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Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv

Nhqqhwk O1 MxggW

Krryhu Lqvwlwxwlrq

Vwdqirug/ FD <7638

V|0Plqj Jxx

Ghsduwphqw ri Lqgxvwuldo Hqjlqhhulqj

\xdq0]h Xqlyhuvlw|

Qhl0Ol/ Wdr|xdq/ Wdlzdq/ U1R1F1 65359

Ghfhpehu/ 5333

Devwudfw1 Jhqhudo htxloleulxp dqdo|vlv lv gl!fxow zkhq dvvhw pdunhwv

duh lqfrpsohwh1 Zh pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw xqfhuwdlqw| lv vpdoo

dqg xvh elixufdwlrq phwkrgv wr frpsxwh Wd|oru vhulhv dssur{lpdwlrqv iru dvvhw

ghpdqg dqg dvvhw pdunhw htxloleulxp1 D frpsxwhu pxvw eh xvhg wr ghulyh wkhvh

dssur{lpdwlrqv vlqfh wkh| lqyroyh odujh dprxqwv ri dojheudlf pdqlsxodwlrq1 Wr

looxvwudwh wklv phwkrg/ zh dsso| lw wr dqdo|}lqj wkh doorfdwlyh/ sulfh/ dqg zhoiduh

h�hfwv ri lqwurgxflqj d qhz ghulydwlyh vhfxulw|1

41 Lqwurgxfwlrq

Suhflvh dqdo|vlv ri htxloleulxp lq dvvhw pdunhwv lv gl!fxow vlqfh ihz fdvhv fdq eh
vroyhg h{dfwo| iru htxloleulxp sulfhv dqg yroxph1 Pdq| dqdo|vhv dvvxph wkdw pdunhwv
duh frpsohwh/ lpso|lqj wkdw htxloleulxp lv h!flhqw dqg htxlydohqw wr vrph vrfldo
sodqqhu*v sureohp1 Wkdw dssurdfk lv olplwhg vlqfh lw ljqruhv wudqvdfwlrq frvwv/ wd{hv/
dqg lqfrpsohwhqhvv lq dvvhw pdunhwv1 Wklv sdshu ghyhorsv elixufdwlrq phwkrgv wr
dssur{lpdwh dvvhw pdunhw htxloleulxp zlwkrxw dvvxplqj frpsohwh dvvhw pdunhwv1 Zh
ehjlq iurp d wulyldo ghwhuplqlvwlf fdvh zkhuh doo dvvhwv kdyh wkh vdph vdih uhwxuq dqg
xvh orfdo dssur{lpdwlrq phwkrgv wr frpsxwh dvvhw pdunhw htxloleulxp zkhq dvvhwv
kdyh vpdoo ulvn1 Zh frpsxwh Wd|oru vhulhv h{suhvvlqj htxloleulxp dvvhw sulfhv dqg
kroglqjv dv d ixqfwlrq ri suhihuhqfh sdudphwhuv vxfk dv devroxwh ulvn dyhuvlrq/ dqg
dvvhw uhwxuq vwdwlvwlfv vxfk dv phdq/ yduldqfh/ dqg vnhzqhvv1 Wkh irupxodv frpsohwho|
fkdudfwhul}h htxloleulxp iru vpdoo ulvnv1

Lpsohphqwlqj wklv dssurdfk lv vwudljkwiruzdug/ exw lqyroyhv dq hqruprxv dprxqw
ri dojheudlf pdqlsxodwlrq idu eh|rqg wkh fdsdflw| ri kxpdq kdqgv1 Iruwxqdwho|/ ghvn0
wrs frpsxwhuv xvlqj v|perolf vriwzduh fdq h{hfxwh wkh qhfhvvdu| dojheudlf pdqlsxod0
wlrq dqg frpsxwh wkh vhulhv h{sdqvlrqv lq uhdvrqdeoh wlph1 Zh xvh Pdwkhpdwlfd/ exw
wkh frpsxwdwlrq frxog eh h{hfxwhg e| rwkhu v|perolf odqjxdjhv vxfk dv Pdfv|pd

�
Zh dfnqrzohgjh wkh xvhixo frpphqwv ri Urehuw Dqghuvrq/ Slhur Jrwwdugl/ Prughfdl Nxu}/ dqg

vhplqdu sduwlflsdqwv dw Orxydlq gh Qhxyh/ Qruwkzhvwhuq Xqlyhuvlw|/ Fdowhfk/ Vwdqirug Lqvwlwxwh ri

Wkhruhwlfdo Hfrqrplfv/ dqg wkh Xqlyhuvlw| ri Fklfdjr1

4



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv 5

dqg Pdsoh1 Wkh dv|pswrwlf h{sdqvlrqv whoo xv derxw wkh txdolwdwlyh surshuwlhv ri
htxloleulxp dqg fdq eh xvhg wr frpsxwh d qxphulfdo dssur{lpdwlrq wr htxloleulxp ri
sduwlfxodu sureohpv zlwk d vshfl�hg qrq}hur ulvn1 Wkhuhiruh/ wkh elixufdwlrq dssurdfk
lv frpsxwdwlrqdo lq wzr zd|v= wkh irupxodv duh txdolwdwlyh dv|pswrwlf dssur{lpdwlrqv
ghulyhg e| frpsxwhu dojheud/ dqg fdq eh xvhg wr surgxfh qxphulfdo dssur{lpdwlrqv
wr vshfl�f sureohpv1 Wklv sdshu irfxvhv rq wkh txdolwdwlyh dv|pswrwlf uhvxowv dqg
ohdyhv wkh qxphulfdo dssolfdwlrqv iru ixwxuh vwxg|1

Wkh uhvxow lv hvvhqwldoo| d phdq0yduldqfh0vnhzqhvv0hwf1 wkhru| ri dvvhw ghpdqg
dqg htxloleulxp sulflqj/ vlplodu wr Vdpxhovrq*v ^55` dqdo|vlv ri dvvhw ghpdqg1 Wklv
dssurdfk lv dovr pruh lqwxlwlyh wkdq wkh vwdqgdug frqwlqjhqw vwdwh dssurdfk wr htxl0
oleulxp1 Wkh lqfrpsohwh pdunhwv sdudgljp irfxvhv rq wkh gl�huhqfh ehwzhhq wkh
qxpehu ri frqwlqjhqw vwdwhv dqg wkh qxpehu ri dvvhwv1 Iru h{dpsoh/ zhoiduh uhvxowv
lq Kduw ^44`/ Fdvv dqg Flwdqqd ^6`/ dqg Hoxo ^:` ghshqg rq krz pdq| dvvhwv duh plvv0
lqj dqg wkh qxpehu ri djhqwv1 Lw lv gl!fxow wr lqwhusuhw vxfk lqglfhv ri lqfrpsohwhqhvv
vlqfh zh fdq frxqw qhlwkhu wkh qxpehu ri frqwlqjhqw vwdwhv qru wkh qxpehu ri gl�huhqw
nlqgv ri djhqwv lq d uhdo hfrqrp|1 Ixuwkhupruh/ rqh h{shfwv wkdw wkh lpsdfw ri dvvhw
lqfrpsohwhqhvv rq hfrqrplf shuirupdqfh lv uhodwhg pruh wr wkh vwdwlvwlfdo fkdudfwhu
ri ulvnlqhvv dqg wkh glyhuvlw| ri lqyhvwru remhfwlyhv wkdq wr wkh qxpehu ri vwdwhv dqg
wkh qxpehu ri djhqwv1 Iru h{dpsoh/ wkh qxpehu ri gl�huhqw djhqwv lv d srru phdvxuh
ri djhqw glyhuvlw| vlqfh dq hfrqrp| zlwk 433 w|shv ri lqyhvwruv zlwk gl�huhqw ulvn
dyhuvlrqv forvh wr wkh phdq ulvn dyhuvlrq lv ohvv glyhuvh wkdq dq hfrqrp| zlwk 43
w|shv ri lqyhvwruv zlwk vxevwdqwldoo| gl�huhqw ulvn dyhuvlrqv1 Vlploduo|/ wkh qxpehu
ri frqwlqjhqw vwdwhv lv dw ehvw d srru lqglfdwru ri wkh pdjqlwxgh dqg fkdudfwhu ri
ulvnlqhvv1 Wklv sdshu*v dqdo|vlv surgxfhv dv|pswrwlf irupxodv ghshqglqj vroho| rq
wkh prphqwv ri dvvhw uhwxuqv dqg wkh gl�huhqfhv lq xwlolw| lqglfhv/ vkrzlqj wkdw wkh|/
qrw wkh qxpehu ri vwdwhv/ jryhuq wkh dv|pswrwlf surshuwlhv ri htxloleulxp1 Vlqfh pr0
phqwv duh pruh hdvlo| revhuyhg lq uhdo pdunhwv wkdq wkh qxpehu ri frqwlqjhqw vwdwhv
wkh uhvxow lv d pruh sudfwlfdo dqg lqwxlwlyh dssurdfk wr htxloleulxp dqdo|vlv ri dvvhw
pdunhwv1

Rxu dssurdfk lv lqwxlwlyh dqg vlplodu lq vslulw wr vwdqgdug olqhdul}dwlrq dqg frp0
sdudwlyh vwdwlf phwkrgv iurp pdwkhpdwlfdo hfrqrplfv1 Li idfw/ wkh dqdo|vlv uhvhpeohv
Mrqhv ^45` fodvvlf dqdo|vlv ri lqwhuqdwlrqdo wudgh1 Olqhdul}dwlrq phwkrgv edvhg rq wkh
Lpsolflw Ixqfwlrq Wkhruhp +LIW, duh lpsruwdqw frpsxwdwlrqdo wrrov wkdw doorz xv wr
dssur{lpdwh qrqolqhdu uhodwlrqvklsv zlwk wudfwdeoh/ dv|pswrwlfdoo| ydolg dssur{lpd0
wlrqv1 Zh ehjlq zlwk wkh qr0ulvn fdvh zkhuh zh nqrz wkh htxloleulxp1 Zh wkhq xvh
wkdw lqirupdwlrq wr frpsxwh htxloleuld iru qhdue| fdvhv ri ulvn| hfrqrplhv1 Krzhyhu/
wkh LIW grhv qrw dsso| khuh ehfdxvh wkh fulwlfdo Mdfreldq lv vlqjxodu1 Lq sduwlfxodu/
zkhq ulvn glvdsshduv doo dvvhwv pxvw ehfrph shuihfw vxevwlwxwhv dqg wkh sruwirolrv
ri lqglylgxdov duh lqghwhuplqdwh zkhq ulvn lv }hur1 Zh fdqqrw xvh wkh LIW li zh gr
qrw nqrz wkh htxloleulxp sruwirolr lq wkh fdvh ri }hur ulvn1 Lqvwhdg/ zh pxvw dsso|
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wrrov iurp elixufdwlrq wkhru| wr vroyh rxu sureohp1 Wkhvh wrrov duh qdwxudo vlqfh
wkh| duh hvvhqwldoo| jhqhudol}dwlrqv ri O*Krvslwdo*v uxoh1 Ixuwkhupruh/ ehfdxvh ri wkh
vlqjxodulw| dw }hur ulvn/ zh zloo qhhg wr frpsxwh kljkhu0rughu dssur{lpdwlrqv/ qrw
mxvw wkh idploldu �uvw0rughu whupv iurp olqhdu dssur{lpdwlrq phwkrgv1

Wkh sxusrvh ri wklv sdshu lv wr suhvhqw wkh nh| pdwkhpdwlfdo lghdv dqg looxvwudwh
wkhp zlwk edvlf hfrqrplf dssolfdwlrqv1 Zh �uvw dsso| elixufdwlrq phwkrgv wr gh0
ulyh dssur{lpdwlrqv ri dvvhw ghpdqg/ uh�qlqj wkh vlplodu Vdpxhovrq ^55` phwkrg1
Zh wkhq xvh wkhvh dssur{lpdwlrqv ri dvvhw ghpdqg wr frpsxwh dssur{lpdwlrqv ri
dvvhw pdunhw htxloleulxp1 Zh frpsxwh dv|pswrwlfdoo| ydolg h{suhvvlrqv iru htxlole0
ulxp zlwk gl�huhqw dvvhw frpelqdwlrqv/ dqg xvh wkhp wr vkrz krz fkdqjhv lq dvvhw
dydlodelolw| d�hfwv htxloleulxp1

Wkh elixufdwlrq dssurdfk lv sduwlfxoduo| lqwhuhvwlqj vlqfh lw kdqgohv wkh frpsohwh
dqg lqfrpsohwh dvvhw pdunhw fdvhv lq wkh vdph zd|1 Wklv frqwudvwv vkduso| zlwk wkh
frqyhqwlrqdo dssurdfk zkhuh wkh lqfrpsohwh dvvhw pdunhw fdvh lv idu pruh frpsoh{
wkdq wkh frpsohwh pdunhw fdvh +vhh Pdjloo dqg Txlq}ll ^54` iru d pruh frpsohwh
glvfxvvlrq,1 Zh fdq gr wklv ehfdxvh zh irfxv rq vpdoo ulvnv1 Vlqfh rxu dqdo|vlv
pdnhv qr dvvxpswlrqv derxw wkh vsdq ri dvvhwv/ lw lv dovr d phwkrg iru frpsxwlqj
htxloleulxp lq vrph hfrqrplhv zlwk lqfrpsohwh dvvhw pdunhwv1 Wklv lv jhqhudoo| d
gl!fxow sureohp ehfdxvh wkh h{fhvv ghpdqg ixqfwlrq lv qrw frqwlqxrxv1 Eurzq hw do1
^5` dqg Vfkphgghuv ^56` kdyh irupxodwhg dojrulwkpv iru frpsxwlqj htxloleuld zkhq
dvvhw pdunhwv duh lqfrpsohwh1 Wkhlu phwkrgv dlp wr frpsxwh htxloleulxp iru dq|
vxfk prgho1 Rxu phwkrg lv rqo| ydolg orfdoo| exw lv pxfk idvwhu vlqfh lw uholhv rq
uhodwlyho| vlpsoh dqg gluhfw irupxodv1

Wkh dssolfdwlrqv suhvhqwhg lq wklv sdshu duh mxvw d vpdoo vdpsolqj ri wkh srvvl0
elolwlhv1 Jxx dqg Mxgg ^48` dssolhv wkh uhvxowv ri wklv sdshu wr frpsxwh wkh rswlpdo
ghulydwlyh dvvhw1 Ohlvhq dqg Mxgg ^4<` xvhv vlplodu phwkrgv wr sulfh rswlrqv dqg gh0
whuplqh htxloleulxp wudgh lq rswlrqv zkhq wkh| duh qrw sulfhg e| duelwudjh1 Zh vwd|
zlwk wkh vlqjoh jrrg prgho lq wklv sdshu vr wkdw zh fdq irfxv rq wkh nh| pdwkhpdw0
lfdo sureohpv1 Wkh phwkrgv gr jhqhudol}h wr wkh pxowlfrpprglw| prghov h{dplqhg
lq Kduw dqg rwkhuv/ exw vsdfh olplwdwlrqv irufh xv wr ohdyh wkdw iru ixwxuh vwxglhv1

Vhfwlrq 5 uhylhzv orfdo dssur{lpdwlrq wkhru| dqg suhylrxv vpdoo qrlvh dqdo|vhv1
Vhfwlrq 6 suhvhqwv wkh elixufdwlrq wr wkhruhpv wkdw jhqhudol}h wkh LIW1 Vhfwlrq 7
dssolhv wkh elixufdwlrq wkhruhpv wr dvvhw ghpdqg1 Vhfwlrq 8 suhvhqwv d vpdoo qrlvh
dqdo|vlv ri dq dvvhw pdunhw zlwk rqh ulvn| dvvhw dqg Vhfwlrq 9 h{dplqhv d pdunhw
zlwk rqh ixqgdphqwdo ulvn| dvvhw soxv d ghulydwlyh dvvhw1 Frpsdulvrqv ri wkhvh fdvhv
doorzv xv wr dqdo|}h wkh h�hfwv ri lqwurgxflqj d ghulydwlyh dvvhw1 Vhfwlrq : glvfxvvhv
vrph frpsxwdwlrqdo frqvlghudwlrqv1 Vhfwlrq ; rxwolqhv wkh dssurdfk wr pruh jhqhudo
prghov1 Vhfwlrq < frqfoxghv1
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51 Orfdo Dssur{lpdwlrq Phwkrgv dw Qrqvlqjxodu Srlqwv

Orfdo dssur{lpdwlrq phwkrgv duh edvhg rq d ihz edvlf wkhruhpv1 Wkh| ehjlq zlwk
Wd|oru*v wkhruhp dqg wkh LIW iru U?1 Zh �uvw vwdwh wkh edvlf wkhruhpv lq wklv vhfwlrq/
dqg wkhq suhvhqw wkh elixufdwlrq wkhruhpv lq wkh qh{w vhfwlrq1

5141 Wd|oru Vhulhv Dssur{lpdwlrq1 Wkh prvw edvlf orfdo dssur{lpdwlrq lv suh0
vhqwhg lq Wd|oru*v Wkhruhp1

Wkhruhp 41 +Wd|oru*v Wkhruhp iru U?, Ohw f � U?dqg R eh dq lqwhulru srlqw ri f�
Vxssrvh s G f $ U lv �&n� lq dq rshq qhljkerukrrg Q ri R1 Wkhq/ iru doo % 5 Q
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Wkh Wd|oru vhulhv dssur{lpdwlrq ri sE%� edvhg dw R xvhv ghulydwlyh lqirupdwlrq
dw R wr frqvwuxfw d sro|qrpldo dssur{lpdwlrq1 Wkh wkhru| rqo| jxdudqwhhv wkdw wklv
dssur{lpdwlrq lv jrrg qhdu R1 Zkloh wkh dffxudf| ri wkh dssur{lpdwlrq ghfd|v dv %
pryhv dzd| iurp R/ wklv ghfd| lv riwhq vorz/ lpso|lqj wkdw d �qlwh Wd|oru vhulhv fdq
eh d jrrg dssur{lpdwlrq iru % lq d odujh qhljkerukrrg ri R1

5151 Wkh Phdqlqj ri �Dssur{lpdwlrq�1 Zh riwhq xvh wkh skudvh �sE%� ds0
sur{lpdwhv }E%� iru % qhdu R�/ exw wkh phdqlqj ri wklv skudvh lv vhogrp pdgh fohdu1
Rqh wulyldo vhqvh ri wkh whup lv wkdw sER� ' }ER�1 Zkloh wklv lv fhuwdlqo| d qhf0
hvvdu| frqglwlrq/ lw lv jhqhudoo| wrr zhdn wr eh d xvhixo frqfhsw1 Dssur{lpdwlrq
xvxdoo| phdqv dw ohdvw wkdw s �ER� ' }�ER� dv zhoo1 Lq wklv fdvh/ zh vd| wkdw �s lv d
�uvw0rughu +ru olqhdu, dssur{lpdwlrq wr } dw % ' R�1 Lq jhqhudo/ �s lv dq ?*wk rughu
dssur{lpdwlrq ri } dw % ' R� li dqg rqo| li

*�4
%<R

n sE%�� }E%� n

n %� R n?
' f

Wklv gh�qlwlrq vd|v wkdw wkh huuru nsE%�� }E%�n ri wkh dssur{lpdwlrq sE%� lv dv|ps0
wrwlfdoo| erxqghg deryh e| S n%� Rn? iru dq| frqvwdqw S : f1 Wkhuhiruh/ iru dq| %
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qhdu R/ wkh dssur{lpdwlqj ixqfwlrq sE%� lv yhu| forvh wr }E%�1 Lq sduwlfxodu/ wkh gh0
juhh & Wd|oru vhulhv ri d �&n� ixqfwlrq lv d &*wk rughu dssur{lpdwlrq vlqfh lwv huuru
lv R En%� Rn�&n�1 Wklv pd| vhhp wulyldo exw wklv lv qrw dozd|v wkh gh�qlwlrq ri ?*wk
rughu dssur{lpdwlrq xvhg lq hfrqrplfv1 Zh vwdwh lw khuh iru wkh sxusrvh ri suhflvlrq1

5161 Wkh Lpsolflw Ixqfwlrq Wkhruhp iru Dqdo|wlf Ixqfwlrqv1 Rxu dqdo|vlv
zloo uho| rq wkh LIW iru dqdo|wlf ixqfwlrqv1 Lw lv xvhixo wr uhylhz vrph edvlf idfwv derxw
dqdo|wlf ixqfwlrqv wkdw zloo khos xv xqghuvwdqg rxu uhvxowv1 Wkh iroorzlqj gh�qlwlrq
iru dqdo|wlf ixqfwlrqv lv wkh prvw khosixo ri wkh pdq| htxlydohqw gh�qlwlrqv1

Gh�qlwlrq 51 D ixqfwlrq sE%� G U$ U lv dqdo|wlf dw %f li dqg rqo| li wkhuh lv vrph
qrqhpsw| rshq vhw l � U vxfk wkdw %f 5 l dqg iru doo % 5 l/ sE%� '

S

w

�'f
@�%

� dqg
Sw

�'f @� m%m
� 	 4 iru doo % 5 l1

Edvlfdoo|/ dqdo|wlf ixqfwlrqv duh �" dqg orfdoo| htxdo wr wkh srzhu vhulhv fuhdwhg
e| Wd|oru vhulhv h{sdqvlrqv1 Wkh nh| zrug khuh lv �orfdo�1 Iru h{dpsoh/ wkh srzhu
vhulhv h{sdqvlrq ri *L} % durxqg %f ' � fdqqrw eh joredoo| ydolg vlqfh *L}% lv qrw
gh�qhg dw % ' f1 Wr pdnh wklv suhflvh/ zh qhhg wkh frqfhsw ri udglxv ri frqyhujhqfh1
Wkh qh{w wkhruhp vwdwhv wkh nh| uhvxow wkdw wkh grpdlq ri frqyhujhqfh iru d srzhu
vhulhv lv d glvn1

Wkhruhp 61 Ohw � '
q

%m
Sw

�'f @�%
�
r

	 41 Wkhq wkh forvxuh ri �/ �/ lv d glvn/ dqg

wkh udglxv ri � lv fdoohg wkh udglxv ri frqyhujhqfh ri
Sw

�'f @�%
�1

Wkh irfxv rq dqdo|wlf ixqfwlrqv lv hvvhqwldo vlqfh vrph �" ixqfwlrqv duh qrw
dqdo|wlf1 Wkh ehvw h{dpsoh ri wklv lv e3�*%

2

1 Wkh ixqfwlrq e3�*%
2

lv gh�qhg hyhu|zkhuh/
hyhq dw % ' f1 Ixuwkhupruh/ lw lv �" hyhu|zkhuh/ hyhq dw % ' f zkhuh hdfk ghulydwlyh
htxdov }hur1 Wklv lpsolhv wkdw wkh Wd|oru vhulhv h{sdqvlrq edvhg dw %f ' f lv wkh }hur
ixqfwlrq1 Krzhyhu/ e3�*%

2

htxdov }hur mxvw dw % ' f/ qrw lq dq| qhljkerukrrg ri % ' f1
Wkhuhiruh/ e3�*%

2

grhv qrw htxdo lwv Wd|oru vhulhv h{sdqvlrq lq dq| rshq qhljkerukrrg
ri % ' f dqg lv qrw dqdo|wlf dw % ' f1 Lq jhqhudo/ d �" ixqfwlrq lv dqdo|wlf dw %f li
dqg rqo| li lw htxdov lwv srzhu vhulhv lq vrph qrqghjhqhudwh qhljkerukrrg ri %f1

Zh kdyh glvfxvvhg mxvw wkh xqlyduldwh fdvh1 Dqdo|wlf ixqfwlrqv rq -? duh vlpl0
oduo| gh�qhg> vhh/ iru h{dpsoh/ ]hlgohu ^59`1 Wkh qh{w lpsruwdqw wrro lv wkh Lpsolflw
Ixqfwlrq Wkhruhp +LIW, iru dqdo|wlf ixqfwlrqv1

