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ASYMPTOTIC MEAN SQUARE ERRORS OF VARIANCE
ESTIMATORS FOR U-STATISTICS AND THEIR
EDGEWORTH EXPANSIONS

Yoshihiko Maesono*

This paper studies variance estimators for a class of U-statistics. We obtain
asymptotic representations of jackknife, Hinkley’s (1978) corrected jackknife, un-
biased, Sen’s (1960) and new variance estimators. And we investigate asymptotic
mean square errors of them, theoretically. The Edgeworth expansions of the estima-
tors with remainder term o(n~!') are also established. We show that the normalized
Hinkley’s corrected estimator coincides the normalized unbiased estimator until the
order n=20,(n7Y).
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1. Introduction

Let X1, -+, X, be independently and identically distributed random vectors with
distribution function F(z). Let h(z1,---,z,) be a real valued function which is sym-
metric in its arguments. For n > r let us define a U-statistic by

U, = (:‘)1 S (X, X)

Cn,r
where ch _ indicates that the summation is taken over all integers i, i, sat-
isfying 1 < i1 < -+ < 4 < n. U, is a minimum variance unbiased estimator of
0 = E[h(X1, - ,X,)] and many statistics in common use are members of U-statistics

or approximated by them.

Several variance estimators for the U-statistic are proposed. Sen (1960) has dis-
cussed an  estimator of the dominant term  r2E[E{h(Xi, -, X,)|
X1} — 0] of the variance no2 = nVar(U,) in the case of degree 2 and Sen (1977)
extended it to general degree r. He also proved the law of large numbers. The jackknife

variance estimator 62 is given by
n

-1 )
65 = "= (U - UL

n :
=1

where U,(L’) denotes U-statistic computed from a sample of n — 1 points with X left
out. The properties of 63 are precisely studied. Arvesen (1969) has obtained the exact
representation of %, which is complicated, and Efron and Stein (1981) have showed that
the jackknife variance estimator has positive bias. The bias reduction for the jackknife
variance estimator has been studied by Hinkley (1978), and Efron and Stein (1981).
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In the case of small sample, using computer simulation, Schucany and Bankson (1989)
discuss biases and mean square errors of Sen’s (1960) estimator, the jackknife estimator
and an unbiased estimator which is constituted from unbiased estimators of each term
of the variance expression. It is easy to see that all above estimators have first order
consistency, which means that the normalized estimators converge to the dominant term
r2€2 of the variance. Shirahata and Sakamoto (1992) have compared several estimators
(unbiased estimator, jackknife estimator, bias modified estimator, and iterated bootstrap
and bootstrap estimators) by computer simulations. They have also discussed exact
representations of the estimators and reduction of the order of summands to compute
the variance estimators.

Using the asymptotic representation of the jackknife variance estimator with the
residual term o,(n~'/2), Maesono (1995b) has obtained an Edgeworth expansion with
remainder term o(n~1/2) for the studentized U-statistic. Obtaining the asymptotic rep-
resentation of the variance estimator with residual term o,(n~'), where

P{lop(n™")| = n~ (logn) ™'} = o(n™"),

Maesono (1996a) has investigated the Edgeworth expansion of the studentized U-statistic
with remainder term o(n~!). He has also proved the Edgeworth expansion with remain-
der term o(n~'/2) for the jackknife variance estimator 2. Further, Maesono (1996b)
has discussed the expansion for a linear combination of U-statistics.

In this paper we will study the variance estimators more precisely and obtain asymp-
totic representations of the normalized estimators with residual terms n='/20,(n=1). We
show that the unbiased estimator of Schucany and Bankson (1989) coincides with the
Hinkley’s (1978) corrected jackknife estimator until the order n='/20,(n="). Using the
asymptotic representations we obtain asymptotic mean square errors of the variance es-
timators. We also propose a new variance estimator and obtain its mean square error.
We establish Edgeworth expansions of those variance estimators with remainder term
o(n™1).

In Section 2, we will review the variance estimators and propose the new estimator.
In Section 3, we will obtain the asymptotic representations of the estimators and discuss
the asymptotic mean square errors. The Edgeworth expansions of them are established
in Section 4.

Hereafter for the sake of simplicity, we will consider the kernel of degree 2. The
generalization to the kernel with arbitrary degree will be obtained with notational com-
plications and tedious calculations.

