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Abstract. This work is concerned with systems of coupled partial differential equa-
tions (known as Kolmogorov backward equations) for continuous-time Markov processes
featuring in the coexistence of continuous dynamics and discrete events. Arising from
state-dependent switching diffusions, distinct from the usual Markovian regime-switching
systems, the generator of the switching component depends on the continuous state. One
of the main ingredients of our models is the two-time-scale formulation. In contrast to
the work on Kolmogorov forward equations in the existing literature, new techniques are
developed in this paper. Although they originate from probabilistic models, the methods
are analytic. Two classes of models, namely, fast-switching systems and fast-diffusion sys-
tems, are treated. Under broad conditions, asymptotic expansions are developed for the
solutions of the systems of backward equations. These asymptotic series are rigorously
justified and error bounds are obtained.

1. Introduction. This work is concerned with systems of coupled partial differential
equations with two-time scales. They are known as systems of Kolmogorov backward
equations, which arise in switching diffusions. The motivation stems from recent advances
in the study of regime-switching diffusions and from the needs of emerging applications
in wireless communications and financial engineering, where continuous dynamics and
discrete events coexist and are intertwined. One of the distinct features is: The jump
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process is not Markov, but rather, the switching component has a generator Q(z,t)
depending on both the continuous state x and the time ¢. That is, the switching process
is not homogeneous in time and is coupled with the continuous dynamics. For some
recent results on switching diffusions, we refer the reader to [16].

In many applications, to reduce computational complexity is a major concern. Here,
in light of the different rates of changes, we treat two distinct cases, namely, the fast-
varying switching and the rapidly-changing diffusion. In the first case, although the
discrete component lives in a finite set, the set is rather large owing to various mod-
eling considerations for complex systems and random environments. As a result, one
often has to treat a large-dimensional system of partial differential equations. Aiming
at reducing the computational complexity, by introducing a two-time-scale formulation,
we may divide the large state space of the discrete component to subspaces such that
the interactions within each subspace are frequent, but the jumps from one subspace to
another are relatively rare. Lumping the states in each subspace into a single super-state
leads to a reduced system. Corresponding to the reduced system, the total number of
Kolmogorov PDEs is substantially less than that of the original one. Thus, we achieve
the goal of reduction of complexity by aggregating states and by taking appropriate av-
eraging. In the second case, the diffusion part has two diffusion processes. One of them
is fast varying, whereas the other is slowly changing. Suppose that we are interested in
finding the optimal controls of a suitable cost function for this switching diffusion. It is
difficult to solve the problem directly due to the different time scales and the interactions
of the continuous dynamics with that of the discrete events. Nevertheless, under suitable
conditions, the fast-varying diffusion does not blow up, but it has an invariant measure.
As a result, it may be viewed as a noise and can be averaged out with respect to the
invariant measure leading to a limit system. We can proceed to use the optimal control
of the limit system (assuming that it has an optimal control) to construct controls of the
original system. This leads to near-optimal controls of the original systems with reduced
computational effort.

For both cases, to circumvent the difficulty, we realize that not all “states” change at
the same speed. Some of them evolve in a fast pace and the others change slowly. An
effective way of handling the underlying systems is to successfully bring out the intrinsic
time-scale structure. In both cases, a central issue is that the limit turns out to be an
average with respect to invariant measures. For some of the recent work on two-time-scale
modeling using diffusions without switching, we refer the reader to [4], where stochastic
volatility was modeled by use of the fast-slow diffusions. Most recent results dealing with
backward equations of diffusions without switching can be found in [7]. The works on
systems of forward equations for switching diffusions can be found in [5] [@].

In this paper, our approach is constructive. Not only do asymptotic series provide
the convergence to the solution but also rates of convergence together with uniform error
bounds. The novelty of the current paper compared with [B [6] includes the following
aspects. (1) In both [B] [6], the switching takes place in an irreducible finite set, whereas
the switching is allowed to evolve in several irreducible classes in this paper. (2) The
solutions of the forward equations are probability measures, whereas those of the back-
ward equations are functionals. To facilitate the analysis, new techniques are developed
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in this paper. (3) For the forward equations, the probabilistic nature enables us to use
the orthogonality (with respect to the invariant measure) directly, whereas in this paper,
we need to bring out certain orthogonality from tangled information. We note that the
asymptotic expansions constructed will be of utility for many control and optimization
problems of large-scale and complex systems.

To proceed, the rest of the paper is arranged as follows. Section 2 starts with the
formulation of the problem. Section 3 is concerned with systems of backward equations
involving fast-varying switching processes. That is, compared with the continuous dy-
namics, the discrete component evolves an order of magnitude faster than that of the
continuous counterpart. In Section 4, we consider the case that the diffusion compo-
nent varies much faster than the discrete events and becomes the dominating force. For
both Sections 3 and 4, we construct asymptotic expansions of the solutions of systems
of backward equations. Our constructive methods provide us with a step-by-step pro-
cedure. After obtaining the formal asymptotic expansions, we derive the error bounds.
This enables us to show that the asymptotic series so constructed are uniformly valid
with the desired uniform error bounds. Section 5 provides illustrations of our results and
makes additional remarks to conclude the paper.

2. Problem formulation. Consider a switching diffusion that is a Markov process
Y'(t) having two components, a continuous component X (¢) and a switching component
a(t). We assume X (t) and a(t) take values in a compact set and a finite set, respectively.
For simplicity, we take X (¢) to be one dimensional and the compact set to be a unit circle.
The state space of the process Y () = (X (t),a(t)) is X = S x M, where S is the unit
circle and M = {1,...,m}. By identifying the endpoints 0 and 1, let = € [0, 1] be the
coordinates in S. Suppose b(-, -, ) : [0,1] x M x [0,T] — R and o(-,-,-) : [0,1] x M X
[0,T] — R. The dynamics of the process can be represented by the following stochastic
differential equation:

dX(t) =b(X(t),a(t),t)dt + o(X(t), a(t),t)dB(t), (2.1)
together with a transition law for the second component «(t),
Pla(t+ A) =La(t) =k, X(t) =) = qre(x, ) A+ 0(A), k€ M, (2.2)

where o(A)/A — 0 as A — 0. In the above, B(-) is a standard real-valued Brownian
motion, and Q(z,t) = (gre(z,t)) is an = and ¢ dependent generator for the switching
process satisfying for each k,¢ € M and k # ¢, qre(x,t) > 0, and for each k € M,
theM gre(z,t) = 0. In this paper, the symbol ¢/’ is reserved for the transpose of a
vector or a matrix throughout the paper. Associated with (21 and (2.2]), there is an
operator £ defined by

Lz, tyu(z,t) = (Li(z, )u(z, 1,t),. .., Li(z, t)u(x,m,t)), where

1 0? 0 (2.3)
Ly (z, )u(z, k,t) = ia(x,k;,t)—u(x, k,t) +b(z, k, t)—u(z, k, t), keM,

Oz oz
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u(z, k,t) is a real-valued function for each k € M, u(z,t) = (u(x,1,t),...,u(z,m,t)) €
R™, and a(z, k,t) = o*(z, k,t), k € M. Consider the following system of equations:

—%U(I, k7t) = Ek(Iﬂf)’UJ(.I, ka t) + Q(xvt)u(x7 7t)(k)7 k € Mv
w(z, k,T) = g(z,k), ke M,
where for each k = 1,...,m, u(-,k,-) € C*%(]0,1] x [0,7)) (twice continuously differen-

tiable with respect to # and continuously differentiable with respect to t), and

Q(z, t)u(x, -, t)(k) = Z qre(z, t)u(z, £, t).

LeM

(2.4)

System (24) is the well-known system of Kolmogorov backward equations.