Wkhruhp 71 +Lpsolflw Ixqfwlrq Wkhruhp, OhwME%c +� G U ?�U 6 $ U6 eh dqdo|wlf
dw E%fc +f� dqg dvvxph ME%fc +f� ' f� Li M+E%fc +f� lv qrqvlqjxodu/ wkhq wkhuh lv d
xqltxh ixqfwlrq � G U? $ U6 vxfk wkdw �E%� lv dqdo|wlf dw %f dqg ME%c �E%�� ' f iru
E%c +� lq dq rshq qhljkerukrrg ri E%fc +f�1 Ixuwkhupruh/ wkh ghulydwlyhv ri � dw %f
fdq eh frpsxwhg e| lpsolflw gl�huhqwldwlrq ri wkh lghqwlw| ME%c �E%�� ' f�
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Wkh LIW vwdwhv wkdw � fdq eh xqltxho| gh�qhg iru % qhdu %f e| ME%c �E%�� ' f
li M+E%fc +f� lv qrw vlqjxodu dqg doorzv xv wr lpsolflwo| frpsxwh wkh ghulydwlyhv ri �1
Iru h{dpsoh/ wkh judglhqw ri � dw %f lv

Y�

Y%
E%f� ' �M+E%fc +f�

3�M%E%fc +f�

dqg surylghv xv zlwk wkh �uvw�rughu whupv ri wkh srzhu vhulhv uhsuhvhqwdwlrq iru �E%�
edvhg dw %f1 Zkhq zh frpelqh Wd|oru*v wkhruhp dqg wkh LIW/ zh kdyh d zd| wr
frpsxwh d orfdoo| ydolg sro|qrpldo4 dssur{lpdwlrq ri d ixqfwlrq �E%� iru % qhdu %f
lpsolflwo| gh�qhg e| ME%c �E%�� ' f1 Wkhuh lv dq LIW iru �" ixqfwlrqv/ exw lw grhv
qrw jlyh xv d srvlwlyh udglxv ri frqyhujhqfh iru wkh lpsolhg srzhu vhulhv1 Wkhuhiruh/
zh pxvw surfhhg zlwk dq dqdo|wlf ixqfwlrq shuvshfwlyh1

Wkh irfxv rq dqdo|wlf ixqfwlrqv lv qrw uhvwulfwlyh vlqfh prvw ixqfwlrqv hfrqrplvwv
xvh duh orfdoo| dqdo|wlf dw srlqwv ri hfrqrplf uhohydqfh1 Iru h{dpsoh/ *L} S lv d
frpprq xwlolw| ixqfwlrq dqg lv dqdo|wlf dw hdfk srvlwlyh ydoxh ri S1 Vlploduo| iru
Free0Grxjodv surgxfwlrq ixqfwlrqv &k��3k1 Krzhyhu/ wkhvh ixqfwlrqv duh rqo| orfdoo|
dqdo|wlf/ lpso|lqj wkdw gl�huhqw srzhu vhulhv uhsuhvhqwdwlrqv duh ydolg ryhu gl�huhqw
�qlwh lqwhuydov1 Iru h{dpsoh/ vxssrvh zh frqvwuxfw d srzhu vhulhv iru �ES� ' *L} S
edvhg dw Sf ' �1 Vlqfh *L} S lv xqgh�qhg dw S ' f/ wkh udglxv ri frqyhujhqfh iru wkdw
srzhu vhulhv lv dw prvw 4/ zklfk lq wxuq lpsolhv wkdw wkdw srzhu vhulhv lv qrw ydolg iru
dq| S : 21 Krzhyhu/ wkh srzhu vhulhv edvhg dw Sf ' 2 lv ydolg iru S 5 Efc e�1 Zkhq zh
xvh wkh LIW iru dqdo|wlf ixqfwlrqv/ zh qhhg wr eh dzduh ri wkh udgll ri frqyhujhqfh
ri wkh srzhu vhulhv zh lpsolflwo| xvh dqg eh vxuh wkdw wkh| duh frqvlvwhqw zlwk rxu
dssolfdwlrq ri wkh LIW1

Wkh srzhu vhulhv frqvwuxfwhg lq wkh LIW iru dqdo|wlf ixqfwlrqv zloo kdyh d srvlwlyh
udglxv ri frqyhujhqfh/ exw zh nqrz dq|wklqj derxw lwv pdjqlwxgh lq jhqhudo1 Wklv
lv d gudzedfn lq vrph frqwh{wv1 Wklv lvvxh lv qrw lpsruwdqw lq wklv sdshu vlqfh zh
h{dplqh rqo| wkh dv|pswrwlf surshuwlhv ri prghov1 Zh zloo uhwxuq odwhu wr wkh lvvxh
ri wkh udqjh ri ydolglw| iru rxu irupxodv1

5171 Suhylrxv Vpdoo Qrlvh Dqdo|vhv1 Wkh vpdoo qrlvh dssurdfk lv qrw qhz wr
wkh hfrqrplfv olwhudwxuh/ exw wkh dssurdfk zh wdnh gl�huv lq vxevwdqfh dqg irupdolvp
iurp suhylrxv h�ruwv1 Rqh olqh ri suhylrxv zrun lv wdnhq e| Iohplqj ^;`/ zklfk zdv
hoderudwhg rq e| Mxgg dqg Jxx ^47`1 Iohplqj vkrzhg krz wr jr iurp wkh vroxwlrq ri
d ghwhuplqlvwlf frqwuro sureohp wr rqh zlwk vpdoo qrlvh dgghg wr wkh odz ri prwlrq1

4Wkh ghulydwlyh lqirupdwlrq frxog dovr eh xvhg wr frpsxwh d Sdgì dssur{lpdqw/ ru rwkhu qrqolqhdu
dssur{lpdwlrq vfkhphv1 Mxgg dqg Jxx +4<<6, dqg Mxgg +4<<;, h{dplqh erwk dssurdfkhv1 Lq wklv
sdshu/ zh zloo vwd| zlwk wkh frqyhqwlrqdo Wd|oru h{sdqvlrqv1



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv :

Vshfl�fdoo|/ frqvlghu wkh sureohp

4@ .
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] A

f

e34|ZE%c ��_|

�

+4,

_% ' sE�c %�_|n "jE�c %�_5

Iohplqj dssur{lpdwhg wkh sureohp lq +4, iru vpdoo " e| �qglqj wkh frqwuro odz
� ' LE%c |� ri wkh " ' f sureohp dqg wkhq dsso| wkh LIW wr Ehoopdq*v htxdwlrq1
D nh| ghwdlo zdv wkdw wkh frqwuro odz qhhghg wr eh xqltxh lq wkh " ' f fdvh1 Mxgg
dqg Jxx lpsohphqw wklv dssurdfk iru lq�qlwh krul}rq sureohpv/ dqg vkrz wkdw wkh
Iohplqj surfhgxuh surgxfhv jrrg dssur{lpdwlrqv1

Wkh sureohp glvfxvvhg lq Iohplqj/ dqg Mxgg dqg Jxx zdv hdv| vlqfh lw frxog eh
kdqgohg e| wkh vwdqgdug LIW1 D ohvv wulyldo sureohp zdv h{dplqhg lq Vdpxhovrq ^55`1
Kh h{dplqhg wkh sureohp ri dvvhw ghpdqg zkhq ulvnlqhvv zdv vpdoo1 Zh zloo uhwxuq
wr wkdw sureohp ehorz1

D wklug h{dpsoh ri wkh vpdoo qrlvh dqdo|vlv lv Pdjloo*v ^53` dqdo|vlv ri zkdw lv qrz
fdoohg uhdo exvlqhvv f|fohv1 Pdjloo vkrzhg krz wr frpsxwh olqhdu dssur{lpdwlrqv wr
+4,/ xvh wkhvh dssur{lpdwlrqv wr frpsxwh vshfwud ri wkh uhvxowlqj olqhdu prgho/ dqg
sursrvhg wkdw wkh vshfwud ri wkhvh prghov eh frpsduhg wr hpslulfdo gdwd rq vshfwud1
N|godqg dqg Suhvfrww ^4;` irfxvvhg rq wkh vshfldo fdvh ri Pdjloo*v phwkrg zkhuh wkh
odz ri prwlrq sE�c %� lv olqhdu lq E�c %�/ dqg sduwldoo| lpsohphqwhg Pdjloo*v vshfwudo
frpsdulvrq lghdv e| frpsdulqj yduldqfhv dqg fryduldqfhv ri wkhvh olqhdu dssur{lpd0
wlrqv ri ghwhuplqlvwlf prghov wr wkh exvlqhvv f|foh gdwd1 Wklv vshfldo fdvh ri Pdjloo*v
dssurdfk wr vwrfkdvwlf g|qdplf jhqhudo htxloleulxp kdv ehhq lpsruwdqw lq wkh Uhdo
Exvlqhvv F|foh olwhudwxuh1 Jdvsdu dqg Mxgg ^43` vkrzv krz wr frpsxwh kljkhu0rughu
h{sdqvlrqv durxqg ghwhuplqlvwlf vwhdg| vwdwhv1 Dovr/ wkh phwkrgv lq Pdjloo/ dqg N|g0
odqg dqg Suhvfrww zhuh �fhuwdlqw| htxlydohqw dssur{lpdwlrqv�/ wkdw lv/ wkh| frpsxwh
d olqhdu dssur{lpdwlrq wr wkh ghwhuplqlvwlf sureohp/ " ' f/ dqg dsso| lw wr sureohpv
zkhuh " 9' f/ zkhuhdv Jdvsdu dqg Mxgg ^43` frpsxwhv dssur{lpdwlrqv zklfk lqfoxghv
wkh h�hfw ri "1 Vlploduo|/ zh zloo frpsxwh kljk0rughu h{sdqvlrqv zkhuh " lv doorzhg
wr ydu|1

D irxuwk h{dpsoh wkdw sduwlfxoduo| looxvwudwhv wkh lpsruwdqfh ri xvlqj elixufdwlrq
wkhru| lv Whvdu ^58`1 Whvdu xvhg d olqhdu0txdgudwlf dssurdfk wr hydoxdwh wkh zhoiduh
lpsdfw rq frxqwulhv iurp rshqlqj xs wudgh lq dvvhwv1 Vrph ri khu qxphulfdo h{dpsohv
vkrzhg wkdw prylqj wr frpsohwh pdunhwv zrxog uhvxow lq d Sduhwr lqihulru doorfdwlrq/
d �qglqj wkdw frqwudglfwv wkh �uvw zhoiduh wkhruhp ri jhqhudo htxloleulxp1 Nlp dqg
Nlp ^49` kdyh vkrzq wkdw wklv dssurdfk zloo riwhq surgxfh lqfruuhfw uhvxowv1 Wkhvh
h{dpsohv looxvwudwh wkh qhhg iru xvlqj phwkrgv iurp wkh pdwkhpdwlfdo olwhudwxuh
lqvwhdg ri uho|lqj rq dg krf dssur{lpdwlrq surfhgxuhv edvhg orrvho| rq �hfrqrplf
lqwxlwlrq1�
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Wklv sdshu looxvwudwhv wkh fulwlfdo pdwkhpdwlfdo vwuxfwxuh ri dvvhw pdunhw sureohpv
zlwk vpdoo ulvnv/ dqg ghyhorsv wkh uhohydqw pdwkhpdwlfdo wrrov1 Zkloh wkh prgho
dqdo|}hg ehorz lv vlpsoh/ wkh edvlf dssurdfk lv jhqhudoo| dssolfdeoh1

61 Elixufdwlrq Phwkrgv

Rxu dvvhw pdunhw dqdo|vlv uhtxluhv xv wr dssur{lpdwh dq lpsolflwo| gh�qhg ixqfwlrq
dw d srlqw zkhuh wkh frqglwlrqv ri wkh LIW gr qrw krog1 Iruwxqdwho|/ zh zloo eh deoh
wr h{sorlw dgglwlrqdo vwuxfwxuh dqg duulyh dw d vroxwlrq xvlqj elixufdwlrq phwkrgv1
Zh �uvw suhvhqw wkh jhqhudo wkhruhpv dqg wkhq dsso| wkhp wr vrph dvvhw sureohpv1

6141 Elixufdwlrq lq U�1 Vxssrvh wkdw ME%c "� lv �2 dqg %E"� lv lpsolflwo| gh�qhg
e| ME%E"�c "� ' f1 Rqh zd| wr ylhz wkh htxdwlrq ME%c "� ' f lv wkdw iru hdfk " lw
gh�qhv d froohfwlrq ri % wkdw vroyhv ME%c "� ' f1 Wkh qxpehu ri vxfk % pd| fkdqjh
dv zh fkdqjh "1 Zh qh{w gh�qh wkh frqfhsw ri d elixufdwlrq srlqw1

Gh�qlwlrq 81 E%fc "f� lv d elixufdwlrq srlqw ri M l� wkh qxpehu ri vroxwlrqv % wr
ME%c "� ' f fkdqjhv dv " sdvvhv wkurxjk "f/ dqg wkhuh duh wzr glvwlqfw sdudphwulf
sdwkv/ Ef�Er�c .�Er��c � ' �c 2/ vxfk wkdwMEf�Er�c .�Er�� ' f/ dqg *�4r<fEf�Er�c .�Er�� '
E%fc "f�/ � ' �c 2�

D wulyldo h{dpsoh ri d elixufdwlrq lv ME%c "� ' "E%� "� dw E%c "� ' Efc f�1 Li " 9' f/
wkh xqltxh vroxwlrq wr M ' f lv %E"� ' "/ exw dw " ' f dq| % vroyhv M ' f1 Wkhuh
lv d elixufdwlrq srlqw dw E%c "� ' Efc f�/ dqg wkh wzr eudqfkhv ri vroxwlrqv wr M ' f
duh f�Er� ' .�Er� ' r dqg f�Er� ' rc .�Er� ' f1 Zh fdqqrw dsso| wkh LIW wr
ME%E"�c "� ' f dw Efc f� gluhfwo| vlqfh wkh Mdfreldq ri M% lv vlqjxodu dw Efc f�1 Vxssrvh
wkdw zh duh lqwhuhvwhg lq wkh eudqfk %E"� ' "/ dqg qrw wkh wulyldo eudqfk zkhuh " ' f
dqg % lv dueulwudu|1 Wklv lv qdwxudo vlqfh zh zdqw wr nqrz krz % fkdqjhv dv " fkdqjhv/
qrw mxvw wkh vlwxdwlrq dw " ' f1 Elixufdwlrq wkhruhpv khos xv dffrpsolvk wklv1 Wkh
fdvh iru % 5 U lv vxppdul}hg lq wkh Wkhruhp 91

Wkhruhp 91 +Elixufdwlrq Wkhruhp iru U, Vxssrvh M G U � U $ U/ M lv dqdo|wlf
iru E%c "� lq d qhljkerukrrg ri E%fc f�/ dqg ME%c f� ' f iru doo % 5 U1 Ixuwkhupruh/
vxssrvh wkdw

M%E%fc f� ' f ' M"E%fc f�c M%"E%fc f� 9' f�

Wkhq E%fc f� lv d elixufdwlrq srlqw dqg wkhuh lv dq rshq qhljkerukrrg Q ri E%fc f�
dqg d ixqfwlrq �E"�c �E"� 9' f iru " 9' f/ vxfk wkdw � lv dqdo|wlf dqg ME�E"�c "� ' f iru
E�E"�c "� 5 Q 1
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Surri1 Wkh vwudwhj| wr suryh wklv wkhruhp iroorzv wkh wulfn ri �vroylqj d
vlqjxodulw| wkurxjk glylvlrq e| "� +vhh ]hlgohu/ 4<<;/ Fkdswhu ;,1 Gh�qh

8 E%c "� '

+

ME%c"�
"

c " 9' f
YME%cf�

Y"
c " ' f

� +5,

Vlqfh M lv dqdo|wlf dqg ME%c f� ' f iru doo %c ME%c "� ' "8 E%c "� dqg 8 lv dqdo|wlf
lq E%c "�1 Vlqfh f ' M"E%fcf�c 8 E%fcf� ' f� Gluhfw frpsxwdwlrq vkrzv 8%E%c "� n
"8%"E%c "� ' M%"E%c "�/ zklfk lpsolhv 8%E%fc f� ' M%"E%fc f� 9' f1 Vlqfh 8%E%fc f� 9' fc
zh fdq dsso| wkh LIW wr 8 dw E%fc f�1 Wkhuhiruh/ wkhuh lv dq rshq qhljkerukrrg Q ri
E%fc f� dqg dq dqdo|wlf ixqfwlrq �E"�c �E"� 9' f iru " 9' f/ vxfk wkdw 8 E�E"�c "� ' f iru
E�E"�c "� 5 Q / zklfk lq wxuq lpsolhv ME�E"�c "� ' f iru E�E"�c "� 5 Q 1

Lq jhqhudo/ Wkhruhp 9 whoov xv zh fdq frpsxwh ghulydwlyhv wkurxjk lpsolflw gl�hu0
hqwldwlrq1 Lq sduwlfxodu/ ��Ef� dqg ���Ef� duh gh�qhg e|

��Ef� ' �d8%E%fcf�o
3�8"E%fcf� ' �

�

2
dM%"E%fcf�o

3�M""E%fcf�

�M%"E%fc f��
��

Ef� ' �d��
�

Ef�M%%"E%fc f��
�

Ef� n �M%""E%fc f��
�Ef� nM"""E%fc f�o

zklfk lpsolhv d xqltxh ydoxh iru ��Ef� dqg ���Ef� dv orqj dv M%"E%fc f� 9' f1 Qrwlfh
wkh vhtxhqwldoo| olqhdu fkdudfwhu ri wkh sureohp1 Rqh rqo| qhhgv olqhdu rshudwlrqv
wr frpsxwh ��Ef�/ dqg rqfh zh kdyh frpsxwhg ��Ef� wkh sureohp ri frpsxwlqj ���Ef�
lv dovr d olqhdu sureohp1 Wkh h{lvwhqfh ri ��Ef�/ �

��

Ef�/ dqg doo kljkhu ghulydwlyhv ri
� uholhv vroho| rq wkh vroydelolw| frqglwlrq M%"E%fcf� 9' f dqg wkh h{lvwhqfh ri wkh
kljkhu0rughu ghulydwlyhv ri M dw wkh elixufdwlrq srlqw1

Wkhruhp 9 uhvroyhv wkh sureohp zkhq ME%c "� ' "E% � "� ' f1 Lq wklv fdvh/
ME%c f� ' f iru doo %/ M%Efc f� ' f ' M"Efc f�/ exw M%"E%fc f� ' � 9' f1 Lpsolflw
gl�huhqwldwlrq vkrzv wkdw ��Ef� ' �/ dqg wkdw hyhu| rwkhu ghulydwlyh ri � dw % ' f lv
}hur1 Wkh h{dpsoh ri M ' "E%� "� vhhpv txlwh wulyldo/ exw rxu sureohpv zloo kdyh d
vlplodu irup dqg Wkhruhp 9 jlyhv xv frqglwlrqv xqghu zklfk wkh jhqhudo sureohp lv
uhdoo| qr pruh frpsoh{ wkdq wklv vlpsoh h{dpsoh1

Lpsolflw gl�huhqwldwlrq ri ME%E"�c "� ' f zloo surgxfh d srzhu vhulhv h{sdqvlrq
iru %E"� durxqg " ' f/ exw zh nqrz qrwklqj derxw wkh udglxv ri frqyhujhqfh ri wkdw
srzhu vhulhv1 Iru h{dpsoh/ ME%c "� ' "

�

%� E"n ���*2
�

' f kdv wkh reylrxv joredo

vroxwlrq %E"� ' E"n���*2 exw wkh srzhu vhulhv iru E"n���*2 durxqg " ' f lv ydolg rqo|
zkhq �� 	 " 	 � ehfdxvh wkhuh lv d vlqjxodulw| dw " ' ��15 Dovr/ lq sudfwlfh/ zh zloo
rqo| eh deoh wr xvh �qlwh0rughu Wd|oru vhulhv dssur{lpdwlrqv/ zklfk duh mxvw wkh lqlwldo

5Wkh gl!fxow| lq wklv fdvh frxog eh �{hg e| d qrqolqhdu fkdqjh ri yduldeohv1 Dssursuldwh dqg

fohyhu qrqolqhdu fkdqjh ri yduldeohv fdq khos zlwk wklv sureohp/ exw zh gr qrw sxuvxh wkdw vwudwhj|

lq wklv sdshu1
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vhjphqwv ri wkh ixoo srzhu vhulhv1 Lq jhqhudo/ dq| vxfk Wd|oru vhulhv dssur{lpdwlrq
zloo gr zhoo iru " forvh wr }hur/ exw wkh txdolw| ri wkh dssur{lpdwlrq zloo ghjudgh dv
" pryhv dzd| iurp }hur1

Zh dvvxphg M%"E%fc f� 9' f lq Wkhruhp 91 Wkh glylvlrq0e|0}hur wulfn fdq eh
dssolhg wr sureohpv zlwk kljkhu0rughu ghjhqhudflhv1 Li M%"E%fcf� ' f wkhq 8%E%fcf� '
f/ dqg zh fdqqrw dsso| wkh LIW wr 8 lq wkh surri1 Exw li 8"E%fcf� ' f dqg 8%"E%fcf� 9'
f zh fdq dsso| wkh elixufdwlrq wkhruhp wr 8�

6151 Elixufdwlrq lq U? G Wkh ]hur Mdfreldq Fdvh1 Wkh iruhjrlqj irfxvvhg
rq rqh0glphqvlrqdo ixqfwlrqv �1 Zh fdq dovr dsso| wkhvh lghdv iru ixqfwlrqv ryhu
U

?1 Wkh vdph wulfn xvhg lq Wkhruhp 9 zrunv iru Wkhruhp :> wkhuhiruh/ lwv surri lv
rplwwhg1

Wkhruhp :1 +Elixufdwlrq Wkhruhp iru U?, Vxssrvh M G U? � U $ U? lv dqdo|wlf
qhdu E%fc f�/ dqg ME%c f� ' f iru doo % 5 U?1 Ixuwkhupruh/ vxssrvh wkdw

M%E%fc f� ' f?f? +6,

M"E%fc f� ' f? +7,

_i|EM%"E%fc f�� 9' f +8,

Wkhq wkhuh lv dq rshq qhljkerukrrg Q ri E%fc f� dqg dq dqdo|wlf ixqfwlrq �E"� G U$
U
? vxfk wkdw �E"� 9' f iru " 9' f/ dqg ME�E"�c "� ' f iru E�E"�c "� 5 Q 1

Vlqfh Wkhruhp : vkrzv wkdw � lv dqdo|wlf/ lw fdq eh dssur{lpdwhg e| d pxowlyduldwh
Wd|oru vhulhv1 Lq sduwlfxodu/ wkh �uvw0rughu ghulydwlyhv duh gh�qhg e|

��Ef� ' �
�

2
M3�

%"
E%fc f� M""E%fc f� +9,

Wkhruhp : dvvxphv M%E%fc f� lv d }hur pdwul{1 Wkhuh duh jhqhudol}dwlrqv wkdw rqo|
dvvxph wkdw M%E%fc f� lv vlqjxodu1 Zh gr qrw suhvhqw dq| h{whqvlrqv khuh vlqfh wkh|
duh vxevwdqwldoo| pruh frpsoh{ wr suhvhqw dqg duh qrw qhhghg ehorz1 Vhh ]hlgohu ru
Fkrz dqg Kdoh iru pruh frpsohwh wuhdwphqwv ri elixufdwlrq sureohpv1