2. Variance estimators

At first we will obtain the H-decomposition or the ANOVA-decomposition for the
U-statistic. Under the assumption that E|h(X7, X2)| < 0o, let us define

g1(z) = Elh(z, X2)] — 0,  ga(x,y) = h(z,y) — 0 — g1(x) — 91 (y),

Al :Zgl(XZ) G,’I’Ld AQZ Zg2(X“X-7)
=1 Cn,Q

Then we have 5

n(n — 1)A2'

2
Up—0="A +
n

Note that
Elg2(X1,X2)|X1] =0 a.s.
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Then if one of {i1,i2} is not contained in {j1,- - ,jm}, for any m-variate function v
which satisfies Flvgs| < oo, we get

(21) E[gk(XilﬂXh)V(le?”' 7ij)] =0.
Using this equation we have the variance o2 of U,

4 2
2 _ 2o 2
Tn nfl n(n — 1)52

where
& = Elgi(X1)]  and & = E[g5(X1, X2)].

Since we discuss the asymptotic properties, we will study the estimation of no2.
Then we consider the jackknife variance estimator V; = n&?,. From the viewpoint of
estimation for 4¢2, Sen (1960, 1977) has proposed the variance estimator Vg

VAL o PR

n—1 P
where
1 n
Si=— > (X, X5).
J=1,74
Sen (1977) also showed that
(n—2)°
2.2 Vg = —5 V.
(22 =RV

As pointed out by Efron (1987, p.200), changing coefficients of the estimators will
have significantly different effects on the small sample performance of the estimators.
Since V; has positive bias and (n — 2)?/(n —1)2 =1 — 2/n + O(n~2), we consider the
new variance estimator V,, given by

Va:<1—%)VJ for a>0.

Note that V5 and Vg are asymptotically equivalent and Vi = V. If we choose a properly,
we can reduce the bias and the mean square error, which we will discuss in Section 3.
Hinkley (1978) has discussed the bias correction of V. Let us define

Qi =nU, — (n—1)({UD +UD) + (n - 2)ULH)

where U,(f’j ) denotes the value of U,, when X; and X; are deleted from the sample. Then
the bias corrected jackknife estimator is given by

1
Vo=V, — —— i — Q)2
=V 5 2@ Q)

n,2

where Q = chz Qi.i/[n(n —1)].

Schucany and Bankson (1989) proposed the unbiased estimator of no2, which is
constituted from unbiased estimators of each term of the variance expression. Another
variance expression of no? is

4n—2) , 2

(2.3) nol = p—] a1+n_1a2
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where
ai = Blh(X1, X2)h(X1,X3)] = 0°  and a3 = E[h*(X1, Xs)] - 6°.

Let us define

Co(z1, 22,3, 24) = %{h(l‘l,l‘z)h<l‘3, x4) + h(z1, x3)h(22, 24)
+ h(z1, za)h(22, 23)},
G (21, w2, 23) = %{h($1,$2)h(£€1,1’3) + h(z1, x2)h(z2, 23)
+ h(z1,z3)h(z2,23)}

and
C2($1,$2) = h2($1,$2)~

The unbiased estimators of 02, E[h(X1, X2)h(X1, X3)] and E[h?(X1, X3)] are given by

é2=<z> ZCO i Xig)s

n4

~ n -

M=, CZ@ (Xi,, Xiy, Xiy)
n,3

and

Ay = (Z) Z G(Xi, X

respectively. Substituting a% = \p — 62 for ai in the equation (2.3), we obtain the
unbiased estimator Vi; of no? as
4(n—2) o 2

Vo = n—1 a1+ a%.

Schucany and Bankson (1989) compared the estimators Vy, Vs and Vi by simulation
in small samples n = 10. We can see that all these estimators converge to 4£7 almost
surely. We will study the asymptotic properties of the estimator more precisely.

3. Asymptotic representations and mean square errors

Maesono (1995a) has obtained the asymptotic representations of the variance es-
timators Vj, Vs, Vo and Vi with residual terms op(n’l). Here we will consider the
asymptotic representations more precisely. Let us define

o(r) = E[gﬁ(l’ Xa)] - &3,
fi(x) = gi(x) — & + 2E[91(X2)g2(z, X2)],
fz(mﬂy):—gl( )91(y) + g2(z, y){g1(z) + 91(y) }
+ Elg2(2, X3)92(y, X3) — 92(2, X3)91(X3) — 92(y, X3)91(X3)],

f3(z,y,2) = g2(2,9)92(2, 2) + g2(2, y)g2(y, 2) + g2(, 2)g2(y; 2)

— Elg2(x, X3)92(y, X3) + g2(y, X3)g2(2, X3)

+ g2(x, X3)g2(2, X3)]
= 2{91(2)92(y, 2) + 91(¥)92(, 2) + g1(2)g2(z, y)
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and
n i 1f1( Z) n(n—l) f2( B j)

JFWZJ% Xi, Xj, Xp).-

Note that V,, has already decomposed. For the variance estimators, we have the following
representations.

