and the second integral. As before, we have J; <
Zj L QiNz+y+z;+ By) where |z;| < d|z|/4. But (z4+y+z;+B)NIIC, =0
uniformly in y and z; when |z| is large. Indeed, letting |y —¢/| < 1,
Mz +y' +25) = Mo < [lo+y" + a7 = 27 2] + o +y' + a7y + ]
<20 +y + 27y +ay
< (|2 = ol /4 = 1y') 7 (Olxl/2 + 2ly'|) — (1 —6/4)7'6/2 <6

as |z| — oo. It follows from ([2.I4]) that J; = 0 when |z is large. Now we get (LI3)
for large |z| from Lemma 24l If we take the constant ¢4 large enough, it holds
without restriction that |z| is large. (]
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Remark 3.2. A nondegenerate a-semistable process with 0 < o < 2 on R? does
not satisfy (LI0) in general. We give such an example for d = 1. However, it is
noteworthy that the description of the finiteness of the moment of the last exit time
from a ball in Corollary 2.7 of Sato and Watanabe [34] in one-dimensional case is
true for all semistable processes as well as stable processes.

Proof. Let d =1 and 0 < o < 2. We give an example of an a-semistable process
on R which does not satisfy (LI0). Let a > 1 and v = > > a "J4n/a(dz) be
the process’ Lévy measure, where ../ is the d-measure at a™/®. That is, v is a
discrete one-sided measure. In the case of 0 < a < 1, we assume that the drift

of the process is nonpositive. Then the associated a-semistable process does not
satisfy (LI0). Indeed, choose 6 = 1 in the same decomposition {X;} 4 {Yi+2Z,} as
for the stable case. Then ¢ = vz(R) =1/(a — 1) and, letting 0 < e <1l and n > 1,
we have \((a™/* —¢e,a™* 4+ ¢/2)) > e~°ca™™. Note that the density ¢(x) = q(1, z)
of L(Y7) is continous and positive on [0, 00). See Proposition 3.7 of [34]. Thus

a™/%+e e/2
/ p(z)de > / A dA(@ — &, a"® 1 /2)) > caa™
a 0

n/o_g

with some ¢y > 0. Hence, if (ILI0) holds, we have

an/cc_,’_‘s
0 < liminf a”/ p(z)dz < liminf "¢ (a™/® — e + 1) 71792 = 0,

n— oo nja_g n— o0

which is absurd. O

Remark 3.3. Let d > 2.
(i) Suppose that there are £ € S, and ¢; > 0 such that

(3.4) " (1+7r) <croe(l+7) for r > 0.
Then, given §; > 0 there are co > 0 and ¢z > 0 such that
(3.5) ca(1+7) "5 (1 +7) <p(re® +y) < es(1+ 1)~ H o0 (1 +7)

whenever |y| < 0.

(i) Fix s € (0,d — 1). Let £(r) be slowly varying as r — oo and define ¢*(r) =
[ t(u)du/u in case [ f(u)du/u < co. Then we can choose o such that it is
absolutely continuous with respect to m, oo (r) satisfies (3.4), and o¢o (1) =< r~*4(r)
or ogo(r) =< £*(r). In general, A(t) < B(t) means that there are constants 0 < c3 <
cq < 0o such that c3B(t) < A(t) < ¢y B(t) for all sufficiently large t.

Proof. Assertion (i) is obvious from (i) and (ii) of Theorem 1.1. Next we prove
Assertion (ii). Fix s € (0,d — 1) and let £(r) be slowly varying as r — oo. Let
h(u) be a nonnegative measurable function on (0,2] such that A(0+) = oo and
h(u) is bounded on (4, 2] for every ¢ € (0,2). Then we can choose o by o(d§) =
h(|€—£°))m(d€) satistying h(1/r) < r=1=%¢(r). Then we have o¢o(r) =< r=%((r). In
the same way, if [~ £(u)du/u < oo, then we can set o by o(d€) = h(|¢ — £°])m(d€)
with h(1/r) < r¢=1(r). Then we get oeo(r) < £*(r). Moreover, the measures o
fulfill (34) because h(0+) = oo and h(u) is bounded on (4, 2] for every 6 € (0,2). O

Next we observe more precisely both of the best possible and the worst possible
cases as corollaries of Theorem 1.1.
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Corollary 3.4. Let £° € S,. In the case where 0 < a < 1 and v is one-sided, we
make an additional assumption that £° € int C,. Suppose that o({¢°}) > 0. Then,
giwen § > 0, we can find ¢ > 0 and co > 0 such that

(3.6) c1(1+ 7‘)7(1+°‘) <p(ré® +y) < (1 + r)f(Ha) whenever |y| < 4.

