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We study asymptotic behavior in time of global small solutions to the quadratic nonlinear
Schrodinger equation in two-dimensional spaces id;u + (1/2)Au = N'(u), (t,x) € RxR?;
u(0,x) = @(x), x € R?, where N'(u) = Z?_k:l(Ajk(8Xju)(8xku)+ujk(6xjﬁ)(axkﬁ)), where
Ajk,Hjk € C. We prove that if the initial data @ satisfy some analyticity and smallness
conditions in a suitable norm, then the solution of the above Cauchy problem has the
asymptotic representation in the neighborhood of the scattering states.

2000 Mathematics Subject Classification: 35Q35.

1. Introduction. We consider the large time asymptotic behavior of small analytic
solutions to the Cauchy problem for the derivative nonlinear Schrodinger equation in
two-dimensional spaces

10U + 1Au =Nw), (t,x)eRxR?,
2 (1.1)

u(0,x) = p(x), xeR?

with quadratic nonlinearity

2

N = > (Ajwe(0x,u) (B, 1e) + e (25,7) (3w, 7) ), (1.2)
Jk=1

where Ay, ujx € C. In [8], we proved the global in time existence of small analytic
solutions to the Cauchy problem (1.1) and showed that the usual scattering states
exist. In [3], a global existence theorem of small solutions to (1.1) with Ajx = 0 was
shown in the usual weighted Sobolev space by using the method of normal forms by
Shatah [12]. In the present paper, we continue to study the asymptotic behavior in
time of solutions to the Cauchy problem (1.1) and obtain the asymptotic expansion of
solutions in the neighborhood of the scattering states.

We use the following classification of the scattering problem. If the usual scattering
states exist in L? sense, then we call the scattering problem a super-critical problem.
If the usual scattering states do not exist and the L2 norm of the nonlinearity decays
like Ct~%, then we call the problem a critical one, when § = 1 and a sub-critical one,
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when 0 < 6 < 1. The problem under consideration is classified as super-critical since
the usual scattering states were shown, in [8], to exist in L. In [10], the asymptotic
expansion was obtained in the neighborhood of scattering states for small solutions
to the nonlinear nonlocal Schrodinger equations with nonlinearities of Hartree type

N =u(t,X)deIX—y|’5|u(t,y)|2 (1.3)

in the super-critical case 1 < 6 < n. The critical case 6 = 1 was treated in [13], where the
asymptotic expansion of small solutions in the neighborhood of the modified scatter-
ing states was obtained. In the case of critical power nonlinearity N (1) = |1|%u in one-
dimensional spaces, the asymptotic expansion of solutions was constructed in [11]. In
[5, 6], the sub-critical scattering problem in one-dimensional spaces was studied for
the nonlinear Schrodinger equation with power nonlinearity N (1) = t1-9|u|?u and
Hartree type nonlinearity (1.3) with 0 < § < 1. Roughly speaking, they used the asymp-
totic expansion in the neighborhood of the final states to the transformed equations
for the new dependent variable

t
w = FU(—t)u(t) exp (iL =5 | FU(—t)u(t) |2dt> (1.4)

(in the case of the power type nonlinearity).

Thus the asymptotic expansions of solutions to the nonlinear Schrédinger equa-
tions were studied extensively in the case of the nonlinear terms without derivatives
of unknown function and satisfying the gauge condition (i.e., having the self-conjugate
property N(u) = e~ N (e??u) for any 0 € R). The present paper is concerned with the
derivative nonlinear Schrédinger equations which do not satisfy the gauge condition.
The presence of derivatives in the nonlinear term implies the so-called derivative loss
and the absence of the gauge condition makes it difficult to estimate the norm involv-
ing the operator $ = x + itV, which plays a crucial role in the large time asymptotic
behavior of solutions to the nonlinear Schrodinger equations. To overcome these ob-
stacles, we use the analytic function spaces AL"’” defined in (1.9) and the operators
P=x-V+2to; and 2 = x - V +itA.