3. Rapid switching. Let ¢ > 0 be a small parameter, o°(-) be a jump process

t ~
with state space M and Q(z,t) be of the form Q°(z,t) = % + Q(z,t). Henceforth,
we relabel the states of M so that M = M; U M5 U --- U M; U M,, where M, =
{811y ++s8um, }, for ¢ = 1,..., 1l and M, = {Ss1,..., Sem, }- In what follows, we will use

s,; withe=1,...,l,*and y=1,...,m, to denote a state in M, and we often use k € M
to indicate that k is one of the s,,’s. This convention will be used throughout. Assume
that Q(x,t) is of the form:

Q' (x,t)
Olx,t) = t . (3.5)
Q(x,t) Lz,t) Qu(w,t)

Denote
u(z,t) = (u¥(z,8,,t) 0 sy €M, 1=1,... 1% 3=1,....m,),

/

g(«fﬂ):(g(I,S”)i SZJEM7 ZZI,...,Z,*, ]:15"'amz)-

Then system (Z4) has the form
—%us(x, t) = L(z,t)u’(x,t) + Q°(x, t)u(z, 1), u(x,T) = g(z). (3.6)
We make the following assumptions.

(Al) For eacht1=1,...,1,t €[0,T], and each = € [0, 1], @’(x,t) is weakly irreducible
in that for any + = 1,...,0 and = € [0,1], v*(z,t)Q"(z,t) = 0, v*(z,t)1,,, =
ZT:H I/J’(x,t) = 1 has a unique solution, which is termed a quasi-stationary
distribution. Denote v*(z,t) = (v} (x, ), v4(x,t),..., vk (z,t)) € R™ and 1, =
(1,...,1) e R™.

(A2) For some positive integer n, Q(-,-) and Q(-,-) € C2(+2:n+2([0,1] x [0, T]). That
is, @(, -) and @(, -) are 2(n + 2)-times continuously differentiable with respect
to z and (n + 2)-times continuously differentiable with respect to ¢.

(A3) For each t € [0,T] and z € [0,1], Q. (x,t) is Hurwitz (i.c., all of its eigenvalues
have negative real parts).

(A4) Foreach k € M, g(-, k) are periodic in x with period 1 and g(-, k) € C2(**+2)([0, 1]).
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(A5) For each k € M, a(-, k,t), b(-, k,t) are periodic in & with period 1 for all t € [0, T]
and a(-, k,-),b(-, k,-) € C2+2):m+2([0, 1] x [0, T7).
3.1. Construction of asymptotic expansions. For convenience, we use a stretched vari-

able
T—-1
= 3.7
- (3.7
which magnifies the details of the solution near the terminal time 7. Denote
5 (z,t) = (D (v, k,t) s k=5, 1=1,...,0,% 3=1,...,m,),
Ve (2, 7) = (U5 (@, k,t) s k=5, v=1,...,0,*% 3=1,...,m,)".
We aim to approximate the solution u®(x,t) of (8:4) by
o7 (x,t) + ¥r (x,7), where
O° (2,t) = Zajqu(a:,t), Ve (z,7) = Zajz/}j(:t,T). (3.8)
Jj=0 j=0

In constructing the asymptotic expansions, to obtain the desired estimates, we need
to compute a couple of more terms. Substituting ®$(z,t) for i = 0,...,n + 2 into ([24)
and equating coefficients of powers of €?, we obtain:

Qe 061(2,1) = — g0l 6) — (£+ D)z (1),

(3.9)

Gl ) (2.) = — 2 u(,1) — (£ + Q) (s )il ),

ot

fori=1,...,n+2, where L(z,t)¢;(x,t) = (Lr(z,t)di(z, k,t) c k=5, 0=1,...,1,% 3=
1,...,m,) . Likewise, substituting ¥;(z,7) for i < n + 2 into ([B.6]), we obtain

% Zajwj(x, )| = Z gl (Qv(:t, T—er)+e(L+ @)(:v, T —er));(z,7).  (3.10)

Jj=0 Jj=0

For simplicity, we denote the jth-order partial derivative w.r.t. ¢t by f (j)(:c, t) = %

in what follows. By means of the Taylor expansion, we have

i@(j)(;E’T)(_ L

;!
7=0
it () R
e(L+Q)(x, T —eT) = Z Ch Q)j, (@,1) (—er)? + Ri_1(z,e1),
j=0 '

where R;(z,e7) = O(e'*!) and R;_1(x,e7) = O(¢"?) uniformly in = € [0,1] for any
7 > 0. Equating coefficients of powers of ¢’, for i = 0,1,...,n + 2 and using the Taylor
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expansions above, we obtain

w = @(l‘, T)o(z, 1),
O 8(f D Qo () + (~7@W (@, T) + (£ + Q)(@,T)) (=, 7),
o) _

= Qz, T)¢i(x,7) + ri(z,7),

4 — S —r QU (@, 1) _r ifj—1(£+@)(ifjfl)(ﬂ%T) (z.T

3=0

(3.11)

From the terminal condition, we derive ¢o(z, T) + 1o(x,0) = g(x) and ¢;(z, T) +;(z,0)
=0, for i > 0. Therefore, we obtain

Yo(z,7) = exp(Q(z, T)7)(g(x) — QZSO(vaT))v
Vi(z,7) = —exp(Q(x, T)7) i (z, T) —I—/O exp(Q(z, T)(1 — 8))ri(x, s)ds, for i > 0.
(3.12)

Denote

Lpn,
L(z,t) = : (3.13)
d*(z,t) ... d'(x,t)

where d*(z,t) = —Q;(z,t)Q"(x,t)1,,,, for 1 =1,...,1. In what follows, we will prove
the smoothness of ¢; for 0 < i < n+2 and the exponential decay of ¢; for 0 <i <n+1,
which implies the desired error bound by Lemma

LEMMA 3.1. The solutions of the equation é(x,t)(b(x,t) = 0 are given by ¢(x,t) =
1(z, t)B(z,t), with B(x,t) = (BYx,t),...,H (x,1)) € RL More precisely, é(z,t)
is of the partitioned form ¢(z,t) = ([¢'(z,t)]',...,[0"(z,1)],[¢*(x,1)]")" such that
¢ (z,t) € R™>! and ¢*(z,t) € R™*! satisfy ¢*(z,t) = B*(z,t)1,,, and ¢*(z,t) =

Yoy B, ) (x, ).
Proof. Let ¢(z,t) = ([¢*(z,1)]',. .., [¢"(x,1)]', [¢* (2,1)]') be a solution of the above

equation. Then for any ¢+ = 1,...,I, Q*(z,t)¢*(x,t) = 0 and Zi:l @i(az,t)gb’(x,t) +
Qu(e,1)¢" (2,1) = 0. Thus ¢ (2,t) = 3,y =B(x,)Q: (2, ) Q% (w,6) L, and ¢'(x,) =
B*(z,t)1,,,. The lemma is proved. O
Denote
I/l(aj,t) 01xm,

v(z,t) = (diag(ul(x,t), .. .,l/l(I,t),Ole*)) = ,
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L, vi(2,T)

P(a) = 1(T)v(z,T) = ) . (3.15)
d*(z, T)v (z, T) ... dl(azr,“T)Vl(,:zr,T) O, xm.,

LeEMMA 3.2. For each + = 1,...,[, suppose that @’(x,T) is weakly irreducible. Then
there exist constants C' and 7 such that |exp(Q*(z,T)7) — L, v*(x,T)| < Ce™ 7.

Proof. See [14, Lemma A.2]. O

LEMMA 3.3. There exist positive constants v and C such that

|exp(Q(x,T)r) — P(x)| < Ce™ 7, for all T,

where |A] is the matrix norm (e.g., |A| = maxi<,<m > yeq |are])-

Proof. Tt suffices to show for all z € R™*! Hexp(Q(:v,T)T) - P(x)}z‘ < Ce 77zl
Given z = (2',...,25,2%) € R™ set y(x,7) = (y'(z,7),...,¥ (z,7),v*(z, 7)) =

exp(Q(x, T)7)z. Then
Wy, v (2, T) 21

P(x)z = Ly, v (2, T) 2
!
Z d'(z, T)v*(x,T)z"
1=1

and y(z,7) is a solution to

WED _ Qe i)yl 0) ==

It follows that

!
dy*(z, T ~ . ~ . . )
ra a(z G T )+ Y @ T ), 0) = )
1=1
and for:=1,...,1,
dy? X, T ~ . . .
WD _ G yen.  v@0==

Then y*(x,7) = exp(Qu(w, T)T)2"+ 31, J) exp(Qs (2, T)(7—5))Q% (x, T)y'(, 5)ds, and
for cach v =1,...,1, y*(x,7) = exp(Q"(z, T)7)z". By Lemma B2

‘yz(xﬂ—) - Ilmzyz(‘%T)ZZ' = |eXp(C§Z(CC,T)T) - ]lmzyz(va)Hzll < Ce 7 |Z|

Since Q. (z,7) is a Hurwitz matrix,

égl(x,T):— /Ooexp(@*(x,T)s)ds——/(:exp(@*(x,T)(T—s))ds—/ooexp(@*(:zr,T)s)ds.

