Tpymet Mockos. Marem. O6m. Trans. Moscow Math. Soc.
Tom 71 (2010) 2010, Pages 1-104
S 0077-1554(2010)00186-0

Article electronically published on December 28, 2010

ASYMPTOTIC EXPANSIONS OF SOLUTIONS
OF THE SIXTH PAINLEVE EQUATION

A.D. BRUNO AND I. V. GORYUCHKINA

ABSTRACT. We obtain all asymptotic expansions of solutions of the sixth Painlevé
equation near all three singular points x = 0, x = 1, and « = oo for all values of
four complex parameters of this equation. The expansions are obtained for solutions
of five types: power, power-logarithmic, complicated, semiexotic, and exotic. They
form 117 families. These expansions may contain complex powers of the independent
variable . First we use methods of two-dimensional power algebraic geometry to
obtain those asymptotic expansions of all five types near the singular point z = 0
for which the order of the leading term is less than 1. These expansions are called
basic expansions. They form 21 families. All other asymptotic equations near three
singular points are obtained from basic ones using symmetries of the equation. The
majority of these expansions are new. Also, we present examples and compare our
results with previously known ones.

INTRODUCTION

In 1884-1885 L. Fuchs [47] and H. Poincaré [70} 71l [72] suggested looking for dif-
ferential equations whose solutions do not have movable critical points and cannot be
expressed in terms of previously known functions. In 1889 S. Kovalevskaya [36] had
shown that the absence of movable critical points of solutions allows one to construct
solutions analytically.

A singular point = xg of a function y(x) of a complex variable x is called a critical
singular point if the value of the function y(x) changes as x moves along the path sur-
rounding xg. A movable singular point of a solution of a differential equation is a singular
point such that its position depends on initial conditions of the problem. For example
for the solution y = 1/y/x — xg, where z( is an arbitrary constant, the point x = z is
a movable critical point. By a meromorphic function we mean a function whose only
singularities in the finite part of the complex place are poles.

In 1887 E. Picard [68] suggested studying the following class of second order equations:

(1) y' = F(z,y,y),

where the function F is rational in y and y’ and meromorphic in z, and to find, among
equations ([IJ), those that have only immovable critical singular points. At the beginning
of the 20th century P. Painlevé [65] 66] [67], and his students B. Gambier [49] and R.
Garnier [50} [51] solved the problem formulated by Fuchs and Picard. They have found
50 canonical equations of the form () whose solutions have no movable critical singular
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2 A. D. BRUNO AND I. V. GORYUCHKINA

points. Solutions of 44 of these equations could be expressed in terms of known (elemen-
tary or special) functions, and solutions of the remaining six equations determine new
special functions, which are now called Painlevé transcendents.

The sixth Painlevé equation first appeared in the paper by R. Fuchs [4§]. In has the

form
N2 /1 1 1 1 1 1
y”:ﬂ -+ —+ -y =+ +
2 y y—1 y—=x z -1 y—=x

(2)
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d
where a, b, ¢, d are complex parameters, x and y are complex variables, y = d—y It
X

has three singular points z = 0, x = 1 and = = oo, and is usually denoted P6. E. Picard
[69] has found solutions of this equation in an explicit form for special values of four
parameters: a = b =c¢ =0, d = % R. Garnier [51] was studying solutions of this
equation without any restrictions on parameters.

A new wave of interest to Painlevé equations occurred in the 1970s after M. Ablowitz,
A. Ramani, and H. Segur [I} 42, 43] discovered that integrable nonlinear partial differen-
tial equations are related to Painlevé equations (see also [35,37]). For example, the sixth
Painlevé equation is a reduction of the Ernst equation in general relativity. Nowadays,
the followng problems for the Painlevé equations are being studied: asymptotic behavior
of solutions near singular points, local and global properties of solutions, rational and
algebraic solutions, discretization, applications of Painlevé equations (mainly in physics).

In the present paper we study asymptotic expansions of solutions of the sixth Painlevé
equation at the singular points * = 0, 1, co. Expansions in nonsingular points were
described in [54] §46], and, using power geometry, in [I3| 24]. Similar studies were
performed by many authors. S. Shimomura [73]-[76], M. Jimbo [61], H. Kimura [62],
K. Okamoto [64] proved, using a variety of methods, existence and convergence of two-
parameter families of expansions for solutions of the sixth Painlevé equation. In the book
54, §46] by I. V. Gromak, I. Laine, and S. Shimomura the authors describe asymptotic
expansions of solutions in integer powers of the independent variable. For some special
values of parameters of the sixth Painlevé equation, B. Dubrovin and M. Mazzocco
[46] [63], and also D. Guzzetti [55] obtained several initial terms of nonpower and exotic
expansions. A comparison of these results with ours is presented at the end of the
Introduction and in Section 2 of Chapter 4.

The study of asymptotic extensions and asymptotic properties of solutions of Painlevé
equations near singular points consists of the following three main steps.

Step 1. To find formal solutions in the form of asymptotic expansions
(3) y=">_ vi(x),
k=0
where ¢i11(z) = o(¢k(x)), and formal asymptotics
(4) y~ > erl),
k=0

where the remainder is o(¢, ().

Step 2. To prove the existence of a solution with asymptotic expansion ([B]) or asymptotic
behavior (). Such a solution may be nonunique.
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ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 3

Step 3. To find a relation between asymptotic behavior of the same solution near different
singular points of the equation, and more specifically, between arbitrary constants of
families of asymptotic expansions.

The main result of the present paper can be expressed as follows. For all values of the
four complex parameters a, b, ¢, d we find all those formal solutions (B]) of equation ([2))
near three singular points x = 0, 1, co that can be otained using two-dimensional power
geometry.

According to [21]-]23] three-dimensional power geometry also allows us to find asymp-
totic behavior of the first four Painlevé equations (in particular, elliptic asymptotics) that
cannot be found using the two-dimensional power geometry. This may also be the case
for P6. However, this is a subject of another paper.

The problem of existence of a solution with a given formal expansion is discussed in
Section 7 of Chapter 1 from a general point of view. This is also a subject of a separate
paper. Currently, not for every formal solution (B]) the corresponding actual solution is
found. However, there are no examples of a formal solution (@) for which it is known
that the corresponding actual solution does not exist.

For the majority of formal or asymptotic solutions of Painlevé equations found earlier
by ad hoc methods, the existence of actual solutions is known (also with the help of ad
hoc methods).

The present paper does not address the problem of the relation of asymptotic prop-
erties of a solution of the equation P6 at different singular points (i.e., Step 3). This is
also a topic for another paper.

Everywhere below by an asymptotic expansion of a solution of equation (2)) we mean
the expansion of its formal solution.

For z — 0 let us consider asymptotic expansions of solutions of equation (@) of the
form

(5) y=ca’ Y e

where the exponents r and s are complex numbers, Res > Rer, and Re s increases.
We distinguish three types of expansion () (we assume that the number of exponents
s with the same real part Re s is finite):

Type 1. ¢, and ¢, are constant (power expansions).

Type 2. ¢, is constant, ¢, are polynomials in lnz (power-logarithmic expan-
sions).

Type 3. ¢, and ¢, are power series in decreasing powers of Inz (complicated
expansions).

Furthermore, we will distinguish three types of expansions of the form

(6) Y= Z Cpxp + Z csx®,

p

where all Re p are equal, Rep < Res, the first sum contains more than one summand,
and the coefficients ¢, and ¢y are polynomials in In x:

Type 4. The first sum in (@) contains a finite number of summands. For the
largest and the smallest value of Im p the coefficients c, are constant. In such
expansions the number of exponents s with the same real part Res is finite
(semiezotic expansions).
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4 A. D. BRUNO AND I. V. GORYUCHKINA

*

Let min(Im p) in (@) be reached at p = p,, and max(Im p) at p = p*. A semiexotic

expansion (B has two inverse expansions

(7) (Y= tamr (Zgj boa + zt: bt:vt)

(®) W) = cple (Z Boa” + sz)

where Reo = 0.

Type 5. The first sum in (@) contains an infinite number of summands, but Im p
is bounded either from above or from below. For the largest and the smallest
value of Im p we have ¢, = const € C (exotic expansions).

The inverse to an exotic expansion (@) is one of the expansions () or (&).

Type 6. The first sum in (6)) contains an infinite number of summands and the
values Im p are unbounded at both ends (superezotic expansions).

We note that expansions of Type 6 do not occur for the Painlevé equation P6.

Moreover, we assume that the argument of the complex variable = is bounded from
both sides.

One can similarly define types of asymptotic expansions as x — 1 and x — co.

Equation (2] has three symmetries that map singular points into one another. There-
fore, we first solve the problem near x = 0, and then, using symmetries, obtain asymptotic
expansions near x = co and x = 1.

The paper consists of five chapters. In Chapter 1 we present methods and results of
two-dimensional power geometry [2]-[26], [44] that are used in the paper. The leading
term of the asymptotic expansion (B is computed using the reduced equation that is
formed by those terms of the initial equation that are leading terms for this expansion
(make the largest contribution near the point under consideration). These equations are
studied using graphs. The exponents s of other terms of the expansion c,z® are found
algorithmically. Coefficients are computed consecutively. In §[I] we describe methods to
distinguish reduced equations and to compute power asymptotic expansions for solutions
of the initial equation. In §] we present methods to compute exponents of all terms of
an asymptotic expansion with a power function as a leading term, and to determine the
coefficients of such an expansion. In §[B]we consider the existence of nonpower asymptotic
expansions for solutions of the original equation and describe an algorithm to find such
expansions. In §d we present a method to compute complicated expansions (expansions
with nonpower asymptotics). In §B] we determine exotic and semiexotic expansions and
describe methods to compute these expansions. In §6 we present exponential asymptotic
expansions and additional terms in expansions of Types 1, 2, 4 that do not occur in the
case of equation P6. In §7 we present results about the existence of an actual solution
with a given formal solution as the asymptotic expansion. We also formulate a general
theorem about the convergence of a power expansion and prove it in a special case.

In Chapter 2 we look for asymptotic expansions of all five types for the sixth Painlevé
equation as a-b # 0, x — 0, and © — co. In §[ equation (2]) is written as a differential
sum. To do this we multiply it by 22%(z — 1)?y(y — 1)(y — «) and move the right-hand
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ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 5

FIGURE 1. The polygon of equation (@) and notation for families of
expansions corresponding to its vertices and edges for a - b # 0.

side to the left. We obtain the equation

(9)
Fla,y) € 2”2 (x — 1)y(y — 1)(y — )
— ()2 [2* (e = 1)y —1)(y — @) + 2%(x — D)?y(y — o) + 2*(z — 1)’y(y — 1)]
+2¢ [w(z=1)y(y—1)(y—=) + 2* (e —Dy(y—1)(y—2) + 2*(x—1)*y(y—1)]
— [2a9%(y — 1)*(y — )% + 2ba(y — 1)*(y — 2)°
+2¢(z — 1)y (y — 2)* + 2dx(x — 1)y (y — 1)2] =0.

Then we study the main properties of equation (@): the polygon of the equation,
symmetries, and exceptional solutions Z; : y=0asb=0,Zs:y=1lasc=0,Z3:y==x
as d = %, Ty :y =00 as a = 0. The polygon of equation ([@) and the notation for families
of expansions corresponding to vertices and edges of this polygon are shown in Figure [1l

In §2 we study those asymptotic expansions () of solutions near zero that correspond
to the vertices of the polygon. It is shown that such solutions exist only for the vertex
with coordinates (q1, ¢2) = (0,3). The main result in Chapter 2 is as follows.

Theorem [2. 2.7l Forxz — 0 there exists a two-parameter (in ¢, and r) family of solutions
with constant coefficients given by the formula

(m) AO Y= cra” + Z Csxsv
S

where the complex exponents are as follows: r is arbitrary with Rer € (0,1), s €
{r+lr+m(l—r); I,m>0;l+m > 0;1,m € Z}, and the complex coefficients are
as follows: ¢, is an arbitrary complex constant, and the other cs are uniquely defined
constants.

Expansions (220]) converge for small |xz|. The family Ay and its convergence were
known earlier; see [60]-[62], [64], and [73]-[78]. The family A, exists for all values of the
parameters and exhausts all expansions corresponding to the vertex (0, 3).

Throughout the article, In means log.
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6 A. D. BRUNO AND I. V. GORYUCHKINA

In §[3] we analyze asymptotic expansions near zero that correspond to the left vertical
edge of the polygon (see Figure[Il). For the reader’s convenience, the main result can be
formulated as follows (in more detail than in Chapter 2).

Theorem 2.371 (a) For x — 0 and a # 0 there exist two two-parameter (in Cy1 and
p) families of exotic expansions of solutions with constant coefficients; these families are
giwen by the formula

2

p
BT : — o S
0 Y B3 cos?[In(Ch12)7] 4 asin?[In(Ch12)7] * Z ot

_xp(cp+ch:l:kp)+ Z csx®,

Res>1

234

where p # 0 is an arbitrary purely imaginary constant se{p+ip+m(d—p); l,m>0;
I+m>0;1l,meZ}, 7 =sgn(Imp), a+f = =22 _2C+2a ,af = 22, 2y =ip, and ¢, and C11
are arbitrary nonzero complex constants related to one another, ¢, and cs are uniquely
determined constants. The families of inverse expansions y_l(x) for the families By and
By coincide.

(b) For 0 # a # c# 0 and x — 0 there exist one-parameter families of expansions B;
and BT, i =1,2, 7 = +1 that are given by one of the formulas (Z314), Z3I8), (Z319)
below, depending on the values of complex numbers 61 = V2¢—+/2a and 05 = V/2¢++/2a.

Namely, if Re0; = 0, then the families Bl are given by the formula (see (23.14),

2.3.40)) .
0i
Bl : y=co+ chixs T C;:c“g Z CoiT®,
s Res>1
where s € {l + m76;; I,m € Z;l,m > 0; 1 +m > 0}, the complex coefficients cg; are
given by

23.9) COi=1+(—1)i\/§,

C7 is an arbitrary constant, and other constants cg; are uniquely determined.
Now let Ref; # 0 and k; = 0, - sgn(Re ;).
If Ref; #0 and 0; € Z, then the family B; is given by the formula

2313 Bi: y=coi+ Z Coi”,
S

where s runs over the set {l +mk;; I,m € Z,l,m > 0,14+ m > 0}, and the complex
coefficients are as follows: co; is given by formula (Z36), ck,; is arbitrary, and the
remaining cg; are uniquely determined constants.

If 6; € Z\{0}, then the family B; is given by the formula

o0
2319) Bi: y=coi+ chi(lnx) x®,

s=1
where the coefficients are as follows: co; is given by formula (Z30), cs; with s < k; are
constants, cx,; = ;i + Brilnz, o, s an arbitrary constant, the coefficient Bi,; is a
uniquely determined constant, and the remaining cs; with s > k; are uniquely determined
polynomaals in In x.

In the case C7 = 0 expansions (Z3TI4l) are integral, i.e., s € Z; the family of these
expansions is denoted B;. It coincides with a subfamily of the family (Z3I8]) for cx,; =0,
i.e., form = 0.

The family Bo exists for a = ¢ # 0 as well.
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ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 7

(¢c) For a-c# 0 and x — 0 there exist one-parameter families of complicated expan-
sions, namely,
e the family Bz, which ezists for a # ¢ and is given by the formulas

2.3.30) Bs: y=to+ Yy tor’,
o=1

where

2 1 c_3 S B 2(c—a)
Yo = + * ~ (c—a)2(Inz + C3)2 — 2a’

S
c—aln’z In*z 52411130

and the complex coefficients are as follows: c_3 and Cs are arbitrary complex constants
and the remaining c_s are uniquely determined constants; Y, are series in decreasing
powers of logarithms;

o the families By and Bs, which exist for a = ¢ # 0 and are given by the formulas

2358) Bspj: y=1oj+ Y o2’ j=12

o=1
where
1 1 C_9; > C—sj (_1)j
= (1) = s = !
Z3357) Yo = (=1) V2alnz I’z Itz V2alnz 4 Cs

with the following complex coefficients: c_o; (i.e., C3) is an arbitrary constant and the
remaining c_s; are uniquely determined constants; 1),; are series in decreasing powers
of logarithms.

(d) Fora #0, ¢ =0 and x — 0 there exist one-parameter families of expansions Bg,
Bg, T = %1, given by the formula

©37I) y=1+ca’+> coa’,
S

J=12,

where p = \/2a with Rev/2a > 0 (the family of power expansions Bg) or with Rev/2a = 0
(families of exotic expansions B ), where s runs over the set {p+1lp+m; l,m > 0; 1+
m > 0; l,m € Z}, ¢, is an arbitrary nonzero constant, and all cs are arbitrary nonzero
constants.

The families B with T = sgn(Im p) can also be written in the form

The families (2318) and (2371 converge for sufficiently small |z|. The families B;—
Bes, By, BT, B3, B§ with 7 = £1 exhaust all expansions corresponding to the left vertical
edge of the polygon in Figure [l For families By, Bz, only subfamilies with constant
coefficients and integer exponents were known before [54]. The families Bf, BT, B, Bg,
Bs—Bs are new. The families Ag, B1-Bgs, B, B], B, B are basic families. Using the
main symmetries of equation (2l), one can obtain from them other families of expansions.
In §M] we use symmetries to obtain from the basic families B1—Bg, Bf, BT, B, Bf the
families H1—Hsg, Hf, HT, H3, H (as & — 0) corresponding to the lower inclined edge of
the polygon in Figure[l]). In §[Eanother symmetry is applied to asymptotic expansions (as
x — 0) forming the families Ao, B1—Bs, Bf, B], By, BE, H1-He, HE, H], H3, HE, which
results in families A, G1-Gs, G§, 61, G3, G&, D1-Ds, Df, DI, D}, D§ of asymptotic
expansions as T — 00.

In Chapter 3 we are looking for asymptotic expansions of all five types (power, power-
logarithmic, complicated, semiexotic, and exotic) for the sixth Painlevé equation with
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8 A. D. BRUNO AND I. V. GORYUCHKINA

q2

WORSY

FIGURE 2. The polygon of the equation (@) and notation for families of
expansions corresponding to vertices and edges of this polygon for a = 0,

b 0.

a=0,b#0anda # 0,b=0. In §[in each of the casesa =0, b # 0 and a # 0, b = 0 we
discuss properties of the equation related to the polygon and symmetries. For example,
in the case a = 0, b # 0 the polygon of the equation is shown in Figure

In §2 we consider the case a = 0, b # 0 and study asymptotic expansions of solutions
near zero (different from those in the case a - b # 0) corresponding to the vertex (0,4).
The main result is as follows.

Theorem B2l For a = 0, ¢ # 0 there exists a one-parameter family C§° of power
expansions (as x — 0) of solutions determined by the formula

(m) Cgo oY= ez’ + Z Csxsv
S

where r = v/2¢ with Rev/2¢ < 0, s runs over the set {r —lr+m; l,m >0; l+m > 0;
l,m € Z}, ¢, is an arbitrary nonzero complex constant, and all cs are uniquely determined
constants.

The family C§° exhausts all expansions corresponding to the vertex (0,4) in Figure
In §B] we show that for a = 0, b # 0 there are no asymptotic expansions near zero
corresponding to the horizontal edge in Figure 2l In §M] we study the case a = 0, b # 0
and consider asymptotic expansions near zero different from expansions corresponding to
the vertical edge and different from the expansions that are present in the case a - b # 0.
Here the main result is as follows.

Theorem B.4.1l (a) For ¢ — 0 and a = 0 there ezist two two-parameter (in C11 and
p) families of exotic expansions of solutions with constant complex coefficients

2

1
B13) Br: y=:" + Y e,

© 2c— p? sin? [In (Cp1)"]

where p is an arbitrary purely imaginary constant, p* # 2c, T = sgn(Imp), s € {p+Ilp+
m(l—p), L, m>0;14+m>0;l,meZ}, 2y =ip, C11 is an arbitrary nonzero constant,
and ¢ are uniquely determined constants. The families of inverse expansions y~(z) for
families B;r and B7 coincide.
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ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 9

TABLE 1. Dependence of the existence of basic families B and C on the
values of parameters a and c.

0#fa#c#0|a=c#0|a#0=c|la=0#c|la=c=
Bg By By B7 7
By, B By I C, Iy Ts
Ba, Bj Ba, Bj Be, BE Bs, By 7,
Bs Bs Bs Bs Bio

(b) For x — 0 and a = 0, ¢ # 0 there exist two one-parameter families of power
expansions of solutions:

B49) Bso: y=cpx’+ Z Cs T,

Res>1

where p is a purely imaginary constant, p*> = 2c, Im p > 0 for the family Bg and Im p < 0
for the family By, s € {p+1(1 —p)+m, I,m > 0;1+m > 0;1,m € Z}, and the
complex coefficients are as follows: c, is an arbitrary nonzero constant and c, are uniquely
determined constants.

(¢c) For x — 0 and a = ¢ = 0 there exists a one-parameter family of expansions with
constant complex coefficients

B422)

o0
Bio: y=co+ E sz’
s=1

where cg # 0,1 is an arbitrary constant and cs are uniquely determined constants.

For a = 0 # ¢ there exists a one-parameter family of complicated expansions B3. The
families Bs, Bs—Bio, B} exhaust all expansions corresponding to the left vertical edge in
Figure 21 The series (BZ8) and B422) converge for sufficiently small |z|. The C§° for
integer values of r and the family By were known earlier [54].

The families C5°, Bs—Bio, BT are also basic. Using symmetries of equation (2)) the
21 basic families Ay, C§°, B1—Bs, Bs—Bio, Bj—B3, Bi, B yield all other families of
expansions near all three singular points. Near each point we have 20-2+1 = 41 families
of expansions, this resulting in 3 - 41 = 123 families. However, among these expansions
there are three occurrences (near z = 0,1,00) of families of inverse expansions y~1(x)
to expansions B] and BZ. According to Theorems 2.31l(a) and B.4Tl(a) these inverse
expansions form one family for each of two values of 7. Therefore, the number of different
families decreases by 6, i.e., becomes 117.

Table [ shows how the existence of the basic families C§°, B1—Bg, Bs—Bio, Bi— B3,
Bi-B7 depends on the parameters of the equation. In §[H we consider the case a = 0,
b # 0 and apply the symmetries to the basic families C3°, B1—Bg, Bs—Bio, Bi— B3,
Bi—B% obtaining the families C3S, G1-Ges, Gs—Gi0, G5~ G5, G§—G7 of asymptotic expan-
sions of solutions near infinity (different from families that exist in the case a - b # 0)
that correspond to a vertex or to the inclined edge. In §[] we summarize and discuss
the results obtained for the case a = 0, b # 0. In §[d we apply one of the symmetries of
equation (2] to obtain expansions of the solution in the case b =0, a # 0.

In Chapter 4 we consider the case a = b = 0 of the sixth Painlevé equation. It does
not contain any new results. In §1 we list asymptotic expansions that survive from the
cases a = 0, b # 0 and a # 0, b = 0. In §2 we present examples, compare our results
with those of Mazzocco [63], and point out to an error in Mazzocco’s paper.

In Chapter 5 we use symmetries of equation P6 to obtain, starting from asymptotic
expansions in a neighborhood of zero, asymptotic expansions in a neighborhood of 1.
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10 A. D. BRUNO AND I. V. GORYUCHKINA

Here we obtain all “flat” asymptotic expansions of solutions of equation (@) because
either each “flat” reduced equation is solved explicitly, or one can prove that it has no
appropriate solutions; this yields all possible asymptotics of solutions that can be ob-
tained using methods of two-dimensional power geometry. Each asymptotics is expanded
in all possible ways.

Let us present a brief survey of previously known results and compare them with
the results of the present paper formulated above. In 1982 Shimomura [74] proved the
existence and convergence of expansions from the family Ay in sectors of the complex
plane, and Jimbo [61] deduced formulas relating the families Ay, A; and A for generic
values of the parameters a, b, ¢, d. In 2000, Dubrovin and Mazzocco [46] considered the

1 _ (2p-1)?
2 =T

2001, Mazzocco [63] considered the caseb=c=d—1 =0,a = M, 2p € Z and found
the family Ay and asymptotics for a part of the families B] (as Picard solutions), as well
as logarithmic asymptotic behavior of the complicated family B; (as Chazy solutions).
For more details see §2 in Chapter 4. For these asymptotics she indicated the relation
formulas. In 2001, Guzzetti [55] considered the case b = ¢ =d—1 =0, a € C. He
introduced his “elliptic representation” of solutions of P6 and showed that all previous
results by Dubrovin and Mazzocco can be obtained using elliptic representation. In 2002
Guzzetti [50] used elliptic representation for all values of the parameters a, b, ¢, d to
obtain asymptotics of the families Ag and Hj and the corresponding relation formulas.
In 2006 Guzzetti [57] showed that all previous results of Shimomura, Jimbo, Dubrovin,
and Mazzocco can be obtained using elliptic representation. In [58, Theorem 1] he found
all solutions that can be expanded in a Taylor series. In our notation they are contained
in families By, Bs, Bg, and By for special relations between parameters of the equations
and for zero values of some arbitrary constants.

In 2008 Guzzetti [59] found logarithmic asymptotics from the families Hs, H4 and Hs
and the relation formulas for these asymptotics.

Some of the results of this paper were announced in [12} [T4] [T5] 25], [30] and in abstracts
[28] 29, 31l [32] 41l 52 [53]. Detailed exposition of the main results of the paper can
be found in preprints [I6]-[20] and [26, [33]. In the present paper the decomposition
into families, the number of families, and the notation differ from those in previous
publications since here we use a different definition of an exotic expansion (following
preprint [I1]; here it is §5 in Chapter 1). In particular, now all exotic expansions are
related to edges, whereas in earlier papers some of them were related to vertices.

The numbering of lemmas, theorems, corollaries, remarks, and formulas renews in
each chapter: the first component indicates the chapter, the second the section. Tables
and figures are numbered consecutively throughout the paper.

casseb=c=d—z=0,a , 21 € 7 and found relations for the family Ag. In

CHAPTER 1. COMPUTATION OF ASYMPTOTIC EXPANSIONS FOR SOLUTIONS
OF ORDINARY DIFFERENTIAL EQUATIONS

In this chapter we present those methods and results of the two-dimensional power
geometry [2]-[27] and [44] that are used in this paper. Power geometry methods can be
applied to a rather wide class of equations and systems, of which the Painlevé equations
represent a rather narrow subclass with their own special properties. These special prop-
erties imply, in particular, that power asymptotic expansions of solutions have at most
one critical number and the expansion does not contain iterated logarithms. Therefore,
in this chapter we present only the results related to the case where there is at most one
critical number and only simple logarithm.
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ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 11

1. POWER ASYMPTOTICS OF SOLUTIONS

1.1. Main definitions and formulations of the problem. Let z be an independent
variable and y a function of x, where z,y € C. Denote X = (z,y).
A differential monomial a(X) is the product of a usual monomial

(1.1.1) cx’ly"2,

where ¢ = const € C, R = (r1,72) € R?, and a finite number of derivatives of the form
dly

1.1.2 —, leN

( ) d.’ljl

A sum of differential monomials
(1.1.3) F(X) = ai(X)
is called a differential sum.
Suppose we are given an ordinary differential equation
(1.1.4) f(X) =0,
where f(X) is a differential sum containing only integral powers of y. We set
-1 if z—0,
-

(1.15) 1 if z— o0

Let # — 0 or  — oo and a solution of equation (LI4) have the form

(1.1.6) y =ca” 4 o(|z|"F),
where ¢, = const € C, ¢, # 0, r,¢ € R and we < 0. Then the expression
(1.1.7) y=cz', ¢ #0

is a power asymptotics of equation (LI.0).

Problem 1.1. For a given equation (ILI4) find all power asymptotics (L) of its
solutions of the form (LI.0).

Power geometry provides the theory and algorithms for solving Problem [[.I] based on
the extraction of reduced equations.

1.2. Extraction of reduced equations. With each differential monomial a(X) we
associate its (vector) exponent Q(a) = (q1,q2) € R? defined by the following rules. For
a monomial of the form (LII) we set Q(cX%) = R, i.e., Q(ca™y") = (rq,72); for the
derivative (LL2) we set Q(d'y/dx') = (—I,1); the exponent of a product of differential
monomials is the (vector) sum of the exponents of factors: Q(ajaz) = Q(a1) + Q(az).
The set S(f) of exponents Q(a;) of all differential monomials a;(X) in a differential sum
(CI3) is called the support of the sum f(X). Clearly, S(f) € R?. By fo(X) we denote
the sum of those monomials a;(X) in (LI3]) that satisfy Q(a;) = @. Then the differential
sum (LI3]) can be written in the form

f(X) =) fo(X) (sum over Q € 8(f)).
The closure of the convex hull T'(f) of the support S(f) is called the polygon of the
sum f(X). The boundary OT'(f) of the polygon I'(f) consists of vertices F§O) and edges
F§1). Together, they are called generalized faces F§d); here the superscript indicates the

dimension of the face, and the subscript indicates its index. To each face ng) we associate
the reduced sum

118 P00 =3 a(X)  (the sum over Qar) € 8(7) N 1)
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12 A. D. BRUNO AND I. V. GORYUCHKINA

Let the plane R? be dual to the plane R?, so that for P = (p1,p2) € R? and Q =

(q1,q2) € R? we have the inner product (P, Q) def p1q1 + p2qo. To each face ng) in the
plane R? one associates the corresponding normal cone

U(d)_{P: (P.Q)=(P,Q), Q.Q S\, }
J <P’ Q> > <p7 Q//>, Q// c S(f) \ Sgd)

Let the vector N; be the outer normal to the edge I‘;d) (vectors are denoted by capital

)

letters). The normal cone of an edge I‘;l is the ray generated by the vector IN; and

directed outside of the polygon I'(f). For a vertex F§O) the normal cone U;O)

sector (angle) on the plane R? with the vertex at the origin P = 0 bounded by the rays

is an open

that are normal cones of the edges adjacent to the vertex F§O).
(d)

;~ we have associated the normal cone U9 in R?2 and the reduced

So, to each face I' p

equation
7 (d) -
(1.1.9) fj (X)=0.

Theorem 1.1.1 ([3, Ch. VI, Theorem 1.1]). Equation (LI4) has a solution (LIG), and
w(l,r) € U§d), the reduction (LIT) of the solution (LG, is a solution of the reduced
equation (LI1.9]).

Therefore, to find all reduced solutions ([LI7) of equation (I.I4]) one should compute
the following data: the support S(f), the polygon I'(f), all its faces ng), normal cones

of edges Ugl), and normal cones of vertices UEO). Then for each rescued equation (LI.S]),
(CI9) one should find all solutions (II.7) for which one of the vectors (1, r) lies in the

normal cone U;d). For d = 0 this means that one of the vectors +(1, ) lies in U;d). For
d = 1 this property always holds.

(0)
J
and of an edge I‘;l). To a vertex Fgo) = {Q} there corresponds a reduced equation (LI.9)

with d = 0 whose support consists of one point . Set g(X) o X’ij(o) (X). Then
solution (I7) of equation (I.I.9]) satisfies the equation g(X) = 0. Substituting y = cz”
in g(X) we obtain that g(z,cx”) does not depend on z and ¢ and is a polynomial in r,
ie., g(x,cx”) = x(r), where x(r) is the characteristic polynomial of the differential sum
fj(o) (X). Therefore, for a solution (II7)) of equation (II.Y) the exponent r is a root of

the characteristic equation

1.3. Solving the reduced equation. We consider separately the case of a vertex I'

(1.1.10) X(r) = g(z,2") =0,
and the coefficient ¢, is arbitrary. Among the roots r; of equation (LII0O) one should
choose those for which one of the vectors w(1,r), where w = +1, is in the normal cone

U;O) of the vertex Fg'o). Here the value of w is determined uniquely. The corresponding
expressions (LI7) with an arbitrary constant ¢, are candidates to being reduced solutions

of equation (LIA4).

A reduced equation ([LI.9) is called algebraic if it does not contain derivatives.

Remark 1.1.1 ([3]). If the reduced equation (LIT9) with d = 0 is algebraic, then it has
no solutions of the form (II7)). Therefore we may disregard reductions consisting of one
algebraic monomial.
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ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 13

To an edge Fgl) there corresponds the reduced equation (ILI.9) with d = 1 such that
its normal cone is the ray U§»1) in {AN;, A > 0}. The inclusion w(1,r) € U§»1) uniquely
determines the exponent r of the reduced equation ([I7) and the value w = +1 in
(CI3A). To determine the coefficient ¢, one should substitute (L) in the reduced
equation (CITO). After canceling a power of x we obtain the algebraic determining
equation for the coefficient c,.:
(1.1.11) Flen) &
To each root ¢, = ¢,; # 0 of this equation there corresponds the expression (LI7) that is
a candidate to the role of the reduced solution of equation (LT4). According to (LI,
if in the normal cone U§1) we have p; < 0, then z — 0, and if p; > 0, then z — oo.