THEOREM 1. If E|h(X1, X2)|*T¢ < oo for some ¢ > 0, we have

(3.1) V=V, + 226 )+ no? +b—+R1,L,

=1
(3.2) 2{5 X))} +nos + b— + Roum,
(3.3) Va=Vut — Z{za(xi) —afi(X)} +nol + ba y Rs,

ns < n
(3.4) i +TLO' + Ryp
and i
(3.5) Vo=V, + ié(X)—&-na + Rsin
=1

where

by =25, bs =26 —8E, b =26 —dag]

and

(3.6) E|Rpn*" 2 =0n™"%) (k=1,---,5).

PROOF. See appendix.

bj, bs and b, are n~! biases of the jackknife, the Sen’s estimator and the new
estimator respectively. Since Ry, ,, = n=1/ 2op(n_l), the unbiased estimator Vi coincides
the Hinkley’s (1978) corrected jackknife estimator Ve until the order n=1/20,(n™1). Tt
is easy to see that

(37) E[fQ(Xl,XQ)‘Xl] = E[fg(Xl,XQ,X3)|X1,X2] =0 a.s.

and E[f,(X1)] = E[0(X1)] = 0.

Using the asymptotic representations of Theorem 1, we can study the asymptotic
properties of the variance estimators. Here we will obtain asymptotic mean square errors
of Vy, Vs, Va, Ve and Vi up to the order n=2. Let us define

mse(Vy) = EE[fl (X1)]
+ ﬁ{bﬁ + 64E[f1(X1)0(X1)] + 32E[f3 (X1, X2)]},

mse(Vs) = - BI(X0)] + — {8 + G4BLA(X)(5(X0) — /(X))
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+ 32E[f3 (X1, X2)]},
mse(Vy) = %E[ff(Xl)] + %{bi +32B[f1(X1)(20(X1) — fi(X1))]
+ 32E[f2(X1, X5)]}

and
mse(Ve) = 2 BLF(X0)] + —y (821 (X0)5(X0)] + 32BL73 (X1, X))

Note that mse(Vy) = mse(Vp) and mse(Vs) = mse(Va). We have the following theorem.

THEOREM 2. If E|h(X1, X2)|*T¢ < 0o for some ¢ > 0, we have

E(V; —no2)* =mse(Vy) +O(n~ %)
E(Vs —no?)? = mse(Vs) + O(n™ %),
E(Vy —no2)? = mse(Vy) +O(n~ %)
E(Vo —no2)? = mse(Vo) + O(n™ %)

and )
E(Vy —no2)? = mse(Vo) + O(n™2).

PRrOOF. It follows from (3.6) and (A.2) in Lemma 1 (see Appendix) that under
the moment condition, for 1 < k <5,

242 =
E|n 1Rknz,f1 | <n” {E E|Rk;n2+§}
=1 —
=0(n %),
n 2+5 =
Bl R 350X |<n‘2{E D> 8(xX) EIRk;nl2+§}
i=1 i=1
= O(n_?’),
2+ 5 ﬁ
n_zR’“” Z f2( X5, X5)| < ”_2{E Z J2(Xi, X;) E|Rk;n|2+§}
Cn,2 Cn,2

=0(n™?)

and )
Ele;n|2 < {E|Rk;n|2+%}m = O(n_4).
Thus, using these equations and (3.7), we can obtain the equalities.
REMARK 1. It is possible to improve the equations with remainder terms of the

order O(n~3). But it needs more calculation, then we leave the equations as they are.
Let us define

e1 = Elgi(X1)],  e2 = E[g7(X1)g5(X1, X2)],
es = E[g7 (X1)g1(X2)g2(X1, X5)],

es = Elg1(X1)g1(X2)g5 (X1, Xa)],

es = Elg1(X1)g1(X2)g2(X1, X3)g2(X2, X3)],

e6 = E[g1(X1)g2(X1, X2)g92(X1, X3)g92(X2, X3)]
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and
er = Elga(X1, X3)g92(Xa, X3)g2(X1, X4)g2(X2, X4)].

