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Introduction

The module Asymptotic Methods in Mechanics consists of analytical approx-
imation techniques for solving algebraic, ordinary and partial differential
equations and corresponding initial and boundary value problems with a
small parameter arising in mechanics and other areas of sciences, engineer-
ing and technology.

It contains 18 lectures and 4 tutorials dealing with the course assign-
ments. Students are encouraged to seek help from this Lecture Notes and
the following literature: “Perturbation Methods” by E.J. Hinch and “Pertur-
bation Methods” by A.H. Nayfeh. Also, the book “Perturbation Methods in
Applied Mathematics” by J. Kevorkian and J.D. Cole is recommended for
reading as well as the book “Asymptotic analysis of Differential Equations”
by R.B. White published by Imperial College press. We will need Chap-
ter 1 on Dominant Balance from this book. This chapter is also available
from Internet as well as a useful textbook “Asymptotic Analysis and Singular
Perturbation Theory” by J.K. Hunter.

The authors are thankful to Prof. A. Movchan (Department of Mathemat-
ical Sciences, University of Liverpool) for remarks, suggestions and comments
for the first part of the course. The authors also would like to express their
gratitude to Prof. A. Korobkin (School of Mathematics, University of East
Anglia) for providing the notes of his lectures on Asymptotic Analysis read
for the third year and Master students at UEA in 2008 and 2010. These
notes were partially used in Chapter 1. The last two chapters of this Lecture
Notes are based on the textbook [5].

In this module we give mathematical definitions of asymptotic expansions,
asymptotic formulas and shall study:

1) Operations with asymptotic expansions;

2) Perturbation methods for algebraic equations with small parameter;

3) Regular and singular perturbation methods for ordinary differential
equations;

4) Regular perturbation methods for boundary problems in partial differ-
ential equations;

5) Matched asymptotic expansions: outer and inner representations;

6) Van Dyke’s matching rule and composite approximations;

7) Homogenization method;

8) Method of multiple scales;

9) Method of asymptotic expansions in thin domains.



Chapter 1

Asymptotic expansions

1.1 Introduction to asymptotic analysis

1.1.1 Mathematical formulation of a physical problem

We will deal mainly with constructing the so-called asymptotic (approximate)
solutions of mathematical problems written in non-dimensional variables with
only occasional regard for the physical situation it represents. However, to
start things off it is worth considering a typical physical problem to illustrate
where the mathematical problems originate. A simple example comes from
the motion of an object projected radially upward from the surface of the
Earth. The object moves due to its initial velocity and the gravitational
force given by Newton’s law of universal gravitation. This law is an empirical
physical law describing the gravitational attraction between bodies

ymM
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where r is the distance between the centers of mass of two bodies with masses
m and M. In our problem, m is the mass of the object, M is the mass of the
Earth, and v is the gravitational constant, v = 6.67428 x 10~* m® kg 's~2.
Let z(t) denote the height of the object, measured from the surface of the
Earth. Then from Newton’s second law, we obtain the following equation of

motion: 2o R
iz Ry t>0, (1.1)

where R is the radius of the Earth and g is the gravitational constant defined



as YMR™2. We assume that the object starts from the surface with a given
upward (positive) velocity vy, i.e.,

z(0) =0, 2'(0) = vo. (1.2)

The nonlinear nature of the ordinary differential Eq. (1.1) makes finding
a closed-form solution difficult, and it is thus natural to try searching for
a way to simplify it. For example, if the object does not get far from the
surface, then one might try to argue that x(¢) is small compared to R and the
denominator in (1.1) can be simplified to R%. This is the type of argument
often made in introductory physics and engineering texts. In this case = =~
xo(t), where xj = —g for 27(0) = 0 and x(,(0) = vo. It is not difficult to find
the respective solution

1
zo(t) = —Egt2 + vot. (1.3)

One finds in this case that the object reaches a maximum height of v3/2g
and comes back to Earth surface at time t, = 2vy/g. The difficulty with
this reduction is that it is unclear how to determine a correction to the
approximate solution in (1.3). This is worth knowing since we would then be
able to get a measure of the error made in using (1.3) as an approximation
to the unknown solution and it would also be possible to see just how the
nonlinear nature of the original problem affects the motion of the object. To
make the reduction process more systematic, it is first necessary to scale the
variables and to rewrite the problem in non-dimensional variables. To do
this, we put

Pt y(r) = 2(t)/z (1.4)

where t. is a characteristic time for the problem and z. is a characteristic
value for the projectile displacement. We have a lot of freedom in choosing
these constants, but they should be representative for the regime we are going
to investigate.

Based on the solution xq(t) of the approximate problem, we take

te=10/9, Tc=15/9.
Correspondingly, we will have

d*x oz, d%y d?y
i (15)



In the new variables the problem is formulated as follows:

% = —m, T > O, (16)
y(0) =0, %(0)=1. (1.7)

Note that the problem (1.1), (1.2) is equivalent to the problem (1.6), (1.7).

The parameter € = v3/(gR) involved in (1.6) is now dimensionless. More-
over, its value is of crucial importance as it gives us a measure of how high
the projectile can go in comparison to the radius of the Earth. We know that
R~ 6.4x10°m and g &~ 10 m/s™2. Then € = 1 if one takes vy = 8 km/s.
Therefore, if the initial velocity of a projectile is much less than 8 km/s, then
¢ in (1.6) is a small parameter and we can use asymptotic methods to find
approximate solutions of the problem. For example, if the initial velocity
is comparable with the speed of a fast Formula One car (v = 360 km/h or
v =100 m/s) then € = 1.56 - 10~%, and so it is a pretty small value.

Everywhere in this module to set that value of the parameter ¢ is small
enough we will use the following notation:

e <« 1.

Introducing non-dimensional variables we obtain non-dimensional param-
eters of the problem. This allow us later to compare terms in the equation
while searching for the solution. On the other hand, recognising which term
is more essential than others in terms of the introduced small dimension-
less parameter €, one can construct a sequence of solutions where every next
solution is close to the exact one than the previous solution. This we will
describe in detail in the next subsection.

1.1.2 Example 1. Asymptotic solution of a Cauchy
problem for an ordinary differential equation

We assume that the solution to the problem (1.6), (1.7) can be found in the
form of a power series with respect to the small parameter ¢ as
y(1,€) = yo(1) + eyn (1) + 2 (7) + ... . (1.8)

We insert the two-term straightforward expansion of the solution (1.8) into
Eq. (1.6) and make use of the expansion

m:1+22+322+...,



which is valid for small values of z and can be obtained by differentiating the
well known power series

1 2
—=14+z+ 2"+ ...

1—=2
with respect to z. Setting z = —ey, we find
;:1—25?/%—3521;2—1—... .
(14 ey)?

Thus, Eq. (1.6) takes the form
yh+eyl +... .= —1+2(yotem+...) =3 (yo+ey+... ) +.... (1.9)

Since y,(7) are independent of ¢, and the both sides of Eq. (1.9) have to be
equal for any small value of the parameter ¢, the coefficients of like powers of
£ must be the same on both sides of this equation. Equating the respective
coefficients, we will have

v Yy = —1, (1.10)
gl Yy = 2y, (1.11)

and so on for higher powers of the small parameter ¢.
Inserting the two-term straightforward expansion of the solution into the
initial conditions (1.7) gives

v : y0(0) =0, ,(0) =1, (1.12)
etr y(0)=0, 15(0)=0. (1.13)
Solving Eq. (1.10) with the initial conditions (1.12), we find that

1
yo(T) = —57'2 + T,

and this expression (after returning to the original variables) fully coincides
with the approximate solution z((t) found above in (1.3).
Equation (1.11) can be written now as

Y =21 — 72,
and with the initial conditions (1.13) gives the following solution:

7_3 4

yl(T)Zg— 1

ﬁ

o
[\]



Finally, the so-called two term asymptotic approximation of the exact
solution takes the form

1, ™ 7t
y(T,&)——ﬁT +T+E<§—E)‘|‘ (114)

The process could be continued to have the approximation function more
and more accurate. However, as it will be shown later, there is no guarantee
that the process will converge (to the exact solution).

In fact, we could stop our analysis at this point and move forward to the
next subsection. However, it is probably worth to make a small effort to
persuade ourselves even more what an efficient tool we have in our hands.
Indeed, let us imagine that one wants to find not only the approximate
solution (1.14) but also the maximum of the object height y.x(e) which the
solution reaches at the normalised time 7 = Ty (€). For this purpose, it is
necessary to solve the equation

Yr(Tmax(€),€) =0 (1.15)

and a standard way to do so is to find points where y/(7) = 0 and to se-
lect one which provides the maximum. Unfortunately, the solution of the
corresponding cubic equation

3
0:_r+1+5<72—%), (1.16)

which can be found by using the closed-form Cardano’s formula, is not easy
at all.

However, using the same methodology as above, the answer is quite
straightforward. First, let us observe, that the values Tp.x(0) = 1 and
Ymax(0) = 1/2 are trivially obtainable. One can check that, after re-normali-
sation (1.4), we receive the same values as discussed above t,.(0) = t.,
Tmax(0) = z./2. Note that the approximate solution (1.14) makes perfect
sense for the normalised time 7 lying in a neighborhood of unit. Let we try
to estimate the value of 7,.x () more accurate searching for it in form:

Tmax<5> =1 +em +€27'2 4+ ...

Substituting this into Eq. (1.16), we immediately find that

2
Tmax(e)zl—l—gs—l—....



and, thus, we will have

1 1
ymax(5):§+z€+....

Finally note that the nonlinearity of Eq. (1.6) of the object motion in-
creases the maximum height and the time to reach it.

1.2 Main idea of asymptotic analysis

1.2.1 Straightforward asymptotic expansion

The fundamental idea of asymptotic analysis (or perturbation technique) is
to relate the unknown solution of original complex problem to the known
simple solution of an approximate associated problem by means of simple
transitions. This is a comparative method, a procedure used throughout all
intellectual domains.

Consider a general equation

L(u) +eN(u) =0, (2.1)

where L(u) = 0 is an equation that can be readily solved with the solution .
We assume that N is a bounded operator defined on a space of real-valued
functions.

We need to find the solution u(e) to Eq. (2.1) in case when the positive
parameter ¢ is small, ¢ < 1. It can be expected that as ¢ — 0, we will have

u(e) — up.
Furthermore, let us assume that L(u) is a linear operator,
L(ciu + cov) = ¢ L(u) 4+ coL(v) (2.2)
and the solution can be found in the form of power series
u(e) = ug + euy +ug + ... . (2.3)

We do not discuss convergence of the series (2.3) at this stage.
Inserting (2.3) into (2.1) and using (2.1) we derive

L(ug) +eL(u) + €2 L(ug) + ... . +eN(ug +euy + 2ug +...) =0. (2.4)

10



Assuming that N(u) is not only bounded but smooth enough operator
near the point u = ug, we can expand it as follows

N(u) = N(up) + Ay (v — up) + Ag(u — ug)* + .. ., (2.5)

where A; and A, are linear operators dependent on ug. Inserting (2.5) into
(2.4), we rewrite it in form of a sum of terms. Then, collecting the terms
with the same power of € and equating the results to zero, we find

g L(u1) = —N(ug), (2.6)
g2 L(ug) = —Aq(uy), (2.7)

and so on. Assuming that these non-homogeneous problems can be solved,
we calculate uy, us and other coefficients in (1.7). It is possible that the
obtained power series does not converge but in asymptotic analysis divergent
series are allowed. What does this means in practical terms we will explain
later. The solution (2.3) is called the straightforward asymptotic expansion
of the solution u(e). If the solution exists it usually called regular asymptotic
expansion of the exact solution.
It is quite clear that the equation

L(u) + Zngj(u) =0 (2.8)

can be considered in the same manner. If all the operators N, are smooth
enough near the point u = ug in the sense of Eq. (2.5), then the difference
in the asymptotic procedure in comparison with the previous case is purely
technical. Note that the case k = oo is also possible. Indeed, in the example
discussed in Section 1.1, we met with such situation. In that case we have
the following operators:

L(u) =u" +1, (2.9)
defined on the space of twice-differentiable functions C? satisfying the initial
conditions (1.7), while other operators are

Nj(u) = (=1 (j + ). (2.10)

It is absolutely clear that the case k = oo can be also represented in the
following manner:

L(u)+ Y &/ Nyj(u) + e M(u,£) =0, (2.11)

11



where K is an arbitrary large natural value and operator M depends also on
the parameter . In this case the choice of the number K is solely depends
on us (when we will to stop the asymptotic procedure). However, it may
also happen that this is the only choice. Such situation appears when all
operators N; up to the number j = K are smooth near the point u = ug but
the operator N, even formally written does not posses such a property.
In such case not more than K terms in the asymptotic expansion can be
delivered.

All the aforementioned cases belong to the so-called reqular perturbations.
Below we show another example of that type.