71 Sruwirolr Ghpdqg zlwk Vpdoo Ulvnv

Wkh nh| dvvxpswlrq zh h{sorlw lv wkdw ulvnv duh vpdoo1 Wklv lv prwlydwhg qrw e| dq|
fodlp wkdw dfwxdo ulvnv duh vpdoo/ exw lv uhdvrqdeoh iru wkuhh uhdvrqv1 Iluvw/ wklv dv0
vxpswlrq doorzv xv wr vroyh wkh sureohp zlwkrxw pdnlqj dq| sdudphwulf dvvxpswlrqv
iru hlwkhu wdvwhv ru uhwxuqv1 Zh ghulyh fulwlfdo irupxodv iru doorfdwlrqv dqg zhoiduh
lq d sdudphwhu0iuhh idvklrq1 Wkh uhvxowv whoo xv zklfk prphqwv ri dvvhw uhwxuqv duh
lpsruwdqw dqg zklfk surshuwlhv ri wkh xwlolw| ixqfwlrq duh lpsruwdqw iru wkh fdvh ri
vpdoo ulvnv1 Vhfrqg/ wkh uhvxowv iru vpdoo ulvnv pd| eh vxjjhvwlyh ri jhqhudo uhvxowv1
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Iru h{dpsoh/ wkh dv|pswrwlf uhvxowv frxog surylgh frxqwhuh{dpsohv wr frqmhfwxuhv
vlqfh wkh dv|pswrwlf uhvxowv duh dv|pswrwlfdoo| h{solflw vroxwlrqv1 Ixuwkhupruh/ dq|
jhqhudo surshuw| ri wkh prgho zloo eh wuxh iru wkh fdvh ri vpdoo ulvnv dqg zloo eh
uhyhdohg dv jhqhudo surshuwlhv ri rxu dv|pswrwlf vroxwlrqv1 Lq wklv sdshu/ zh sxuvxh
wkh lpsolfdwlrqv ri wkh vpdoo ulvn dvvxpswlrq/ ohdylqj lw iru odwhu zrun wr vhh krz
urexvw wkrvh uhvxowv1

Wklug/ wkh shulrg ri wlph lq rxu prgho lv qrw phdqw wr eh dq hqwluh olih/ exw
udwkhu wkh shulrg ri wlph ehwzhhq wudghv1 Jlyhq prghuq pdunhwv dqg wkh suhvhqfh ri
pdq| kljk0yroxph/ orz0wudqvdfwlrq frvw wudghuv/ lw lv uhdvrqdeoh wr dvvxph wkdw rqo|
d prghudwh dprxqw ri ulvn lv eruqh ehwzhhq wudglqj shulrgv1 D g|qdplf prgho lv
qhfhvvdu| wr h{dplqh wkh ydolglw| ri wklv srlqw/ exw zh eholhyh wkdw rxu vwdwlf dqdo|vlv
zloo jlyh xvhixo lqvljkwv dqg ohdyh g|qdplf jhqhudol}dwlrqv iru ixwxuh zrun1

7141 Ghpdqg zlwk Wzr Dvvhwv1 Zh ehjlq e| dsso|lqj wkh elixufdwlrq dssur{0
lpdwlrq phwkrgv wr dvvhw pdunhw ghpdqg1 Vxssrvh wkdw dq lqyhvwru kdv ` lq zhdowk
wr lqyhvw lq wzr dvvhwv1 Wkh vdih dvvhw/ fdoohg d erqg/ |lhogv rqh groodu shu groodu
lqyhvwhg/ dqg wkh ulvn| dvvhw/ fdoohg vwrfnv ru htxlw|/ |lhogv ~ grooduv shu groodu lq0
yhvwhg1 Wkhuh lv qr vdylqjv0frqvxpswlrq ghflvlrq lq wklv prgho1 Wkhuhiruh/ wklv lv
htxlydohqw wr pdnlqj erqgv lq wkh vhfrqg shulrg wkh qxphudluh1 Li dq lqyhvwruv kdv
w vkduhv ri vwrfn/ �qdo zhdowk lv t ' E` � w� n w~� Zh dvvxph wkdw kh fkrrvhv w wr
pd{lpl}h .i�Et �j iru vrph frqfdyh xwlolw| ixqfwlrq �E��1

Hfrqrplvwv kdyh vwxglhg wklv sureohp e| dssur{lpdwlqj � zlwk d txdgudwlf ixqf0
wlrq dqg wkhq vroylqj wkh �dssur{lpdwh� txdgudwlf rswlpl}dwlrq sureohp1 Wkh elixu0
fdwlrq dssurdfk doorzv xv wr h{dplqh wklv surfhgxuh uljrurxvo| dqg h{whqg lw1 Zh
�uvw fuhdwh d frqwlqxxp ri sruwirolr sureohpv e| dvvxplqj

~ ' � n "5 n "2Z +:,

zkhuh 5 lv d �{hg udqgrp yduldeoh1 Zh dvvxph . i5j ' f vlqfh zh zdqw +:, wr
ghfrpsrvh ~ lqwr lwv phdq/ � n "2Z/ dqg lwv ulvn| frpsrqhqw/ "51 Zh dovr dvvxph
j2

5
' �> wklv pdnhv " wkh vwdqgdug ghyldwlrq ri ~ dqg "2 lwv yduldqfh lq wkh " sureohp1

Erwk ri wkhvh dvvxpswlrqv duh mxvw qrupdol}dwlrqv/ lpso|lqj qr orvv ri jhqhudolw|1 Dw
" ' f/ ~ lv ghjhqhudwh dqg htxdo wr �/ wkh sd|r� ri wkh erqg1 Wkh vfdodu Z uhsuhvhqwv
wkh ulvn suhplxp1 Pruh suhflvho|/ j2

5
' � lpsolhv wkdw Z lv wkh wkh sulfh ri ulvn/ wkdw

lv/ wkh ulvn suhplxp shu xqlw yduldqfh1 Lq wklv ghpdqg sureohp zh pdnh wkh qdwxudo
dvvxpswlrq wkdw Z : f exw wkdw lv qrw qhfhvvdu| iru wkh dqdo|vlv1

Htxdwlrq +:, vfdohv lwv whupv lq d pdqqhu frqvlvwhqw zlwk hfrqrplf wkhru|1 Zh
zdqw +:, wr uhsuhvhqw d frqwlqxxp ri sureohpv frqqhfwlqj d ghjhqhudwh ghwhuplqlvwlf
sureohp wr sureohpv zlwk qrqwulyldo ulvn1 Qrwh wkdw +:, pxowlsolhv 5 e| " dqg Z
e| "21 Vlqfh wkh yduldqfh ri "5 lv "2 j2

5
/ wklv prghov wkh lqwxlwlrq wkdw ulvn suhpld

duh sursruwlrqdo wr wkh yduldqfh1 Wkh frqwlqxxp ri sureohpv sdudphwhul}hg lq +:,
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doo kdyh wkh vdph sulfh ri ulvn Z1 Wkh sduwlfxodu sdudphwhul}dwlrq lq +:, pd| vhhp
wr suhmxgjh wkh uhvxowv1 Wkdw zloo qrw eh d sureohp vlqfh wkh dssolfdwlrq ri wkh
elixufdwlrq wkhruhpv zloo ydolgdwh wkh dvvxpswlrqv lpsolflwo| pdgh lq +:,16

Wkh lqyhvwru fkrrvhv w wr pd{lpl}h .i�E` n wE"5 n "2Z��j1 Wkh �uvw0rughu
frqglwlrq iru wkh lqyhvwru*v sureohp lv

".i�
�

E` n wE"5 n "2Z�� E5 n "Z�j ' f� +;,

Wkh frqglwlrq +;, vwdwhv wkdw wkh ixwxuh pdujlqdo xwlolw| ri frqvxpswlrq pxvw eh
ruwkrjrqdo wr wkh h{fhvv uhwxuq ri htxlw|1 Ohw > eh wkh suredelolw| phdvxuh iru 5 dqg
E@c K� wkh +srvvleo| lq�qlwh, vxssruw1 Wkh fkrlfh ri w dv d ixqfwlrq ri " lv lpsolflwo|
gh�qhg e|

f ' MEwE"�c "� �

]

K

@

��E` n wE"�E"5 n "2Z�� E5 n "Z� _>� +<,

Zh zdqw wr dqdo|}h wkh vroxwlrqv ri +<, iru vpdoo "1 Krzhyhu/ f ' MEwc f� iru doo
w/ ehfdxvh dw " ' f wkh dvvhwv duh shuihfw vxevwlwxwhv1 wEf� lv pxowlydoxhg vlqfh dq|
fkrlfh ri w vdwlv�hv wkh �uvw0rughu frqglwlrq +<, zkhq " ' f� Ixuwkhupruh/ f ' MEwc f�
iru doo w lpsolhv f ' MwEwc f� iru doo w/ ylrodwlqj wkh qrqvlqjxodulw| frqglwlrq lq wkh
LIW1 Wkhuhiruh/ zh fdqqrw xvh wkh LIW wr frpsxwh d Wd|oru vhulhv iru wE"� dw " ' f1

Iljxuh 4= Elixufdwlrq srvvlelolwlhv iru dvvhw ghpdqg sureohp

Wkh vlwxdwlrq lv glvsod|hg lq Iljxuh 41 Dv " fkdqjhv/ wkh htxloleulxp ghpdqg iru
htxlw|/ w/ iroorzv d sdwk olnh ��� ru olnh (.C8 1 Vlqfh wkh dvvhw ghpdqg sureohp lv
d frqfdyh rswlpl}dwlrq sureohp wkhuh lv d xqltxh sdwk ri vroxwlrqv wr wkh �uvw0rughu

6Sdjhv 84;084< lq Mxgg +4<<;, vkrz wkdw dowhuqdwlyh sdudphwhul}dwlrqv ri wkh irup ] @ 4. �}.

�
�
� iru � 9@ 5 ohdg wr vlqjxodulwlhv zklfk suhyhqw wkh dssolfdwlrq ri lpsolflw ixqfwlrq ru elixufdwlrq

wkhruhpv1
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frqglwlrqv zkhqhyhu " 9' f1 Dw " ' f/ krzhyhu/ wkh hqwluh " ' f krul}rqwdo d{lv lv dovr d
vroxwlrq wr wkh htxlw| ghpdqg sureohp1 Wkh sdwk ��� furvvhv wkh w d{lv yhuwlfdoo|
dqg uhsuhvhqwv d slwfkirun elixufdwlrq/ zkhuhdv wkh sdwk (.C8 furvvhv wkh w d{lv
reoltxho| dqg uhsuhvhqwv d wudqvfulwlfdo elixufdwlrq1 Wkh remhfwlyh lv wr �uvw �qg wkh
elixufdwlrq srlqw/ � ru ./ zkhuh wkh eudqfk ri htxlw| ghpdqg vroxwlrqv furvvhv wkh
wulyldo eudqfk ri vroxwlrqv wr wkh �uvw0rughu frqglwlrqv/ dqg wkhq frpsxwh d Wd|oru
vhulhv wkdw dssur{lpdwhv wE"� dorqj wkh qrqwulyldo eudqfk1

Frpsxwlqj wf1 Zh surfhhg lqwxlwlyho| wr ghulyh d vroxwlrq zklfk zh ydolgdwh
zlwk wkh Elixufdwlrq Wkhruhp1 Vlqfh zh zdqw wr vroyh iru w dv d ixqfwlrq ri " qhdu 3/
zh �uvw qhhg wr frpsxwh wf � *�4"<f wE"�1 Lpsolflw gl�huhqwldwlrq ri +<, zlwk uhvshfw
wr " lpsolhv

f ' MwEwE"�c "�w
�E"� nM"EwE"�c "�� +43,

Gl�huhqwldwlqj MEwc "� zlwk uhvshfw wr w dqg " lpsolhv

M"Ewc "� '

]

K

@

���Et � Ew5 n 2w"Z� E5 n "Z� n ��Et �Z _>

MwEwc "� '

]

K

@

���Et � E5 n "Z�2" _>

Dw " ' fc MwEwc f� ' f iru doo w1 Wkh ghulydwlyh w�Ef� fdq eh zhoo0gh�qhg lq +43, rqo|
li M"Ewc f� ' f1 Wkhuhiruh/ zh orrn iru wf gh�qhg e| f ' M"Ewfc f�1 Dw " ' f/ wklv

uhgxfhv wr +xvlqj wkh idfw wkdw
U

K

@
52 _> ' j2

5
' �, f ' ���E` � wf n ��E` �Z/ zklfk

lpsolhv

wf ' �
��E` �

���E` �
Z +44,

Wklv lv wkh vlpsoh sruwirolr uxoh lqglfdwlqj wkdw w lv wkh surgxfw ri ulvn wrohudqfh dqg
wkh ulvn suhplxp shu xqlw yduldqfh1 Li wf lv zhoo0gh�qhg/ wkhq wklv pxvw eh lwv ydoxh1

Wkhruhp ; vwdwhv wkh fulwlfdo uhvxow1

Wkhruhp ;1 Ohw +44, gh�qh wf1 Li MEwc "� lv dqdo|wlf dw Ewfc f�/ wkhq wkhuh lv dq
dqdo|wlf ixqfwlrq wE"� wkdw vdwlv�hv +<, vxfk wkdw wEf� ' wf dqg wE"� 9' f iru " 9' f1

Surri1 Gluhfw dssolfdwlrq ri wkh Elixufdwlrq Wkhruhp1
Wkh dvvxpswlrq lq Wkhruhp ; wkdwMEwc "� lv dqdo|wlf dw wf lv qrw wulyldoo| vdwlv�hg1

MEwc "� lv dq lqwhjudo dqg lv dqdo|wlf li �ES� lv dqdo|wlf ryhu wkh vhw ri S dw zklfk ��ES�
lv hydoxdwhg lq wkh lqwhjudqg ri MEwc "�/ ehfdxvh wkh lqwhjudo ri d srzhu vhulhv lv d
srzhu vhulhv1 Li wkh vxssruw ri > lv frpsdfw dqg � lv dqdo|wlf dw ` wkhq MEwc "�
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lv dqdo|wlf dw Ewfc f� vlqfh iru vpdoo "/ �
�ES� lv hydoxdwhg rqo| dw ydoxhv ri S forvh wr

` 1 Krzhyhu/ li > kdv lq�qlwh vxssruw wkhuh pd| eh sureohpv ehfdxvh ��ES� lq wkh
lqwhjudqg ri +<, lv hydoxdwhg ryhu dq lq�qlwh udqjh zkhqhyhu "c w 9' f1 Li wkh udglxv
ri frqyhujhqfh iru wkh srzhu vhulhv uhsuhvhqwdwlrq ri ��ES� edvhg dw ` lv �qlwh/ wkhq
lw zloo qrw eh ydolg dw vrph srlqwv lq wkh vxssruw ri >/ uhqghulqj wkh srzhu vhulhv
dssurdfk lqydolg1 Wklv zloo eh wkh fdvh/ iru h{dpsoh/ li �ES� ' *L} S dqg > lv wkh
phdvxuh iru d orj Qrupdo udqgrp yduldeoh1 Wkh udglxv ri frqyhujhqfh ri srzhu vhulhv
dssur{lpdwlrqv ri �ES� dw S ' ` lv d fulwlfdo hohphqw/ dv zhoo dv wkh dqdo|wlflw| ri
wkh ghqvlw| ixqfwlrq ri >1 Wkh qh{w fruroodu| suhvhqwv d vx!flhqw frqglwlrq iru xvlqj
wkh elixufdwlrq dssurdfk rq dq rshq qhljkerukrrg Q �

Fruroodu| <1 Gh�qh wf dv lq +44,1 Li �ES� lv dqdo|wlf dw S ' ` dqg wkh vxssruw ri
> lv frpsdfw/ wkhq wkhuh lv d ixqfwlrq wE"� dqdo|wlf dqg vdwlv�hv +<, rq E�"fc "f� iru
vrph "f : f zlwk wEf� ' wf dqg wE"� 9' f iru " 9' f lq E�"fc "f�1

Lq doo irupxodv ehorz/ zh zloo dvvxph wkdw wkh fulwlfdo ixqfwlrqv duh orfdoo| dqdo|wlf1

Frpsxwlqj w�Ef�1 Htxdwlrq +44, lv qrw dq dssur{lpdwlrq wr wkh sruwirolr fkrlfh
dw dq| sduwlfxodu yduldqfh1 Lqvwhdg/ wf lv wkh olplwlqj sruwirolr vkduh dv wkh yduldqfh
ydqlvkhv1 Zh jhqhudoo| qhhg wr frpsxwh vhyhudo whupv ri wkh Wd|oru vhulhv h{sdqvlrq
iru wE"�

wE"� ' wf n w
�

Ef�"n w
��

Ef�
"2

2
n w

���

Ef�
"�

S
n ���� +45,

Lq sduwlfxodu/ wkh olqhdu dssur{lpdwlrq lv

wE"�
�
' wEf� n " w�Ef�� +46,

Wr fdofxodwh w
�

Ef�/ gl�huhqwldwh +43, zlwk uhvshfw wr " wr �qg f ' Mww w
�w� n 2Mw" w

� n
Mww

��nM""1 Dw Ewfc f�/ M"" ' �
���

E` �w2
f
.i5�j/ Mww ' f/ dqg Mw" ' �

��

E` �1 Wkhuhiruh/

w�Ef� ' �
�

2
M3�

w"
M"" ' �

�

2

����E` �

���E` �
.i5�j w2

f
� +47,

Djdlq/ zh fdq xvh Fruroodu| < wr hvwdeolvk wkh h{lvwhqfh ri wkh ghulydwlyhv ri M iru
vrph udqgrp yduldeohv1

Htxdwlrq +47, whoov xv krz wkh vkduh ri zhdowk lqyhvwhg lq htxlw| fkdqjhv dv wkh
ulvnlqhvv lqfuhdvhv1 Lw kljkoljkwv wkh lpsruwdqfh ri wkh wklug ghulydwlyh ri xwlolw| dqg
wkh vnhzqhvv ri uhwxuqv1 Li wkh glvwulexwlrq ri ~ lv v|pphwulf/ wkhq .i5�j ' f/ dqg
wkh frqvwdqw wf lv wkh olqhdu dssur{lpdwlrq ri wE"� dw " ' f1 Wklv lv dovr wuxh li
����E` � ' f/ vxfk dv lq wkh txdgudwlf xwlolw| fdvh1 Wkh fdvh ri w�Ef� ' f fruuhvsrqgv
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wr d slwfkirun elixufdwlrq srlqw olnh � lq Iljxuh 41 Krzhyhu/ li wkh xwlolw| ixqfwlrq lv
qrw txdgudwlf dqg wkh ulvn| uhwxuq lv qrw v|pphwulfdoo| glvwulexwhg/ wkhq w�Ef� 9' f/
dqg wkh olqhdu dssur{lpdwlrq lv d qrqwulyldo ixqfwlrq ri xwlolw| fxuydwxuh dqg kljkhu
prphqwv ri wkh glvwulexwlrq1 Wklv lqglfdwhv wkdw wkh elixufdwlrq srlqw lv wudqvfulwlfdo
olnh . lq Iljxuh 41

Glylglqj erwk vlghv ri +47, e| wf lpsolhv

w�Ef�

wf
'

�

2

�
�

E-�

���E-�

����E-�

���E-�
Z .i5�j +48,

Htxdwlrq +48, h{suhvvhv wkh uhodwlyh fkdqjh lq htxlw| ghpdqg dv " lqfuhdvhv lq whupv ri
vnhzqhvv/ .i5�j/ wkh ulvn suhplxp/ Z/ dqg xwlolw| ghulydwlyhv1 Rxu irupxodv zrxog eh
xqlqwxlwlyh dqg fxpehuvrph li zh h{suhvvhg wkhp lq whupv ri �ES� dqg lwv ghulydwlyhv1
Iruwxqdwho|/ wkhuh duh vrph xvhixo xwlolw| sdudphwhuv zh fdq xvh1 Gh�qh wkh ixqfwlrqv

�ES� � �
��ES�

���ES�

4ES� �
� 2

2

����ES�

��ES�
'

�

2

��ES�

���ES�

����ES�

���ES�

Wkh ixqfwlrq �ES� lv wkh frqyhqwlrqdo ulvn wrohudqfh1 Wkh elixufdwlrq srlqw wf htxdov
�E` � Z/ wkh surgxfw ri ulvn wrohudqfh dw wkh ghwhuplqlvwlf frqvxpswlrq/ �E` �/ dqg
wkh sulfh ri ulvn/ Z1

Wkh gh�qlwlrq ri 4ES� lpsolhv wkdw +48, fdq eh h{suhvvhg dv

w�Ef�

wf
' 4E` � Z .i5�j +49,

Wklv prwlydwhv rxu gh�qlwlrq ri vnhz wrohudqfh17

Gh�qlwlrq 431 Vnhz wrohudqfh dw S lv

4ES� '
�

2

�
�

ES�

���ES�

�
���

ES�

���ES�

Vnhz wrohudqfh kdv dpeljxrxv vljq vlqfh wkh vljq ri ���� lv dpeljxrxv1 Li wkhuh lv
pruh xsvlgh srwhqwldo wkdq grzqvlgh ulvn/ wkhq vnhzqhvv lv srvlwlyh1 Li ���� : f/ dq
lqfuhdvh lq vnhzqhvv zloo fdxvh dvvhw ghpdqg wr lqfuhdvh dv ulvnlqhvv lqfuhdvhv1 Zh
vxvshfw wkdw lqyhvwruv suhihu srvlwlyho| vnhzhg uhwxuqv/ kroglqj phdq dqg yduldqfh

7Vnhz wrohudqfh lv reylrxvo| uhodwhg wr suxghqfh/ dv gh�qhg lq Nlpedoo +4<<3,/ exw zh gr qrw
sxuvxh wkrvh frqqhfwlrqv khuh1
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frqvwdqw1 Iru h{dpsoh/ ���� : f iru wkh FUUD dqg FDUD idplolhv ri xwlolw| ixqfwlrqv1
Zh qhyhu dvvxph wklv/ exw wklv fdvh surylghv xv zlwk vrph lqwxlwlrq iru wkh uhvxowv1
Wkhuh duh pdq| zd|v wr pdqlsxodwh wkh h{suhvvlrq lq +47,1 Zh fkrvh rxu gh�qlwlrq
ri vnhz wrohudqfh ehfdxvh ri wkh h{suhvvlrq lq +49, dqg wkh lqwxlwlyh uroh lw sod|v lq
fulwlfdo h{suhvvlrqv ehorz1

Wkh olqhdu dssur{lpdwlrq +46, pd| qrw eh vx!flhqw1 Wr frpsxwh w��Ef�/ gl�huhq0
wldwh +43, zlwk uhvshfw wr " dw " ' f wr �qg

�Mw"w
��Ef� ' �E�Mw""w

�Ef� n �Mww"Ew
�Ef��2 nM"""� +4:,

Htxdwlrq +4:, lv olqhdu lq w��Ef�1 Vlqfh Mw" 9' f dw Ewfc f�/ w
��Ef� h{lvwv dqg lv xqltxho|

gh�qhg e| +4:,1 Wr h{suhvv w��Ef�/ zh gh�qh nxuwrvlv wrohudqfh1

Gh�qlwlrq 441 Nxuwrvlv wrohudqfh dw S lv

VES� ' �
�

�

�
����

ES�

���ES�

�
�

ES�

���ES�

�
�

ES�

���ES�

Vroylqj +4:, dw " ' f vkrzv wkdw

w��Ef�

wf
' Z2

�

ES4E` �� 2� n e4E` �2.i5�j2 n VE` �.i5ej
�

+4;,

Htxdwlrq +4;, vd|v wkdw wkh lpsdfw ri nxuwrvlv rq htxlw| ghpdqg lv sursruwlrqdo wr
wkh vtxduh ri wkh sulfh ri ulvn dqg wkh nxuwrvlv wrohudqfh1