To state our result precisely, we now give notation and function spaces. We de-
note 0y, = 0/dx; and 0% = v 0vZ, where & € (N U {0})%. We define the following
differential operators #? = x - V + 2to;, 2 = x - V+itA, § = x + itV and the vec-
tor Q = (QUK);x_12), where the operators QU = x;8; — x4d, act as the angular
derivatives. These operators help us to obtain the time decay properties of the linear
Schrodinger evolution group

U(t)Pp = ﬁ J‘e“/”)("*y)zcb(y)dy _ g—le—<it/2>§zg¢, (1.5)

where F¢p = p(&) = (1/2m) [e i*'E p(x)dx denotes the Fourier transform of the
function ¢(x), and F! is the inverse Fourier transformation defined by F1¢ =
P(x) = (1/21) [e*" 8 P (E)dE. Note that the free Schrodinger evolution group WU ()
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also can be represented as W(t) = M(1)D(t) FA(t), where M(t) = exp(ix?/2t), the di-
lation operator is (% (t)¢)(x) = (i/t)¢p(x/t), then the inverse free Schrodinger evolu-
tion group is written as W(—t) = —M(—t)iF1D(1/t)M(~t), where D1 (t) = —i%(1/t)
is the inverse dilation operator. We define the extended vectors I = (?,Q,V), T =
(P+2,Q,V),and 0 = (2,Q, V). We have the following relations:

Q=P =2itL=9-V =Ut)xU(-L) -V =it M(E)VM(L) -V, (1.6)
where JL(t) = ei¥*/2t, ¢ = i3, + (1/2) A. The commutation relations

[9,V]=[?,V]=-V, [2,9]=[®F]=,
[2,9]1=[Q,2]1=[Q,2]1=0, [, F1]=6", 1.7)

where 6}") =1if j =k and 6}") = 0if j # k are used freely in the paper. We denote the
usual Lebesgue space by L” (R?) with the norm [|¢ I, = (J2 [ (x) [Pdx)1/Pif 1 < p < o0
and |||l = esssup{|¢p(x)|;x € R?} if p = . For simplicity we write || - || = || - [|2. The
weighted Sobolev space is defined by

Hp"H(R?) = {¢p € L7 (R?) 1 [[(0) (iV) ™[, < oo}, (1.8)

where m,k € R*, 1 < p < o, (x) = V/1+x2. We write for simplicity H™*(R?) =
Hg”‘k([Rz) and the norm ||} |lmk = [l llm,k2. Now we define the analytic function space

||
{“LZ‘RZ pllag = > Z" ||r“+ﬁ¢||<°°} (1.9)

[Bl=m &

where the vector I' =T'(t) = (?,Q,V), b = b(t) = by + (a—by)(log(e+t))Y,0 < by <
a <1, y > 0 is sufficiently small. Similarly, we write

|x]
{d)ELZ([RZ) Ipllzm = > Zb |r“+5¢||<oo} (1.10)

[Bl=m «&

Here the summation is over all admissible multi-indices «. We often use the summa-
tions convention if it does not cause confusion. By [s] we denote the largest integer
less than or equal to s. Let C(I;B) be the space of continuous functions from a time
interval I to a Banach space B. We denote different positive constants by the same
letter C. We introduce the following functional spaces

Xp = {u € C(R;L*(R?)); llullx, < o},

(1.11)
Yy = {u € C(R;L2(R?)); sup [u(t)lly, < o},
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where

lullx, —sup\lu(t)IIAs +supt” 3 I u®ll
lyl<1

a
e 3 [Clerullg plaee 3 [Tlergrally 2L

lyl=1 lyl=1,lol<1

lox]
+ suptl’z” Z b—|||8t%0u(—t)l"‘)‘Vu(t)H00

— (1.12)
+ 2 J Z ||3td*’0u( BT (8)|[£27 124,
151<3

lu®lly, =@+ > P grefu)|l,y
[Bl+lyl=<1

[ox|
DY EZb [0 FU(~)T Y ©%u (t)]],

lyl+lol<1 &«

where n > 0 is sufficiently small. We define the constants {b,} such that
O<bp<by1<---<by<byg<ac<l. (1.13)

Let uo(t) = W(t)u* with some final state u* € L? and u,(t), n = 1,2,..., be the
solution to the final problem for the linear Schrédinger equations
n-1

Fuy = Z N(unfl—msum); (1.14)

m=0

such that lim; .. u, (t) = 0 in L2, where ¥ = i9; + (1/2)A and

2

N, @) = D (Ae(Bx;b) (B, ) + i (B, B) (3w, ). (1.15)
jk=1

From [8] we see that if the initial data ¢ € A3 are such that Xjp e A2 for j=1,2 and
the norm ||(p||A§l + Hxlqa\lAé + HXZCPHAEL = ¢ is sufficiently small, then the final state
u* € A,, where by < a; < a, hence ug € Yp, and IIu—uollybO <Cé&t v forallt=1,
where w € (0,1/2).