1.2.2 Example 2. Asymptotics of a boundary value
problem for an ordinary differential equation

Previous example of a regularly perturbed problem was related to the Cauchy
problem for nonlinear ODE. Now we consider a simple perturbed boundary

value problem
u'(z) —*u(z) =1, 0<z<1, (2.12)

w(0) =0, u(l) =1, (2.13)

where ¢ is assumed to be a small positive parameter.

Now, the operator Lu = u” — 1 acts in the set of functions from the class
of smooth functions C?[0, 1] satisfying the boundary conditions (2.13). Note
that N; = 0 and only Ny = —u differs from zero.

The leading order asymptotic approximation (for small values of &) wug
satisfying the equation Lug = 0 can be immediately computed

1 1

up(z) = 3% + 51’2. (2.14)

Continuing the process, we will have

1 1
u(zx,e) :§(x+x2)+€2ﬂ(:c4+2x3—3:c)—|—... : (2.15)

On the other hand, the exact solution of (2.12), (2.13), is given by

eé‘x _"_ e—ELK _ 2 —"_ 651' _ e—ax
U, t —
e 2e2 2e2(ef —e7¢)

(2 — e — e +2e7), (2.16)

12
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Figure 2.1: The graphs of both uea.ct and ug for the case e = 0.1.

which can be also rewritten in a more compact way

sinh ez

1
Uexact = E(COSh ET — 1) + (1 + 52 — cosh 8). (217)

e2sinhe

In Figure 2.1, we have plotted the functions y = Uexact(z) and y = ug(z)
for ¢ = 0.1. The curves are practically indistinguishable, and the error of
approximation is small (see the graph of |uexact(z) — uo(z)| plotted in Figure
2.2).

One can be surprised of the quality of the approximation. Indeed, we
could expect the difference may be of the order €2 or in this particular case
1072, However, looking closely at the second term in the asymptotic expan-
sion (2.16), one case see that its maximum (without the small parameter £?)
takes itself small values (near 1072?) within the interval [0, 1] what is inci-
dently comparable with the impact of the small parameter. Moreover, this
value is independent of the value of €. This example shows an importance
of the constants (functions) related to the corresponding asymptotic terms.
In the case under consideration, this constant was in our favor. However, it
is not always the same. Recall that the series may be not converge so the
coefficients in the asymptotic expansion should not necessarily decrease with
number of terms. An example of this will be given later.

13
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Figure 2.2: Absolute error of approximation for the case € = 0.1.

Concluding, even the first term of the straightforward asymptotic ex-
pansion gives a reasonable approximation to the solution for small values of
the parameter €. If one needs a more accurate approximation, it is always
possible to construct next asymptotic terms.

Of course, the quality of asymptotic approximations depends essentially
on the value of the small parameter ¢ itself. To show this, we present four
figures (Figs. 2.3—2.6) with the numerical results corresponding to the prob-
lem illustrated by Figs. 2.1 and 2.2, but for two greater values ¢ = 0.5 and
e =1.0.

However, there could appear special cases when solution to the limit
equation L(u) = 0 does not exist at all or exist in the space which does not
coincide with that one when we are searching a solution from. Other not
clear situations may happen when the original problem has more than one
solution while using the the straightforward procedure one can find the only
one. Usually, all such cases correspond to the so-called singular asymptotic
expansion or equally to singular perturbations. In fact, there is no unique
definition for these notions. Other usually used definition says that when
the straightforward asymptotic expansion produces a smooth solution of a
problem, as a function of small parameter ¢, then such a problem is a regular
perturbation problem. An asymptotic problem is called a singular perturba-

14
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tion problem otherwise.

However, if we do not know a priori which type of the problems we are
dealing with, the straightforward asymptotic expansion is the first necessary
step. And only meeting an obstacle and understanding what is its reason,
one can move forward to solve the problem with more advanced asymptotic
techniques. Below we show a few simple examples illuminating various (but
not all) problems which one may meet using the straightforward asymptotic
procedure.

1.2.3 Example 3. Asymptotic solution of a quadratic
equation

Let us consider the following quadratic equation with a small parameter e:
u—1+eu? =0. (2.18)

Then, using the introduced above notation, we conclude L(u) = v — 1 and
N(u) = u?.
The three-term straightforward asymptotic expansion of the solution u(e)
gives the result
u=1-e+2+..., (2.19)

which is an approximation to the following one of two solutions of Eq. (2.18):

_—1—|—\/1—|—4€_ 2

uy(e . 2.20
1(€) 2¢ 14T +4e (2:20)
Moreover, using the Taylor series
1 1, 1 4
\/1+Z:1+§Z—§Z +1—62..., (221)

one can show that the three-term expansion (2.19) of the solution (2.18)
differs from the exact solution (2.20) on the term of the order £* or even

more accurate:
lu(e) — 1 +¢ — 2e% < 10&°. (2.22)

The inequality (2.22) holds true for any 0 < ¢ < 1. Therefore, the three-
term straightforward asymptotic expansion deviates from the exact solution
(2.18) by the term which can be estimated as 10e® for small e. For example,
if £ = 0.1, the difference between the exact and approximate solutions is less

17



than 0.01. If ¢ = 0.01, the difference is less than 0.00001. However, as it
follows in this case the constant in front of the term of the order €* of the
asymptotic expansion is not a small one (compare with the discussion after
Figure 2.2 above).

Strictly speaking, there are two equally important steps in asymptotic
analysis. First step is to construct a formal asymptotic expansion (as we
did in (1.14), (2.16) and (2.19)). The second is to prove that this expansion
approximates the exact solution with a proper accuracy as € — 0 that is
usually even more difficult task. In this module, we will deal mostly with the
first step, making remarks if necessary about possible estimates.

The second solution of the quadratic equation (2.18), which has not been
found from the straightforward asymptotic expansion, is

_1+\/1+45

> (2.23)

U9 (5) =
Note that us(e) — —oo as € — 0. It is clear that such type of information
is crucial for the further analysis and need to be taken into account when
searching for the approximate solution in this case.
Finally, note that apart of the fact that the original problem (2.18) has two
solutions, the straightforward asymptotic procedure gives an approximation
to only one of them. This is an example of singularly perturbed problem.

1.2.4 Example 4. Asymptotic solution of a quadratic
equation with a parameter

Consider now another quadratic equation with an additional parameter 7
(u—1)(u—7)+eu=0. (2.24)

Here L(u) = (u — 1)(u — 7) and N(u) = u. There are two solutions of the
limit equation L(u) = 0 as follows:
u(()l) =1, u((f) =T
The three-term straightforward asymptotic expansions of the corresponding
solutions are obtained by using (1.7) as (details will be given later)
€ exr

W=7 —
Y 1—7 (1—7’)3+ ’

18



u(2) n ET i 527— i
=T e
l—7 (1-—71)3
It is seen that the expansions may be not valid where 7 is close to unity. Now,
the coefficients at the powers of the small parameter ¢ may even drastically

increase with number of asymptotic terms.

Thus, it should be emphasized that straightforward asymptotic expan-
sions may give inaccurate approximation or even be not valid for some values
of the problem parameters.

The final example of a perturbed problem in this section will refer to a
singular perturbation case.

1.2.5 Example 5. Solution of a singularly perturbed
boundary value problem

Let u satisfy the equation
e (z) —u(z) =1, 0<z<1, (2.25)

with the same boundary conditions (2.13) as above.

The solution u(z) can be interpreted as the temperature of a thin rod con-
necting two large bodies which are maintained at constant temperature as
shown in Figure 2.7. The positive coefficient £ denotes the normalised (rel-
atively small) thermal conductivity, and the temperature of the surrounding
medium is equal to —1.

Formally, if we set e = 0 in (2.25) then the asymptotic approximation ug
of the solution is given by

up(z) =—-1, 0<z<l1. (2.26)

However, in contrast with the previous example (2.14), it does not satisfy
the boundary conditions (2.13). This fact indicates that the perturbation is
singular. And need to be corrected. The corrected asymptotic approximation
takes form

Unsymp(T) = —1 + e/ + 20" 7/E 0 <o < 1, (2.27)

which satisfies Eq. (2.25) and leaves an exponentially small error with re-
spect to the small parameter ¢ in the boundary conditions (2.13). Two last
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Figure 2.7: A thin rod connecting two bodies of given temperature (¢ = 0.1).

correction terms in (2.27) are concentrated near the ends of the interval (0, 1)

and are called the boundary layers.
In this case, the exact solution of the problem (2.25), (2.13) is

2 -1 .

el/s(el/s _ 2)
_ —ax/
oxact (¥) = =1+ —————e™"/F 4 et (2.28)
or in a form, which is better for computation,
<1 - 2871/6) —l’/ 2 - 871/6 (I—l)/
uexact(x) =-1+4 W 4 me c, (229)

In Fig. 2.7 we plot the function y = texact () for the case when e = 0.1. It
can be observed that the quantities uey.et and ug are quite close to each other
in the middle region of the interval (0, 1). However, |texact —to| becomes large
when we approach the end points x = 0 and © = 1 (see Fig. 2.8). On the
other hand, the functions texact and wasymp are very close, so that it is hardly
possible to distinguish between their graphs. In particular, when ¢ = 0.1,
the difference texact — Uasymp has the order 1074,

We note that the asymptotic approximation involving the boundary layer
terms can be constructed for the solution of the problem (2.25), (2.13) with-
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Figure 2.8: Absolute error Uexact — Uasymp Of the asymptotic approximation
for the case ¢ = 0.1.

out any knowledge of teyaet. That is, in order to compensate for the discrep-
ancy left by ug in the boundary condition at x = 0, we make the change of
the independent variable X = x /¢, and consider a new unknown variable

UX)=u(z) —up(z) =u(eX) + 1. (2.30)

as if we have been looking at a neighbourhood of z = 0 through a microscope.
The point 2 = 1 moves then to the right through a large distance 1/¢, and
we can forget about it for a moment assuming it is in infinity. Now we obtain
the model problem (independent of the small parameter):

d*U(X)
—— - UX) = X 2.31
v =0, x>0 (2.31)

with the boundary conditions
Uuon)=1, UX)—0, X — oo, (2.32)

which has the solution U(X) = e™X = e~%/. This gives the second term
in the asymptotic representation (2.27). In a similar way, we introduce the
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Figure 2.9: A thin rod connecting two bodies of given temperature (¢ = 0.5).

scaled variable Y = (1 — z)/e and compensate for the discrepancy of ug at
x =1 by solving the second model problem

PV (Y)
o~ V() =0, V>0 (2.33)
V0)=2  V()—=0, Y — oo, (2.34)

which has the solution V(Y) = 2™ = 2e(®=1/¢. The required asymptotic
approximation in this case is given by the formula

uasymp(x> = UO(JZ') + U<X) + V(Y>7

which is, in fact, the same as (2.27). This is a simple example of the so-
called multi-scaled compound asymptotic approximation involving the bound-
ary layer terms U(X) and V (Y'). The above argument is an important ingre-
dient of the method of compound asymptotic expansions which we are going
discuss among others in the next sections.

Finally, in order to illustrate how the quality of asymptotic approxima-
tions depends on the value of the small parameter €, we present Fig. 2.9 with
the numerical results corresponding to the problem illustrated by Figs. 2.7
and 2.8, but for a greater value ¢ = 0.5.
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1.3 Preliminary results and main definitions

1.3.1 Landau symbols and gauge functions

Approximate (asymptotic) solution not necessary has the form of a power
series as it happened in the previous section. Asymptotic expansions may
require more complex functions of the small parameter ¢, such as log '¢,
e~: and many others. We need these functions to compare the behavior of
our solution with them as ¢ — 0. Note that there is no problem to compare
two smooth real functions, say, f and ¢ taking different (nonzero) values at
a specific point z = a. Indeed, if f(a) > g(a), then there exists an interval
(a — 0,a + &) where f(x) > g(z) for any z € (a — 0,a + J). However, if
f(a) = g(a) nothing can be said in advance. Without lost of generality, we
can consider in this case that f(a) = g(a) = 0. We now will try to define how
to compare the functions in this particular case and what is the meaning of
that “comparison”.

Consider a function f(e) of a single real parameter €. We are interested in
the behavior of this function as ¢ tends to zero. This behavior might depend
on whether ¢ tends to zero from below, denoted as ¢ — —0, or from above,
denoted as ¢ — +0. For example,

. _1 . _1
lim e = =400, lime = =0.
e——0 e—+0

In order to fix our ideas, we always assume in the sequel that
e>0. (3.1)

Definition 1. We say that a function f : (0,a) — R is an infinitesimally
small one at the point € = 0 if

lim f(e) =0. (3.2)

e—+0

For an example, function f(x) = z? is an infinitesimally small one at the

point x = 0. However, it is clear that the statement is wrong for the point
x =1 as well as any other point x # 0!