So each reduced equation (LT.9) has several appropriate solutions (LI7) with w(1, 7)
- Ug-d). Let us combine them in families that are continuous in w, r, ¢, and parameters
of the equation (LI.4).

If we are interested not in all solutions (ILT.6) of equation (LI4) but only those for
which w(1, r) is in some given cone K, then K is called the cone of the problem [3,

Chapter], §6]. For example, for the reduced equation (II.9) the cone of the problem is
(d)

J

x_sfj(l)(ac, crz’) = 0.

the normal cone U’ provided that there are no other restrictions.

1.4. Critical numbers of the reduced solution. If the reduced solution (LLT) is
found, then the change of variables

(1.1.12) y=ca" +z

transforms (LI.4) to the form

(1.1.13) f(z,2) f flz,ea” 4+ 2) =0,

where f(ac, z) is a differential sum such that all points @ = (¢1,¢2) in its support S(f)
have an integral nonnegative coordinate ga. To equation (LLI3) one can apply the
computations described above (i.e., to compute the support, the polygon, the reductions,
etc.) and obtain for (ILILG) the next term of the expansion cg,z" with kg > r if z — 0
and ko < r if x — co. Hence, we have Problem [I1] for equation (LII3) with the cone
of the problem now being

(1.1.14) K= {k—% D kw < rw, p1w>0}.
1

However, in many cases the differential sum f (z, z) has a special form, thus allowing us
to simplify the computation of expansions (ILI.6). Let us assume that equation (LITI3)
has the form

(1.1.15) f(z,2) Lef L(z)z + h(z,z) =0,

where L£(z) is a linear differential operator and the support S(L£z) consists of one point

(v,1) that is a vertex I:go) of the polygon I'(f). Then for all points Q = (g1, ¢2) in the
support S(h), the coordinate g2 is nonnegative, and there is no point @ = (v,1) such
that the normal cone of the vertex fg‘” contains a vector P = (p1, p2) with pyw > 0.

Similarly to the well-known in functional analysis Fréchet derivative [40], we introduce
the formal Fréchet derivative (or the first variation) %ﬁ/’y} of the differential sum f(z,y)
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14 A. D. BRUNO AND I. V. GORYUCHKINA

that has the following properties (and is uniquely determined by these properties):

S(cxy®) P §(dy/dzt)  d
6y =Cq2rY ) 6y - dxlv
Sitg) O 89 8lfa) _ (3, (%
oy oy oy’ oy 5y oy )

According to the second property, the first variation is a linear functional operator, i.e.,
an operator of the form
l

dk
(1.1.16) ng(%y)w,
k=0

where g (z,y) are differential sums.

Theorem 1.1.2 ([44, 4]). Let (LIX) be a solution of the reduced equation (LI1.9) with
w(l,r) € Uﬁ-d). Then for equation (LIIH) we have

3\ (x,y)
=
i.e., the operator L(x) is equal to the first variation computed at the solution (LIT).
Furthermore, S(Lz) = (v,1), where v = (Q1, (1,7)) —r with Q € F;d).

Therefore, substitution (LITI3) transforms equation (LI4) to the form (LIIH) pro-

(1.1.17) L(x) for y=c.z";

vided
L(z) £0.
Let v(k) be the characteristic equation of the differential sum L(x)z, i.e.,
(1.1.18) v(k) = x V"R L(x)z".

If v(k) £ 0, then the roots ki, ..., ks of the polynomial v(k) are called eigenvalues of the
reduced solution [[.I77)). Those real eigenvalues k; that lie in the cone of the problem,
i.e., satisfy inequalities (LI4)), are called critical numbers. As will be shown in §[2] they
play an important role in finding expansions of the solution (LI.6]).

Remark 1.1.2. The power solution (L.IT) of the algebraic reduced equation (L.I.9) with
d =1 does not have eigenvalues and critical numbers since for such a solution,
aft
k)=vy = t = —2—(1,¢,).
v(k) = vg = cons By (1,¢)

If ¢, is a simple root of equation (LTI, then vy # 0. If ¢, is a multiple root of equation
(CIII), then vy = 0.

If £(z) £ 0, then v(k) £ 0. If L(x) = 0, then one should compute the solution of
equation (LTT3) (taking into account the cone of the problem (LI.I4) as described in

§91.2
1.5. Asymptotics with complex exponents. Consider solutions of the form
(1.1.19) y=cpx’ +o(|z[F), ¢, #0

with a complex exponent p = r + is, where ew < 0. The asymptotics of such a solution
is of the form

(1.1.20) y=cpxf, ¢, #0.
All the facts from previous subsections are true for such solutions as well if we set
r = Rep.
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We only mention that solutions of the form (LI20) of the reduced equation (LI.9)
occur only for vertices F;O), i.e., only in the case d = 0. In this case the characteristic
equation (LITIQ) can have complex roots, which we will denote p1,...,p;. A root p; is
appropriate if one of the vectors (1, Rep;) is in the normal cone Ug'o)' If, instead of

([CTI2), we make the change
(1.1.21) y = cpxf + 2z,

then the differential sum f(z, 2) def f(z, cpx” + z) will contain the usual monomials of
the form cz" 2" with complex r;. Theorem remains valid provided we compute
the first variation on the solution (LI20). The characteristic polynomial v(k) is again
defined by (LII8). Its roots k; again are eigenvalues of the reduced solution (CI20).
Those roots k; for which Re k; is in the cone of the problem, i.e., satisfies inequalities
(CII4), are called critical numbers of the reduced solution (LCI20).

For the reduced equation (LI.9) corresponding to an edge I‘;l) we are looking for
solutions (I7]) with real exponent r; this exponent is determined uniquely by the normal
vector to the edge. Solutions of the form (LIT.20) with complex p, Rep = r, Imp # 0
will be considered later in §[l

In what follows we restrict ourselves to the case where there is at most one critical
number.

2. POWER AND POWER-LOGARITHMIC EXPANSIONS

2.1. Formulation of the problem. Consider equation (LIIH) with v(k) # 0. When
looking for power series solutions of this equation,

(1.2.1) z= chxk, wk < wr,

with ¢ = const € C, we see that according to [4] such an expansion exists only under
certain conditions, with the main condition being the absence of critical values. In the
case where we do not impose these conditions, we get expansions of the form (CZT),
where the cj, are polynomials in Inx.

Consider the equation (LILIH), i.e.,

(1.2.2) Fo,2) Y L(2)z + h(z, 2) =0,

where f (z,z) is a differential sum with z entering in integer nonnegative powers and
L(x) is a linear differential operator.

Problem 2.1. For the solutions of the equation ([22]), find all expansions of the form

(1.2.3) z= Z Bre(Inz)x”
where () are polynomials in In x with complex coefficients and exponents k or Rek lie in
the cone of the problems (LI.T4]) provided it exists.

2.2. The support of the expansion of a solution. To be specific, we will impose the
following conditions to the summands in equation ([22).

Condition 2.1. The point (v, 1) is a vertex of the polygon I'( f ). The only corresponding
term in the sum f(z,z2) is L£(z)z.

If (TZ2) is obtained from (CI4) and L(x) # 0, this condition is satisfied automati-
cally. If this condition is satisfied, then the differential sum £(x)z has the characteristic

polynomial (LIIS) and v(k) # 0.
Let us shift the support S(f) by the vector (—v,—1). Then the vertex (v,1) corre-
sponding to the term £(z)z moves to the origin. Let a number r be such that for each
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16 A. D. BRUNO AND I. V. GORYUCHKINA

point Q' € 8 ¥ S(f) — (v,1) we have (WR, Q') > 0, where R = (1,7). Let k; be a

real number satisfying the inequality kijw < rw in (LII4). Finally, let S’, (k1) be the set
consisting of finite sums of vectors Q' € S’ and the vector (k1,—1). Denote

(12.4) K (k) = S, (k1) 1 {g> = —1}.

Proposition 1.2.1 ([8]). If the support S(f) does not have accumulation points in R?,
then the set K (ki) does not have accumulation points in R.

Proposition 1.2.2 ([8]). Let I‘;O) be a wvertex of the polygon T'(f) of the equation
(CI4) such that the corresponding reduced equation (LI9) has a solution (LI7M) with
w(l,r) € I_Jgo) and all points of the shifted support S(f) — F§0) are represented in the
form >°1_ 1;M;, with integers I; > 0, and some vectors M; € R?. Then for the set K of
equation ([22) we have

K cC {k:r—i—Zliti, integers l; > 0, Zli >O},
i=1 i=1
where t; = ((1,r), M;), i=1,...,n. Here I_J;O) denotes the closure of the cone Ug-o).

Proposition 1.2.3 ([8]). If the set K has the form

K= {k = 7’+Zliti, integers l; > 0, Zli > O},
i=1

=1

then the set (L24) has the form

(1.2.5) K(k1) = {k =r+ Zliti +m(ky —r), integersl;,m >0, Zli +m > O}.
i=1 i=1

2.3. Computation of expansions.

Theorem 1.2.1 ([8]). If equation (L22) satisfies Condition 211, then it has a formal
solution

(1.2.6) 2=2(2) €Y Bullnz)z”, ke K(ky),
where Br(Inz) are polynomials in Inx and ky is a critical number of the reduced solution
CL17).

The set K(k1) is the maximal possible (theoretical) support of expansion (L2.6]). The
actual support is a subset of this set.

Indeed, moving along the points k of the set (L24) in the direction of increase of
—w(k — r), for each coefficient B, in (L2:0]) we get a linear equation

(1.2.7) L(z)Bra” + Opzh TV =0,

where 6, is a polynomial in the coefficients 5; and their derivatives with —w(j — r) <
—w(k —r), i.e., —wj < —wk. Furthermore, the coefficient 65, depends on the coefficients
in the sum h in (L22). In fact, 6y is the coefficient at ¥V in the sum

(1.2.8) h(m > ﬂjxﬂ')

—wr<—wj<—wk
Let the conclusion of the theorem hold for all 3; with —wj < —wk. Then 6 is a

polynomial in & .
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Lemma 1.2.1 ([8]). Equation (LZ1) is equivalent to the linear differential equation

(1.2.9) Ni(€)Bi() +61(€) Y %%m)(kw,i”’(&) +0k(§) = 0,
d™v(q) (m) _ d"Br(§)

where v(™ (k) =

B k —W, m:O,l,Z,....

dgq™ o=k
Let p(k) be the smallest m such that v("™) (k) # 0, and A(k) the degree of the polyno-
mial 0, (§); we agree that A(k) = —1 if 65 = 0.

Lemma 1.2.2 ([8]). Let 0;(§) be a polynomial of degree A(k). Then equation (L29) has
a solution By (&) that is a polynomial of degree p(k) + M(k) and contains pu(k) arbitrary
coefficients.

Remark 1.2.1. If we know the operator £(x) and the support K(k;) of an expansion
([L21), we can compute the coefficients of this expansion using the initial equation
f(z,y) = 0; indeed, the coefficient at #* in the sum (LZS) coincides with the coeffi-
cient at z**v in the sum

f(xachI;T + Z B],T])

—wr<—wj<—wk

Therefore, computing the initial terms of the expansion
y=cax + Z Bjxj

and substituting them in f(z,y) we obtain the function 6} in equation (L29). In com-
plicated cases this equation can be solved as explained in Lemma [1.2.2]

We say that a critical number k; satisfies the compatibility condition if for k = k; in
equation (L277) we have 6 = 0.

Corollary 1.2.1. Let in equation [L27) 0 be a polynomial of degree A\(k) in Inx.
If in equation (L27) the number k is not critical and 0y, = const, then equation (L27)
can be reduced to the equation

(1.2.10) v(k)Bk + 6k = 0,
which has a solution B, = —%.

Similarly, if 0x is a polynomial of degree A(k) in Inz and v(k) # 0, then there exists
a solution of equation [(L2T) such that By is a polynomial in Inx of degree (k).

If in equation ([Z277) the number k is the only simple (nonmultiple) critical number
and 6, = const, then we look for Sy in the form Sy = ay + v Inz and equation (L2.7)
takes the form

(1211) V/(k)’yk + 60, = 0.

This equation has a solution v, = —%. Here oy, is an arbitrary number. If 8, = 0
(i.e., the compatibility condition is satisfied), then 75 = 0 and 8 = ay is an arbitrary
constant. Therefore, in this case, logarithms do not occur.

Usually one can compute not the entire expansion (LZG]) but just a number of its
initial terms. It is usually desirable that these terms contain a critical value k;. If this
is the case, they contain all arbitrary constants of the expansion.
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18 A. D. BRUNO AND I. V. GORYUCHKINA

2.4. Powers of logarithms in the expansion. It is clear that degree ord 8 (&) of the
polynomial fj increases as —w(k — r) grows. Let us estimate this degree from above.

= ‘;‘(jﬁl and ¢* = max g, for (q1,q2) € S(f).

Denote &(7)

Theorem 1.2.2 ([§]). If the equation (LZ2) contains no logarithms, then for the solution

([CZ8) we have

(1.2.12) ord By < q*lk — 7| Z &(j),
0<—w(j—r)<—w(k—r)

where j,k € K(ky).

Remark 1.2.2. Under the conditions of Theorem the decomposition (CZ6]) may
contain the logarithm Inz only in two cases: a) if the set K contains a critical number
k1 that does not satisfy the compatibility condition; b) if k7 is a multiple critical number
(this does not occur in our case). This agrees with results in [4].

2.5. The lattice of the support of an expansion. A discrete subset Z in R"” is called
a lattice if it is closed under vector addition and subtraction. Vectors By, ..., B, form a
base of a lattice Z if each point () € Z can be represented in the form
Q=mB1+--+m,B,, m; €.
Theorem 1.2.3 ([]). If the set S’ def (f) = (v,1) and the point (ki,—1) lie in a lattice
Z, then
K(k1) CZN{g = —1}.
2.6. Computation of the second approximation. Assume that we know the reduced

equation (LI.9), an appropriate solution (LT, and the critical number k1. Let us show
how to find the point sg € K closest to r. Let the vector P = w(1,r), w = 1 (see (L)),

and 41’ = max(P,Q'), where Q € 8\, @' € S(f)\S'”, and 8\ = s(f)nr{?.
Theorem 1.2.4 ([I4]). The closest to r point so satisfies
5o —rl =

If the critical number k; does not exist or if it is such that |k — | > p — @/, we can
compute the coefficient ¢y, as follows. In the differential sum f(z,y) we separate the
second approximation

Jg = ZfQ(x,y) (the sum over Q : (P, Q) = '),

substitute y = ¢,2" + c5,2°° in the sum
(1.2.13) A9+ f

and reduce similar terms. Making the coefficient at z*“ in the sum (L2I3) equal to
zero, we obtain a linear equation v(sg)cs, + bs, = 0, where by, is the coefficient at o'
in the sum f (z, ¢ z").

If there exists a critical number ki such that |ky —r| < p — ¢/, then sy = k; and the
coefficient ¢, is arbitrary.
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2.7. Complex exponents. Let k; be a complex number such that its real part Re &
is in the cone of the problem (LII4), i.e., wRe k; < wr. In this case the set S', (k)
contains points = (qi1,¢2) such that ¢; € C, g2 € Z. Also let K be a subset of the
complex plane g; € C. Then Theorem[[ZTlremains true, but under the expansion (L2-6])
exponents k are partially ordered by the growth of —w(Rek — r). All other results of

§42.2H2. 5l also remain true.

If in equation (CL2.2]) there is a term 2™ with a complex exponent 71, then the support

S(f) lies in the direct sum C ¢ R. However, when constructing the polygon I'(f) one
should take into account only Re ¢, i.e., Re S(f). All further constructions and results
hold true. Expansions of solutions (L2J]) with complex exponents k were considered

in [45].

3. NONPOWER ASYMPTOTICS OF SOLUTIONS

3.1. Main definitions and formulation of the problem. Let x — 0 or z — co. Two
functions p(z) and v (z) are said to be weakly (asymptotically) equivalent if

P(x)
o(x)

— 1.

In this case the function ¢(x) is a weak asymptotics of the function (x) and vice versa.
Denote by exp® z and In® 2 the k-th iterate of the exponential function and of the
logarithmic function, respectively, i.e.,

exp® z & exp(exp(...{exp(z)}...)) and In®) g & In(ln(...(Inz)...)).

Problem 3.1. For solutions of equation (ILT4]), where f(x,y) is a differential sum, find
all (weak) asymptotics of the form

(1.3.1) y = ca"(expx)® ... (exp® z)* (Inz) ... (InW )k,
where ¢ = const € C, ¢ # 0; r, s;,t; = const € R or C.

In §[d] we have presented a method of computing all power asymptotics, i.e., of asymp-
totics of the form (II7). Therefore here we concentrate on the computation of all
nonpower asymptotics, of solutions of (L31]), i.e., asymptotics of the form different from

@CLD)

The order of a function ¢(x) is the number

In |p(z)|

In |z| € [0, +o0],

r = lim

provided the limit exists. It is clear that two weakly equivalent functions have the same
order.
Two functions ¢(x) and ¢ (x) are strongly (asymptotically) equivalent if

(@) = ¥(z) [1+ o(|z[“* |y (2)]**)]
for some £ < 0, where
-1 ify(z) =0,
wo =40 ife¢(x) — const # 0,
1 ify(z) = oo

In this case the function (z) is a strong asymptotics of the function ¢ (x) and vice versa.
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Let y = ¢(z) be a solution of equation (I.I4) and let ¢(x) have order r. The normal
cone u of this solution is the ray
A0, 1) if r = —o0,
u=1< dw(l,r) if —oo<r < +oo,
A0, 1) if r = 400,
where A > 0. The notion of the cone of a solution can be used for solutions with the
normal cone u defined in such a way.

Theorem 1.3.1 ([3| Chpater VI, Theorem 1.1]). If a solution y = (z) of equation

has a normal cone u, then the reduced equation or which u C U(-d)has a
C19) , q ;
weakly asymptotically equivalent solution y = 1(x).

Therefore, to compute all (weak) asymptotics of solutions of equation (IL.I4]) one needs
to identify all reduced equations and their normal cones, which leads to a finite number
of problems of the following type.

Problem 3.2. For a reduced equation (LI.9) find all (weak) asymptotics of solutions
y = ¥(z) of the form (3] with u € U;d).

According to §I.11 to equation (LI4) there correspond the polygon I'(f), and to the

reduced equation (LT9), an edge or a vertex I‘;d) of this polygon. Below we consider

separately three methods of treating Problem two for an edge (depending on the
slope of the edge) and one for a vertex.

Remark 1.3.1. The algebraic reduced equation ([LI9) does not have appropriate non-
power solutions; i.e., it does not produce nonpower asymptotics of solutions of (L.T.4).

(1

3.2. The case of a vertical edge I'; ). If the edge I‘g-l) is vertical, then its normal cone

1S

(1.3.2) U =2w(1,0), A>0,
and all points Q = (q1,¢2) € I‘;l) have the same coordinate q;. Let

—q1 f(d
(1.3.3) glz,y) =z qlfj( )(a?,y).
Then the support S(g) lies on the coordinate axis g; = 0. According to (I32) all power

solutions (LL7) with w(1,r) € U§1) are constants y = y° = const, where y is a root of
the equation

(1.3.4) 3(y) = 9(0,y9) = 0.

A root y° of (L34 is called a multiple root if the derivative dz;y) vanishes at 3°.
To find nonpower solutions of equation (LT.9) we make the logarithmic transform

(1.3.5) ¢ Yng.

According to Theorem 2.4 in [3| Chapter VI], (L33]) transforms the differential sum

g(x,y) into the differential sum h(¢,y) Lof g(z,y) and equation (LT.9) takes the form

(1.3.6) (&, y) = 0.

From (L33]) we see that £ — 0o as © — 0 and as © — oo because both ¢ and z are
complex; i.e., for equation ([3:6) we get Problem 3 with the cone

(1.3.7) p1 > 0.
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Theorem 1.3.2 ([8, §5]). Finite limit values y° # 0 of nonconstant solutions of (L3.6)
are multiple solutions of equation (L34]).

Let an edge I‘gl) join two vertices I‘go_)l = (q1,4¢5) and Fgo) = (q},44), where ¢4 < ¢4

are integers. We say that equation (L34]) has a root at infinity if the degree of the
polynomial in (L34) is less than ¢4, and that it has a root at zero if the smallest degree
in y of the polynomial in (L.3.4]) is greater than ¢j.

Theorem 1.3.3 ([8, §5]). If equation (L34) does not have a root at infinity (at zero)
then equation (L36]) does not have solutions that tend to infinity (to zero).

Therefore, if equation (L34]) does not have multiple roots, as well as roots at infinity
and at zero, then equation (I.I.9) does not have appropriate nonpower solutions; i.e., we
do not need to make the transformation (L33]). In the opposite case, we need to make
the transformation (L3.3]) and to consider equation (L3.6).

Let us note that the reduction of equation (L3.6]) with respect to the vector (1,0) is
equation (I34), i.e., §y) = h(£,y). To find solutions of equation ([L3.6) with infinite
and zero limit values of y one should select in this equation the reduced equations cor-
responding to the cone of the problem (I3.7). To find solutions of equation ([L3.6]) with
finite limit values, one should find all multiple roots of equation (L3.4). Let ° be such
a root. Then we need to make the parallel shift y = y° 4+ 2 that will put this solution to
the origin. Then equation (3.6l takes the form

(1.3.8) B 2) Ry +2) =0.
Now one should consider all reduced equations of equation (IL3.8]) with the cone p; > 0,
p2 < 0. This is again Problem Bl

So, for a vertical edge we have described a step that allows us to find all power solutions
of equation (LI.9) and reducing, in the case of nonpower asymptotics, Problem to a
finite number of cases of Problem Bl

An edge with nonzero slope can be transformed to a vertical edge using a power
transform [8] §5].

3.3. The case of a horizontal edge Fgl). In this case all points Q@ = (q1,¢2) of the

edge F;l) have the same coordinate ¢qo. Set

def _.,
(1.3.9) gz,y) =y~ f P (z,y)
and make the logarithmic transform
dlny
1.3.10 = .
( ) n=-—

According to Theorem 2.4 in [3, Chapter VI] under this transform the differential sum
g(x,y) becomes the differential sum h(x,n) L g(z,y) and equation (LI.9) becomes

(1.3.11) h(z,n) = 0.
Now for equation (L3.11)) we have Problem Bl with the cone
p1+p220.

The sum of orders of all derivatives entering a differential monomial a(x, y) is called the
total differential order of the monomial a(x,y); it is denoted by A(a). For a differential
sum (LI3) the total differential order is defined by

A(f) = max Aa;).
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Let ©; be the degree of the characteristic polynomial x;(r) of the vertex F;O). Let the
edge F;l) join the vertices F;OJI = (¢}, ¢%) and FE-O) = (¢, ¢5) with ¢} < ¢f.

Theorem 1.3.4 ([8 §5]). If Q1 = A(fj(o_)l) = A(f](l)) (or Q; = A(f](o)) =
A(f;l))), then equation (311 does not have appropriate solutions as x — 0 (or as

T — 00).

Therefore, if Q;_1 = A(fj@l) = A(fj(l)) = A(f;o)) = (;, then transformation
(C3I0) and subsequent analysis can be omitted.

3.4. The case of a vertex I'\". Let I’;O) ={Q}. Set

J
(1.3.12) gley) €
Then S(g) = {0}. A power solution y = cz” of equation g(z,y) = 0 contains an arbitrary
constant ¢ and the exponent r that satisfies the characteristic equation

X Q0 (z,y).

(1.3.13) x(r) & g(z,27) = 0.
To find nonpower solutions we make the logarithmic transform

dlny
dnz’
According to Theorem 2.4 in [3, Chapter VI] the differential sum g(z,y) becomes the

differential sum h(&,n) def g(z,y) and equation ([LI.9) takes the form

(1.3.15) h(&, ) = 0.

From (L314) one sees that £ — oo, i.e., p; > 0. Therefore, for equation (310 we have
Problem BTl with the cone p; > 0, p; + p2 > 0. Now we note that, according to (L3.14),
to a power solution (LIT) of equation (I.I.9) there corresponds the constant solution

(1.3.16) n =1 = const
of equation (L315]).

Theorem 1.3.5 (|8, §5]). Finite limit values n° # 0 of nonconstant solutions of (L3.15)
are multiple roots of equation (L313]).

(1.3.14) E=nz, n=

Let A(g(z,y)) = k. Denote by g*(x,y) the sum of all differential monomials in the
sum g(z,y) that have the total differential order k, i.e., the maximal order among all
monomials in g(z,y). By coef (¢*) we denote the sum of all numeric coefficients in
differential monomials in the sum g*(z,y).

Theorem 1.3.6 ([8, §5]). If the differential sum g(x,y) in (L3I2) contains a nonzero
constant (or if coef (g*) # 0), then equation (L3I5]) does not have solutions that tend to
zero (or to infinity).

© i

We say that a polynomial x;(r) does not have a root at infinity for a vertex I

the fact that one if the vectors £(0, 1) belongs to U§0) implies that Q; = A(f;o)).

Corollary 1.3.1. If the characteristic polynomial x;(r) for the vertex Fgo) does not have

multiple roots r such that at least one of the vectors =(1, r) is in the normal cone U§-0) and

does not have a root at infinity, then there are no nonpower asymptotics corresponding
to the vertex F;O)
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Therefore, if the characteristic equation for f}o) (z,y) does not have multiple roots,
the sum g(z,y) has a nonzero free term, and coef (¢*) # 0, then equation (LI9) does
not have appropriate nonpower solutions.

Let us note that the reduction of equation (L35) with respect to the vector (1,0) is
equation (L313), i.e., x(n) = h(€,n). To find solutions of equation (L3.15) with infinite
and zero limit values one should select those reduced equations for equation (L31H) for
which the normal cone is not disjoint from the cone of the problem p; > 0, p1 + p2 > 0,
and then solve Problem for these equations. To find solutions of equation (L315)
with finite nonzero limit values one should find all multiple roots of equation ([313).
Let n° be such a root. Using the parallel shift 7 = n° 4+ ¢ one should put it at the origin.

Equation (L3I5) becomes
(1.3.17) h(€,¢) = h(g,n" +¢) =0.

Now one should select reductions of equation (L3I7)) with the cone p; > 0, po < 0. This
is again Problem [3.1]

4. COMPLICATED EXPANSIONS

4.1. Formulation of the problem. Earlier we have shown how to find nonpower so-
lutions

(1.4.1) y=x2"p,(Inz), reR,

of the reduced equation (L.I.9]). These solutions can serve as nonpower asymptotics of
solutions of the full equation (LT4). Here ¢, is expanded in a series in powers of ln x:

(1.4.2) ©r =Yp(Inz)” + Z'yg(lnx)", o< p,

where 7y, = const and the coefficients v, are either constants or polynomials in iterated
logarithms (which does not occur in our case).

Problem 4.1. For nonpower asymptotics (L4T]), (L4.2) that is a solution of the reduced

equation (LI9)) and satisfies the condition w(l,r) € U;d), find the expansion of the
corresponding solution of the full equation (II4)

(1.4.3) y =@z’ + Z psx’  ws < wr,
where @ are series in decreasing powers of logarithms.

Here we present a solution of this problem in the case where the reduced equation
(CI9) corresponds to a vertex or to a nonhorizontal edge and satisfies certain conditions
(does not produce critical numbers for the solution (LZ4Tl), (LZ2)). In this case we
will show how to obtain expansion (LZ3]) with coefficients ¢4 expanding in series in
decreasing powers of the logarithm of the form

(144) Ps = Z @st(lnx)ta t < T(S)7
where the coefficients g are constant.

4.2. Computation of critical numbers. Consider the first variation (LITI6). This
is a linear differential operator M(x,y) whose coefficients are differential sums. Let us
make the transformation

(1.4.5) y=2z"z,
where c¢ is the same as in ([L4.1]). We obtain the operator
(1.4.6) N(z,2) € M(z,p).
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Now we make the logarithmic change of variables

(1.4.7) £ =Inzx.
Then
(1.4.8) N(z,z) def 2N (€, 2),

where v is the degree of the operator A in z and N = 37", m(€, z)(dd—gl
operator in £ whose coefficients are differential sums in £ and z. According to (L4.2) let
us substitute, in each coefficient m;, z = ¢,(§) and consider the terms with the highest
degree of £. Let n be this highest degree, i.e.,

) is a differential

(1.4.9) m(&er(§)) =€+, a =const, 1=0,1,...,m, Z|al| #0.
=0
Let us set
- i d
1.4.10 n=&" —.
( ) No=¢ ;al dgl

Then N =N, + --- . The polynomial
(1.4.11) v(k) €5 k!
1=0

is called the characteristic polynomial for the reduced solution (LA, (CLZ). Its roots
k1, ..., kn, are the eigenvalues of the solution (CAI]), (LZ2). Those eigenvalues that lie
in the cone of the problem, i.e., satisfy wk; < wr, are the critical numbers of the reduced

solution (L4, (L42).

4.3. Computation of the support of an expansion. Let us recall that if a power
asymptotics (LI7) with » € R does not have critical numbers, then the exponents s in
the expansion (LI.6) run over a set K C R. For a nonpower asymptotics (LZ41l), by K
we will understand the same set as in the case of the power asymptotics.

Theorem 1.4.1 ([9]). If a reduced solution (LAT), (LL2l) does not have critical num-
bers, then to this solution there corresponds a unique expansion (LA3), (L44). In this
expansion, the exponents s run over the set K and (L43), (I44) do not contain iterated
logarithms provided there are no iterated logarithms in (L41), (TZ2).

Theorem 1.4.2 ([9]). If under the hypotheses of Theorem [LA1] expansion ([LA2) does
not contain iterated logarithms, then in expansions (L43), (LZA) we have T(s) <
s(pg — n), where p is from (LAL2) ¢ = maxgqs for points (q1,q2) in the support S(f),

and n is from (CZ9).

Hence, in the case of a power asymptotics the coefficients 3 in the corresponding
expansion ([LI.0) of a solution of the original equation (LI.4) are at most polynomials
in Inz. In the case of a nonpower asymptotics of the form (L4T]), (I.42]) the coefficients
Bs in the corresponding expansion ([I.6) are power series in decreasing powers of Inx
and the exponents are unbounded from below.

Remark 1.4.1. As a rule, finding the entire expansion (LZ2]) requires an infinite number
of steps, and the same is true for expansion ([L44). However, one can always compute
initial terms of expansion ([LZ2]) and several initial expansions (IZ4]) in a finite number
of steps.
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5. EXOTIC EXPANSIONS

5.1. Series with purely imaginary exponents. We assume that the complex variable
x runs over the universal cover, i.e., x = exp(p + ip), p + i = Lnz, where i2 = —1,
p,p €R, p=Inlz|. Let @« = 8+ ivy be a complex number, where 5,7 € R and v # 0.
Then the power function is given by

2% = exp[(p+ i) (B +iv)] = exp[pB — o7 +i(py + ¥B)]
and
(1.5.1) 2] = exp(pB — ¢7).

The real linear function ¢ = ap + b, where a,b = const € R, determines a line on the
universal cover. On this line,

|2%] = exp[p(B — va) — 1],
and as p — —oo we have
—o0 if f—vya >0,

lim[p(8 —~va) =by] = =by if B —~a=0,
+oo if f—va <O0.

Therefore,
0 if 8 —~a>0,
lim|z® =<{const e R if B—va=0,
0 if B—vya<0.
We have lim || = 0 and lim |z%| = o0 if 8 < 7a, i.e., sgna = sgn By and |a| > % This

means that for each v # 0 and (8 there is a path ¢ = ap + b on the universal cover such
that || — 0 and |z%| — oco. In particular for 5 = 0 the equality sgna = sgny suffices.
Therefore, the power function z® with a complex exponent « has a rather complicated
behavior if ¢ = arg z is unbounded both from above and from below. Therefore in this
paper we will assume that ¢ is bounded from at least one side.
Now we consider the series

(1.5.2) n(x) = chx”k,
k=0
where ¢, = const € C and v = const € R. If v > 0, then, according to (L5J]),

|27¥| = exp(—pvk) = [exp(—¢7)]".