Now we state the main result in this paper.

THEOREM 1.1. We assume that the initial data @ € A3 are such that x;p € A2 for
j=1,2 and the norm ”‘DHAZ + HxlcpHAé + ||x2(p||Aa = ¢ is sufficiently small. Then there
exists a unique global solution u(t,x) € Aim of the Cauchy problem (1.1). Moreover,
the estimates

lun(®lly,, < Cpe™itT™ n=0,1,2,... (1.16)

and the asymptotics

< Cpe™it™w pn=1,2,... (1.17)
Ybn

n-1
Wm—Zmﬁ)

m=0
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are valid for all t = 1, where w € (0,1/2) and

n -1 2n
Cn=C(n+1)2"<n<logbb ) ) , (1.18)
Jj+1

j=0
where C is a positive constant independent of n and b;.

We assume in Theorem 1.1 that 0 < a < 1. This ensures that the function space A2
for the initial data is not empty, as in [1, 2], we can see that our result is valid for the
initial function ¢, which has analytic continuation ® to the domain

n: {ZE(CZ; Zj:Xj+iyj, xjeR, -C; - |xj|tan9 <yi<C+ |xj|tan9,j: 1,2},
(1.19)

such that

”n |®(2) |*dxdy < oo, (1.20)

where 9 € (0,77/2),sin9 = Cp, and C;,C> € (a,1). For example, we can take 1/(1+x*%),
e~* as the initial data for the Cauchy problem (1.1).
Denote ug (t,€) = u* (£) and

THURIIES St etl (84 U (8 ISR DR It

m=0 J.k=1 iT
) (1.21)
1S E\ = 2,,dT
T4 Unn-1- m( 2) (t __> Z ujkgjgkj MR iT’
m=0 Jk=1

COROLLARY 1.2. Let the conditions of Theorem 1.1 be fulfilled. Then the following
asymptotics in L? sense

n—-1
FU(-D)u(t) =u*(€) + > uj (L, +0 (™) (1.22)
j=1

are valid for large time t = 1, wheren = 1,2,....

For the convenience of the reader we now give the outline of the proof of Theorem
1.1. As in [8] we apply the operator FU(—t) to (1.1) to get

i0,FU(~t)u = I(t,€) +R(L,E), (1.23)

where

2
1(t,§)=ilt D (kDo E* (FU(—1) 0 u) (FU(—1) D, u)
Jk=1 (1-24)

+ kD2 E® (FU(=1) 0y u) (FU(=1) Oy 1)),
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E = ¢'¥/2 and R is a remainder term since in [8] we proved the estimate ||R| <
Ct 173 <1 10%ull?, © = (Q,Q,V), 0 <w < 1/2. Then we show that the first term
of the integral [I(t,€)dt is also convergent in view of the oscillating factor E. Roughly
speaking, in [8] the following estimate was shown:

Hu(t)||<||u(1){|+CJ e N jlecu|fdr. (1.25)
lal <1
Similarly, we have
Stfum| = > |[(TPu) (1)||+CJ > jecrfull’dr. (1.26)
[Bl=1 IBI=1 lal<1,|Bl=1

However, the right-hand sides of (1.25) and (1.26) contain an additional operator © (de-
rivative loss with respect to derivative ©). This is the reason why we used the analytic
function spaces involving generalized derivative I', enabling us to get an additional
regularity with respect to operator I', hence we obtain the estimate

b(1)Bl
wzq (B)! IPPu(t)]| < Ce. (1.27)
Similarly, we have
> =< B Hl"Bu(t)—l"Bu(s)||<CE |t|~v (1.28)