Proof. Since lim, o ¢ (r) = o({¢"}) > 0, the corollary is clear from (1.10) and
(1.11). O

Corollary 3.5. Let d > 2. Consider a compact set K C T,(d). Define the set
Zq as g = {(&1,..., &)  det(&r, ..., €q) # 0, & € ST = 1,...,d} where
det(&1,...,&q) is the determinant considering each &; as a column wvector in R,
Suppose that o = Zjvzl oj with N > d where S,, = SN C; with C; being a
nonempty closed convex cone in R? and S,, N Sy, =0 fori # j. Further suppose

that, for any set {k(j)}Y4_, of strictly increasing integers with 1 < k(j) < N,

j=1
1 d
3.7 / T or) ) < .
( ) =4 |det(€177€d)|jr:[1 k(J)( 6‘7)
Then, given 61 > 0, we can find c; >0 and ca > 0 such that
(3.8) cr(1+ [2)) 70T < pa + y) < eo(1+ [af) =T

whenever x/|z| € K, |y| < 1.

Proof. The left-hand side inequality in (3.8) is true by (1.12) in Theorem 1.1 with
K, = K. Let 6 and R be those discovered in Lemma[27 Let |y| < dr/2 and r > R.
By Lemma 27 (i),

Are® +y+Br) =Y e () (re® +y + By).
l=d

Let n = d in the proof of Lemma 2.7 (ii). Then we can express w’ by the convexity
of C;,1<j<N,as

11 lo
w' =) = s
j=1 j=1
where 1 <l </l and s; >0for 1 <j<lpand (€ Sgk(j) for strictly increasing

integers {k(j)}é?zl with 1 < k(j) < N. Hence, by w’' ¢ II-1(C9(d — 1)), we have

li 2 ls > d and we may assume that §; € S for 1 < j < d with {k(j) ?:1 as

above. We have, for [ > d,
vy (re" +y+ Bi) = I, y)

< clc1 (il) l(1+o¢)da—l9—o¢lr—(l+a)dA’

Tk (5)

where ¢; is a positive constant independent of €0 € K and A is the maximum of the
integral in (3.7) in all possible {k(J) ?=1~ Here c is the constant in (1.4). Summing
up in [, we get

sup A(ré® 4+ y + By) < car” M09 Loy (1 4 )~ (He)d

£0eK
with some c3 and cy. Hence, applying Lemma 25 (i) for K; = K and §yp = 6/2, we
get the right-hand side inequality in (B.8]). O
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Proof of Theorem 1.2. The right-hand side inequality is true by (i) of Theorem 1.1
and (1.14). We show the left-hand side. Let £° = ¢ € K in Lemma 3.1. Then we

have .
A B 1
liminf inf (r” + Bs) > ¢z liminf inf M
r—oo ek (L+7)"0F0g(1+r) ~ 7 r=oo goex ¢(1+7)
with some ¢35 > 0. It follows from (1.14) that there are ¢4 > 0 and Ry > 0 such
that

Are® + By) > ea(1+7) "M g(1+7)
for € € K and r > Ry. Thus, letting K» = K and J, = §, we obtain from Lemma

2.5 (ii) that there are ¢; > 0 and ¢ > 0 such that the left-hand side inequality
holds. O

Remark 3.6. Let E be the classical Cantor set with Hausdorff dimension log 2/ log 3
n [0,1]. We identify S* with [0,27) by the usual map & = £(6), 0 € [0,2n). Let
d = 2 and set K = ¢(F) and s = log2/log3 in Remark 1.3. Then we have
Co =&([0,1]) and 8 =14 a + log2/log 3 and the following.

(i) In the case where 0 < a < 1, we make an additional assumption that 0 <
f < 1. If € E, then there are some positive constants ¢y, ¢o, and d; such that

(3.9) (14777 <p(ré@) +y) <ca(1+7)7"  whenever |y| < 6

(ii) If 6 ¢ E and 0 < 6 < 1, then there are some positive constants cs, c4, and
d such that

(3.10) cs(1+ r)_2_2°‘ <p(ré(0) +y) <ca(l+ r)_2_2°‘ whenever |y| < &2

the proof of assertion (ii) is similar to that of Corollary 3.5. In this example, the
surface {(z,y) : y = p(z), € R?} in R? is waving infinitely many times when |z| is
sufficiently large. Thus it is a delicately difficult problem whether all multivariate
stable distributions are unimodal in a certain sense as a natural extension of the
univariate unimodality proved by Yamazato [42]. See also Kanter [I7], Watanabe
[40] and Wolfe [41] for the symmetric case.

Proof of Theorem 1.4. (i) Let 6 and R be those discovered in Lemma 27 Let
ly| < 07r/2 and r > R. By Lemma 2.7 (i),

Are®+y+ By) = Ze—a (I (e +y + By).
We have as in the proof of (3.1), for I > n
V?(Tgo +y+ Bl) = ClJ(l,T, govy)
l
< ClCP, ( >lan+bal0alr(1+an)a* (7,)
n
l
< clc4 <n> lan—i—ba—le—al(l + 7“)_(1+Om)(b1(1 + T)

with some ¢ and ¢4 by Lemma [27] (ii). Here c is the constant in (1.4). Summing
up in I, we get

ArE® +y+ By) <es(L+7) Mg (1+7)
with some ¢5. Thus by Lemma 2.5 (i) we have (1.19).
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(ii) We express £ as €% = 37 ;€ with a; > 0 and £ € S, for 1 < j < n.
Then 377, 7;€;—r€% € By if [rj—ra;| < 1/(3n) and |§;—€9| < (2(a;+1)n(14+r))~".
Hence