Therefore, for ¢y > 0 the series (L5.2) converges absolutely together with the corre-
sponding power series. By the Cauchy formula, this happens whenever

def

(1.5.3) =33

1
exp(—cp’y) < e N
limy s 00 ¥/ ci|
If 6 > 0 and 7 > 0, then inequality (53) holds for —¢y < Ind, i.e., for
(1.5.4) ¢ > —y nd.

Let us note that the convergence region of the series (L5.2) and z“n(x) is the same
for all A = const € C provided we have excluded the points x = 0 and z = oo. Therefore,
in all the examples below these points are assumed to be excluded.
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Ims N,

FIGURE 3. Vertical angles V.

Consider the following generalization of the series (L5.2):
(1.5.5) C(x) = Z ek,
k=0

where ¢, s, = const € C, Res,, =0, |Im si41| > |Imsg| > 0, s do not have accumula-
tion points and all Im s; have the same sign. For the region of absolute convergence of
this series we have

— In|eg|

(1.5.6) wsgn(Im sg) > sgn(Im s9) lim .
k— o0 ‘Sk|

For the one-sided series (L50]) with all Im s of the same sign, the convergence region
is either ¢ > g if Ims, > 0, or ¢ < g if Ims; < 0. We say that the series (50
belongs to the class P if Ims, > 0 and to the class P~ if Ims, < 0. Similarly, the
series ¢ () is said to belong to subclass P* or P~ depending on the class of the series

((z) in (LE3)-

5.2. Exotic series. Suppose we are given the following two lines on the complex plane
with coordinates Re s, Im s, both passing through the origin s = 0: the imaginary axes
Im s and a different from it inclined line (see Figure[3)). These two lines divide the plane
into four sectors V7, 0,7 = +1 (see Figure ). We will assume that each sector is closed,
i.e., contains its boundary. Here the subscript ¢ in the notation of the angle VT indicates
the sign of Re s on the inclined part of the boundary, whereas the superscript 7 indicates
the sign of Im s on the vertical part of the boundary. The power series

(1.5.7) &(x) = chxs (sum over s € K),

cs = const € C, is said to belong to the class P7 if for its support we have K C V.
Furthermore, any power series of the form 24¢(z) is assumed to belong to the same class.
We will consider only those series of the form (L5 for which the support K does not
have limit points in the complex plane s. The series (57 of the class P are called
exotic. According to §5.1] the convergence region on the universal cover P can be of
the form

(1.5.8) op <opyg, TP <TPo,
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Ims

FIGURE 4. Horizontal sectors.

where pg and g are some real constants. The series (L5.7) of class P7 is asymptotic as
|| — 0 and ¢ — 7Too because in this case || > |2°| for cRea < 0 Ref, 7Ima <
7Im 3, which yields an ordering of monomials ® by the exponents «.

5.3. Existence of exotic expansions of solutions. Let us have an ordinary differen-
tial equation

(15.9) Fla,y) =0,

where f is a differential sum, and y = y(x) is a solution of this equation. We are looking
for exotic expansions of y as |z| — 0 and |x| — oo,

(1.5.10) y=crx" + chm“‘ (sum over s € K, s # 1),

where the support K lies in the vertical sector r + VT with the vertex at the point r. In
the case of an ordinary expansion ([L5.10), where the set K — r lies in one “horizontal
angle” between two inclined half-lines (see Figure Hl), a procedure for finding them was
described in Chapter 1, §E1 Such expansions belong to both classes P+ simultaneously.
If an exotic expansion (LHI0) belongs to class P7, then 0 = —w.
Let us write an exotic expansion of a solution of (L5.9]) in the form

(1.5.11) y=> caf + Y e,
P s

where Re p = 7, wr > wRe s and the first sum contains more than one summand.

Lemma 1.5.1. If expansion (LEII) is a formal expansion of a solution of the full
equation (L59) and w(l, r) € Uj(-d), then the reduced solution

(1.5.12) y=> cpa’
P

is a solution of the reduced equation

(1.5.13) £Px) =0

According to §I.2 to equation (LE0) there corresponds the polygon I'(f) with the
boundary OI" consisting of generalized faces F§»d), and to each such face there corresponds

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



28 A. D. BRUNO AND I. V. GORYUCHKINA
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FiGUurE 5. Complex normal cones.

a (real) normal cone Ug-d); to the side face there also corresponds a particular value
(d)

w = w:;:
J
By the complex normal cone ﬁ§d) of a face F§.d) we mean the set of points p € C,

where w§d)(1,Re p) € Uj(-d). Complex normal cones ﬁ;d) can be represented in two

complex planes L., depending on the sign w = w](-d) = +1. For an edge F§-1), the complex

normal cone Iuj'g-l) is the line Rep = r;; for a vertex, it is the strip r; < Rep < 7j41

(shaded in Figure [H).

When looking for power-logarithmic expansions of the form (L5I0) we assumed that
wRer > wRes; i.e., after substituting y = ¢,.x" + z for z we took the cone of the problem
K = {s:wRes <wRer}. Therefore in formula (LZH]) we have only those ¢; and k; —r
for which wRet; < 0 and wRe(ky — r) < 0. Now in formula (LZ3) we allow for the
presence of purely imaginary ¢; and k; — r. In this case the set K(k;) may contain
infinitely many points k (or s) with fixed Rek (or Res) and the expansion with such
support is exotic.

Let F§1) be an edge of the polygon I'(f) adjacent to a vertex F;CO) and let N; = (1, ry)
be the real normal to this edge. Then the vector M; = (—r;j, 1) is directed along the edge
I‘§1) and ¢; = r—r;. This last number is purely imaginary if Rer = r; and Imr # 0. This

means that the complex number r lies in the complex normal cone IVJJ(-D of the edge I’g-l).

Furthermore, the complex number 7 is a root of the characteristic equation y(r) = 0 of
the vertex F;CO). Therefore, there are exotic expansions corresponding to a vertex Fgl) if
one of the adjacent vertices F;CO) has a root r of the characteristic equation belonging to

the complex normal cone Iij(-l) of the edge 1"5-1). The purely imaginary difference k1 — r
occurs in the cases where the power asymptotics y = c,z" has an eigennumber k; such
that Rek; = Rer and k; # r. Therefore, for the extended expansion we have two cones
of the problem:

K™ = {s: either wRes <wRer or Res=Rer and sgnRe(s —r) =7}.

For each side edge I‘;l) there are two adjacent vertices F;CO) and I‘,(ﬁzl, one being the

top vertex, and another, the bottom vertex for this edge.
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Hence, to each face F§-d) of the polygon I'(f) there corresponds a complex normal cone
Ing.d). With this notation, Theorem [[.L1.2] can be generalized as follows.

Theorem 1.5.1. Exotic expansions of solutions (LLIQ) of equation (L59) correspond
only to side edges of the polygon I'(f), and this happens in the following two cases (here

(1, ;) is the normal vector to the edge I’;l ):

1. For a vertex Q;O) adjacent to the side edge Fgl) the characteristic equation x(p)
=0 has a root p = rj + iy with v # 0.
(1)

2. The defining equation fj(c) = 0 corresponding to the edge I';” has a root co with
the eigenvalue of the form A =r; +ivy, v # 0.
Here 7 = sgn+y in Case 2 and for the bottom vertex in Case 1, and T = —sgn~y

for the top vertex in Case 1.
FExotic solutions corresponding to a vertex Fch) = Q,io) exist only in the following case:

3. The reduced solution y = c,x" has a critical number k1 with Rek; = Rer and

kl #T.

For the equation P6, Case 3 does not happen and all exotic solutions correspond to
edges.

In all cases in Theorem [L5.]] the value of 7 is determined and the cone of the problem
K is unique. Therefore, critical numbers are determined uniquely. In other cases there
are two cones K7 and each cone has its own set of critical numbers. Critical numbers
k; with Rek; > wRer are common for both £ and K~, whereas critical points with
Rek; = Rer are different for different 7.

With these definitions all constructions and results in §2] remain valid when k; is a
complex critical number.

Now Theorem [[2271] about solutions of equation ([59) allows us to obtain exotic
expansions (L5.10), where the ¢s are polynomials in Inz. The exponents s in expansion
(CEI0) can be ordered as follows. According to Propositions and [[Z3)] the set
K(k1) — r lies in some central sector V' with vertex at the origin such that either at
least one of the sides of the angle lies on an inclined line, or one of the sides lies on the
axis Ims, i.e., the angle V is of the form V. Let the vectors P; and P» be exterior
normals to the sides of the angle V. Denote P = P} + P, = (p1,p2). Then for each
point s = &' +is” € C, set ||s|| = p1s’ + p2s”’. We say that a point s € C precedes
a point ¢ € C if ||s| > ||{||. Expansion (LEI0Q), i.e., the coefficients ¢, for s € K are
computed consecutively following this ordered sequence of exponents s as was described
in Lemmas [[2.1] and

Let us note that the support and the coefficients of an exotic expansion are computed
by the same formulas as for power-logarithmic expansions.

For the complex normal cones shown in Figure[Hlthe position of the angles VT is shown
in Figure [ depending on Rer: a) for Rer =0, b) for 0 < Rer < 1, ¢) for Rer = 1.

Remark 1.5.1. In the cases described in Theorem [[L5.1], solution (LEI0) has an infinite
series of the form

(1.5.14) y=Y cp’
k=1

which is a solution of the reduced equation

FP(, y) =0,
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FIGURE 6. The sector V of expansion ([220) for (a) Rer = 0; (b)
Rer € (0,1); (¢) Rer = 1.

corresponding to the edge I‘;l). However, it may happen that this series consists of just

one term
(1.5.15) y=cia" T,
In this case (510 is a root of each summand fq(z,y) in the differential sum

.f;.(l)(x,y) = Zf@ (sum over Q) € S(.fj(l)»-

The complex support of the differential sum L£(x)z consists of several points, which cor-
respond to points ) of the support S(ffl)). The two extremes of these points correspond
to the vertices of the edge I‘g.l). To each of these two vertices there corresponds its own

support: Kt to the top vertex and Kg to the bottom vertex. However, in this case the

support of the expansion (L5I0) is K = K1 N Kp, so it is power-logarithmic rather
than exotic.

5.4. Semiexotic expansions. An expansion (L5TIT) for which the first sum contains
a finite number (but more than one) of summands is called semiezotic. Let min(Im p)

in (LEII) be achieved at p = p., and max(Imp) at p = p*. Let K, be the support of
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an exotic expansion containing the point p,, and K* the support of the exotic expansion
with the point p*.

Theorem 1.5.2. The support of a semiezxotic expansion (LEII) is K. NK*.

Consider a Laurent polynomial with real exponents
(1.5.16) y(x) = Z cph,
k=m

where ¢, € C and m # n. The inverse function y~! has two different power expansions:
near zero, x = 0,

o0
(1.5.17) yol=colg™™ (1 +3 bkxk)
k=1
and near infinity, = oo,
(1.5.18) yot =l (1 +3 ka—’“),
k=1
where by, and by, € C.

Similarly, we have the following result.

Theorem 1.5.3. The semiexotic expansion (LLII) has two inverse exotic expansions

(1.5.19) (y™ 1, = c;*la;_p* (Z byx? + Z bta:t)
o t

and

(1.5.20) () =cla (Z DY Em),
o t

where Reo = 0.

According to Theorem [[L5.2] the semiexotic expansion (LEIT]) belongs to both classes
P* and P, and each of two exotic expansions (L5.I9) and (L5.20) belongs to just one
of the classes P or P~, and the signs of their classes are opposite to one another.

Expansion (L5IT]) for which Im p is not bounded from above is called superezotic.
However, Painlevé equations do not have superexotic expansions.

6. OTHER TYPES OF ASYMPTOTICS AND EXPANSIONS

6.1. Formulation of the problem. Two-dimensional power geometry [8| § 5] allows us
to find nonpower (exponential) asymptotics of solutions

Y ~ exp <crxr + Z csx5>,
S

corresponding to a horizontal edge. However, equation P6 does not have asymptotics of
this type.

Similarly, power geometry [8, § 7] allows us to find exponential small additional terms
to power and power-logarithmic expansions. However, equation P6 does not have addi-
tional terms of this type either.
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7. NONFORMAL SOLUTIONS
At present, we have the following general results about the existence of an actual
solution with the previously found formal solution as its asymptotic expansion.
Theorem 1.7.1 ([38]). If a system
X _ F(X)
dt g(X)’
where F'(X) and g(X) are real and analytic near zero (F is a vector), F(0) =0, g(0) =0,

(1.7.1)

has a real formal solution X (t), with the expansion containing only real powers of t,
iterated logarithms of t, or exponents, and if all coefficients are real, then this system

has an actual solution X (t). The formal expansion X (t) is an asymptotic expansion for

X(t), ie.,

where X (t) = > poy ®i(t). Here X, F, and ® are n-dimensional vectors.
Equation () can be reduced to the system (7)) by setting
=1, y=2z z=h(zy,z2),

where h is the right-hand side of (@) and z = y’, provided that we consider real values
of a, b, ¢, d only. In this case Theorem [[.71] shows that there exist actual solutions
corresponding to real formal solutions. It is reasonable to expect that Theorem [[.7.1] can
be generalized to complex formal solutions if the latter are considered on a line through
the origin ¢ = 0 in the complex plane t.

In the case where all parameters a, b, ¢, d of the sixth Painlevé equation are real,
Theorem [[.7.T] can be applied to the following families of basic formal solutions of types
1-3 (with real arbitrary constants) listed in the Introduction: the family Ay with real

€ (0,1); the families B; with Re6; # 0 and ck,; = 0 in the case Im6; # 0, i = 1,2; the
family Bs; the families By, Bs and Bg with a > 0; the families C§°, Bs, By with ¢ > 0;
the family Big.

In the case of equation ([.2.2]), if expansion (L2.6) converges for sufficiently small
|z| ¢, then there is a solution of (L2Z2) corresponding to this equation. The maximal
order of derivatives in a differential sum f(x,z) is called the differential order and is
denoted by 7(f).

Theorem 1.7.2 ([8 Theorem 3.4]). The power expansion (LZI) of a solution of equa-
tion ([L22), where [ is a differential sum, converges for sufficiently small |x|™* and
larg & — po|, where pg = const € [0, 27], provided that

(1.7.2) m(L(x)z) = 7n(f).

Here we prove this theorem in the case where the power expansion (LZI]) contains
only integral powers. The case of rational exponents with the finite common denominator
m can be reduced to this one using a substitution & = z'/™. The restriction on arg z is
used only in the case of expansions ([L21) with irrational or complex exponents, and in
our case it can be omitted.

Proof. We prove the theorem in a neighborhood of the point x = 0, so that w = —1. Let
equation ([22)) have a formal solution in the form of a power series

(1.7.3) y = Z cpa®

k=ko
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with constant coefficients ¢, € C. In equation (I2:2) make the change of variables

km
(1.7.4) y = Z ek + u,
k=ko

where k,, > ko. As a result, the equation takes the form

(1.7.5) fi(z,u) e L(x)u+ gz, u, o', ..., u™) =0,
where £(x) is a linear differential operator. The function f; contains integral powers of ,
and u, v, . ..,u™ contain integral nonnegative powers of 2. Equation (I'Z5) can also be

multiplied by the minimal power of . Therefore, we will assume that f; is a polynomial
in the variables z, u, v/, ..., u(™. Equation (I.Z5) has the following properties:

1. S(L(x)u) = (v, 1);
2. (v, 1) is a vertex of the polygon I'(f1);
(1.7.6) 3. S(f1) C{g2 > 0};
4. S(g)N{g2=1} C{q1 > v};
5. 8(9) N {g2 =0} C {q1 > v+ ky, + 1}
Equation (CZH) has a formal solution
(1.7.7) u(z) = Z cpk.
k=km+1
The linear differential operator L£(z) has the eigenvalues Aq,...,\,, which can be

ordered by the increase of the real part ReA\; <ReXy < --- < Re,.

For the vertex (v,1) of the polygon I'(f1), let Fgl) be the upper adjacent edge and
—(1, r) the corresponding outward normal vector (see Figure () (a)). Denote by [r] the
integral part of r if » > 0 and 0 if r < 0.

In (T74), let
(1.7.8) Em: km>ReA, and k., >[r]+ 1+ 2n.

The expansion (777 is unique, where all ¢ are constant and uniquely determined. The
edge Fgl) and the corresponding reduced equation do not depend on k,, (see Figure[7l(d)).

If the support S(f1) of equation (75 has points to the left of the line ¢; = v, we
apply to equation (L7H) the following power transformation:

(1.7.9) u=z%w with a=[]+1+n.

As a result, we obtain an equation with the support lying in the set {q; > v, ¢ > 0}
and satisfying properties (6], where on the right-hand side in Property 5 we have
{q1 > v+n+1}. The transformed polygon I'(f1) is drawn by dashed lines in Figure[Z(b).
We assume that equation (75 itself is such that the support S(f1) belongs to the set
{q1 > v,q2 > 0} and Property 5 in (LZ.0) with n instead of k,, holds.

Next we use majorization and also a certain new trick. Consider the series

(o)
(1.7.10) p(r)= > Cpa*,
k=km+1
where C, € R,C}, > 0. The series (IZ.I0) majorizes the series (I71), in the case where
(1711) Cr > |C]€|7 k=kn,+1,....
Let us construct the equation
(1.7.12) op™ = 2G (z, 4,0(”)), o=const e R, o >0,
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a) qo
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0 T (I + v, 0) @

FIGURE 7. (a) The left part of the polygon of equation (LZ2); (b) the
support and the polygon of equation (I’3) before (solid line) and after
(dashed line) transformation (L77.9]).

with expansion (C7I0) serving the role of a formal solution and also majorizing the
solution (LT.7) of equation (LZ.3). To do this, we write equation (LZ.H) in the form

(1.7.13) L(z)u=—g(z, u, u’,...,u(”)).

In the characteristic polynomial v (k) of the differential sum L(x)u, let the coefficient v,
in the term of highest power k" be different from 1. By condition (L’7.2) we have v,, # 0.
Dividing the equation by v,,, we obtain an equation for which v,, = 1. We will assume
that this holds already for the initial equation (IL'CH). Then for k£ > n we have

(1.7.14) lv(k)| > ok(k—1)---(k—n+1),
where o is a positive number. Since £(z)z* = ¥tV v(k), for x > 0 and k > n we have

|L(x)2"] > am“'mﬁxk.
- dxm™
Using the function —g we construct a function G*(z, u(™) as follows. Replace all
coefficients f3; of the polynomial —g(x, u, v, ...,u(™) with their absolute values |3;|.
Next, replace the function u and all its derivatives u(*) with expressions " *u(™. Let
us note that if u = 2", then u® = r(r — 1)---(r — k + 1) 2" %, and 2" *u(™ =
r(r—1)---(r—n+1)2""* ie., in the second case the coefficient is not smaller than
in the first case. Therefore, the support of S(—g) coincides with the support of S(G*).
Since for the support S(g) we have ¢; > v+ 1 the ratio G;ﬁi}fil)) détG(m, u(™) is a poly-
nomial in z and «(™. Indeed, according to the above property, all the monomials u(¥) 2!

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 35

entering the polynomial g satisfy the condition [ — k > v + 1. After replacements are
made, such a monomial becomes the monomial u(™ 2" *2! with n — k41> v+ 1 +n.
For monomials of the second degree in u the situation is even simpler: the polynomial g
contains only monomials uu® ! with [ —k—j > v+1, and after the replacements this
monomial becomes the monomial (u("))2 2" k=il with 2n — k — J+l>v+1+4+2n.
For monomials of higher degree in u, inequalities are even stronger. For monomials that
do not contain u the exponents can be made arbitrarily large by increasing the length
of the initial part of the expansion of solution (I'Z3]). For terms that are nonlinear in
u the degree in x can be made arbitrarily large using a power transform. The terms
that are linear in u are the only ones that cannot be improved using these methods.
However, these terms already possess the necessary property: G* (x,u(”)) [zl s a
polynomial in 2 and u(™. Hence, we have constructed equation (LZ.12) starting with
equation (7).

Now we prove that solution (IZ7I0) of equation (ICI2]) majorizes solution (IZ7) of
equation (’73). The proof is by induction in k. Let us assume that inequalities (L71T])
hold for k < j and prove that they hold for k£ = j.

First we note that according to Subsection 2.3 in Chapter 1, when substituting the
series (L771) in equation (713, for each coefficient ¢, we obtain an equation of the
following form:

(1.7.15) L(x)epz® = —bpa®t k> Ky + 1,

where the coefficients b depend on the coefficients ¢, with £ < j and on the coefficient
of equation (L7I3)). According to Corollary 1.2.1; the system ([LZ.I3]) can be rewritten
in the form

(1.7.16) v(k)e, = =bg, k> kp+1
In a similar way, for equation (L.7.I12]) we obtain the equalities
(1.7.17) ok(k—1)---(k—n+1)Cxy =Bk, k>kn+1,

where the coefficients By, are found using equation (LZI2) in the same way as the
coefficients by, are found using equation (I'ZH). Here B; is a polynomial with positive
coefficients in Cy and By with k£ < j. Using the induction hypotheses and the above
construction we see that B; > |b;|. Furthermore,

le= I L(@)a?| = [v(j)| > (G — 1) (j —n+1).

Therefore 5 "
_ J _ 19
GGG 29 TR
The statement for the start of the induction is obvious. Therefore, solution (L7.I0) of

equation (L7I2]) majorizes solution (ILZ1) of equation (LZ.H).
Now we recall the analytic version of the Cauchy implicit function theorem; see [34].
Let a function f(z,z) be analytic at zero, x = z = 0 (i.e., f can be expanded in a power

series in z and z), f(0,0) =0, and % # 0 for x = z = 0. Then equation f(x,z) =0 has
a unique solution
z= Z dkxk
k=1

that is analytic near the point x = 0; i.e., the series converges for sufficiently small |z|.
We apply this Cauchy theorem to equation (LZI2) with z = =, z = ¢ and

fz, 2) = 0™ — 2G(x, o) = 0z — 2G(x, z). Here the function f(z, 2) is a poly-

nomial; hence it is analytic at the point + = z = 0. Furthermore, f(0,0) = 0 and
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0f/0z = o # 0 at the point x = z = 0. Therefore, all the hypotheses of the Cauchy
theorem are satisfied. According to this theorem, equation (I.7.12) has a unique solution
(1.7.18) 2= = Z dra®,

k=kp,—n+1

which is analytic; i.e., the series converges for sufficiently small |z|.

Solution (LZI0) is obtained by integrating solution ([ZIR) n times; therefore, it
is also analytic for small |z|. Finally, it majorizes solution (IL77) of equation (C7.1H).
Therefore, solution (7.7 is analytic as well. O

It is clear that w(f1) = w(f). However, in general, 7(Lu) < w( f), although a strong
inequality occurs only in degenerate cases. For other conditions for the convergence of
the formal solution (73] of (TZ2), see [} 44].

Theorem can be applied to the following families of basic formal solutions of
Type 1 of the sixth Painlevé equation listed in the Introduction: the family Ag; the
families B; with 6; ¢ Z, i = 1, 2; the families Bg, C5°, Bio.

Currently, we do not have a general theory of convergence of exotic expansions (of Type
4 or 5). We only know some cases where such expansions sum to a particular function.
For the P6 equation such cases were listed in the Introduction when we described basic
families of formal solutions of the P6 equation.

CHAPTER 2. EXPANSIONS OF SOLUTIONS OF P6 NEAR ZERO AND INFINITY
IN THE CASE a-b# 0
1. GENERAL PROPERTIES OF THE EQUATION

1.1. Formulation of the problem. The sixth Painlevé equation [39] has the form

N2 /1 1 1 1 1 1
y”:@ —4+—+ -y =+ +
2 y y—1 y—=x r z—1 y—=x

yy— 1y —=) -1 eE-1)

z?(x —1)? (y—12 (y—2?]
where a, b, ¢, d are complex parameters, z and y are complex variables, ¢y = Z—z. This
equation has three singular points x = 0, x = co and x = 1.

For all values of the parameters of the equation, we are looking for asymptotics ex-
pansions of solutions of this equation that have the following form as  — 0 or z — oo:

(2.1.2) y=cx' + Z cs?,
S

(2.1.1)

T
[a—l—b?—l—c

where the exponents r and s are complex numbers. According to (LLIH), w = —1 if
x — 0and w=11if z — co. In expansions (ZI1.2) we have wRes < wRer and wRes
decreases. We distinguish three types of expansions (2.I.2]) depending on the form of the
complex coefficients ¢, and cg:

1. ¢, and ¢4 are constant coefficients (power expansion).

2. ¢, is a constant coefficient and c¢s are polynomials in Inx (power-logarithmic

expansions).
3. ¢, and ¢, are power series in decreasing powers of Inx (complicated expansions).
Furthermore, we look for those asymptotic expansions of solutions of equation (ZI.T])

that for z — 0 or for x — oo have the form

(2.1.3) y = Zc,«xr + chxs,
T S
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0 :i. . Ql a1

FIGURE 8. (a) The support of equation [2I4), its polygon, edges, and
vertices; (b) normal cones of edges and vertices.

where all Rer are equal and wRes < wRer, the first sum contains more than one
summand, and the coefficients ¢, and c¢s; are polynomials in Inz. We distinguish three
types of expansions (ZI1.3]) depending on the structure of the first sum:

4. The first sum in (ZI3]) contains a finite number of terms and for the extreme
values of Imr the coefficients ¢, are constants (semiezotic expansions).

5. The first sum in (ZI3]) contains infinitely many terms but Imr is bounded from
one side. For the extreme value of Imr the coefficient ¢, is constant (ezotic
expansions).

6. The first sum in [ZI3) contains an infinite number of terms and Imr is un-
bounded either from below or from above (superexotic expansions).

We also assume that arg x is bounded from both sides.

Remark 2.1.1. Since the support of equation ([Z.I.1]) is real and power asymptotics ¢,z"
of solutions of the equation have at most one critical value, all coefficients in exotic
expansions (2I3)) of solutions of equation (ZI1]) are constant.

Let us represent equation ([ZI.T)) as a differential sum. To do this, we multiply it by
22%(z — 1)%y(y — 1)(y — =) and move the right-hand side of the equation to the left. We
obtain the equation

(2.1.4)
Flay) 2" (@ — 1)%y(y — 1)y — @)
— ()2 (= D)y — Dy —2) + 2%z = 1)?y(y — 2) + 2%(z — 1)’y(y — 1)]
+ 2y [w(z—1)*y(y—1)(y—=) + 2> (e —Dy(y—1)(y—2) + 2*(z—1)*y(y—1)]
— [2a9*(y — 1)*(y — 2)* + 2ba(y — 1)*(y — 2)°
+ 2¢(x — Do (y — )2 + 2dz(z — 1)y (y — 1)2] = 0.

1.2. The support and the polygon. The support of the left-hand side of equation
@14, i.e., the set of exponents of all entering monomials, is

f) = {Q: (qlaQQ) L q1 :07172a35 q2 :3_QI +ka k207172a3}
The support S(f) and its convex hull I'( f) are shown in Figure Bl a).
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q2
I

FIGURE 9. The polygon of equation (ZI4l) (a) after the substitution

18] and (b) after the substitution ([ZI.])
(1), I’fll), shown in

Since a,b # 0, the polygon I'(f) is the parallelogram with vertices FEO) = (@), where
(1) I‘él) I

Ql = (370)7Q2 = (313)7Q3 = (076)>Q4 = (073)7 and edges I-‘1
Figure B(a). The support S(f) of equation ([Z1.4) is a subset of the integral lattice Z2.
1.3. Normal cones. Real normal cones U;O) and U§1) of vertices Flg.o) and edges I‘lg-l)
are (see Figure B(b))
U ={pm<0p<p}, UY ={p=p<0},
U = >p2>0) UL = {p>0.p2 =0},
Uy = {p1 = p2 > 0},

(2.1.5)
U:(gO) - {pZ > P1,D2 > 0}7
US) = {p1 < 0,ps = 0}.
—1 the decomposition of the

U = {p1 <p> < 0},
1, for w

According to Subsection (3] in Chapter
complex plane L_: r € C into complex normal cones U'? is as shown in Figure

1.4. Symmetries. The sixth Painlevé equation has three main symmetries resulting
Narx=1—2° y=1-—1y°

from changes of variables:
1 .
Qr=%, y= f
Y

)

1 .

1) € = Ea Yy= y*7
Theorem 2.1.1. Equation 2I14) is invariant under the substitution
1 1
b*, —a*, c*, d").

2.1.6 v s 7ba 7d =\

(2.1.6) (@.9,0,b,¢,d) = (5, =

Furthermore, under this substitution the parallelogram T'(f) reflects about the center Q =
3) (see Figure[@(a)).
L we obtain y' = —z%, vy = % Next, substituting
2or " = et 4 297y, where the dot

(3
Y

2

Proof. Substituting y = o
T = mi we obtain % = —2*2 and y*' = -z
denotes the derivative in x*. Therefore,
) _ 21,*4:&*2 _ x*4y*y* _ 2$*3y*y*
(217) y/ — x*Qy*y* 2’ " _ y*3 )
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Substituting in (@2I.4) expressions (ZI7), and setting = & and y = yi after cancel-
lations, reduction of similar terms, and multiplication by 2*3y*® we obtain an equation
of the form (ZI4]) where instead of the variables x,y we have x*,y*, and instead of the

parameters a, b, ¢, d we have —b*, —a*, ¢*, d*, respectively. |

Theorem 2.1.2. Equation (ZI14) does not change under the substitution
(2.1.8) (z,y,a,b,¢,d) = (&,%/9, —b, —a,—d + 1/2,—¢ + 1/2).

In addition, the parallelogram I'(f) reflects about the horizontal azis go = 3 and is de-
formed parallel to this azxis (see Figure @l(b)).

Theorem 2.1.3. Equation (214 does not change under the substitution
(2.1.9) (x,y,a,b,¢,d) = (1 —2°,1 —y°%a® —c° —=b°d°).

Theorems and are proved similarly to Theorem 2.1.11

The first two symmetries send the expansion of a solution near zero to the expansion
near infinity (and vice versa). Therefore, they allow us to reduce computations and to
verify the obtained results. With these symmetries, any edge can be mapped to any other
edge, and vertices Fgo) = (@3 and I‘flo) = Q4 to vertices Fgo) = @ and Fgo) = (2, respec-
tively (and vice versa). Therefore, computing expansions of solutions corresponding to
one edge and two vertices, we can use symmetries to obtain solutions corresponding to
the other three edges and two vertices. The third symmetry sends expansions of solutions
near zero to expansions of solutions near the point 1.

1.5. Exceptional solutions.

Theorem 2.1.4. Equation 211 has four exceptional solutions:
T y(x)=0 for b=0;

)
To: ylx)=1 forc=0;
I3: ylx) == ford=3;
Zy: y(x) =00 fora=0.
Proof. We assume that for y = const the square of the derivative y’ % is a zero of order
2 12
2. Therefore, the expressions yT for y = 0 and # for y = 1 are simple zeros. Finally,

for y = =, in the equation (ZILI) with d = % the fractions with the denominator y —
mutually cancel. The symmetry (ZI1.6]) sends the case y(z) = 0 for b = 0 to the case

y(x) = oo for a = 0. O

2. EXPANSIONS NEAR ZERO CORRESPONDING TO VERTICES

2.1. The choice of a vertex. Since z — 0, we have w = —1 and the cone of the
problem is given by K = {p; < 0}. According to (ZI3]) the cone of the problem has

a nonempty intersection with real normal cones Ugo), Uéo), UELO) of vertices Fgo) = Q1,

Fgo) = Qs, Fflo) = @4, respectively. Consider these real normal cones one by one.

Corresponding to the vertex Fﬁ‘” is the reduced equation fl(o) (z,y) df  ope® = 0,

which has no solutions.
Corresponding to the vertex Fgo) is the reduced equation f?EO) (z,y) def —2ay® =0,
which has only trivial solutions.
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2.2. Expansions of solutions corresponding to the vertex 1“510). The vertex I‘ELO) def

Q4 is the left bottom vertex; the corresponding value of w is w = —1, and the corre-
sponding reduced equation is

(2.2.1) A0 (@, y) E 207y (y')? — 201y — 207y = 0.