1Bl

for all t > s > 0. The last estimate implies existence of the usual scattering states
u*. Method of analytic function spaces involving usual derivatives was used by many
authors (e.g., see [4, 9]) and analytic function spaces involving the generalized deriva-
tives was used in [7]. By the definition of u, () we have with &£ = io; + (1/2)A

n-1 n-1 n-1 n-1 n-1
SB(u— > um) —N(u— > Uum, D um) +N( D umu— > um)
m=0 m=0 m=0 m=0 m=0

(1.29)
n-1 n-1
+N<u D Umu— > um> +R,

where R is the remainder term since |Rlly, < Cen*2|t|~1-n+Dw 1p Section 3, we
will prove that the other three terms are estimated by C&"*!|t|~1="¥ in the norm
Yp,..- Then via the inequality

|
n -1
Ireully, < (ﬂ(logh”l) ) lully,, (1.30)

for any || we obtain the desired result.

The rest of the paper is organized as follows. In Section 2, we state some preliminary
estimates concerning the analytic functional spaces A}'. Section 3 is devoted to the
proof of Theorem 1.1 and Corollary 1.2.
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2. Preliminary estimates. We summarize some lemmas proved in [7, 8], which are
necessary to prove the theorem.

LEMMA 2.1. Let p € A7, then
lplizmr < e”’ll(b\lALw, (2.1)

where

[ex|
AZ”‘”={¢>6L”([R2) Ipliamr = . Zb IIF“+B¢>IIV<°°}

[Bl=m «&
2.2)
= {qb eL”(R*); I plixmr = Z llr“*%\l < oo}
[Bl=m «& al
and2 <p < .
LEMMA 2.2. The following commutation relations are valid:
l _qal-1 I _ -1
[0k, 9x, | =105, [9h04] = —1951
Plg= > P, Pl = D Gr-DMo @t
O<m<l O<m<l
O<m<l O<m<l .
Qi{jxkaxj = z (_l)mclzmax_]ﬂi' i"’;” Z (_1)m+lC12m+lakui‘Ji‘z1 1’
0=<2m=l 0<2m+1=l
D o e D W G A
0=<2m=l 0=<2m+1=<l
where C]"* = l1/(L—m)!m! is the binomial coefficient.
LEMMA 2.3. The estimate
1FV pllsmp < C > ||lex quAmn (2.4)
|x|=1
is true.
LEMMA 2.4. The inequalities
C1llax; pll ymr = z z—HaXJr“%H < Gol[0x; bl g,
C1H}xjd)||Amn < z Z ngjrowti(j)H +H¢)||Amp (2.5)

< Co(IIgx,bllazr + 1l g )

are true for all t > 0, where C1,C> > 0.
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We define the evolution operator
V(t)p = F e 2Gp = 5 J ~it/2)(E~ y)z(l)(y)dy (2.6)
and K = FMU(—t). By a direct calculation we see that
V(=t) (V') =Dy BV DV (=), 2.7)

with @, = (1/v)p(E/v) and E = ei'& /2, where v # 0. We need the following lemma
to get the decay estimates of the solution for large time.

LEMMA 2.5. The estimate
|V EYY D (V (=vt) — 1) () (Hy)]|
+|Dy EYY D () (V(=vi) = 1) (K ) |

(2.8)
<cemt S lgbllIlgPwll
lx|<1,|Bl<1
is valid for all t > 0, where v = 0, n > 0 is sufficiently small.
3. Proof of Theorem 1.1. We consider the linear Schrodinger equation

n-1
Fuy = Z N(“YL*I*M!“M)' (3.1

m=0

Since u( (t) is a solution of linear Schrodinger equation it is easy to see that ||uo ()|l Yo
< Cpe. Then by induction we assume that

lu;(Olly, <Cie/™'tl7Y, 0<j<n-1. (3.2)
J

Multiplying both sides of (3.1) by XI'**%, where ¥ = FMU(—1), we get

PeHT* 0y,

_ 2 (3.3)
:lt Z Z S kel S (ARE@EY f)HTY g + a3 (HTor £ )HTg),
m=0B<xy<s Jk=1

where $g = id; + (1/2t%)Ag, f = f"“ﬁaxjun,l,m, g =TPox um, Cch = /- p)p,
|6] < 2. Applying the operator V' (—t) = -1 (t)F to both sides of (3.3) we obtain by
virtue of identity (2.7)