0
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608 D. T. NGUYEN anp G. YIN

Therefore,

!
v (z, 1) — Z d*(z, T)v'(x,T)2" = exp(Q,(z, T)7)2*

=1

- N ~ - )
+ Zl/o exp(Q«(z, T) (T — $))Q%(z, T)y" (, S)dS+ZQ;1(ZE, T)Q(z, T) 1y, v (z,T)2".

=1
Denote the first two terms by Ag and A, respectively, and denote each element of the
sum in the last term by A, for ¢« = 1,...,1 respectively. Then |Ag] < Ce 77 |z| and

|As| < C [T e % |2lds = Ce 77 |z|. Moreover, owing to Lemma B2, for each 1 =
LU A < Cl2| fy e T8 e ds = Cre™ 7 |2| < Ce 7 |2], for some 0 < 7 < 7.
These inequalities lead to the desired result. O

3.2. Leading term ¢o(x,t) and zero-order terminal layer term 1o (x, 7). Since, in view
of B3), Q(z,t)¢o(z,t) = 0, we derive from Lemma B that ¢o(z,t) = L(z,t)8o(z,t).
For a suitable function f(z,t), f(z,t) = W Then ¢o(x,t) = L(x,t)Bo(x, t), so

Q)1 (1) = =L (x, 1) fo(x,1) = (£ + Q). 1) (Uw, 1Yol 1)) < Boa. 1), (3.16)
By definition, v(x,t)Q(z,t) = 0 and v(z,t)1 = I, € RI*!, the [ x [ identity matrix with
v(z,t) given in ([B.I4). Multiplying both sides of equation [B.I0) from the left by v(z,t),
we obtain
Bo(z,t) = —v(x, t)(L+ Q)(x,t)(1(x,t)Bo(z,t)). (3.17)
In view of BI2),
Yoz, 7) = exp(Q(x, T)7)(9(x) — ¢o(,T)). (3.18)
We demand that ¢o(z,7) — 0 as 7 — oo. Letting 7 — oo in (BI8]) and noting that
exp(Q(z,T)7) — P(x) with P(z) given in (3.I5)), we obtain

P(x)o(z,0) = 0. (3.19)

Multiplying both sides from the left by v(x, T'), (819) is equivalent to v(z, T)1o(z,0) = 0.
On the other hand, v(x, T)o(x,0) = v(z, T)(g9(x)—po(x, T))v(x, T)g(x) —Bo(x, T). Thus
Po(e,T) = v(z, T)g(). (3.20)

Conversely, condition (8:I9) holds provided By(z,T) satisfies (B20). As a result, Sy(z,t)
can be determined from the differential equation (BIT) and the terminal condition ([B20)

uniquely. Moreover, with this Sy(z,t), we also have v(z, )bo(z,t) = 0. O
3.3. Higher-order terms. Define Q,(z,t) = (g((;:))) We have the following lemma.

LEMMA 3.4. Under condition (A1), rank(Q,(z,t)'Q,(x,t)) = m.

Proof. Let w(z,t) € R™*! be a solution of Q, (z,t)w(x,t) = 0. Then @(m, tw(z,t) =0
and v(z,t)w(z,t) = 0. For the first equation above, in view of Lemma Bl w(xz,t) =
i(w,t)n(x,t). Substituting this into the second equation, we obtain v(z,t)w(z,t) =
V(m,t)i(x,t)n(m,t) = n(x,t). So n(z,t) = 0 and hence w(z,t) = 0. Therefore, the only
w(z,t) € R™* satisfying wy (7, 1) QL (z, 1)+ 4w (x,)QM(z,t) = 01s 0, where Q¥ (x, 1)

is the kth-column of Q,(x,t) for each k = 1,..., m. Thus the m columus of Q,(x,t) are
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linearly independent. Hence rank(Q,(z,t)) = m. As a result, rank(Q’ (z,t)Q,(z,t)) =
rank(Q, (x,t)) = m. O

To proceed, for i > 0, we construct ¢;(x,t) and ¢;(z,7) by induction. Suppose that
the terms ¢;(x,t) and ¢;(z, 7) for j < i have been constructed such that ¢;(x, 7) decays
exponentially fast and ¢,(x,t) are smooth. Moreover, assume v(z, t)gj(x,t) = 0 for all
j < i. Using 39), we have

Oz, )iz, 1) = —di_1(z,t) — (L + Q) (z, ) i1 (x,t) = bi_1(,1). (3.21)

Then, by Lemma Bl ¢;(x,t) is the sum of solutions to the homogeneous equation and
a particular solution ¢;(x,t) of the nonhomogeneous equation. It is of the form

(2, t) = L(x,8)Bs(2,t) + bi(x, 1), (3.22)
Then Q(x,t)$i(x,t) = bi_1 (2, t). The Fredholm alternative leads to v(z, t)b;_1 (z,t) = 0.

Denote @, (z,t) as defined in Lemma[B4land Bi,l (x,t) = (biaif’t)). We can find a unique
solution ggi(x,t) of (B2I) such that é(m,t)gfb\i(m,t) = bi_1(x,t) and v(z,t) is orthogonal
to ¢i(x,t). That is, Q,(x,t)¢;(x,t) = b;—1(z,t). Lemma B4l implies that the particular
solution is uniquely determined by

6i(2,1) = (Qu(z, 1) Qu(x, 1)) "' Qu(z,t)bi_1 (z, 1). (3.23)
On the other hand, Q(z,t)is1(x,t) = —¢i(2,t) — (L + Q) (x, t)¢;i(w, 1) & b, t). Mul-
tiplying both sides by v(z,t) from the left and noting ([3:22]), we deduce

Bi($> t) = —V(:L‘, t)ai(xv t)—V(fL‘, t) (ﬁ—l—@)(l’, t)ai(wu t)—V(:L t)(ﬁ—i—@)(:& t) (i(x7 t)ﬁi(gjv t))

(3.24)
Equation ([B:24]) is uniquely solvable if the terminal condition is specified. We need to
use the terminal layer term to determine the terminal condition. In view of (312,

Yi(z,7) = — exp(@(ac, T)r)pi(x,T) + /07' exp(@(a&, T)(1 — 8))ri(z, s)ds. (3.25)

We demand that ¢;(z,7) — 0 as 7 — oo. Letting 7 — oo in ([8:25) and noting that

exp(Q(x,T)T) — P(z) with P(x) given in (B.I5) and that r;(x,t) decays exponentially
fast, we obtain

P(2)0s(w, 0) + / " Pla)rs(w, 5)ds = 0. (3.26)
By multiplying both sides from the left b(; v(z,T), the above equation is equivalent to
v(z, T);(x,0) + /0OO v(z, T)r(x,s)ds = 0. (3.27)
We have
v(x, T);(x,0) + /000 v(x, T)ri(x,s)ds = —v(x, T)pi(z,T) + /000 v(x, T)ri(x,s)ds

=—B;(x,T)— V(ac,T)ai(ac,T) +/0°° v(z, T)ri(s)ds = =B (x,T) —l—/ooou(ac,T)ri(ac, s)ds.
(3.28)
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Note that the integral involving 7;(z, s) is well defined since |r;(z,s)] < Ce™7* by the
induction hypothesis. By virtue of (3:28) and (3:28)), we obtain

Bi(z,T) = / v(x, T)ri(x,s)ds. (3.29)
0
Conversely, when 3;(x,T) satisfies (8:24]), condition (B:26) holds as desired. Then

¢i(‘r7 t) = i(.’[;, t)ﬁi(x7 t) + (;z(xv t) = i($7 t)ﬁi(xv t) + (Qv(x7 t)/Qv (337 t))_le(‘Tv t)l/l;171
(3.30)
with f;(z,t) uniquely determined by the differential equations ([:24]) and the terminal
condition B29). In addition, v(z,¢)b;(z,t) = 0. Moreover, by the construction, it is
readily seen that ;(z,7) decays exponentially fast.