Corresponding to this reduced equation is the characteristic equation
x(r) L 22 —r =12 +7)=0;

it has an arbitrary solution r € C. Therefore, the solution of (ZZT]) is

(2.2.2) y=cpa”

with arbitrary complex constants ¢, and r.
The real normal cone is given by UELO) = {p1 < p2 < 0}. According to subsection [B.3]

in Chapter 1, the complex normal cone is [UJELO) = —(1,r), where
(2.2.3) r: reC, 0<Rer<l.

Let us compute the critical numbers. The first variation is

5f4(0)(x,y) 20, 1\2 2, 1 d / 2 d 2, 1 22 @
—= =" =2 4 — -4 —2zy"— —4 -2 —.
5 e(y)" +datyy o —dayy’ = 2ay” o — datyy” = 207y
At the reduced solution y = ¢,z" the first variation yields the following linear differential

operator:

def 2 o 2 d d 2 d2
lef g Lo o (= 1) — 2% ).
;C(x) C,.T (7" T r X T(T ) X )

The characteristic equation

(2.2.4) v(k) 22k — 2rk +12) = 0

has a root ki 2 = r of multiplicity 2.
The cone of the problem is

K ={Rek >Rer}.

Since the numbers k; 5 are not in the cone of the problem, K, they are not critical
numbers. According to Subsection in Chapter 1, the support of the expansion of
solutions (212 is of the form

(2.2.5) K={s=r+lr+m(l—7r);l,m>0;1+m>0;1,meZ}.

To the solution [2:22)) of the reduced equation (Z21]) there correspond the following
expansions of solutions of the full equation ([Z.1.4):

(2.2.6) Ao: y=cra” + chxs (sum over s € K),

where r is given by (Z2Z3]), K by ([Z21), and the complex coefficients are as follows: ¢,
is a nonzero complex constant; all other ¢, are uniquely determined constants.

Let us study expansions ([2:2.8]). The support [221]) has two generators, r and 1 —r
and on the complex plane it lies inside the sector with the vertex at the point r and with
sides parallel to the vectors (Rer,Imr) and (Re(1 — r),Im(1 — r)). For Imr > 0 the
sector V' is shown in Figure [6l(b). Expansions (Z:2.6]) are power expansions.

Therefore, we have proved the following theorem.
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Theorem 2.2.1. For x — 0 there exists a two-parameter (with parameters ¢, and r)
family of expansions (with constant coefficients) of solutions given by the formula

225) Ao y=cam+ 3 e,
S

where 1 is arbitrary with Rer € (0, 1), se K={r+ir+m(l—7); I,m>0; l+m > 0;
I,m € Z}, and the complex coefficients are as follows: ¢, # 0 is an arbitrary complex
constant; all other cs are uniquely determined complex constants.

The family Ay was known before. The convergence of this family for small |z| was
proved by different methods in [62] [64] [73, [74] [75] [76]. It follows also from Theorem
L2

For Imr = 0 the support ([Z.2.5) of expansion (2.2.6]) is real.

Consider the case where Rer # 0, Rer # 1 and Imr # 0. On the plane Regy, Im ¢;
draw the set KU {r}. Let, for example, Imr = 1. For different values of Rer, Rer = %,
Rer = %, Rer = 2, this set is shown in Figures [[0l(a), [0I(b), I0l(c) respectively. Figure
[0 (b) shows that for Rer = § there are two values Im s = 0 and Im s = 2, corresponding
to Res = 1, which is different from the case Imr = 0 (see [12] 26]).

Let us compute the second approximation ([22.6) in the case of a complex support

@.2.3).

In case 1 > Rer > 1 the second approximation to the solution is (see Figure [0(c))

(2.2.7) y=cz" +cz.

The second approximation to the equation (214 is f4(0) (x,y) = —23(y')? + 223yy" —
2(b — d)xy?. The coefficient ¢; equals ¢; = —%, where

b1 def x_Qr_1f4(O)(;v, crx’) = c?(—2(b —d)—2r+ 7‘2),
v(1) = 2¢2(r — 1)2. We obtain

Cd) — (r—1)2
(2.2.8) o = 20 d;(rf 1)21) sy

In case 0 < Rer < 1 the second approximation to the solution is (see [0(a))
(2.2.9) y=crx’ + corz®.

The second approximation to the equation (Z1.4]) is f4(0) (z, y) = =32%y*(v/) > + 223y +

22%y3y" — 2ay* + 2cy®. The coefficient ¢y, is equal to —by,/v(2r), where bo, def
:c*4rf4(0) (z,cp2") = —c2(2(a — ¢) +r?), v(2r) = 2c2r2. We obtain
2(a —c) +1r?
2.2.10 p=ct
( ) €2 Cr o2

In case Rer = %, Imr # 0 the second approximation to the solution is (see Figure
0A(b)) y = crax” + 17 + corx®”, where the coefficients ¢; and cp, are given by formulas

223) and [221I0]) respectively.

In case v = % the second approximation to the solution is (see Figure [0(b)) y =
c1 VT + c1x, where ¢ 1 is an arbitrary constant, and the coefficient

34+8(b—d)+ % +8c%(a—c)

(2.2.11) ¢ = 5

is the sum of (Z2.8) and [2Z.2.10).
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b) /N Im qq

Re q1

= T
DN | —
W~ +f-------

= T
DN | =

FIGURE 10. The support of expansion (Z26) for (a) r = 1/4+1i; (b)
r=3+14 (¢c)r=3/4+1.

Let us compute nonpower solutions of equation (ZZ1]). Transform this equation as
follows:
/\2 / "
O y) =222 o 902V
Y Y Y

(2.2.12) g(z, y)

S(g) = {0}. Set ¢* def 92 ('7;/2)2 - 2:623’7”. Then coef(g*) = 2 — 2 = 0. According to
Theorems[[L.3.5]and [[3.6] there may exist nonpower solutions of equation ([2.2.1]) that tend
to infinity. In equation (Z2I2]), make the logarithmic transform & = Inz, n = dlny/d¢.
Denoting the derivative with respect to £ by the dot, after the substitution £ = Inxz we
have

(2.2.13) y =

Equation ([2Z2.12) takes the form

(2.2.14) o W _y,

Y
In the expression ([22.14]), make the transform 7 = d};éy. Then
(22.15) g=mny, §=00+ny.

We obtain the equation —27 = 0. It has a solution 7 = const, and the corresponding
solution of the reduced equation (2.2.1)) is the power solution y = ¢z", ¢ = const, i.e.,
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[2Z2); there are no other solutions of the reduced equation ([22]). Therefore, there are
no complicated expansions of solutions of ([ZI.4]) corresponding to this vertex.

3. EXPANSIONS NEAR ZERO CORRESPONDING TO THE EDGE Ffll)

3.1. Preliminary analysis. The edge I‘Ell) is the left vertical edge, with the correspond-

ing value w = —1, r = 0, and the reduced equation
Y () 207y (y)? — 3022 ()P — 2097y + 20’y — 227y

(2.3.1)
+ 2223y — 2ay* + 2cy* + 4ay® — 2ay° = 0.

The real normal cone is Uil) ={-X(1,0), A > 0}.

The characteristic equation x(p) = 0 corresponding to the bottom vertex Q4 = (0, 3)
of the edge I‘fll) has the root p = r + iy with r =0, v € R, v # 0. The vector w(1, Re p)
lies in Ufll). According to Case 1 of Theorem [[5]] there exist two families of exotic
expansions Bj with 7 = sgn~ corresponding to the eigenvalue p = 4.

According to Subsection [5.3]in Chapter 1, the reduced equation (2:3.1]) has a solution
in the form of the series

oo
(2.3.2) y = cpx’ + Z Cp1x"P,

k=2
where the first term y = c,z” of this series is the solution of the reduced equation
@21) corresponding to the vertex @Q4; this equation was analyzed in Subsection
in Chapter 1. The characteristic equation ([2:24) has a root k12 = p. According to
Subsection in Chapter 1, the cone of the problem is K = {Rek = Rep, 7Imk >
7Imp}. The numbers k1 2 = p do not belong to the cone of the problem, so there are no
critical numbers.

According to Subsection 2.2 in Chapter 1, the support of expansions of solutions

EL3) is
(2.3.3) K={r=kp,k>2;, s=p+lp+m(l—p);1>0m>1; kl,meZ}.

We obtain two families of exotic expansions:

(2.3.4) By: y=cy’+ Z cox® =’ (cp + Z Eka:k”) + Z csx®,
s k=1

Res>1

where p # 0 is an arbitrary purely imaginary constant, r and s run over the set (2.33),
and the complex coefficients are as follows: ¢, # 0 is an arbitrary constant, and ¢, and
cs are uniquely determined constants.

The families Bf exist for a # 0. For more explicit formulas for the series (232]), see
23350) and (23.35]).

Since r = 0, we are looking for power solutions of the reduced equation (23] of the
form y = ¢y # 0, ¢g = const. Compute ¢y. The defining equation is

(2.3.5) f(co) e c? Ail)(x, o) o —2aco(cg —2¢o +1—c/a) = 0.

The height of the edge equals three. Equation (23.5) has order three. It does always
have the root ¢y = 0. According to Subsection of Chapter 1, we should distinguish
the case where equation c2 —2cy+1—c/a = 0 has a zero root, a root at infinity, or where
it has multiple roots. The equation never has a root at infinity, but it has a zero root
cg = 0 for a = ¢ and a root ¢y = 1 of multiplicity 2 for ¢ = 0. Therefore, we consider
separately three cases: a #c# 0, a=c# 0 and a # 0,c = 0.
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Remark 2.3.1. For the main value of the square root of a complex number we take the

principal value, so that the square root of a complex number z can be written in the
form +4/z.

3.2. Expansions of solution in the case a # ¢ # 0. First we compute power, power-
logarithmic, and exotic expansions of solutions of equation (ZI1.4) corresponding to the

edge 1‘511).
Equation (Z338]) has two nonzero roots

(2.3.6) coi =1+ (—1)2'\/5 i=1,2.

The first variation is given by
5134&1)(%9) 2/ N2 s ,d 2 N2 99, d
Sa ABI 9 Ay’ — — 6 —6 — 4
5y e7(y)" +datyy - — 627y (y)” — 62%yy - — dayy

/

d 5 d d?
(2.3.7) — 20?4 bayPy + 20yt — AxPyy — 2x2y2—2
dz dz dz

2
— 8ay® + 8cy® + 20ay* — 12ay°.

1622y 4 2023
ey + 2y s

The linear differential operator is

L(x)= —2:1702~i + 29003»i - 2x202-d—2 + 290203-d—2 — 8acy;
(2.3.8) % dg % dg 0% 12 0% g2 0i
+ 8ccd; + 20acy; — 12ac),.
The characteristic equation is
(2.3.9) v(k) € 262, (K (cos — 1) — 4coi(c — a) + 10ac3; — 6acd;) = 0.

Taking into account cg; in (Z3.6]) we see that the characteristic equation has two roots
for each i =1, 2:

(2.3.10) ki =7(V2c+ (-1)'V2a), i=1,2, 7= %L

According to Subsection in Chapter 1, for each ¢ = 1,2 there are two cones of the
problem

(2.3.11) K7 ={s:Res>0if Res =0, then 7Ims > 0}.
Let us set 6; = v/2c + (—1)*v/2a. For a fixed i = 1, 2 we will distinguish three cases.

Case 1. Ref; = 0. In this case, for each of the cones of the problem K there is one
critical number. Let, for example, Im6; > 0. Then 6; € Kj and —6; € K; . The support
of expansions of solutions is

(2.3.12) K={s=11eN}.
Taking into account the critical numbers k; def 76; we have two sets:
(2.3.13) K(70;,)) ={s=1+m70;; l,m €Z; l,m>0; l+m > 0}.

Since the critical numbers 76; do not belong to K, according to Subsections and 2.3
in Chapter 1, to these numbers there correspond two families of expansions

(2.3.14) Bl iy=coi+y cur®, i=1.2,

where s € K(76;), and the complex coefficients are as follows: c¢p; is as in ([Z3.0), ¢y
with s = 760; is an arbitrary complex constant, and the other c,; are uniquely determined

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 45

constants. The support K(76;) of each of the expansions ([23314) lies in the following
quarter of the complex plane: V] = {Res > 0, 7Im s > 0}.

Expansions ([Z3.14) are exotic if ¢s; with s = 76; is a nonzero constant.

In the case ¢g; = 0 with s = 76;, expansions ([2.3.14]) are expansions in integral powers
of z. Families of such expansions will be denoted by B;, i = 1, 2.

In the case ¢g; = 0 with s = 76;, expansion (2314) (in integral powers of x) was
known; see [54] §46]. According to Theorem it converges for sufficiently small |z|.

In the case ¢;; = 0 with s = 76;, the second approximation in expansions of solutions
B314) is y = coi+crix. Let us compute the coefficient ¢q; which, according to Subsection

2.6lin Chapter 1, is determined from the equation ¢1; = — Vb(lli) . The second approximation

of equation (ZI4]) corresponding to the given edge is

f4(1)(x, y) = =2(b — d)xy® + 223y "y + 4(a + b — ¢ — d)zy® + 62°y'y>
+22°%y"y" — 2 (y)? = 22°(y') %y — 2(da + b+ ¢ — d)zy’
_ 6$2y/y3 _ 4x3y/1y3 + 6$3(yl)2y2 +4axy5.
The coefficient by; is given by
(2.3.15)
def 17 (1) N 902 (L o (A b 2 3
bi; = a7 fy (m, cos) = 2¢5,(=b+d+2(a+b—c—d)co; + (—4a — b— c+ d)c§; + 2acy;).
According to Z39), v(1) = 2¢2;(co; — 1 — 4coi(c — a) + 10ack; — 6acy;). Finally, taking
into account (Z3.5]) and ([Z3.6]) we obtain

oy [e WAt ) Ve) b —d
(2.3.16) 1= (=1) \/; | 2(vat (i’

Denote k; = 6; if Ref; > 0 and k; = —6; if Ref; < 0.

Case 2. Ref; # 0, 6; ¢ Z. In this case both cones of problem K7 contain the common
critical number k;. Using k; we obtain that the support of expansions of solutions of
@I is

(2.3.17) K(k)={s=1l+mk; I,meZ; l,m>0; l+m > 0}.

Since k; does not belong to the set K defined by formula ([Z3.12)), according to Subsection
in Chapter 1 we obtain a family of power expansions of solutions of ([ZI4) given by
the formula

(2.3.18) Bi: y=cop+ chixs (sum over s € K(k;)), i=1,2,

where K(k;) is as in ([Z317), and the complex coefficients are as follows: ¢g; is defined
by formula ([2Z.3.6]), cg,; is arbitrary, and the other cg; are uniquely determined constants.

Expansion (Z318) was known before [54] §46] only in the case where ¢,; = 0. By
Theorem it converges for sufficiently small |z|.

The second approximation of expansions of solutions (Z.3.I8)) depends on the number
Rek;. If Rek; > 1, then the second approximation is y = cg; + c1;x, which is similar to
the case Ref; = 0. The coefficient ¢y; is given by formula 23.16]). If 0 < Rek; < 1, then
the second approximation of solutions is y = cg; + ckﬂ-xki, where the coefficient cg,; is
arbitrary. If Rek; = 1, then the second approximation is y = cg; + c1;x + ckiixki, where
the coefficients are as follows: cy,; is arbitrary and cy; is defined by formula (Z316]).

Case 3. 0; € Z\{0}. In this case both cones of the problem contain the same criti-
cal number k;. Since the number k; lies in the set K defined by formula ([2.3.12]), by
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Subsection in Chapter 1 the family of expansions of solutions is

o0
(2.3.19) Bi: y=copu+ chi(lnx)xs, 1=1,2,

s=1
with the following coefficients: c¢y; is defined by formula (Z3.6l), ck,; = ak,; + Bk, Inz,
ay,i is an arbitrary constant, the coefficient Sg,; is a uniquely determined constant, and
the remaining cg; are uniquely determined polynomials in In z.

The second approximation of expansions of solutions (2.3.14)) depends on the number
k;. If k; = 1, then the second approximation takes the form y = co; + ¢1;2. According to
Corollary [L2Tlthe coefficient cy; is given by ¢1; = aq; + B1; In z, where ay; is an arbitrary
constant and fS1; is given by the formula £1; = —lffa). The coefficient by; was computed
earlier and is given by formula ([Z3.15), /(1) = 4c3;(co; — 1). Taking into account (Z.3.6])
we obtain

(2.3.20) c1; = oy + (—l)i\/g (vVa+ (_1);\/5) rhod Inz.

If (Va+ (-=1)'/c)> +b—d = 0, then a compatibility condition is satisfied and the
coefficients in expansion (Z3.19) are as follows: ¢y; is an arbitrary constant, and the
other cy; are uniquely determined constants.

Expansion (23.19) was known [54] §46] only in the case where the compatibility
condition is satisfied and all coefficients cg; are constant. According to Theorem it
converges for sufficiently small |x|. Expansions (23314 are exotic, expansion (2317 is
power, and (2319) is power-logarithmic.

Now according to Subsection in Chapter 1 we compute nonpower solutions of
equation (23] corresponding to the zero solution of the defining equation (2.3.1]).

In the defining equation, we make a logarithmic transformation £ = Inx; under this
transformation, " and y” are transformed by formulas (Z2Z13]). We obtain the equation

def .
(2:3.21) (&) = 176 y) = 2502 (y— 1) +7Py(2—3y) + 2(c— a)y* +4ay” — 2ay° = 0.
The support S(¢p), its convex hull, and faces <I>§-d), d=0,1, 7 =1,2,3,4, are shown in

Figure [[1l(a), whereas the real normal cones U;d)

to the faces are shown in Figure [TTI(b).

Since ¢ = Inz — oo as * — 0, the cone of the problem is given by K = {p; > 0}
and w = 1. Furthermore, y # const. The cone of the problem has nonempty intersection
with real normal cones Ugo), Uéo), U( ) Ugl), Ugl). Consider the corresponding faces
one by one.

,d=0,1, 7 =1,2,3,4 corresponding

The vertex <I>§0). The corresponding reduced equation is

(2.3.22) (¢, y) ' —24iy® + 2%y = 0.
The real normal cone is Ug ) = {p2 < 0,p2 < —2p;}. We are seeking solutions of
equation (Z322)) in the form y = ¢,£", ¢, # 0, where ¢, is an arbitrary constant. The
characteristic equation x(r) Y —0has a unique solution r = 0. Since P = w(1, r) =
(1,0) ¢ Ugo) N K, there are no appropriate solutions.

The vertices <I>(O) and <I>(0). The corresponding reduced equations are <p2 (5, y) = def

2(c — a)y* = 0 and A(O)(f, y) def —2ay% = 0. Since these equations are algebraic,
according to Remarkm there are no appropriate solutions.
The edge fI)gl). The corresponding reduced equation is

~ def .. .
(2.3.23) PV y) = 2% + 2%y + 2(c — a)y* = 0.
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a) @ b) P2

0 (1)
oV 3( ) Us; Ul
Y ®, Ul

© 17 M
oL ]%2 01y Us

4¢P

50| U .
U

1 U(O) 2

— O]
0 q1 Ui

FIGURE 11. Data for equation (Z321): (a) the support, the polygon,
and its faces; (b) the normal cones of faces.

The real normal cone is Ugo) = {A\(1, =2),A > 0}. We are looking for solutions of
equation ([Z3.23) in the form y = c 2672, ¢ 5 # 0. The defining equation p(c_3) def
2¢3, (c,z(c —a)— 2) = 0 has a nonzero solution

2

c—a

(2.3.24) o=

Let us compute critical numbers. The first variation is

6959)(51 y) def .2 . d .. 2 d2 3
Lo TS0 4 Ayy— — Ayij — 2% — —a)y.
5 R s U T +8(c—a)y
The linear differential operator is
(2.3.25) £(6) = —2c2 gQﬁ +8+4e L ae—a)e
- AT dé )

The characteristic polynomial v(k) = —2c2 ,(k? + 3k) has two roots k; = 0, ka = —3.
The cone of the problem is

K={Rek < —-2o0r Rek =-2,Imk # 0}.

The number k; = —3 is the only number that belongs to the cone of the problem
K; i.e., ko is the only critical number. The support of the expansion of solutions is
K = {s = —-2-2[; 1 > 0}. Taking into account ks we see that the support is given by
the formula

(2.3.26) K(ky) = {s=-2—1;1>0}.

The expansion of solutions is

o0

2 1 C_g
(2.3.27) v= et > =

s=3

Since ko ¢ K, the compatibility condition is satisfied automatically; i.e., the complex
coefficient ¢_3 can be an arbitrary constant. By Theorem [[L7.2] the expansion ([2.3.27])
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converges for sufficiently small % Making the inverse substitution & = Inx in (Z327)
we obtain the asymptotics of a solution of equation (ZI1.4):

2 1 _ o~ C_s
(2.3.28) y % o = €3 ¢

s
c—aln®’z In®z s:411196

where the complex coefficients are as follows: c_3 is an arbitrary constant, and the
remaining c_g are uniquely determined constants.

Following Subsection of Chapter 1, let us compute the critical numbers of the
reduced solutions ([Z3.28). The first variation is given by formula (2:37). Denote it by
M(z, y). Let us make the logarithmic substitution £ = lnz in M(z, y) and denote the
derivative with respect to £ by a dot. In view of ([22.13]), for the operator M(z,y) we

obtain
def .9 . d .2 2. d . 2 d 2.
) 2% 4 dyy— — Gy — 6yt~ — dyy — 22— + 6
M(z,y) Y7 Ay ge = OyyT = OyTh g — Ayi = 2y7 50 + 67y
d d? d
3 2 3_ _4 e . _ 2 2 - 6 D/ e o
(2.3.29) + 2y T3 y(i —9) — 2y <d§2 d§> + 6y~ (§ — 9)
+ 2¢3 AN 8ay® + 8cy® + 20ay* — 12ay® & N, y)
ez de e
For solutions (23.27) we have y = 205__: + -+ . Therefore, in the operator N the largest
exponent n in terms with " is n = —4, and the terms with £ ~* form the operator N_, =

—2y2j—;2, where y = 25:; The corresponding critical polynomial is v(k) = %;
this polynomial has the root & = 0 of multiplicity 2. The cone of the problem is K =
{Rek > 0}. Since k = 0 does not belong to the cone of the problem, there are no critical
numbers. The support of the expansion of solutions has the form K = {s =1[,l € N}. By
Theorem [[LZT] there is a unique expansion for solutions of the original equation (214,

which forms the family

(2.3.30) Bs: y=1o+ Z Yoz,

o=1

where 1 is as in ([Z3.28) and the 1, are series in decreasing powers of the logarithm.
By Theorem [[L4.2] the powers of the logarithms in 7, do not increase —8a.
Expansions [2330) and [2328) are new.

The vertex <I>§1). The corresponding reduced equation is

~(1 def
e (€, y) X —2ay° + day’® + 2(c — a)y* = 0.

This equation has only constant solutions y = 1+ (=1)*,/<, i = 1,2. We do not need
these solutions since they are solutions of the full equation (Z321]) and coincide with the
already studied solutions (Z.3.]).

Now we solve equation ([Z.3.7]) explicitly. To so this, we set y = p in ([2.32]]) and view
p as a function in y. Then § = (j—;’)p and equation (Z3.21]) takes the form

d
(2.3.31) 2d—§py(y — 1)+ p2(2 — 3y) + 2(c — a)y® + day* — 2ay® = 0.
Taking p? = g we obtain a linear nonhomogeneous equation
d
(2.3.32) d—Zy(y —1) +q(2 - 3y) + 2(c — a)y® + day* — 2ay® = 0.
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The corresponding homogeneous equation

dq
dyy(y )+aq(2-3y)=0

has a solution ¢ = C1y?(y — 1), where C; is an arbitrary constant. Using the method of
variation of this constant, we obtain from (2:332]) the following equation for Cj:

(y —1)°Ci +2(c — a) + 4ay — 2ay® = 0,
ie, O = (y 1)2 + 2a. This equation has a solution Cy = 2701 + 2ay + Cy, where Cy is

an arbitrary constant. Therefore,

e 2c
¢ = CrPly—1) = (H+20y+02>y2(y—1)

and
dy def p et 2c a B
(2.3.33) = +./q= i\/(( —y 2 y+C’2> 2(y — 1).

Integration of equation ([Z3.33]) depends on the value of Cy and of parameters a and
c. Let us consider three cases of different values of Cs.
The case Co = 2c. In this case equation ([2333) takes the form

(2.3.34) fz_g — ayy |2 + <_ _ 1)

Let t2 =1+ (¢/a—1) /y. Then

c¢/a—1
2 -1
and equation (Z3.34]) takes the form 3_2 = +v2a/2(% — 1). Solutions of this equation

are t = +v/2a/2 (¢/a — 1) (§ + C3), where Cj3 is an arbitrary constant. From (2:3.30]) we
obtain

(2.3.35) y=

def 1
2.3.36 = .
(2:3:30) VT S ar - 1

As £ — oo, formula (22336 yields the Laurent expansion in powers of &:
Cs

2.3.37 = Ly

(2337 ) Z EE ) ,

where C4 = —2C3 is an arbitrary constant and Cf def —Cs+ ( ) Taking into account

that £ = Inz, we obtain an explicit form (2:330) of expansion (Z3.28]).
The case Cy = —2(y/a & +/c)? + 2¢. In this case equation ([Z.3.33) takes the form

(2.3.38) Z_g = +v2ay (y - (1 ¥ g)) .

The integral of this equation is

~ (L+(-1'/3)

(2.3.39) Y ; ol = exp (£ V2(va+ (—1)'Ve)é + Co),

where ¢ = 1,2 and Cg are arbitrary constants.
Taking into account that £ = Inz, formula (2339) implies that

(2.3.40) Y= M

1-— C7.Ti0i

b
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where 1 = 1,2, 0; = \/5(\/6—1— (—1)i\/E), and C7 is an arbitrary constant.
Let, for example, Ref; > 0, 6; # 0. Then for x — 0 the function (2340) can be
expanded in a series in powers of Crz%:

(2.3.41) Y= <1 + (1) 2) Z(_l)k(cﬂei)k7
k=0

where ¢ = 1,2 and C7 is an arbitrary constant. Depending on the value of 6; the series
[2341)) is an explicit form of one of the expansions (2314), (Z31I8), (Z319), and the
function ([Z3.40) is the sum of the expansion.

The case Cy # 2¢, Cy # —2(y/a £ /¢)? + 2c. Let us write equation ([23.33) in the

form
dy Cy —2a 2¢ — Cy
2.3.42 — =4V2 2 | y? .
( ) g~ TV y<y+ PR A
Equation y? + €2 2‘Iy + % = 0 has two distinct nonzero roots « and (3, and
Cy —2a 2¢c — Cy
2.3.4 ==~ f= =2
(2:3.43) arf=-T S e T
The Euler substitution
y—B8 at> — B
2.3.44 t2 = =
( ) y—a Y=
transforms equation ([2:3.33)) into the form
+2dt

Va@E—p)

The integral of this equation is

1 t—/Bla
(2.3.45) Eoe I NI = ¢+ Cy,

where Cy is an arbitrary constant. Taking into account (2343) and (Z345]) we obtain

t—/Fla -
t—l—\/ﬁ Cgexp(:t\/Qc Cgf)

where Cy is an arbitrary constant. Hence,

(2.3.46) t——@(l— 1—Cgexp(j\/ma>'

Set
(2.3.47) ¢ = Cyexp(£/2c — C2€).
Then (Z344)) and (Z346]) imply that

(2.3.48)

B 4ap
B(V1e+ @) —a(\1/o - yB)’

Set 2i) = Inp = ++/2¢c — C3 (£ + Cyp), where Cyg is an arbitrary constant. Taking into
account that £ = Inx we have

\/20— CQ
2

d) = :l:’L (h’le—}—ClQ).
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Then (2Z34])) takes the form
ap
Yy = 2 T2 -
B cos? 1) + asin”

According to (2:3.47), y can be expanded in a series in powers of ¢ = (Cyyz)¥V2e=C¢2,
where C; is an arbitrary constant.

If 2¢ — C5 is a real negative number, then iv/2c — Co def 27 is real. In this case
1 = vIn(Cy12) and, according to (2343) and (2349),

2¢ — C: 1
(2.3.50) y="2 — .

2a Bcos? [In(Cryz)7] 4 asin® [In(Cri2)7]

(2.3.49)

Formula (23.49) shows that y can be expanded in a series in integral powers of z27¢,
thus yielding the series (Z33:2)) in purely imaginary powers of z. According to (Z38),
y~!is a sum of the form ¢, 22" 4+ ¢y +c_1272"7, where ¢y and ¢4 are complex constants
independent of the sign of 7. On the other hand, in families Bj we have 7 = sgn~y = %1
(see (Z34). According to Subsection 5.4 in Chapter 1, the families B] and By have

the common family of inverse expansions y~*.

The series ([23.2) with p = +v/2c — Cs, 2¢c — Oy € R, 2¢ — Cy < 0, is the function
E3350), which is a solution of the reduced equation (Z31) corresponding to the edge
IV

Moreover, for the vertex Fflo) the subsum of the sum (ZZ8) corresponding to m = 0
in (IH%P is the solution (2349]) of the reduced equation ([23.1]) corresponding to the
edge I'} .

3.3. Expansions of solution for a = ¢ # 0. First we compute power, power-logarith-
mic, and exotic expansions of solutions of equation (ZIJ]) corresponding to the edge
I’Z(ll). In this case the defining equation (Z3.5]) has two zero solutions and one nonzero
solution cga = 2 from (2:3:0]). To this nonzero solution there correspond two eigenvalues
ko = 4+2v/2a from (Z310). For fy we take the value ko for which Re ko > 0.

To the value cga there correspond families of expansions By or Bj; for these families,
all formulas correspond to power, power-logarithmic, or exotic expansions from the case
a # ¢ # 0. Similarly to that case, here we also have three possibilities depending on
the value of 6. Namely, Case 1 (Refy = 0, and expansion of solutions is determined
by formula ([2Z2314))), Case 2 (Refy # 0,05 & Z, and expansion of solutions is determined
by formula ([23.18))), and Case 3 (02 € Z\{0}, and expansion of solutions is determined
by formula (2:319)).

Now we compute nonpower solutions of equation ([Z3]) corresponding to the mul-
tiplicity 2 zero solution of the defining equation (23.3). In this case equation (2:3.21])
takes the form
(2351) 96y V(6 ») = 2’ (y — 1) + P2 3y) - 2ay° + day’ = 0.

The support S(¢), its convex hull, faces @;d), d=0,1, j = 1,2,3,4, are shown in

Figure [2(a), real normal cones U§d), d=0,1, 7 =1,2,3,4 corresponding to faces are
shown in Figure [I21(b).
The cone of the problem is given by K = {p; > 0}, i.e., w = 1. Furthermore, y # const.

The cone of the problem has nontrivial intersections with the real normal cones Ugo),
Ugo), U:go), U(ll), Ugl). Consider the corresponding faces separately.

The reduced equation corresponding to the wvertex <I>§°) is 2322). The real normal
cone is Ugo) = {p1 <0, po < —p1}. The vector P = (1, 0), obtained earlier in the case
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0 @

FIGURE 12. For equation ([Z3.51) we show (a) the support, polygon,
and its faces; (b) normal vectors to these faces.

a # ¢, does not belong to the normal cone Ugo). Therefore, there are no appropriate
solutions.

The reduced equations corresponding to the wvertices <I>( ) and fI> are ¢20) & y) = def

4ay® = 0 and d;go) & y) = def —2ay® = 0 respectively. These equations are algebraic, and
according to Remark [Tl these equations do not yield appropriate solutions.

The reduced equation corresponding to the edge <I>(1) is
(2.3.52) A(ll)(f y) —2iy? + 29y + 4ay® = 0.

The real normal cone is U(lo) = {A(1,-1), A > 0}. We look for solutions of ([2.3.52]) of

the form y = c_1£71, c_; # 0. The defining equation ¢(c_1) % —2¢% ,(2ac2, — 1) = 0

has two nonzero solutions

(=17
2.3.53 c_1 = , j=12.
( ) 1 5e Y

Let us compute critical numbers. The first variation is

061" (€, 9) aer d
=207 4+ dyy— — 4 2 20y
5 eryd5 yij — yd§2+ Y.
The linear differential operator is
_ d
(2.3.54) L(€) = —2¢% ¢ (52 o Tt 1Oa62_1).
The characteristic polynomial v(k) = —2¢2 ; (k% 4+ k — 2) has two roots, k1 = 1, ko = —

The cone of the problem is
K ={Rek < —1or Rek=—1, Imk # 0}.