Information given by the limit (3.2) is useful but such limits do not explain
how quickly the function tends to this limit. In applied mathematics, we need
more detailed information about the limiting behaviour of f(e) as ¢ — 0.
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Definition 2. Let f,g : (0,a) — R be real functions. If there exist
positive constants C' and 9 such that

|f(e)] < Clg(e)], forany 0<e <, (3.3)

then we say that f(e) = O(g(e)) as € — 0 (function f is a Big-Oh of the
function g at zero point).

Remark 1. The fact that f(¢) = O(g(e)) as € — 0 does not necessarily
imply that g(e) = O(f(e)) at the same point. This only takes place if there
exist positive constants C; < Cy and d such that

Cilg(e)|] < |f(e)] < Cslg(e)], forany 0 <e <. (3.4)

Definition 2 can written in an equivalent form if additionally one assumes
that f, g are different from zero in an open interval (0, d).

Definition 2a. Let f,g : (0,a) — R be real nonzero functions. Then
fle) =0(g(e)) as e — 0 if

‘f(é‘)

<(C, forany 0<e<d. (3.5)
g(e

In other words, the symbol Big-Oh in the notation f(¢) = O(g(¢)) as
¢ — 0 indicates that the function f can be effectively compared in value
with the function g at point ¢ = 0. Note that to say functions f,g are
comparable without indicating at which point makes NO sense.

Imagine now that instead of the previous Definition 2a we have found
that

Definition 3. Let f, ¢ : (0,a) — R be real nonzero functions and for any
small ¢ there exists § = d(c) such that

‘ fe)

<e¢ forany 0<e<)d. 3.6
9() (36)

In this case we say f(¢) = o(g(¢)) as € — 0 (function f is a little-oh of the
function g at zero point).
It is interesting to note that the Definition 3 completely coincides with
the following one.
Definition 3a. Let f,¢: (0,a) — R be real nonzero functions and
L)

Jim, =5 =0 (3.7)
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Then, we say that f(¢) = o(g(e)) as € — 0.
Remark 2. In this case other notation is often used: f < g as ¢ — 0.
Remark 3. Using Definition 3a one can say that function f(e) is an
infinitesimally small at point ¢ = 0 if and only if f(¢) = o(1) as ¢ — 0 or
equivalently if f(¢) < 1 ase — 0.
It is interesting to answer the question: is it possible to rewrite Definition
3a in an equivalent way using limit notation? The answer is positive.
Proposition 1. If f, g are real valued functions defined in the interval
(0,a) and g(e) # 0 then f(e) = O(g(e)) as ¢ — 0, if and only if

f(e)

e < 0. (3.8)

lim sup
e——40

If instead of lim sup the standard lim will be used in (3.6) then the state-
ment becomes more strong and the following statement can be proved.

Proposition 2. If f, g are real valued functions defined in the interval
(0,a), g(e) # 0 and there exists a nonzero constant C' such that

. fle) _
Elig_lo ol C, (3.9)

then f(e) = O(g(e)) as € — 0 and g(¢) = O(f(¢)) as € — 0, simultaneously.
Although, definitions given by conditions (3.9) and (3.8) (or (3.5)) are
not equivalent to each other, the first one is often more useful and sometimes
considered in text books as the main one. Practically the following definition
explains this.
Definition 4. If f and g are real valued functions defined in the interval

(0,a), g(e) # 0 and
f(e)

—r =1, 3.10
Mo g(e) (310)
then we say function f(e) is equivalent to the function g(¢) as ¢ — 0 or
f(e) ~g(e) ase — 0.
A few examples are presented below. As ¢ — 0, the following asymptotic
formulas hold true:

sin(e) = O(e), sin(e) = o(1), sin(7e) = O(e), sin(e) = O(e%),

e~V = o(e") (for any n), =1+ 0(e), 1 —cose = o(e),

1—¢
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= 0(e2), sinhe=0(e), coshe—1=0(),

1 1
sine ~ ¢, sin(7e) ~ Te, sine + log (—) ~ log (—) :
€ €
Some of them are straightforward, other need more accurate proof. The
following refreshment from the Calculus module will be of help.
Example 1. Let us consider function f(¢) = sine. Taylor expansion of
sin e gives the following result:

N o2k+1

k=0

Here the remainder term can be estimated as follows:

62N+2

Ry(e) = me(@,

where [f(¢)| < 1 is an unknown function and, according to the definition
(3.3),
Rn(e) = 0N 1), as e —0. (3.12)

Note that the respective Taylor series

me =3 (1) 3.13
sms—%(—)ma (3.13)

converges for any finite value of €.
Writing down a few first terms we have

Sine—c- 4 p A —e ity g
=c— g S5

Therefore, sin e tends to zero similarly to ! as € — 0, therefore sine = O(¢)
as € — 0, or more accurate:

sine~e, as e€—0. (3.14)

In the same way, as ¢ — 0, we find

1
sine —e = 0(e%), sine —¢e+ 653 = 0(e).
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One can prove in the general case

N 2k+1

e e ON+3
sin e g( 1) T O+, =0, (3.15)

Here we used the fact that the terms change their signs with the number N.
The latter can be written in an equivalent form as follows:

N 2k+1

sing = Z(—l)km + 0N as e —0. (3.16)

k=0

Note that this result is stronger than that discussed in (3.11) and (3.12). For
reason which will be clear later, we also rewrite (3.16) the following (weaker)
manner:

N 2k+1

5
sine = Z(—l)k— +o(e®™) as £ —0. (3.17)
— (2k + 1)!

Example 2. Consider other trigonometric function f(g) = cose with its
Taylor expansion

o0 N g2k+2
cose = Z(-l) m, (318)
k=0

which converges for an arbitrary € € R. Then the same arguments as above
give 1 —cose = o(e) as € — 0,

1
1—coss~§52 as € — 0, (3.19)
and
N o2k
cose = ;(—1)’“(2@! +0@E*N?) as £ —0. (3.20)

Note however, that as x — 7/2, we will have
sin(z) = O(1), cos(z) = o(1),

that is completely different in comparison with (3.14) and (3.19)
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Below we present useful relationships immediately following from Taylor
expansions of some elementary functions:

(1+¢e)* = i (Z) ek, (3.21)

k=0

where the series converges for all |¢| < 1 while the binomial coefficients are
given by the formula

(2) _a(a—l)(a—Zlg!...(a—k—l—l)

In the particular case @« = —1, we have the so-called geometrical series

L D (—1)ke, (3.22)

Other useful Taylor expansions are:

o0 okt
In(l+e) = Z(—l)’“k — (3.23)
k=0
=) o (3.24)
k=0
. * g2k+1
sinhe = Z m, (325)
0 2%
coshe = Z 2 (3.26)
k=0

Moreover, the expansion (3.23) converges for ¢ € (—1, 1] while others for any
e € R

Additionally to relationships (3.14) and (3.19) the following simple ones
can be directly obtained from (3.21)—(3.24):

(14+e)*—1~aes as e—0, (3.27)

tane ~ ¢ as & — 0, (3.28)
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sinhe ~e as ¢ —0, (3.29)
1

coshe — 1 ~ 3 e as & —0, (3.30)
tanhe ~¢ as e¢— 0, (3.31)

2 —1~elnz as e —0, (3.32)
log,e — 1~ Cas e 0, (3.33)

Inx
where 0 < z is an arbitrary value such that x # 1.

In the aforementioned examples, we compare the given functions with
known functions called gauge functions. The gauge functions g(e) are the
functions with well understood behaviour as ¢ — 0. We will use them to
describe the behaviour of a function f(¢) under consideration for small € in
terms of the introduced special symbols of order: O (Big-Oh), o (little-oh)
and ~ (equivalent).

The most useful of them are power gauge functions

Note that sometimes it also makes sense to describe bahaviour of unknown
functions in terms of other elementary functions, for instance,

tane, cose, sine, sinhe,....

with well-known behaviour (see relationships (3.22) - (3.33).
However, in some cases we need more complex gauge functions as for
example for any natural value k:

1 1 1 1
sin (—) . Ve, logTF (—) . elog” (—) . e c, log* <log <—>) .
£ £ £ €

as they cannot be represented by the power gauge functions. One can check
that

£

sin <1> =0(1), as e£—0,

while the estimate 1 = O(sin (1)) as ¢ — 0 is not true. Indeed, there is a

sequence ¢, = 1/(mn) such that €, — 0 as n — oo and sin(1/e,) = 0.

29



Others gauge functions are of essentially different orders o(1) where the
smallest one is the function e~ . For example

e_gzo(%)), as € — 0,

for arbitrary natural k, m.

If function f(x,e) depends on two variables € € (0,a) as above and addi-
tionally on another variable x € X (see for example (3.32) and (3.33)), and
g(x,¢€) is a gauge function, we also write

f(z,e) =0 (g(x,e)) as e =0 (3.34)

for any fixed value of z € X.

According the definition this means that for any fixed value = there exist
constants C' and § both independent of ¢ (generally speaking, C' = C'(x) and
d = 0(x)) such that the following inequality holds true:

|f(z,e)] < Clg(z,e)] for 0<e<d. (3.35)

If the constants C' and ¢ can be chosen independently of = (in a way that
inequality (3.35) is valid for all values x € X) then we say that the relation
asymptotic estimate (3.35)) holds true uniformly.

Definition 5. By using the limit-definitions from (3.7), (3.9) and (3.9)
where we replace the limit with

lim
e—0

we say that

f(z,e) = Olg(x,e)] as ¢ — 0 uniformly wrt (with respect to) x from the
interval (a, b) if the limit in (3.7) is finite for any = from this interval;

f(z,e) = olg(x,€)] as ¢ — 0 uniformly wrt x from the interval (a,b) if
the limit in (3.9) is zero for any x from this interval;

f(z,e) ~ g(x,e) as € — 0 uniformly wrt z from the interval (a,b) if the
limit in (3.10) is equal to one for any x from this interval.

Examples

a) (r + ¢)? — % = O(¢) nonuniformly as ¢ — 0, for x € R,
b) (z +¢€)? — 2% = O(¢) uniformly as ¢ — 0, for |z| < 10,
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(1) uniformly as ¢ — 0, for |z| € R,

B
g

(¢) nonuniformly as ¢ — 0, for x € R,
— /2 = O(¢) uniformly as e — 0, for x € (1,2),
h) e7** — 1 = O(e) nonuniformly as ¢ — 0, for z € R,
e * — 1 = O(e) nonuniformly as ¢ — 0, for z € (0, 1),
e =0 (e ¥ — 1) uniformly as ¢ — 0, for z € (1,2).
Relations written in the forms

f(l‘,a?) :O[g($,€)], f(ZL',€) ZO[Q(xvg)]v f(:L‘,€) Ng<x>5)

are known as asymptotic formulas or asymptotic estimates.
Theorem 1. The following formulas hold true:

olf (&) +olf(z,e)] = o[f(x,€)] as &—0,

O[f(CL’,E)] ’ O[g(:(],é)] = O[f(l‘,ﬁ) -g(l‘,é)] as ¢ — 0,

o{o[f(z,e)]} = o[f(z,e)] as e —0,

Olf (,€)] + Olf (x,€)] = Olf (x,¢€)] as e —0,

Olf(z,¢)] - Olg(x,¢)] = O[f (x,¢) - g(w,€)] as & —0,

O{O[f(z,e)]} = O[f(z,e)] as e—0,
olf (x,e)] + O[f(z,¢)] = O[f(z,¢)] as &—0,
O[f(l’,éﬂ ) O[g(l‘,é)] = O[f(x7€> ) g(x,e)] as ¢ — 0,

Ofolf(z,e)]} = olf(z,¢)] as e —0,
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o{O[f(z,e)]} = o[f(z,e)] as e —0, (3.45)

All formulas (3.36) —(3.45) can be easy verified by the limit-definitions.
However, to prove that an estimate is uniform, one should accurately check
it according to the definition in every particular case or to ensure that all the
fractional expressions exhibit this property.

Theorem 2. Asymptotic formulas can be integrated with respect to the
small parameter .

For example if f(x,¢) = o[g(z, )] as € — 0 then

/Oa f(z,e)de =0 {/Ogg(a;’ 5)655] as & — 0. (3.46)

It is proved by using L’Hospital’s rule.

Example 4. Abelian and Tauberian type theorems. First let us
remind that integration remains true after proper integration.

Theorem 3. Let f be integrable function on the positive real axis (f €
Lioc.(RT)) and for some a > 0 the following asymptotic equivalence takes
place:

ft) ~t* as t— oo,

then .
F(t) = / f(x)dr ~ (a+ 1)1 as t — oo.
0

The proof is immediate by using L'Hospital rule. Such statements are usually
known as Abelian type theorems. Inverse theorems are known as Tauber
theorems. Example of Tauberian type theorem is given below.

Theorem 4. Let f be a monotonic (increasing) function f € Lj..(R™)
and for some a > 0 the following estimate takes place:

F(t) = /Otf(x)dx ~(a+ 1) as t— oo,

then
fit) ~t* as t— oo.