PROPOSITION 3.5. ¢; € C2(n+2=):n+2=i([0 1] x [0,T]) for any i = 0,...,n + 2.

Proof. We prove this by induction. First, denote Q,(x,t) = (@(x,t) i(x,t)) Then
v(z,t)Qa = (0ixm I;). Moreover, using irreducibility of éz(x,t) for v = 1,...,1, we
can follow the proof of Lemma B4 to prove that rank(Q/(z,t)Q.(z,t)) = m. So
V(,8) = Onem 1)Q( (Qa(e, Q. (,8)) . Thus v(-,-) € C2rH2742((0,1] x [0, T))
and 1(-,-) € C2+2:n42([0,1] x [0, T]). So BIT) implies that Bo(-,-) € C2(+2)m+2([0, 1]
x[0,T7). So ¢ € C2+2:m+2([0, 1] x [0, T]). Assume that ¢; € C2(*F2=0)m+2=3([0 1] x
[0, 7)) for any j < i. In view of B2, we deduce b;_; € C2(n+2=D).n+2=i(]0 1] x [0, T]).
Then we derive from (F23) and B24) that ¢; € C2n+2=0n+2-i([0 1] x [0,7]) and
B; € Crt2=i)nt2=i((0 1] x [0,7]). Thus @30) implies ¢; € C2+2-Dn+2-1([0 1] x
[0,T7). O

LEMMA 3.6. For a fixed integer 7 and an integer h satisfying 0 < h < 2(n + 2 — i), put

ho ho..
wh(z, 1) = %(f”). Assume for any 7 and x, max,—o, . o(nt2—4) ‘%’ < Ce 7

and [1;(z,7)| < Ce™ 7. Then for any 7,2, max,—, . 2(nt2-i) |wf(x,7’)| <Ce .

Procf. First, [uf(a,7)] = [vy(a.7)] < Ce. wla,7)] <
C'e 77 . Then (BII) implies
0 1{1 ) ah hQ T ~ ahi 7
% = Q(z, (x,7) +Z<)Txh)wf( 77—)"‘%,
wh(z,0) = %
(3.31)
It follows that
wh(@,7) = exp(Q(x, T)7)wi(x,0) + /T exp(O(, T) (7 5))%&9
0
h=l er /g ~ 8h7zé(1‘,T) - (3.32)
+Z/o (%) exp(Q(x, T) (T — S))axh—_zwl (z,s)ds.
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Define
"'h d_ e 8h7"i(33,8)
@(2) % vz, T)wh (z,0) + /0 (e, ) ST g

— [* (h 0" "Q(x,T) 7
~ T)——2"Zw, ds.
+Z/O (h) v(z,T) ST w; (x, s)ds
h=0
We claim that w! (z) = 0. Note that (332)) implies that

wi(z, T)I < |exp(Q(z, T)r) = P(x)||w] (,0)]

2 [ (el

Oxh— h

wh(z, s)‘ ds

+Z/ (~) exp(Q(x T)(T—s))—ﬁ(x)‘ % w?(%S)‘ds
+ [ few@ 11 - ) - )| | 2552 s s Pl 2t as

<Ce T 4+(h+1) / Ce =9 e ds + (h +1) / Ce ds=Ce 7.

Note that we use -y to represent a generic positive constant, whose value may be different
for different appearances. Now we prove the above claim. In fact, (821 implies for any

h,
h
oty (x, o' tv(z, T) 0*ri(z, s)
Z<L> Oxh—t 1’0 +Z/ <> Oxh—t ozt ds =0,

=0
Zh: h—u(z,T) 0°Q(z, T) o
—~\v Oxh—t oxrt

(3.33)
We derive from I, B33), and B31) that

h—1
o=ty o tv(x,T) 8*ri(z, s)
~h —_ 7 Y
wz‘(l")—_z<L>axh - (@, T)wi(z,0) Z/ <> Oxh—t Oxt ds
h— h 1 _ h—h—t T L ~
3 Z/ ( ) (h h) 0 V~($, ) 0" Q(x, )wzh(x, 5)ds.
L Hrh—h—t ox*
On the other hand, the last term of the above equation equals

h—1 o0 h—h Al . h— -
B Z/ Z h! 0'v(x,T) 0 Q(a: T)wf(:c,s)ds
(b —h—)! Ozt Qxh=h

:1 h ox* Oh—h—
h—1 L o
L 6h*LV(I7T) aLihQ(l’,T) .
( ) (h) Oxh—t o wy (z, s)ds.

L=
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Hence,
~h h—1 h ahiby(x’ T) )
w; (x) = - Z . 8xh_L 1(1.7 O)
=0
h—1 . .
N\ " v (x, T) [ N\ 0 Q(x, T) i o
_ 0 <L>W/o (E (le> Wwi (z,s) + 8$Li(x,s))d8
- =0
h—1 s
M\ oty . h 8h—Ly(m7 T) o 811},2(.23, 3)
o ; (L> Qxh—t (@, Tyw;(x,0) — ; <L> Oxh—t /O ds ds
h—1
h 8h_by(xa T) 2
- =0 <L> Oxh—t slggowz(l‘,s) =0

]

PROPOSITION 3.7. There exist constants C and 0 < ; < 7y such that for any 0 < i < n+1,
oM (x, )

m
h=0,...,2(n+2—1) Oxh

Proof. First, under condition (3I9]), we have

oz, )| = [P(a)o(x,0) + (exp(@(z, T)7) — Pla))o(z,0)] < C=~".
Applying Lemma 3.6 with ro = 0, we deduce that (3.34) is valid for 7 = 0. Assume that
oMp;(z, ) Ori(z,7)
. . ) < —VT > < -7
for any j < 1, h:o{l.l.%{nu ok | = Ce™ 7, Then h:OI,I.l..a,%(n+2 —ouh | = Ce ,
with v = min (71,...,7—1). Under condition [3.26]), we deduce

i) < |(@xp(@a T)r) = Pyt 00| +| [ <P,

; (exp(Q(x, T)(T — s)) — P)ri(x, s)ds

T o0
<Ce 7+ C/ e T8 s gg 4 C/ e Mds < Ce 7.
0 T

<Ce 7, Vr>0,0<z <1 (3.34)

+

Lemma[3.6lagain shows that ([3.34) holds for i. This completes the proof by induction. O

of .
S QL]

LEMMA 3.8. Let w(x, s) be the solution of the following equation:

Le(z, t)w(x, t) = ((z,1), for t < T,
w(z,T) = 0.

3.4. Error estimates. For a suitable function f, define L°f =

(3.35)

Then w;(z,t) = —F /T C(Y5™"(s))ds, where Yo% (t) = (X°(t), a°(t)) satisfies X°(T) =

t
z and of(T) =i € M.
Proof. Since L€ is the generator of Y&, by virtue of It&’s formula,

T T
(@, 1) = WY (T)) —w(YE(1)) = _/t Lew(Y=(s))ds+ M(#) = _/t C(VE(s))ds+ M(1),
(3.36)
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where M (t) is a martingale. Taking expectation in ([3.36]) leads to the desired assertion.
(]

LEMMA 3.9. Suppose that ¢ € C([0,1] x [0,7T]) is periodic in = € [0,1], satisfying
SUP (5 1)ef0.1]x[0,7] 1€ (@, )] < Ce”. Let £°(x,t) be a solution to

Lees(x,t) = ((x, ), &(x,T) =0, vz € [0,1]. (3.37)

Then sup, yejo,11x (0,77 1§° (2, )] < Ce™.
Proof. The desired result follows from the previous lemma. O

THEOREM 3.10. There exists a C' > 0 such that

sup [p®(x,t) — O (z,t) — U5 (z,7)| < Cen 1,
(z,t)€[0,1] x[0,T]

Proof. Using 7 defined in B7), put e="(z,t) = p*(z,t) — ®5(x,t) — U (z, 7). Then
Léu®(z,t) = 0 and Lee®"(z,t) = —L®E (z,t) — LW (x, 7). Moreover

LEdE (x,¢) Zs $i(x,t) Z e 1Q(a, )i t) + ‘ L+ Q) (z,t)¢i(x, 1)
= —¢ Q(CL‘ t)¢m+1( )+5_1@(x7t)¢0($>t

0

S
I
o

d T-—t d
So |LE®E (z,t)| < Ce®. Note that gﬂwl(T) = —d—wi(m,T), which yields
T

—6‘7 s + 5i71@($at)¢i(za7-) + gl(ﬁ—i—@)(x,t)l/)z(I,T)

i=0 =0 =0

- Zez (=Qar, (e, 7) — rila, 7)) + e Qla, il 7)

=0

+Zsi<c+©><x,t)wi<x,v>
=0
—Zez H=Q(,T) + Q. )i, 7) = Y _ & M, m) + D (L + Q) (x, t)ehi(w, 7).