)\(rfo +B) > e_“(n!)_lyg*(rfo + By)

N n ra;+1/(3n) (1+a)
—a(, 1\—1.n 0 ] i .
>e *n!) e HlU(fJ+Bm) 1/7‘ ' "
P =

a;—1/(3n)

J
> o ((1 )~ 0F g, (1 4 r))”

with some positive cg for r > a;l(G +1/n), 1 < j < n. It follows from Lemma 2.5
(ii) that, for some ¢4 > 0, (1.21) holds. O

Proof of Theorem 1.5. (i) Suppose that (1.22) holds. Then there are ¢s > 0 and
¢4 > 0 such that

o*(r)= sup o(&+ Byyy) < eam(€+ Byyy) < ear .
gesa-1

Thus we have by Theorem 1.1 (i)
p(x) < e2(1+ |2]) "L+ J2) 7D = ep(1 + faf) T

Let us prove the converse, excepting the case where 0 < a < 1 and v is one-sided.
Suppose that (1.23) holds. Then by Theorem 1.1 (ii) we see that, for any ¢ € S971,

B
lim inf 70(5 + I/T)

. d
minf =G < e lminfp(rer ™t <

with some positive constants cs and cg independent of ¢ € S4~1. Thus we obtain
from Theorem 2.12 of Mattila [2I] that o is absolutely continuous with respect to
m and the derivative do/dm is bounded.

(ii) Let £ € K. For all large r, we have

vz(r§ + B1) = v(r§ + By) = “v(§ + Byyy)

= [ ola) [ term,, (€
§d-1 0
> 1 ero(€+ Biyan) 2 cgr™ (44

with some ¢7 > 0 and cg > 0, using ([L24]). These constants do not depend on ¢ in
K. Hence there are cg > 0 and R > 0 such that

ANré+ By) = e vz (ré + By) > co(1 + )~ 4+ for ¢ € K and r > R.
Therefore we get (L25) from Lemma (it). O
The following remark is of some interest.

Remark 3.7. Let d > 2 and 6 > 0.
(i) If the measure o is continuous, that is, if o({¢}) = 0 for any &€ € S9!, then

(3.11)  liminfr'* p(ré +y) =0  for each £ € S9! and every y with |y| < 4.

The converse is also true except in the case where 0 < o < 1 and v is one-sided.
(ii) Suppose that

(3.12) liminfritep(ré +4) =0  for each £ € S%71 and every y with |y| < 4.

r—00
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Then we have 0 < a < 1, v is one-sided and S, C dC, where OC,, is the boundary
of the set C, in the relative topology on S?~1, and thereby o is singular with respect
to m.

Proof. Assertion (i) is proved as follows. Assume that o is continuous and

lim o*(r) > 0.
Then there are ¢ > 0, &, € 4! and r, > 0 such that ¢, — £ € S% ! and r, T oo
as n — oo and og,, (rn,) = c for any n > 1. Then we have a contradiction :
c< klim limsup o¢,, (1) < klim oe(ri/2) = o({£}) = 0.

Thus, if o is continuous, then liminf, .o 0*(r) = 0 and thereby (3.11) holds
from (1.9). If liminf, .. r!*p(ré + y) = 0 for each & € S9! and every y
with |y| < ¢ except in the case where 0 < a < 1 and v is one-sided, then
o({&}) = liminf, o o¢(r) = 0 for each ¢ € S9! by (1.11).

(ii) Suppose that (3.12) holds for d > 2. Let ¢o(r) = r—(@=1). We have, by using
Theorem 2.12 of Mattila [2I] as in the proof of (i) of Theorem 1.5, that o = 0 except
in the case where 0 < o < 1 and v is one-sided. Next suppose that 0 < o < 1 and
v is one-sided. Then by Theorem 1.5 (ii) with K = {£} C int C, we see that

Bir
limint ZET B g g, any & € int C,.
T—00 ¢2 (’r‘)
Thus we again find from Theorem 2.12 of Mattila [2I] that ¢ = 0 on int C,. The
last assertion is clear from m(9C,) = 0. O

Finally we can give the proper asymptotic order of p(x + y) as |z| — oo when o
is absolutely continuous with respect to m, or when S, is a finite set, or when o is
the sum of such. Let U be a relatively open set in S?~!. Taking Carathéodory’s
theorem into account again, we define

COU,n) ={cec 8t ¢= Z;-L:]_ijj for some ¢; > 0 and §; € U,
j=1,...,n, such that &,...,&, are linearly independent}

for 1 <n<d, T(U,1)=C%U,1)=U, and

(3.14) T(U,n) = C°(U,n)\ CY(U,n — 1)

for 2<n<d If S, = U, then CO(U,n) = C9(n) and hence T(U,n) C T,(n) for
1 < n < d; further in general UZ:l T(U,n) C int C,.