Then, using the equation (2.1), it follows from direct computations that

X1)] = e1 — & + deg + 4des,
E[f (X1)6(X1)] = €2 — 75 + 2e3
and
E[f3(X1, X2)] = &} + 260 — 4des + 2e4 — des + 4eg + er.

Here we will study the asymptotic mean square errors for the variance and the co-
variance estimation problems. Also, the asymptotic mean square error of the Wilcoxon’s
signed rank test will be discussed.

ExAMPLE 1. Variance estimation;

Let us consider the kernel h(z,y) = (¢ — y)?/2. Then if Var(X;) = o2, the U-

statistic .
n
U, = (2) CZ h(X;, X;)
n,2

is an unbiased estimator of ¢2. It is easy to see that

1
0=0"  gi(z) = 5(*—0%) and g(z,y) = —ay.
For the sake of simplicity, we will consider the case that the distribution F'(z) is sym-
metric about the origin. Let us define my = E[X¥]. Then because of symmetry of F, if

k is odd number, my, = 0. Using this fact, from direct computations, we can show that

1
5%:1( i—at), G=o0" 61:E(m8_402m6+604m4_308)a
2 1 4
62:%( me — 20°my + 0°), 64:1(7714—04)2 662—%(7”4_‘74)7
ez =0° and es=e5=0.

(Normal distribution:) If the underlying distribution is normal, that is X; ~ N(0, 02),
we can show that

by =20% bg=—-20% b, =20%—200%,

56 268 .
mse(Vy) = o { - +n2}’ mse(Vg) =0 {— 2}

56 4(a? —30 67 56 200
mse(Va)208{+ (o 2a+ )} and mse(VC):os{+2},
n

n n n

In the case of 02 = 1 and n = 10, Schucany and Bankson (1989) discussed the mean
square errors of V;/n,Vs/n and Vi /n by simulation. Corresponding asymptotic mean
square errors are given by

mse(Vo) _goss. T25) o604 ang T2eVe)

T e oz = 0.0760.

Their estimated mean square errors are close to these values.
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(Logistic distribution:) We consider the logistic distribution which has the density
function

T Vae
V3o (1 +e Vis)
In this case we have that Var(X;) = o2,

22 16
by = 20?, bs = —304, bo = 20 — Taa‘l,
. 1002. . 1135.02
mse(VJ)—08{53833+ 00295}’ mse(VS)—08{53833 3520 }’
n n n n
538.33 1

mse(Vy) = 08{ — - E(10.24a2 —1089.46 + 1002.95)}

and

2

mse(Viy) = o8 {538.33 n 764.89} '
n

n

ExXAMPLE 2. Cowvariance estimation;

Let {X,;}i>1 be two dimensional random vectors. And putting X; = (V;, Z;), we
denote

Var(Xl)ZVaT{(Yth)}:< o P U”f)

poyo. 02

Let us consider a symmetric kernel h(z1,Z2) = (y1 —y2)(21 — 22)/2. Then corresponding
U-statistic is an unbiased estimator of poyo, = Cov(Y1, Z1). It is easy to see that

1 1
0 = poyo., g1(z1) = 5(?;121 - PUyUz) and  g2(x1,22) = —§(y122 + 2192).

Further we assume that X; is bivariate normal distribution

2
Xi:(m,zi)va(m( i payf‘z))-
POy, O

From direct computations we can get

1+ p? 1+p° 3

g-1t0 gLl o g et
1 1

ey = §(3p4 + 14,02 + 3)0’30’3, es =0, e4= g(p4 + 602 + 1)0'30;17

1 1
es =0, e= —g(p4 +6p% + 1)0;10,;1 and e7 = g(p4 + 6p2 + 1)0303.
Thus we have
by =022 (14 2),  bs = 0202 (14 %), ba = (1—a)(1+ )02,

8 1
mse(Vy) = 0,04 E(p4 +5p2 +1) + ﬁ(39p4 +190p% + 39)},

8 1

mse(Vs) = agag{n(p‘* + 502 +1) + ;(W‘ +30p% + 7)}
8 1

mse(Vy,) = Uflaﬁ{n(p‘l +5p% +1) + ﬁ[ozz(p2 +1)?

—6a(3p* + 14p> 4 3) + 39p* 4+ 190p* + 39]}
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and
8 1
mse(Ve) = oot ﬁ(p4 +5p2 +1) + $(30p4 + 140p% + 30)}.