=0 i

Il
=)
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For the second term, we have

K K i—1 A(i—j
S ez =) ey ((—T)i_j—Q( . )@’,T)
i=0 i=1 =0

(2 —j)!
i—j—1(L+ Q) -9-V(x,T)

+(=7) == )i (@, 7)
= Sy =l iﬂ'M i—1(_, ifj71(ﬁ+@)(i7j*1)(x,T) (o
_j:()l;l (5 ( ) (Z—j). +e ( ) (l—j—l)' )77[}]( > )
= Y 8 Z M)wj(xﬂ')
7=0 i=1
S (S L QO T)
+ " )j(x, 7).
=0 ; il )
Therefore,

LeVE (2,7) = 5~—1< Q(z, T>+é<x, )n(,7) + (L + Q) (@, )b, 7)

= 0
+Z€3 1( Q(z,t) (t — )Q (' >>¢j(x,r)

2!

i=0
k—j3—1
+Z€j ( L+ Q)(x,t) Z (t—T %) Vi, 7).
7=0 =
(3.38)
Using Taylor expressions and Proposition [3.7, we obtain
k—1
|LEWs (2, 7)| < Ce 't —T|e "™ +Ce" + C Z =TIt e
§=0
Kk—1 )
+CY A -T]" e
§=0
k—1 r—1
= Cere 7T +Ce" + C’Za" wejtl g —|—CZ€”‘T"*3' e T < Ce”.
§=0 j=0

This together with the estimates on L@, (z,t) yields sup, yejo1)x[0,77 L€ (2, 1) <
Ce". Noting e="(z,T) = 0, Lemma .9 implies sup, 1 cj0,17x[0,77 |67 (2, )| < Ce™. Tak-
ing & = n + 1, we obtain sup, ycpo.11x[o,7] 1€~ (@, )] = O(¢"*). Finally, note that

e t) = 5™ (2, t) + e ppg(z,t) + " M (2, 7). (3.39)
The continuity of ¢,41(x,t) and the exponential decay properties of ¢,1(x,7) yield
that
sup le" M b1 (z,t) + " pp g (2, 7)| < Ce™Th
(2,8)€[0,1]x[0,T]
Substituting this into (3.39), we obtain sup, ;) ej0,17x (0,77 [€7" (%, )] < Ce™ 1. O
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4. Fast diffusion. Suppose that a(t) is a jump process with generator Q(z,t). Let
two operators £ and £ be defined similarly to (23] as

~ 1. 0? ~ 0
‘C(Iat)u(kaat) - Ea(za k,t)wﬂ(I,k,ﬂ + b(kaat)%u(x7kvt)7
Elo (e, k. t) = a0 b t) D b ) + B, b 1) Lo, e )
@, t)u(z, k,t) = 5a(z, k, t) o5 (e, k, @, k,t) 5 -u(, k,1).
. L(x,t) . o . .
Let L£5(x,t) = — + L(x,t). Throughout this section, in addition to assumptions

(A4), we also assume the following conditions.
(A6) a(xz,k,t) > 0 for all 2, t and k. Changing part of the diffusion is uniformly elliptic.
(A7) For each k € M,
o a(-, k,t), a(-, k,t), g(, k,t), Z(, k,t) are periodic in & with period 1 for each
t€[0,T) and a(-, k,-),a(- k,-),b(- k, ), b(, k, -) € C2+2:n+2([0, 1] x [0, T)).
o (-, k,T) € C2"¥6([0,1]) and b(-, k, T) € C2"+5([0,1)).
() Q(") € C2m2m+2((0,1] x [0, T)).
We consider .
—Z—QZ = Q(z,t)u® + L (x, t)u’, u(x,T) = g(z). (4.40)
Similarly to Section Bl we seek asymptotic expansions of the form [B8]). Substituting the
expansions in ([{40), we obtain

L(z,t)do(z,t) =0, )
Lla, ) (1) = =560z, 1) = (L + Q). )o(a,t) = so(a1)

(4.41)

£ 00111(0,1) = = 5-64(2,0) = (£ + Q) 06100, = i, 1)

where i = 2,...,n + 2. Likewise, substituting ¥, (z,7) for K < n + 2 into (#40) and
applying Taylor expansions for L(z,T —e7), L(z,T —e7) and Q(z,T —e7), we arrive at

QLT — Fa, Thgo(e 7).
%f”) = L(z, T (x,7) + (—TE<1>(x, T) + (£ + Q)(x, T)) Yo(z,7),
ng 7 _ Z(x,Tm(x,r) + i, 7),
where £ (2, T) = %, LO(z,T) = M QY (x,T) = w. "

From the initial condition, we derive ¢o(x,T)+1o(x,0) = g(z) and ¢;(z, T) +;(z,0)
=0, for ¢ > 0. We recall that the adjoint operator of L£j has the form
0% 1 -

Li(a. ula, kt) = = {525(1;, k, t)u(z, k;,t)} - a% [b(x,k,t)u(x,k,t)], ke M.
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In what follows, we will prove the smoothness of ; for 0 < i < n-+2 and the exponential
decay of 1); for 0 < i < n+ 1, which implies the desired error bound by Lemma .13 Let
us consider the layer terms by starting with some lemmas.

LEMMA 4.1. For each k € M, there exists a unique solution pu to the following equations:

B 1
LZ(.I,t),uk(l‘,t) =0, A ﬂk(x7t)dx =1, ,uk(oat) = ﬂk(Lt) (443)

REMARK 4.2. The ug(-,-) above is said to be a quasi-stationary density. By the
smoothness and the periodicity of the boundary conditions in ([@43]), the function py

defined above also satisfies 82( (0,k,t)ur(0,t)) = 5‘({1 (@(1, k, t)ur(1,t)).

DEFINITION 4.3. For any functions £(z),((z) on [0, 1], define

&(2)G (@ Em(@)¢m(@)da | and (€,¢) = Z Er(@)Cr(x
a=(f ) A

LEMMA 4.4. Let X:(k,7) be a Markov process corresponding to the generator Ly (z, )
and wg(x) be a bounded measurable real-valued function. Then

<Ce 7.

B - [ o (@ue(e, 8)de

Proof. The quasi-stationary density function uy of the diffusion process verifies the
so-called Doeblin condition that implies the desired result. O

LEMMA 4.5. For each k € M, consider the Poisson equation with periodic boundary
conditions

By, 000,k 0) = Gl t), 60k 0= 0(Lkt)  o-6(0, k1) = £-6(1, k).

(4.44)

Then the only solution to Lyp(x, k,t) = 0 is ¢(x, k,t) = @x(t). Moreover, [@4d) has a

solution if and only if [C(-, ), u(-, )] 0.

Proof. 1. Assume ¢(0,k,t) = ¢(1,k,t) = pr(t). Put & (z,t) = ¢(x, k,t)—pr(t). Then

Lz, k, )&z, 1) =0, &,(0,1) = &x(1,8) = 0.

It could be verified by the maximum principle for the elliptic operator L that & = 0; see
[3, Chapter 6]. So ¢(z, k,t) = ( ). That is, ¢(x, k, 1) is 1ndependent of z.