(3.13)

Theorem 3.8. Let U be a relatively open set in S~ and let K be a compact subset
of U. Suppose that, for some ¢; > 0,

(3.15) o(d§) < eym(dE) on U, and o(U°) =0,
and

By,
(3.16) liminf inf 70(5 + Bur) >0 for any K C U.

r—oo (eK r*(dfl)

Assume that €0 € T(U,n) with 1 < n < d. Then, given § > 0, we can find cy > 0
and c3 > 0 such that

(317)  ca(147)" o < pre® +y) < es(L+7) " whenever |y| < 6.
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Proof. For n = 1, the theorem is true by Theorem 1.5. Suppose that 2 < n < d, all
assumptions of the theorem hold and that £ € T(U,n) with 2 < n < d. Then, by
Theorem 1.4 (i), we have the right-hand side inequality with ¢;(r) = r~(4=1. We

can find a linearly independent system £9,...,£% in U and positive reals al, ..., a2
such that €7 = 377 | a9¢9. Choose big Ry > 0, small € > 0, and a small relatively
open neighborhood U(£2) of £ in U for each j in such a way that with y =
ré? — Z?:z i

dx; 0 0 0

v(dzj) > C4W on U(&;) x (r(aj —€),r(a; +¢)),

for 2 < j < nand

(dzy) > ¢332 +B

v(dr) > c5— on
1 5 |4 Y 1

with some positive ¢4 and c5. Further
ral/2 < |yl <2ra) and y+ By C U x (0, 00)

00
for r > Ry and x; € U(£) x (r(a) —¢),7(aj +¢€)) with 2 < j < n. This is possible
thanks to (3.16) and Theorem 2.12 of Mattila [21]. Let

V= U(E0) x (r(a? - £), (0 + )
for 2 < j < n. Then, with a = vz(R?), there are cg, c; and Ry such that
Are® + By) = e “(n)) vy (re® + By)

n

> e‘“(n!)_lcg/ \Z‘1|_(d+a)d$1/ H |$j‘_(d+a)dxj
y+B; Vo XXV,

n j:2
> C7T7d7a7'7a(n71) > 67(1 +7ﬁ)f(d+na)

for all » > Ry. Thus we obtain from Lemma 2.5 (ii) the left-hand side inequality
of the theorem with the notice that Uizl T(U,n) C int C,. O

Lemma 3.9. Assume that S, is a finite set. Let £ € T,(n) with 1 <n < d. Then
there are ¢c1 >0, co0 > 0,0<d <1 and R > 0 such that

(3.18) A€ 4y+ By) < ci(1+7)" A" whenever |y| < 6r/2 and r > R,
(3.19) Are® + By) > co(1 4+ r)~ 9" whenever r > R.

Proof. Let 6 and R be those discovered in Lemma 27 Let |y| < dr/2 and r > R.
By Lemma 27 (i),

Are® +y+Br) =Y e () (re® +y+ By).

l=n

We have

v (re® +y + By) = I, €0, y)

< C163 < l > l(1+a)naflafalr7(1+oz)nAn’
n

by Lemma 2.7 (ii). Here c is the constant in (1.4) and A, is finite. Summing up in
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l, we get
Mré® +y+Bp) < cqr— (Hem < c1 (14 7‘)7(1+°‘)"
with some ¢4 and ¢;.
To get the lower bound, we have only to use the proof of Theorem 1.4 (ii). O

The following result is related to the works of Hiraba [12], [13], and Byczkowski
et al. [5]. Note that C, = Ui:l T,(n) in the case where S, is a finite set.

Theorem 3.10. Suppose that S, is a finite set. Assume that £ € T,(n) with
1 <n <d. In the case where 0 < a < 1 and v is one-sided, we assume in addition
that £€° € int C,. Given § > 0, we can find ¢c; > 0 and ¢ > 0 such that

(3.20) c1 (14 r)_(1+“)” <p(ré® +9) < (1 + 7‘)_(1+°‘)" whenever |y| < 0.

Proof. Use Lemma[3.9l Then apply Lemma 235l for a one-point set K; = Ko = {£0}.
The lower bound is also obtained by Theorem 1.4 (ii). (]

Remark 3.11. Let K be a compact set in T,,(n). Then the assertion in Theorem
B.I0 is true uniformly with respect to £ € K. In order to convince ourselves of
this, we have only to reexamine the proof of Lemma and Remark 2.8.

We conclude this section by considering the two-dimensional case (d = 2).

Lemma 3.12. Suppose that d = 2. Assume that o = Zjvzl oj, 1 <N < oo, with

So1y- > Sy being disjoint, each S, is a closed interval (not a one-point set) in
S, and there are 0 < a; < bj < 0o such that
(3.21) a;m(d§) < o;(d§) < bym(de) on S,

Then, given 6, > 0, we can find ¢y > 0 and ca > 0 such that, for any £° € S, (if
1<a<2orif0<a<1 and o is not one-sided) or for any £° € S, Nint C, (if
0 < a<1ando is one-sided),

(3.22) e (147)"CF) < p(re® + ) < ea(1+7)" %) for |y < 6.

Moreover, given a compact set K C C9\ S, and §; > 0, we can find c3 > 0 and
cq > 0 such that

(3.23) e3(1+ T)7(2+2a) < p(r§0 +y) <ea(l+ 7")*(2”0‘) for & € K, ly| < d.