From the first glance it looks like the Theorems are equivalent (if and only
if conditions). However, it is not true. In the second one much stronger
condition is required (monotonicity). Explanation for this is quite clear.
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The first theorem results in integration of the asymptotic expansion while
the second one is the inverse theorem (formal differentiation).

Remark 4. Asymptotic formulas cannot be differentiated, in general.
As an example consider the true estimate

. (1) _1
esin | — :0(5 2), as € — 0,
€

Differentiating both sides results in a new wrong relationship:

[N

1
sin(e™®) — 3¢ cos(e?) =0 (——5_ ) = 0(5_%) as & —0.

1.3.2 Asymptotic sequences and asymptotic expansions

A sequence 9,(¢), n = 1,2,..., of functions of ¢ is called an asymptotic
sequence if

dnt1(e) = 0(0n(e)) as e —0, (3.1)
for each n = 1,2,.... Here d,(¢) are the gauge functions. If the §,(z,¢)

depend on a variable x € X, one can consider also uniformity with respect
to the additional variable x.

Examples (everywhere ¢ — 0):
a) 0n(e) = ",
b) 8,(g) = e, (Ant1 > An)s
c) do(e
Jd5(e

) = log&?, 51(5) = 17 62<8) = 810g€7 53(8) =g, 54(€> = 82 10g2 €,
)

=e?loge, dg(c) = €2, .. ..

Definition 6. A sum of the form
N
> an(x)dn(e) (3.2)
n=1

is called an asymptotic expansion of the function f(z,e) as e — 0 up to N
asymptotic terms with respect to the asymptotic sequence 4, () if

f(z,e) — Zan(x)én(g) =o0(dy(e)) as e—0 (3.3)

n=1
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for each M =1,2,..., N. Thus the reminder is always smaller than the last
term included in the asymptotic expansion once ¢ is sufficiently small.
In case N = oo we write:

f(z,e) ~ Z an,(z)d,(e) as e — 0. (3.4)

Definition 7. Asymptotic expansion (3.3) is said to be uniformly valid in
some domain D (x € X) if the consequent asymptotic formulas (1 < M < N)
hold true uniformly.

For a given asymptotic sequence 6, (¢) and a given function f(z,¢e) the
coefficients a, () are uniquely defined. Indeed, let consider the first relation-
ship (M = 1):

f(2,2) = ar(@)81(e) = o(3i(e) as 0,

or equivalently

f(z, ) = ai(x)di(e)

li =
0 61(¢) .
that finally gives
_ o flze)
o) = )

For the next step we have
F(5,2) — 0n(2)01() — as(0)0a(e) = 0(0x(c)) a5 £ — 0,

or finally

) — tim £ 05— @)
e—0 (52 (5)
The sequence can be continued to any number M < N.

Remark 5. Note that asymptotic expansion (3.3) should not be repre-
sented by a converging series as there is no another condition for it apart
from the condition that it has to be constructed on a asymptotic sequence
(3.1). However, it may happen that a particular asymptotic serious also con-
verges in some region. As a simple example one can check that asymptotic
expansion (3.17) leads to a converging serious for an arbitrary ¢ € R (now
it is clear the reason for this special form of the Taylor expansion (3.16)

was chosen). Naturally, the same conclusion can be drawn for any of the
relationships (3.20) — (3.26).
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Example 4. Estimation of Stieltjes function. Let us consider the
so-called Stieltjes function defined by the following integral:

S(e) = /0 Teldt (3.5)

1+e¢t

It is clear that S(0) = 1, S(e) is a smooth function (S € C*(R,)) and it
decreases such that
lim S(e) =

£—+00
Below we estimate in more details the behaviour of the function near point
e=0.
One can check straightforward the following identity:
1 tN+1

1+et’

th )

||
Mz

:0
then expression (3.5) can be written in the following manner:

N

S(e) = 3 () / T detdi + Ex(e), (3.6)

=0 0

where the reminder takes the form

En(e) = (- N“/ - - =
v(E) = (—¢) A

Note that the first integral in (3.6) is the definition of the Euler Gamma
function I'(z)

() = /0 et (3.7)

and when z = j + 1 € N one can compute it I'(j + 1) = j! As a result, we
can rewrite (3.6)

= Z J1+ En(e), (3.8)

where it is still the exact formula.
If the integral E(¢) is neglected, then the summation represents the N+1
terms of an asymptotic expansion. The corresponding series is divirgent.
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Since this is an algebraic series we can compute its radius of convergence to
have:

1 ‘<—e>j+1<j +1)
| (e

However, the series is asymptotic as ¢ — 0. By definition, we need to
prove that FE,(¢) = o(e") as € — 0 or

00 tN+1 —t
hm{g/ ——3—ﬁ}:0

for any fixed and finite N. Let us consider separately the integral and show
that it is bounded as € —. Indeed,

00 tN'He_t [o's]
/ ———ﬁ</ tN*le=t dt = NI
0 1+ ¢t 0

=lim|—(j+1)e| =0, forany e>0.

Jj—00

that finishes the proof.

Remark 6. One can think that Remark 5 gives a superiority for the
converging series. However, this is not true. To understand this paradox
one can compare two series for the same function f(e): one is an asymptotic
series constructed for £ — 0 and other the converging Taylor series built at
point € = g¢ # 0 but valid in a domain containing the point € = 0. Then,
apart of the fact that the first serious does not generally converge, it provides
a better approximation to the function f(g) near the point € = 0.

Asymptotic expansions (approximations, representations) can be inte-
grated, added, subtracted, multiplied and divided resulting in the correct
asymptotic expansions for the sum, difference, product and quotient (per-
haps based on an enlarged asymptotic sequence).

Moreover, one asymptotic expansion can be substituted into another
(however, a special care is needed). Let we consider the following exam-

ple. Let

1
f(x) :63”2, r=c+ —,
€

and we seek for an asymptotic representation for the function when ¢ — 0.
Formally speaking,

1 1
T~ —, ZL‘2N—2, and finally f(x)wes%, e — 0,
5 5
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however, the final result is not correct. More accurate analysis gives
1,y2 2 -2 1
fz) =eEtel == 42" L2 e 2 0.

Interestingly, the first incorrect result for the asymptotic equivalence gives
the correct one in terms of Big-Oh where the particular value of the constant
C' in definition (3.23) is not important.

1.4 Asymptotic analysis of algebraic equations

1.4.1 Asymptotic expansions for roots

Algebraic equations with a small parameter come analysis of eigen-value
problems for matrices as well as from various mechanical problems for exam-
ple from analysis of dynamic systems (stationary points).

Main idea to construct proper asymptotic expansion comes is to balance
a few terms involved the equation. Usually some physical arguments lie
behind. We explain this in the following example.

Problem 1. Let £ > 0 be a small parameter. Find asymptotic expansions
for all four roots of the 4-th order polynomials:

elrt —ex? —x—1=0. (4.1)

Remark 7. Note that the following options are possible: (a) all zeros
are real; (b) two zeros are real and two are conjugate complex ones or (c)
there are two complex conjugate pairs of zeros.

Straightforward asymptotic expansion in form

T =1+ ex +w+ O(%), as e—0, (4.2)
gives one root. Indeed, one can easy check that
2 _ 2 20,2 3
r° = x5+ 2ex1m0 + €7 (2] + 2x022) + O(e”) as € — 0,

and
ot = xg + dexyxy + €2 (627 + dajrs) + O(%) as e — 0.

Here we have used the aforementioned rule for multiplication of asymptotic
expansions.

37



Substituting asymptotic expressions for x, 2 and x? into (4.1) using the
fact that their sum is the an asymptotic expansion itself we obtain:

e°xy — e(xf + 2emwg) — w0 — ey — 2w — 1+ 0(e*) =0 as £— 0.

Comparing terms of the same order of € (¢, ¢! and 2 respectively) we have:
ro=-—1, =z = —:cg =1, x9= 95{4) — 2xox1 = —1.

As a result of this simplest asymptotic analysis we have proven the following
estimation for one of the roots:

e =—-1-c+0(?), as e—0. (4.3)

From the analysis one can guess the following more accurate asymptotic

expression:
g =—-1-ec-24+0(), as e¢—0, (4.4)

however, to prove that O(e?®) accuracy term, one needs to improve the original
assumption (4.2) up to the term O(e?) and to repeat the same procedure
again.

Thus, we have found asymptotic approximation of one root. How to find
other three? It is clear that the asymptotic ansatz (4.2). Namely, let we
assume now that:

r=¢e%(e), as e—0, (4.5)

for some unknown up to now o € R and z(0) # 0 and substitute it into (4.1)
to obtain:

gZtozd(e) — el 222(e) — e%2(e) — 1 = 0. (4.6)

Let we introduce the following notations for every particular term in the
equation:

2+4a 4<€>
9

y1(€,0é):€ P 1+2a 2(5),

y2(57 CY) =€ z
ys(e, ) = —e%2(e), wyale,a) = —1.
Then, Eq. (4.6) takes form

Yk(e, @) = 0. (4.7)

ES
I e~
—
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One can easy conclude that as ¢ — 0, the following asymptotic formulas
hald true:

Y1 = O™, 4y = O™, y3 =0(Y), yu = O(£%). (4.8)

Let we first choose such value of o that the first two terms are of the same
order of . Then 2 + 4a = 1 4 2« and thus a = —1/2. Estimates (4.8) give

Y1 = 0(50)7 Y2 = 0(60)7 Ys = 0(671/2)7 Yg = 0(80)7 as & — 07

and so the terms in Eq. (4.6) cannot be balanced.
Main idea. Let we choose « is such a way that two of these terms are
of the same order as ¢ — 0 while the other two are of a higher order.
Remark 8. Note that asymptotic representation (4.2) corresponds to
the choose v = 0 when last two terms are of zero-order with respect to the
small parameter while the first two terms are of higher orders.

Let we compare the first and the third terms, then 2 + 4o = a and
a = —2/3. Substituting this new value into Eq. (4.6) we have:

[un

_1 _2
2782 —eTir -1 =0,

3

wlo

or
1 2
Aoz —e322— g3 =0.

Let we now introduce a new small parameter:

v =e3, (4.9)
then the algebraic equation (4.1) takes form
v 217 =0, (4.10)

Solution to this equation again will be sought with use of the straightforward
asymptotic procedure. Let us assume that

z=mt+vn+1Pn+00%) as v—0, (4.11)
with zy # 0. Again, we can compute

22 =20+ wzzy + V(2 4+ 22020) + O(VP) as v — 0,
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2= 2g vzl F (62720 +42502) + O(WP) as v — 0.
Substituting this into Eq. (4.10) and balancing terms of the same order with
respect to the new small parameter v we have the following three identities:

Zo—2=0, 4nz—2 -2 =0, 62220 +42320— 22120 — 2 —1=0.

Since zy cannot be zero, one concludes
=1, (4.12)
and the next two equations can be simplified allowing to compute two re-
maining constants z; and zo:
L, 1 2.2 1
7 ==z =7, #Zo=— (14222 —062527) ==
PT3T0 T 3y 3 ( 021~ 02%1) = 3
The first solution to Eq. (4.12) is immediate zy = 1 and the respective asymp-
totic expansion (4.11) takes form:

1 1
z(l)(y)zl—i—gy—}—gf—i—..., as v — 0. (4.13)
Other two solutions of Eq. (4.12) are complex conjugate:
i 2 2 1 3
2= et :(:os?7T :I:z'sin??T = —§:I:i§.

Note also that zj = z, and (z5)? = 2z, . This allows us to construct asymp-
totic expansions (4.11) for last two solutions:
1 1
zi(u)zl—l—gzgcu—l—gyzjt..., as v — 0. (4.14)

As a result, we have now full picture to reconstruct three zeros of the original
algebraic equation (4.1)

1
g =723 4 56_1/3 +0(1), as € —0, (4.15)
1 1
z® = 872/34—52;871/34-0(1), W = 672/3—%5207871/3-1-0(1), as & — 0.
(4.16)
In case if for « = —2/3 less than three solutions were found we would

need to search for another appropriate value of a.

One can ask a question: is there a more rational method to find the
terms which balance each other? Or in other words, how to find the dominant
balance allowing to define values of the parameter a which turns the equation
into a form more suitable for asymptotic analysis.
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1.4.2 Dominant balance

Let us write an algebraic equation in a general form:

> Cpaeta” =0. (4.1)
p,q

Thus, for Eq. (4.1) we have p=0,1,2,3,4, ¢ =0,1,2
Cypo=1 Co1=-1, Cipo=-1, Cyo=—1,

while for all other combinations of the indices C,, = 0. As previously we
search for asymptotic solution of the equation (4.1) in the form (4.5) and
substituting it in (4.1) we obtain:

Z Cpei™P2P(e) =0 as &—0. (4.2)

pq

Since z(0) # 0, terms of the same order in ¢ in (4.2) are represented by a line

q+ap =5, (4.3)

where 3 is an unknown constant. Each coefficient C,, of the polynomial
(4.1) can be depicted as a point in the (p,q) plane (see Fig. 4.10). Below
this line (so ¢ + ap < [ the power is smaller than on the line. Therefore the
corresponding term is of lower order than for the terms (if any) corresponding
to this line. Above this line, the corresponding terms have higher orders than
that on the line.