2. If (@A) is solvable, (Cu(-t), pr(-,t)) = (Li( )Pr(-,t), p (-, 1)) = (S, ( t)
uk(~,t)> = <¢k(~,t),0> =0. Thus [C(-,t),u(-,t)] =0. Conversely, assume [C(-,t),u(-,t)] =
0. Under the uniform-ellipticity condition, it can be shown that the following equation

Zk(x’t)¢(ka7t) = Ck(xat)v(b(oakat) = ¢(17k7t)
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has a solution. In view of () and using integration by parts,
1
<<k('7t)7,uk('7t)> = / (Ek(,’Eﬂf)(bk(l’,t))ﬂk(ﬂ?,t)dx
0
~ 0 ~ 0 ~
=a(1, k,t)uk(l,t)%cbk(l,t) —a(0, k,t)uk(O,t)%(bk(O,t) +b0(L, k, ) pr(1,t)dr (1, )
0

_E(Oa k? t),uk(()? t)(bk(oa t) - ¢k(17 t) 0 (E(la k? t),uk(lv t)) + ¢k(0, t)_x(a(ov k’ t),ufk(oa t))

dx
+/0 or(z,1) (ZZ(x,t)uk(x,t))dx =a(0,k,t)ur(0,t) <%¢k(l, t) — %gﬁk(o,t)).

Since <Ck:('7t)a /J/k(vt» =0 and a(o7 kat)uk(oa t) >0, we obtain %¢k¢(1vt) = %¢k(05 t)
The proof is concluded.

4.1. Leading term ¢o(x,t) and zero-order terminal layer term o(x, 7). Note that
AT gives L(x,t)do(x,t) = 0, which, by Lemma [£5] implies

¢0($, t) = ¥o (t) (445)

Moreover, we derived from [@ZI) that £(z,t)dy(z,t) = —% —(L+Q)(z,t)do(, 1)
= —p(t) — Q(z,t)pp(t). Again, Lemma implies that

po(t) + [Q(z, t)po(t), pl, )] = [2o(t), pl, )] + [Q(z, t)po(t), u(w, )] = 0. (4.46)

Then ¢o(T) is to be determined. Also, the zero-order terminal layer term is uniquely
determined by

W = L(x, T)o(, 7), Yo(x,0) = g(z) — ¢o(x, T). (4.47)

Then o(z,7) = Evo(X L (7),0), where XX (1) is a Markov process corresponding to the
generator L(x,T). We demand lim,_, ¥o(z,7) = 0. By Lemma 4] we obtain

[tho(+,0), u(-, T)] = 0, (4.48)
which is equivalent to

wo(T) = [9(-), u(-, T)]- (4.49)
Hence ¢o(x,t) is uniquely determined by (£43]), [@46), and ([@249).

4.2. Higher-order terms. Before proceeding further, we need to verify the following
lemmas.

LEMMA 4.6. Let ¢(z,7) be a solution of

aw(&fj’r) :E({E,t)d)(l',T)-l-T(x,T), ¥(z,0) = w(z),

where w(z) is a l-dimensional vector function and r(x, 7) decays exponentially fast; i.e.,

there exist C,~ > 0 such that sup |r(z,7)| < Ce™?". Then
z€(0,1]

blaar) — W), 1)) — / T (), p))ds| < Cem
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Proof. In fact, for each k € M, 9(x, k, 7) satisfies
oY(z, k,7)

o7 = Ek(:p?t)w(xv k’T) + Tk(‘r’T)v d)(I?O) = wk(x)'

Thus ¥ (z,k,7) = Bwk(X.(k, 7)) +/ Eri(Xy(k, 7 — s),s)ds, where X,(k,7) is the
0 ~

diffusion process associated with the generator Ly (x, t) satisfying X, (k,0) = z. It follows
from Lemma 4 that |Fwy, (X, (k, 7)) — (wk (), pe (-, 1)) < Ce 7. Moreover,

/ " Er(Xa(k 7 — ), 8)ds - / k) e ) ds
0 0

T/2 /2
/ Er(Xo(k, 7 — s), 5)ds — / (1o ), (- £)) s
0 0

<
T (o]
4 [ Btk =) olds+ [ [ues)ndoo)] ds
/2 . o /2
<Ce 7™+ Ce 775 ds + Ce ¥ds<Ce 7.
T/2 T/2
The proof of the lemma is completed. O
By using ([@41l), we have
Z(xvt)¢i(xvt) = gifl(xat)' (450)
By Lemma L5l we arrive at
di(z,t) = ¢i(t) + @iz, t), (4.51)
where @;(z,t) is a particular solution of ([A50) satisfying
Denote a(x, k, t) = 24~ (z, k, t)b(x, k, t) and S;_y (z, k, t) = @ *(x, k, t)si—1 (2, k, ). Then
62¢i($’kat) a@i(kaat) ~ ~
_ a —_ L =C._ ; = . 1 .
8.'[2 +a(l‘,k,t> ax Si 1($,k,t), SO’L(O?kat) L)OZ( akat)

Then we obtain

x T Yy
@.(x’ k,t) = @(k,t) +@(k,t)/ e~ Pr(Y:t) dy + / / ePr(z:8)=pi(y,t) 6141(2, k,t)dzdy,
0 0o Jo

(4.53)
where py(z,t) = / a(y, k,t)dy. By the periodicity of @;(-,t) (i.e. $;(0,t) = @;(1,1)),
0
we deduce
1 ry
/ / ePk(z:t)=pi(y,t) Gi—1(z,t)dzdy
B(t) = -2 1 (4.54)
/ e Pr(Yt) dy
0
Moreover, it follows from (£52) that
1 x
Gilk,t) = — / / Bi(k,t) e WD y(x k, t)dyda
0,Jo (4.55)

1 T Y
‘/ / / RN T (2 k) p(a, K, ) dedyda.
0 0 0

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF BACKWARD EQUATIONS 619
On the other hand,

. 9 N
,C(J), t)(bi-‘rl(xv t) = _§¢i(x7 t) - (‘C + Q)(l‘, t)(bi(xv t)
6Ai Z, -~ —~
= i)~ P850 o, 6i) ~ (B + Q)15 1).
Using Lemma 5] we obtain

£i0) + Q00 o0 = | =P (E 4 Qo 0pi(ot) o). (450)

The terminal layer term is uniquely determined by

awia(f, T) _ L(z, TYbi(z, 7) + ri(z,7), Pi(2,0) = —¢i(x, T). (4.57)

Denote by X1 (k,7) the Markov process corresponding to the generator Zk(x, T). Then
Vi(x,k,7) = Ey(X) (k,7),k,0) + / Ery(X] (k,7 — s),k,s)ds.
0

Furthermore, by demanding lim,_, ¥;(z,7) = 0 and using Lemma 4] we obtain

0T+ [ ) Tlds = (1.58)
By virtue of the initial condition in (£5T), we arrive at
o) = [ IrCeos)on(e s, (459)
0

Thus ¢;(z,t) is uniquely determined by (@51, @53), (@50) and @59).
LEMMA 4.7. There exists a Green function for the following problem:

aa_zf =L@ty 00,0 =018),  o0)=w).

Proof. Let G be the Green function for the corresponding parabolic equation in the
unbounded domain (the whole space R). Then there exist positive constants Cy, Ca, K1,
and K5, such that for all z,y € R and t > s,

CiFy(t—s,y—z) < G(s,m,t,y) < CoFy(t — s,y — ). (4.60)

Here for h = 1,2, F;(y,t) is the fundamental solution of the equation KjAw = %—Tf,
where Aw denotes the Laplacian of w. Define G(s,x,t,y) = > 02 é(s,x,t,y +¢). In
view of ([£60), G is well-defined, since when ¢ > s,

> _ 2
G(87$at7y)§02 Z —|y+L JJ‘ )SOO

= \/m ( 4K (t — s)

Moreover, by virtue of estimates on the derivatives of G, there exist C' > 0 and K > 0

such that 5 i
) 1 Kly — z|
‘a -G(s, x,t,y)‘ C—samp &P (‘W ’
5 1 K|y_x|2
9 <C—5 T (t-s) )
atG(s,a:,t,y)‘ < C(t — 5)3/2 exp < (t—s)
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Thus G is differentiable with respect to y and ¢, and the series

G i G (s, z,t,y + 1) G i O"G(s,z,t,y+ 1)

ot ot and - Z = oth

L=—00 L=—00
converge uniformly. Furthermore, G is periodic with period 1 and satisfies the differential
equation. O

REMARK 4.8. If £(x,t) does not depend on ¢, then we can write the Green function
as G(z,t — s,y). In this case, the solution has the form ¢(x,t) = fol G(z,t,y)w(y)dy.