10/ V (—t)HTOu, (1)

— 2 —
=it Z > > CICk Y V(—t) (ARE T £)HTY g+ pjE (HT6-Y f )TV g)
m=0y<6B=<«x Jk=1
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- 2
L Z S S CICE S (Ap@ BV (—20) (UTOY f)HTY g
tm= Oy=<6B=«x k=1

+ U Do EOV (2t) (#To-y £ ) ATV g).
(3.4)

Then we write the identity

IV (=2t) (HTOY f)HTY g
= (V(=20)KTOY F)V(=2t)KTY g — (KT g) (V' (=2t) — 1) (KoY f) (3.5)
— (V(=20)HTOY ) (V(=2t) = 1) KTV g + (V' (=2t) = 1) (KT®~Y f)HTY g.

By Lemma 2.5, we have the estimate
|92 B2 (V' (=2t) = 1) (KT £)HIY g]|

+ |92 E? (KT g) (V' (=28) — 1) KT £|

<C|t|n12 ( ng}UfO’ny) (l ZIH}UD’gH).

(3.6)

Thus we can rewrite (3.4) in the form

10V (—)HT ™ Puy ()
- 2
7% Z >SSk S (Ajk@gEZ(V(—t)%f‘s’yf)ﬂ/(—t)%ryg
m=0y=<dp=«x J.k=1

+ D ES (V (—0) KTy f )T (—0) ATV g) + Ry (1),
(3.7)

where the remainder term R;(t) can be estimated by virtue of (3.6) and Lemmas 2.1,
2.2, 2.3, and 2.4 as follows:

bn |ex|
>Ry

04

\tx\
< C|t|n-32 Z ZZZ Gy C it ( > llgore- ny> > llgorg||

m= B=«x o! lol<1 lo|<1

< C|t|n3/2 Z 2 N107unam@®llaz > 1107 umD)llaz (3.8)
m=0]o|<1 "lol=1 ’
2
n b -1 n-1
SC|t|n3/2<H (logb—1> ) z ||un—1—m(t)HA2 ||’I/Lm(t)HA2
i Jj+1 _ bp—1-m bm
Jj=0 m=0

m=0

n -1 2 n-1
(1—[ (log ) ) ( s Cnlmcm) gn+l|p|n-3/2-(n-1w
-0 bJ+1
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Since
n—-1 n-1 n-1-m b\l 2(n-1-m)
Z Cn1-mCm < Z (n—m)Z("IM)( <log . ) )
m=0 m=0 j=0 bj
2m
m b -1
x(m+1)*"| ] (log—J) (3.9
j=0 bj+1
n-1 bj _1 2(n-1) )
< <log ) (n+1)="
j=0 bj+1
we have

« (3.10)

o S\
s () (bn) ™ ) IR, (1)) <C<H(logb ) ) (n+1)2ngn+1|¢|n-3/2-(n-Lw

< CnEnH |t|n—3/2—(n—l)w_

By virtue of the identity ¥ (—t)% = F-1LUFFMU(—t) = FU(—t), we have i&V(-t)X =
°V(—t)f7{axj. Hence by (3.7) we get

10;FU(—)T* 00, (1)
1= 2 . ~
=7 Z > CICh Y (Ao ERE (FU(-0) 95 T ) FuU- )T g
m=0y<6p=<« J.k=1
~pjk Do ESE; (FU(—1)3x 1 Toy £ ) FU—DTV g ) +Ry (D).
(3.11)

If |6—y| < |yl we exchange f and g in the right-hand side of (3.11). By virtue of the
equality EY = (1 + (it/2)v&%)~10; (tEV) we obtain the identity

iEv:at( PEY )_ E'qd ,  1+itvg’
L+ (it/2)vE2) 1+(it/2)vE2  ¢(1+ (it/2)vE?)