Conclusion. To find all possible combinations of dominant balances for
a given polynomial, find all possible placements of a line so that it includes
two or more terms of the polynomials, with all other points lying above this
line. Graphically, this corresponds to bringing the line up from below until it
makes contact with a point, and then rotating it one way or the other until
it makes contact with a second point. Such a plot is known as a Kruskal-
Newton graph.

In Fig. 4.10 we present by red lines two options leading to the solutions
(¢ = 0 and @ = —2/3) while by green line we indicated the wrong way
(v =—1/3).

Remark 9. Note that balance dominant approach is useful not only
for algebraic equation but to any type of equations which can be written in
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Figure 4.10: Kruskal —Newton graph for Eq. (4.1).

form (4.1) with an arbitrary operators (for example differential and integral
operators) C,, acting on unknown function x which should be find in the
asymptotic procedure. However, as it will be seen later if there is no many
terms in Eq. (4.1), the proper rescaling can be found even without use of the
Kruskal-Newton graph.
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Chapter 2

Asymptotic methods in nonlinear
oscillations

2.1 Lindstedt — Poincaré method

2.1.1 Free undamped oscillations

Let us consider oscillations of a single mass point attached to a nonlinear
spring. According to Newton’s second law, the equation of motion of the

particle is
mi + F(x) = 0. (1.1)

Here, m is the mass of the particle, x is the coordinate of the mass point,
—F(x) is the value of the force exerted by the string.

For a nonlinear spring, one can introduce the stiffness of the spring (for
the displacement x) as the derivative F'(x) of function F(z) with respect
to x. If the stiffness increases with the displacement (see. Fig.1.2a), then
the spring (or the corresponding elastic force) is called stiff. If, in turn,
the stiffness decreases with increasing displacement (see. Fig. 1.20), then the
elastic force (of the nonlinear spring) is called complaint.

Since Eq. (1.1) does not explicitly depend on the time variable ¢, using
the substitution

_dx d*x _dvdr  dv
At d?  drvdt da
we reduce Eq. (1.1) to the following separable differential equation:

muvdv = —F(z)dx.



@ Ry !

w Y
4
d

Figure 1.1: Stiff and complaint elastic forces.

Now assuming that v = vy for x = xg at the time moment t = ¢, we find
x

mv?  mud

= _/F(g) 3 (1.2)

zo

Eq. (1.2) reflects the law of conservation of mechanical energy. The left-
hand side of Eq. (1.2) represents the variation of the kinetic energy of the
oscillating particle, while its right-hand side is the mechanical work of the
restoring force, i.e., the variation of the potential energy.

2.1.2 Duffing equation. Straightforward asymptotic
expansion method

Consider small oscillations of a single mass point of mass m in the case of
symmetrical nonlinear restoring force

F(z) = kx + ksa®.
Substituting this expression into Eq. (1.1), we rewrite it in the form

d? k k
d—;vagx—i-ix?’:O; wo =/ (1.3)

Here, wy is the angular frequency of linear oscillations in the case k3 = 0.
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We are looking for solutions of Eq. (1.3) satisfying the initial conditions

2(0) = q, %(0) 0. (1.4)

Assuming that the deviation x of the mass point from the equilibrium
position x = 0 is relatively small, we put

a=¢eA, (1.5)

where ¢ is a small dimensionless parameter, A is a fixed value which does not
vary with €.
By making the change of variable

x = ¢, (1.6)
we obtain that according to (1.4) and (1.5), the function &(¢) will satisfy the

initial conditions
£(0) =4 i
At

Substituting the expression (1.6) into the nonlinear differential equation
(1.3), we get

(0) = 0. (1.7)

£g+w%+ £ =0 (1.8)
dt2 0 2 ) :
where p = €%k3/m is a new small parameter.

Let us try to construct the solution of the problem (1.8), (1.7) by a regular

perturbation expansion with respect to parameter p as follows:

E(t) = &o(t) + pér(t) + (P& (t) + ... . (1.9)
Differentiating twice with respect to t, we get

PE P& | PG PG
e e T (110)

By multiplying the power series, one gets

& = (o4 pés + 126+ ..) (S0 + &y + 126 + )

= & + 2p&ols + P (286& + &) + . (1.11)
& = [ +2u&& + 1P (255 + &) + .. ] (S + p& + P+ .. )
= &+ 3u&& + 37 (b + L&) + - (1.12)
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Now, substituting the expansions (1.9), (1.10), and (1.12) into Eq. (1.8),
we obtain the power series with respect to p, which should be identically
equal to zero. Thus, we arrive at a system of equations, the first two of
which are as follows:

504—@8504—/1(51—i—w%&—i—&é)—k... =0. (1.13)

Hence, all the coefficients at the successive powers of p should be equal to
Z€ero, 1.e.,

& +wib =0, (1.14)

& +wib = =& (1.15)

Correspondingly, the initial conditions (1.7) lead to the following equations:
£(0) = 4, 50(0) =0; (1.16)

&0)=0, &0)=0 (i=1,2,...). (1.17)

Thus, the original problem (1.8), (1.7) has been reduced to a sequence of
linear problems (1.14), (1.16); (1.15), (1.17),i=1; ... .

It is readily seen that Eq. (1.14) with the initial conditions (1.16) taken
into account has the following solution:

&o(t) = Acoswyt. (1.18)

Consequently, Eq. (1.15) takes the form
: 2 3 43 L3
&1 +webi = _ZA cos wot — ZA cos 3wot. (1.19)

Here we used the formula cos® ¢ = (1/4) cos 3¢ + (3/4) cos ¢.
Eq. (1.19) with the initial conditions (1.17) taken into account has the
following solution:

3

3 A
&(t) = _S_wOAgt sin wot + 32—w§ [cos 3wt — cos wot] ) (1.20)

Note that the terms like ¢ sin wyt which increase unboundedly as t — oo are
called secular.
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Thus, according to the solutions (1.18) and (1.20), we obtain the following
first-order approximation:

3
£(t) ~ Acoswot + p <—8%)OA31€ sin wot + 3124—%2) [cos 3wt — cos wot}> . (1.21)
Formula (1.21) has an error of O(y*t?). Indeed, the first-order correction
term p&;(t) will be small with respect to &y(t), as it was assumed in (1.9),
then, and only then, when the quantity ut is small compared to unit (see
formula (1.21)). Hence, the straightforward expansion (1.9) turns out to be
valid only on a finite time interval 0 < ¢ < t; with some ¢;, where ut < 1.
We underline that the solution (1.21) obtained by a straightforward ex-
pansion method is not uniformly suitable for the whole range of independent

variable . Such asymptotic expansions are called inhomogeneous with respect
to t.

2.1.3 Duffing equation. Method of “elongated” param-
eters

Once again, let us consider the Duffing differential equation

d*x
) +wiz + px® =0, (1.22)
where 0 < p is a small parameter.

Since we are looking for periodic solutions, the time reference point can
be chosen arbitrarily. So, let us assume that at the initial moment of time ¢
the following conditions take place:

z(0)=A, —(0)=0. (1.23)

For 11 = 0, the general solution of Eq. (1.22) is a linear combination of the
functions sin wyt and cos wot with the period 27 /wy. For p # 0, the period of
the solution to Eq. (1.22) becomes unknown. That is why, it reasonable to
change the time variable from ¢ to a new independent variable

T = wt, (1.24)

where w is an unknown angular frequency of the sought-for periodic solution.
Note that w is a constant, which is determined only by the values of the
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parameter p and amplitude A). It is clear that the function x will now have
the period 27 with respect to variable 7.
By the chain rule of differentiation, we get

d drd d d> 5 d?
_— = = W) — _— = _—
it~ dtdr Cdroae Y dr
Then, after this change of independent variable, Eq. (1.22) takes the form

Ao 2 3
w W%—woxj&ux = 0. (1.25)

Method of “elongated” parameters (or the Lindstedt — Poincaré method)
consists in the following. The sought-for periodic solution z(7) is broken
down into a power series in p with the coefficients being periodic functions
of 7 with the period 27. Thus, we put

(1) = xo(7) + pan (1) + plas(r) + . (1.26)
where x;(7) is a 2m-periodic function of 7, i.e.,
xi (T + 2m) = x4(7). (1.27)

Besides the function x, it is also necessary to expand the quantity w in
ascending powers of the parameter pu, that is

W= wy + pwy + pPws .. (1.28)
Substituting the expansions (1.26), (1.28), (1.12), and

w? = Wi + 2uwowr + p?(2uows + w?) + ... (1.29)
into Eq. (1.25), we obtain a power series with respect to p, which should be
identically equal to zero. Equating the coefficients of successive powers of p
to zero gives a series of linear differential equations

d2£130
d7'2 + x5 = 0,
dzl'l 2&)1 dQSL’Q 1 3

_ = 1.30
dr? + o wo dr? wg%’ (1.30)
d?xy 2wy wi\ d*ry 2w d?x; 3,
gz T T (w—om—g i oy A2 R
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According to the initial conditions (1.23), we derive the following series
of initial conditions:

2;(0) = 6 A, %(0) =0 (i=0,1,...). (1.31)

Here, ¢;; is Kronecker’s delta, i.e., d;; = 1 for 7 = j and d;; = 0 for ¢ # j.
Let us proceed to sequential solving the problems (1.30);, (1.31);. It is
evident that the solution (1.30); subject to the initial conditions (1.31) is

xo(T) = AcosT. (1.32)

Thus, Eq. (1.30) takes the form

d2$1 2(4)1 3A2 A3
7 + 1z = (w_o ~ I AcosT — 4—W8COSST. (1.33)

If the coefficient at cos7 on the right-hand side of Eq. (1.33) is not equal
to zero, then the solution to Eq. (1.33) will contain the expression 7 cosT,
i.e., a secular term. Therefore, the periodic condition (1.27) for the function
x1(T) requires that this coefficient be equal to zero, i.e.,

3 4%

-2 1.34
S e (1.34)

w1
Consequently, taking into account the initial conditions (1.31)s, we obtain
the solution to Eq. (1.33) in the form
1 A3
x1(7) = 3_2w_§(_ oS T 4 €08 37). (1.35)
Thus, based on formulas (1.24), (1.26), (1.32), and (1.35), we obtain the

solution to Eq. (1.22) with the accuracy up to the terms of the second order
with respect to p in the form of the expansion

1 A3
2(7) = Acoswt + p——— (—cosT +cos37) + ..., (1.36)
32 wj

where the angular frequency is determined from the relations (1.28) and

(1.34) as follows:
2

3
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Figure 1.2: Amplitude/frequency curves for stiff and complaint elastic forces.

Consequently, the period of oscillations is

2 2 3 A?
T:—W:—W<1—u——2+...>.
w o W 8 w;

It is clear that the period of oscillations depends on the amplitude of os-
cillations. For a stiff elastic force (u > 0), the period of oscillations decreases
(the oscillation frequency increases) with increasing the amplitude; and, on
the contrary, for a complaint elastic force (u < 0) the period of oscillations
increases (the oscillation frequency decreases) with increasing the amplitude.
Fig. 2 schematically represents the amplitude/frequency curves showing the
relationship between the amplitude A and the angular frequency w in the
cases of stiff and complaint elastic forces. These curves have a joint tangent
at w = wy, which is the frequency at ;1 = 0 corresponding to a linear restoring
elastic force.

The process of constructing of approximate solution to Eq. (1.22) can
be continued. In particular, the third term of the expansion (1.26) can be
written as follows:

oA
Wy = _ﬁw_g’
A5 [ 23 3 1
xo(T) = o (@ COST — 3800837' + 1094 <% 57’) .

Hence, the solution to Eq. (1.22) with the accuracy up to the terms of the
third order with respect to p takes the following form (see also [14], §1.2):
1 A3 , 23 A°

S M il '
3202 1024 wg) coswh+

w(r) = (A—u
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5

LAt L3 A 1A
— Swt —_— 5 . (L1.38
—i—( Hag oz ~H 128wo>cos wt+p? 094 A o8 DT+ (1.38)

Here the angular frequency is given by
3 A? , 21 At

— EE 1.39
WS RE T “256% (1.39)

In turn, the obtained solution (1.38), (1.39) can be improved through com-
putations of successive approximations.