Zh frxog frqwlqxh wklv lqgh�qlwho| li � lv orfdoo| dqdo|wlf/ dq dvvxpswlrq vdwlv�hg
e| vwdqgdug xwlolw| ixqfwlrqv1 Ri frxuvh/ wkh whupv ehfrph lqfuhdvlqjo| frpsoh{1
Zh hqg khuh vlqfh lw looxvwudwhv wkh pdlq lghdv dqg wkhvh uhvxowv duh wkh rqo| rqhv
qhhghg iru wkh dssolfdwlrqv ehorz1 Wkh jhqhudo surfhgxuh lv fohdu1 Frpsxwlqj wkh
kljkhu0rughu whupv lv vwudljkwiruzdug vlqfh dq| sduwlfxodu ghulydwlyh lv wkh vroxwlrq
wr olqhdu htxdwlrqv vlplodu wr +4:, rqfh zh kdyh frpsxwhg orzhu0rughu ghulydwlyhv1

Vdpxhovrq*v Phwkrg1 Vdpxhovrq ^55` dovr h{dplqhg wkh sureohp ri dvvhw gh0
pdqg zlwk vpdoo ulvnv1 Zh qrz looxvwudwh wkh uhodwlrqvklsv ehwzhhq rxu elixufdwlrq
dssurdfk dqg Vdpxhovrq*v phwkrg1 Vdpxhovrq*v phwkrg uhsodfhg �Et � zlwk d sro|0
qrpldo dssur{lpdwlrq edvhg dw wkh ghwhuplqlvwlf frqvxpswlrq/ dv lq

�E` n wE"5 n "2Z��
�
' �E` � n "w5��E` �

n
"2

2

�

2wZ2��E` � n w252���E` �
�

n
"�

S

�

S5Z2w2���E` � n w�5�����E` �
�

n ���



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv 4:

Zkhq zh xvh wkh txdgudwlf dssur{lpdwlrq lq wkh �uvw0rughu frqglwlrq +;, zh duulyh
dw wkh htxdwlrq f ' EZ��E` � n w���E` �� "2 n �E"��/ zklfk/ wr �E"�c lpsolhv wE"�

�
'

�E��E` �*���E` ��Z/ rxu elixufdwlrq srlqw1
Krzhyhu/ wkh Vdpxhovrq phwkrg gl�huv iurp rxuv iru kljkhu0rughu dssur{lpd0

wlrqv1 Vdpxhovrq*v vhfrqg0rughu dssur{lpdwlrq lv frpsxwhg e| xvlqj wkh wklug0rughu
dssur{lpdwlrq ri �Et � lq wkh �uvw0rughu frqglwlrq +;,/ lpso|lqj

f
�
' EZ��E` � n w���E` �� "2 n "�

�

2
w2.i5�j����E` � +4<,

zklfk lv d txdgudwlf htxdwlrq zlwk vroxwlrq

wE"�
�
'

����E` � n
s

���E` �2 � 2Z.i5�j"����E` ���E` �

.i5�j����E` �"
+53,

Rqh frxog duulyh dw rxu �uvw0rughu ghulydwlyh lq htxdwlrq +47, e| gl�huhqwldwlqj +53,
zlwk uhvshfw wr " dw " ' f1 Wkh wzr phwkrgv duh frqvlvwhqw dqg ri vlplodu frpsoh{lw|
iru wkh �uvw0rughu dssur{lpdwlrq lq d wzr0dvvhw sureohp1 Krzhyhu/ wkh dv|pswrwlf
dssurdfk zh sxuvxh khuh ehfrphv uhodwlyho| pruh h!flhqw dv zh pryh wr kljkhu0rughu
dssur{lpdwlrqv dqg wr pruh dvvhwv1 Vdpxhovrq*v dssurdfk jhqhudoo| uhtxluhv vroylqj
qrqolqhdu htxdwlrqv/ dv zdv wkh fdvh lq htxdwlrq +4<,� Wkh htxdwlrqv ehfrph pruh
gl!fxow wr vroyh/ dqg duh lpsrvvleoh wr vroyh h{dfwo| eh|rqg wkh irxuwk rughu vlqfh
wkhuh lv qr forvhg0irup vroxwlrq iru sro|qrpldov ri ghjuhh �yh dqg kljkhu1 Rxu elixu0
fdwlrq phwkrg xvhv olqhdu rshudwlrqv wr frpsxwh dv|pswrwlfdoo| ydolg dssur{lpdwlrqv
ri wkh ixqfwlrq wE"�1 Wkhuhiruh/ zh fdq hdvlo| ghulyh hdfk whup dqg jr wr dq duelwudu|
rughu dv orqj dv wkh qhfhvvdu| prphqwv dqg ghulydwlyhv h{lvw1

Wkh pdlq uhdvrq iru sxuvxlqj wkh dv|pswrwlf dssurdfk lv lwv delolw| wr ghulyh
hfrqrplfdoo| lqwhuhvwlqj uhvxowv1 Htxdwlrq +53, vkrzv wkdw olqhdu0txdgudwlf dssur{0
lpdwlrqv zrxog qrw eh dv jrrg dv kljkhu0rughu dssur{lpdwlrqv vlqfh htxdwlrq +53,
lqyroyhv wkh vnhzqhvv ri ~ dqg wkh wklug ghulydwlyh ri xwlolw|1 Krzhyhu/ Vdpxhovrq
frqmhfwxuhg wkdw OT dssur{lpdwlrqv duh suredeo| dghtxdwh lq dfwxdo hfrqrplf sure0
ohpv1 Wklv sdshu jlyhv h{dpsohv zkhuh wkh olqhdu0txdgudwlf dssur{lpdwlrq zrxog
eh xquholdeoh/ dqg kljkhu0rughu dssur{lpdwlrqv duh qhfhvvdu| wr dqvzhu fulwlfdo txhv0
wlrqv1

7151 Ghpdqg zlwk Wkuhh Dvvhwv1 Zh dssolhg wkh U� yhuvlrq ri wkh Elixufdwlrq
Wkhruhp wr wkh wzr0dvvhw fdvh1 Zh qh{w dqdo|}h wkh wkuhh0dvvhw fdvh wr vkrz wkh
jhqhudolw| ri wkh phwkrg dqg looxvwudwh wkh nh| pxowlyduldwh ghwdlov1 Frqvlghu djdlq
rxu lqyhvwru prgho exw zlwk wkuhh dvvhwv1 Wkh erqg |lhogv rqh groodu shu groodu
lqyhvwhg dqg ulvn| dvvhw � |lhogv ~� grooduv shu groodu lqyhvwhg/ iru � ' �c 2� Ohw
w� ghqrwh wkh sursruwlrq ri zhdowk lqyhvwhg lq ulvn| dvvhw �� Ilqdo zhdowk lv t '
E` � w� � w2�n w�~� n w2~2� Wkh lqyhvwru fkrrvhv w� wr pd{lpl}h . i�Et �j1 Wr



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv 4;

dsso| wkh Elixufdwlrq Wkhruhp/ zh dvvxph wkdw ~� ' � n "5� n "2Z�� Zlwkrxw orvv
ri jhqhudolw|/ zh dvvxph wkdw . i5�j ' f1 Ohw j2

� ' . i52� j eh wkh yduldqfh ri ulvn|
dvvhw �*v uhwxuq dqg j�2 ' . i5�52j wkh fryduldqfh1 Zh dvvxph wkdw wkh dvvhwv duh
qrw shuihfwo| fruuhodwhg> khqfh/ j2

�j
2

� 9' Ej���
2 �

Wkh �uvw0rughu frqglwlrq iru ulvn| dvvhw � lv ".
�

�
�

Et �E"Z� n 5��
�

' f1 Wkh dv0
vhw ghpdqg ixqfwlrqv w�E"� duh gh�qhg lpsolflwo| e| MEw�c w2c "� G U� $ U2 zkhuh
M�Ew�c w2c "� � .

�

�
�

Et �E"Z� n 5��
�

/ � ' �c 2� Wr lqyrnh Wkhruhp :/ zh �uvw qrwh wkdw
MwEw�c w2c f� ' f2f2 iru doo Ew�c w2�1 Zh frpsxwh d fdqglgdwh elixufdwlrq srlqw e|
vroylqj M"Ew�c w2c f� ' f� Gluhfw frpsxwdwlrq vkrzv

M"Ew�c w2c f� ' �
�

E` �

�

Z�

Z2

�

n �
��

E` �P

�

w�
w2

�

zkhuh P lv wkh yduldqfh0fryduldqfh pdwul{ ri wkh ulvn| uhwxuqv E5�c 52�1 Wkh vroxwlrq
ri wkh elixufdwlrq htxdwlrq M"Ew�c w2c f� ' f lv

�

w�Ef�
w2Ef�

�

' �
�

�

E` �

���E` �
P3�

�

Z�

Z2

�

Zh qhhg wr yhuli| wkh qrqvlqjxodulw| ri Mw" dw Ew�Ef�c w2Ef�c f�� Gluhfw frpsxwdwlrq
vkrzv wkdw Mw"Ew�Ef�c w2Ef�c f� ' �

��

E` �P iru doo w�c w2� Wkh ghwhuplqdqw ri Mw" dw
Ew�Ef�c w2Ef�c f� lv �

��

E` �Ej2

�
j2

2
� Ej�2�

2�c zklfk lv qrq}hur dv orqj dv dvvhwv 4 dqg 5
duh qrw shuihfwo| fruuhodwhg1

Wkhvh fdofxodwlrqv vkrz wkdw doo wkh frqglwlrqv lq Wkhruhp : krog iru rxu prgho1
Khqfh/ wkh elixufdwlrq wkhruhp iru U2 hqvxuhv wkh h{lvwhqfh ri dqdo|wlf ixqfwlrqv w�E"�
dqg w2E"� zklfk vdwlvi| MEw�E"�c w2E"�c "� ' f lq vrph qhljkerukrrg ri " ' f� Wklv
surfhgxuh fdq eh dssolhg iru dq duelwudu| qxpehu ri dvvhwv1 Zh fdq dovr surgxfh
kljkhu0rughu h{sdqvlrqv dv orqj dv wkh qhfhvvdu| prphqwv dqg ghulydwlyhv h{lvw1 Zh
qh{w xvh wkhvh lghdv wr frpsxwh dvvhw pdunhw htxloleulxp1

81 Dvvhw Pdunhw Htxloleulxp zlwk Rqh Ulvn| Dvvhw

Zh qrz wdnh rxu sruwirolr fkrlfh dqdo|vlv dqg wxuq lw lqwr dq htxloleulxp dqdo|vlv81
Zh dvvxph d wzr0shulrg prgho/ shulrg 3 dqg shulrg 4/ zlwk qr frqvxpswlrq lq shulrg
31 Djhqwv wudgh dvvhwv lq shulrg 3 dqg frqvxph wkh dvvhw sd|r�v lq shulrg 41 Rqh
erqg |lhogv 4 xqlw ri frqvxpswlrq lq shulrg 4> wkh erqg vhuyhv dv rxu qxphudluh lq
shulrg 31 Hdfk vkduh ri htxlw| kdv sulfh R lq shulrg 3 dqg kdv d udqgrp shulrg 4 ydoxh
ri �n "5 xqlwv ri frqvxpswlrq zkhuh 5 lv d udqgrp yduldeoh zlwk �qlwh prphqwv1 Zh

8Fkldssrul hw do1 +4<<5, xvhg vlplodu phwkrgv wr suryh wkh h{lvwhqfh ri vxqvsrw htxloleuld qhdu
ghwhuplqlvwlf vwhdg| vwdwhv lq ryhuodsslqj jhqhudwlrqv prghov1 Zh jr wkurxjk wkh ghwdlov ri rxu
dssolfdwlrq vlqfh wkh| duh vxevwdqwldoo| gl�huhqw wkdq wkh dssolfdwlrq lq Fkldssrul hw do1
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dvvxph .i5j ' f dqg .i52j ' �1 Iru hdfk ydoxh ri " zh kdyh dq dvvhw pdunhw zlwk
wzr dvvhwv> zh fdoo wkdw hfrqrp| wkh "0hfrqrp|1

Zh dvvxph wzr w|shv ri wudghuv1 W|sh � wudghuv kdyh lqlwldo hqgrzphqwv ri �e
�

xqlwv ri wkh erqg dqg we
� vkduhv ri htxlw|1 Wkh xwlolw| ri d w|sh � wudghu lv �� Et��/

d frqfdyh ixqfwlrq/ zkhuh t� lv wkh �qdo zhdowk dqg frqvxpswlrq ri w|sh � wudghuv1
Wkh vxsso| ri htxlw| lv �{hg dw wkh hqgrzphqw we� n we21 Zlwkrxw orvv ri jhqhudolw|/
zh dvvxph we� n we2 ' �> wklv lpsolhv wkdw 5 ghqrwhv djjuhjdwh ulvn lq wkh djjuhjdwh
hqgrzphqw1 Ohw w� eh wkh vkduhv ri htxlw| dqg �� wkh ydoxh ri erqgv khog e| wudghu
� diwhu wudglqj lq shulrg 31 Wkh �qdo zhdowk iru wudghu � lv t� ' w�E� n "5� n ���
Hdfk wudghu ri w|sh � fkrrvhv w� wr pd{lpl}h klv h{shfwhg xwlolw| .i��Et��j/ vxemhfw
wr wkh exgjhw frqvwudlqw �� n w�R ' �e

� n we�R1 Klv �uvw0rughu frqglwlrq iru w� lv
.i�

�

�Et��E� n "5 � R�j ' f1 Pdunhw fohdulqj lpsolhv w� n w2 ' we� n we2 ' �1 Gh�qh
w ' w�> wkhq w2 ' �� w1 Iru hdfk "0hfrqrp|/ zh zdqw wr �qg wkh htxloleulxp ydoxhv
ri w dqg R> ohw wE"� dqg RE"� eh wkh htxloleulxp ydoxhv ri w dqg R lq wkh "0hfrqrp|1
Wkh htxloleulxp ydoxhv ri wE"� dqg RE"� pxvw vdwlvi| wkh htxloleulxp sdlu ri htxdwlrqv

M�EwE"�c RE"�c "� ' .i�
�

�Et��E� n "5 � RE"��j ' fc � ' �c 2 +54,

zklfk duh lpsolhg e| wkh djhqwv* �uvw0rughu frqglwlrqv1
Htxdwlrq +54, lpsolflwo| gh�qhv Ew E"� c R E"��1 Krzhyhu/ wkh LIW fdqqrw eh dssolhg

wr dqdo|}h +54, durxqg " ' f1 Vlqfh wkh dvvhwv duh shuihfw vxevwlwxwhv dw " ' f/ wkh|
pxvw wudgh dw wkh vdph sulfh> khqfh/ REf� ' �� Krzhyhu/ wEf� lv lqghwhuplqdwh ehfdxvh
MEwc Rc f� ' f/ iru doo w� Wkh lqghwhuplqdf| ri w lpsolhv wkdw MwEwc �c f� ' f/ uxolqj
rxw dssolfdwlrq ri wkh LIW1

Zh zdqw wr dsso| wkh Elixufdwlrq Wkhruhp/ exw zh fdqqrw dsso| lw wr MEwc Rc f�
ehfdxvhMwEwc �c f� 9' f1 Lqwxlwlyho|/ wkh Elixufdwlrq Wkhruhp suhvhqwhg deryh uhtxluhv
wkdw erwk w dqg R duh lqghwhuplqdwh dw " ' f1 Pruhryhu/ zh nqrz R�Ef� li lw h{lvwv1
Lpsolflw gl�huhqwldwlrq ri MEwE"�c RE"�c "� zlwk uhvshfw wr " lpsolhv

M�
wEwc Rc "�w

�

E"� nM�
REwc Rc "�R

�

E"� nM�
"Ewc Rc "� ' f�

Iru hdfk �/ M�
wEwc REf�c f� ' f iru doo w vlqfh REf� ' �1 Wkhuhiruh/ li RE"� lv gl�huhqwldeoh

dw " ' f/ wkhq

f ' M�
REwc Rc f�R

�

Ef� nM�
"Ewc Rc f� '

�

. i5j � R
�

Ef�
�

�
�

�ES��

iru � ' �c 2c zkhuh S� ' �e
� n we� lv frqvxpswlrq lq wkh qr0ulvn fdvh1 Vlqfh �

�

�ES�� lv
qhyhu }hur/ R

�

Ef� ' . i5j ' f pxvw krog li wE"� dqg RE"� duh gl�huhqwldeoh dw " ' f�
Wkhuhiruh/ zh kdyh lqghwhuplqdf| ri wEf� exw wkhuh lv rqo| d vlqjoh srvvleoh ydoxh
iru erwk REf� dqg R

�

Ef�� Wklv suhyhqwv xv iurp xvlqj Wkhruhp : gluhfwo| vlqfh wkh
Mdfreldq pdwul{ M�

EwcR� lv qrw d }hur pdwul{1
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Wklv sureohp lv vroyhg e| uhirupxodwlqj wkh sureohp lq whupv ri wkh sulfh ri ulvn/
qrw wkh sulfh ri wkh htxlw|1 Pruh suhflvho|/ zh dvvxph wkh htxlw| sulfh sdudphwhul}d0
wlrq

RE"� ' �� "2ZE"� +55,

zkhuh ZE"� lv wkh ulvn suhplxp lq wkh "0hfrqrp|1 Vlqfh j2

5
' �/ "2 lv wkh yduldqfh ri

ulvn dqg ZE"� lv wkh ulvn suhplxp shu xqlw yduldqfh1 Vlqfh zh h{shfw wkh ulvn suhplxp
wr ghsuhvv wkh sulfh ri htxlw|/ zh xvh wkh irup lq +55,1

Zh kdyh dvvxphg wkh sdudphwhul}dwlrq lq +55, exw zh kdyh qrw suryhg dq|wklqj
|hw1 Zh qrz qhhg wr vkrz wkdw wklv sdudphwhul}dwlrq lv frqvlvwhqw zlwk Wkhruhp :1
Wr fkhfn wkh vx!flhqw frqglwlrqv lq Wkhruhp :/ zh uhirupxodwh htxloleulxp dv wkh
v|vwhp ri htxdwlrqv

f ' K�Ewc Zc "� � .
q

�
�

�Et�� E5 � "Z�
r

' f� +56,

zkhuh K�Ewc Zc "� ' "3�M�Ewc �� "2Zc "�/ � ' �c 21 Lw lv fohdu wkdw Ewc Zc "� vdwlvi| +56,
li dqg rqo| li wkh| dovr vdwlvi| +54,1

Wkh sdudphwhul}dwlrq lq +55, dqg wkh htxloleulxp fkdudfwhul}dwlrq lq +56, qrz
doorz xv wr dsso| wkh Elixufdwlrq Wkhruhp1 Wkh ixqfwlrqv K�Ewc Zc "� kdyh wkh gh0
jhqhudf| dvvxphg lq Wkhruhp : vlqfh K�

wEwc Zc f� ' K�
ZEwc Zc "� ' f iru doo Ewc Z�1

Lqwxlwlyho|/ dw " ' f/ dq| sruwirolr vdwlv�hv wkh �uvw0rughu frqglwlrqv vlqfh doo dvvhwv
duh shuihfw vxevwlwlwxwhv dqg dq| sulfh ri ulvn/ Z/ lv frqvlvwhqw zlwk htxloleulxp vlqfh
wkh wrwdo dprxqw ri ulvn lv }hur1 Wkh Mdfreldq pdwul{

KEwcZ�c" '

�

K�
w"EwEf�c ZEf�c f� K�

Z"EwEf�c ZEf�c f�
K2

w"EwEf�c ZEf�c f� K2
Z"EwEf�c ZEf�c f�

�

'

�

�
��

� ��
�

�

�
��

2 �
�

2

�

kdv ghwhuplqdqw �
��

��
�

2n�
�

��
��

2 	 f1 Wkhuhiruh/ doo wkh vx!flhqw frqglwlrqv ri Wkhruhp :
krog/ dqg wkh Elixufdwlrq Wkhruhp surylghv d orfdo surri ri h{lvwhqfh dqg xqltxhqhvv
ri vroxwlrqv EwE"�c ZE"�� wr +56,1 Wkhruhp 45 vxppdul}hv wkh uhvxow1

Wkhruhp 451 Li ��ES� lv orfdoo| dqdo|wlf iru S qhdu �e

�
n we

�
/ � ' �c 2/ dqg KEwc Zc "�

lv orfdoo| dqdo|wlf qhdu d vroxwlrq Ewfc Zf� wr K"Ewc Zc f� ' f/ wkhq wkhuh lv vrph
"f : f vxfk wkdw iru doo " 5 E�"fc "f� wkhuh lv d xqltxh dqdo|wlf htxloleulxp vhohfwlrq
EwE"�c ZE"�� vxfk wkdw KEwE"�c ZE"�c "� ' f1

Wkh edvlf dssurdfk wr xvlqj wkh Elixufdwlrq Wkhruhp lv wr jxhvv vrph sdudphwhul0
}dwlrq iru wkh xqnqrzq ixqfwlrqv dqg wkhq xvh wkh Elixufdwlrq Wkhruhp wr fkhfn wkdw
lw lv fruuhfw dqg fdq surgxfh d orfdoo| dqdo|wlf dssur{lpdwlrq1 Vrph ri wkh fkrlfhv



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv 54

Iljxuh 5= Elixufdwlrq ri Htxloleulxp Fruuhvsrqgdqfh

zh pdgh/ sduwlfxoduo| wkh frqvwuxfwlrq ri +55, dqg +56,/ pd| dsshdu duelwudu|/ exw
wkhlu xvh lv ydolgdwhg e| wkh Elixufdwlrq Wkhruhp1 Rxu irupxodwlrq lv hfrqrplfdoo|
lqwxlwlyh1 Iru h{dpsoh/ +55, mxvw vd|v wkdw ulvn suhpld duh sursruwlrqdo wr yduldqfh1
Wkhuhiruh/ dssolfdwlrq ri wkhvh lghdv wr pruh frpsoh{ sureohpv lv qrw gl!fxow dv
orqj dv zh uhphpehu wkh lqwxlwlrq ehklqg rxu frqvwuxfwlrq1 Wkhuh duh pruh frpsoh{
yhuvlrqv ri wkh Elixufdwlrq wkhruhp zklfk zrxog ohdg pruh gluhfwo| wr +55, dqg +56,>
vhh ]hlgohu ^59`1 Zh suhihu wkh dssurdfk xvhg khuh vlqfh lw lv vwudljkwiruzdug rqfh
rqh xvhv hfrqrplf lqwxlwlrq wr duulyh dw +55, dqg +56,1

Iljxuh 5 glvsod|v wkh jhrphwu| ri wkh elixufdwlrq lq +56,1 Zkhq " ' f/ wkh hqwluh
w � Z sodqh frqvwlwxwhv dq htxloleulxp1 Krzhyhu/ iru qrq}hur " zh kdyh d orfdoo|
xqltxh htxloleulxp1 Lq Iljxuh 5 wkh fxuyh ��� uhsuhvhqwv wkh htxloleulxp pdqlirog1

Zh fdq qrz surfhhg wr frpsxwh dv|pswrwlf h{suhvvlrqv iru EwE"�c ZE"��1 Gl0
uhfw frpsxwdwlrq vkrzv wkdw wkh elixufdwlrq srlqw Ewf/ Zf� iru +56, lv gh�qhg e|
K�

"
Ewfc Zfc "� ' fc � ' �c 2/ dqg vdwlv�hv wkh olqhdu htxdwlrqv=

��
�

�
ES��Zf n �

��

�
ES��wf ' f +57,

�
�

2
ES2�Zf n �

��

2
ES2�wf ' �

��

2
ES2�

zkhuh S� ' �e

�
n we

�
1 Wkh olqhdu htxdwlrqv lq +57, lpso| wkh xqltxh fdqglgdwh elixufd0

wlrq srlqw

wf '
� �

�� n �2
c Zf '

�

�� n �2
+58,
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zkhuh � � lv hydoxdwhg dw S� ' �e