S pEY. (3.12)

Therefore, we get from (3.11)

i0,Y = Ry, (3.13)
where
V¥ = FU(— )% Ou, (1)
n-1
+ > > 4
m=0y<6pf=«
2 , (3.14)
&,E* 16—y %
Xj,kZ:1 (/\Jkébzl+ T (Fu(- 0o T f)FuU-nrrg
+ujk@_zlfgit§2(%<—t>ax}f5Yf)%w—t)rm),
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Ry =Ri+37_,1; and

2 2
x > (Ajk@ZM”E)Zgj(ﬂu( 03 T f)Fu-nrrg
k=1

jr (1+it&?)
(1+6it&?)ES ] S
D 28 )2 e (G (—1) 9 Ty £ )FU(- DIV g |,
K2 (1 1 3ite2)? (7 i )
n-1 2 2
iE
Iz—*,l Cg’Cg > Ajk@zlgj. 5
i m=0y<df=<x J,k=1 + ltE (3.15)
X ((atm(—t)a;}fts-w)gm(—t)wg
+ (FUC-D) T faFu-1 g),
1 n-1
I3 =—— Z UikD 2 — 5
it m:Oyg(sBso( Jk 1 1+31t§2

x (2 FU(—1) 35 To-v £ ) FUC-)T7 g

+ (FU-1)2: [ T6Y £ )3, FU(- DTV g).

By Holder’s inequality, the identity $; = WU(t)x;U(-t), and Lemmas 2.1, 2.2, 2.3, and
2.4 we get the estimates

Itxl

Z L@l
-3/2 = B(bn) & 176
<Cit132 Y S Sk > |t
m=0 X B<x : J.k=1 \|6]=<2

x > V(-0ATY gl
lyl<1

(3.16)
scue S sy cptn” ( > ox) f‘SfH) 1

m=0 & B<«x
xS ( > ||§“r¥g|l“’> > llgerrgll”
lyl=1 \lol=1 lol<2
< CnEnH |t|—3/2—(n—1—m)w—mw+(l—mw)n

< Cn5n+1 |t|n—3/2—(n—1—mn)w
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for |6] < 3. In the same way we obtain

5 ) o+ o)

X

<Clt|™1? Z > > C(sCa )_ml

m=0 & B<aly|<1

2
X X ([eFu-0)a T fll[|Fu-01 g,

jk=1
+Hatgou(*t)wgllmH@“u(*t)a;,lf‘s’yfl\)
(3.17)
b lx|
<Clt|7? Z z n)
m=0 &
x(em“tmw > |[aFu-nt 2, 1 )|
16]<3
+gnm || em-w Hat@m(—t)rwwm(t)\’)
y=1
< Cn5n+l |t|n—3/27(n—1)w.
In view of (3.10), (3.16), and (3.17) we have the estimate
x|
z%nz@(tm < Cpen g1, (3.18)

04

Multiplying both sides of (3.13) by ¥ (t), integrating with respect to the space variables,
and taking the imaginary part of the result, we obtain the inequality (d/dt)||¥(t)|| <
IR2(t) ], hence

I0<I

|w<t>||<z(b" IRo(0)]] < Cue™ e (3.19)

X

d
w2
Then integration with respect to t in view of (3.18) yields
||un(t)||A%' < Cpe™tip|7mw, (3.20)

Applying the operator $, to both sides of (3.1), we get

2
LI T 0un = D) Y CYCh Y (An (T f) J I g +itA (0,10 )T g
y<5B=«x Jk=1 (3.21)

+ i (T £) $, TY g — it i (35, 10V f)I7 g )

hence by the classical energy method, via the inequality

164, 6) @) = S10IOWI, (3.22)
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and Lemmas 2.1, 2.2, 2.3, and 2.4 we obtain

(b)) d
Z ! E

| F, TP (1)]| < Cp™*H (g~ 1/2- (1w (3.23)

for |8| < 1. Multiplying both sides of the last inequality by t~!~7 and integrating with
respect to t, we have

D P un (g = Cag™ eI (3.24)
\y\:1 n
By the identity u = Qu + 2itN'(v), and Lemmas 2.1, 2.2, 2.3, and 2.4 we see that
n-1

Hglun”A;]n = ||9)”nHA§,n +C 2 Hﬁlun—l—m|lA;,nH9uml|A;n
m=0 (3.25)