2.1.4 Lindstedt — Poincaré method.
Quasilinear undamped oscillations

Consider now the nonlinear differential equation

2

x
ﬁ%—wga:jtuf(a:) =0 (1.40)

with the initial conditions

L — (1.41)

z(0) = A, I

It is clear that the Duffing equation studied in the previous sections is a
special case of Eq. (1.40).
Assuming that the quantity p is small, let us construct an approximate
solution to the problem (1.40), (1.41) using the Lindstedt — Poincaré method.
First, by means of the change of independent variable

T = Wwt,

where w is an unknown angular frequency of the sought-for solution, Eq. (1.40)
can be transformed as follows:

2

WP ket pf () = (1.42)

Second, we represent the solution to Eq. (1.42) in the form of expansion

o(7, 1) = 2o(T) + pay (7) + pPag(r) + ..., (1.43)
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where x;(7) are 2m-periodic functions of the variable 7. Moreover, the quan-
tity w has to be also expanded into a series as

W= wy + pwy + pPws .. (1.44)

Further, we substitute the expansions (1.43) and (1.44) into Eq. (1.42).
To do this we apply the formula

f(a(rp) = f(o(r,0)) + g—,{jw, W)

pn=0
By the chain rule of differentiation, we get

g—i(m W) = £ (a(r, u))Z—Z(a W),

g_“];(x(ﬂ 1) = fr (z(, ) [g_z(ﬂ M)} + fo(x(r, M))g—;(ﬂ i)

Now, differentiating (formally) the expansion (1.43), we find

0 0?

) = n) () 4 S
Hence, under the assumption of sufficient differentiability of the function
f(z), we obtain

(T, p0) = 22o(T) + ... .

fz(r, ) = flzo) + pfy(wo)zs + u2<%f;;(xo)xf + f;(:co)xg) +.... (1.45)

Thus, the substitution of the expansions (1.43) and (1.44) into Eq. (1.42)
with the expansion (1.45) taken into account yields a power series with re-
spect to the parameter p, which should be identically equal to zero. Equating
the coefficients of the successive powers of y to zero, we derive the following
system of differential equations:

dQ.TO
dr? 2o =0,
dzl'l 1 2&)1 dzl’o

_ = _/az e 1.46
dr? T w%f(xo) wo dr?’ (1.46)
d?z, 1, 2wo w% dry 2w dPxy
dr? T = _w_g o071 = wo w_g dr2  wy dr?’
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Correspondingly, the initial conditions (1.41) lead to the following initial
conditions:

dl‘i

dr

Here, 6,9 is the Kronecker symbol.
The solution of the limit (4 = 0) problem (1.46),, (1.47); is evident:

xo(T) = AcosT.

Substituting this expression into Eq. (1.46),, we obtain

d> 1 2
df; + 2 = 3 (AcosT) + wiolA COS T. (1.48)

Let us now determine the conditions under which Eq. (1.48) admits a
periodic solution. Since the function f(AcosT) is even and periodic with the
period 27, it can be expanded into the Fourier series containing only cos kT,
e,

f(AcosT)

) cos kT,

where the Fourier coefficients are Calculated by the formula
1 ™
ar(A) = — / f(AcosT)cos kT dr.
T

Hence, in the right-hand side of Eq. (1.48), there will be the term

(—wigal (A) + %A) COS T, (1.49)

generating a secular term in the particular solution. Equating to zero the
coefficient of cos7 in (1.49), we obtain the equation

e

1 2
T f(ACOST)COSTdT—I—ﬂA—O
Tw? wo

—T

from which one can determine the first frequency correction

w1 =

QWAwo/f AcosT)cosTdr.
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The solution to Eq. (1.48) satisfying the initial conditions (1.47), can be
represented in the integral form

w2 Wo

1 2w
z1(1) = / {—— (Acoso) + ==~ Acoso| sin(r — o) do.

Finally, observe that the Lindstedt — Poincaré method allows us to study
only steady regimes, because using this method, one can construct only pe-
riodic solutions. In particular, the Lindstedt — Poincaré method is not ap-
propriate for considering transient processes in damped oscillations systems.

2.2 Two-scale asymptotic method

2.2.1 Free damped vibrations

Consider the motion of a single mass point of mass m attached to a nonlinear
spring in a damping medium according the following differential equation:

mi + p(&) + F(x) = 0. (2.1)

Here, —F(x) is an elastic restoring force exerted by the spring, —p(z) is a
damping force.

Recall that a force —p(&) depending only on the velocity & is called
dissipative, if for any velocity & # 0 the following condition is satisfied:

—p(#)i < 0. (2.2)

Let us multiply the both sides of Eq. (2.1) by @. The obtained relation
can be written in the form

dE

—r(0.8) = —p(d)i, (2.3)

where E(x, ) is the total energy of the oscillating point, i. e.,

ma?

Bla,d) = ——+ /F(g) de.

zo
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It is clear now that since the right-hand side of Eq. (2.3) satisfies the
inequality (2.2), the total mechanical energy of the mass point moving in the
damping medium energy may only decrease, that is

E(x, ) <O0. (2.4)

Moreover, the equality sign in (2.4) takes place only at such time moments
when © = 0. Thus, the oscillations performing under the action of a conser-
vative and a dissipative forces decay with time.

2.2.2 Linear oscillator with small damping

Consider the problem of free oscillations with damping proportional to the

velocity
&+ 2Bt + wir = 0, (2.5)

2(0)= A, #(0) = 0. (2.6)

Eq. (2.5) describes the mechanical motion which is characterized by two
time scales: the period of free undamped oscillations 27 /wy and the relax-
ation time 1/5. The main idea of the two-scale method consists in explicit
distinguishing the time variables related to these two time scales.

So, introducing dimensionless variables, we put

T=uwt, T = pt. (2.7)
Assuming that the dimensionless parameter
6
= = 2.8
=L (23)

is small, we will construct the solution to the problem (2.5), (2.6) in the
following form:

v =xo(1,T) +exy(r,T) + 2aa(r, T) + ... . (2.9)

We underline that the variables 7 and 7 are assumed to be independent.
By the chain rule of differentiation, we will have

— 2.1
@ = T (2.10)
d?zy, , 0%y, 22k 5, 02y,
gz~ g g aE G (2.11)



Differentiating the expansion (2.9) term-by-term and collecting similar
terms, we obtain

(Z (Do Z k+13xk) |

Here we used the relation § = cwy.
In the last sum above, we make use of the change of the running index
k =1—1 as follows:

(Z $Ore Z 0y 1>‘

Now, denoting the umbral index [ by the symbol k, we finally obtain

dx 0xo Oz, Oxp_q
_:wO—T+wOZ€ < + ) (212)

or 0T

In an analogous way, in addition to (2.12), we derive the following expan-
sion:

oT?2 oToT
a Tl 8 Tp—1 ank_g
k
+Zk . (87’2 oroT | oT? ) (2.13)

Substituting the expansions (2.9), (2.12), and (2.13) into Eq. (2.5) and
the initial conditions (2.6), after some algebra we will have

82370 821’1 82370 8x0
2 ;
gz T TotE (W* o70T | “or ”1)

id2_x 9%xq (02351 4o 9%z )

> 0 T 8 Tp—1 ank,Q 6xk,1 axk,g
2 2 0,
kz:: (aT2 groT " oTr T or TTTaT ”’“) ’

(2.14)
20(0,0) + Y " a4(0,0) = 4, (2.15)

k=1
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0o > e [ Oy, 0Ty_1 B
E(O,O)—i—;e (E(O,O)ﬁL e (0,0)) = 0. (2.16)

Equating to zero the coefficients of powers of the parameter ¢ in the
expansion (2.14), we derive the following recurrence sequence of equations:

821'0
82513'1 825130 85170
o072 ta = _287_6/]- - Ea (218)
825(72 825E1 821’0 @J]l 8950

= — - - - 2.1
o T T TPt or Cor  Cor (2.19)

Consequently, from the initial conditions (2.15), (2.16) it follows that

)
20(0,0) = A, %(0,0) — 0, (2.20)
. (9xk . 8:ck_1 .

Since the relations (2.17) - (2.19) are linear partial differential equations
with the right-hand sides depending only on the derivatives with respect to
the variable 7, they can be integrated in the same way as ordinary differential
equations with the only difference that the constants of integration should be
regarded as functions of the variable 7. Therefore, the solution to Eq. (2.17)
takes the form

xog = Ao(7) cosT + By(T)sinT. (2.22)

The substitution of the function (2.22) into the relations (2.20) gives the
initial conditions for the functions A¢(7) and By(7), i.e.,

A(0) = A, By(0) = 0. (2.23)

Further, according to the expression (2.22), Eq. (2.18) takes the form

0%xy dA, . dBy
92 +x1=2 Kd—,]_ + Ao) sint — (d_T + BO> Cos 7‘:| . (2.24)
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The general solution to Eq. (2.24) is as follows:

xy = A1 (T)cosT + By(7)sinT

dA dBy .
—T |:(d_T + AO) COST + (d—,]. + BO) S 7—:| . (2'25>

This function evidently increases unboundedly with increasing variable 7. It
should be also emphasized that the functions Ay(7") and By(7) are still not
determined.

In accordance to the two-scale method, one should get rid of secular terms
in solutions to Egs. (2.18), (2.19), ... . As a consequence of this, all the
arbitrariness in the asymptotic constructions will be eliminated. So, in order
Eq. (2.24) to have a bounded solution (2.25) with respect to the variable 7,
it is necessary to satisfy the equalities

Cfi—z;)jLAO:o, %+Bozo. (2.26)

From Egs. (2.26) and the initial conditions (2.23), it follows that Ay(7") =

Ae~T and By(7T) = 0. Hence, according to (2.22) and (2.25), we will have

zo = Ae 7 cosT, (2.27)
1 = Ay (T)cosT+ By(T)sinT. (2.28)

Moreover, in view of the initial conditions (2.21), we get
A1(0) =0, B1(0)=A. (2.29)

Substituting the expressions (2.27) and (2.28) into the right-hand side
of Eq. (2.19), we obtain the following equation for determining the function

$2(7’, T)

2
0z, + 29 =2 [(62_133 +A1) sinT — (% + By — %AeT) COST:| .
-

This equation will have solutions without secular terms, if the following re-
lations are satisfied:

A, 45,

A =0, 0T

1. 7
W—i_ 1 +Bl—§A6 .
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From here, taking into account the initial conditions (2.29), we find
AUT) =0, Bi(T)=Ae™" (1+(T/2)).

Thus, the function (2.28) has been determined completely, that is
T
z1 = Ae” T (5 + 1) sin 7. (2.30)

According to the expansion (2.9), formulas (2.27) and (2.30) yield the
following two-term asymptotics of the solution to the problem under consid-
eration:

T
z~ Ae T cosT +ede” T (5 + 1) sin 7. (2.31)
Returning to the real time variable ¢ by use of formulas (2.7), we finally get
i 8 (1 |
x>~ Ae cos wot + — §ﬁt +1 | sinwpt| . (2.32)
wo

Let us confront the obtained approximate solution with the following
exact solution of Eq. (2.5) satisfying the initial condition (2.6):

cosx/wg—ﬁ2t+\/ﬁsin\/wg—ﬂ2t]. (2.33)

Expanding the expression in the square braces in (2.33) in a power series
with respect to the parameter ¢ = (3/wy, we receive evidence that the first
two terms of the Maclaurin series coincide with the expression in the square
braces in formula (2.32).

Continuing the process of construction of the terms of expansion (2.9),
one can easily determine the function z5(7, 7). According to formula (2.31),
the function xy(7,7T) will yield the correction of order O(¢27?). Hence both
the two-term asymptotic representation (2.31) and the asymptotic expansion
(2.9) with even more terms turn out to be valid only on a finite interval
0 < 7T <7 of the “slow” time variable 7, i.e., on the time interval 0 <t <
(ewo) 177 (see also [11]).

In contrast to the straightforward expansion according to the perturba-
tion method, the two-scale method allows the e !-times extension of the
validity interval for the asymptotic solution.

x = Ae P
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2.3 Krylov— Bogoliubov method

2.3.1 Krylov— Bogoliubov variables

Again, let us consider the equation of quasilinear oscillations
i+ wir = pf(r, 1), (3.1)

where p is a small positive parameter.
Following Krylov and Bogoliubov [9], the general solution to Eq. (3.1)
will be constructed in the form of expansion

T = acosy + puy(a, V) + prug(a, ) + ..., (3.2)

where uq(a, ), us(a,v), ... are 2w-periodic functions of the angle 1, while
a and 9 as functions of time are determined from the system of differential

equations
{ @ = pAi(a) + pAz(a) + ...,

: (3.3)
Y =wy+ puBi(a) + p?Ba(a) + ... .

At that, it is assumed that the Fourier series of the functions w(a, ),
ug(a, ), ..., do not contain the first harmonics. In other words, these
periodic functions of the phase angle 1 will be determined in such a way

that
27

/uk(a,w) {z’;:ﬁ} dp=0 (k=12,..) (3.4)

Note that from a physical point of view, the conditions (3.4) correspond to
the condition that the quantity a coincides with the total amplitude of the
first harmonics of oscillations.