REMARK 2. In the cases of the above tow examples, mse(Vs) < mse(Vo) <
mse(Vy). As discussed in Schucany and Bankson (1989), though Sen’s estimator Vg
has small mean square error, it has substantial negative bias. V¢ and Vi are asymptot-
ically unbiased and have smaller mean square error than V;. But Vg and Viy sometimes
take negative values in small sample case. Schucany and Bankson (1989) also pointed
out by simulation that from the viewpoint of Pitman closeness V is closer to no?2 than
Vy. If we take a = 1 of V,, both biases and mean square errors are relatively small.
Especially in the case of the normal distribution, the biases of V; are 0. Note that Vj is
asymptotically equivalent to (V; + Vg)/2 and always takes a non-negative value.

ExamMpLE 3. Wilcozxon’s signed rank test;

In order to compare the mean square errors of the variance estimators, let us discuss
the variance estimation of the Wilcoxon’s signed rank statistic. Let Xy,---,X, be a
random sample from the distribution F(xz — ), where F(z) satisfies F(—z) =1 — F(z)
for any x. So, the distribution F'(z) is symmetric about origin. The Wilcoxon’s signed
rank statistic is very popular to test or to estimate 7. For the sake of simplicity, we
consider the following statistic

M, — (Z) - CXR:Q (X, + X;)

where U(z) =1, 0if x > 0, < 0. M, is asymptotically equivalent to the Wilcoxon’s
statistic. Let us assume 1 = 0 and F'(z) has a density function. From direct computation,
we can show that

1 2n —1 1 1 1
== 2 - _~" - = F(g)— 2, 2= __ ¢ __
27 U'n, GTL(TL* 1)7 gl(x) (l‘) 27 61 127 52 127
e—i e*—l e*f—l e*f—l 6*71
T80 P14 T 3600 YT 3600 0 T20°
S _ 1
6~ T 1440 T T720
Thus we have
1 1 1 «
b=z, bs=—=, bo==—=,
T 9T T 6 3
53 31
mse(Vy) 802" mse(Vg) = oz’
2
1 |1 1 4 4
mse(Vy) = 3 [9 (a - 2) + R and  mse(Vg) = o2

It follows from the above calculation that
mse(Vy) < mse(Uc) < mse(Vs).
When o = 1/2, mse(Vy2) takes a minimum value 4/(15n2) and mse(Vi2) < mse(Vy).

REMARK 3. Example 1 and Example 2 give us the same conclusion. But it is
different in the case of the Wilcoxon’s statistic. So, we had better to check the mean
square errors of the variance estimators using Theorem 2 in each case.
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4. Edgeworth expansions

From Theorem 1, we can regard the variance estimators as sum of U-statistics
and n~! term. For asymptotic U-statistics, Lai and Wang (1993) have established the
Edgeworth expansion with remainder term o(n=!). Applying their result, we can get
Edgeworth expansions of the variance estimators. Let us assume the following conditions.
(Ol) E|]’L(X1,X2)|8 < o0
(C2) limsupy, o [Elexp{itfi(X1)}]] <1
(C3) E|f2(X1,X2)|® < oo (s> 0) and there exist K Borel functions ,:R — R such that

E[2(X1)] <oo(v=1,---,K), K(s—2) > 4s+ (285 —40)I{ | 1, (x,, X», Xs)|>0}» and
the covariance matrix of (W7, --- , Wk) is positive definite, where W,, = (L, )(X1)
and (Ly,)(y) = Elfa(y, X2)1¥,(X2)], and Ij; is an indicator function.

The condition Cj is concerned with the number of nonzero eigen function of fo(x,y).
Alternatively Lai and Wang (1993) have proved the validity of the Edgeworth expansion
under the following condition (Cs).

(C3) There exist constants ¢, and Borel functions w,:R — R such that E[w,(X;)] =
0, B|lw,(X1)|® < oo for some s > 5 and fo(X;, Xs) = Z£(=1 cwy, (X1)w, (Xa)a.s.;
moreover, for  some 0 < v < min{l,2(1 - 11/

(3s))},
exp (it {fl(Xl) + Zuﬂﬂ,,(Xﬂ})}

lim sup sup E < 1.