�
n we

�
/ frqvxpswlrq lq wkh ghwhuplqlvwlf olplw� Wkhvh

irupxodv iru wf dqg Zf duh lqwxlwlyh> wkh � � whupv duh wkh lqglylgxdo ulvn wrohudqfhv
dw " ' f/ dqg wkh ghqrplqdwru lv wkhlu vxp/ zklfk lv wkh vrfldo ulvn wrohudqfh1 Wkh
uhvxowv duh erwk yhu| lqwxlwlyh1 Wkh htxloleulxp ulvn suhplxp lv wkh lqyhuvh ri wrwdo
ulvn wrohudqfh1 Dovr/ wkh iudfwlrq ri htxlw| khog e| lqyhvwru � htxdov klv frqwulexwlrq
wr vrfldo ulvn wrohudqfh1 Wkhvh vroxwlrqv uhvhpeoh wkh lqwxlwlyh uhvxowv iurp phdq0
yduldqfh prghov1

Wkh vroxwlrq lq +58, mxvw whoov xv zkdw wkh olplw sruwirolr lv dv yduldqfh jrhv wr
}hur1 Zh zdqw wr nqrz zkdw wkh htxloleulxp sruwirolr lv iru qrq}hur yduldqfh1 Wklv
uhtxluhv frpsxwlqj wkh ghulydwlyhv w

�

Ef� dqg Z
�

Ef�� Ixuwkhu lpsolflw gl�huhqwldwlrqv
ri K� |lhog Ew

�

Ef�c Z
�

Ef�� dqg dq| rwkhu kljkhu0rughu ghulydwlyh1

Wkhruhp 461 Wkh �uvw0rughu ghulydwlyhv ri wkh htxloleulxp fruuhvsrqghqfh EwE"�c ZE"��
dw " ' f duh

w�Ef� '
��

� � n � 2

�2
� � n � 2

4
�
� 4

2

� � n � 2
.
�

5�
�

+59,

Z�Ef� ' �

�

� �
�� n �2

4� n
�2

� � n � 2
42

�

. i5�j

E�� n � 2�
2

+5:,

Wkhuhiruh/ w|sh 4 lqyhvwruv lqfuhdvh wkhlu kroglqjv ri htxlw| dv " lqfuhdvhv li E4
�
�

42�. i5�j : f/ dqg wkh ulvn suhplxp shu xqlw yduldqfh ghfuhdvhv dv " lqfuhdvhv li
. i5�j : f1

Surri1 Dsso| +9,1
Wkhruhp 46 jlyhv xv rxu �uvw0rughu dssur{lpdwlrq wr wE"� ' wfn "w�Ef�1 Zh qhhg

wr eh fohdu zkdw wklv whoov xv1 Iru h{dpsoh/ li w�Ef� : f wkhq zh nqrz wkdw iru doo " : f
vx!flhqwo| forvh wr wf/ wE"� h{fhhgv wf/ dqg wkdw wE"� jurzv dw udwh w�Ef�1 Zh nqrz
wklv ehfdxvh wE"� lv orfdoo| dqdo|wlf/ lpso|lqj wkdw rxu Wd|oru vhulhv dssur{lpdwlrqv
duh ydolg iru " vx!flhqwo| forvh wr " ' f1 Wklv frxog eh uhyhuvhg iru odujh " zlwk wE"�
ohvv wkdq wf1 Exw/ iru vx!flhqwo| vpdoo "/ htxdwlrqv +59, dqg +5:, whoo xv suhflvho|
krz wE"� dqg Z E"� ehkdyh1

Wkhruhp 46 lv hfrqrplfdoo| lqwxlwlyh1 Htxdwlrq +59, vkrzv wkdw wkh htxlw| krog0
lqjv ri d w|sh 4 lqyhvwru duh juhdwhu wkdq wf li " lv vpdoo dqg srvlwlyh/ li vnhzqhvv/
. i5�j/ lv srvlwlyh/ dqg li klv vnhz wrohudqfh h{fhhgv wkh vnhz wrohudqfh ri w|sh 5
lqyhvwruv/ zkhuh zh hydoxdwh vnhz wrohudqfh dw wkh " ' f doorfdwlrqv1 Htxdwlrq +5:,
vkrzv wkdw wkh ulvn suhplxp zloo ghfuhdvh dv " lqfuhdvhv +dqg wkh sulfh ri htxlw|
uhodwlyh wr erqgv zloo lqfuhdvh, li vnhzqhvv lv srvlwlyh1 Wkh pdjqlwxgh ri wkh fkdqjh
ghshqgv rq d zhljkwhg vxp ri wkh vnhz wrohudqfhv/ zkhuh wkh zhljkwv duh wkh olplw
sruwirolr kroglqjv1 Qrwlfh wkdw zh jhw wkhvh uhvxowv iru dq| xwlolw| ixqfwlrq/ qrw mxvw
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iru FUUD xwlolw| ixqfwlrqv ru rwkhu idplolhv wkdw kdyh ���� : f1 Wkh uhvxowv lq Wkh0
ruhp 46 uhvhpeoh wkh vw|oh ri dqdo|vlv lq Mrqhv ^45`1 Mrqhv h{dplqhv wkh lpsdfw ri
fkdqjhv lq hqgrzphqwv rq htxloleulxp/ zkhuhdv zh duh h{dplqlqj wkh fkdqjh lq dvvhw
pdunhw htxloleulxp dv zh pryh dzd| iurp wkh ghwhuplqlvwlf fdvh1 Wkh sureohpv duh
hfrqrplfdoo| gl�huhqw exw wkh pdwkhpdwlfdo lghd lv wkh vdph= xvh lpsolflw ixqfwlrq
wkhruhpv ru wkhlu jhqhudol}dwlrqv wr dqdo|}h wkh lpsdfw ri vpdoo fkdqjhv lq sdudphwhuv
rq htxloleulxp1

Wkh ghulydwlyhv w
�

Ef� ru Z
�

Ef� frxog eh }hur1 Wklv grhv qrw phdq wkdw wE"� ru ZE"�
lv frqvwdqw iru vpdoo "1 Lw mxvw phdqv wkdw wkh orfdo ehkdylru lv jryhuqhg e| kljkhu0
rughu whupv lq wkh h{sdqvlrq1 Iru h{dpsoh/ li . i5�j ' f/ wkhq w

�

Ef� ' Z
�

Ef� ' f
dqg wkh orfdo ehkdylru ri wEf� dqg ZEf� lv jryhuqhg e| w��Ef� dqg Z��Ef�/ zklfk ghshqg
rq wkh nxuwrvlv . i5ej dqg irxuwk0rughu surshuwlhv ri �ES�1 Zh gr qrw sxuvxh wkhvh
kljkhu0rughu lvvxhv lq wklv sdshu vlqfh Wkhruhp 46 lv dghtxdwh iru wkh dqdo|vlv ehorz1

91 Dvvhw Pdunhw Htxloleulxp zlwk d Ghulydwlyh Dvvhw

Wkh suhylrxv vhfwlrq h{dplqhg d pdunhw zlwk rqo| d erqg dqg d vwrfn1 Lq wklv
vhfwlrq/ zh frpsduh pdunhwv zlwk gl�huhqw dvvhw vsdqv1 Lq sduwlfxodu/ zh lqwurgxfh d
qhz ghulydwlyh dvvhw lqwr wkh pdunhw dqg frpsxwh dv|pswrwlfdoo| ydolg h{suhvvlrqv iru
htxloleulxp1 Wkh uhvxowv doorz xv wr vlqjoh rxw lpsruwdqw idfwruv iru wkhvh h{suhvvlrqv1

Zh dvvxph wkdw wkh ghulydwlyh sd|v "+ dqg kdv sulfh ^E"� lq wkh "0hfrqrp|1 Zh
dovr dvvxph wkdw + ' sE5�/ zklfk pdnhv + d ghulydwlyh vhfxulw|/ vxfk dv dq rswlrq1 Zh
irufh wkh sd|r� ri wkh ghulydwlyh wr eh }hur zkhq " ' f> khqfh/ ^Ef� ' f� Wklv lpsolhv
qr orvv ri jhqhudolw| vlqfh dq| sruwlrq ri wkh dvvhw*v uhwxuq zklfk lv ghwhuplqlvwlf
jlyhq " zloo eh htxlydohqw wr wkh erqg/ dgglqj qrwklqj wr wkh dvvhw vsdq1 Zh dvvxph
wkdw wkh qhw vxsso| ri wkh ghulydwlyh lv }hur vlqfh zh zdqw wr prgho wkh lqwurgxfwlrq
ri d ghulydwlyh vhfxulw|1 Iru lqvwdqfh/ + ' 4@ dfc E5�7�o uhsuhvhqwv d fdoo rswlrq/ dqg
"+ lv wkh fdoo rswlrq 4@ dfc "5� "7o zlwk vwulnh sulfh "71 Wklv pd| lqlwldoo| vhhp rgg/
exw lw lv d vwdqgdug rswlrq li " ' �1 Dovr/ li 8 E5� lv wkh fgi ri 5 wkhq wkh suredelolw|
ri h{huflvh/ 8 E7�/ lv xqd�hfwhg e| "1

Zh ghfrpsrvh + lqwr frpsrqhqwv wkdw duh vsdqqhg e| wkh vwrfn dqg erqg/ dqg
d frpsrqhqw ruwkrjrqdo wr wkh vwrfn dqg erqg1 Zh dvvxph

+ ' + n k5 n D +5;,

zkhuh + lv wkh phdq ri +/ k lv wkh fryduldqfh zlwk 5/ wkh ulvn| frpsrqhqw ri htxlw|/ dqg
d qrq}hur udqgrp yduldeoh D/ wkh lqqrydwlrq lq +1 Wkhuhiruh/ f ' . iDj ' . i5Dj1
Wklv irupxodwlrq lpsolflwo| dvvxphv wkdw pdunhwv duh lqlwldoo| lqfrpsohwh vlqfh zh
dvvxph wkdw D lv qrw vsdqqhg e| 4 dqg 51 Iru h{dpsoh/ li 5 lv d udqgrp yduldeoh zlwk
rqo| wzr srvvleoh ydoxhv/ wkhq wkh vwrfn dqg erqg vsdq wkh pdunhw dqg wkhuh lv qr
+ ' sE5� vxfk wkdw D lq +5;, lv qrw lghqwlfdoo| htxdo wr }hur91

9Zh frxog dgg vhfxulwlhv zklfk jhqhudwh udqgrp vkrfnv/ vxfk dv sxuh jdpeolqj1 Vlqfh lqyhvwruv
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Zh frpsxwh wkh htxloleulxp kroglqjv dqg sulfhv ri erwk dvvhwv1 Ohw w� dqg ��

eh wkh htxlw| dqg erqg kroglqjv/ dqg ohw �� eh wkh xqlwv ri + khog e| wudghu � diwhu
wudglqj1 Wkh �qdo zhdowk iru wudghu � lv t� ' w�E� n "5� n�� n ��"+/ dqg klv exgjhw
frqvwudlqw lv w�R n �� n ��^ ' �e

� n we�R1 Zkhq zh xvh wkh exgjhw frqvwudlqw wr
holplqdwh ��/ wkh �uvw0rughu frqglwlrqv iru w� dqg �� duh

.i�
�

�Et��E� n "5 � RE"��j ' fc � ' �c 2 +5<,

.i�
�

�Et��E"+ � ^E"��j ' fc � ' �c 2

Htxloleulxp lv gh�qhg e| frpelqlqj wkh �uvw0rughu frqglwlrqv ri w|sh 4 dqg w|sh 5
djhqwv zlwk wkh pdunhw fohdulqj frqglwlrqv> zh vkdoo frpsxwh wkh htxloleulxp ydoxhv
iru w�/ ��/ R/ dqg ^ dv ixqfwlrqv ri " lq vrph qhljkerukrrg ri " ' f� Ohw w dqg �
ghqrwh w� dqg ��> khqfh w2 ' �� w dqg �2 ' ��1 Vlplodu wr wkh dqdo|vlv ri suhylrxv
vhfwlrq/ wEf� dqg �Ef� duh lqghwhuplqdwh exw REf� ' � dqg ^Ef� ' f�

Zh qhhg wr ghwhuplqh dq dssursuldwh sdudphwhul}dwlrq iru wklv sureohp/ mxvw dv
zh glg lq wkh fdvh ri htxloleulxp zlwk rqh dvvhw1 Zh lpsolflwo| gl�huhqwldwh wkh irxu
�uvw0rughu frqglwlrqv lq +5<, zlwk uhvshfw wr "c dqg �qg wkdw gl�huhqwldelolw| ri ^ dqg
R dw " ' f uhtxluhv d. i+j�^�Ef�o�

�

�EE�
e
� nwe� �� ' f dqg d. i5j�R�Ef�o�

�

�EE�
e
� nwe� �� ' f�

Wkhuhiruh/ li ^ dqg Z duh zhoo ehkdyhg/ ^�Ef� ' + dqg R�Ef� ' . i5j ' f� Zh zdqw wr
vroyh iru wc �c Rcdqg ^ dv ixqfwlrqv ri "c dw ohdvw lq vrph qhljkerukrrg ri " ' fc dqg
zh qhhg REf� ' �/ R�Ef� ' . i5j ' f dqg ^Ef� ' fc ^�Ef� ' +� Zh fkrrvh wkh iroorzlqj
sdudphwhul}dwlrq=

RE"� ' �� "2ZE"�c ^E"� ' "+ � "2�E"� +63,

Zh qh{w fkhfn li wkh sdudphwhul}dwlrq lq +63, lv frqvlvwhqw zlwk Wkhruhp :1 Wkh
elixufdwlrq srlqw E�fc wfc Zfc �f� lv frpsxwhg e| vroylqj wkh v|vwhp ri olqhdu htxdwlrqv

5

9

9

7

�
��

�
j2

+ �
��

�
j+5 f ��

�

�

�
��

�
j+5 �

��

�
j2

5 ��
�

�
f

�
��

2
j+5 �

��

�
j2

5 �
�

2
f

�
��

2
j2

+ �
��

2
j+5 f �

�

2

6

:

:

8

5

9

9

7

�f

wf
Zf

�f

6

:

:

8

'

5

9

9

7

f
f
�

��

2
j2

5

�
��

2
j+5

6

:

:

8

zklfk kdv wkh xqltxh vroxwlrq

wf '
� �

�� n �2
c �f ' fc Zf '

�

�� n � 2
c �f '

j+5

�� n �2
� +64,

duh ulvn dyhuvh/ wkhuh lv qr ghpdqg iru vxfk dvvhwv1 Wkhuhiruh/ zh ljqruh dvvhwv zlwk sxuh qrlvh

sd|r�v1
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Wkh h{lvwhqfh ri vroxwlrqv iru �E"�/ wE"�/ ZE"�/ dqg �E"� qhdu wkh elixufdwlrq srlqw lv
hvwdeolvkhg e| dsso|lqj Wkhruhp : dw wkh fdqglgdwh elixufdwlrq srlqw +64,1 Ixuwkhu0
pruh/ wkh �uvw0rughu ghulydwlyhv Ew�Ef�c ��Ef�c Z�Ef�c ��Ef��/ wkh vhfrqg0rughu ghulyd0
wlyhv Ew

��

Ef�/ ���EEf�c Z
��

Ef�c �
��

Ef��/ dqg rwkhu ghulydwlyhv fdq eh rewdlqhg e| vroylqj
olqhdu v|vwhpv ri htxdwlrqv dv orqj dv wkh xwlolw| ixqfwlrq � lv dqdo|wlf dw wkh ghwhu0
plqlvwlf frqvxpswlrq1 Vlqfh wkh vroxwlrqv duh fxpehuvrph/ zh rplw wkhp h{fhsw iru
wkh �uvw0rughu ghulydwlyhv1

Wkh uhvxowv iroorz vwdqgdug lqwxlwlrq1 Wkh htxloleulxp sulfh ri wkh ghulydwlyh
vhfxulw| lv dv|pswrwlfdoo| htxdo wr

^E"� ' ". i+j � "2
j+5

� � n � 2
n�E"��c +65,

zklfk whoov xv wkdw wkh ghulydwlyh + fduulhv d srvlwlyh ulvn suhplxp +prghoohg khuh dv d
glvfrxqw lq wkh sulfh, rqo| li j+5 : f/ wkdw lv/ + lv srvlwlyho| fruuhodwhg zlwk djjuhjdwh
ulvn 51 Wkh olplw sulfh dqg kroglqjv ri htxlw| duh xqd�hfwhg e| wkh suhvhqfh ri wkh
ghulydwlyh/ dqg wudglqj yroxph iru wkh ghulydwlyh lv }hur lq wkh olplw1

Zh vhh djdlq wkdw d nh| vwhs lv �qglqj dq dssursuldwh sdudphwhul}dwlrq ri dvvhw
sulfhv1 Wkhuh lv qr suhflvh/ jhqhudoo| dssolfdeoh irupxod ghvfulelqj krz zh duulyhg
dw wkh sdudphwhul}dwlrq lq +63, zklfk doorzhg xv wr dsso| wkh Elixufdwlrq Wkhruhp/
exw wkh vwhsv zh kdyh iroorzhg lq wkh rqh0 dqg wzr0dvvhw sureohpv duh fohdu1 Zh �uvw
frpsxwh ghulydwlyhv ri wkh htxloleulxp htxdwlrqv dqg h{dplqh wkhp wr vhh li vrph
whupv lq wkh Wd|oru vhulhv ri wkh xqnqrzq ixqfwlrqv duh �{hg1 Iru h{dpsoh/ zh irxqg
wkdw ^�Ef� ' + dqg R�Ef� ' fpxvw eh wuxh li wkhuh lv wr eh d frkhuhqw Wd|oru h{sdqvlrq1
Li frqyhqwlrqdo LIW phwkrgv lqglfdwh wkh ydoxh ri orz0rughu whupv lq dq h{sdqvlrq/
zh wkhq irfxv rq wkh qh{w kljkhu0rughu whup1 Vlqfh ^�Ef� ' + dqg R�Ef� ' f/ zh wkhq
h{dplqhg wkh sdudphwhul}dwlrq lq +63, zkhuh ZE"� dqg �E"� ehfdph wkh xqnqrzq
whupv zklfk frxog qrw eh ghwhuplqhg e| dsso|lqj wkh orjlf ri wkh frqyhqwlrqdo LIW1
Zh frqwlqxhg wklv iru hdfk xqnqrzq ixqfwlrq xqwlo zh uhdfk d srlqw zkhuh wkh whupv
lq lwv h{sdqvlrq frxog qrw eh �{hg e| wkh LIW1 Dw wkdw srlqw zh fdq dsso| wkh
Elixufdwlrq Wkhruhp1

9141 Wudglqj Sdwwhuqv iru wkh Ghulydwlyh Dvvhw1 Zh qh{w ghwhuplqh wkh wudg0
lqj sdwwhuqv ri +1 Vlqfh �Ef� ' fc wkh ydoxh ri ��Ef� ghwhuplqhv wkh wudglqj sdwwhuqv
iru qrq}hur "� Gluhfw frpsxwdwlrq surgxfhv Wkhruhp 471

Wkhruhp 471 W|sh 4 lqyhvwruv ex| wkh ghulydwlyh + li dqg rqo| li E4
�
� 4

2
��J�EDc 52� :

f1 Lq jhqhudo/

��Ef� '
���2 E4� � 42�

E�� n �2�
�

�J�EDc 52�

. iD2j
+66,
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Uhfdoo wkdw ��Ef� : f phdqv wkdw wudghu 4 ex|v dqg wudghu 5 vhoov wkh ghulydwlyh
dvvhw +1 Li w|sh 4 lqyhvwruv kdyh pruh vnhz wrohudqfh dqg + surylghv wkh pdunhw zlwk
d qhz ulvn wkdw lv srvlwlyho| fruuhodwhg zlwk wkh wdlov ri htxlw| uhwxuqv/ wkhq w|sh 4
lqyhvwruv ex| + dqg w|sh 5 lqyhvwruv vhoo lw1 Li �J�EDc 52� : f/ wkh qhz dvvhw + dggv d
w|sh ri ulvnlqhvv wkdw dsshdov wr lqglylgxdov zlwk uhodwlyho| kljk vnhz wrohudqfh/ dqg
w|sh 4+5, djhqwv zloo ex| + li 4

�
: 4

2
+4

�
	 4

2
,1

Li �J�EDc 52� ' f wkhq zh zrxog qhhg wr h{dplqh ���Ef� wr ghwhuplqh zkr ex|v
wkh ghulydwlyh1 Zh gr qrw sxuvxh wkdw khuh vlqfh qr �qdqfldo lqvwlwxwlrq kdv dq
lqwhuhvw lq lqwurgxflqj d ghulydwlyh zlwk qr �uvw0rughu yroxph1 Zh frqwlqxh wr irfxv
rq ghulydwlyhv zkhuh �J�EDc 52� 9' f1

9151 Fkdqjh lq Htxlw| Kroglqjv1 Wkh ghulydwlyh dvvhw + pd| fkdqjh lqyhvwruv*
kroglqjv ri htxlw|1 Ohw wKE"� dqg w@E"� ghqrwh wkh htxloleulxp kroglqj ri htxlw| e|
w|sh 4 lqyhvwruv zlwkrxw dqg zlwk wkh ghulydwlyh vhfxulw|1: Dw " ' f/ wKE"� dqg w@E"�
zloo eh wkh vdph vlqfh doo dvvhwv zloo eh htxlydohqw1 Wr frpsduh wkh htxloleuld dfurvv
wkhvh pdunhw vwuxfwxuhv/ zh frpsxwh wkh vhulhv h{sdqvlrq ri erwk wKE"� dqg w@E"�/ dqg
wkhq xvh wkh gl�huhqfh lq wkhlu vhulhv h{sdqvlrqv wr h{suhvv wkh gl�huhqfh ehwzhhq wkh
wzr pdunhw htxloleuld1 Zh fdq gr wklv iru dq| lqgh{ ri pdunhw htxloleulxp1 Gluhfw
frpsxwdwlrq vkrzv Wkhruhp 481

Wkhruhp 481 Ohw wKE"� +w@E"�, ghqrwh wkh htxloleulxp htxlw| ghpdqg ri w|sh 4 lq0
yhvwruv zlwkrxw +zlwk, wkh ghulydwlyh +1 Wkhq

w@E"�� wKE"� ' �
� �� 2 E4� � 42�

E� � n � 2�
�

k
�J�EDc 52�

. iD2j
"n�E"2� +67,

Li D dqg 5 duh xqfruuhodwhg/ +67, uhgxfhv wr }hur/ lpso|lqj wkdw wkh lqwurgxfwlrq
ri + kdv rqo| �E"�� h�hfwv rq wkh ghpdqg iru wkh htxlw|1 Li k ' �J�EDc 5� : f wkhq
wkh fkdqjh lq w|sh 4 lqyhvwruv* kroglqj ri htxlw| lv qhjdwlyho| uhodwhg wr wkhlu ghpdqg
iru + vlqfh +66, dqg +67, lpso| wkdw w@

5
E"�� wK

5
E"� ' � k ��Ef� n�E"2�1

9161 Sulfh H�hfwv ri wkh Ghulydwlyh Dvvhw1 Rxu frpsxwdwlrqv vkrz wkdw wkh
htxloleulxp sulfh iru htxlw| uhpdlqv xqfkdqjhg xs wr �E"�� lq lwv Wd|oru h{sdqvlrq1
Wkh irxuwk0rughu whup uhyhdov wkh grplqdqw h�hfw ri wkh ghulydwlyh + rq wkh sulfh ri
htxlw|1

:Orrvho| vshdnlqj/ �e lv htxloleulxp htxlw| kroglqj �ehiruh� lqwurgxfwlrq ri | dqg �d lv kroglqj

�diwhu� lqwurgxfwlrq1
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Wkhruhp 491 Ohw � @E"� +� KE"�, ghqrwh wkh htxloleulxp sulfh ri htxlw| zlwk +zlwk0
rxw, wkh ghulydwlyh +1 Wkh sulfh gl�huhqfh lv