Thus, the problem of integration of Eq. (3.1) will reduced to a more simple
problem of integration of Eqgs. (3.3) with separable variables as soon as the
problem of construction of explicit expressions for the functions wy(a, ),
ug(a, ), ... , Ai(a), Bi(a), As(a), By(a), ... is solved in such a way
that the expression (3.2) with a and 1 replaced by the functions of time in
accordance with Eqgs. (3.3), represents the sought-for solution to the original
equation (3.1).

Practically, due to analytical difficulties, only the first several terms in
the asymptotic expansions (3.2) and (3.3) can be determined. Leaving only
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n terms in these expansions, we will have
v = acost+ pun(a, ¥) + pPusla, ) + .+ pMun(a, ) (3.5)
{ @ = pAi(a) + p?As(a) + ..+ p" An(a),

b = wo + uBi(a) + i Ba(a) + ... + p" By(a).

It should be underlined that the practical applicability of the perturba-

tion method is determined not by the property of convergence of the series

(3.5) and (3.6) as n — oo, but by their asymptotic properties for a certain

fixed n as up — 0. It is required that for small values of the parameter pu,

the expression (3.5) should give a sufficiently accurate representation of the
solution to Eq. (3.1) for a long period of time.

(3.6)

2.3.2 Krylov— Bogoliubov technique

By the chain rule of differentiation we have

i 0

dt _+¢¢
R B - 2 .
a2~ Ggg T 32+2¢aa¢+¢a¢2+¢a¢

Differentiating the right-hand side of the expansion (3.2), we find

dx

— =a|cosy+ Iy + 8uQ+
it " oa TH o

+1/}<—asinw+uaa—z}1+ ?;:; )

APz ou 5 Ous

I —a(costr,ua—Jru 8_+ )
+ a? (M%ZZ; +u28;522 + .. )
2 (—sing s gt gt )
+ 4 <—acosz/1—|—u?;z2l +M2?9222L22 —|—)
+;E(—asin¢+uaw + o 62;2+ )
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Tacking into account Eq. (3.3), we derive the following expansions:

0° = (pAy + (P Ay + . )P = A 0

a¢ = (,uA1 + ,MQAQ + .. .)(u}o + [,I,Bl + ,u2Bg + .. )
= pwoAy + g (woda + A1By) + i

’17&2 = (WO+MBl —F/LQBQ—F)Q

= wg + QIUU.)OBl + /.LQ(B% + 2(,4)082) + ,u?’ c.

i= (2% Y,
“\Fde T de T

dA, o dAy 9
= | p— — : A Ag+ ...
( P )(u 1+ ptAy )
dA
= M2A1d—1 ol
a
. dB dB dB
b= (p—t =2 ) (A P A ) = P A R
da da da
Using these formal asymptotic expansions, we obtain
(cii_f = —wpasiny + i (A1 cosY — aBysiny —I—wo(g?j;)
ou ou ou
(Az cos ) — aBysiny + Ala—l + Bla—w1 + wy 815) + k.

d*x 9 A 2, 0%y
proi —wiacost + p [ —2woA; sin — 2wpa By cos ) + Wi R

dA
+ u2{ (Ald—l —aB} — 2w0aBg) cos 1

dB;
<2w0A2 +2A,B; + Al—a> sin 1)

d
0%uy 0%uy 5 0%y
+2LU0A166¢+2W0B18¢2+ 08¢2}+M3
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So, the left-hand side of Eq. (3.1) can be represented in the form of a
power series with respect to parameter u as

d’z 0?
2 + wox = U (—QwQAl sin ¢ — 2wga By cosy + w%wuzl + wgul)

dA
+ u { (Ald—al — aB - 2w0aBQ) cos Y

dB
+ (2(,00142 + 214181 + Ald_ala) Sinw (37)

0*uy 0*uy ok
+ 2(.4)0141 -+ 2w OBl 42

dady a¢2+ Oﬁwz +w0“2}+ﬂg~--

On the other hand, the right-hand side of Eq. (3.1) can be represented as
follows:

wf (:L‘, Z—j) = nf(acosth, —wpasini)) + ,u2{u1f;(a cos Y, —wpa sin )

8u1
o

In order the expression (3.2) to satisfy the original equation (3.1) with
the accuracy up to the terms of order u™*!, it is necessary to equate the coef-
ficients standing by same powers of  in the right-hand sides of the relations
(3.7) and (3.8) up to terms of the n — 1-th order inclusive. As a result, we
get

(A1 cost — aBysiny + wy— ) fi(acosv, —wpasin 1[1)} +pd. (3.8)

82
( 3521 ) = fola,v) + 2wpA; sin) + 2wpa By cos P,

2
(((;121122 + u2> = fl(aa w) + 2w0A2 Sin?ﬂ + QWOGBQ COS 1/}, (39)

, )
w2 (88;;2" n) = fu_1(a,¥) + 2weA, sin Y + 2wpaB,, cos V),
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where, in particular, we used the notation

fola,v) = f(acosy, —wpasin),
fi(a,¥) = uy fl(acos), —woasin )

(A1 cost — aBysiny + woglp ) fi(acost, —wpasin)
+ (a32 A1%> cos + (2A131 + Aladdi) sin
8 U1 8 U1
—2(,()01418 877/) — 2w 0B1877/)2

It is easy to see that fy(a,1) is a 2w-periodic function of the variable .
Moreover, its exact expression is known as soon as the expressions A;(a),
Bj(a), uj(a,v) are determined up to the k-th order inclusive.

In order to determine the functions u(a, ), Ai(a), and B;(a) from the
first equation of the system (3.9), we consider the Fourier expansions of the

functions fy(a, ) and uy(a,):

fola, ) = 90(a +Zg;; ) cos kv + g2 (a) sin ke,
uy(a, ) = UO; +iv,§ ) cos kb + vy (a) sin k1.

Substituting the given expansions into the first equation of the system (3.9),
we obtain

—vo +Zw0 (1 — k) (vi(a) cos kip + v} (a)sinky)) =

= %90((1) + (g5(a) + 2woaB) cos v + (g5 (a) + 2wpad;) sin )

+ Z gi(a) cos kv + g (a) sin k.
k=2
Equating the coefficients standing by same harmonics, we find

gi(a) +2woaB; =0, ¢i(a)+ 2wpaA; =0, (3.10)
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go(a) {vi(a) } 1 {92(@) }
vo(a) = , = k=23,...).
o(@) 2wk vi(a) wi(1—k2) | gi(a) ( )
Moreover, due to the additional conditions (3.4), we have
vi(a) =0, wvi(a)=0.

Note that Egs. (3.10) derived for determining the functions A;(a) u Bj(a)
imply the absence of the first harmonics in the right-hand side of Eq. (3.9).
This in turn allows to avoid secular terms in its solution.

Having determined the functions wu;(a, 1), Ai(a), and B;(a), we also ob-
tain an explicit expression for the function fi(a,). Proceeding in such a
way, we generate the process of successive construction all the terms of the
asymptotic expansions (3.5) and (3.6) from the equations of the system (3.9).

2.3.3 First-order approximation equations

Recall that for 4 = 0, Eq. (3.1) admits the solution
r=acosty, I = —awysiny, (3.11)

where ¢ = wot + 0. At that, the amplitude a and the phase of oscillations 6
are constants.

Formulas (3.11) hold true also in the case u # 0 under the condition that
the quantities a and 6 are considered as some functions of time. In other
words, formulas (3.11) will be considered as a change of variables, where
the amplitude a and the total phase of oscillations i are regarded as new
sought-for functions (Krylov — Bogoliubov variables).

In order to formulate the equations for determining the functions a and
1, let us differentiate the both sides of the first formula (3.11). We have

T =acosy — azbsinw.
From here taking into account the second relation (3.11), it follows that
acosth — alh sin = —awg sin 1. (3.12)
Differentiating now the both sides of the second formula (3.11), we get

i = —awp sin ¥ — awgth cos Y. (3.13)
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Substituting now into Egs. (3.1) the expressions for z, &, and # according to
formulas (3.11), and (3.13), we find

—awp sin Y — awgth cos P = —aw cos ) + pf(acosy, —woasiny).  (3.14)

Resolving the system of the two equations (3.12) and (3.14) for the deriva-
tives a and v, we obtain the following system:

a= —ﬁf(a cos ), —wpa sin ¥) sin 1,
. Wy, (3.15)
Y =wy — — f(acosy, —wpasin ) cos .

awo

Thus, instead of one differential equation of the second order (3.1) with
respect to the variable x, we obtain the system of two first order differential
equations (3.15) with respect to variables a and .

Finally, introducing a new variable 6 (phase of oscillations) instead of the
total phase of oscillation 1 according to the formula

¢:th+6,

we will have
a = —ﬁf(a cos 1, —wpa sin ¢) sin v,
o (3.16)
6 = —Lf(a cos 1, —wpa sin 1) cos .
awo
Note that the right-hand sides of Eqs. (3.16) posses the period 27 /wy with
respect to the variable ¢. Moreover, the derivatives ¢ and 6 are proportional
to small parameter p, thus, the amplitude a and the phase of oscillations 6
will be slowly varying functions of time.
Let us expand the right-hand sides of Eqs. (3.16) into Fourier series as
follows:

_%f(a cos ¥, —wpa siny) sin1) =

0

h 0.9]
102(a) + Z hii(a) cos ki + hi,(a)sin ki,
k=1

1
——— f(acos ), —wpasin ) cos ) =
awo

66



hQO + Z hy.(a) cos ki + hiy(a) sin k.

Taking into consideration the fact that a and @ are slowly varying quan-
tities, we represent them as superpositions of slowly varying quantities @ and
f and small oscillating terms. In the first-order approximation, we put

a=a, 0=0 (f=wt+0).

Correspondingly, we obtain

Ja
d_CtL — ghlo (@) + small oscillating terms,
df

== g hao(@) 4 small oscillating terms.

Assuming that the distinguished small oscillating terms generate only
small oscillations of the quantities @ and 6 about their first approximations
@, 0 and do not influence the systematical behavior of a and 6, we arrive at
the first-order approximation equations

% = ghlo(a) =puM {—if(acosw, —wpa sin 1) sin¢} ,
t - (3.17)
% = %hm(a) = /U\t/[ {—aiwof(acosw, —wpa sin 1) cosw} )

Here we introduced the averaging operator under the constant quantities @
and @ with respect to the explicitly occurring time variable ¢.

It is not hard to see that Eqs. (3.17) obtained for determining the func-
tions @ and @ coincide with the previously derived first-order approximation
equations (see formulas (3.3) and (3.10)). In fact, averaging Eqgs. (3.15), we

obtain
4

/f a cos ), —wpasin ) siny dip,

27rw0

(3.18)
1b = Wo —

/f acos ), —wpasin ) cos  dip.

27rw a

\

Finally, note that the first-order approximation equations derived by the
Krylov — Bogoliubov method coincide with the approximate equations which
can be derived by the Van der Pol perturbation method.
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2.3.4 Stationary regimes

The system (3.18) allows to find possible stationary (self-oscillation) regimes
when the amplitude of oscillations remains constant.
Setting da/dt = 0, we find that the stationary amplitude should be a root

of the equation
2

/f(a cos u, —wopa sinu) sin u du = 0. (3.19)
0

Note that Eq. (3.19) may not have real solutions at all. Such a situation
means that there is no possibility for realization of the stationary oscillations
in the mechanical system under consideration. On the other hand, Eq. (3.19)
may have several solutions or be identically satisfied (for instance, when the
system is conservative).

Note that in interpreting the results of the study of the so-called truncated
equations (3.18) it is necessary to have in mind that these results reflect cor-
rectly the properties of the original equations (3.1) only under the condition
that the parameter p is sufficiently small (see [4], Ch.9, §3 and §6).

2.3.5 Equivalent linearization of quasilinear oscillating
systems

Consider the governing differential equation of a quasilinear oscillating sys-
tem
mi + kx = pumf(x, &), (3.20)

where m and k are positive constants, p is a small dimensionless parameter.
By the Krylov— Bogoliubov method, the solution to Eq. (3.20) in the
first approximation can be represented in the form

r = acos.

