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1. Introduction. In this paper it is reported that the best pos-
sible remainder estimate is obtained in the asymptotic formula for
eigenvalues of elliptic operators of second order on R?. Let A(x,D,)
be a symmetric elliptic operator of the form

(1) A, D)= > D,a, (@)D, +V(@), D,=—id/oa,
jrk=1

We make the following assumptions on the coefficients. To describe
the assumptions, we follow the standard multi-index notations and
write {x)=QQ+|x )"

Assumption (I). (a.1) A(x,D,) is uniformly elliptic;
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(@.2) |0z, (@)|<C Ly~

Assumption (II). There exists a constant m, m>0, such that:
(V.1) CLay"<V(@) < Clad™; (V.2) |02V ()| < C ™1 (V.3) for
x, ||=R (R large enough),

33 #/0/08)V @2 Cuia)™

Under Assumptions (I) and (IT), A(x, D,) admits a unique (positive)
self-adjoint realization in L*(R%). We denote it by A. The operator
A has an infinite sequence of eigenvalues, {2,}7.,, diverging to infinity.
Let N(2), 2>0, denote the number of eigenvalues less than 1 with repe-
tition according to the multiplicities; N(A)=3],,.;1. One of the most
important problems in the spectral theory is to derive the asymptotic
formula with the best possible remainder estimate for N(2) as 2—oo.

Now, we shall state the result.

Theorem 1. Assume that n=>2 and that Assumptions (I) and (1)
are satisfied. Let

(2) 4@, = 3] 0 @8+ (@).
Then,
( 3 ) N(Z)Z(zﬂ)‘" Jf{l e dfdx(l _’_0(2* (1/z+1/m>))

s A—oo.
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Remark. Under the assumptions above, the remainder estimate
is the best possible one, which is seen from the example of harmonic
oscillation with V(x)=|xz and a,.(x)=4d,, 6,, being Kronecker’s delta.

Recently, Helffer and Robert [2] have obtained the best possible
remainder estimate, including the case n=1, when Ay(x, &) is quasi-
homogeneous in the sense that A,(r%z, r*€¢)=r*A(x, &), r>0, for some
integers g, d and M (=1). In our situation, this implies that a,.(x)
=a{} (constant) and V(x) is a homogeneous polynomial. Another
recent results related to Theorem 1 can be found in [1], [3], [5], [6] and
[71.

2. Sketch of proof. For the proof, we shall give only a sketch,
restricting ourselves to the Schridinger operator H= — 44V with V(x)
satisfying (V.1)—-(V.3). The detailed proof will be published elsewhere
([8D.

The idea of proof is basically due to Hormander [4]. However,
we work not only in L*(R}) but also in the space L*(RY)={(Ff)&): f
e L*(RDY}, where & denotes the Fourier transform. Also, we denote
by &* the inverse Fourier transform.

We denote by {u,}7., a system of the normalized eigenfunctions of
H corresponding to the eigenvalues {1,}7.,. Let Hy(z, &)=|&F+V(x).
For 1 large enough, we decompose the phase space into the following
three regions:

2N ={(x, &)1 Y2<H, <22, |§>|a[™),

R ={(x, & : 2/2<H, <22, |x|>|&™},

2{0)={(z, & : H,<2/2 or H,>23}.
(The decomposition made actually in the proof is a little more com-
plicated.) Let w.(x, £; 1), 1<k<3, be a real symbol with support in
2.(2) and define n,(2) by

m(l)=§z'llwk(9€, D, ; Du,lf,

where || || denotes the L* norm in L*R?). We derive the asymptotic
formula for each %,(1) as 2—oo.

Roughly speaking, the asymptotic formula for #,(2) is derived
by constructing the approximate expression (parametrix) for
w(x, D,; D)* exp (—itH)o,(x, D,; 2). The construction is based on the
theory of Fourier integral operators. Here it should be noted that
we do not take any fractional power of H.

On the other hand, we work in L*(R?) to derive the asymptotic
formula for n,(2). In this space, the operator H is transformed into
H=FHF*. We apply to 4 the same argument as in the derivation
of the asymptotic formula for »,(2).

The asymptotic formula for n,(2) is rather easy to derive, because
the hypersurface (energy level) E(()={(x, &) ; Hy(x, £)=1}is cut off by
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the symbol w,(x, &; 2). Indeed, this is done by using the theory of
pseudo-differential operators only.

After establishing the asymptotic formula for each 7,(1), Theorem
1 is proved by use of a partition of unity in the phase space.

3. Asymptotic formula for bound states. The method stated
above is useful in deriving the asymptotic formula for bound states
(negative eigenvalues) of Schrodinger operators.

Let H= —4—V be the Schridinger operator acting on L*(R%?). For
the potential V(x), we assume that:

(A.1) V(x)is decomposed as V(x)=V () +V,(2);

(A.2) V,(x) ! satisfies Assumption (II) with m, 0<m<2;

(A.8) V,(x) is real-valued and belongs to L™*(RY).

If n>3 and if V(x) satisfies Assumptions (A.1)-(A.3), then H admits
a unique self-adjoint realization (Friedriches’ extension) in L*(R3}).
We denote it by H also. Furthermore, H has an infinite sequence of
negative eigenvalues, {1,}5.,, approaching zero. Let N(2), >0, be the
number of eigenvalues less than —2 with repetition according to the
multiplicities; N(W)=2],_,1. We obtain the following asymptotic
formula for N(2) as 1—0.

Theorem 2. Assume that n=>3 and that Assumption (A.1)-(A.3)
are satisfied. Then,

No=e™ || deda(1-+0(/m)
€12V (®)<—2
as 2—0.

Remark. Theorem 2 covers the case of the Coulomb potential
1/|z|and this example shows that the remainder estimate above is the
best possible one.
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