� @E"�� � KE"� ' 2
���2 E4� � 4

2
�2

E�� n �2�
D

. iD52j
2

. iD2j
"e n�E"D� : f

Lq sduwlfxodu/ wkh htxlw| ulvhv lq ydoxh dqg ulvhv pruh dv wkh ghulydwlyh lv pruh fru0
uhodwhg wr wkh wdlov ri htxlw| uhwxuqv/ dqg dv lqyhvwruv gl�hu pruh lq wkhlu vnhzqhvv
wrohudqfh1

Wkhruhp 49 vkrzv wkh hohphqwv wkdw d�hfw wkh lpsdfw ri wkh ghulydwlyh rq vwrfn
sulfh1 Wkh sulfh fkdqjh lv dozd|v srvlwlyh/ exw ghshqgv rq wklug0rughu surshuwlhv ri
wkh xwlolw| ixqfwlrq1 Wkh ghulydwlyh dvvhw + frpsohphqwv htxlw| dqg doorzv lqyhvwruv
wr doorfdwh wdlo ulvn lqghshqghqw ri rwkhu ulvnv1 Wklv pdnhv htxlw| pruh dwwudfwlyh1

Dovr/ wkh pdjqlwxgh lv sursruwlrqdo wr wkh fryduldqfh ri wkh ghulydwlyh*v lqqrydwlrq
D zlwk wkh h{wuhphv ri htxlw| uhwxuqv1 Li D lv xqfruuhodwhg zlwk wkrvh h{wuhphv wkhq
wkhuh lv qr sulfh fkdqjh wr wkh rughu "e1 Wkhuh pd| eh d sulfh h�hfw exw lw zrxog eh
dq rughu ri pdjqlwxgh vpdoohu dv|pswrwlfdoo|1

9171 Zhoiduh H�hfwv ri wkh Ghulydwlyh Dvvhw1 Zh qh{w ghulyh wkh h�hfw ri
d ghulydwlyh rq wkh zhoiduh ri hdfk wudghu1 Wkhru| whoov xv wkdw lq rqh0jrrg prghov
vxfk dv rxuv/ lqglylgxdo lqyhvwruv pd| jdlq ru orvh xwlolw| iurp dgglqj dq dvvhw/ exw
vrphrqh pxvw jdlq1 Rxu vroxwlrqv zloo dgg vrph suhflvlrq wr wkrvh vwdwhphqwv1

Zlwk wkh ghulydwlyhv frpsxwhg e| wkh elixufdwlrq phwkrg/ zh fdq vwxg| wkh zho0
iduh h�hfw ri wkh ghulydwlyh +1 Suhflvho|/ zh vkdoo h{sdqg wkh xwlolw| ixqfwlrqv lq
whupv ri " dqg h{dplqh wkh grplqdwhg whup1 Ohw L K

�
E"� dqg L@

�
E"� ghqrwh wudghu

�*v rswlpdo xwlolw| ohyhov zlwkrxw dqg zlwk +1 Wkh xwlolw| h�hfw fdq eh h{suhvvhg e|
dL@

�
E"�� L K

�
E"�o*�

�

�
E�e

�
n we

�
�/ d phdvxuh ri wkh zhoiduh fkdqjh lq whupv ri d frqvxps0

wlrq htxlydohqw1 Wkh iroorzlqj wkhruhp vxppdul}hv wkh uhvxow ri rxu shuwxuedwlrq
dqdo|vlv1

Wkhruhp 4:1 Ohw L@

�
E"� dqg L K

�
E"� ghqrwh wkh htxloleulxp h{shfwhg xwlolw| ri w|sh

4 lqyhvwruv zlwk dqg zlwkrxw wkh ghulydwlyh +1 Wkhq
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Wkh vhfrqg wudghu*v zhoiduh fkdqjh lv v|pphwulfdoo| h{suhvvhg1

Djdlq/ wkh uhvxow fruuhvsrqgv wr edvlf wkhru|1 Wkh nh| whup lv e Ewe
�
*� � � we

2
*� 2�n

�3�
�
/ zklfk pd| eh srvlwlyh ru qhjdwlyh1 Wkh whup we

�
*�� � we

2
*�2 lv sursruwlrqdo wr
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wkh dprxqw ri htxlw| w|sh rqh lqyhvwruv vhoo wr w|sh wzr lqyhvwruv lq wkh olplw dv "
jrhv wr }hur1 Li wkhuh lv qr htxlw| wudgh dv|pswrwlfdoo| wkhq wkh grplqdqw lpsdfw rq
xwlolw| lv wkh lpsuryhg rssruwxqlw| iru ulvn0vkdulqj surylghg e| wkh lqwurgxfwlrq ri
+1 Wkh ulvn0vkdulqj jdlq lv sursruwlrqdo wr �3�/ zklfk lv devroxwh ulvn dyhuvlrq/ iru
w|sh � lqyhvwruv1 Li we

�
*�� � we

2
*�2 9' f/ wkh lqyhvwru w|sh wkdw vhoov vkduhv dovr jdlqv

iurp wkh htxlw| sulfh lqfuhdvh fdxvhg e| wkh lqwurgxfwlrq ri wkh ghulydwlyh dvvhw1 Vr/
rqh w|sh jdlqv iurp wkh sulfh lqfuhdvh dqg wkh rwkhu orvhv/ exw erwk jdlq iurp qhz
ulvn0vkdulqj rssruwxqlwlhv1 Rqh ri wkh lqyhvwruv pd| orvh/ exw qrw erwk1

Wkh uhvxowv lq Wkhruhpv 47/ 48/ 49/ dqg 4: ghprqvwudwh wkh lpsruwdqfh ri kljkhu0
rughu h{sdqvlrqv1 Olqhdu0txdgudwlf h{sdqvlrqv zrxog frpsohwho| plvv doo ri wkh h�hfwv
vwxglhg lq wkhvh wkhruhpv vlqfh 4 ' f iru olqhdu0txdgudwlf xwlolw| ixqfwlrqv1 Dssur{0
lpdwlrq phwkrgv wkdw rqo| xvh wkh �uvw wzr ghulydwlyhv ri xwlolw| ixqfwlrqv zrxog
lqfruuhfwo| suhglfw wkdw dgglqj + zrxog kdyh qr h�hfw rq htxloleulxp1 Wkh dgydq0
wdjh ri wkh dssurdfk xvhg khuh lv wkdw rqh qhhg qrw pdnh d fkrlfh derxw krz pdq|
ghulydwlyhv wr xvh vlqfh wkdw ghflvlrq lv dxwrpdwlfdoo| pdgh e| wkh srzhu vhulhv jhq0
hudwhg e| wkh elixufdwlrq +dqg wkh LIW, dssurdfk1 Wkh phfkdqlfdo frpsxwdwlrq ri
wkh srzhu vhulhv h{sdqvlrqv ri htxloleulxp sulfhv dqg txdqwlwlhv whoov xv zklfk srzhu
ri " frqwdlqv wkh dv|pswrwlfdoo| grplqdqw h�hfwv/ dqg zklfk ghulydwlyhv ri xwlolw| dqg
zklfk prphqwv ri uhwxuqv vkrxog eh xvhg1

:1 Frpsxwdwlrqdo Frqvlghudwlrqv

Wkh dqdo|vlv deryh irfxvhg rq dsso|lqj wkh elixufdwlrq phwkrg wr d vlpsoh dvvhw
pdunhw prgho1 Wkh uhvxowv zhuh rewdlqhg rqo| diwhu pxfk frpsxwdwlrqdo h�ruw1 Wkh0
ruhp 4: lv d jrrg h{dpsoh ri zk| wkh frpsxwhu lv qhfhvvdu|1 Vlqfh wkh h�hfw ri wkh
ghulydwlyh dvvhw + rq xwlolw| zdv }hur dw rughuv "2 dqg "�/ zh kdg wr frpsxwh wkh
irxuwk0rughu Wd|oru vhulhv h{sdqvlrq ri xwlolw|1 Dovr/ htxloleulxp xwlolw| lv d ixqfwlrq
ri doo irxu yduldeohv ghwhuplqhg lq htxloleulxp/ wkh wzr suhpld dqg wkh wzr sruwirolr
yduldeohv1 Wkhvh irxu htxloleulxp yduldeohv duh orfdoo| dqdo|wlf ixqfwlrqv ri "1 Wkhuh0
iruh/ Wkhruhp 4: uhtxluhg d irxuwk0rughu h{sdqvlrq ri d irxu0glphqvlrqdo ixqfwlrq
zkhuh hdfk dujxphqw lv d irxuwk0rughu Wd|oru vhulhv lq "1 Wklv uhvxowhg lq wkrxvdqgv
ri lqwhuphgldwh whupv1 Wkh �qdo uhvxow lq Wkhruhp 4: lv frpsdfw vlqfh doprvw doo ri
wkh lqwhuphgldwh whupv glvdsshdu zkhq wkh| duh hydoxdwhg dw " ' f1 Krzhyhu/ wkh
lqwhuphgldwh whupv pxvw eh nhsw xqwlo wkdw odvw vwhs1 Wkh frpsxwdwlrqv lq wklv sdshu
wrrn rqo| d ihz plqxwhv xvlqj Pdwkhpdwlfd rq d 733 PK} pdfklqh/ exw zrxog eh
lpsrvvleoh iru xv wr gr zlwkrxw d frpsxwhu1

Wklv sdshu xvhg wkh frpsxwhu wr ghulyh dojheudlf irupxodv dqg wkhruhwlfdo dv|ps0
wrwlf uhvxowv1 Wkh frpsxwdwlrqdo exughq zdv sduwlfxoduo| khdy| vlqfh zh zhuh lqwhu0
hvwhg lq jhqhudo irupxodv h{suhvvlqj wkh uhvxowv lq whupv ri hodvwlflwlhv/ vkduhv/ dqg
sulfhv1 Wkh frpsxwdwlrqdo frvwv zloo ulvh udslgo| dv zh pryh wr odujhu sureohpv zlwk
pruh w|shv ri lqyhvwruv dqg2ru pruh dvvhwv1 Krzhyhu/ dv zh jdlqhg h{shulhqfh zlwk
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wkh vlpsoh prgho zh glvfryhuhg sdwwhuqv zklfk zh fdq lqfrusrudwh lqwr wkh frgh wr
vxevwdqwldoo| lpsuryh shuirupdqfh dqg pdnh srvvleoh h{dplqdwlrq ri pruh frpsoh{
prghov1 Iru h{dpsoh/ wkh gh�qlwlrqv ri ulvn wrohudqfh dqg vnhz wrohudqfh/ dqg wkh
ghfrpsrvlwlrq lq +5;, vxevwdqwldoo| uhgxfhg wkh frpsoh{lw| dqg ohqjwk ri wkh irupx0
odv1 Zlwk Pdwkhpdwlfd dqg wkhvh vlpsol�fdwlrqv/ zh fdq qrz kdqgoh odujhu sureohpv/
vxfk dv sureohpv zlwk irxu lqyhvwru w|shv dqg irxu dvvhwv1

Wkh Wd|oru vhulhv h{sdqvlrqv iru htxloleulxp sulfh fruuhvsrqghqfhv RE"� dqg sruw0
irolr doorfdwlrqv wE"� frxog dovr eh xvhg wr duulyh dw qxphulfdo dssur{lpdwlrqv iru
vshfl�f xwlolw| ixqfwlrqv dqg dvvhw uhwxuq glvwulexwlrqv1 Wkh elixufdwlrq phwkrg wkhq
uhgxfhv wr frpsxwlqj wkh qxphulfdo ydoxhv ri doo ghulydwlyhv ri wkh htxdwlrqv gh�qlqj
htxloleulxp xs wr wkh irxuwk rughu dw " ' f/ dqg wkhq h{hfxwlqj qxphulfdo olqhdu
rshudwlrqv lqvwhdg ri v|perolf rshudwlrqv1 Vlqfh qxphulfdo rshudwlrqv duh idvwhu dqg
pruh frpsdfw wkdq v|perolf rshudwlrqv/ frpsxwlqj h{sdqvlrqv iru vshfl�f h{dpsohv
zrxog eh idu idvwhu1 Wkh frpsxwhu frxog kdqgoh pxfk odujhu sureohpv li zh vshfli|
doo xwlolw| ixqfwlrqv dqg uhwxuqv1

Zh zrxog olnh wr nqrz krz zhoo wkhvh irupxodv gr iru qrqwulyldo "1 Lq jhqhudo/ d
srzhu vhulhv frqvwuxfwhg e| wkh LIW iru dqdo|wlf ixqfwlrqv zloo kdyh d srvlwlyh udglxv
ri frqyhujhqfh/ exw zh nqrz qrwklqj derxw lwv pdjqlwxgh lq jhqhudo1 Krzhyhu/
wkhuh lv d vlpsoh gldjqrvwlf zklfk fdq khos1 Vxssrvh wkdw �E%� lv lpsolflwo| gh�qhg
e| ME%c �E%�� ' f dqg wkdw zh frqvwuxfw wkh ghjuhh & Wd|oru vhulhv dssur{lpdwlrq
�WE%� edvhg dw % ' %f1 Li �WE%� lv d jrrg dssur{lpdwlrq wr �E%� wkhq ME%c �WE%��
vkrxog eh qhduo| }hur1 Rqfh zh kdyh frpsxwhg �WE%�/ zh fdq hydoxdwh lwv txdolw|
e| frpsxwlqj ME%c �WE%�� iru ydulrxv ydoxhv ri %1 Wkh ehkdylru ri ME%c �WE%�� dv
% pryhv dzd| iurp %f zloo lqglfdwh zkhuh wkh dssur{lpdwlrq fdq eh wuxvwhg1 Mxgg
dqg Jxx ^47` dssolhg wklv dssurdfk wr vlplodu dssur{lpdwlrqv ri vwrfkdvwlf jurzwk
prghov1 Zh kdyh frqvwuxfwhg h{dpsohv ri wkh dvvhw prghov vwxglhg lq wklv sdshu
iru zklfk rxu Wd|oru vhulhv dssur{lpdwlrqv iru RE"� dqg wE"� lpso| yhu| vpdoo Hxohu
htxdwlrq huuruv1 Urxjko|/ zh irxqg wkdw wkh phwkrg grhv zhoo li wkh glvwxuedqfh 5
kdv frpsdfw vxssruw/ exw grhv srruo| li 5 lv orj Qrupdo/ d �qglqj frqvlvwhqw zlwk
wkh idfw wkdw pdnlqj 5 d orj Qrupdo udqgrp yduldeoh pdnhv lw xqolnho| wkdw MEwc "�
lv dqdo|wlf1

Pruh jhqhudoo|/ zh frxog frpsduh wkh uhvxowv ri rxu dssurdfk iru odujh " zlwk
wkh qxphulfdo dssurdfk lq Vfkphgghuv ^56`1 Li rxu irupxodv zrun/ wkhq wkh| zrxog
surgxfh uhvxowv idvwhu wkdq Vfkphgghuv ^56`/ exw rxu irupxodv zloo qrw zrun iru wkh
odujh " fdvhv zkhuh Vfkphgghuv* dojrulwk zrxog zrun1 Wkhuh frxog eh d sduwqhuvkls
ehwzhhq wkh wzr dssurdfkhv zlwk rxu Wd|oru0vw|oh h{sdqvlrqv xvhg wr surgxfh dq
lqlwldo jxhvv iru Vfkphgghuv* dojrulwkp1 Ixuwkhu glvfxvvlrq dqg vhulrxv h{dplqdwlrq
ri wkhvh qxphulfdo lvvxhv pxvw eh ohiw iru dqrwkhu sdshu1

Zh xvhg Pdwkhpdwlfd wr frpsxwh rxu uhvxowv1 Vsdfh olplwdwlrqv suhyhqw xv iurp
suhvhqwlqj dqg h{sodlqlqj wkh frgh khuh1 Wkh uhdghu fdq rewdlq wkh frgh e| vhqglqj h0
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pdlo wr mxggCkrryhu1vwdqirug1hgx/ ru e| jrlqj wr wkh zhesdjh kwws=22exfn|1vwdqirug1hgx2
ru wkh Hfrqrplf Wkhru| zhesdjh iru wklv sdshu1

;1 Jhqhudol}dwlrqv

Wklv sdshu kdv h{dplqhg d ihz vlpsoh sureohpv/ exw zh eholhyh wkdw wkh vdph wrrov
fdq eh xvhg wr h{dplqh d odujh fodvv ri prghov1 Zh eulh | glvfxvv wkrvh fodlpv khuh1

Wklv sdshu dvvxphg d vlqjoh jrrg/ wzr w|shv ri djhqwv/ dqg rqo| rqh vrxufh ri
ulvn1 Vsdfh olplwdwlrqv suhyhqw xv iurp suhvhqwlqj dq dqdo|vlv iru pruh jhqhudo fdvhv/
exw zh fdq rxwolqh wkh jhqhudo dssurdfk1 Dgglqj pruh w|shv ri djhqwv dqg pruh
dvvhwv exw vwd|lqj zlwk rqh jrrg lv d gluhfw jhqhudol}dwlrq ri wkh phwkrgv deryh1 Wkh
htxloleulxp lq rxu h{dpsohv zhuh h{suhvvhg dv �uvw0rughu frqglwlrqv iru hdfk djhqw
zlwk uhvshfw wr hdfk dvvhw1 Dgglqj djhqwv dqg dvvhwv mxvw lpsolhv d orqjhu olvw ri �uvw0
rughu frqglwlrqv exw wkh nh| hohphqwv duh xqfkdqjhg= wkh ghwhuplqlvwlf frqvxpswlrq
ohyhov duh �{hg dw wkh hqgrzphqw/ wkh sulfh ri ulvn/ Zc dqg sruwirolr doorfdwlrqv/ w/
duh lqghwhuplqdwh lq wkh ghwhuplqlvwlf prgho/ dqg zh fdq sdudphwhul}h w vr wkdw wkh
Elixufdwlrq wkhruhp dssolhv wr d v|vwhp ri htxdwlrqv MEZc wc "� ' f zklfk lqfoxgh
lqglylgxdo �uvw0rughu frqglwlrqv dqg pdunhw0fohdulqj frqglwlrqv1

Wkh jhqhudol}dwlrq wr vhyhudo jrrgv lv pruh frpsoh{1 Ohw R eh wkh sulfh yhfwru
iru jrrgv/ Z wkh yhfwru ri sulfhv ri ulvn iru wkh dvvhwv/ dqg w wkh doorfdwlrq ri dvvhwv
dfurvv djhqwv1 Lq JHL prghov zlwk vhyhudo jrrgv/ htxloleulxp fdq eh h{suhvvhg dv wkh
vroxwlrq wr d v|vwhp ri htxdwlrqv MERc Zc wc "� ' f zkhuh wkh frpsrqhqwv ri M duh
wkh djhqwv* �uvw0rughu frqglwlrqv ryhu dvvhw dqg frqvxpswlrq fkrlfhv soxv ihdvlelolw|
frqglwlrqv1 Wkh h{fhvv ghpdqg iru dvvhwv pd| qrw h{lvw dw vrph sulfhv ehfdxvh ri
duelwudjh> wkhuhiruh/ M pd| qrw eh frqwlqxrxv1 Krzhyhu/ wkhru| whoov xv wkdw htxl0
oleulxp zloo jhqhulfdoo| h{lvw1 Li zh ohw " sdudphwhul}h xqfhuwdlqw| wkhq d v|vwhp
MERc Zc wc "� ' f zrxog uhsuhvhqw htxloleulxp lq wkh "0hfrqrp| dqg lpsolflwo| gh�qh
htxloleulxp pdsv RE"�/ ZE"�/ dqg wE"�1 Dw " ' f/ wkh hfrqrp| uhgxfhv wr d ghwhu0
plqlvwlf Duurz0Gheuhx jhqhudo htxloleulxp1 Wkhuh zloo eh wudgh lq wkh jrrgv lq wkh
ghwhuplqlvwlf olplw hfrqrp|/ dqg jrrgv* sulfhv REf� zloo eh ghwhuplqhg e| htxloleulxp
frqglwlrqv1 Dvvhw sulfhv lq wkh ghwhuplqlvwlf olplw/ ^Ef�/ zloo dovr eh ghwhuplqhg e|
REf�1 Wkh jrrgv sulfhv dqg dvvhw sulfhv zrxog jhqhulfdoo| eh orfdoo| ghwhuplqdwh e|
wkh vwdqgdug jhqhudo htxloleulxp wkhru|1 Krzhyhu/ wkh sruwirolr ghflvlrqv wEf� zloo
eh lqghwhuplqdwh lq wkh " ' f hfrqrp| vlqfh doo dvvhwv zrxog eh shuihfw vxevwlwxwhv1
Li dvvhw sulfhv lq jhqhudo fdq eh uhsuhvhqwhg dv ^ ' ^f � "2ZE"�/ mxvw dv lq htxdwlrq
+55, iru wkh wzr0dvvhw fdvh/ wkhq wkh olplw sulfhv iru ulvn/ ZEf�/ phdvxuhg lq whupv ri
h{fhvv uhwxuq shu xqlw yduldqfh/ zloo eh lqghwhuplqdwh vlqfh wkh ohyho ri ulvn lv }hur1

Wkh jhrphwulfdo vwuxfwxuh ri wkh JHL sureohp lv looxvwudwhg lq Iljxuh 61 Ohw wkh
d{lv odehohg{ ghqrwh wkh sulfh vlpsoh{ iru jrrgv/ dqg wkh d{lv odehohg EZc w� uhsuhvhqw
wkh sulfhv ri ulvn dqg sruwirolr doorfdwlrqv ri wkh ulvn| dvvhwv1 Dv lq Iljxuhv 4 dqg
5/ wkh " d{lv lq Iljxuh 6 uhsuhvhqwv wkh ohyho ri ulvn1 Vxssrvh wkdw wkh duf ���
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Iljxuh 6= Elixufdwlrq gldjudpv iru jhqhudo htxloleulxp sureohpv

ghvfulehv htxloleulxp ydoxhv iru R/ Z/ dqg w dv " fkdqjhv1 Zkhq " ' f/ wkh sureohp
uhgxfhv wr dq Duurz0Gheuhxprgho dqg htxloleulxp �{hv jrrgv* sulfhv R dw vrph srlqw/
vd| B/ lq {/ exw wkh sulfh ri ulvn Z dqg sruwirolr kroglqjv zrxog eh lqghwhuplqdwh1
Wkhuhiruh/ dq| srlqw dorqj wkh olqh

#$
B� zrxog eh dq htxloleulxp1 Lq rughu wr dqdo|}h

wkh duf ��� zh qhhg wr �qg �1 Zh dqdo|}h wkh Mdfreldq MERcZcw� wr �qg vrph
vxlwdeoh sdudphwhul}dwlrq iru RE"�/ ZE"�/ dqg wE"� vxfk wkdw wkh Elixufdwlrq Wkhruhp
dssolhv dqg surgxfhv �1 Wkh sdudphwhul}dwlrq ^E"� ' ^f � "2ZE"� fruuhvsrqgv wr
wkh urexvw uhvxow wkdw ulvn suhpld duh uhodwhg wr wkh yduldqfh ri ulvn/ lqglfdwlqj wkdw
wkh Elixufdwlrq Wkhruhp vkrxog frqwlqxh wr dsso|1 Wkhuh pd| eh fdvhv zkhuh wkh
elixufdwlrq phwkrg xvhg deryh grhv qrw dsso|/ exw zh frqmhfwxuh wkdw wklv dssurdfk
zloo riwhq vxffhhg vlqfh/ jhqhulfdoo|/ htxloleulxp grhv h{lvw iru hqgrzphqw hfrqrplhv
zlwk lqfrpsohwh dvvhw pdunhwv1