Proof. The condition (1.26) is satisfied for U = int S, and K = S,. Hence the
estimates in ([B.22)) are consequences of Theorem The estimate from below in
(3Z3) follows from Theorem 1.1 (iii). Let K be a compact set in C2\ S,. Note that
CY9\ S, = T,(2). Thus we see from Theorem 1.4 (i) that the estimate from above
in (3.23) is true with ¢1(r) = r~! and n = 2. The constant c, is taken uniformly
for ¢€° € K thanks to Remark 2.8. O

It is still hard to give the proper asymptotic order in the case where o is a
mixture of an absolutely continuous part and a discrete part. However, we can
show them for d = 2.

Theorem 3.13. Suppose that d = 2. Assume that there are nonnegative integers
Ni and Ny such that

N N»
(3.24) o(dé) =Y cxbe, + Y 0;(dE),
k=1 j=1
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where ¢, > 0 for all k, &,...,&N, are distinct points in S*, &, is the 6-measure
at &k, o; is m-absolutely continuous for each j, Sq,,...,Soy, are disjoint closed
intervals (not one-point sets) in S*, and there are 0 < a; < bj < oo such that

(3.25) a;m(d€) < oj(d§) < bym(dg) on Sy,
Further assume that Ny > 2 or No > 1. Let Py, = {&1,...,&n, }. Let € € S4=1. If

0 < a <1 and o is one-sided, we assume that €0 € int C,. Let § > 0. Note that
Cy =P, U (S, \ P,)U(CI\ Sy). If €° € P,, then we can find ¢c; > 0 and cz > 0

such that

(3.26) c1 (14 r)_(1+°‘) <p(ré® +9) < (1 + r)_(1+°‘) for |y| < 6.
If €% € S, \ Py, then we can find cz > 0 and c4 > 0 such that

(3.27) cs(1+ r)7(2+a) <p(re® +y) <ea(1+ r)7(2+a) for |y| < 6.
If €% € CO\ S,, then we can find c5 > 0 and cg > 0 such that

(3.28) es(1+7) "2 < p(re® +y) < (1 +1) "2 for [y| < 0.

Proof. Hereafter c1,ca,... are positive constants. For ¢ € P,, ([3.28)) is true by
Corollary [341

Assume Ny > 2 and No > 1. Let €2 € S, \ P, and |y| < §. Let us prove
B27). Denote the first and the second term in the right-hand side of ([3.24]) by
o4 and 0, respectively. Let {X{} and {X2°} be independent a-stable processes
such that {X;} £ {Xd+ X2} and the o-measures of { X3} and {X2} are equal to
o and 0%, respectively. They are nondegenerate. Let pd(x) and p**(x) be their
continuous densities at time 1. Then
(3.20) P4y = [ P 4y - )i

i

In the same way, we decompose {Z;} as {Z;} 4 {Z3 + Z2}. Let A4 and \*° be
the distribution of Z{ and Z3¢. Then, as in the proof of Theorem 1.5 (ii), there is
R > 0 such that

Are® + By) = e N(re + By) > co(1 + 7“)_(2+a) for r > Rj.

This gives the lower estimate by Lemma 2.5 (ii) with Ky = {¢°}. Next, let us show
the upper estimate. When £° € T,a(2), choose a small 0 < &; < 1 such that if
€Y — 2| < 17, then z/|z| € T,a(2). This is possible as in the proof of Lemma
271 When 0 ¢ T,a(2), choose 0 < &; < 1 such that if |ré® — 2| < &7, then
z/|z| € Cya (note that £° ¢ C,a since Cpa \ C% C S,a = P,). Write 829) as
p(ré® +y) = I + I, where

I = / P (re®+y—2)p(2)dz, I = / P (re’ +y—2)p'(2)dz.
|r€0—2|<817 [r€0—2|>817
If € € T,a(2), then
p(2) <es(L+12) 720 oy (14 7) 720H)

for |r€% —z| < 617 and for large r, by Theorem 3.10 and Remark 310l If €0 & T,,4(2),
then
pd(z) < C5ef|z\log|z\ < Cﬁefrlogr
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for [r£0 — 2| < 817, by Theorem 1.1 (iv). Thus we have I; < c7(1 +7)~20+) On
the other hand, Ir < cg(1 4+ 7)~ 3+ since

P +y—2) <eg(1+7)~ 3

for |ré% — 2| > 617 with large 7, by Theorem 1.5 (i). Thus we get ([3.27).