The number ky; = —2 belongs to the cone of the problem ; i.e., k5 is the only critical
number. The initial support of the expansion of solutions is K = {s = —1 — 2[; [ > 0}.
Taking into account ks, the support of the expansion of solutions becomes

(2.3.55) K(ky) = {s=—1—1;1>0}.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE SIXTH PAINLEVE EQUATION 53

Expansions of solutions are
1 S

2.3.56 = (=1 2=+ c_ ;&% j=12.
( ) y=(-1) V2a < s5€ J
Since ko ¢ K, the compatibility condition is satisfied automatically; i.e., the complex
coefficient c_; is an arbitrary constant.

Making the inverse substitution £ = Inz in (2350) we obtain two families of asymp-
totics of solutions of equation (ZI.4),

def 11 Cooi = Cgj
2.3.57 Fooogdety i 1 J i
( ) ’ Y= v = (=1) V2alnz  1n%z ~ In® x

J=12,

where the complex coefficients are as follows: c_j; is an arbitrary constant, and the
remaining c_,; are uniquely determined constants.
By Theorem [[7.2] the expansions (Z3.56) converge for sufficiently small %
Following Subsection of Chapter 1, let us compute the critical numbers of the
reduced solutions (Z3.57). The operator N (€, y) is determined by formula (Z3.29). For

solutions of (Z3.56]) we have y = (—1)jf/;2—; + -+ . Therefore among all terms with "
in the operator N the highest exponent n is n = —2, and the terms with £=2 form

the operator N_y = —2y2 %, where y = (—1)jf/;2—;. The corresponding characteristic

polynomial v(k) = —% has a double root £ = 0. The cone of the problem is K =
{Rek > 0}. Since k = 0 does not belong to the cone of the problem, there are no critical
numbers. The support of the expansion of solutions is of the form K = {s =, [ € N}. By
Theorem [[LZT] solutions of the original equation (Z.I.4]) have unique expansions forming
the families

(2.3.58) Bspj: y=vo;+ Y Va7, j=1.2,

o=1

where t; is from (Z357) and v,; are the series in decreasing powers of logarithms.
By Theorem [[42] powers of logarithms in v,; do not exceed —4o.

Expansions [23358) and (23.57) are new.
def

The reduced equation corresponding to the edge @él) is éél) (&, y) = —2ayS+4ay® = 0.
It has the constant solution y = 2. This solution is not appropriate since it is a solution
of the full equation (2351 and coincides with the solution cg2 we have studied at the
beginning of this subsection.

Let us find explicit solutions of equation ([Z3.1)) for a = ¢ # 0. To do this, we consider
equation (2:333]).

Integration of equation ([Z333)) is carried out differently in different cases depending
on the values of C5 and a. We consider three cases of the value of Cs.

Case Cy = 2a. In this case equation ([Z333) takes the form

d
(2.3.59) Y Va2
dg
Equation ([Z334)) has a solution
1
2.3.60 y=t——m——-,
( ) A% 20,5 + Cg

where Cj3 is an arbitrary constant.
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Recall that x — 0, ie., £ e — oo (z and & are complex). Then ([23.60) can be
expanded in the Laurent series in &:

(2.3.61) =

where Cy e +C3/v/2a is an arbitrary constant.
Taking into account that £ = Inx, we obtain the following explicit form of expansion

23ED):

def 1 1 & 1 def 1
2.3.62 = toj = e 2t VG '
( ) Yy = thoj = /_2a Inz kzzo( ) (Cylnz)k 2a Inz + Cs

Case Cy = —6a. In this case equation ([2.3.33) has a solution
2

1— 0511792 ’

where i = 1,2, 83 = 24/2a, and C5 is an arbitrary constant.

For Refy > 0,605 # 0 and © — 0 the function ([Z3.63) can be expanded in a series in
powers of Cyxz??

it

(2.3.63) y =

(2.3.64) =23 (~1)F(Csa®)",
k=0

where ¢ = 1,2 and Cj5 is an arbitrary constant. Depending on the value of #5 the series

E384) is an explicit form of expansions (Z3.14), (Z31]), or 2319) and the function

E2363) is the sum of these expansions.

Case Cy # 2a, Cy # —6a. In this case equation [2:3.33)) has the solution (Z349]) coming
from the case a # ¢ # 0.

3.4. Expansion of solutions for a # 0, ¢ = 0. First we compute power, power-
logarithmic, and exotic expansions of solutions of equation (ZII) corresponding to

the edge I’Ell). Equation (2331) has the double root ¢y = 1. According to (2:3.3),
for a # 0, ¢ = 0, the corresponding linear operator satisfies £(x) = 0.

To analyze equation (2.1.4) in this case, make the substitution y = 1 + u. We obtain
the equation
(2.3.65)

glw,u) = flau+1) = (2u+ Du” = 20w+ u?)u")z®
+ ((—3 — 8u—3u*)u 22w+ w4 2(4u® + 0P + 3u)u”)zt
+ ((10u + 6u® + 3)u + 2(5u® + 2u® + 3u)u’ — 2(5u* + 3u + 2u)u” — 2bu?)z?
+((=3u? — du— Du'® — 6(2u + u+ v’ + 2(u® + 20 + u)u”
—2(d+ a)u* —4(a+d — b)u® + (2(u® + 2u® + u)u’
+ 4au®2(6a — b+ d)u* — 4(b — 3a — d)u® — 2(b — d — 2a)u?)x

— 8au® — 12au* — 2au? — 8au® — 2au’® = 0.

The support S(g), its convex hall T'(g), and the faces G(d), d=0,1,1=1,2,3,4, are

shown in Figure [[3l(a). Real normal cones Ugd), d=0,1,3 = 1,2,3,4, are shown in
Figure [[3](b).
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FIGURE 13. Data for equation ([233:65): (a) the support, the polygon,
and the faces; (b) the corresponding normal cones.

Equation (2.3.65) has the trivial solution u = 0 of multiplicity 2. The corresponding

exceptional solution of (214 is
Iy: y=1.

By Theorem [2.1.4] this solution is a multiplicity one exceptional solution of the initial
equation (Z.I.T)); the double multiplicity of y = 1 resulted from the multiplication of
equation (ZI.1)) by the factor 222(x — 1)%y(y — 1)(y — x) containing the subfactor (y —1).

The cone of the problem is K = {p; < 0, p2 < 0}, so that w = —1. Furthermore,
u(z) # const. Real normal cones with nonempty intersection with the cone of the problem
are Ugo) and Ugl).

The reduced equation corresponding to the vertex Ggo) is
(2.3.66) g§0) (x, u) C o uz? — u'?2? + 2u'uz — 2au? = 0.

The real normal cone is Ugo) = {p1 < 0, po < 0}. The first approximation to the
solution has the u = c,z”, where ¢, is an arbitrary nonzero constant. The exponent p is

determined from the characteristic equation
(2.3.67) x(p) def 0> —2a=0,

which yields p1 2 = £v/2a.
According to Subsection [(.3]in Chapter 1, the complex normal cone is ﬁgo) =—(1, p),

where
(2.3.68) p: p€eC, Rep>0.
Let us compute critical numbers. The first variation is
9" &2 d d
W =2u"z? + 2@11:102 - 21/@%2 + 2’z + QEux — 4au.

The linear differential operator is given by the formula

d? d d
L(z) = 2¢c,a” (p(p —-1)+ @:ﬂ — P +p+ P 2a>.

The characteristic equation v(k) e 2¢,k(k — p) = 0 has two roots k1 = 0, ka = p.
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According to Subsection [1.3] of Chapter 1, the cone of the problem is K = {Rek > Rep
or Rek = Rep, |Imk| > |Imp|, sgn(Imk) = sgn(Im p)}. Since k12 ¢ K, there are no
critical numbers.

The support of expansions of solutions is

(2.3.69) K={s=p+lp+m;l,m>0;l+m>0;l,meZ}.
The expansion of solution has the form
(2.3.70) u=cyz’ + chxs (sum over s € K).

The support of expansion (Z3.70) in the complex plane s lies in the sector with vertex
at p spanned by the points s = 2p and s = p + 1.
After the inverse substitution y = 1 + u, expansions ([23.70) yield the family

(2.3.71) Bs: y=1+cpz’+ Z csz?,

S

where p = +v/2a satisfies (Z3.65), s runs over the set (Z3.69), and the complex co-
efficients are as follows: ¢, is a nonzero constants, and all ¢, are uniquely determined
constants. According to Theorem[[.7.2] expansion (2.3.71]) converges for sufficiently small
|z]. In the case Rep = 0 expansions (Z3.71]) are exotic. We denote the corresponding
families by B where 7 = sgn(Im p).

The families Bs and B are new. If v/2a € N, then, by (Z3.69) all exponents s are
integers.

Let us compute the second approximation of solutions ([Z.3.70) for Re p > 0.

In case Rep > 1 the second approximation is u = ¢,2” + ¢,412”T. The second ap-
proximation to equation (2.3.63)) is

921(0) (z, u) = 3u/ %23 — 6un’z3 — 6un'z? + 2zu’(2a — b+ d).

Furthermore, c,41 = —by41/v(p+1), where b, 11 o xfzpflgxl(o) (2, cpxP) = 2¢2(d—b—a),
v(p+1) =2¢c,(p+1); hence
a+b—d
2.3.72 —c, — =
( ) Cot1 = Cp 11

In case 0 < Re p < 1 the second approximation to solutions is u = c,x” + 02px2”. The
second approximation to equation (23.69)) is

921(0) (2, u) = A2 T A 2% + Atz — Saud.
Furthermore, ¢y, = ——JE;’;), where b, oo x_3p§l(0) (z, coxP) = —=8ac), v(2p) = Sac,.
Therefore,
(2.3.73) Cop = 2.

In case Rep = 1, Imp # 0 the second approximation of solutions is u = c,z” +
Cp17P T+ ¢9,x2P | where the coefficients c,41 and ¢z, are given by formulas ([2.3.72) and

@373)) respectively.
In case p=1, ie,a= %, the second approximation to solutions is u = ¢y + cox?,
where c; is an arbitrary constant and

a+b—d+2c

(2374) Cy = C1 B

is the sum of (Z3.72) and [23.73).
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Let us compute nonpower solutions of equation (Z33.66)) in case they exist. Transform
this equation as follows:
/2
def

(2.3.75) h(z, u) e u_2Q§O) (z, u) = Z—x - u—x +25 T 2a =0,
u u?

so that S(h) = {0}. Equation h(x, u) = 0 contains a nonzero constant —2a,

" /2
U u'’ g

(2.3.76) h* =2—a® — —a® coef(h*)=2—-1=1#0.
u u

Since a # 0, equation ([2.3.67) does not have multiple roots, i.e., by Theorems

and there are no nonpower solutions of equation ([23.66). Therefore, there are no

complicated solutions of equation (ZI4]) corresponding to the vertex Ggo)_

The reduced equation corresponding to the edge Ggl) is

(1 def 2 2
ot (2,u) € 20 ua® — 02 + 20w — 2au® — 60 uaz® + 3072 — 6u/ua®

(2.3.77) —2(b— d — 2a)u’x6u" uz* — 300" z* + 6u'uz®
—2(d+ a — 2b)ux? — 20" ux® + 2% — 2/uxt — 22 = 0.

The edge Ggl) is horizontal. Equation (23.77)) has no power solutions, i.e., no power
or power-logarithmic expansions of solutions. It can happen that equation (23.77) has
nonpower solutions. The reduced equation corresponding to the left vertex G( ) = =(0,2)
of this edge is ([(Z3.66]). Since for both these equations (Z3.66) and (M) the total
differentiation order is A(Q%l)) = A(gf”) = 2, Theorem [[(34]shows that equation (Z3.77)
has no nonpower solutions as z — 0.

As in the case a # ¢ # 0, to the solution ¢y = 0 of the defining equation (233 there
corresponds a family of complicated expansions Bs from (2.330]).

Solve equation ([Z3J) for a # 0, ¢ = 0 explicitly. To do this, consider equation
E333). It is integrated differently depending on the constant Cy and the parameter a.
Consider three cases of the value of Cs.

Case Cy = 0. In this case equation ([23.33) takes the form

(2.3.78) 3—? = +vV2ay\/yly — 1).
It has a solution

2
2.3.79 =
(25.79) I TENeR

which coincides with (Z336]) for ¢ = 0. As £ — oo, (Z3.79)) yields the following Laurent
expansion in powers of &:

(2.3.80) ———Z <C4 §5>

where Cy def —2(3 is an arbitrary constant and Cj def —C3 — 2.
Taking into account that £ = Inx, we obtain the explicit form ([Z379) of expansion
2.323).
Case Cy = —2a. In this case equation ([2333) takes the form
dy

(2.3.81) & =+V2ay(y —1).
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The integral of this equation is

(2.3.82) %1 = exp(£Vv2a€ + Cp),

where Cg is an arbitrary constant.
Taking into account that £ = Inz, from ([Z3.82) we obtain

_ 1
B 1-— C‘7.’Ep7
where p = v/2a and C7 is an arbitrary constant.

For Rep > 0, p # 0 and  — 0 the function ([23383) can be expanded in the following
series in powers of Cgz’:

(2.3.83) y

o0

(2.3.84) y =Y (~1)*(Csz*)"

k=0
where Cg is an arbitrary constant. The series (2.3.84)) is an explicit form of expansions
@311), and the function (Z3.83)) is the sum of these expansions.

Case Cy # 0, Cy # —2a. In this case equation (2:3.33) has the solution ([2349)) coming
from the case a # ¢ # 0.

In the case a # 0, ¢ = 0 formula ([2Z.3.50) becomes
_ & 1
2a Beos? [In(Criz)7] + asin® [In(Criz)7]’

where v = iy/—C3, C5 is an arbitrary positive number, and « and 3 are as in (Z343),
ie,a=1,0=—32.

(2.3.85) y=

3.5. Summary of results and discussion.

Theorem 2.3.1. There are siz families of expansions of types 1-3 corresponding to the
edge Fil) :
B1, which exists for 0 # a # ¢ # 0, is given by formulas Z31]), @Z3I9) and
has 1 parameter;

Ba, which exists for a # 0, ¢ # 0, is given by formulas (Z318), 23TI9) and has

1 parameter;

B3, which exists for 0 # a # ¢, is given by formulas (Z330), (Z328), 2330)

and has 1 parameter;

By and Bs, which exist for a = ¢ # 0, are given by formulas (Z3358), (23.57),
@382 and have 1 parameter;

Bg, which exists for ¢ = 0,p = £v/2a, Rep > 0, is given by formulas ([Z3.71)),
@389) and has 1 parameter;

and four pairs of exotic expansions of type 5 with T = +1:

B, which exist for a # 0, are given by formule (Z34) with first approzima-
tion (Z32)) of the form Z3320) and have 2 parameters; the families of inverse
expansions y~ 1 for BY and By coincide;

T, which exists a # ¢ # 0, Re(v2¢ — v2a = 0), are given by formulas 2.3.14),
@3T3) with first approzimation (Z340) and have 1 parameter;
B3, which exist for a # 0, ¢ # 0, Re(v/2¢c + v2a) = 0, are given by formulas
@314, @3d3) with first approzimaton [Z340) and have 1 parameter;
Bg, which exist for a # 0, ¢ = 0, Rev/2a = 0, are given by formulas E3.71),
@3389) with first approzimation (Z3.83) and have 1 parameter.
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The families B3, By, Bs are complicated; By, Bs, Bg are power or power-logarithmic.

Remark 2.3.2. The families B;-' and B; have the property that complex exponents in
their expansions are complex conjugate. If an expansion in the family B;-r coincides
with the complex conjugate of an expansion in B;, then to these two equations there
corresponds the same real function. Therefore, it may happen that to an expansion in
B;f and an expansion in B; there corresponds the same function. Usually, this happens
when all parameters a, b, ¢, d in equation (ZI1]) are real. Since we do not assume that
all these parameters are real, we view B; and Bj_ as different families.

Remark 2.3.3. The height of the edge Ffll) equals three. The defining equation (2.3.3]) has
degree three. It turns out that in all cases to each root of this equation there corresponds
a family of expansions (or a pair in the case of exotic families).

Remark 2.3.4. Families Aoy, B1-Bgs, Bj, B, B3, B are called basic families. Other
families of expansions are obtained from basic ones using symmetries (2.1.6]), (21.8) and

[ZI9) of equation P6.

The existence of families B1-Bg, B, BT, B3, B§ for various values of the parameters
is shown in the first three columns of Table [l on page [dl The basic family A exists for
all values of the parameters a, b, ¢, d of equation [2I.1]).

4. EXPANSIONS NEAR ZERO CORRESPONDING TO THE EDGE Fgl)

Families of expansions H;, H corresponding to the edge I’gl) are obtained from fam-
ilies of expansions B;, B] corresponding to the edge Ffll) using the symmetry (ZL8). To
do this, we need to make the substitution (2.I.8) on the expansion corresponding to the
edge I‘Z(ll), to compute expansions with a checkmark corresponding to the edge I‘gl) , and
to delete the checkmarks. The three cases a # ¢ # 0, a = ¢ # 0 and a # 0, ¢ = 0 that we

have considered for the edge Fil) become the cases b # d — % #0,b=d— % # 0, and
b#0,d =3 for the edge Fgl).

4.1. Expansions of solutions for b # 0. Consider the expansions Bj, defined by

formula (2:34) and corresponding to the edge FS). Using the symmetry (ZI1.8]) we send

them to the expansions Hg corresponding to the edge Fgl).

Making the substitution = &,y = &/¢ in formula ([2.3.4]) and expressing § we obtain
the fraction

X
~ vs .
RS I

As & — 0 the expression (2.4.1]) can be expanded in a formal series

(2.4.1) y=

c1—p n
(24.2) =y <_ Yoo x> .
€p n=0 s €p

Writing out the first two terms of the series (Z.42) we obtain the expansion

Fl=r c
2.4.3 j= S
(2.4.3) i== ) 2+
s P
Set
1
(2.4.4) p=1l-p, &=—, é=——2 s=s+1
Cp Cp

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



60 A. D. BRUNO AND I. V. GORYUCHKINA

Since § = 2y~ !(z) and, according to Theorems [[5.3] and Z23.1] the families of inverse
expansions y~!(x) for families By and B, coincide, we see that the families H and Hy
coincide, forming a single family Hy. Therefore we obtain one two-parameter family of
semiexotic expansions

(2.4.5) Ho: §=0Cpi + i+ i P+ Gt e
K

where p — 1 is an arbitrary purely imaginary constant, § runs over the set {p + Ip +
m(l—p;lmeZ; 1>1;, m>0tN{2—p+12—-p)+m(p—1); L,meZ; I >1; m>0}
={l+k(p—1); I,k € Z; 1 > 2; |k| <1} (according to (23.3), 2348), (Z44), and
Theorem [[5.2), and the complex coefficients are as follows: ¢; is an arbitrary constant,
and the other coefficients ¢;, ¢2— 5, and €5 are uniquely determined constants.

4.2. Expansions of solutions for b # d — % # 0. Consider the expansions B;, B7,

1 = 1,2, corresponding to the edge I’S). Using the symmetry (28], we transform these
expansions to expansions H;, H7, i = 1,2, corresponding to the edge Fgl).

Set §; = /T — 2d + (—1)*/=2b, i = 1,2. For each i one of three cases is possible.

Case 1. Ref; = 0. In this case the expansions B;, i = 1,2, are given by formula (Z:3.14).

Substituting = = &,y = £ and expressing § we obtain the fraction

g

(2.4.6) y=

i
Coi + ) Csid®
S

As & — 0 expression (24.0]) can be expanded in the formal series

~ oo n
- xz Csi .
(2.4.7 J=— (— — gcs> .
Writing out the first two cases of the series (ZZ.7)) we obtain the expansion
(2.4.8) T S L
Coi 5 Coi

Set

1 Csi
(249) C1i = —_—, égi:—%, S§=s5+1.

Coi Co;

Therefore, for each value of i we obtain two families of exotic expansions

(2.4.10) Hi: g=cud+) i’ 4o, i=12 7=4%l,

where, according to (Z3.13) and (Z43), 5 runs over the set {1+I+m76;, I,m € Z, I, m >
0, { + m > 0}, and the complex coefficients are as follows: ¢;; is obtained from (2.1.8]),
2.3.6) and [2.4.9) by the formula

_ 2b+ (—1)i/4bd — 2b
(2.4.11) = T

Cs with § =1+ Téi is an arbitrary constant, and the other coefficients ¢z are constant
and uniquely defined.
In the case ¢z = 0 with § = 1 + 76; the second approximation to the expansion of

solutions (ZAI0) is § = é1;4 + ¢9;7%. According to (2I8) and (2.3.16) we have

Gor = (—1) 1 —2d (\/_—Qb+(—1)iv1—2d)2—2a—|—20—1
(2.4.12) 2i = (—1)"/ —50 B (VT
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Expansions (Z4.10) are exotic if éz; with § =14 70; is an arbitrary nonzero constant.

In the case é5; = 0, where 5 = 1 + 76;, expansions (Z4.10) are expansions in integral
powers of z. Families of such expansions are denoted by H;, i = 1, 2.

Set k; :1+é1 1fReél > 0, and k; :1—é1 1fReél < 0.

Case 2. Ref; #0, 0; ¢ Z. Similarly to the above, using (ZL8) and (Z4.9), from (Z3.18)

we obtain the following one-parameter family of power expansions:

(2.4.13) Hi: g=cud+y eud +-, i=12,

where § € {1+ 1+ mk;,I,m € Z,l,m > 0,1+ m > 0} and the complex coefficients are
as follows: ¢y; is determined by formula Z4TT]), ¢&,; is an arbitrary constant, and the
remaining ¢z are uniquely determined constants.

The second approximation to the expansion of solutions of (Z.4.13)) depends on Rek;.
For Rek; > 2, the second approximation has the form § = ¢é1;& + 9,42, which is similar
to the case Ref; = 0. For 1 < Rek; < 2, the second approximation to solutions takes
the form § = ¢é1;& + ékiiﬁcki, where ¢,; is an arbitrary coefficient. For Rek; = 2, the
second approximation of solutions takes the form 7 = é;;& + ;22 + ék,iijki, where the
coefficients are as follows: ¢,; is arbitrary and ¢o; is given by formula (2412).

Case 3. ; € Z\{0}. We have a one-parameter family of power-logarithmic expansions
oo
(2.4.14) Mo g=cui+ Y ex(lnd)d®+---, i=1.2,

where the coefficient ¢é; is given by formula ZZII), ¢, = s + Br,i INE, dp, is an
arbitrary constant, B;“ is a uniquely determined constant, and the remaining ¢z are
uniquely determined polynomials in In &.

The second approximation to the expansion of solution (ZZ414]) depends on the value
of k;. If k; = 2, then the second approximation takes the form y = &;;&+¢9;%2. According

to (ZL8) and (Z320), we have

. 2
124 (V=2b+ (—1)'vT—2d)* — 2a + 2¢ — 1
(2415) oo = a4 (1) /1_2id( +(-1) . ) = 2a + 2¢ i

where a’; is an arbitrary constant.

If (V=2b+ (-1)'V1-— 2d)2 —2a + 2c — 1 = 0, then the compatibility condition is
satisfied and expansion (2.4.14) does not contain logarithms.

Similarly, using symmetry (Z1.8]) we obtain from ([2330) the following one-parameter
system of complicated expansions:

(2.4.16) My §=¢r1i+»  @si”,
=2
where
142b—2 = :
(2.4.17) ¢ = %lln2 E4ang+ Y ésn~C i,

§=0

and the complex coeflicients are as follows: ¢; is arbitrary, the remaining ¢_; are uniquely
determined constants, and the ¢ are complex series in decreasing powers of logarithms.
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4.3. Expansion of solutions for b = d — § # 0. Expansions ([Z3.58) yield two one-
parameter families of complicated expansions

(2.4.18) Mayj: =i+ Y dsa%, j=12,
=2
where
. 0 ~
(2.4.19) b1 = (=19 =2bInZ + éo; + Z CgInTiE j=1,2,
s§=1

and the complex coefficients are as follows: ¢y; is an arbitrary constant, the remaining
¢_3; are uniquely determined constants, and the ¢s; are series in decreasing powers of
logarithms.

The families of expansions Hs and H] are coming from the case b # d — % # 0. For
the value of 65 we take 2v/—2b with Refy > 0. Depending on this value, the following
three cases are possible: Case 1 (Refy = 0, families of exotic expansions H3 are given by
formula (ZZI0)), Case 2 (Refy # 0, fy & Z, one-parameter family of power expansions
H, is given by formula (ZZI3)), Case 3 (6, € Z\{0}, one-parameter family of power-
logarithmic expansions s, is given by formula (24.14)).

4.4. Expansion of solutions for d = %, b # 0. In the case Rev/—2b > 0 we have a
one-parameter family of power expansions

(2.4.20) MHo: §=a+cal+ Y &i

where ¢; # 0, ¢5 is an arbitrary constant, p = 1+ +/—2b, 5 runs over the set {p +
p—1)+m;l,m>0;14+m>0;1l,m € Z}, and the remaining complex coefficients ¢z
are uniquely determined constants.

For Rep > 2 the third approximation to expansion (Z420) is § = & + ¢;%” +
¢p12PTL. The coefficient is given by

. _2b+2a—2c+1
(2.4.21) Cpp1 = —cf,2—ﬁ.

For 1 < Rep < 2 the third approximation to expansion (ZZ20) is § = & + ¢3&° +
o518~ 1. The coefficient is given by

(2.4.22) bop1 = —05.

For Re7 = 2, Im p # 0 the third approximation to expansion ([2.4.20) is given by gy =
&+ 6P + Epp1 TP + Gop122P7 1, where the coefficients ¢;41 and ¢y;—1 are defined by
formulas (Z4.2T)) and (Z422]) respectively. In the case p = 2 the third approximation
to expansions ([2420) is § = & + ¢od? + 333, The coefficients are as follows: ¢ is an
arbitrary constant and ¢s = —égw is the sum of (Z4.21)) and ([2.4.22).

In the case Re v —2b = 0 we have two one-parameter families of exotic expansions

(2.4.23) M. =i+l + ) ed', T==£l
where p = 1++/—2b, § runs over the set {p+I1(p—1)+m; [,m > 0;l+m > 0; l,m € Z},
and the complex coefficients are as follows: ¢; is an arbitrary nonzero constant and the

remaining ¢; are uniquely determined constants.
There is also a one-parameter family Hs given by formulas (2.4.16]), (24.17]).
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4.5. Summary of results and discussion.

Theorem 2.4.1. There are 6 families of expansions of types 1-3 corresponding to the

edge I’gl) :

M, = By, which exists for b # d — + #0, is given by formulas Z413), L),
and has 1 parameter;

Ho = By, which exists for d # 3. is given by formulas @ZZI3), @ZId), and has
1 parameter;

Hs = Bs, which exists for b # d — %, is given by formulas (2410), (Z4I1) and
has 1 parameter;

My = By and Hs = Bs, which exist for b= d— 3. are given by formulas [ZAIF),
@Z19), and have 1 parameter;

He = Bg, which exists for d = 3. is given by formula ZZ20) and has 1 param-
eter;

one family of semiexotic expansions:
Ho = Bj, which exists for b # 0, is given by formula ZZ5), and has 2 parame-

ters;
and 3 pairs of families of exotic expansions of solutions with T = £1:

T = B], which exist for b # d — % #0, Re(v/1 — 2d — /—2b) = 0, are given by
formula 2410), and have 1 parameter each;

7 = B3, which exist for b # 0, d # %, Re(v/1 —2d 4+ v/—2b) = 0, are given by
formula 2410), and have 1 parameter;

T = BE, which exist for b # 0, d = %, Rev—2b = 0, are given by formula
@223), and have 1 parameter.

Here B; is the family obtained from B; by applying the symmetry (Z1.8).
Families H3, H4, Hs are complicated; families Hq, Ho, Hg are power or power-
logarithmic.

5. EXPANSIONS NEAR INFINITY

Starting with expansions of solutions of equation (ZII]) as x — 0 we use the symmetry
[2I8) to obtain expansions of solutions of this equation as z — oco. To do this, in
expansions as ¢ — 0 we make the substitution ([Z.1.6]), compute expansions with asterisks
as x — oo and then remove the asterisks.

Let us consider in detail how to transform the expansion corresponding to the vertex
Fflo) to the expansion corresponding to the vertex Féo). The remaining expansions near

infinity, which correspond to the edges I‘él) and I‘él), will be just listed.

5.1. Expansions corresponding to the vertex Féo). These expansions will be ob-
tained from expansions in the family Ay corresponding to the vertex FELO) and de-
fined by formula ([Z26]), where the exponent r is any number satisfying the condition
0 < Rer < 1, s runs over the set (Z2H), and the complex coefficients are given as fol-

lows: ¢, is an arbitrary constant and the remaining cs are uniquely determined constants.
Substituting in @IL2) z = L, y = y% and expressing y* we obtain the fraction

PR
1

2.5.1 * = ,
( ) Y Crx*TT + Z CoT* 8

where ¢, # 0 is an arbitrary constant, the remaining coefficients c¢s are uniquely deter-
mined constants, the exponent r is arbitrary with 0 < Rer < 1, and s runs over the set
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EZ3). As z* — oo, (ZEI) can be expanded in a formal series

5T oo Cs N n
2.5.2 Y= - — )
o 7o (D)

Taking the first two terms of series ([Z25.2) we obtain the expansion
1

oo

(2.5.3) Yy = Zm” — ES: 2—; oFTITI L
Set
(2.5.4) = é, Cow = —Z—;, s* = —s+2r.
Finally, taking into account [225) and ([254]) we obtain the expansion
(2.5.5) Yyt = 4 Z ot
e

where the exponent r is arbitrary with 0 < Rer < 1, s* € {r —lr + m(r — 1);
Ibm > 0; l+m > 0; I;m € Z}, and the complex coefficients are as follows: ¢} is
an arbitrary nonzero constant, and the remaining c}. are uniquely determined constants.
Therefore, as z* — 0o, we have a two-parameter (with parameters ¢* and r) family of
expansions Aq, defined by formula (2.5.5]).
Let us compute the second approximation to the expansion. We consider four cases.
In case %< Rer <1 the second approximation to the solution is y* = cia*" +

122771 The coefficient is given by the following formula:

w22a+d)+(r—1)2%-1
Y 2(r —1)2 '

(2.5.6) Cop 1 =C¢C

In case 0 < Rer < % the second approximation to the solution is y* = cfax*" +¢j. The
coefficient is given by the following formula:

2(b+c) —1r?
2r2 '

In case r = % the second approximation to the solution is y* = ¢} vVa* + ¢f;, where c}
2 2

(2.5.7) k=

is an arbitrary constant and the coefficient is given by the formula
(-1+8(0b+c)— 3c§2 + 8c’%2(a +d))
2
In case Rer = %, Im7r # 0 the second approximation to the solution is y* = ciax™" +

T
s+ ¢y 1221 where the coefficients ¢35, _; and ¢}, are defined by formulas ([2.5.6]) and

5 respectively.

5.2. Expansions of solutions corresponding to the edge Fél). Here we consider
four cases: b# 0, —b#c#0, —b=c#0and b# 0, c=0.

*
Cy =

Expansions of solutions for b # 0. We have one two-parameter family of exotic
expansions
(2.5.8) Dy: y* = cz*x*p* +cy+ cip*x*_”* + Z et
"
where p* # 0 is an arbitrary purely imaginary constant, s* runs over the set {{+kp*; | <

—=1; [k| <|l|+1; I,k € Z} and the complex coefficients are as follows: cj. is an arbitrary

nonzero constant, and cf, ¢ ,., and c;. are uniquely determined constants.
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Expansions of solutions for —b # ¢ # 0. We set 0} ' V2e + (—1)'/=2b, i = 1,2.
For a fixed i there are three possible cases depending on the value of ;.

Case 1. Ref} = 0. We have two one-parameter families of semiexotic expansions

(2.5.9) Dl : y =c+ ch*ix*s, T =41,

where s* € {—l +m70;1,m > 0;l+m > 0; I,m € Z} and the complex coefficients are
given as follows: c}., with s* = 76 is an arbitrary constant, and c{j; is obtained from

s*4

Z19), Z39), and Z57) by the formula
b+ (—1)/=b
(2.5.10) o = b ELV=be
b+c

The remaining c}., are uniquely determined constants.
If ¢i., = 0 with s* = 767, then the second approximation to the expansions of solutions

Z59) is y* = ¢}, + ¢* ;2% Formulas (Z1.6), Z316), and (254) imply that the

coefficient is given by the following formula:

L2
X vV-=b+(—1)c)  —a—d
(2.5.11) ¢ty = (=1)iy == ( (-1)'ve) i
b 1-2(vV=b+ (-1)iye)
In the case c¢f.; = 0 with s* = 76} expansions (2.5.9) are expansions in integral powers
of x. Families of such expansions are denoted by D;, i =1, 2.
Let k; = 07 if Re 0] < 0 and k; = —0; if Re§} > 0.