Wkh pxowlfrpprglw| fdvh zrxog surgxfh pruh frpsoh{ uhvxowv1 Iru h{dpsoh/
wkhuh frxog eh d vhfrqg htxloleulxp duf/ vxfk dv ����� � zklfk fruuhvsrqgv wr d vhf0
rqg vhw ri htxloleulxp sulfhv dw B� iru jrrgv lq wkh ghwhuplqlvwlf hfrqrp|1 Wkdw grhv
qrw suhvhqw dq| hvvhqwldo gl!fxow| dv orqj dv wkh orfdo surshuwlhv ri wkh v|vwhp ri htxl0
oleulxp htxdwlrqv MERc Zc wc "� ' f vdwlv�hv wkh elixufdwlrq wkhruhp1 Rwkhu frpsoh{
srvvlelolwlhv pd| dulvh/ vxfk dv pxowlsoh htxloleulxp dufv sdvvlqj wkurxjk d elixufd0
wlrq srlqw �1 Wkh elixufdwlrq phwkrgv suhvhqwhg lq wklv sdshu fdqqrw kdqgoh vxfk d
fdvh/ exw/ iruwxqdwho|/ wkhuh duh pruh srzhuixo wrrov iurp elixufdwlrq dqg vlqjxodulw|
wkhru| zklfk frxog kdqgoh vrph ri wkhvh sureohpv1 Suhvxpdeo|/ wkh ydulhw| ri zho0
iduh uhvxowv lq Kduw/ Hoxo/ dqg Fdvv dqg Flwdqqd/ zrxog dovr dulvh dv|pswrwlfdoo| lq
pxowljrrg hfrqrplhv1 Wkh nh| srlqw lv wkdw wkh vlwxdwlrq lq Iljxuh 6 lv frqfhswxdoo|
vlplodu wr wkh vwuxfwxuh lq Iljxuhv 4 dqg 5/ dqg edvlf wrrov iurp elixufdwlrq wkhru|
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vkrxog eh deoh wr kdqgoh pdq| pxowlfrpprglw| prghov1

<1 Frqfoxvlrq

Zh kdyh xvhg elixufdwlrq dssur{lpdwlrq phwkrgv wr h{dplqh vlpsoh dvvhw pdunhw
sureohpv zlwk vpdoo qrlvh1 Wkh dqdo|vlv surgxfhv d phdq0yduldqfh0vnhzqhvv0hwf1
wkhru| ri dvvhw ghpdqg dqg dvvhw pdunhw htxloleulxp/ dqg irxqg vhyhudo lqwhuhvwlqj
uhvxowv1 Zh irxqg wkdw wkh dgglwlrq ri ghulydwlyh dvvhw zloo lqfuhdvh wkh sulfh ri wkh
xqghuo|lqj htxlw| vwrfn1 Dovr/ wkh ghpdqg iru d ghulydwlyh dvvhw ghshqgv rq vnhzqhvv
surshuwlhv ri dvvhw uhwxuqv dqg wkh uhodwlyh vnhz wrohudqfh ri lqyhvwruv1 Wkhvh uhvxowv
lqglfdwh wkdw vnhzqhvv dqg vnhz wrohudqfh zloo eh lpsruwdqw ghwhuplqdqwv ri dvvhw
lqqrydwlrq lq pruh jhqhudo frqwh{wv dqg lqglfdwh wkdw uhvxowv iurp olqhdu0txdgudwlf
ru phdq0yduldqfh prghov duh ri olplwhg uhohydqfh1 Wkh dssurdfk dovr vkrzv wkdw/ lq
vpdoo qrlvh hfrqrplhv/ htxloleulxp ghshqgv rq wkh xwlolw| surshuwlhv ri wudghuv dqg
wkh prphqwv ri uhwxuqv/ qrw rq wkh qxpehu ri frqwlqjhqw vwdwhv1 Wkh dv|pswrwlf
dssurdfk surylghv pruh lqwxlwlyh uhvxowv wkdq wkh xvxdo vwdwh0frqwlqjhqw dssurdfk1

Wkh pdwkhpdwlfdo wrrov duh txlwh jhqhudo dqg fdq eh dssolhg wr idu pruh frpsoh{
sureohpv1 ]hlgohu vkrzv wkdw wkh fulwlfdo elixufdwlrq wkhruhpv krog lq Edqdfk vsdfhv1
Iru h{dpsoh/ sduwldo gl�huhqwldo htxdwlrqv wkdw fkdudfwhul}h dvvhw sulfhv lq frqwlqxrxv
wlph fdq dovr eh dssur{lpdwhg e| h{dplqlqj elixufdwlrqv ri ghwhuplqlvwlf fdvhv1 Wkh
vwhsv lq vxfk dq dssolfdwlrq ri wkh elixufdwlrq wkhruhp uhtxluh wkh vroxwlrq ri olqhdu
sduwldo gl�huhqwldo htxdwlrqv1

Wklv sdshu irfxvvhg rq txdolwdwlyh dqdo|vhv/ exw wkh h{sdqvlrqv ghulyhg khuh frxog
kdyh ydoxh dv d qxphulfdo phwkrg iru vroylqj vshfl�f fdvhv> zh ohdyh wkdw srvvlelolw|
iru dqrwkhu vwxg|1 Wklv sdshu irfxvvhg rq dssolfdwlrqv ri elixufdwlrq phwkrgv exw
pdq| ri wkh vdph srlqwv frxog eh pdgh iru dssolfdwlrqv ri wkh LIW1 Hfrqrplvwv duh
idploldu zlwk frpsdudwlyh vwdwlfv dqdo|vlv/ vxfk dv wkdw lq Mrqhv ^45`/ exw wkdw lv
jhqhudoo| olplwhg wr �uvw0rughu h{sdqvlrqv1 Kljkhu0rughu dssur{lpdwlrqv frxog riwhq
eh xvhg wr lpsuryh txdolwdwlyh dqg txdqwlwdwlyh dqdo|vlv ri hfrqrplf prghov1

Wkh qhfhvvdu| pdwkhpdwlfv iru ghulylqj h{sdqvlrqv kdyh ehhq nqrzq iru d orqj
wlph/ exw wkh fxpehuvrph dojheud pdgh wkhp lpsudfwlfdo xqwlo qrz1 Iruwxqdwho|/
wkh vshhg ri prghuq frpsxwhuv dqg wkh dydlodelolw| ri v|perolf odqjxdjh vriwzduh
qrz pdnhv elixufdwlrq phwkrgv/ dqg vlplodu shuwxuedwlrq phwkrgv/ d sudfwlfdo zd|
wr dgguhvv lpsruwdqw hfrqrplf sureohpv1
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Uhihuhqfhv

^4` Ehqvrxvvdq/ D1= Shuwxuedwlrq phwkrgv lq rswlpdo frqwuro1 Mrkq Zloh| dqg Vrqv/
Fklfkhvwhu/ 4<;;1

^5` Eurzq/ G1 M1/ GhPdu}r/ S1 P1/ Hdyhv/ E1 F1= Frpsxwlqj htxloleuld zkhq dvvhw
pdunhwv duh lqfrpsohwh1 Hfrqrphwulfd 97/ 405: +4<<9,

^6` Fdvv/ G1/ Flwdqqd/ D1= Sduhwr lpsurylqj �qdqfldo lqqrydwlrq lq lqfrpsohwh pdu0
nhwv1 Hfrqrplf Wkhru| 44/ +4<<;,= 79:07<7

^7` Fkldssrul/ S10D1/ Jhr�dug/ S1 \1/ dqg Jxhvqhulh/ U1= Vxqvsrw  xfwxdwlrqv
durxqg d vwhdg| vwdwh= Wkh fdvh ri pxowlglphqvlrqdo/ rqh0vwhs iruzdug orrnlqj
hfrqrplf prghov1 Hfrqrphwulfd 93/ 43<:04459 +4<<5,1

^8` Fkrz/ V1�Q1/ dqg Kdoh M1 N1= Phwkrgv ri elixufdwlrq wkhru|/ Vsulqjhu�Yhuodj/
Qhz \run/ 4<;51

^9` GhPdu}r/ S1 P/ dqg Hdyhv/ E1 F1= Frpsxwlqj htxloleuld ri JHL e| uhorfdol}dwlrq
rq d Judvvpdqq pdqlirog1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 59/ 7:<07<:
+4<<9,1

^:` Hoxo/ U1= Zhoiduh h�hfwv ri �qdqfldo lqqrydwlrq lq lqfrpsohwh pdunhwv hfrqrplhv
zlwk vhyhudo frqvxpswlrq jrrgv/ Mrxuqdo ri Hfrqrplf Wkhru| 98/ 760:; +4<<8,1

^;` Iohplqj/ Z1= Vwrfkdvwlf frqwuro iru vpdoo qrlvh lqwhqvlwlhv1 VLDP Mrxuqdo ri
Frqwuro </ +4<:4,1

^<` Iohplqj/ Z1/ dqg Vrxjdqlghv S1 H1= Dv|pswrwlf vhulhv dqg wkh phwkrg ri ydq0
lvklqj ylvfrvlw|1 Lqgldqd Xqlyhuvlw| Pdwkhpdwlfv Mrxuqdo 68/ 758077: +4<;9,1

^43` Jdvsdu/ M1/ dqg Mxgg/ N1 O1= Vroylqj odujh0vfdoh udwlrqdo h{shfwdwlrqv prghov/
Pdfurhfrqrplf G|qdplfv 4/ 780:8 +4<<:,1

^44` Kduw/ R1= Rq wkh rswlpdolw| ri htxloleulxp zkhq wkh pdunhw vwuxfwxuh lv lqfrp0
sohwh1 Mrxuqdo ri Hfrqrplf Wkhru| 44/ 74;0776 +4<:8,1

^45` Mrqhv/ U1 Z1= Wkh vwuxfwxuh ri vlpsoh jhqhudo htxloleulxp prghov1 Mrxuqdo ri
Srolwlfdo Hfrqrp|/ :6/ 88:08:5 +4<98,1

^46` Mxgg/ N1 O1= Dssur{lpdwlrq/ shuwxuedwlrq/ dqg surmhfwlrq phwkrgv lq hfrqrplf
dqdo|vlv/ lq Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ K1 Dppdq/ G1 Nhqgulfn/
dqg M1 Uxvw/ hgv1 Qruwk Kroodqg1 4<<91
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^47` Mxgg/ N1 O1/ dqg Jxx/ V10P1= Shuwxuedwlrq vroxwlrq phwkrgv iru hfrqrplf jurzwk
prghov/ lq Hfrqrplf dqg Ilqdqfldo Prgholqj zlwk Pdwkhpdwlfd/ Kdo Yduldq/ hg1/
Vsulqjhu0Yhuodj= Qhz \run/ 4<<61

^48` Mxgg/ N1 O1/ dqg Jxx/ V10P1= Dq dv|pswrwlf wkhru| ri �qdqfldo lqqrydwlrq/
plphr/ 53331

^49` Nlp/ M1/ dqg Nlp/ V1 K1= Vsxulrxv zhoiduh uhyhuvdov lq lqwhuqdwlrqdo exvlqhvv
f|foh prghov/ plphr/ 4<<<1 +kwws=22 zzz1vwdqirug1hgx2 jurxs2VLWH2 nlp1sgi,

^4:` Nlpedoo/ P1 V1= Suhfdxwlrqdu| vdylqj lq wkh vpdoo dqg lq wkh odujh1 Hfrqrphwulfd
8;/ 860:6 +4<<3,1

^4;` N|godqg/ I1 H1/ dqg Suhvfrww/ H1 F1= Wlph wr exlog dqg djjuhjdwh  xfwxdwlrqv1
Hfrqrphwulfd 83/ 4678046:3 +4<;5,1

^4<` Ohlvhq/ G1/ dqg Mxgg/ N1 O1= Sulflqj dqg khgjlqj rswlrqv lq d vwrfkdvwlf yrodwlolw|
Prgho1 plphr/ 4<<<1

^53` Pdjloo/ M1 S1 P1= D orfdo dqdo|vlv ri �0vhfwru fdslwdo dffxpxodwlrq xqghu xqfhu0
wdlqw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 48/ 544�54< +4<::,1

^54` Pdjloo/ M1 S1 P1/ dqg Txlq}ll/ P1= Wkhru| ri lqfrpsohwh pdunhwv1 Yroxph 4/
Fdpeulgjh= PLW Suhvv 4<<91

^55` Vdpxhovrq/ S1 D1= Wkh ixqgdphqwdo dssur{lpdwlrq wkhruhp ri sruwirolr dqdo|vlv
lq whupv ri phdqv/ yduldqfhv dqg kljkhu prphqwv1 Uhylhz ri Hfrqrplf Vwxglhv
6:/ 86:�875 +4<:3,1

^56` Vfkphgghuv/ N1= Frpsxwlqj htxloleuld lq wkh jhqhudo htxloleulxp prgho zlwk
lqfrpsohwh dvvhw pdunhwv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55/ 46:80
4734 +4<<;,1

^57` Vfkphgghuv/ N1= Prqrsrolvwlf vhfxulw| ghvljq lq �qdqfh hfrqrplhv1 Hfrqrplf
Wkhru|/ wklv lvvxh1

^58` Whvdu/ O1= Hydoxdwlqj wkh jdlqv iurp lqwhuqdwlrqdo ulvnvkdulqj1 Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 75/ <80476 +4<<8,1

^59` ]hlgohu/ H1= Qrqolqhdu ixqfwlrqdo dqdo|vlv dqg lwv dssolfdwlrqv= Yroxph L/
Vsulqjhu0Yhuodj= Qhz \run/ 4<;91



Appendix: Mathematica Notebook

The following Mathematica  program computes asset market equilibrium for two investors, one safe asset, and one or two

risky assets.

Off#General::spell1'

Á The initial setup

� Economic Model

To keep the formulas simple, we assume that the return on bonds is 1. This is equivalent to assuming that the bond in the

second period is the numeraire.

Define the two risky assets' returns, Z and Yo, in terms of zero-mean random variables z and y. H is the scaling parameter,

equal to the standard deviation in the H-economy. Z is an asset with mean return R and variance H2, and is in positive net

supply. It represents equity.

Z  1 � H z;

Yo is the derivative asset, in zero net supply. It has mean return H PY, is partially correlated with Z through the H R D z term,

and has an orthogonal component H  y

Yo  H PY � H D z � H y;

The price of Z (Yo) is p (q). We parametrize them in terms of the scaling parameter H, the mean of Y, PY, and the premia, 3

and <.

p  1 � H2 3 ; q  H PY � H2 < ;

Yiis final wealth of type i investor. T is type 1 demand for equity. bi is type i endowment of equity and ai is type i endowment

of bonds.  ] is type 1's demand for Yo; - ] is type 2 demand. Type 2 investors demand (in equilibrium) b1 � b2 � T shares of

stock.

Y1  +a1 � p b1 � p T � q ]/ � TZ � ] Yo;

Y2  +a2 � p b2 � p +b1 � b2 � T/ � q +�]// � +b1 � b2 � T/Z � +�]/ Yo;

Y1  Expand#Y1';

Y2  Expand#Y2';

We compute the four first-order conditions for the two investors and the two assets (the bond demand is determined by

substracting risky asset demand from initial wealth). We divide each one by H to eliminate one degree of degeneracy. FOCij

is the first-order condition of type i investor with respect to asset j, where j=1 is equity and j=2 refers to the derivative.
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FOC11  +1sH/ D#u1#Y1', T' ss Simplify

FOC12  +1sH/ D#u1#Y1', ]' ss Simplify

FOC21  +1sH/ D#u2#Y2', T' ss Simplify

FOC22  +1sH/ D#u2#Y2', ]' ss Simplify

+z � H 3/ u1
� #H +y ] � z D ] � z T � H T 3 � H ] </ � a1 � +1 � H

2
3/ b1'

+y � z D � H </ u1
� #H +y ] � z D ] � z T � H T 3 � H ] </ � a1 � +1 � H

2
3/ b1'

�+z � H 3/ u2
� #�y H ] � z D H ] � z H T � H2 T 3 � H2 ] < � a2 � H +z � H 3/ b1 � b2 � z H b2'

�+y � z D � H </ u2
� #�y H ] � z D H ] � z H T � H2 T 3 � H2 ] < � a2 � H +z � H 3/ b1 � b2 � z H b2'

Even though we have divided by H, these first-order conditions describe the situation at H=0.

These four first-order conditions define equilibrium. Define G to be the vector of first-order conditions.

� Moment and other substitutions

We define substitutions which will allow us to compute the moments of z and y. Pm,n is the expectation of zm yn.

ownmoments  Join#Table#zm �! Pm,0, �m, 1, 6�', Table#ym �! P0,m, �m, 1, 6�'';

crossmoments  Table#zm yn �! Pm,n, �m, 1, 6�, �n, 1, 6�' ss Flatten;

We assume that z and y have mean zero.

zeromean  �P0,1 � 0, P1,0 � 0�;

We assume that z and y are orthogonal and that z has variance 1.

orthogonal  �P1,1 � 0, P2,0 � 1�;

We now gather all the substitions into one list.

moments  Join#ownmoments, crossmoments, zeromean, orthogonal'

�z � P1,0, z2 � P2,0, z3 � P3,0, z4 � P4,0, z5 � P5,0, z6 � P6,0, y � P0,1, y2 � P0,2,

y3 � P0,3, y4 � P0,4, y5 � P0,5, y6 � P0,6, y z � P1,1, y2 z � P1,2, y3 z � P1,3, y4 z � P1,4,

y
5
z � P1,5, y

6
z � P1,6, y z

2
� P2,1, y

2
z
2
� P2,2, y

3
z
2
� P2,3, y

4
z
2
� P2,4, y

5
z
2
� P2,5,

y6 z2 � P2,6, y z3 � P3,1, y2 z3 � P3,2, y3 z3 � P3,3, y4 z3 � P3,4, y5 z3 � P3,5, y6 z3 � P3,6,

y z4 � P4,1, y2 z4 � P4,2, y3 z4 � P4,3, y4 z4 � P4,4, y5 z4 � P4,5, y6 z4 � P4,6, y z5 � P5,1,

y2 z5 � P5,2, y3 z5 � P5,3, y4 z5 � P5,4, y5 z5 � P5,5, y6 z5 � P5,6, y z6 � P6,1, y2 z6 � P6,2,

y3 z6 � P6,3, y4 z6 � P6,4, y5 z6 � P6,5, y6 z6 � P6,6, P0,1 � 0, P1,0 � 0, P1,1 � 0, P2,0 � 1�

NoDeriv  Table#Pm,n � 0, �m, 1, 6�, �n, 1, 6�' ss Flatten

�P1,1 � 0, P1,2 � 0, P1,3 � 0, P1,4 � 0, P1,5 � 0, P1,6 � 0, P2,1 � 0, P2,2 � 0, P2,3 � 0,

P2,4 � 0, P2,5 � 0, P2,6 � 0, P3,1 � 0, P3,2 � 0, P3,3 � 0, P3,4 � 0, P3,5 � 0, P3,6 � 0,

P4,1 � 0, P4,2 � 0, P4,3 � 0, P4,4 � 0, P4,5 � 0, P4,6 � 0, P5,1 � 0, P5,2 � 0, P5,3 � 0,

P5,4 � 0, P5,5 � 0, P5,6 � 0, P6,1 � 0, P6,2 � 0, P6,3 � 0, P6,4 � 0, P6,5 � 0, P6,6 � 0�

We define a convenient list of simplifying substitutions.
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sub1  �
1
cccc

2
+2 a1 � 2 b1/ � +a1 � b1/,

1
cccc

2
+2 a2 � 2 b2/ � +a2 � b2/ 

� 1cccc
2
+2 a1 � 2 b1/ � a1 � b1,

1
cccc

2
+2 a2 � 2 b2/ � a2 � b2 

Á Solvability Condition in Theorem 4

We check for the nonsingularity of the solvability matrix, GH,/ where /=(T,],3,<).

GH,/  

��D#FOC11, �H, 1�, T', D#FOC11, �H, 1�, ]', D#FOC11, �H, 1�, <', D#FOC11, �H, 1�, 3'�,

�D#FOC12, �H, 1�, T', D#FOC12, �H, 1�, ]', D#FOC12, �H, 1�, <', D#FOC12, �H, 1�, 3'�,

�D#FOC21, �H, 1�, T', D#FOC21, �H, 1�, ]', D#FOC21, �H, 1�, <', D#FOC21, �H, 1�, 3'�,

�D#FOC22, �H, 1�, T', D#FOC22, �H, 1�, ]', D#FOC22, �H, 1�, <', D#FOC22, �H, 1�, 3'��;

GH,/  GH,/ s. �H �! 0�;

GH,/ ss MatrixForm

L

N

MMMMMMMMMMMMMM

z2 u1
��#a1 � b1' z +y � z D/ u1

��#a1 � b1' 0 u1
� #a1 � b1'

z +y � z D/ u1
��#a1 � b1' +y � z D/2 u1

��#a1 � b1' u1
� #a1 � b1' 0

z2 u2
��#a2 � b2' �z +�y � z D/ u2

��#a2 � b2' 0 �u2
� #a2 � b2'

z +y � z D/ u2
��#a2 � b2' �+�y � z D/ +y � z D/ u2

��#a2 � b2' �u2
� #a2 � b2' 0

\

^

]]]]]]]]]]]]]]

Integrate the conditions by replacing powers of z and y with the moments.

ExpG  Expand#GH,/' ss. moments;

ExpG ss MatrixForm

L

N

MMMMMMMMMMMMM

u1
��#a1 � b1' D u1

��#a1 � b1' 0 u1
� #a1 � b1'

D u1
��#a1 � b1' D

2 u1
��#a1 � b1' � P0,2 u1

��#a1 � b1' u1
� #a1 � b1' 0

u2
��#a2 � b2' D u2

��#a2 � b2' 0 �u2
� #a2 � b2'

D u2
��#a2 � b2' D

2 u2
��#a2 � b2' � P0,2 u2

��#a2 � b2' �u2
� #a2 � b2' 0

\

^

]]]]]]]]]]]]]

Compute determinant of E �GH,/�.

+Det#ExpG' ss Simplify/ ss. moments

�P0,2 +u2
� #a2 � b2' u1

��#a1 � b1' � u1
� #a1 � b1' u2

��#a2 � b2'/
2

As long as P0,2 is not zero, GH,/ is nonsingular

Á Bifurcation equations: series construction

We define substitutions which will define the equilibrium mapping from the scaling parameter H to the equilibrium values of

(T,],3,<).
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PortfolioSubs  �T � T#H', ] � ]#H'�

�T � T#H', ] � ]#H'�

PremiaSubs  �3 � 3#H', < � <#H'�

�3 � 3#H', < � <#H'�

4 is the total endowment, which we set equal to 1.

4  1; EqmSubs  �b2 � b1 � 4, b2 � b1 � 4 � 0, 4 � b2 � b1 � 0�

�b1 � b2 � 1, �1 � b1 � b2 � 0, 1 � b1 � b2 � 0�

The equilibrium equations are the first-order conditions with where we substitute the portfolio and premium variables with

their H equations.

EQM11  FOC11 s. PortfolioSubs s. PremiaSubs

EQM21  FOC21 s. PortfolioSubs s. PremiaSubs

EQM12  FOC12 s. PortfolioSubs s. PremiaSubs

EQM22  FOC22 s. PortfolioSubs s. PremiaSubs

+z � H 3#H'/ u1
� #a1 � b1 +1 � H

2
3#H'/ � H +y ]#H' � z D ]#H' � z T#H' � H T#H' 3#H' � H ]#H' <#H'/'

�+z � H 3#H'/

u2
� #a2 � b2 � z H b2 � y H ]#H' � z D H ]#H' � z H T#H' � H

2
T#H' 3#H' � H b1 +z � H 3#H'/ � H

2
]#H' <#H''

+y � z D � H <#H'/ u1
� #a1 � b1 +1 � H

2
3#H'/ � H +y ]#H' � z D ]#H' � z T#H' � H T#H' 3#H' � H ]#H' <#H'/'

�+y � z D � H <#H'/

u2
� #a2 � b2 � z H b2 � y H ]#H' � z D H ]#H' � z H T#H' � H

2
T#H' 3#H' � H b1 +z � H 3#H'/ � H

2
]#H' <#H''

The  equilibrium equations  are  really  the  expectations  E{EQMij}.  We will  execute the  integrations  later  since  we can

interchange the integration and differentiation operations.