Still keeping the assumption that Ny > 2 and Ny > 1, let us next prove ([B.28))
for €Y € C2\ S,. The lower estimate follows from Theorem 1.1 (iii). To get
the upper estimate, let I, Is, and I3 be the integral in ([B:29) with domain of
integration changed to {z: [r€® — 2| < 617}, {2: [r€° — 2| > 817 and |z| < a7}, and
{z: |r€% — 2] > 617 and |z| > dar}, respectively, where §; > 0 and J5 > 0 are chosen
sufficiently small. Then we can check I; < ¢;(1 +7)~2+2%) for j = 1,2, 3. Indeed,
for j = 1 this is by the same discussion as in the case where ¢ € S, \ P,. For
j = 2, we consider two cases, £0 € C%. and £° ¢ CV... In the first case we can use

pac(rfo+y—z) < C4(1—|- ‘Tfo _Z‘>—(2+2a) < 65(1+T>—(2+2a)

for large r by Lemma B.I2 letting I1(r&° — 2) € CY..
can use Theorem 1.1 (iv). For j = 3, notice that

Prre” +y = 2) S eo(1+ e — 2)) ") Cep(1 4 1)+
for large r by Theorem (i), and that
(3.30) P(|W1| > s) < const (1 +s)™¢ for s >0

\ Syac. In the second case we

for any a-stable process {W;} on R%, to conclude

Is < er(1+ r)*(”a)/ p(2)dz < e3(1 +7)~ (32,
|z|>827

The estimate ([B30) is well-known in one dimension and, for general d, can be

reduced to a one-dimensional case by considering components.

It remains to prove (3.27) and ([B.28) in the following three cases: (1) Ny > 2
and N =0, (2) Ny =1and N2 > 1, (3) N; =0 and N2 > 1. Case (1) is treated
by Theorem B0l The case (3) is done by Lemma 312l In case (2), with the choice
of 74 = 0, there is a straight line V' through the origin such that the distribution
p of X{ is concentrated on V, thus p(ré® +y) = [, p**(ré® + y — 2)p(dz), and we
note that dis (r€°, V) = ¢yr with some ¢; > 0 if € ¢ P,. Thus the proof is similar
to the case of Ny > 2 and Ny > 1. O

4. APPLICATIONS TO STABLE PROCESSES

We study implications of our results on the asymptotic estimates in the set T
below and in the Spitzer type limit theorems mentioned in the last paragraph of
Section 1. Let X = (Q,F, F, X4, 0¢, P*) be the standard (Markov) process in the
sense of Blumenthal and Getoor [4] induced by a Lévy process {X;} on R?. That
is, P*(X; € B) = P(x + X; € B) for any * € R% ¢ > 0, and Borel set B. The
symbol E* stands for the expectation under P*. Denote the dual process of X by
X = (Q,F, Ft, X4, 04, ]3’5) Let T's be the hitting time of a Borel set B defined by
Tp = inf{t > 0: X; € B}, where we understand T = o if X; ¢ B for all ¢ > 0.
Let Lp be the last exit time from an open set B, that is, L = sup{t > 0: X; € B}.
Let B, = {z: |z| < r}. The process is recurrent if and only if Lp = oo a.s. for
all » > 0; it is transient if and only if Ly < oo a.s. for all » > 0. Recall that, in
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general, A(t) =< B(t) means that there are constants 0 < ¢; < ¢o < oo such that
c1B(t) < A(t) < c2B(t) for all sufficiently large t¢.

Lemma 4.1. Let {X;} be a transient Lévy process on R?. Let n > 0. Then one of
the following is true:

(4.1) E°[Lp. " < oo forallr >0
(4.2) E°[Lp, " =00 forallr > 0.

This is Theorem 2.8 of [33]. Given a transient Lévy process on R%, denote

(4.3) T={0}U{n>0: (&I is true}.

The bigger this set ¥, the stronger a degree of transience. The process {X;} is
called strongly transient if 1 € %; it is called weakly transient if 1 ¢ T. Hawkes
[I1] and Takeuchi [37] are early works on the moment of the last exit time for a
symmetric Lévy process. Strong transience is important in the theory of the range
of random walks. See Jain and Pruitt [15]. After Sato [29], [30], the set T has been
studied in detail by Sato and Watanabe [33], [34]. In [33], they obtained a criterion
for n € ¥ for a general transient Lévy process and discussed the relation with the
moment of the last exit time from a half line for a one-dimensional random walk.
This had been studied by Janson [I6] and Kesten and Maller [I§]. Dawson et al.
[6] investigated the application of the set ¥ in branching systems. The following is
Lemma 2.3 of [33].

Lemma 4.2. Let {X;} be a transient Lévy process on RY. Let n > 0. Thenn € T
if and only if

(4.4) / t"PY[X; € By]dt < oc;
0

n € % if and only if

(4.5) / t"PY[X; € By]dt = co.
0

Let us remark the following fact ([32] Theorems 37.8, 37.16, 37.18).

Lemma 4.3. Let {X;} be a nondegenerate a-stable process on R%. Ifd > 3, then it
is transient. If d =1 or 2, then it is recurrent if and only if it is first-class a-stable
with d < a < 2.