LEMMA 4.9. Consider

%—'f = L(z,T), P(0,t) = p(1,1), ¥(z,0) = w(z).

Then there exists an invariant density p(z) such that for some v > 0 and for h =0, 1, 2,

MGy, r,x)  9"u(x)

oz oz

sup <Ce 7.

z€[0,1]

Proof. We have sup,¢(o17|G(z,7,y) — u(y)| < Ce™ 7 (see Lemma 5.1, [9]). Then

5h ah 1
i G = )| = |z ([ 6o = 12060100 - i) )|
ah 1
= o | G- 12 - w6 L)
oYM Jo
! MG (2,1 y)’
= Gz, 7 —1,2) — p(z)) —=2"2
| )= )T
<Ce 7.
Since C does not depend on x, we obtain the desired result. O

LEMMA 4.10. For i =0,...,n+2, ¢; € C2(+2):n+2=i([0 1] x [0, T]).

Proof. First of all, from ([@Z3), we obtain u € C2+2):7+2([0, 1] x [0,T]). We will
prove this lemma by induction. For i = 0, [@ZI) implies ¢y € C*"+2:n+2([0,1] x
[0,7]). Now assume ¢; € C2(+2:n+2=3([0 1] x [0,7]) for j < i. In view of (AT,
¢ € G2l +l=i(0 1] x [0,T]). Then, by @B53), Pir1 € C*+2n+1=i([0,1] x [0, T)).
On the other hand, we can conclude from [@56) that ¢;11 € C"T1=%([0,T]). Therefore,
biy1 € C2H2)mF1=i(]0 1] x [0, T]). This completes the proof of this lemma. O

LEMMA 4.11. Let 0 < i < n+1 be a fixed integer. For a nonnegative integer h with 0 <
ah 7 )
h<2(n+2—1), put f(z,7) = % Assume for any 7, x, |¢;(z,7)] < Ce™ 77 and
T
ahgx(f’ﬂ < Ce 7. Then for any 7,z, max,—g,... 2(nt2-i) ’flh(x, T)‘

maxp—o,...,2(n+2—1)
<(Ce 7.
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Proof. First, |f2(x,7)| = [¢i(z,7)] < Ce 7. Suppose for any h < h, f (x, T)‘ <
C'e 77 . Then ([£42) implies that
off(z, 1) % " Ori(z,7)
—ar = L(z,T)f (z, )+T
8h h~$ 1) o "~ hb(x T) i
+Z(> Wfi (.’b,T)-f—sz (z,7))
def "ri(z,m)
= L, T)f!z,7)+ —ouh + fi' (@, 7),
oM(z,0
fzh(x70) = %
(4.61)

1 [eS) 1
We claim that f}' f / fi(z, 0)u(x, T)dx —l—/ / f(x, s)u(x, T)drds = 0. Let GP
0 0o Jo

and u? be the Green function for equation ([6I) and its associated invariant density
respectively. Put w?(z,s) = G(z,s) — ul(x,T). Then

1 T rl h,..
fi ) = / Gl r) s 0+ [ [ Gt — 5, 0 g
0 0

a h
1“ . " Ma(y, T) o "oy, T) i
// ( ) (z 7—579)(?f1+ (y,s) + &UTJC "y, s))dyds

T h,..
= [t [ [ v s T8,
0

1h . o~ hN(ya ) h+2
/ (> (x,7 —s, y)any (y, s)dyds

//1h () T—s,y>%ﬂ“< $)dyds
//uZ y, T dds+//lh 1() T)%fhu(,s)dyds
+/ > 'S 1( ) T)%ﬁ“(w)dws.

D wh(z, s)

On the other hand, by Lemma [£9 for all s > 0, max sup S
Y

< Ce™ .
7=0.12 yef0,1]

Therefore,
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1h ! h—hy -
/ / ( ) )T s,y)a8+(_y7:T)fF2(y78)dyds

Y

L 02 (8D )

§/ Ce 1(7=5) o= 7SdSSCe*%,
0

and also the following inequality

:/ /1h1(> <u,(y,T)%>f§(yvs)dyds

/ Ce 7ds=Ce 7

IN

for some 0 < ¥ < +. Similar results could be obtained for the other terms. Then
SUPge(o,1) |f!(z,7)| < Ce 7 for some 5 > 0. Thus the desired result follows immediately

by induction. Now we will verify the above claim. In fact, for any h< h,

off w,s) O 11y (x, 5)
s = oo 1(5(1’7T)1/)i(9075))+W
ah 11— aﬁ—l i(x,
_ Z( L > P —— hlLE(x,T))f{(x,s)-f——a;E(f? s).

Integrating the above equation, we have

oo h-—1 _ h—1—h - ~ h=1p (2 g
o = [T ("7 ) G Ee ) e + T R s

o = h Jzh—1-h Qa1
h=0
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Differentiating with respect to x and noting that (hi 1) + (%j) = (%), we obtain

sreo= [T () ey )

Oxh—h
h=0

ahri(a:, s)

ozh )ds

+ 4Z(x,T))ff+1(a:, 8)) +

h
h — h—h R (s
+Z <% - D (a—~£($aT))fih(x,3) + M)ds

Oxh—h oxh
h=

) h 6h—7L _ _ ahTi _

- [ (1) e e+
-/ " (B

ih(x, s) + ﬁl(x, s))ds.
Therefore,

(.0, pta 7)) = B T (e 5). (T ds + / (P (@, 5), (. T) ds.
0 0

Hence, the claim is proved. ([l

LEMMA 4.12. There exist constants C' and 0 < 7 < « such that for any 0 < ¢ <n+1
and 7 > 0,
i (x,7)

| S Ce 7. (4.62)

max X
h=0,...,2(n+2—i) z€[0,1]
As a result, forany 0 <i<n+1and 7> 0,
max L™ (2, T)i(z, 7)) < Ce 7™ and  max |(£+Q)P (x, T)s(x,7)| < Ce .
0<h<n+2 0<h<n+2
Proof. First, under condition ([@4])) and by Lemmald6l we have |¢g(z, )| = |¢o(x, 7)—
[to(+,0), u(, T)]| < Ce 7. Applying Lemma 1Tl with ro = 0, we verify that (LG2)

O,
holds for ¢ = 0. Assume that for any j < i, max sup M <Ce 7.
h=0,....2(n+2-j) z¢[0,1] ox
olri(x,T)

Then for some 0 < 7 < 7, ax su < Ce™ 7. Now, under con-

m
h=0,....2(n4+2-1) z¢[0,1]
dition ([@58)), we again derive from Lemma [0 that

oxh

W)i(‘raT” = d)i(‘raT) - WJZ(’O)MM(’T)] - /OOO [ri('vt)vﬂ('vT)]dt‘ < Cei%—'

Thus Lemma E.TT yields (.62). This completes the proof by induction. O
4.3. Error estimates. For any function f, define D¢ f = %—{; +Qf +L5f.

LEMMA 4.13. Suppose that ¢ € C([0,1] x [0,T]) is periodic in « € [0,1], satisfying
SUP(4,1)ef0,1]x[0,7] 1€ (@, )| < Ce”. Let £°(x,t) be a solution to

DeEe (x,t) = ((x,t), & (x,T) =0, Yz € [0,1]. (4.63)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



624 D. T. NGUYEN anp G. YIN

Then sup(, )e(0,1]x[0,7) [§° (%, )] < Ce™.
Proof. Using 7 = (T — t)/e and putting F'¢(x,7) = £%(z,e7), [@63]) becomes
OF¢(x,T)
or

Since L(x,e7) + eL(x,e7) is elliptic, there exists a Green’s function G, such that

= (E(fc, eT) + EE(x, er))F(z,7) + eQ(z,em)F*(x, 7) + e((x, 7).

T 1 T 1
Fé(z,7) = /0 /0 Ge(s, 9,7, 2)C(y, es)dyds+ /0 /0 Ge(s,y,7,2)eQ(y, £5)F*(y, s)dyds.