We define abbrevations for the derivatives

tabutilderivs1 : �Derivative#n_'#u1'#a1 � b1' �! A1#n'�

tabutilderivs2 : �Derivative#n_'#u2'#a2 � b2' �! A2#n'�

tabutilderivs  Join#tabutilderivs1, tabutilderivs2'

�u1
+n_/#a1 � b1' � A1#n', u2

+n_/#a2 � b2' � A2#n' 

We want to replace derivatives of the utility function, the Ai#m'  terms,  with risk tolerance, Wi,  skew tolerance, Ui,  and

kurtosis tolerance. The next two lists of substitutions will do that.

utilparams1  �A1#2' � �
A1#1'
ccccccccccccccc

W1

, A1#3' �
2 U1 A1#1'
cccccccccccccccccccccccccc

W1
2

, A1#4' �
3 N1 A1#1'
cccccccccccccccccccccccccc

W1
3

, A1#1' �! 1 ;

utilparams2  �A2#2' � �
A2#1'
ccccccccccccccc

W2

, A2#3' �
2 U2 A2#1'
cccccccccccccccccccccccccc

W2
2

, A2#4' �
3 N2 A2#1'
cccccccccccccccccccccccccc

W2
3

, A2#1' �! 1 ;

utilparams  Join#utilparams1, utilparams2';
taureps  �W1 � W2 � T, Wi_ � Xi T, X1 � X2 � 1�;
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We now compute the power series expansions of the four equilibrium conditions. We need to fully expand each series so

that the various powers of z and y are gathered together.

EqmPow11  +Normal#Series#EQM11 , �H, 0, 5�'' s. sub1/ ss. tabutilderivs;

EqmPow11  Expand#EqmPow11';

EqmPow12  +Normal#Series#EQM12 , �H, 0, 5�'' s. sub1/ ss. tabutilderivs;

EqmPow12  Expand#EqmPow12';

EqmPow21  +Normal#Series#EQM21 , �H, 0, 5�'' s. sub1/ ss. tabutilderivs;

EqmPow21  Expand#EqmPow21';

EqmPow22  +Normal#Series#EQM22 , �H, 0, 5�'' s. sub1/ ss. tabutilderivs;

EqmPow22  Expand#EqmPow22';

We now take the expectation of each equilibrium equation's power series. Since z and y are the only random variables, we

replace each power of z and y and each crossproduct by the appropriate moment.

EqmPow11  EqmPow11 ss. moments;

EqmPow12  EqmPow12 ss. moments;

EqmPow21  EqmPow21 ss. moments;

EqmPow22  EqmPow22 ss. moments;

Collect terms of like powers of H and list the coefficients of each power of H. This puts the equations in the proper arrange

ment for solving the problem.

eqns11  CoefficientList#EqmPow11, H';

eqns12  CoefficientList#EqmPow12, H';

eqns21  CoefficientList#EqmPow21, H';

eqns22  CoefficientList#EqmPow22, H';

Á Solve the individual equations in sequence

� Equation 1:

The coefficients of the H0 components of the equilibrium power series should be zero and they are.

�eqns11##1'', eqns21##1'', eqns12##1'', eqns22##1''�

�0, 0, 0, 0�

� Equation 2:

We compute the bifurcation point by choosing (T[0],][0],<[0],3[0]) so that the H components are zero. We first list the

equations
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eq1  eqns11##2'' ss Simplify ss Expand

eq2  eqns21##2'' ss Simplify ss Expand

eq3  eqns12##2'' ss Simplify ss Expand

eq4  eqns22##2'' ss Simplify ss Expand

3#0' A1#1' � D ]#0' A1#2' � T#0' A1#2'

�3#0' A2#1' � b1 A2#2' � b2 A2#2' � D ]#0' A2#2' � T#0' A2#2'

<#0' A1#1' � D
2 ]#0' A1#2' � P0,2 ]#0' A1#2' � D T#0' A1#2'

�<#0' A2#1' � D b1 A2#2' � D b2 A2#2' � D
2 ]#0' A2#2' � P0,2 ]#0' A2#2' � D T#0' A2#2'

We next solve for bifurcation point.

BifPt  Solve#�eq1 m 0, eq2 m 0, eq3 m 0, eq4 m 0�, � T#0', ]#0', <#0', 3#0'�'##1'';

BifPt  BifPt ss. EqmSubs ss Simplify

�<#0' � �
D +b1 � b2/ A1#2' A2#2'

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
A1#2' A2#1' � A1#1' A2#2'

,

T#0' �
+b1 � b2/ A1#1' A2#2'

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
A1#2' A2#1' � A1#1' A2#2'

, ]#0' � 0, 3#0' � �
+b1 � b2/ A1#2' A2#2'

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
A1#2' A2#1' � A1#1' A2#2'

 

We apply substitutions which express the solution in terms of risk tolerance instead of utility derivatives.

BifPt  BifPt ss. EqmSubs ss. utilparams ss Simplify

�<#0' �
D

ccccccccccccccccc
W1 � W2

, T#0' �
W1

ccccccccccccccccc
W1 � W2

, ]#0' � 0, 3#0' �
1

ccccccccccccccccc
W1 � W2

 

Notice that the presence of derivative asset Yo has no impact on the demand for or premium of equity.

� Equation 3:

We next compute (T'[0],]'[0],<'[0],3'[0]) by setting the H2 components equal to zero.

eq1  eqns11##3'' ss. utilparams ss Expand;

eq2  eqns21##3'' ss. utilparams ss Expand;

eq3  eqns12##3'' ss. utilparams ss Expand;

eq4  eqns22##3'' ss. utilparams ss Expand;

Here is an example of one of the equations:

eq1

U1 P1,2 ]#0'
2

cccccccccccccccccccccccccccccccc
W1
2

�
2 D U1 P2,1 ]#0'

2

cccccccccccccccccccccccccccccccccccccccc
W1
2

�
D2 U1 P3,0 ]#0'

2

ccccccccccccccccccccccccccccccccccccccc
W1
2

�
2 U1 P2,1 ]#0' T#0'
ccccccccccccccccccccccccccccccccccccccccccccccc

W1
2

�

2 D U1 P3,0 ]#0' T#0'
ccccccccccccccccccccccccccccccccccccccccccccccccccc

W1
2

�
U1 P3,0 T#0'

2

cccccccccccccccccccccccccccccccc
W1
2

�
D ]�#0'
ccccccccccccccccccc

W1
�

T�#0'
ccccccccccccccc
W1

� 3�#0'

sol2  Solve#�eq1 m 0, eq2 m 0, eq3 m 0, eq4 m 0�, � T'#0', ]'#0', <'#0', 3'#0'�'##1'';
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We now solve for (T'[0],]'[0],<'[0],3'[0]).

sol2  sol2 s. BifPt s. EqmSubs ss Simplify;

sol2  sol2 s. EqmSubs ss Simplify

�<�#0' � �
+U1 W1 � U2 W2/ +P2,1 � D P3,0/
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3

, T�#0' �
+U1 � U2/ W1 W2 +�D P2,1 � P0,2 P3,0/
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3
P0,2

,

]�#0' �
+U1 � U2/ W1 W2 P2,1
cccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3
P0,2

, 3�#0' � �
+U1 W1 � U2 W2/ P3,0
cccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3

 

� Compute the change in equity demand from introduction of Yo

Notice that the presence of Yo has no impact on the equity premium derivative, 3�#0', but it does affect equity demand,

T
�#0'. So, we now determine that effect

If there are two assets, then T�#0' is

twoasset  T'#0' s. BifPt s. sol2

+U1 � U2/ W1 W2 +�D P2,1 � P0,2 P3,0/
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3
P0,2

If D=0 then the derivative asset has no impact on equilibrium and it is as if it did not exist. Therefore, equity demand in its

absence is

singleasset  twoasset s. NoDeriv

+U1 � U2/ W1 W2 P3,0
cccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3

The change in equity demand is the difference:

twoasset � singleasset ss Simplify

D +�U1 � U2/ W1 W2 P2,1
ccccccccccccccccccccccccccccccccccccccccccccccccccccc

+W1 � W2/
3
P0,2

� Equation 4:

We next compute (T''[0],]''[0],<''[0],3''[0]) by setting the H3 components equal to zero.

eq1  eqns11##4'' ss. utilparams s. sol2 s. BifPt s. �b2 � 4 � b1� ss Expand;

eq2  eqns21##4'' ss. utilparams s. sol2 s. BifPt s. �b2 � 4 � b1� ss Expand;

eq3  eqns12##4'' ss. utilparams s. sol2 s. BifPt s. �b2 � 4 � b1� ss Expand;

eq4  eqns22##4'' ss. utilparams s. sol2 s. BifPt s. �b2 � 4 � b1� ss Expand;

Solve for the second derivatives
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sol3  

Solve#�eq1 m 0, eq2 m 0, eq3 m 0, eq4 m 0�, � T''#0', ]''#0', <''#0', 3''#0'�'##1'';

sol3  ExpandAll#sol3';

� Change in equity risk premium

The presence of Yo does affect 3''[0].

pi2  3''#0' s. sol3 ss Together ss Expand

�
6 U1 W1

2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

4 b1 U1 W1
2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

4 U2 W1
2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

4 b1 U2 W1
2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

6 U1 W1 W2
ccccccccccccccccccccccccc
+W1 � W2/

5
�
8 b1 U1 W1 W2
cccccccccccccccccccccccccccccc
+W1 � W2/

5
�

2 U2 W1 W2
ccccccccccccccccccccccccc
+W1 � W2/

5
�
8 b1 U2 W1 W2
cccccccccccccccccccccccccccccc
+W1 � W2/

5
�

4 b1 U1 W2
2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

2 U2 W2
2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

4 b1 U2 W2
2

ccccccccccccccccccccccccc
+W1 � W2/

5
�

4 U1
2 W1 W2 P2,1

2

cccccccccccccccccccccccccccccccccccc
+W1 � W2/

5
P0,2

�

8 U1 U2 W1 W2 P2,1
2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

5
P0,2

�
4 U2

2 W1 W2 P2,1
2

cccccccccccccccccccccccccccccccccccc
+W1 � W2/

5
P0,2

�
4 U1

2 W1 W2 P3,0
2

cccccccccccccccccccccccccccccccccc
+W1 � W2/

5
�
8 U1 U2 W1 W2 P3,0

2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

5
�

4 U2
2 W1 W2 P3,0

2

cccccccccccccccccccccccccccccccccc
+W1 � W2/

5
�

N1 W1
2 P4,0

ccccccccccccccccccccccccc
+W1 � W2/

5
�

N1 W1 W2 P4,0
cccccccccccccccccccccccccccccc
+W1 � W2/

5
�

N2 W1 W2 P4,0
cccccccccccccccccccccccccccccc
+W1 � W2/

5
�

N2 W2
2 P4,0

ccccccccccccccccccccccccc
+W1 � W2/

5

Define the price function

Price#H_'  1 � H
2
3#H'

1 � H2 3#H'

Compute the Taylor series for the price function

TaylorPrice  Normal#Series#Price#H' , �H, 0, 4�''

1 � H
2
3#0' � H

3
3

�#0' �
1
cccc
2

H
4
3

��#0'

Compute the Taylor series for th case of one asset and two assets where we include the solutions for 3#0', 3�#0', and

3
��#0'.
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TaylorPriceTwoAsset  TaylorPrice ss. utilparams s. sol3 s. sol2 s. BifPt s. �b2 � 4 � b1�

1 �
H
2

ccccccccccccccccc
W1 � W2

�
H
3 +U1 W1 � U2 W2/ P3,0

ccccccccccccccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

3
�

1
cccc
2

H
4
L

N

MMMMM�
b1

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 2 W1
2
W2 � W1 W2

2/
�

b1 U1
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 2 W1
2
W2 � W1 W2

2/
�

U2
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W1 W22 � W2
3/

�
b1 U2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
W1 , 1

cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W1 W22 � W2
3/

�

b1
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W12 W2 � 2 W1 W2
2
� W2

3/
�

1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 3 W1
2
W2 � 3 W1 W2

2
� W2

3/
�

3 U1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 3 W1
2
W2 � 3 W1 W2

2
� W2

3/
�

2 U2
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W12 W22 � 2 W1 W2
3
� W2

4/
�

b1 U2
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W12 W22 � 2 W1 W2
3
� W2

4/
�

1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 � 3 W1
2
W2
2
� 3 W1 W2

3
� W2

4/
�

3 U2 W1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W22 � 3 W1
2
W2
3
� 3 W1 W2

4
� W2

5/
�

U1 U2 P2,1
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 P0,2 � 3 W1
2
W2
2
P0,2 � 3 W1 W2

3
P0,2 � W2

4
P0,2/

�

U2
2
P2,1
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 P0,2 � 3 W1
2
W2
2
P0,2 � 3 W1 W2

3
P0,2 � W2

4
P0,2/

�

U1
2
P2,1
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 P0,2 � 4 W1
3
W2 P0,2 � 6 W1

2
W2
2
P0,2 � 4 W1 W2

3
P0,2 � W2

4
P0,2/

�

U1 U2 P2,1
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 P0,2 � 4 W1
3
W2 P0,2 � 6 W1

2
W2
2
P0,2 � 4 W1 W2

3
P0,2 � W2

4
P0,2/

�

U1 U2 W1 P2,1
2

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 W2 P0,2 � 4 W1
3
W2
2
P0,2 � 6 W1

2
W2
3
P0,2 � 4 W1 W2

4
P0,2 � W2

5
P0,2/

�

U2
2
W1 P2,1

2

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 W2 P0,2 � 4 W1
3
W2
2
P0,2 � 6 W1

2
W2
3
P0,2 � 4 W1 W2

4
P0,2 � W2

5
P0,2/

�

U1 U2 P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 � 3 W1
2
W2
2
� 3 W1 W2

3
� W2

4/
�

U2
2
P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 � 3 W1
2
W2
2
� 3 W1 W2

3
� W2

4/
�

U1
2
P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 � 4 W1
3
W2 � 6 W1

2
W2
2
� 4 W1 W2

3
� W2

4/
�

U1 U2 P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 � 4 W1
3
W2 � 6 W1

2
W2
2
� 4 W1 W2

3
� W2

4/
�

U1 U2 W1 P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 W2 � 4 W1
3
W2
2
� 6 W1

2
W2
3
� 4 W1 W2

4
� W2

5/
�

U2
2
W1 P3,0

2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 W2 � 4 W1
3
W2
2
� 6 W1

2
W2
3
� 4 W1 W2

4
� W2

5/
�

N2 P4,0
ccccccccccccccccccccccccccccccccccccccccccccccccc

4 W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2
3
�

N1 P4,0
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +2 W1
3
� 6 W1

2
W2 � 6 W1 W2

2
� 2 W2

3/
�

3 N2 P4,0
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +2 W1 W2
3
� 2 W2

4/
�

3 N2 W1 P4,0
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +2 W1
2
W2
3
� 4 W1 W2

4
� 2 W2

5/
�

N2 W1
2
P4,0

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +2 W1
3
W2
3
� 6 W1

2
W2
4
� 6 W1 W2

5
� 2 W2

6/

\

^

]]]]]
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TaylorPriceOneAsset  

TaylorPrice ss. utilparams s. sol3 s. sol2 s. BifPt s. �b2 � 4 � b1� ss. NoDeriv

1 �
H
2

ccccccccccccccccc
W1 � W2

�
H
3 +U1 W1 � U2 W2/ P3,0

ccccccccccccccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

3
�

1
cccc
2

H
4
L

N

MMMMM�
b1

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 2 W1
2
W2 � W1 W2

2/
�

b1 U1
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 2 W1
2
W2 � W1 W2

2/
�

U2
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W1 W22 � W2
3/

�
b1 U2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W1 W22 � W2
3/

�

b1
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W12 W2 � 2 W1 W2
2
� W2

3/
�

1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 3 W1
2
W2 � 3 W1 W2

2
� W2

3/
�

3 U1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +W13 � 3 W1
2
W2 � 3 W1 W2

2
� W2

3/
�

2 U2
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W12 W22 � 2 W1 W2
3
� W2

4/
�

b1 U2
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W12 W22 � 2 W1 W2
3
� W2

4/
�

1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 � 3 W1
2
W2
2
� 3 W1 W2

3
� W2

4/
�

3 U2 W1
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W22 � 3 W1
2
W2
3
� 3 W1 W2

4
� W2

5/
�

U1 U2 P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 � 3 W1
2
W2
2
� 3 W1 W2

3
� W2

4/
�

U2
2
P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W13 W2 � 3 W1
2
W2
2
� 3 W1 W2

3
� W2

4/
�

U1
2
P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 � 4 W1
3
W2 � 6 W1

2
W2
2
� 4 W1 W2

3
� W2

4/
�

U1 U2 P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 � 4 W1
3
W2 � 6 W1

2
W2
2
� 4 W1 W2

3
� W2

4/
�

U1 U2 W1 P3,0
2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 W2 � 4 W1
3
W2
2
� 6 W1

2
W2
3
� 4 W1 W2

4
� W2

5/
�

U2
2
W1 P3,0

2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
, 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +W14 W2 � 4 W1
3
W2
2
� 6 W1

2
W2
3
� 4 W1 W2

4
� W2

5/
�

N2 P4,0
ccccccccccccccccccccccccccccccccccccccccccccccccc

4 W1 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2
3
�

N1 P4,0
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 W2 +2 W1
3
� 6 W1

2
W2 � 6 W1 W2

2
� 2 W2

3/
�

3 N2 P4,0
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +2 W1 W2
3
� 2 W2

4/
�

3 N2 W1 P4,0
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +2 W1
2
W2
3
� 4 W1 W2

4
� 2 W2

5/
�

N2 W1
2
P4,0

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 , 1
cccccccc
4 W1

�
1

cccccccc
4 W2

0 +2 W1
3
W2
3
� 6 W1

2
W2
4
� 6 W1 W2

5
� 2 W2

6/

\

^

]]]]]

We now compute the difference.

TaylorPriceTwoAsset� TaylorPriceOneAsset ss Together ss Simplify

2 H4 +U1 � U2/
2
W1 W2 P2,1

2

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

5
P0,2

� Equation 5:

We next compute (T'''[0],]'''[0],<'''[0],3'''[0]) by setting the H4 components equal to zero. We do this since these third deriva

tives may play a role in the utility analysis below.
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eq1  eqns11##5'' ss. utilparams s. sol3 s. sol2 s. BifPt s. �b2 � 4 � b1�;

eq2  eqns21##5'' ss. utilparams s. sol3 s. sol2 s. BifPt s. �b2 � 4 � b1�;

eq3  eqns12##5'' ss. utilparams s. sol3 s. sol2 s. BifPt s. �b2 � 4 � b1�;

eq4  eqns22##5'' ss. utilparams s. sol3 s. sol2 s. BifPt s. �b2 � 4 � b1�;

sol4  Solve#�eq1 m 0, eq2 m 0, eq3 m 0, eq4 m 0�,

� T'''#0', ]'''#0', <'''#0', 3'''#0'�'##1'';

Utility Expansion

We want to evaluate the utility impact of the derivative.

Á Utility

We next define equilibrium expected utility for type 1 investors as a function of the scaling parameter H.

utilsubs  �T � T#H', ] � ]#H', 3 � 3#H', < � <#H'�

�T � T#H', ] � ]#H', 3 � 3#H', < � <#H'�

Y1  Expand#Y1'

y H ] � z D H ] � z H T � H2 T 3 � H2 ] < � a1 � b1 � H
2
3 b1

U1  u1#Y1' s. utilsubs

u1#a1 � b1 � y H ]#H' � z D H ]#H' � z H T#H' � H
2 b1 3#H' � H

2
T#H' 3#H' � H2 ]#H' <#H''

tabutilderivs  �u1
+n_/

#+a1 � b1/' � A1#n',

u2
+n_/# +a2 � b2/' � A2#n', u1

+n_/# a1 � b1' � A1#n', u2
+n_/# a2 � b2' � A2#n' 

�u1
+n_/#a1 � b1' � A1#n', u2

+n_/#a2 � b2' � A2#n', u1
+n_/#a1 � b1' � A1#n', u2

+n_/#a2 � b2' � A2#n' 

util1pow  Normal#Series#U1 , �H, 0, 5�'' ss. tabutilderivs;

util1pow  Expand#util1pow';

util1pow  util1pow ss. moments;

util1pow  util1pow s. sol4 s. sol3 s. sol2 s. BifPt ss. tabutilderivs;

ut1  util1pow ss. utilparams;

utilexpansion  CoefficientList#ut1, H';

Table#utilexpansion##i'', �i, 1, 4�' ss Simplify

�u1#a1 � b1', 0,
W1 � 2 b1 +W1 � W2/
cccccccccccccccccccccccccccccccccccccccccccc

2 +W1 � W2/2
,

+3 U2 W2 ++�1 � b1/ W1 � b1 W2/ � U1 W1 ++�2 � 3 b1/ W1 � +1 � 3 b1/ W2// P3,0
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

3 +W1 � W2/4
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This last list shows that the moments of Yo have no impact on utility up to the third order. Therefore, we move to the fourth-

order terms.

� Utility difference - order 4

Compute the utility contribution of the new asset. The utility difference is the utility with a nontrivial Yo minus the utility

with trivial Yo, that is, a Yo with zero co-moments with z. We know that we only need to set P2,1  equal to zero. More

generally, we would use substitutions which would set all E �zi y j� for i,j>0 equal to zero.

util5  utilexpansion##5'' ss Together;

UtilDiff  +util5 � +util5 s. � P2,1 �! 0�// ss Expand

�
2 U1

2
W1
2
W2 P2,1

2

cccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
2 b1 U1

2
W1
2
W2 P2,1

2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
4 U1 U2 W1

2
W2 P2,1

2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
4 b1 U1 U2 W1

2
W2 P2,1

2

ccccccccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�

2 U2
2
W1
2
W2 P2,1

2

cccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
2 b1 U2

2
W1
2
W2 P2,1

2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
U1
2
W1 W2

2
P2,1
2

cccccccccccccccccccccccccccccccccccccccc

2 +W1 � W2/
6
P0,2

�
2 b1 U1

2
W1 W2

2
P2,1
2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�

U1 U2 W1 W2
2
P2,1
2

cccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
4 b1 U1 U2 W1 W2

2
P2,1
2

ccccccccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

�
U2
2
W1 W2

2
P2,1
2

cccccccccccccccccccccccccccccccccccccccc

2 +W1 � W2/
6
P0,2

�
2 b1 U2

2
W1 W2

2
P2,1
2

ccccccccccccccccccccccccccccccccccccccccc
+W1 � W2/

6
P0,2

We first determine the denominator of this expression for utility difference

UtilDiffDenom  Expand#Denominator#Together#UtilDiff''' ss Factor

2 +W1 � W2/
6
P0,2

We next determine the numerator

UtilDiffNum  Expand#Numerator#Together#UtilDiff''' ss. EqmSubs

�4 U1
2
W1
2
W2 P2,1

2
� 4 b1 U1

2
W1
2
W2 P2,1

2
� 8 U1 U2 W1

2
W2 P2,1

2
� 8 b1 U1 U2 W1

2
W2 P2,1

2
�

4 U2
2
W1
2
W2 P2,1

2
� 4 b1 U2

2
W1
2
W2 P2,1

2
� U1

2
W1 W2

2
P2,1
2

� 4 b1 U1
2
W1 W2

2
P2,1
2

�

2 U1 U2 W1 W2
2
P2,1
2

� 8 b1 U1 U2 W1 W2
2
P2,1
2

� U2
2
W1 W2

2
P2,1
2

� 4 b1 U2
2
W1 W2

2
P2,1
2

� Simplify criterion

We now take out the term in the utility expansion which involves Yo

crit3  Simplify#Coefficient#UtilDiffNum, P2,1
2''sUtilDiffDenom

+U1 � U2/
2
W1 W2 +4 +�1 � b1/ W1 � +1 � 4 b1/ W2/

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 +W1 � W2/
6
P0,2

This term proves the utility change theorem.
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