[t|—oo |ut|4-+|uk|<|t|=

Let us define

2 = E[ff(X1)], E[f3(X1,X5)], dy = E[f1(X1)8(X1)],
ds = E[f}(X1)), Elf1(X1) f1(X2) fo(X1, X)),
ds = E[f{(X1)], E[ff(X1) f1(X2) f2(X1, X)),
dr = E| )
[

3
dg = E[f1(X1) f1(X2)f (Xs)fs(Xl,XmX:s)L
K3 = 7'_3(d3 + 12d4), Kg =T (d5 — 374 + 24dg + 48d7 + Sdg),

x? —1 b
Pio(x) = —e—rs,  Pu(e)=Pic(e) — 7,
Pis(@) = Pro(@) — 2%, Pra() = Pio(a) — 22
1S — 11C 47_7 la = 11 47_7
x % kye —byks , 3
PQJ(Q?) = ; d1 + 2d2 + 32> + T(x — 330)
"‘ﬂg 5 3
+ ﬁ(:r — 10z° + 15z),
x bg k4 —bgks , 4
Pys(z) = =~ <d1 +2dy — 272 + 32> + 51 (z° — 3x)
+ 'ig(x5 —102° + 157)
72 ’
x b2 k4 —bskz , 5
Py (z) = = (d1 +2dy — ar? + 32) + T(ZE — 3z)
K3

(z° — 102® + 152)

+
x|
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and

2
Pyo(x) = %(dl +d2) + %(ﬁ —3z) + %(f‘ — 102® + 157).

We have the following theorem.

_THEOREM 3. Assume that the conditions C1 and Cy hold. If either condition Cs
or C3 is satisfied, we have

n _n02 x 1J\T X X _
P{W<x}—¢($)—¢( )\1/351( ) #( )Zﬂ( )+O(n b,

I R O SR EC):HE L EE e
p (e rh) | g SelPile) _ SIPne) o

and

P{\/H(VU —noy) < x} — o) - (@) Pic(z)  ¢(z)Pac(z) +o(n 1),

N n

PROOF. It is sufficient to prove the case of V. Since U,, = v/n{V,+8 3.1, 8(X;)/n>+
Ry, } is an asymptotic U-statistic, it follows from Lai and Wang (1993) that

<z - +o(n™h)

U _ o(x)Pic(z)  ¢(z)Pa(x)
P{4T_ }—(I)(x)— \/ﬁc n

where

2
x K4 K
Py() = —5(di +2dp) + ﬂ(xB —3z) + 7—;(;65 —102% + 152).

_ 2 Ji
plvilVo—non)  \_plUn_ bs 1
4t 4t 4d7/n

expanding by b;/(47+y/n), we have the Edgeworth expansion for V.

Since

EXAMPLE 4. Let us consider the case of variance estimation in Example 1. From
direct computation, we can show that

file) = 02— 0?) - 18

and
L, 5 2\, 2 2 Y o 2 2 2
fo(z,y) = —i(x -0y —o )—?(x +y° —20%) + o zy
1 1
= 7@ =)’ = 0®) - 5@ +2) (W + ) + 527y’
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Thus putting

1 1
81:_17 W1(m):m2_027 62:_57 U)Q(.Q?)ZJTB"'J:,
1 ) 1
C3 = 55 wg(.fC) = ‘Tsv Cq4 = 202 + 5 and U)4(SC) =T,
we have
3
fQ(Xl,Xg) = Zc,,wl,(Xl)w,,(Xg) a.s.
v=1

Assume that F|X1|?? < oo and the underlying distribution F(x) has a density function.
We can show that

4
lim sup sup E |exp | it< f1(X1) + Zu,,w,,(Xl) < 1.
[tl—00 Juy|++[ua| <[t] v=1

Hence the conditions (C}), (Cs) and (C3) are satisfied.
Appendix A

First we review the moment evaluations of the H-decomposition, which is very useful
for discussing asymptotic properties. Let v(z1, -+ , ;) be a function which is symmetric
in its arguments and E[v(Xy, -+, X,)] = 0. Let us define

p1(361) = E[V(xl’X%' e ’XT)]a
pa(x1,22) = Elv(x1, 22, -+, X;)] = pr(21) — pr(x2), -+,

and

r—1
pr(th%"' 7*%.7”) = V($17.'L'2,"‘ 7xT) - Zzpk(xiluxizu"' 7xik)~

k=1C,
Then we can show that
(A1) Elpp(X1, -, Xp)| X1, -, Xk—1] =0 a.s.
and
" /n—k
> v(Xi,, ’X“):Z<r—k>Ak
Ch.r k=1
where

A= pel(Xiys-- -, Xy
Chk
Using the equation (11) and moment evaluations of martingales (Dharmadhikari, Fabian
and Jogdeo (1968)), we have the upper bounds of the absolute moments of Ay as follows.