. i=1,2.

Case 2. Ref} # 0, 07 ¢ Z. We have the one-parameter family of power expansions

(2.5.12) Di: y'=cy+ Y cha™, i=12,
-

where s* € {1+ mk;; ,m € Z; I,m > 0; I +m > 0}, and the complex coefficients
are as follows: cj; is defined by formula ([2.5.10), ¢; ; is arbitrary, and the remaining cj.;
are arbitrary constants. The second approximation to expansions of solutions (25.12])
depends on the number Re k;. If Rek; < —1, then the second approximation of solutions
has the form y* = ¢}, +c* 1,21, where the coefficient c* |, is given by formula (Z5.11).
If =1 < Rek; < 0, then the second approximation is of the form y* = ¢f; + czﬂx*ki,
where the coefficient ¢ ; is arbitrary. If Rek; = —1, then the second approximation is
of the form y* = ¢}, + ¢* ;2" + czﬂx*ki, where the coeflicients are as follows: ¢ ; is
arbitrary and ¢* ;; is given by formula (Z5.1T).

Case 3. 0F € Z\{0}. We have a one-parameter family of power-logarithmic expansions

+o00o
(2.5.13) Di: y'=ch+ » cnat)a, i=1,2,

s*=1
where the coefficients are as follows: cg; is given by formula @3.0); ¢}, ; = o ;+ 06} ; Inz*
with an arbitrary constant oy ;, the coefficient 3 ; is constant and uniquely determined,
and the complex coefficients 'cz*i are uniquely determined polynomials in Inz*. The
second approximation to the expansion of solution ([2.5.13]) depends on the value of k;.
If k; = —1, then the second approximation takes the form y* = ¢, + ¢*;z*71. The

coefficient is given by the following formula:

i) 0
(2514) cili — aili + (_1)1'\/_7% (\/__b + (_1)2\/5) d ln!E*a

where o* ; is an arbitrary constant.
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We also have a one-parameter family of complicated expansions

(2.5.15) Ds: Y =¢5+ > ¢ a7,

or=1
where
b+c
2

oo
) o
In“z* + cilnz* + E T U R

s*=0

(2.5.16) oh =

and the complex coefficients are as follows: ¢} is an arbitrary constant, c¢* .. are uniquely
determined constants, and ¢* . are series in decreasing powers of In z*.

Expansions of solutions for —b = ¢ # 0. In this case there exist two one-parameter
families of complicated expansions

(o)
(2.5.17) Dy Y =0+ > ¢ ™™, j=1.2
o*=1
where
(2.5.18) bo; = (=1)7v/=2blnz* + co; + Z cis*jln_s* z*, j=1,2,

s*=1
and the complex coeflicients are as follows: ¢f; is an arbitrary constant, c* .. ; are uniquely
determined constants, and ¢* ., are series in decreasing powers of Inz*.

The families of expansions Dy and D} described for the case —b # ¢ # 0 remain in
the present case as well. For 65 we take 24/—2b with Reyv/—2b < 0. Depending on
the value of 8 three cases are possible, namely, Case 1 (Ref; = 0, two one-parameter
families of exotic expansions DJ are given by formula (25.9]), Case 2 (Ref3 # 0, 65 ¢ Z,
one-parameter family of power expansions D is determined by formula (Z5.12])), Case 3
(05 ¢ Z, a one-parameter of power-logarithmic expansions D, is determined by formula

2.5.13)).

Expansion of solutions for b # 0, ¢ = 0. For Rev/—2b < 0 we have a one-parameter
family of power expansions

(2.5.19) De: Y =1l+c.a™ +) cha™,
=

where p* = /—2b, s* runs over the set {p* + lp* —m;l,m > 0; 1+ m > 0;l,m € Z},
and the complex coefficients are as follows: c}. is an arbitrary nonzero constant, and the
remaining ci. are uniquely determined constants.

If Re /i* < —1, then the third approximation to expansion (2519) isy = 1 —I—C;;*J)*p* +
Cpr 1™ ~L The coefficient is given by the formula

. _ sa+b+d

(2520) Cp*—l = Cp ﬁ
If —1 < Rep* < 0, then the third approximation to expansion [Z5.I9) is y* = 1+

Cpe&™P 5y 2*2°". The coefficient is given by the formula

(2.5.21) Chpe = —Cp2.

If Rep* = —1, Imp* # 0, then the third approximation to expansion ([Z5.I9) is y* =
1+ c;*x*p* + c;*flx*p**l + c§p*x*2p*, where the coefficients cj._; and c3 . are given by
formulas Z5.20) and [Z521]) respectively. If p* = —1, then the third approximation to
expansion [Z5.19) is y* = 1 + ¢* ;2" ! + ¢* ,2* 2 The coefficients are as follows: ¢*, is
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. a+b+d+2c* ) .
an arbitrary nonzero constant, and ¢*, = —cil% is the sum of (2520) and

For Re v/—2b = 0 there exist two one-parameter families of exotic expansions

(2.5.22) Di: y' =1+ c;*x*p* + Zc:*xs*,

where p* = \/—2b, s* runs over the set {p* + lp* —m;l,m > 0; 14+ m > 0; [,m € Z},
7 = =£1, and the complex coeflicients are as follows: c}. is an arbitrary nonzero constant,
and all c}. are uniquely determined constants.

Also there exists a one-parameter family of complicated expansions D3 given by for-

mulas (Z5.15), 25.10).

5.3. Expansions of solutions corresponding to the edge Fgl) . Here we also consider
four cases: a #0,a# —d+1/2#0,a=—-d+1/2#0and d=1/2,a # 0.

Expansion of solutions for a # 0. We have two two-parameter families of exotic
expansions:

(2.5.23) Go: Yy = c;*x*p* + Zc}x*s*, T =sgnlm(p* — 1),

where p* — 1 is an arbitrary purely imaginary constant, s* runs over the set {p* — lp* +
m(p*—1);l,m > 0;1+m > 0;[,m € Z}, and the complex coefficients are as follows:

¢,+ is an arbitrary constant, and cg. are uniquely determined constants.

Expansions of solutions for a # —d+ 5 # 0. Set 6] df T—2d+ (—=1)'V2a,i=1,2.
For each ¢, depending on the value of 8} one of the three cases is possible.

Case 1. Ref} = 0. We have two one-parameter families of exotic expansions

(2.5.24) G+ yr=ciat 4y gt i=12 7=%£l

where s* € {1—14+m70}; [,m > 0; l+m > 0; [,m € Z}, and the complex coefficients are
as follows: cf., with s* =1+ 76 is an arbitrary constant, ci; is obtained from (2.1.6]),

EZ11) and ZE4) by the formula

. /1 —2d
2.5.25 L =14+ (-1)
( ) cll +( ) 2a )

and the remaining c., are uniquely determined constants.
If ¢%., = O with s* = 14767, then the second approximation to expansions of solutions

R524) is y* = };2" +cf,;. Formulas (21.6]), (2.412) and ([2.5.4) imply that the coefficient

cg; is given by the formula

(25.26) C (/122 (vV2a+ (-1)v/T=2d)" + 2b+2c — 1
5. ¢ = (— .
o 2a 2 - 2(V2a+ (—1)iV/1—2d)°
In the case ¢.; = 0 with s* = 1 + 70} expansions ([2.5.24) are expansions in integral
powers of z. Families of such expansions are denoted G;, i = 1, 2.
Set ki =1+67 if Reff <0and k; =1 —6; if Ref] > 0.

Case 2. Ref; # 0, 07 ¢ 7Z. Here we have a one-parameter family of power expansions

(2.5.27) Gi: y'=d "+ Z caxt i=1,2,

where the complex coefficients are as follows: cj; is given by formula [2.5.29), cj ; is
arbitrary, and the remaining c*.. are uniquely determined constants. The parameter s*

s*1
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runs over the set {1 —1+4+mk;; [,m € Z; I,m > 0; [+m > 0}. The second approximation
to the expansion of solutions [Z5.27) depends on the number Rek;. If Rek; < 0, then
the second approximation is y* = c};z* 4 ¢{};, where the coefficient cjj; is given by formula
@X520). If 0 < Rek; < 1, then the second approximation is y* = ¢f;z* + czﬂx*ki,
where cj ; is an arbitrary coefficient. If Rek; = 0, then the second approximation is
y* =t 4+ c,ﬁiix*ki, where the coefficients are as follows: ¢} ; is arbitrary, and cf;
is given by formula (25.20]).

Case 3. 0F € Z\{0}. We have one-parameter power-logarithmic expansions
+oo
(2.5.28) Gi: y =ca"+ Z Croi(Inz™)z™, i=1,2,
=0

where the coefficients are as follows: c¢j; is given by formula [2523), ¢ ; = o} ; +
Br,iInz*, aj ; is an arbitrary constant, f; ; is a uniquely determined constant, and the
remaining c}., are uniquely determined polynomials in Inz*. The second approximation
to the expansion of solution (Z5.24) depends on the value of k;. If k; = 0, the second
approximation is y* = cj,;x* + ¢(;. The coefficient is given by the formula

; 2
- 1—2d (V2a+ (=1)ivT—2d)" +2b+ 2¢* — 1
(25.29) ¢ =af, + (—1)1y/ = (V2a+(-1) ; )"+ 2b+ 2¢ .

where o, is an arbitrary constant.
We also have a one-parameter family

(2.5.30) Gs: y =iz + Z @ Lt
o*=0
where
4 1 ¢ty N
2.5.31 = + + .
( ) <P1 1 _ 2(1 _ 2d 1n2 x* 1n3 x* 524 lnS l,*

The complex coefficients are as follows: c¢*4 is an arbitrary constant, and c* . are
uniquely determined constants. ¢%. are series in decreasing powers of logarithms.

Expansions of solutions for a = —d + % # 0. We have two one-parameter families of
2
complicated expansions:
o0
(2.5.32) Gsyj: Y=oz + > ¢ a7, j=12
o*=0

where

11 o =
2.5.33 o= (=1) + SR 2J
( ) ¢1] ( ) /2a ln 1.* 1n2 ZE* 5*2::3 hls J)*

and the complex coeflicients are as follows: ¢*,; is an arbitrary constant, and ¢ ,.; are
uniquely determined constants. Also, ¢ ., are series in decreasing powers of logarithms.

The families of expansions Gy and G come from the case a # —d + % # 0. For 6;
we take 2v/2a with Re v/2a < 0. Depending on the value of 65, three cases are possible:
Case 1 (Ref; = 0, one-parameter families of exotic expansions G are given by formula
EE524)), Case 2 (Re 3 # 0, 05 & Z, the one-parameter family of power expansions Gs is
given by formula (Z5.27))), Case 3 (05 & Z, the one-parameter family of power-logarithmic

expansions Go is given by formula ([2.5.28))).
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Expansions of solutions for d = %, a # 0. In the case Rev2a < 0 we have the
following one-parameter family of power expansions:

(2.5.34) Go: y'=a"+ cz*x*p* + Zc:*x*s*,

where p* = 14 v/2a, s* runs over the set {p* +1(p* — 1) —m; I,m > 0;1+m > 0;
I,m € Z}, and the complex coefficients are as follows: ¢y« 1s an arbitrary nonzero con-
stant, and the remaining c}. are uniquely determined constants.
For Re p* < 0 the third approximation to expansion Z534) is y = «* + cz*x*p* +
c;*flfc*p*_l. The coefficient is given by the formula
. 1—=2(a+b+¢)

2.5.35 ] = Cpe —————————=.
(2:5:35) R TA)

For 0 < Rep* < 1 the third approximation to expansion [Z5.34) is y* = 2* + c}. TP 4

cgp*flx*%*’l. The coefficient is given by the formula
(2.5.36) Chpeq = Ch2.

For Rep* = 0, Im p* # 0 the third approximation to expansion (2534 is y* = z* +

Chex™? ke qar ! —|—c§p*_1x*2p ~1 where the coefficients Cpe_1, and ¢5,._; are given

P
by formulas (Z535) and (2536]) respectively. For p* = 0 the third approximation to
expansion ([Z5.34) is y* = z* + ¢ + ¢*;2*~L The coefficients are as follows: ¢ is an
c* (—142(a+b+c)+4cy)
0 4

arbitrary nonzero constant, and c¢*; =

[Z535) and ([Z5.30).

In the case Rev/2a = 0 there are two one-parameter families of exotic expansions:

(2.5.37) Gi: y'=a"+ c:*x*p* + Z ctoa*s

is the sum of expressions

where p* = 14+/2a, s* runs over the set {p*+1(p*—1)—m; I,m > 0; [4+m > 0; I, m € Z},
7 = =+1, and the complex coefficients are as follows: c}. is an arbitrary nonzero constant,
and all c}. are uniquely determined constants.

Also, there exists a one-parameter family of complicated expansions Gs. It comes from
the case a # % —d # 0 and is given by formula (Z530).

5.4. Summary of results.

Theorem 2.5.1. Asxz — oo and a-b # 0, equation (ZI1T) has 13 families of expansions
of solutions of Types 1-3:

Ao = Af is given by formula 253 and has 2 parameters;

Dy = By, which exists for —b # ¢ # 0, is given by formulas Z512), E5I3),

and has 1 parameter;

Dy = B, which exists for ¢ # 0, is given by formulas 2512), 2513), and has
1 parameter;

D3 = B, which exists for —b # ¢, is given by the formulas (Z510), Z5I0) and
has 1 parameter;
Dy = B} and D5 = BE, which exist for —b = ¢ # 0, are given by formulas

2517, @5I8) and have 1 parameter;
D¢ = BE, which exists for c = 0, is given by formule Z5I9) and has 1 parameter;

G1 = M, which exists for a # —d+% # 0, is given by formulas Z5.27), 2E5.23),

and has 1 parameter;

Go = M3, which exists for d # 1, is given by formulas Z5.27), [Z5.28), and has

1 parameter;
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Gs = M3, which exists for a # —d+ 5 # 0, is given by formulas [Z5.30), Z5.31)
and has 1 parameter;

Ga = M} and G5 = HE, which exist for a = —d + 5 # 0, are given by formulas
E532), @533) and have 1 pammeter;

Gs = H¢, which exists for d = , is given by formula 2534) and has 1 param-

eter;
one famz'ly of semiexotic expansions:

= Bg*, which exists for b # 0, is given by formula Z58) and has 2 parame-
ters,

three pairs of families of semiexotic expansions with T = £1:
DT = B]*, which exists for —b # ¢ # 0, Re(v/2c—+/—2b) = 0, is given by formula
2359) and has 1 parameter;
D3 = B3*, which exist for b # 0, ¢ # 0, Re(v/2¢ + v/—2b) = 0, are given by
formula 259) and have 1 parameter;
D = Bg*, which exist for b # 0, ¢ = 0, Rey/=2b = 0, are given by formula
E522) and have 1 parameter;

and four pairs of exotic expansions of solutions with T = £1 :

G§ = HI*, which exist for a # 0, are given by formula (Z523) and have 2
parameters;

G = HT*, which exist for a # —d+ 1 # 0, Re(v/1 —2d — v/2a) = 0, are given
by formula 25.24) and have 1 parameter;

G = HI*, which exist for a # 0, d # 1, Re(v/1 —2d + v/2a) = 0, are given by
formula 2524) and have 1 parameter;

Gg = Hg*, which exist for a # 0, d = %, Rev2a = 0, are given by formula
23537) and have 1 parameter.

Here A{, Bf and H! denote the families obtained from Ay, B; and #; using the

symmetry (21.0).

Families Dy, Ds, D¢, G1, G2, Gg are power or power-logarithmic; families D3, Dy, Ds,
Gs, G4, G5 are complicated.

CHAPTER 3. EXPANSIONS OF SOLUTIONS OF P6 NEAR ZERO AND INFINITY
IN THE CASES a =0, b# 0 AND a # 0, b=10

1. GENERAL PROPERTIES OF THE EQUATION

1.1. Formulation of the problem. In this chapter we are looking for asymptotic ex-
pansions of the form (ZI.2]) for solutions of the sixth Painlevé equation (ZII). We are
looking for expansions of all five types: power, power-logarithmic, complicated, semiex-
otic, and exotic, as x — 0 and x — oo in the following two cases:

1) a=0,b#0, c and d are arbitrary;
2) a #0,b=0, c and d are arbitrary.

1.2. Supports and normal cones. In the case a = 0 equation (21.4) takes the form:
(3.1.1)
Fla,y) = 2y a* (@ — 1)y(y — Dy — o)
— () [2?(z = 1D)*(y = D(y — ) + 2°(x = 1)*y(y — @) + 2*(z — 1)*y(y — 1)]
+2y [e(e—1)?y(y—1)(y—x) + 2* (- Dy(y—1)(y—2) + 2*(z—1)*y(y—1)]
— [2ba(y = 1)*(y — 2)* + 2¢(x — 1)y’ (y — 2)* + 2dz(z — )y*(y — 1)*] = 0.
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a) qo b)

FIGURE 14. For equation (BI1)): (a) the support, the polygon, and its
faces; (b) normal cones of faces.

In this case the support is obtained from the one shown in Figure §l(a) by removing the
points (0, 6), (0,5), (1,5). The support S(f,=o) of the left-hand side of equation 31T,
its convex hull I'( fo—), faces I'; (0) ef Qi,1=1,2,4,5,6, I’g-l), j=1,2,56,7, are shown
in Figure [[4(a) (faces of the polygon I'(f), faces coming from the case a - b # 0 preserve
their numbers). Real normal cones UZ(-d), d = 0,1 corresponding to these are shown in
Figure [[4](b).

For w = —1 the decomposition of the complex plane L_ : r € C into complex normal
cones Ivj‘g-d) is shown in Figure B with the following change on notation: IvJéO) and IVJ(;)
should be used instead of ﬁéo) and IVJELD respectively. This decomposition is similar to
the case a # 0.

For b = 0, equation (ZI4]) takes the form
(3.1.2)

fla,y) = 2y"a?(@ = 1)%y(y - 1)(y — o)
= ()?[2* (@ = 1)*(y = 1y — 2) + 2% (z = 1)?*y(y — 2) + 2*(z = 1)*y(y - 1)]
+2y [#(a=1)*y(y=1)(y—2) + 2*(@=Dy(y=1)(y—2) + 2*(2=1)*y(y—1)]
- [QayQ(y - 1)2(y - x)2 + 2¢(z — 1)y2(y — x)2 + 2dz(x — 1)y (y—1) ] =0.
In this case the support is obtained from the one shown in Figure Bl(a) by removing
the points (3,0), (2,1), (3,1). The support S(fp=0) of the left-hand side of equation
BI12), its convex hall I'(fy—), faces I'; (0) def Qi 1 =2,3,4,7,8, F(l) Jj=3,4,8,9,10,

are shown in Figure [[H](a) (the faces of the polygon I'(f) coming from the case a-b # 0
preserve their numbers), real normal cones Ul(- ), d = 0,1, corresponding to these faces
are shown in Figure [[5l(b).

Using the symmetry (ZI.0) one can reduce computations. Namely, this symmetry

sends the case a = 0 to the case b = 0. Under this symmetry, vertices F(O) 1=1,2,4,5,6,
(1 ( )

and edges I';7, j = 1,2,5,6,7, in the case a = 0 correspond to the vertices I';”, i =

3,4,2,7,8, andedgesI‘( ),j—3 4,8,9,10, in the case b = 0.
Therefore, we will conblder in detail only the case a = 0, and then extend the obtained
results to the case b = 0 using symmetry (2.1.6)).

)
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b) P2

0| 1 | qn

FIGURE 15. For equation (BI2): (a) the support, the polygon, and its
faces; (b) normal cones of faces.

FIGURE 16. The support of terms of equation ([2.1.4]) with coefficient a.

Furthermore, the vertices F(10)7 Féo), Fgo)’ Fio) and the edges Fgl), Fél), Fgl), and Ffll)
shown in Figures@(a),I4l(a), and [T (a) were considered in the case a-b # 0 in Chapter 2.
The terms of equation ([2I.4) with the parameter a as a factor have the support shown
by solid dots in Figure

Therefore, for a = 0 the terms of equation (ZI4) corresponding to the vertices ri®

1 »
Fgo), FELO) and the edges Fgl), I‘él) do not change, and neither do the corresponding
reduced equations. Hence the corresponding expansions retain their general structure
and may only change starting with the second term.

For b = 0, similarly to the case a = 0 the terms of equation (ZI4) corresponding
to the vertices I‘éo), Fgo)’ FELO) and the edges I‘gl), Ffll) do not change. Therefore the
corresponding expansions retain their general structure and may only change starting
with the second term.

Therefore, in the case a = 0 we consider the vertices Féo), Féo) and edges Fél), Fél)

)

1"(71) for which the types of expansions of solutions of (2I.1]) may be new.
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Similarly, in the case b = 0 new types of expansions may only correspond to vertices
Fgo), Féo) and edges Fél), Fél), F%); we obtain these expansions using the symmetry
2I0) and results for the case a = 0.

Furthermore, using the symmetry ([2.1.8]) one can reduce computations even in the
case a = 0 since this symmetry sends expansions corresponding to the vertex F(O) and

(1) )

the edges I'; ”, F(l) to expansions corresponding to the vertex F( ) and the edges F(

I‘él) (and vice versa).

Therefore, we need to study in detail one vertex Féo) and two edges Fél), F(71) in
the case a = 0, and then using symmetries (Z1.6]), (28] to pass obtained results to all
remaining cases. Namely, in the case a = 0 we use symmetry ([2.1.8]) to obtain expansions
of solutions corresponding to the vertex I‘éo) and the edge Fél), and then use symmetry
[2.1.6) we obtain expansions for b = 0 from expansions for a = 0.

Let us recall that according to Theorem 2.1.4lin the case a = 0 there is an exceptional
solution Z,: y = 0o, and in the case b = 0, solution Z;: y = 0.

2. EXPANSIONS NEAR ZERO CORRESPONDING TO THE VERTEX Féo)

The vertex F ' Qs = (0,4) is the upper left vertex in Figure [[dl(a), the corre-
sponding value of w is w = —1 and the reduced equation is
(3.2.1) Aéo)( Y ) "oy 22y® — 3y a2y? + 2 2P + 2ey* = 0.
The real normal cone is Ué ={p1 <0, p2 >0}, ie, x — 0,y = co. The complex
170
normal cone is Ug”’ = —(1,r), where
(3.2.2) r: reC, Rer <0.

2.1. Expansions of solutions with power asymptotics. A solution of equation
BZJ) is the expression y = c.z", where ¢, is an arbitrary nonzero constant. The

exponent r is determined from the characteristic equation y(r) = x =% féo)(x,xr) =
—r2 4+ 2¢ = 0, which has two roots

(3.2.3) 2 = +V2,

and from the consideration of the complex normal cone [B.22)).
Let us compute the critical numbers. The first variation is

o (@, y) _, & , d
=2 + 6y 2%y? — 6y’ —a*
(3.2.4) Ty gty o s
d
— 6y 2y—|—2d—3:y + 6y zy? + 8cy®.

The linear differential operator is

(3.2.5) L(x) At 9B BT d—2x2 +3r(r—1)— 3rix — 32 + ix +3r+4c
- o dx? dx dx

The characteristic polynomial
(3.2.6) v(k) = 2¢3(k* — 3rk 4+ 2r?)

has two roots k; = 2r and k2 = r. The cone of the problem is L = {Rek > Rer}. The
numbers k; 2 do not belong to K; therefore, there are no critical numbers.
The support of the expansions of the solution is

(3.2.7) K={s=r—lr+m;1>0,m>1;l,meZ}.
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Therefore, we obtain a one-parameter family of expansions

(3.2.8) C°: y=ca"+ Z csT®,
S

where the exponents are as follows: r = 4v/2¢ and satisfies inequality [3:23), s belongs
to the set (B.27), ¢, is an arbitrary nonzero constant, and all ¢, are uniquely determined
constants.

The support (B2.7) has two generators —r and 1 and on the complex plane it is
located in the sector with vertex at r and sides that are parallel to vectors —(Rer, Imr)
and (1,0).

Therefore, we have proved the following result.

Theorem 3.2.1. For x — 0 and a = 0, ¢ # 0, there exists a one-parameter family of
power expansions C§° of solutions; this family is given by formula (B.2.8]).

By Theorem the series (B2.8]) converges for sufficiently small |z|.

If 2¢ = k?, where k is an integer, then, according to ([B.2.7), expansion (3.2.8)) contains
only integral powers of x, i.e., is a Laurent series. This is the only case where this family
was previously known (see [54] § 46, Theorem 46.3]).

Let us compute the second approximation to solutions.

If Rer < —1, the second approximation is y = c,z" + ¢,412" 1. Let us compute the
coefficient ¢,11. The second approximation to equation (BI]) is

(3.2.9) F (2, y) = =4y 2% + 6y ay> — 6/ 22y® + 22y  (—c + d — b).

Since by41 = x*“*lfﬁ(o)(x,crfc’") =2c2(r?—r—c+d-0b), v(1+71) =21 —r), we
have ¢,41 = %.
If —1 < Rer < 0, then the second approximation to the solution is y = ¢,.2" 4 ¢¢ and

the second approximation to equation (BI)) is

(3.2.10) fﬁ(o) (z, y) = —2y" x%y% + 22y — 2/ 2.

Since by = AG(O) (z,crx™) = 0, v(0) = 4c2r? # 0, we have ¢y = 0.
The case Rer = —1 will be considered together with the case Re V2¢ < —1 because
the contribution of the second approximation to ([BZI0]) vanishes.

2.2. Nonpower asymptotics. Let us compute nonpower solutions of equation (Z2.1I)
if they exist. Let us transform this equation as follows:

R 20" 3 2 0/
3.2.11 g(z,y) =y (0) z,Y) = i x? — v x2+ix+2c:0,
6 2
Y Y Y

S(g) = {0}. Equation g(z,y) = 0 contains a nonzero constant 2¢. In the case ¢ = 0
equation x(r) = 0 has a double root r = 0. But P = w(1,0) does not belong to the

normal cone Uéo). Since A(g) = 2 and
2y 3y/2

(3.2.12) gt =" — 5 2%, coef(g*) =2—-3=—1+#0,
Y )

by Theorems [[.3.5] and [[.3.6] there are no appropriate nonpower asymptotics.
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3. EXPANSIONS CORRESPONDING TO THE VERTEX Fél)

The reduced equation corresponding to the edge Fél) is

Aél)( )def 14 3

2 243 — 3y° xy 2 ay' Py — 2da?y

(3.3.1) +2y” 203 — 3y 0%y? + 2y P + 2eyt — Ay 2yP
+ 6y’ :Ey —2xy*(c+b—d) — 6y'z*y® = 0.

It does produce power expansions since the edge I‘él) is horizontal. Let us check if there
are nonpower asymptotics. The edge Fél) joins the Vertices Qs = (0,4) and @5 = (2, 4),
and the corresponding reduced equations f, (O)( ) 2y” 203 _ 3y 222y + 2y ayd +
2cy* = 0 and féo)( ) 2y” 43 — 3y aty? + Ay By — 2d:102y2 = 0 have the order
of differentiation equal to 2. On the other hand the order of differentiation of equation

(1)(:1: y) = 0 also equals 2. Therefore, by Theorem [[.34] required solutions do not exist
in either case x — 0 or x — co.

4. EXPANSIONS CORRESPONDING TO THE EDGE r§1>

4.1. Preliminary analysis. The vertex F(71) is vertical. The corresponding reduced
equation is

341 (l)x, d"fg”233a: 2490 2 420yt +20 2 2 2y 2%y? =2y zy? = 0
( y Yy Y rtyT 2y y Yty xty—2y'x vy

and r = 0. The real normal cone is U(71) ={A\(-1,0), A >0}, ie. z — 0 and w= —1.

The reduced equation (.41 is the sum of two reduced equations (221 and (32.1]).
For p? # 2c the number p = r+ivy with » = 0, v # 0, v € R is a root of the characteristic
equation x(p) = 0 corresponding to the bottom vertex FELO) = (0,3). By Theorem [[L5.1]
we have two families of exotic expansions B} with 7 = sgnIm p. The cones of the problem
are K™ ={s:Res >0, and Res =0, sgnIms = 7}. Since the characteristic equation
[224) has the root k12 = p, which does not belong to the cone of the problem, there
are no critical numbers. The support of expansions of solutions is

(3.4.2) K={p+lp+m(l—p);l,m>0;l+m>0;l,meZ}.
Therefore, we have two families of exotic expansions
(3.4.3) BT y=cyaxf+ chxs (sum over s € K),

where 7 = sgnIm p, p? # 2¢, Rep = 0, p # 0, s runs over the set B.42), ¢, is an arbi-
trary nonzero complex constant, and all complex coefficients c; are uniquely determined
constants.

A more precise form of these families is given in (3439)).

If p2 = 2¢, Rep = 0, p # 0, we have the case described in Remark [L511 The
number p = r + iy with r =0, 75 0, v € R is a root of both the characteristic equation

x(p) = 0 corresponding to the bottom vertex I‘ELO) =

(0, 3), and the characteristic equation
X(p) = p? — 2¢ = 0 corresponding to the top vertex Féo) = (0,4).

According to Remark [L5.]] here we have two families of expansions with the initial
term y = cpx‘/z. Namely, we have the family Bg with Imv/2c > 0 and the family By
with Im v/2¢ < 0. In both cases the cone of the problem is K = {s: Res > 0}.

The characteristic equation ([Z24]) corresponding to the reduced solution y = ¢,z

and the vertex I‘(O) (0,3) has a double root ky 2 = p. Since it is not in the cone of the
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problem, there are no critical numbers. The support of expansions of solutions (2:2.0])
corresponding to the vertex FELO) is

(3.4.4) Ki={p+lp+m(—p);l,m>0;1+m>0;1,meZL}

The characteristic equation ([B.2.6]) corresponding to the reduced solution y = ¢,z” and

the vertex Féo) = (0,4) has two roots k1 = p and ko = 2p. Since neither of them is in
the cone of the problem, there are no critical numbers. The support of expansions of
solutions ([B:2:8)) corresponding to the vertex I’éo) is

(3.4.5) Ko={p—Ilp+m; 1 >0, m>1; I,meZ}.
According to Remark [[5.1] we have two families of expansions
(3.4.6) Bso: y=cpxf+ Z csxz®  (sum over s € K),

Res>1

where p is a purely imaginary constant, p? = 2c¢, Im p > 0 for the family Bg and Im p < 0
for the family By, and s € K = K; N Ko, i.e.,

se{p+il—p)+m; I,m>0; Il+m>0; I,meZ}.

The complex coefficients are as follows: ¢, is an arbitrary nonzero constant, and the c,
are uniquely determined constants.

Since r = 0, we are looking for power solutions of equation (341 in the form y = ¢y,
co # 0. Let us compute ¢y. The defining equation is

(3.4.7) ~7(1)(co) def e A7(1)(x, o) L 9cce = 0.

The height of the edge I‘gl) equals 1, and the defining equation is linear. This defining
equation shows that for ¢ = 0 any constant ¢y is a solution, whereas for ¢ # 0 the equation
has only the zero solution ¢y = 0. Therefore, we consider two cases: ¢ # 0 and ¢ = 0.

4.2. Expansion of solutions in the case a = 0, b- ¢ # 0. In this case there are no
power solutions of equation ([B:4.1]). Let us find nonpower solutions of this equation.
Since the defining equation does not have multiple nonzero solutions, by Theorem
there are no solutions that tend to a nonzero constant.
In equation (B4, let us make the logarithmic transform £ = Inz. Then, according

to (ZZI3) and (34T, we obtain the equation

(3.4.8) 06, y) 1V (¢y) = 25y (y — 1) + §%y(2 — 3y) + 2ey* = 0.

By Theorem [[333] we are interested in only those solutions of this equation that tend
to zero as £ — oo. The support of the left-hand side of the equation, its convex hull,
and normal cones of all faces are shown in Figure [l The cone of the problem is
K ={p1 >0, po <0}, which corresponds to the limit £ — oco. The real normal cones

that have nonempty intersection with the cone of the problem are Ugo), Ugo), and Ugl).
The only solution of the reduced equation ¢§0> &) def 2cy* = 0 is a trivial solution.
The reduced equation corresponding to the vertex <I>(10) is

~(0 def . .
(3.4.9) ¢ (e, y) © —24y? + 2%y = 0.