We have )

G(s,y,T, I)dy

IN

/ L,Zoo m o (= )

(z +y)? )
—ex — = _|d
/ VAre(T — s) p( dre(r — 8) Y
r+y ™
= = 4z (with 2= = .
—00 ( dre(T — 5) 2v/2

Put f(r) = sup,ejq) (2, 7). Then f(r) < Ce"tlr + CE/ f(s)ds < Ce~
0

+Ce fo s)ds. Using Gronwall’s inequality, we obtain f(7) < Ce"exp (Cs/ ds
0

< Ce*. O
THEOREM 4.14. There exists C > 0 such that
T—t
sup uf(x,t) — Of (x,t) — U (x, )’ < Cemtl,
(z,t)€[0,1]x[0,T]

Proof. Put e*"(z,t) = u®(z,t) — ®5(z,t) — V5 (x,7). Then D°us(z,t) = 0 and
Deesr(x,t) = =DDE (x,t) — DEUE (z, 7). Moreover
DEDE (2, t) Zs@ 1) —I—ZEZ YL(x,t) i, t) + Z UL+ Q) (z, t)di(x, 1)

=—¢ £($ t)(bKJrl(x t) +e (x,t)gzﬁo( T, )
0
By Lemma IL10], [D°®% (2, )| < Ce*. Using 7, e 21p;(z, 7) = —4);(2, 7), which yields

DV, (z,7) Z —e' iT’t/Ji(I,T)-i—ZEi_lE(.’L',t)’t/Ji(l',T)-i—ZEi(E-‘rQ)(.’L’,t)’g/]i(.’[:,T)

i=0 i=0
= Zel YW=L(z, T)i(z,7) — ri(z, 7)) + Zeiilz(as,t)wi(x,r)
i=0
+Z€ (L + Q)(x, t)hi(x, T)
= Zsz Y=L(x,T) + L(z, ) (x,7) — ZEi_lTi(:C,T) —i—Zsi(E—l— Q)(x, t)(z, 7).
i=0 i=0
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The second term is equal to

55117“1"7’

SLD@T) | (@@, T)
_ i—1 _\i—j—1 ’ .
ZE Z N Gy AR
. ﬁ =) (xz, T i i L+ Q)i=i-1 x, T
:Z Z 7( ( )—|—€ Y—7)d 1 Q) . 1(, ))lﬁj(x,T)
.50 i—j)! (i—j—1)!
e , £(i=3) , (L (i=j=1)
= Z Z (g7 (t-T)"" £ T) +ej(t—T)z_]_1(£+ Q) : ($7T))1/)j(m77)
s L (i —4)! (i—j—1!
j=0i=j+1
k—1 K—]
_ LY (x, T
_ZE] 1(Z(t_T) (' )) 1(1'77')
j=0 i=1
k=1  R—j—1 -
(L+ Q)W (2, T)
+D (> (t-1) i! )b (@, 7)
7=0 =0
Therefore,
DU (2,7) =" (=L, T) + L(x, )@, 7) + (L + Q) (, t)vhu(x, 7)
S i1 Fla ) S i £, T)
+> e (L(a ) = > (t=T) T)wj(a;,r)
j:O i=0 ’
k—j—1
(L O) (2, T
+Zsﬂ L+Qt)— Y (t %)%(x,r).
j=0 =0 .
(4.64)
Using Taylor expansions and Proposition L12] we obtain
rk—1
D (,7)| < Ce" Mt —T|e "+ Ce"+C> &t —T|" e
k—1 ] =0
+C Zsj [t—T" e "
j=0
r—1 k—1
=Cere T + Ce® +CZ€“ R=jtle=T +C’Ze"7’"‘*j e 1T < CeR.
j=0 j=0

Piecing this together with the estimates on D*®,(z,t), Sup(, ;yepo,1)x[0,7] IP =" (2, 1) <

Ce" for k < n+1. Note the terminal condition e=*(x,T) = 0. Thus Lemma L. T3 implies

sup( Hefo.1)x[o,] 1€ (@, )] < Ce”. Taking £ = n + 1, sup(y 1)e(0,1]x[0,7] leen Tl (z,t)| =
O(e™™1). Finally, note that

e (@ t) = e (@, 1) + " Py (. t) + " g (2, 7). (4.65)

The continuity of ¢,4+1(x,t) and the exponential decay properties of ¥,1(x,7) yield
that

sup |E"+1¢n+1(a:, t)+ 5"+1wn+1(a:, )| < Ce™tt,
(z,t)€[0,1]x[0,T]
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Substituting this into (@), we obtain sup, ye(0,1x[o,7] 1€~ (2, 1)| < Ce" ! as desired.
([

5. Illustrations and remarks. Asymptotic expansions have been constructed in
this paper. In this section, we provide some interpretations of our results.

Consider (1) together with [22), in which Q°(z) = Q(x)/e and Q(x,t) is weakly
irreducible. Now (2.1 and ([22) can be written as

AXE(t) = b(XE(t), as(t))dt + o (X5 (1), a5 (t))dB(t),

P(af(t+A) = llas(t) = k, X (t) = z) = q,(x) A + o(A). (5.66)

Using weak convergence methods (see, e.g., [14]), one can show that X¢(-) converges
weakly to X (-) such that X(-) is the solution of

dX(t) = b(X(t))dt +T(X(t))dB(t), (5.67)
where
b(z) = Zb(m,i)vi(ac), o(r) = ZUQ(J:, vi(x), v(x) = (vi(x),...,vm(x))
- - (5.68)

is the quasi-stationary distribution. The asymptotic results obtained in this paper give
us more than those only obtained by the weak convergence. It provides new insight even
for the leading term in the asymptotic expansion.

Suppose that U(z,a) is a smooth functional. Our asymptotic expansions (e.g., The-
orem [B10) and the probabilistic interpretation of the solution of the backward equation
enable us to conclude that for any ¢ > Keln(1/e) and some K > 0,

Next, consider (7(35, a) = 141p (the indicators of A and B, resp.), which can be thought
of as an approximation to the smooth function U. Then we have P(X¢(t) € A,a°(t) €
B) = > ,c5 J4 P(X(t) € dx)vi(x) as e — 0. In particular, when A = [0,1], P(a(t) €
B) — Y icp Evi(X(t)) as € — 0. As a convention, X*'(t) denotes the process X (t)
starting at X (0) = z and «(t) = i. By virtue of the Markov property of (X¢(t), a®(¢)),
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for 0 < t; < t2 not depending on ¢,
P(Oés’x’i(tl) S Al, Oés’z’i(tg) S A2)

1
-y / P(XS™(t) € duy, af ™ (8) = i) (a5 (t — 1) € Ay)
0

i11€A;
1
— Z / P(X1(t) S dxl)yil(xl) Z El/iz(le(tg —tl)) as € — 0
€A, 70 i2€ A2

= 3 Y B (X (1) Briy (X0 (1 — 1))
i1€A1 i2€AS

= D D En (XT(0)E(ve, (X*(t2))| X" (t1))]
i1€A1 i2€A

=E Y > va(XT(00)wi (X7 (t2)).

11€A7 i2€A2

In fact, by induction, we obtain the finite-dimensional distributions
P(aa’“:’i(tl) € Ay, of’””’i(tg) €Ay, ..., aa”:’i(tn) € A,)

—E Z Z Z Vi (X (1)) vi, (X P (t2)) - - - v, (X7 (tn)) as € — 0.

i1€A ia€AS in€Ay,

As another illustration, consider a control problem with the cost function given by
T
T (@, u(-)) = By / CIXE(1), 0 (t), u(t))dt, (5.69)
0

where (X¢(-),a%(+)) is given by (G.60). Generally, the problem is difficult to solve due
to the complexity of the problem setup. Using our asymptotic expansions, we can show
that there is an associated cost function for the limit problem

T_
J(@,u() = B, / C(X (1), u(t))dt, (5.70)

where X (t) is given in (5.67) and C(z,u) = > v, C(z,i)vi(z) as defined in (5.68). We
can then find optimal control of the limit problem. Using this optimal control in the
original system, we can obtain asymptotic optimal control under suitable conditions.
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