LEMMA 1. Forq > 2, if Elv(Xy, -+, X,)|? < 0o, there exists a positive constant
¢, which may depend on v and F but not on n, such that

(A.2) E|Ag|? <en'.

For the simplicity we use a symbol 02‘,(71‘3/ 2) which may be different in each case

but satisfies s
Eloy(n”=2)’*2 = O(n~*7°).
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It follows from Markov’s inequality that 0}‘,(71‘3/2) =n"Y20,(n71).
From Markov’s inequality and (12), we can easily obtain the following lemma which
is useful for obtaining the asymptotic representations.

LEMMA 2. If E[v(X1, -+, X,)] =0 and Elv(X1, -+, X,)]*T® < 0o fore > 0, we
have that

. 1 v, _3
(A3) n 1ZV(X»L‘1,"' 7Xir): mA1+0p(n 2).
Cn,'r
and
—r : n—=k %, _3
(A.4) n Z (r B k)Ak =o,(n"2).

Using the above lemmas, we will prove Theorem 2.
Approximation of V;
At first we will obtain the approximation of V. Let us define

Di=) gi(X)), D2=) a(X)an(X;),
=1 C

n,2

Dy =Y {g1(X:) + 01(X;)}g2(Xi, X;),
Ch,2

Dy = Z{gl(Xi)g2(Xjan) + 91(X;)g2(Xi, Xi) + 91(Xr)g92(Xi, Xj)},
Chn,3

Ds = g5(Xi, X)),
Ch,2

D¢ = 2{92(Xi7Xj)g2(Xi7Xk) + 92(Xi, X;)g2(X;, Xi)
Cn,(}

+ 92(Xi, Xi)g2( X5, X)}

and

Dy = {92(Xi, X;)92(Xk, Xo) + 92(Xi, Xi)g2(X;, Xo)
Cn,4

+ 92(Xi, Xo)g2(X;, Xi)}-

From Maesono (1995, p.18), we have

2 4 8 8
;(Uﬁp B R ey L e e o2 Ry e s
16 ]
n(n—1)2(n—2) 4+n(n_1)2(n_2)D5
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Note that V; = (n—1) > ( ) —U,)2. Using the H-decomposition, Lemma 1 and
Lemma 2, we have that

4 4
~Dy=4gf + - {gi(X
i=1

8 8 o
s Da = — 7 Elgi (X0)g2(X2, Xo) X,
nln 1) n; [91(X0)g2(Xs, Xo)| Xi]
Z{ 91(Xi) + g1(X;)]g2(X, X5)
- E[gl(X0)92(Xi»X0)|Xi] — Blg1(Xo0)g2(X;, Xo)| X;]},
8 42 8 _3
—D — 24 _ 5 Xi * )
nn—1)mn-2)"""n +n2; (Xi) +op,(n"2)
8(n —4) 8
D¢ = Elga( X, X X, X0)|Xi, X
n(n—1)(n—2)2 6 n(n—1) CZ [92( 0)92(X;, Xo)| 5]
n,2
3
— N o Xi, Xj, X) T2
+ n(n — 1)( Z Al k) +op(n7?)
and 16
3
D-=0"(n"2
n =Dzl =% )

where X is a random vector with distribution F(z) and is independent of X1, -+, X,
and

B(x,y, 2) = g2(x,y)g2(x, 2) + g2(2,¥)92(y, 2) + g2(, 2)92(y, 2)
— Elg2(x, X0)g2(y, Xo) + 92(y, X0)g2(z, Xo) + g2(, X0)g2(z, X0)].

Thus we have the equation (3.1).

Approximation of Vg
It follows from the equation (2.2) that

Vs = {1 - % +O(n_2)} Vy.

From the equation (A.3), we can show that

_EVJ: &_ézﬁ %)

n

and

Thus we have the equation (3.2).

Approximation of V,
Similarly as Vg, we can easily obtain the equation (3.3).

Approximation of Vo
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To obtain the equation (3.4), it is sufficient to prove the following lemma which is
an improvement of Lemma A4 in Maesono (1995).
LEMMA 3. If E|h(X1, X2)|*™® < 0o for some e > 0, we have

1
n+1

S (@07 =22 4 LS s oy )
i,j n n2 ¢ p ’
=1

1<i<j<n

PROOF. From the proof of Lemma A4 in Maesono (1995), we have

1 A\ 2
4 8
T+ D)(n—-Dn-— 3)D5 T (n+ D=1 —2)(n— 3)D6
16

Do

T I D =Dm=2)(n—3)

Using the H-decomposition and the equations (A.3) and (A.4), we get that

4 22 4 N
(n+1)(n—1)(n_3)D5—T+p;5(xz)+op(n )
° D6:o;(n_%)

(n+1)(n—1)(n—-2)(n-23)

and
8

(n+1D(n —1)(n —2)(n - 3)
Thus we have the equation (3.5).