It has a solution y = ¢y because the vector P = w(1,r) = (1,0) is in U§°) N K. However,
the constant solution does not work in our case.
The reduced equation corresponding to the edge <I>(11) is

(3.4.10) oM (&) = —2ijy® + 202y + 2cy* = 0.
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FIGURE 17. For equation ([BZ]): (a) the support, the polygon, and its
faces; (b) normal cones of faces.

The real normal cone is Ugl) = {A(1,—2), A > 0}. The first approximation to a solution
of the equation ¢(&,y) = 0 is y = c_26 72, c_a # 0. Let us compute the coefficient c_.
The defining equation is

(3.4.11) M (c_s) = B 5(—4+ 2cc_s) =0,

and since c_o # 0, it has a solution ¢_y = E' Let us find critical numbers of this solution.
The first variation is

ey & d
4.12 Y= 9% 2 gy 44 2/ 3
(3.4.12) By aezY iy + yd§y+ 7 + 8cy
The linear differential operator is
d2 1 d 1
(3.4.13) L(&) = de _254 — 242 ~2s — 8¢2 ~2 ¢ 55 + 8¢ 256 + 8cc?. 255"

The characteristic polynomial v(k) = ¢2,(—2k? — 6k), c_a # 0, has two roots, k; = 0
and kg = —3. The cone of the problem is £ = {Rek < —2 or Rek =0, Imk # 0}. Since
ko € K, we can see that ko is the only critical number. The support of the expansion of
the solution is K = {s = —2 — 2, [ > 0}. The set K(k2) is K(k2) = {s =—-2—1,1 > 0}.
The second approximation to the solution of equation ¢(§,y) =0 is

1 1
(3414) Yy = C_2£—2 + C_3£—3.
Since ko ¢ K, the compatibility condition is automatically satisfied and the coefficient
c_3 is an arbitrary complex constant.

The expansion of the solution is given by the formula

21 1 1
3.4.15 Y= "=t z—=+Y cy—,
3419 gty

where c_3 is an arbitrary complex constant and c_g are uniquely determined constant
complex coefficients. By Theorem [[7.2] the series (B415) converges for sufficiently
large |¢]. Making the inverse transformation, we obtain the asymptotics for the solution
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of equation (BI.TI),

2 1 1 1
3.4.16 S ST N
( ) Y cln’z ‘Iz SZ:; *In®
where c_3 is an arbitrary complex constant and the complex coefficients c_g are uniquely
determined constants.

Let us compute the critical numbers of the reduced solutions ([B.4.16]). The first vari-
ation is given by formula (34I9). Denote it by M(z,y). Let us make in M(z,y) the
logarithmic transformation & = Inx and denote the differentiation with respect to & by
adot. Theny =%, 4" = % After the transformation, we obtain the operator

d? d

d d
M(x,y)—2<d—§2—d—§>y +6( — 9)y° —6d§yy — 67 y+2d—§

d? d
_2<___)y2

d .
3.4.17 4—
( ) + 69y> + a2 dg

de”

-4 -9y - 2@@/ — dgy + 8cy® W N(€,y).

For solutions of equation ([B.4.106) we have y = %%

-+. Therefore, in the operator N,
the largest exponent n in terms with £€” is n = —4, and the sum of terms with £~ form
the operator
p d”
N_y=—2y"—,
4 Y g2

where y = 25% The characteristic polynomial corresponding to this operator is v(k) =

—2(%)2k2. This polynomial has a double root k = 0 = 7r; i.e., it does not produce critical
values.

By Theorem [[41] for solutions of the original equation (BIT]) there exists a unique
expansion

(3.4.18) Bs: y=g¢o+ Y 0o’

where ¢¢ is given by [BZ4IH) and ¢, are series in decreasing powers of simple (non-
iterated) logarithms. This expansion is obtained from [Z330) and 2328) for a = 0.

4.3. Expansion of solutions for a = ¢ = 0, b # 0. First, we find power and power-
logarithmic expansion.

According to (B.4.T]) the coefficient ¢ is an arbitrary constant. Let us compute critical
numbers. The first variation is

8f(1) T,y d? d 9
7a(y ):2d2 203 4 6y a2y? — Gd—yﬂcy — 6y a2y
d d d?
(3.4.19) 1ol a6y ay? + 4y y+2y/2 2 2—2x2y2
dx dx dx
d
— 4y z?y 2%:1011/2 — 4y’ zy + 8cy®.
In the case ¢ = 0 the linear differential operator is
@) & d d
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The characteristic polynomial
(3.4.21) v(k) = 2k*c2(co — 1)

has two roots which depend on ¢y # 0. If ¢ = 1, then any number k is a double root of
the characteristic polynomial and £(z) = 0. For any ¢y # 1 the polynomial (B:Z.21]) has
the double root k = 0.

The cone of the problem is K = {Rek > 0 or Rek = 0, Imk # 0}. If ¢g # 0,1,
then k & K; i.e., there are no critical numbers and the expansion is in integral increasing
powers of . The expansion of the solution is

+oo
(3.4.22) Bio: y=co+ Z csT’,
s=1

where the complex coefficient ¢y # 0,1 is arbitrary, and the remaining complex coeffi-
cients ¢, are uniquely determined. Expansion 34.22]) was known before (see [54] §46,
formula (46.4)]. By Theorem [[L7.2] the series ([8.4.22) converges for sufficiently small |z|.

The second approximation to the solution of the equation is y = ¢g+ cyx. The second
approximation to equation BIT]) is

Frla, y) = 2y" 2%y — y'%2® — 2(b — d)ay? + 2" 2%y® — 2/ "2y + 6y 2%y

(3.4.23)
— AP (b — d) — 4y 2Py® + 6y 23y — 22yt (b — d).
The coefficient ¢; is given by ¢; = —%, where
by =2 £V, 00) = =200 — d)c2(co — 1%, v(1) = 2c3(co — 1),
so that
(3.4.24) e = (b—d)(co—1).

If ¢y = 1, i.e., L(z) = 0, we make the substitution y = 1 + u in equation (BIII) with
¢ = 0 and obtain the equation
g(z,u) Lz (z — 1)2(u+ Du(u+ 1 —z)
— 22z — 1)?u(u+1—z)
+ 22z - 1) (u+ 1) (u+1—2) + 22z — 1)*(u+ 1)y]
+ 20/ [z(x — 1)*(u+ Du(u+1 —x)
+ 2%z — 1) (u+ Du(u+1—2) +2%(x - 1)*(u+1)
— 2bzu?(u+ 1 —2)? + 2dz(z — 1)(u+ 1)%u?] = 0.

(3.4.25)

Equation ([34.20]) has the trivial solution u = 0. The corresponding exceptional solu-
tion of equation BT is Zo: y = 1.

The cone of the problem is K = {p; < 0, p2 < 0}. The support S(g) of the left-hand
side of equation (B42H]), its convex hull I'(g), and the faces (vertices GEO) and edges Gz(-l),

t=1,...,5) are shown in Figure [[8l(a). The corresponding real normal cones Uz(»j ) are
shown in Figure [I8(b).

Normal cones that have nonempty intersection with the cones of the problem K are
U\ and UV

1 1

The reduced equation corresponding to the vertex Ggo) is

3.4.26 0O (2, 0) L o ua? — u'a? + 20’ uz = 0.
( g1 )
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1
Q Ul

FIGURE 18. For equation [B:42H): (a) the support, the polygon, and
its faces; (b) normal cones of faces.

The first approximation to a solution is u = c¢,x", where ¢, is an arbitrary nonzero
constant. The exponent r is determined from the characteristic equation

(3.4.27) x(r)=r?=0,

ie., r12 = 0. Since the vector P = w(1l,r) = —(1,0) is not in Ugo) N K, there are no
appropriate power solutions corresponding to the vertex G go). A simple analysis shows
that all solutions of equation (BZA28) are of the form u = C In?(Coz), where Cy and
(' are arbitrary constants. All these solutions have order p = 0; however, |u| — co as
x — 0, so these solutions should be ignored.

The reduced equation corresponding to the edge Ggl) is

(1 def 2 2
a0 (@, u) o ua? — uPa? + 20/ ux — 60 ua® + 3u'%2® — 6u'ua®

(3.4.28) —2(b — d)yulz + 60 uz* — 300 2* + 60 ua

—2(d + 2b)u’z? — 2u"ua® + W2’ — 2l uat — 2bula® = 0.

This edge is horizontal. The reduced equation corresponding to its left vertex G(lo) =
(0,2) is (B8.4.26). For both equations ([8.4.26) and (B.4.28) the total differentiation order
is A(ggl)) = A(gf‘”) = 2. By Theorem [[.34] equation ([B.4.28)) does not have nonpower
solutions u — 0 as x — 0.

Let us compute nonpower solutions of equation B41]). In our case, the determining
equation (BT has an arbitrary solution. The cone of the problem is K = {p; > 0},
and moreover, y # const.

For ¢ = 0 the support S(¢) of equation ([B.4.8]) consists of two points @1 and Q3. The
convex hull of the support is the interval coinciding with the edge @él) (Figure M(a)).
Normal cones are UgO) = {p2 < 0}, Ugo) = {p2 > 0}, Ugl) = {A(1,0), A > 0}. Each of
them has a nonempty intersection with the support of the problem.

The vertex <I>§O) was considered in the case ¢ # 0 (see Subsection 4.2 in Chapter 3,
equation ([B49)). The vector P = (1,0) is in the cone of the problem K. However,
the corresponding solution is constant, which is not suitable. Therefore, there are no

solutions corresponding to the vertex (I)go).
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The reduced equation corresponding to the vertex ‘I{%O) is

~(0 def 4 .. .
o0 (€,y) = 20y - 35%y% = 0.

The normal cone is Uéo) = {p2 > 0}. We are looking for solutions of this equation in the
form y = ¢,.£", where ¢, # 0 is an arbitrary constant. Let us compute the exponent r.
The characteristic equation

def ._ 4, o def
X(r) S ETREE €)E —r? -2 =0

has the roots 11 = 0 and ro = —2. The solution corresponding to the vector P, =
w(1l,r1) = (1,0) is constant, so not suitable. On the other hand, the vector P, =
w(l,79) = (1,—2) is not in the normal cone Ugo). Therefore, there are no solutions

corresponding to the vertex <I>(O)

The reduced equation corresponding to the wvertical edge <I>( )i

A(1 . . . .
(3.4.29) 257 (€ y) = 2y° — 35%y? — 2y* + 257y = 0.
The root of the determining equation can be any constant. But the solution y(£) = const
is not suitable.
According to Subsection of Chapter 1 we perform one more logarithmic transfor-
mation n = In&. We obtain

C_ldy i_@
eay VT e\ap  a)

Equation (34.29]) takes the form

256 y) € oln,y) & 2<£ - d—y)y2(1 —y)+ (Z—%)QW —3y) =0.

The support S(o) consists of four points @1 = (—1,3), Q2 = (—1,4), Qs = (—2,4),
Q4 = (—2,3). The convex hull of these points is the square with vertices at these points.
The boundary of this square consists of four vertices and four edges. The normal cones
are quadrants and coordinate planes p1, ps.

The cone of the problem is K = {p; > 0} and the solution is y(n) # const. The
normal cones that have a nonempty intersection with the cone of the problem are those
of the left, top, and bottom edges, and of two right-side vertices.

The top and the bottom edges correspond to the vertices @éo) and (I)go)7 for which
the absence of suitable solutions has been established earlier. The reduced equation
corresponding to the right edge is

dy 2
dn’
It has constant solutions only, which is not suitable. The reduced equations corresponding

to the two right-side vertices are parts of equation ([B:4.30). Therefore, the corresponding
solutions are constant as well, and such solutions are not suitable. Therefore, there are

no solutions corresponding to the edge <I>(1)
So, in the case ¢ = 0 there are no nonpower solutions of equation [B.4.1]).

4.4. Explicit form of solutions of ([B.4.1]). It is clear that equation (B:41]) and equa-
tion (23] for a = 0 are the same equation. Therefore, we use results of Chapter 2 and

consider equation (2333)).
In the case a = 0 equation (DBBI{I) takes the form

(3.4.31) d_f = Fyv/2c — Cy + Cay.

(3.4.30) y2(1—y) =0.
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Integration of equation ([B43T]) depends on C5 and on ¢. Consider three cases de-
pending on the value of Cs.

Case Cy = 2¢. If a = 0, ¢ # 0, then equation ([Z333)) has a solution (Z3.36]) coming
from the case a # ¢ # 0. The corresponding expansmn is (Z337).

In the case a = ¢ = 0, equation ([BZ31) becomes < g = 0. It has a solution y = Cj,

where Cj3 is an arbitrary constant. The corresponding family of expansions of solutions
of the complete equation is (B.4.22).

Case Cy = 0. Equation (B 43T) takes the form

dy
3.4.32 = =4
(3.4.32) 2 = TuVee
If a =0, ¢ # 0, then equation ([B:432) has a solution
(3.4.33) y = Cpa®V?e,
where Cy is an arbitrary constant.

The function [3:4.33)) is a solution of the reduced equation ([B.4.1]) corresponding to the

edge I’él). Furthermore, this function is a solution of the reduced equation corresponding
to each of the vertices Q4 = (0,3) and Qg = (0,4) (Figure I41(b)).

For Rev/2¢ = 0 we obtain the initial parts (3.4:33) of expansions ([3.4.8)) from families
Bg with Im v/2¢ > 0 and By with Im v/2¢ < 0.

Case 0 # Cy # 2¢. Let
(3.4.34) t? = 2c — Cy + Cyy.
Then equation [B43T]) takes the form
dt i(1&2 —2c+ (o)
d¢ 2 '
Equation ([3.4.30) has the integral
V22— C
t++v2c—Cs
where C1g is an arbitrary constant. Hence
t—+2c—Cy
t++2c—Cs
Taking into account (3.4.34]) and ([B3.4.36) we obtain

(3.4.35)

=+2c—Cy (£ + Cho),

def

(3.4.36) = exp[£1/2c — Ca (£ + Ci6)] = 0.

2c—Cy 4o
3.4.37 = —.
(34.37) YT -0
The right-hand side of (8437 can be written in the form
2c — Oy ( 2 )2
3.4.38 _ ,
( ) Y o \i/ve—vo

Set 2in=Ino def +v2c — Co(€ + C1). Taking into account that £ = Inx we have

\/2c —
n= :I:Z'702 Cs (111:1? + Clﬁ).

Then equation [B.43]) takes the form
o CQ — 2c 1

3.4.39 .
( ) Cy  sin’p
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According to ([B-436), y can be expanded in a series in powers of o = (Cy7x)tV2e=C2,
where (7 is an arbitrary constant.

If 2c — C5 is a negative real number, then the number iv/2¢c — Cs def 27 is real. In this
case 1) = v In(Cy7x). Formula [B.439) shows that y can be expanded in a series in integral
powers of o, i.e., in integral powers of x27?, which yields a series in purely imaginary
powers of x. For a = 0 this series corresponds to families B7 of exotic expansions (3.4.3))
with Rep = 0 and p? # 2c. According to ([B.4.38) the inverse expansion y~! does not
depend on the sign of v, i.e., of 7. By Theorem [[5.3] expansions y~! inverse to (3.4.3)
also do not depend on 7.

Hence, we have proved the following result.

Theorem 3.4.1. (a) For x — 0 and a = 0 there exist two two-parameter families of
exotic expansions of solutions with constant complex coefficients:

2

@13) By y= " + 3 e

2c — p2 sin [ln 01133 Res>1

Here p is an arbitrary purely imaginary constant, p?> # 2c¢, 7 = sgn(Imp), 2y = ip,
se{p+lp+m(l—p),l,m>0;1+m>0;1,meZ}, Cp is an arbitrary nonzero con-
stant, and the cs are uniquely determined constants. The families of inverse expansions
y~! to families B and B coincide.

(b) For x — 0 and a = 0, ¢ # 0 there exist two one-parameter families of power
expansions of solutions

(m) 88,9 : Y= Cpl'p + Z CsiL'S,
Res>1

where p is a purely imaginary constant, p> = 2¢, Im p > 0 for the family Bs and Im p < 0
for the family By, s € {p+1(1—p)+m,l,m>0;1+m>0;l,me€Z}, and the complex
coefficients are as follows: c, is an arbitrary nonzero constant and the cs are uniquely
determined constants.

(¢c) For x — 0 and a = ¢ = 0 there exists a one-parameter family of power expansions
of solutions with constant complex coefficients

+oo
B3.422) Bio : y:c0+ZchS,
s=1
where ¢y # 0,1 is an arbitrary constant and the cs are uniquely determined constants .

5. EXPANSIONS NEAR INFINITY FOR a =0, b # 0

5.1. Expansions near infinity corresponding to the vertex Fgo). The transforma-
tion
1 y*
3.5.1 =, =L
(35.1) =l Y=o

which is the superposition of symmetries ([2.1.6]) and (Z.1.§), sends the vertex I‘( ) = =(2,4)

0) _

to the vertex I's’ = (0,4). Therefore the expansions corresponding to the vertex Fé ) are

obtained from those corresponding to the vertex I‘éo) by applying B.5.0). In this way,
we obtain the family

(3.5.2) ng Doy =ca+ chxsv
s
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where r = 1+ +v1—-2d, Rev/1—-2d>0,s € {r+Il(1—7r)—m; I,m >0; L +m > 0
I,m € Z}, and the complex coefficients are as follows: ¢, is an arbitrary constant, and
the ¢, are uniquely determined constants.

For Rer > 2 the second approximation to the solution is y = ¢,2" + ¢,_12" !, where

o (c+b+d—1)

Cr—1 =Cpr— (/-

For 1 < Rer < 2 the second approximation to the solution is y = ¢,a" + c1x, where
(G 0.

5.2. Expansions near infinity corresponding to the edge I‘gl). For a =0, b # 0,

d= % we have the following family of power expansions G corresponding to the edge Fgl)

and obtained by the symmetry ([B.5J]) from the family of expansions By corresponding
to the edge F(71):

+oo
(3.5.3) Gio: y=ciz+ Z C_sx™ 7,
s=0

with the following complex coefficients: ¢; # 0,1 is an arbitrary constant, and the c_;
are uniquely determined constants. The second approximation to the solution is given
by y = c1x + ¢o, where

(3.5.4) co = (1 — 1)(1 — 2¢ — 2b).

Fora=0,d# % we have the following family of complicated expansions corresponding
to the edge Fgl):

(3.5.5) Gs: y=pix+ Z o_ox” 7,
o=0
where
—+o0 s
4 1 1 1
3.5.6 - _ =),
( ) o 1—2dln2x+c 31n3$+3=246 (lnx)

and the complex coefficients are as follows: c_3 is arbitrary, and the remaining c_g are
uniquely determined. Also, ¢_, are series in decreasing powers of simple logarithms.
Fora=0,d# % there exist two families of exotic expansions

(3.5.7) G7: y=cpa’+ Z csT?,
S

where 7 = sgn(p — 1), p is an arbitrary complex number such that Rep = 1, Imp # 0,
p—1#v1-2d, se{p+llp—1) —mp;l,m >0;l+m > 0;l,m € Z}. Complex
coefficients are as follows: ¢, is an arbitrary nonzero constant, and the ¢, are uniquely
determined constants.

For a =0, d > % we have two families of expansions with p = 1 + +/1 — 2d, namely,

the two families of exotic expansions
(3.5.8) Gs,0: y=cpal+ Z cs®,
Re s<0

where Rep = 1, Imp # 0, Imp > 0 for the family Gg and Imp < 0 for the family
Go, s e {p—Ilp—mp;l,m > 0;1+m > 0;1,m € Z}, and the complex coefficients
are as follows: ¢, is an arbitrary nonzero constant, and the ¢, are uniquely determined
constants.
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6. SUMMARY OF RESULTS IN THE CASE a =0, b#0

Theorem 3.6.1. In the case a = 0, b # 0, equation ZLI) with x — 0 has 21 families
of expansions of solutions. Of these, 15 families Ao, H;, i =1,...,6, Ho, H], HI, Hg,
7 = 41, and Bs corresponding to the vertex I‘io), the edge I‘(ll), and the edge Ffll) come
from the case a-b# 0. The remaining 6 families are new:

the family C§°, which exists for ¢ # 0, is given by formulas B2Y), B2Z1) and
has one parameter;

the families Bg g, which exist for ¢ < 0, are given by formula [B.46]), and have
one parameter;

the family Bio, which exists for ¢ = 0, is giwen by formula B422), and has one
parameter;

the family BI, which exists for ¢ # 0, is given by formula BAJ) with first
approzimation B.439), and has two parameters.

Remark 3.6.1. The families C§°, Bs—Bio, B7 are also called basic. Applying the sym-
metries (Z10), I8), and 2I9) of equation P6 we obtain the remaining families of
expansions.

The one-parameter families C3°, Bs—Bio are power families, BY are exotic, and B is
complicated. The existence of basic families B3, C5°, Bs—Bio, B7 for various values of the
parameters with ¢ = 0 is shown in the last two columns of Table [Il on page

Theorem 3.6.2. For a = 0, b # 0, equation ZILI) has 21 families of expansions of
solutions as x — oo. Of these families, 15 families As, D;, i = 1,...,6, Dy, DI, D3,
D, 7 = £1, and Gz corresponding to the vertex Féo), the edge Fél), and the edge Fgl)
come from the case a-b # 0. The remaining 6 families are new:

the family C, which exists for d # %, is defined by formula (B52), and has one
parameter;

the families Gg 9, which exist for d > %, are defined by formula BES), and have
one parameter;

the family Gyo, which exists for d = %, is defined by formula B53), and has one
parameter;

the family G7, which exists for d # %, is defined by formula BET), and has two

parameters.

The sixth Painlevé equation has three symmetries, (2.1.6]), (2.1.8)), (21.9). Combining
the first two, we obtain the symmetry (B.5.1):

1y 1 1
6.1 b,c,d —, =,a" b —d"+ =, ="+ = )].
(36 ) (x,y,a, e )_> <J}*7$*’a, ) +27 c +2>

This symmetry sends families of expansions for z — 0 to families of expansions for x —
00, with the families C§°, Bs—B10, B} becoming the families C, Gs—Gio, G7 respectively

and vice versa). Let us illustrate this by using as an example the families C§° and C°.
Y g 0 o]

Applying B6T) to formula B2 we obtain

*

Y - _
—:CT{E* 7"_,_5 :CSLL'* s7
‘r*

(3.6.2) s
y* _ CT{E*_T+1 + chx*—s-i-l.
s
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*

Denote cj« = ¢, r* = —1r + 1, ¢} = ¢5, s* = —s + 1, where s* runs over the set
K ={s*=r*+11—=7")=m; I,m>0; l4+m >0; I,m € Z}. We obtain the series

* _ % _xr* * xs”
Y =cr + E Cex T .
5"

From Section [2 in Chapter 3 we know that in the case 1 > |Rev/2¢| > 0 the second
approximation to the solution corresponding to the vertex Féo) is y = ¢ 2" + ¢p, where
¢r # 0 is an arbitrary constant and r = —+/2c. Using (8.6.1) we obtain the second

approximation to the solution corresponding to the vertex I‘éo) for1 > |Re+/1 —2d*| > 0,
Y=t 4 e,

where r* =14 /1 — 2d*, ¢}. # 0, ¢} is an arbitrary constant, and c¢j = 0.
Similarly, in the case |Re v/1 — 2d*| > 1 we obtain

* % _xr” *
Y =CT FCre T )

where r* =1+ /1 —2d*, ci. #0, c. is an arbitrary constant, and
. (—T*2 4+t 4 c* + bt _d*)

*
Crv_1 = Cps .
i T *

Finally, we remove the asterisks and get

(3.6.3) Cx: y=ca" + Z csz®,

where the complex exponent 7 is given by r = 1 + /1 — 2d, Rev1 —2d > 0, ¢, # 0, ¢,
is an arbitrary complex constant, c¢s are uniquely determined constants, and s € C runs
over the set {r +1(1 —r) —m; [,m > 0; [+m > 0; I,m € Z}; in the case | Re /1 — 2d|
> 1 the second approximation to expansion B.63) is y = 2" + ¢,_12" "1, where
Cro1 = CTM, and in the case 1 > |Re+v/1—2d| > 0 the second approxi-
mation is y = ¢,.z" + cix, where ¢; = 0.

7. EXPANSIONS IN THE CASE a # 0, b=0

In this case, the polygon of equation P6 is shown in Figure [[8l(a) and the normal
cones of generalized faces of this polygon are shown in Figure [I5().

Using symmetry (2.1.6) one can obtain expansions in the case b = 0 from expansions
in the case a = 0.

7.1. Expansions corresponding to the vertex Féo) = (3,2). This vertex is symmet-

)

ric to the vertex Féo . Therefore expansions of solutions corresponding to the vertex

Féo) are symmetric to expansions of solutions corresponding to the vertex Féo). Let us
consider expansion ([B.2.8). The symmetry (ZI1.0) sends formula [B28) to the following
formula:

1
— = e+ Z csx 8
Yy
(3.7.1) ;

. 1
YT ey, seet)

Since |x*| — 00, expression B7I)) can be expanded in a formal series

xp +00 n
X C
3.7.2 = -1H" Sgrmstr)
(372 v =TS (S )
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The first two terms of this series are

x Cs .
(3.7.3) Y= =yt
Cr c2
S
Set ¢ = Ci, ¢~ = —%, s = —s+ 2r, where s* runs over the set {r + Ir — m;

I,m>0; l+m >0; I,m € Z}. We obtain the series

* * kT * _xs™
Yy =c.r + E Cex X7 F -
o*

The second approximation to the solution in the case Rer < —1is y* = ¢ia*"+ci_j2*" 1,

r=—v2c
’ * d* *
« _ Crp1 O F+d t+a —r
Cr_1 = =—Cc—.

r—1
In the case —1 < Rer < 0 the second approximation is

y* — C:.’E*T + csrx*Zr’
where ¢35, = 0. Finally, deleting asterisks we obtain
(3.7.4) o y=ca+ Z csx®,

S

where the complex exponent r = v/2¢ satisfies the condition Rer < 0, and s runs over the
set {r+Ilr—m,l,m>0,l+m>0,1,m¢eZ}. The complex coefficients are as follows:
¢, is an arbitrary nonzero constant, and all ¢; are uniquely determined constants.

In the case Rer < —1 expansion of the solution is ¥ = ¢,2” + ¢,_12" "1, where

c+d+a—r
r—1 ’
and in the case —1 < Rer < 0 the second approximation to the solution of the equation

is y = c,a" + co,x?", where ¢y, = 0. By Theorem [L.7.2 the series ([B.7.4) converges for
sufficiently large |z|.

Cr—1 = —Cr

(0)

7.2. Expansions corresponding to the vertex I';’ = (1,2). We have the following
one-parameter family of expansions:
(3.7.5) Cy: y=ca+ Z cs®,

S

wherer =14++v1—-2d, Rer >1,se{r+Il(r—1)+m; ,m>0; l+m>0; l,meZ}
and the complex coefficients are as follows: ¢, is an arbitrary nonzero constant, and all
cs are uniquely determined constants. In the case Rer > 2 the second approximation to
the solution is y = ¢, 2" + cor_122" 71, cop_1 = crw, and in the case 1 < Rer < 2
the second approximation is y = ¢,&” + cor—122""1, c2,—1 = 0. According to Theorem
[LT2 the series (B7ZH) converges for sufficiently small |z|.

7.3. Expansions of solutions corresponding to the edge I’%). For ¢ = 0 we have

the following one-parameter family of power expansions:

C—s

400
. — €1
(3.7.6) Di: y=cot—+ z::z —

where the complex coefficients are as follows: ¢y # 0,1 is an arbitrary constant, c_; =
(d+a)(1 — ¢p)co, and all ¢_g are uniquely determined constants.
By Theorem [[L7.2] the series (B0 converges for sufficiently large |z|.
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For ¢ # 0 we have the following one-parameter family of complicated expansions:

o0
(3.7.7) Ds: y=wo+ Y oor
o=1
where
c = 1Y°
_ — 2 —_— ..
(3.7.8) @0721n x+cllnx+§cs<mx> +-

and the complex coefficients are as follows: ¢; is an arbitrary constant, and all c_g4 are
uniquely determined constants; ¢_, are series in decreasing powers of logarithms.
For ¢ # 0 there exists the following family of semiexotic expansions:

(3.7.9) D7: y=cpx’+cotc_pr’+ Z csx®,
S
where p is a complex constant such that Rep = 0, Imp # 0, p?> # 2¢, s € {l + kp;
I < —1; |k| < If; I,k € Z}. The complex coefficients are as follows: ¢, is an arbitrary
nonzero constant, and cp, c_,, and ¢, are uniquely determined constants.
For ¢ < 0 we have two families of expansions with p = v/2¢:

(3.7.10) Dgy: y=cpxl+ Z csx®,

Res<-1
where Rep = 0, Imp # 0, Im p < 0 for the family Dg and Imp > 0 for the family Dy,
se{p—Ilp—m;l,m>0;1+m>0;l,méeZ}. The complex coefficients are as follows:
¢, is an arbitrary nonzero constant, and the c, are uniquely determined constants.

7.4. Expansions of solutions corresponding to I’él) . Ford = % we have the following
one-parameter family of power expansions:

+oo
(3.7.11) Hio: y=cix+ ZCS:ES,
s=2

where the complex coefficients are as follows: ¢; # 0,1 is an arbitrary constant, co =
—c1 X (1 = ¢1)(1 — 2¢+ 2a), and all ¢, are uniquely determined constants.

This series converges for sufficiently small |z|.

For d # % we have the following one-parameter family of complicated expansions:

(3.7.12) My: y=pz+ Y poa’,
o=2
where
1-2d =
(3.7.13) 01 = In’z + ¢ lnac—l—Zc_s(lna:)fs,
5=0

and the complex coeflicients are as follows: ¢; is an arbitrary constant, and all c_4 are
uniquely determined constants; ¢, are the series in decreasing powers of logarithms.
For d # % there exists one family of semiexotic expansions,

(3.7.14) Hr: y=cx’ +ciz+ cz_pmz_p + Z csx®,

S

where the complex number p satisfies the conditions Rep =1, Imp # 0, p—1 # /1 — 2d,
se{l+k(p—1); 1 >2; |k| <I; I,k € Z}.The complex coefficients are as follows: ¢, is
an arbitrary complex constant, and c;, ca_,, and ¢, are uniquely determined constants.
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For a =0, d > % we have two families of expansions,

(3.7.15) Hso: y=cpxl + Z csT’,

Res>2
where Rep = 1, Imp # 0, Imp < 0 for the family Hg and Im p > 0 for the family Hg,
se{p+lp+m;m>0;1>1;1,me Z}, and the complex coefficients are as follows: ¢,
is an arbitrary nonzero constant, and the ¢ are uniquely determined constants.

7.5. Summary of results in the case a # 0, b = 0.

Theorem 3.7.1. In the case a # 0, b =0, equation ZII) has 21 families of expansions
of solutions as x — 0. Of these, 16 families Ao, B;, i =1,...,6, B}, B, B3, B, 7 = +1,
and Hsz corresponding to the vertex Fflo), to the edge Fgl), and to the edge Fgl) come from
the case a-b # 0. The remaining 5 families of expansions of solutions are new:

CY, which exists for d # %, is given by formula BXLH), and has one parameter;
Hs,o, which exist for d > 1, are given by formula BTI5), and have one param-
eter;

Hio, which exists for d = %, is given by formula BTI1)), and has one parameter;
Hr, which exists for d # %, is given by formula B7I4), and has two parameters.

Theorem 3.7.2. In the case a # 0,b =0, equation [(ZITI) has 21 families of expansions
of solutions as x — oo. Of these expansions, 16 families A, Gi, i = 1,...,6, G§, G7,

G}, G&, T = £1, and D3, corresponding to the vertex I’éo), the edge I‘él), and the edge

Fgl), come from the case a -b # 0. The remaining 5 families of expansions of solutions

are new:
CO, which exists for ¢ = 0, is given by formula (B.7.4), and has one parameter;
D1o, which exists for ¢ = 0, is given by formula BLH), and has one parameter;
Ds.9, which exist for ¢ < 0, are given by formula BIZI0), and have one param-
eter;

D7, which exists for ¢ £ 0, is given by formula BZ9), and has two parameters.