< ||97>un||A%’ + Cpe™t |t v,
Therefore, by virtue of (3.24) and (3.25) we get

IS [19Y0%un (02 < Cag™ T (3.26)
lyl+181=1 "

In the same way as above by virtue of (3.11) and (3.26) we obtain
(bn)\ﬂd
e > > e e T U= T un (1) || < Crg™ e T (3.27)
st o &
By (3.20), (3.26), and (3.27) we have the first part of the theorem
lun(®)lly,, <Cae™tI™"™ (3.28)
for any n € N. We next prove the last part of the theorem by induction. By the defini-
tion of u, (t) we have with £ = id; + (1/2)A

n k-1

sf(u > um) =Nw,u) =D > N(ug-1-m,um) =1 +R, (3.29)
m=0

k=1m=0
where
n-1 n-1 n-1 n-1
I=N u—Zum,Zum +N Zum,u—Zum
m=0 m=0 m=0 m=0

(3.30)
n-1 n-1
+J\/‘(u— D Umu— um)
m=0 m=0

and R consists of quadratic nonlinearities involving uyu; and it t; with k+1 > n. We
have

iatg«m(—t)r“+5<u— > um> = FU(—)T* P (I +R). (3.31)
m=0
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In the same way as in the proof of (3.7) we estimate

FU-TON (P, @)

z > N clck Z (A k@2 E2 (FU-)TY f)FU(-1)[Y g

m 0y<dB=<« J.k=1
+ U D2 ES (FU(—)T6 £ ) FU—DIV g) +R3 (1),

f= lN""‘*Banqb, g =T#d,, . We have by (3.10) and the fact that by, < by,

||
>Rl =i S orgwlly S 07wy -

& lol<1 "ol<1
Hence by the assumption and (3.28)

(bn-*-l)‘al o+ n+2 I-(n+DHw
> s ) jipassy ) = cpen ol

We also have by (3.28)

Z (b%HF‘X*ER(t)H < CHuk(t)ul(t)HYb < Cngn+2|t|—lf(n+1)w_

04

Thus in view of (3.28), (3.31), (3.32), (3.34), and (3.35) we obtain

< Cn5n+2 |t|—1—(n+l)w

Yo,
which yields the second part of the theorem. Theorem 1.1 is proved.
PROOF OF COROLLARY 1.2. By (1.1) we have

2
iat@%(—t)u(t):% > (AjD2E2E; (FU—1)u) FU(—1) g u
J.k=1

— U D 2 EOE; (FUC—D)u ) FAU(— 1) I u ) + R (1)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

and the property of the solution of (1.1) we see that ||[R|| < Ce2|t|~1"¥!. In the same

way as in the proof of Theorem 1.1 we have
[|FU—t)u(t) —u* (5)|| < Cre |t vL.

By the definition of u we see that

FU(—t)u(t) —u (€) = —i
J.k=1

J J"El/zmg St (g)ﬁ@)
2.

1
4,

TMN TMw

quE3/2dT§ gkw( %)ﬁ(— %) +1,

(3.38)

(3.39)
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where
2 [2\
I:,% kz L SIKEV2 (Far(—t)u) (t,i)dTEJEk
Jk=1
2
1 ZJ “JkE3/2 GFu(-t)u)’(t,- g dT&;&
4Jk:1 2
- (3.40)
1 Aikprzgre e () uv (&
13 [ deseerse (3
18 Hik g3/ T 8\ =(_¢
12 J rrarggac (5w (-5).

Jik=1

From (3.38) the L? norm of I is estimated as ||I(t)|| < Ce3|t|~2%. Therefore we get

Hﬂu( t)u(t)—u+(§)+f z j Ak p12 g, gkw(E)ﬁ(E)

2 2
(3.41)
+— J quEB/ZdTE Emd*(—%)ﬁ(—g) SC3E3|t|72w.
We iterate this procedure to get
lFuoum - @
1 n -1 2 A /\
+ZZ > J JkEl/szE Ekul mlt, g Ui t,g
I=1m=0j,k=1 (342)
1 n -1 2 —
HES S e )5
1=1m=0
< Cn+1€n+2|t|—(n+1)w
with ag(t, &) = L/LT(E). This completes the proof of Corollary 1.2. |
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