Define Ep(t) for t > 0 as
(4.6) Ep(t) :/ P*(Tp < t)dx.
R4

Asymptotic expansion of Eg(t) as t — oo for a bounded Borel set B has been
a subject of research in many papers since Spitzer [36] in 1964 for a transient
Brownian motion. Later Le Gall [T9] extended Spitzer’s results by determining the
more exact order of the asymptotic expansion conjectured by M. Kac in a footnote
of Spitzer [36]. Assume that the original Lévy process {X;} on R? is transient and
nondegenerate. Let C'(B) be the capacity for a Borel set B. We have 0 < C(B) < oo
for any bounded Borel set B. See Port and Stone [26], Sato [32], Chapter 8, and
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Bertoin [2], Chapter 2. Fix a nonnegative continuous function f(x) with compact
support, f(0) >0 and [, f(z)dz = 1. Let

(@.7) r(t) = /t " ds [ @B r(x) o

We have r(t) < oo for t > 0 because of the transience. In the following, let B be a
bounded Borel set in R?. In the case where X; has a purely singular distribution
for every ¢ > 0, we make an additional assumption that P*(Tg = Tinp) = 1 for
almost every x. Let

(4.8) pp(r) = P*(Tp < c0), pp(z) = P*(Tp < ).
If 1 € T, then [, p(x)pp(x)dr < co. Define

(4.9) AY(t) = Es(t) — tC(B)

and

(4.10) AD(t) = Ep(t) — tC(B) — /R @p(x)ps(r)dr.

The following lemma is a result obtained by a series of works [36], [§], [23],
[24], [25], [26]. Assertion (i) is given in Theorem 14.2 of [26] and assertion (ii)
is in Lemmas 3.1 and 3.3 and Theorem 1 of [25] with (3.19) and (14.13) of [26],
respectively. See also Proposition 6.2 of [34].

Lemma 4.4. (i) If 1 ¢ X, then
(4.11) AP @) = (C(B))Q/O r(s)ds + o (/O r(s)ds) .t — oo
(ii) If 1 € T and

. r(t/2)
(4.12) r(-) € D, that is, igg 0 ,

then
(4.13) A2 (1) = —(c(B))? /:o r(s)ds + o (/too r(s)ds) . t— oo

Sato and Watanabe [34] obtained the set ¥ for all transient a-semistable pro-
cesses with d = 1 and classified all transient a-semistable processes into weakly
transient and strongly transient. Port [23], [24] completely studied the asymptotic
order of Ag)(t) when 1 ¢ T and partially did that of Ag) (t) when 1 € ¥ for
transient a-stable processes. See also Sato and Watanabe [34] for a-semistable
processes. Now the case in 1 € ¥ where we do not have a proper order of Ag) (t)
is the same as for the set ¥, that is, d > 2, 1 < a < 2 and second-class with
o({—7/|7]}) = 0. Combining the following lemma and our estimates in Sections 1
and 3, we can find that the set ¥ and the proper asymptotic order of Ag) (t) as
t — oo delicately depend on the direction of —7/|7| in relation to the location of
S, in this case.

Lemma 4.5. Let {X;} be a nondegenerate transient second-class a-stable process
on R? with 1 < a < 2 and o({—7/|7|}) = 0. Assume that d > 2 and that there are
B=21+a,c>0,c0>0 and R >0 such that

(4.14) a(l+r) P <pl—rr+y) <e(l+1)7  forr>R, [y <L
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(i) If 1 < a <2, then

(4.15)  T=[0,d/a+(1—1/a)8—1) and — AR (t) = 2-d/e-0-1/a)5
(i) If « =1, then

(logt)=F+1 for d = 2,

4.16 T=1[0,d—1 d — AP =
( ) [ I an 5 () t2=(logt)~" ford=>=3

Proof. For any n > 0, it follows from Lemma B2 that [~ ¢7~'r(t)dt < oo if and
only if n € T. We prove (i). Suppose that 1 < a < 2. We have by (2.3)

/ dfc/ (s,x)ds =< t'~ d/a=(1-1/e)B t — oo,
|z|<1

and hence ¥ = [0,d/a+ (1 —1/a)f — 1) and
/ r(s)ds = t2~4/o—(1-1/e)8 t — oo.
t

Now use Lemma 4.4. Next we prove (ii). Suppose that a = 1. We have by (2.3)

/ dx/ (s,2)ds = (logt) Pt~ (4=1), t — oo.
|z|<1
Hence ¥ = [0,d — 1] and

> logt)~A+1 for d =2
/ r(s)ds < (log?) io o ’
¢ (logt)=Pt—(d=2) for d > 3.
Then use Lemma, 4.4. O

In the following propositions, assume d > 2, 1 < a < 2 and that our stable
process {X;} is second-class.

Proposition 4.6. Suppose that the assumptions in Theorem 3.8 are satisfied for
our process { X}
(i) Ifl<a<?2, and —7/|7| € T(U,n) with 1 < n < d, then

(4.17) T=1[0,d+n(a—1)—1) and -— Ag)(t) ~ 42—d—n(a—1)
(ii) If « = 1, and —7/|7| € T(U,n) with 1 < n < d, then
—1—n _
(418) T=1[0,d—1] and —AP ()= (logt) ford =2,
2= 4(logt) " ford>3

Proposition 4.7. Assume that S, is a finite set. By Theorem 3.10, we have the
following:
(i) Ifl<a<2and —7/|7| € T,(n) with 1 <n < d, then

(4.19)  T=[0,d/a+(a—1/a)yn—1) and — AD(t) = 2-d/a-(a=1/an,
(ii) If a =1 and —7/|7| € Ty (n) with 1 < n < d, then

(logt)—2n+1 for d =2,

(4200  T=[0,d—1] and —AF ()= {t d(logt) 2" ford=3
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Proposition 4.8. Suppose that the assumptions in Theorem B.13 are satisfied for
our process { X} with d = 2. Note that Cg \ S; =Cy\ Ss.
(i) Assume 1 < a < 2.
1) If —7/|7| € P, then
(4.21) T=[0,a+1/a—1) and —Ag)(t)xtzfafl/a.
2) If —7/|7| € So \ Py, then

(4.22)

(
(
T=100,a) and - Ag) (t) < tt=e,

(3) If —7/|7| € CY\ S,, then

(4.23) T=1[0,20—1) and — AP @)=

(ii) Assume a = 1.