The symmetry ([B.6.1)) maps expansions of solutions as x — 0 to expansions of solutions
as ¥ — oo. Expansions CJ, Hs—Hio, H7 are mapped to expansions CY , Ds-Dig, D7
respectively (and vice versa).

CHAPTER 4. EXPANSIONS OF SOLUTIONS OF P6 NEAR ZERO AND INFINITY
IN THE CASEa=b=0

1. EXPANSIONS

In the case where the parameters in the sixth Painlevé equation (ZI.1]) are a = b = 0,
c and d arbitrary, we are looking for expansions of solutions as  — 0 and =z — oo of
the form ([ZI2) and of all five types: power, power-logarithmic, complicated, semiexotic,
and exotic.

For a = b = 0, equation ([Z.1.4) takes the form
(4.1.1)
Fla,y) € 22 (x — 1)%y(y — 1)y — )
— () (@ = 1)y = V)(y — 2) + 2% (x — 1)*y(y — 2) + 2*(z — 1)%y(y — 1)]
+ 2y [a(z—1)y(y—1)(y—=) + 2*(x = Dy(y—1)(y—2) + 2% (2 —1)*y(y—1)]
— [2¢(x — )32 (y — )2 + 2dx(x — 1)y (y — 1)?] = 0.
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q1

FIGURE 19. The support of equation ({11, its polygon, vertices, and faces.

The support S(fs=p=0) of the left-hand side of equation (I, its convex hull

I'(fa=b=0), the faces FZ(.O) def Q;, 1 = 2,5,6,4,7,8, and the edges FZ(.I), 1 =5,...,10,
are shown in Figure
According to Figure[[9lin this case there are no new families of expansions of solutions.

All families that exist in the case a = b = 0 are among the families in one of the cases
a-b#0;a=0,b#0, and a # 0, b =0 and are listed in Chapters 2 and 3.

Theorem 4.1.1. In the case a = b = 0, equation (ZII) has 14 families of expansions
of solutions as x — 0. Of these, 3 families Ag, B3 and Hz come from the case a -b # 0.
The remaining 11 families of expansions C§°, Bs—Bio, BT, C§, Hs-Hio, Hr come from
the cases a =0, b# 0 and a # 0, b= 0.

Theorem 4.1.2. In the case a = b = 0, equation 2I1)) has 14 families of expansions
of solutions as x — co. Of these, 3 families A, Gs and D3 come from the case a-b # 0.
The remaining 11 families of expansions C, Gs—Gio, GF, C%, Ds-D1g, D7 come from
the cases a =0, b# 0 and a # 0, b= 0.

2. EXAMPLES AND COMPARISON WITH PREVIOUSLY KNOWN RESULTS

Example 2.1. In the case
(421) a,:b:c:o7 d:—

we obtain the following basic families of expansions:

1. Three two-parameter (with respect to ¢, and r) families of expansions B7 with
7 = sgn(Imr) (families of exotic expansions) and Ay (families of power expansions)
given by the formula

(4.2.2) y=cx" + Z csx’,

where the complex exponents are as follows: r satisfies the conditions Rer = 0, r # 0 for
the family B, 7 = sgn(Imr) and 0 < Rer < 1 for the family Ag, s € {r+1r+m(1l —r);
I,m>0;14+m>0;1,m e Z}. The complex coefficients are as follows: ¢, is an arbitrary
nonzero constant, and all ¢; are uniquely determined constants.
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If Rer =0, r # 0, then the sum of the series ({2.2]) for m = 0 is the function [B:439);
i.e., asymptotics are

Imr
(423) Yy = Si1’172 |:—T 1H(Cl7.’L’):| y
where r = /—C5, C5 is an arbitrary real positive number, and C;7 is an arbitrary nonzero
constant.
2. A one-parameter (in ¢g) family of power expansions Big is given by the formula

(4.2.4) y=co+ Z CsT®,
s=1

where the complex coefficients are as follows: ¢ is an arbitrary constant such that

co#£0,1, ¢ = (00; 1), and the remaining ¢, are uniquely determined constants.

Example 2.2. In the case (21, Picard [69] solved equation [ZI.1) explicitly. Some
asymptotics of Picard’s solutions can be found in [63] Lemma 2]. For z — 0 these
asymptotics are of the form

(4.2.5) y(z) ~ agz"(1+ O (%)),

where either 0 < Rer < 1, or » =0, or r = 1, and ag is an arbitrary nonzero constant.
In the case Rer = 0,7 # 0, asymptotics are [55]

—Imrlog(x)
2

Comparing formula [@L23) with formulas @22), ({24) and formula [@2H6]) with
formula (23] we see that formulas (23] and (LZ0]) provide asymptotics of solutions

for families Ag, Big (for » = 0) and B respectively.

(4.2.6) y(z) ~ (14 O(z))sin 2 +0(1)].

Example 2.3. For

1
(4.2.7) a=2, b=c=0, d:§,
we obtain the following basic families of expansions:

1. Three two-parameter families of expansions B] (exotic expansions) and Ay (power
expansions) given by the formula

(4.2.8) y=cx + Z csx®,

where the complex exponents are as follows: r is an arbitrary number satisfying Rer = 0,
r # 0 for the family B and 0 < Rer < 1 for the family Ag. Also s € {r +ir+m(1—r);
I,m > 0; l+m > 0; I,m € Z}, and the complex coefficients are as follows: ¢, is an
arbitrary nonzero constant, and all ¢; are uniquely determined constants.

In the case Rer = 0, r # 0 the sum of the series ([L.2Z])) for m = 0 is the function
[2338), where Cs is a real positive number, a = 1, 8 = —Cy/4, v = @ Therefore
asymptotics of solutions are

_ B
v= Beos? [y/=BIn(Criz)]| + sin? [V=BIn(Cy1)] ’

where 8 is an arbitrary real negative number, and C1; is an arbitrary nonzero constant.
2. A one-parameter family of power expansions Bg given by the formula

(4.2.9)

c o0
(4.2.10) y=1+coz® + gxs + Z;l cs’,
s=
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where the complex coefficients are as follows: ¢ is an arbitrary nonzero constant, and
all ¢4 are uniquely determined constants.
3. A one-parameter family of complicated expansions Bz with asymptotics

oo
(4.2.11) y=—In"2z+c_3 1n73x+Zc,S In"*z,

s=4
where the complex coefficients are as follows: c_3 is an arbitrary nonzero constant, and
all c_; are uniquely determined constants.

Example 2.4. In the case (LZ7) the explicit form of a class of solutions (called Chazy
solutions) was found. The asymptotics of solutions of this class as * — 0 was found in
[63, Lemma 5] in the following form:

4

(4.2.12) y(x) ~ —log 2z + by log ®  + O(log™* ),

where by is an arbitrary complex number.

Formula [@2.12]) is similar to (2.11)) in the case ({.2.1). For other solutions of (£.2.7)
(except the Chazy solutions) asymptotics have not been written out explicitly.

According to [63] Lemma 6] there exists a transformation that maps solutions in the
case ([@27) to solutions in the case (Z1). By [63, Lemma 7], all Chazy solutions are
mapped to the exceptional solution Zy: y = oco. In [63] a class of solutions (called
solutions of Picard type) was described. By [63] Lemma 8] solutions of Picard type are
not mapped to the exceptional solution y = oo. Therefore, it is reasonable to assume
that asymptotics of solutions of Picard type have the same form as solutions in families
Ao, Bf, and Bg.

Let us consider the transformation from [63, Lemma 6] for expansions of solutions in
the family Bg, i.e., expansions of the form [@2.I0). This transformation maps expansions
(£2.10) to expansions of the form

B 1 32¢,
© 1—64c; 1 —6der
where ¢y is an arbitrary complex constant from ([@210]).

For ¢y # é expansion ([£213) belongs to family Big, i.e., has the form (£24). How-
ever, in the case co = é it is an exceptional solution y = co. Therefore, in the case
#Z1), a transformation from [63 Lemma 6] maps solution (ZZI0) from the family Bg
with cg = é to the solution y = co. By [63, Lemma 8] this solution is not a solution
of Picard type. Since its asymptotics as  — 0 differs from the asymptotics ([E2TIT) of
Chazy solutions, this solution is not a Chazy solution.

Therefore, in the case [@L27T), there exists a solution @2ZI0) with c; = g; that is
neither a Chazy solution nor a solution of Picard type. This contradicts Theorem 4 (iii)
in [63], which claims that in the case (271 Chazy solutions and Picard type solutions
exhaust all possible solutions.

In fact, in the case ({27 there are solutions of three types: 1) a two-parameter family
of solutions of Picard type, 2) one-parameter family of Chazy solutions and 3) a unique
solution (@2I0) with c; = ;. Expansions of type 2) are limiting expansions for type
1), and the solution of type 3) is a limiting solution for types 1) and 2). In addition
to asymptotic properties, some other properties of the solution of type 3) are also quite
special.

(4.2.13) y T,

CHAPTER 5. EXPANSIONS OF SOLUTIONS OF P6 NEAR THE POINT z = 1

Using the symmetry (ZI1.9) we obtain expansions of solutions for x — 1 from expan-
sions of solutions for x — 0. Here we formulate the results without proofs.
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1. EXPANSIONS NEAR 1 IN THE CASE a-c # 0

1.1. Two-parameter families of expansions. There is one two-parameter family of
power expansions of solutions

(5.1.1) Arr y=1+ce(l-2)+> c(l-2)
s
where the exponent r is any number satisfying the condition 0 < Rer < 1, and s €
{r+lr+ml—r);l,m>0;l4+m>0;l,m € Z}, ¢. #0, ¢, is an arbitrary complex
constant, and the remaining coefficients c¢s are uniquely determined constants.
For 1 > Rer > 1 the third approximation to a solution is y = 14¢,(1—z)"+¢1(1—z),

where
20c+d)+(r—12 -1

5.1.2 =
(5:1.2) “ 20r — 1)
For 0 < Rer < % the third approximation to a solution is y = 1+¢, (1 —)" +cg, (1 —2)?",
where

2 b 2
(5.1.3) Cop = _sz.

2r2

For Rer = %, Imr # 0 the third approximation to a solution is y = 1 + ¢,.(1 — )"+
c1(1—z)+co.(1—2)?", where the coefficients ¢; and ¢y, are given by formulas (5.1.2)) and
(EI13) respectively. For r = £ the third approximation to a solution is y = 14c 1 V1—2+
c1(1—x) where ¢y /5 is an arbitrary constant, and ¢; = (—3+8(c+d)—Cf/z—SCf/Q(a—l—b))/Q.

There exist two two-parameter families of exotic expansions £j and one two-parameter
family of semiexotic expansions [Jy that are given by the following formula:

(5.1.4) y= 1—|—cT(1—x)7"—|—ch(1—a:)s,

S
where £ — 1, and the complex exponents are as follows: for the families £f with 7 =
sgn(Imr) the exponent r is arbitrary with Rer = 0; for the family 7y, the exponent r
satisfies Rer =1, r # 1l and s € {{ + k(r —1); 1 > 1; |k| < I; I,k € Z}. The complex
coefficients are as follows: ¢, is an arbitrary nonzero constant, and the ¢, are uniquely
determined constants.

1.2. Expansions of solutions for a # —b # 0. Let 6, ' V2a + (—1)/—2b, where
i1 = 1,2. For each value of i we have one of three possible cases, depending on the value
of 91

Case 1. Ref; = 0. In this case we have the one-parameter families of exotic expansions

(5.1.5) E: y=coi+ Y cull—x)’, i=12 7==%I,
S
where s € {l + m76;;1,m > 0;1 +m > 0; I,m € Z}, and the complex coefficients are as
follows:
i b
(516) Coi = (—].) —a,

cs; with s = 76; is an arbitrary constant and the remaining cg; are uniquely determined
constants.
If ¢5; = 0 with s = 76;, then the family of power expansions (G.1.5]) is denoted by &;.
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In the case cg; = 0 with s = 76;, the second approximation to expansions of solutions
EI0) is y = co; + c1i(1 — ), where

. [—b d— —1)'/=b)?
(5.1.7) e = (~1)iy ) 2 ¢F (Va+ (=D)'V=b)7
a 1-2(ya+(—1)/-b)?
Let k; = 60; for Ref; > 0 and k; = —6; for Re#; < 0.

Case 2. Ref; # 0, 0; € Z. Here we have a family of power expansions of solutions

(5.1.8) gt y=coity cill—z)’, i=1.2,
S

where s € {l + mk;; I,m € Z; Il,m > 0; l +m > 0}. The complex coefficients are
as follows: cg; is given by formula (L6, ck,; is arbitrary, and the remaining cg; are
uniquely determined constants. The second approximation to the expansion of solution
(EI8) depends on the number Rek;. If Rek; > 1, then the second approximation
is y = coi + ¢1;(1 — ), which is similar to the case Ref; = 0. If 0 < Rek; < 1,
then the second approximation to a solution is y = co; + cx,i(1 — x)*, where cy,; is
an arbitrary coefficient. If Rek; = 1, then the second approximation to a solution is
y = co; +c1i(1 — ) + cx,i(1 — )% where cy,; is an arbitrary coefficient, and ¢y, is given

by formula (B.1.7]).

Case 3. Ref; € N\ {0}. Here we have a family of power-logarithmic expansions of
solutions:

o0
(5.1.9) gt y=coit Y cilln(l—z)(1-2)° i=12

s=1
The coefficient cg,; is given by the formula cg,; = g, + Pr,: In (1 — x), where ay,; is
an arbitrary constant, Bi,; is a uniquely determined constant, co; is given by formula
(BI6), and the remaining cy; are uniquely determined polynomials in In(1 — z). Here
expansion (5.1.9) forms a one-parameter (in ay,;) family &. The second approximation
to the expansion of solution (EI.9) depends on the number k;. In the case k; = 1 the
second approximation to a solution is y = co; + ¢1,(1 — x). The coefficient is given as

follows:
; 2
o J=bc+d—(Va+ (-1)'vV=Db
(5110) C1; — Q15 + (—1)1 ? (\/_ 9 ( ) ) ln(l - J?),
where aq; is an arbitrary constant.
There is a family of complicated expansions
(5.1.11) E: y=pot+ Y @s(1-1),
o=1
where g = 1+ aLer In*(1—2)+czln?(1—2)+ 3, c_sIn"*(1—2), and the complex

coefficients are as follows: c¢_3 is an arbitrary constant, the c¢_, are uniquely determined
constants, and ¢, is a series in decreasing powers of logarithms.

1.3. Expansions of solutions for a = —b # 0. We have two one-parameter families of
complicated expansions:
(5.1.12) Es4j0 Y =¢oj + Z Poj(1— )7,
o=1
where

;1 —1 -2 - —s .
wo; =14+ (-1))—=In""(1—2)+c_oln (1—x)+Zc,Sjln 1-z), j=1,2.
V2a =
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The complex coefficients are as follows: c_y; is an arbitrary constant, c_,; are uniquely
determined constants, and ¢,; are series in decreasing powers of logarithms.

The families of expansions & and £] come from the case a # b # 0. For 6, we take
2v/2a with Refy > 0. Depending on 6, we have three possible cases: Case 1 (Re by =0,
the one-parameter family of exotic expansions &7 is given by formula (B.IH)), Case
2 (Refy # 0, 0, ¢ Z, the one-parameter family of power expansions & is given by
formula (5.1.8))), and Case 3 (02 € Z\{0}, the one-parameter family of power-logarithmic
expansions & is given by formula (B.19)).

1.4. Expansions of solutions for b = 0. By Theorem (ZI4) in this case we have the
exceptional solution

IQ : Yy = 1.
We also have one family of power expansions
(5.1.13) E: y=c,(1—2)"+> c(1—2)",

S
where the coefficients are as follows: ¢, # 0 is an arbitrary constant, the ¢y are uniquely
determined constants, p = v/2a, Rev/2a > 0, and s € {p+Ilp+m; I,m >0; I +m > 0;

l,m e Z}.
If Rep>1, then the second approximation to a solution is y = c,(1 — z)” +
¢pt1(1 — z)P*1 with the coefficient given as follows:
a—c—d
5.1.14 -—c, — =
( ) Co+1 = Cp o1

If 0 < Rep < 1, then the second approximation to a solution is y = ¢,(1—x)”+ca,(1—x)?"
with the coeflicient given as follows:

(5.1.15) Cop = —Co.
If Rep =1, Imp # 0, then the second approximation to a solution is y = c,(1 — z)"+
c2(1 — ) + c9,(1 — x)? with coefficients ¢y, and ¢z given by formulas (5.1.14) and
BEITR) respectively. If p =1, then the second approximation to a solution is y =
c1(1 — z) + c2(1 — x)%. The complex coefficients are given as follows: ¢ is an arbi-
trary constant and

a—c—d—2c

C2 = C1 2

is the sum of (B.I1.14) and (EI.I5).

Here we have two one-parameter families of exotic expansions:

(5.1.16) £ y=c(l-2)"+> ci(1-2)
S
where p = v/2a, Rep = 0, s runs over the set {p+ip+m; l,m >0;l+m > 0; [,;m € Z},
7 = sgn(Im p), and the complex coefficients are as follows: ¢, is an arbitrary nonzero
constant, and all ¢ are uniquely determined constants.
Also, we have a one-parameter family of complicated expansions &3 given by formula

GIID).

1.5. Expansions of solutions in the case —c #* d — % # 0. Set 6; def Vv1—2d+
(—1)%/%, where ¢ = 1,2. For each i, depending on the value of 6;, three cases are

possible.
Case 1. Ref; = 0. We have the one-parameter families of semiexotic expansions of
solutions
oo
(6.117)  J7: y=ldeu(l-a)"+ Y call—a), =12 7=l

S
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where s € {1+1+m70;; I,m >0; l4+m > 0; l,m € Z} and the complex coefficients are
given as follows:

—2¢ — (=1)i/—4ed + 2¢

5.1.18 c1y = = ,

( ) t 2 +2d— 1

the cg; with s = 1 + 76; are arbitrary constants, and the c,; are uniquely determined
constants.

For c¢g; = 0 with s = 1+ 76; the family of power expansions (5.1.17) is denoted by ;.
For ¢g; = 0 with s = 1 + 76; the third approximation (5ILI7) isy =1+ ¢1;(1 — x) +
c2:(1 — )%, where

i — 2
(5.1.19) i = (1) /1;02d2(a+b)+1—(\/%+(—1) V1—=2d) '

2 - 2(v2c + (~1)ivI—2d)°
Let k; =1+ 6, if Ref; >0 and k; =1 —0; if Ref; <O0.

Case 2. Re6; # 0, 0; ¢ Z. We have the following family of power expansions of solutions:
(5.1.20) Jit y=1l+cu(l—2)+ ) cu(l—a),

where s € {1+ 1+ mk;; I,m > 0; I+ m > 0; l,m € Z} and the complex coefficients are
as follows: cy; is given by formula (BIIS), cg,; is arbitrary, and the remaining c,; are
uniquely determined constants.

The second approximation to the expansion of solution (E.1.20) depends on Rek;. If
Rek; > 2, then the second approximation to a solution is y = 1+¢1;(1 — ) 4+ ¢o;(1 — 3:)2,
which is similar to the case Ref; = 0. If 1 < Rek; < 2, then the second approximation
to a solution is y = 1 + ¢1,(1 — ) + ¢, (1 — x)ki, where ¢, is an arbitrary coefficient. If
Re k; = 2, then the second approximation to a solution is y = 1+c¢1;(1 — z)+cg;(1 — m)2—|—

Cryi(1 — x)ki, where c¢g,; is arbitrary and c¢y; is given by formula (5.1.19).

Case 3. Ref; € N\ {0}. We have the following family of power-logarithmic expansions
of solutions:

(5.1.21) Ji: y=1+cy(l—2) +chzln1—z (1 —z)®,
s=2

where the complex coefficients are as follows: ¢y, is given by formula (BIISR), ¢, =
Qi + Pr,i In(1 — x), where ay,; is an arbitrary constant, and the remaining c,; and Sg,;
are uniquely determined constants.

The second approximation to the expansion of solutions (BI2I) depends on k;. If
k; = 2, then the second approximation of a solution is y = 1 + c1;(1 — @) + c2:(1 — 2)°,

where
. [1—2d2 b)+1— (V2 —1)"/1 —2d)?
2c 4
and «g; is an arbitrary constant.
Here we have a family of complicated expansions
(5.1.23) Js: y=1l+e(l-2)+ Y ¢.(1-2)
o=2

where

1—2c—2d >
(5.1.24) o1 = —% m? (1 —2) + e ln(l—2) + 3 e yn™*(1 - x),

s=0
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and the complex coefficients are as follows: c¢; is an arbitrary constant, and the remaining
c_s are uniquely determined constants. Also, , are series in decreasing powers of
logarithms.

1.6. Expansions of solutions for —c = d—% # 0. We have two families of complicated

expansions:
(5.1.25) T34 : y:1+901j(1_x)+i900j(1 — )%,
o=2
where
(5.1.26) 01 = (=1)YV2cIn (1 — 2) + co; + ic,sj In~*(1—2z), j=1,2,
s=1

and the complex coeflicients are given as follows: cp; is an arbitrary constant, and the
remaining c_,; are uniquely determined constants. Also, ¢,; are series in decreasing
powers of logarithms.

The families J2, J; come from the case ¢ # % —d # 0. For 6 we take 2v/2¢ with
Refy > 0. Depending on the value of 6y we have three cases: Case 1 (Refy = 0,
one-parameter families of exotic expansions J3 are given by formula (EI.I7)), Case 2
(Refy # 0, 05 & Z, one-parameter family of exotic expansions [J5 is given by formula
BEI20)), and Case 3 (02 € Z, one-parameter family of power-logarithmic expansions Jo

is given by formula (GI.2T])).

1.7. Expansions of solutions for d =

%. Here we have one family of power expansions
(5.1.27) Te y:x—i—cp(l—x)”—i—ch(l—x)S,
S

where ¢, # 0, ¢, is an arbitrary constant, p = 14 v/2¢, Rev2c > 0, s runs over the set
{p+llp—1)4+m;l,m>0;l4+m > 0;l,m € Z}, and the remaining complex coefficients
cs are uniquely determined constants.

In the case Rep > 2, the third approximation to expansion (BI27) is y = x +
cp(1 — )P + cpp1(1 — )P, with the coefficient given by the formula

—2c+2a+2b+1

2p '
In the case 1 < Rep < 2 the third approximation to expansion (B.I.27)) takes the form
y=1a+c,(1 =)+ cop_1(1 — x)?~1. The coefficient is given as follows:

(5.1.29) Cop1 = Co
In the case Rep = 2, Imp # 0 the third approximation to expansion (BIZ2T) is of the
form y = z 4+ ¢,(1 — ) + cpp1(1 — )P + 9,1 (1 — 2)?~1, where the coefficients
cp+1 and cg,—1 are given by formulas (B.I28) and (GI129) respectively. In the case
p = 2 the third approximation to expansion ([B.I2T) is of the form y = 2 + co(1 — 2)? +
c3(1 — )2, The coefficients are as follows: cy is an arbitrary nonzero constant, and
c3 = —Co (72C+2a+42b+17462) is the sum of (5.I.28) and (5.1.29).

We have two one-parameter families of semiexotic expansions

(5.1.30) Jg - y:x—l—cp(l—x)p—l—ch(l—x)s,

(5128) Cpo+1 = —Cp

where p = 1++v/2¢, Rep = 1, s sums over the set {p+1(p—1)+m; l,m >0; l+m > 0;
I,meZ}, 7 =sgn(Imp), and the complex coefficients are as follows: ¢, is an arbitrary
nonzero constant, and all ¢; are uniquely determined constants.
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According to Theorem 2.I.4] there is also an exceptional solution
Is: y=u.

Also, there is a one-parameter family of complicated expansions [J3, given by formulas

G.1.22), E.1.24).

2. EXPANSIONS NEAR THE POINT 1 FOR a-c =0

For x — 1, in the case a = 0, ¢ # 0 the following families come from the case a-c # 0:
A, Tyt =1,...,6, Jo, J{, Jg and J{, 7 = £1 and &s. In the case a # 0, ¢ = 0 the
families coming from the case a-c # 0 are Ay, &,i=1,...,6, &, &7, £, & and Js.

2.1. Families of expansion near the point 1 that are symmetric to families C3°,
BT, Bsg, CJ, H7, Hsg. For a = 0 we have the one-parameter family of expansions of
solutions

(5.2.1) C: y= 1—|—cr(1—a:)r—|—ch(l—:1:)s7

where r = 1/—2b satisfies the condition Rev/—2b < 0, s € {r —lr + m; I,m > 0;
l4+m >0; I,m € Z}, with the following complex coefficients: ¢, is an arbitrary nonzero
constant, and the other cs are uniquely determined constants.

For —1 < Re+/—2b the second approximation to the solution is y = 1+ ¢, (1 — )" +
cry1(1 —2)™ where
erc+d—=b—r)

r—1 '

If 0 > Rev—2b > —1, then the third approximation to the solution is y = 1 +
er(1—2)" + ¢p, where ¢g = 0.

For a = 0 we have two two-parameter families of exotic expansions

(5.2.2) E: y=l4+e(1—-—2)+ ch(l —x)°,

S

Cr41 =

where r is an arbitrary purely imaginary constant, r # /—2b, 7 = sgnImr, s runs over
the set {r +ir +m(1—7r);l,m > 0; 1 +m > 0; [,m € Z}, and the complex coefficients
are as follows: ¢, is an arbitrary nonzero constant, and the ¢, are uniquely determined

constants.
For a =0, b > 0 we have two one-parameter families of expansions of solutions:
(5.2.3) Eo: y=1l+c(1-2)" +> c(1-2)}

S

where r = /—2b, Rer = 0, Imr > 0 for the family & and Imr < 0 for the family &.
The exponent s runs over the set {r+ (1 —r)+m;l,m >0;l+m > 0; l,m € Z}. The
complex coeflicients are as follows: ¢, is an arbitrary nonzero constant, and the ¢, are
uniquely determined constants.

For ¢ = 0 we have the following expansions of solutions:

(5.2.4) Cl: y=ltc(l-2)"+) c(l-2)

where r = 14 /1 — 2d satisfies the condition Rev1 —2d > 0, s € {r +l(r — 1) + m;
I,m > 0; l+m > 0; l,m € Z}, and the complex coefficients are as follows: ¢, is an
arbitrary nonzero constant, and the cs are uniquely determined constants.

In the case Rev/1—2d > 1 the third approximation is y = 1+ ¢.(1 — z)" +
cor—1(1 — ZC)T+1, Cry1 = crw; in the case 0 < Re+v1—2d < 1 the third ap-
proximation is y = 1 4+ ¢, (1 — 2)" + cgr_1(1 — 2)?" 7L, cop 1 = 0.
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For ¢ = 0 we have one two-parameter family of semiexotic expansions of solutions

(625)  Jr: y=l4c(l-a)+al-2)+e,1-2)"+> c(l-2),

where r — 1 is an arbitrary purely imaginary constant, r # 1, r # v/2a, s runs over the

set {{+k(r—1);1>2; |k| <Il; 1,k € Z}, and the complex coefficients are as follows: ¢,

is an arbitrary nonzero constant, and ci, ca_,, and ¢s are uniquely determined constants.
For c=0,d > % we have two one-parameter families of expansions

(5.2.6) Jso: y= 1+cr(1—x)r+ch(1—x)5,

s

S

where 7 = 1 + /1 — 2d satisfies the condition Rer = 1, Imr < 0 for the family Jg,
Imr > 0 for the family Jy, the exponent s runs over the set {r + (1 —r) + m; I,m >
0; L +m > 0; l,m € Z}, and the complex coeflicients are as follows: ¢, is an arbitrary
nonzero constant, and the ¢y are uniquely determined constants.

2.2. Expansions of solutions in the case a = b =0, ¢ # 0. We have a one-parameter
family of expansions

(5.2.7) Eo: y=cot+ Yy ci(l—2)",
s=1

where ¢y # 0,1 is an arbitrary complex number, and the remaining complex coefficients
cs are uniquely determined constants.
The third approximation to the expansion of a solution is y = 14+c¢p+c¢;(1 —x), where

(5.2.8) 1 = —co(c+d).

2.3. Expansions of solutions in the case a # 0, ¢ = 0, d = 1. We have a one-

parameter family of expansions ’
oo
(5.2.9) Jo: y=l+a(l-2)+) c(l-2)°,
s=2
where ¢; is an arbitrary complex number, ¢; # 0,1, co = —cq1(eq + 1)(1 + 2a + 2b), and
the remaining cs are uniquely determined complex constants.

2.4. Expansions of solutions in the case a = ¢ = 0. In this case equation (ZI1.1]) has
14 families of expansions of solutions as © — 1. Three of these families, A, &5 and J3,
come from the case a - ¢ # 0. The remaining 11 families C°, Es—&19, €7, Ct, Ts~T10, J7
are coming from the cases a =0, c# 0 and a #0, ¢ =0.

3. SUMMARY OF THE RESULTS

Theorem 5.3.1. As © — 1 equation (ZII)) has 21 families of expansions of solutions
of types 1-3:
Ay = A§, which is defined by formula (I1l), and has two parameters;
&1 = BY, which exists for a # —b # 0, is defined by formulas (BI13), (BIS),
GI0), and has 1 or 0 parameters;
Ey = B3, which exists for b # 0, is defined by formulas (I1H), (I8), (I9)
and has 1 or 0 parameters;
Es = B3, which exists for a # —b, is defined by formula (GIII), and has one
parameter;
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&4 = By and & = BZ, which exist for a = —b # 0, are defined by formula
BII2), and have one parameter;

E = Bg, which ezists for b = 0, is defined by formule (EII3), and has one
parameter;

Ce° = C§°°, which exists for a = 0, is defined by formula (5.2.1)), and has one
parameter;

Es = B3 and & = Bg, which exist for b > 0, a = 0, are defined by formula
BZ3), and have one parameter;

E10 = BYy, which exists for a = b =0, is defined by formula (B27), and has one
parameter;

Ty = HS, which exists for a # —d + & # 0, is defined by formulas (GI17),
GEI20), GI2T), and has one parameter;

Jo = M3, which exists for d # %, is defined by formulas (G.I17), (GI20),
GI2T), and has 1 or O parameters;

J3 = H3, which exists for a # —d + % # 0, is defined by formula (B123), and
has one parameter;

J1 = H3 and J5 = HZ, which exist for a = —d + % # 0, are defined by formula
BI20), and have one parameter;

Js = Mg, which exists for d = 3, is defined by formula (I2T), and has one
parameter;

Cl = C§°, which exists for ¢ = 0, is defined by formula (5.24), and has one
parameter;

Js = Hg and Jy9 = Hg, which exist for ¢ = 0, d > %, are defined by formula
BZA), and have one parameter;

Jio = HSy, which exists for c =0, d = 3, is defined by formula (E2Z3), and has
one parameter;

two families of semiexotic expansions:

Jo = H{, which is defined by formula (14 and has two parameters;
Jr = H$, which exists for ¢ = 0, is defined by formula ([BZH), and has two
parameters;

five pairs of families of exotic expansions with T = £1:

EF = Bj°, which are defined by formula (514) and have two parameters;

ET = BI°, which exist for a # —b # 0, Re(v/2a — v/—2b) = 0, are defined by
formula (BLE), and have one parameter;

EF = B3°, which exist for a # 0, —b # 0, Re(v/2a + v/—2b) = 0, are defined by
formula (BLE), and have one parameter;

EF = BE°, which exist for Rev/2a = 0, b = 0, are defined by formula (5.1.10),
and have one parameter;

ET = BI°, which exists for a = 0, is defined by formula (B22), and has two
parameters;

and three pairs of families of semiexotic expansions with T = £1:

JT = HI°, which ezist for —c # d — % # 0, Re(v/1 —2d — V/2c) = 0, are defined
by formula (BIIT), and have one parameter;

J3 = H3°, which exist for ¢ #0, d # %, Re(v/1 —2d + v/2c) = 0, are defined by
formula (BI1IT), and have one parameter;
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J§ = HE°, which exist for Rev/2c = 0, d = %, are defined by formula (GI30),
and have one parameter.

AG, BY and H? denote the families obtained from families Ag, B; and H,; using sym-

metry (ZL9). Families Ay, &1, &, &, Es—E10, T1, T2, Ts, Js—T1o are of types 1 and 2;
families &3, &4, &, T3, Ju, J5 are complicated.
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