Approzimation of Vi
Finally we will consider the unbiased estimator Vi;. We will obtain approximations
of a? and a3. Let us consider A;. From the definition, we can get

Elh(z, Xo)] = g1(z) + 0,  h(z,y) = g2(x,y) + 91(x) + g91(y) + 6.

Using these equations and (2.1), we can show that

ElG(z,y, X3)] = é{gz(x, Wg1(x) + g1(y)] + 391(2)g1(y) + g7 (2) + g7 (y)

+ Elga2(z, X3)92(y, X3) + (92(2, X3) + 92(y, X3))g1(X3)]
+ 20g2(z,y) + 4091 () + 401 (y) + & + 36%}.

We also have

E[¢i (7, X2, X3)]
1

591 (@)

= 2 (Bloa(r, X5)1 (Xs)] + 1) + 3001 (2) + 07 +
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and E[( (X1, X2, X3)] = &7 + 62. Here we have
E[Gi(z, X2, X3)] — & — 67
= 2 Bloa(e, Xa)g1 (X)) + 3001(2) + 5 {03(2) — €1}

=aqi(z) (say),
Bl (z,y, X5)] — & — 0% — g1(z) — 31 (y)

= %E[92($»X3)92(y»X3) —{92(x, X3) + 92(y, X3) }91(X3)]

+g91(x)g1(y) + %{91(9?) +91(y) + 20} g2(x, y)
=g2(z,y)  (say)
and
Ci(@,y,2) = & — 0% = go(,y) — Ga(2, 2) — G2(y, 2)

—01(@) = 1(y) — 51(2)

= %{gz(% Y)g2(x, 2) + 92(%,y)92(y, 2) + g2(x, 2)92(y, 2)
— Elga2(2, X3)92(y, X3) — g2(x, X3)92(2, X3) — 92(y, X3)g2(2, X3)]}
+ g{gl(l’)gz(y, z) + 91(y)g2(@, 2) + g1(2)g2(z, y) }

=g3(@,y,2)  (say).

Thus using the H-decomposition, we can show that

6

n(n —1) &

G2(Xi, X;)

n,2

R 3 o
(A.5) M=&+0%+ - 291(—&') +

6

n,2

Next we will obtain an approximation of 62. Similarly as A1, we can get

Ello(z,y, 2, X4)] = %{gl(x)fh (Y, 2) + 91(y)g2(w, 2) + g1(2)g2(, y)

+0g2(x,y) + 0g2(x, 2) + 092(y, 2)
+ 291 ()91 (y) + 291(2)91(2) + 291 (y)g1(2) }
+ 0g1(x) + 091 (y) + 0g1(2) + 62,
El¢o(z,y, X3, X4)]

= 2 {20:(2)91(y) + 692, )} + 691 (2) + 691 (y) +

and
E[Co(x, X2, X3, X4)] = 0{g1(x) + 6}.
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Thus from the H-decomposition and the equation (A.4), we have
(A.6) -0 2 f: 091(X;)
=

* ﬁ > {g1(Xi)g1(X;) + 092(Xi, X;)}
Cn.,2

8

=D =2 %{91(&)92(&, Xi) + 91(X;)92(Xs, Xi)

+ 01 (Xi)g2(Xi, X))} + op(n” ).
Combining the equations (A.5) and (A.6), we have the approximation of a? as

4(n —2)
n—1

~2 2 45% 4 - %/ —3
a1:451—7—ﬁ2f1(X1)+Vn+0p(n 2).
=1

(A7)

Since
E[h* (X1, Xo)] = 26 + & + 6%,

using the H-decomposition and the equation (13), we obtain

_ 22424602 2 & . 3
Mo = SR 1 SN A0 + fu(X) + 2091 (X))} + 0 (n7 ).
=1

From the H-decomposition and the equations (A.3) and (A.4), we can show that

2

n—1

~ n 2 2 s
(A9 = S () + )+ B2 et
i=1

17

Combining the above evaluations (A.7) and (A.8), we have the desired approximation

(3.5).
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