(1) If —=7/|7| € Py, then

(4.24) T=100,1 and —AD(t) = (logt)™.
(2) If —7/|7| € S5 \ P, then

(4.25) T=00,1 and - A2 ()= (logt) 2.
(3) If —7/|7| € C2\ S,, then

(4.26) T=100,1 and —AD(t) = (logt)~>.

The final proposition shows that the asymptotics of Ag)(t) can be more delicate
than those of Lemma 4.5 in a certain special case.

Proposition 4.9. Let {(r) and £*(r) be slowly varying as in Remark 3.3. Suppose
that d > 2, 1 < a < 2 and second-class, and further £&° = —7/|7| satisfies (3.4) and
(3.5) with oo (r) < r=*4(r) and 0 < s < d — 1 or with o¢o(r) < £*(r).

(i) Assume 1 < o < 2. Thenn € T if and only if [~ gn—(d=l/azag, (=) dt

< 0.
(1) If oeo(r) < r=%(r) with 0 < s < d — 1, then

(4.27) —AD) () x 2-(d=D/ama=(1=1/a)s yy1-1/a
(2) If oco(r) < £*(r), then

(428) _Ag)(t) - t2—(d—1)/o¢—a€*(t1_1/a).

(ii) Assume o =1. Then T =[0,d — 1].
(1) If oeo(r) < r=%(r) with 0 < s < d — 1, then

9 (logt)~1=*¢(logt) ford =2,
(4.29) APy =0
t*~*(logt) {(logt) for d > 3.
(2) If ogo(r) < £*(r), then
(logt)~1¢*(logt) for d =2,
(4.30) APy =00 S
t*~%(logt)~“¢*(logt) ford > 3.
Proof. Proof is similar to Lemma 4.5 by using (2.3). O
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We add some final remarks on the set ¥.

Remark 4.10. Let {X;} be a nondegenerate second-class transient a-stable process
withd>2and 1 <a<2.

(i) Suppose that —7/|r| € CY%. Then T C [0,da — 1) for 1 < o < 2 and T =
[0,d — 1] for a = 1.

(ii) Suppose that there is ¢ € D such that

Bir
lim inf M >0 for any £ € S,.
r—oc @(r)
If —7/|7| € Uizl T,(n), then T = [0,d — 1] for & = 1 and ¥ is bounded for

l<a<?2.
(ili) If —7/|7| € Cy, then ¥ = [0, 00).

Proof (i) If —7/|7| € C2 for 1 < o < 2, then we see from (iii) of Theorem 1.1 that,
for n > da — 1,

/ dx/ t"p(t,x)d cl/ gn—d/a—(1-1/e)d(1+e) g —
lz|<1 1

with some ¢; > 0. Thus ¥ C [0,da — 1) for 1 < o < 2 by Lemma 4.2. The proof of
¥ =1[0,d — 1] for @ =1 is similar by using Theorem B (i) of [34].

(ii) Let « = 1 and —7/|7| € U T,(n). By Theorem B (i) of [34], we have
¥ D [0,d — 1]. Since ¢ € D, there are B > 0 and cg > 0 such that
dp(1+7)>co(1+7)"B for r > 0.

By Theorem 1.4 (ii) we have, for n > d — 1,

/ da:/ tp(t, x)dt = / dx/ t"Ip(t 1z — (logt)7)dt
lz|<1 1 lz|<1 1

203/ "4 (logt) Bt = o
1

with some ¢3 > 0. Hence ¥ C [0,d — 1] by Lemma 4.2. Let 1 < o < 2 and
—7/|7| € Ud_T,(n). Then we see that T C [0,ad + (1 — 1/a)Bd — 1) as above.
The proof of (iii) is similar by using (iv) of Theorem 1.1. d

The complete study of determining the set ¥ and the proper order of Ag) (t)
for the transient stable process is still far from us. The situation is more difficult
for transient semistable processes. A result of Ishikawa [14] suggests that there
might be an essential difference of the asymptotics of Ag)(t) between stable and
semistable processes. We finish this article by posing a natural conjecture related
to Proposition 6.3 of [34]. Let {X,;} be a transient Lévy process. Define two indices
ay for 1 ¢ T and as for 1 € T as

AR
=inf{c>0: hgnsup ti() < oo}
and @
—-A
as = sup{c > 0 : limsup %() < 00}

t—o0
Then we conjecture that if T = [0,b] with 0 < b < oo, thena; =1 —bfor 1 ¢ T
andap =b—1forle%.
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