At that, the amplitude a and the total phase of oscillations 1 should satisfy
Egs. (3.18) with
s Kk
wo =
Let us show that the oscillations of the system under consideration are
approximately equivalent (with the accuracy up to the terms that are ne-

glected in deriving the first-order approximation equation (3.18)) to those of
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a certain linear oscillation system, which is described by the equation
mi + be(a)t + ke(a)x =0 (3.21)

with the stiffness coefficient k.(a) and the damping coefficient b.(a).
It is well known that Eq. (3.21) is equivalent to the system

be
T=y, §=-——y—wi, (3.22)
m
where we used the notation .
2 e
= —, 3.23
W= (3.23)

Let us now introduce the Krylov — Bogoliubov variables
T =acosy, Y= —aw,siny, (3.24)

where the quantity w. as well as the quantity b. are regarded as constant.
Substituting the expressions (3.24) into Egs. (3.22), we obtain

acos ) — a¢ sin Y = —aw, sin Y,

. ; b .
— AW, SIN Y — awet) cos Y = —aw, sin Y — w2a cos .
m

Resolving the given system of equations for the derivatives a u ¢, we find
. be .92 7 be .
a=——asin“ 1y, P =w,— —w,siny cosy. (3.25)
m m

Under the assumption that the value of the damping coefficient b, is
relatively small, we make use of the averaging procedure for the equations of
system (3.25). As a result, we obtain the following first-order approximation
system:
be
om ™
Equating the right-hand sides of Egs. (3.26) and (3.18), we get

a=—

= we. (3.26)

2Twoa

2
We = Wp — a /f(a cos ¥, —wpasin ) cos Y dip, (3.27)
0
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_pm

2m
b = / flacos, —wpasin ) sin v dip. (3.28)
0

TTWoa

Finally, squaring the both sides of Eq. (3.27) and neglecting small terms
of the order 12, we find

2
ke =k — Hm /f(a cos 1, —wpa sin ) cos 1 dip. (3.29)
Ta
0

Here we used formula (3.23).

Thus, in the first approximation, the oscillations of the original quasilin-
ear system are equivalent (with the accuracy up to small terms of order 1?)
to the oscillations of a certain linear mechanical system with the stiffness co-
efficient k.(a) and the damning coefficient b.(a) depending on the amplitude
of oscillations a according to formulas (3.29) and (3.28).

2.4 Method of matched asymptotic expansions

2.4.1 Oscillator with small mass.
System with 1/2 degree of freedom

Let us consider a damped linear oscillator described by the differential equa-
tion
mx + bx + kx =0 (4.1)

with the initial conditions
£(0) = zo, %(0) = . (4.2)

We will study the motion of a body of small mass in a highly damped
medium under the action of a linearly elastic spring. Neglecting the first
term in Eq. (4.1) we obtain the limit differential equation of the first order

bz + kx = 0. (4.3)

In this way, we arrive at the so-called [4] system with !/, degree of free-
dom. The phase space of this system is one-dimensional. Correspondingly,
for unique determination of the behavior of such a system it is necessary to
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fix only one quantity (coordinate ) at the initial moment of time instead of
the two quantities x and &, which are necessary for unique determination of
the behavior of a system with one degree of freedom. Let us underline that
assuming that Eq. (4.3) holds true at every moment of time, we will have
(0) = —(k/b)x(0) for t = 0.

Thus, the initial value of the velocity vy cannot be taken arbitrarily irre-
spective of the initial value of the coordinate x;.

The solution to Eq. (4.3) subjected to the first initial condition (4.2) has
the form

- ro{ 1), »

It is evident that the position zy = 0 coincides with the equilibrium position.
For any other initial conditions, according to (4.4), the oscillator without
mass performs damped aperiodic motion, which converges to the equilibrium
position as t — +o0.

2.4.2 Outer asymptotic expansion

Let us introduce a dimensionless independent time variable by the formula

k

= —t. 4.5
r=> (15)
According to (4.5), we rewrite Eq. (4.1) as follows:
d*r  dx
i =0. 4.
€ + = +2=0 (4.6)
Here we introduced the notation
mk
Correspondingly, the initial conditions (4.2) take the form
dx bug
0) = Z00) = ==, 4.8
#(0) =20, (0) = (43)

We will study the behavior of the solution to the problem (4.6), (4.8) for
small values of the dimensionless positive parameter €. Let us try as before
to find the solution to Eq. (4.6) in the form of expansion

$:§0(T)+€£1(T)+... . (49)

71



Substituting the series (4.9) into Eq. (4.6), we get

dSo
= 4.1
d&k d*81
— = — k=1,2,...). 4.11
dr + gk dr2 ( ’ 4 ) ( )
The general solution of Eq. (4.10) is
§o(1) = Coe . (4.12)

The substitution of the expression (4.12) into Eq. (4.11), k = 1, leads to its
general solution

§i(1) = —Core™™ + Cre™". (4.13)

For determining the integration constants Cy and C' it is necessary to
turn to the initial conditions (4.8). Substituting the expansion (4.9) into
the relations (4.8), we obtain formally two initial conditions for each of
Egs. (4.10) and (4.11). This fact immediately leads to the contradiction
mentioned above.

Therefore, at the initial moments of time, the solution to Eq. (4.6) should
be sought-for in the form of a cognizably different asymptotic expansion from
(4.9), in order to have a possibility to satisfy both initial conditions (4.8).
In other words, not far from the initial time moment 7 = 0, there arises the
phenomenon of a boundary layer.

2.4.3 Inner asymptotic expansion

Let us introduce the so-called “fast” variable

.
T=-—. 4.14
) (414

Making use of the change of the independent variable (4.14) in Eq. (4.6) and
the initial conditions (4.8), we get

1 (d*z dz
- (—m + _dT) To=0; (4.15)
1 dx bug
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At the initial moments of time, the solution to Eq. (4.6) will be repre-
sented in the form of expansion

v =Xo(T)+eXo(T)+.... (4.17)

Substituting the expansion (4.17) into Eq. (4.15), we arrive at the following
system of equations:

?X, dX,

arz Tar =Y (4.18)
d’X; dX
IT2 + d—,]. =—-X1 (l =1,2,.. ) (4'19>

The substitution of the expansion (4.17) into the initial conditions (4.16)
yields

Xo(0) =0, T20(0) =0y (4.20)
X0 =0, o= ", (4.21)
X,(0) =0, %(0):0 (1=2,3,...). (4.22)

The solution of the recurrence differential equations (4.18), (4.19) sub-
jected to the initial conditions (4.20)—(4.22) can be constructed step by
step. So, the general solution of Eq. (4.18) has the form

ax,
dT

From the initial conditions (4.20), we find Dy = 0 and By = zg, thereby we
finally obtain

Xo(T) = By + Doe™ 7, (T) = —Dpe™~. (4.23)

Xo(0) = . (4.24)

Substituting the expansion (4.24) into Eq. (4.19), [ = 1, we find its general
solution in the form

dX;

X(T)=—207 + B+ Die T, —
1() $0+1+1€ad7

(T) = —Tgy — Dle_T.

Taking now into consideration the initial conditions (4.21), we get

Xi(T) = —aoT + (xo + b%) (1—e7). (4.25)
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It is clear that proceeding this way, one can find the terms of any fixed order
in the expansion (4.17).

Thus, the solution to Eq. (4.6) is represented by the following two expan-
sions: the inner asymptotic expansion (4.17), which is valid not far from the
initial moment of time, and the outer asymptotic expansion (4.9), describ-
ing the behavior of the mechanical system under consideration after elapsing
some short period of time. The terms of the inner expansion are completely
determined from the system of equations (4.18), (4.19) with the initial con-
ditions (4.20) —(4.22), while the terms of the outer expansion contain some
arbitrariness. Namely, the first terms of the expansion (4.9) are determined
up to the constants Cy and Cf.

2.4.4 Matching of asymptotic expansions

The indicated arbitrariness in the constructions of the terms of outer asymp-
totic expansion can be eliminated by asymptotic matching with the inner
asymptotic expansion. Roughly speaking [11], the idea of matching consists
in the following: as 7 — 0, the outer expansion should behave in the same
way as the inner expansion does when 7 — oo.

Let us perform the asymptotic matching of the two-term asymptotic rep-
resentations. So, as 7 — oo, we have

b
Xo(T) + 6X1(T) =xg+ € (—ZE()T + 2o + %) +.... (426)

Here the omission points denote exponentially small terms, that is the terms
of order e™7 as T — oc.

On the other hand, as 7 — 0, using Maclaurin’s series for the exponent,
we find

§o<7>—co(1—7+7—2—13+...),

,7_2 ,7_2 7_3
51(7):—007<1—T+§—...>+C'1 (1—74‘5—5"‘---)-

Introducing now the fast variable (4.14), we get
&(eT) = Co[1 —eT + 0(e°T?)], €T — 0.
Correspondingly, we will have

o(eT) + e61(eT) = Cy — eCoT +Cy + O(E2T?), T —0.  (4.27)
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Let us show that there is a domain where the both asymptotic expansions
hold true. This is the so-called asymptotic matching region, where the inner
and outer asymptotic expansions are matched. Indeed, for the values of 7 of
order €° (o > 0), or, that is the same, for the values of 7 of order 71, the
terms neglected while developing the relations (4.26) and (4.27) turn out to
be small compared with the used terms, if we fix the value of ¢ in the limits
c—1<0and 20 > 1, thatis 0.5 <o < 1.

Thus, in the asymptotic matching region c167 < 7 < ¢2e?, where 0 < ¢; <
¢ are fixed constants and o € (0.5; 1), the following asymptotic relation holds
true:

&o(7) +e&i(1) — [Xo(T) +eX1(T)] = O(¥), —0,
if only the following identities are satisfied:

b
Co = w9, C1=$o+%.

Consequently, in view of (4.12) and (4.13), the formula

b
r~zge | +e€ (:co(l —7)+ %) e’ (4.28)

gives the two-term outer asymptotic representation.

2.4.5 Uniformly suitable asymptotic representation

With the help of the outer asymptotic representation (4.28) and the two-term
inner asymptotic representation

r~xy+e€ {—xOT + (xo + b—?) (1-— e_T)} (4.29)
one can construct uniformly suitable asymptotic representation (see, for
example, [11]).

Thus, it is not hard to see that in the inner (4.29) and outer (4.28)
asymptotic representations, one can distinguish common terms that were
employed in asymptotic matching. So, if we add the expansions (4.28), (4.29)
and after that we subtract these common terms from the obtained sum, then
we obtain the uniformly suitable asymptotic representation on the whole
interval 0 < ¢t < oo. Following Cole [11]|, we subtract the common terms

b
Co— CoeT +eCy =29+ ¢ (—xoT—i—xo + %)
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from the inner asymptotic expansion in order the depending on the fast
variable 7 part of the uniformly suitable representation decays exponentially.
As a result, we obtain

b b
T~ xzee | +e (xo(l —7)+ %) e T —¢ (a:o + %) e 7. (4.30)

Finally, note that the first term of the uniformly suitable asymptotic
representation (4.30) coincides with (4.4).
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Chapter 3

Asymptotic methods
in heat-conduction theory

3.1 Introduction. Heat-conduction problems

3.1.1 Heat-conduction equation

The process of heat conduction in a solid can be characterized by the distri-
bution of temperature 7" as a function of the coordinates x1, x9, x3 and the
time t. If the temperature distribution is non uniform, then conduction heat
flows arise from temperature differences.

By Fourier’s law, the heat quantity transferred across the area dS with
the normal n the center at the point P(z,xs,z3) during the time interval
(t,t + At) in an isotropic solid is determined by the formula

oTr
dQ = —%%(X, t)dS dt.

Here, s is the thermal conductivity, 0/0n is the normal derivative with re-
spect to the area-element dS in the direction of the heat flux, i.e.,
or  oT ~ oT - orT ~
— = —cos(n, x1) + — cos(n, xr2) + — cos(n, x3) = grad T - n.
871 33@1 ( 1) 81:2 ( 2) 81’3 ( 3> &
Thus, the specific heat flux defined as the heat flux per unit area and unit
time is given by
q=—»gradT.



Let w(x,t) be the heat generation density due to self heating. Then,
considering the heat balance in the elementary volume of the solid (see, for
example, [21]), we arrive the differential equation

T
divq+cp%—t = w. (1.1)

Here, c is the specific heat capacity, p is the material density,

8T( 8T> 8T< 8T> 8T( 8T>.

—di —
v 8x1 %Bxl +(9x2 %81’2 +8x3 %axg

If the solid is homogeneous, then the thermal conductivity s does not
depend on the coordinates, and the heat equation (1.1) is usually written in
the form o7

c w
N (1.2)
» Ot
»
where the coefficient — is called thermal diffusivity, A is the Laplace operator
cp
that is
0? 0? 0?
ot g
dx?  Ox3 O}

According to the classification of partial differential equations, Eq. (1.2)
is of the parabolic type. An important feature of this equation is the asym-
metry in the behavior of its solutions with respect to time. In other words,
Eq. (1.2) predetermines the time directivity of the heat-conduction process
distinguishing past and future.

If the heat-conduction process is stationary, the function 7'(x) satisfies
the Poisson equation

A:

AT =2, (1.3)

»

where the intensity w(x) of heat sources does not depend on the time.
In the absence of the heat sources, we will have the Laplace equation

AT = 0. (1.4)

Egs. (1.3) and (1.4) are of the elliptic type.
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3.1.2 Formulation of the boundary value problems

Recall that for extracting a unique solution of the heat equation (1.1), it is
necessary to impose initial and boundary conditions.

A typical initial condition consists in prescribing a continuous distribution
of the temperature in the solid {2 at the moment of time ty, which has been
chosen as the origin of time t, i.e.,

T(P,t)) = Ty(P), P €. (1.5)

The boundary conditions may be different depending on the temperature
regime on the surface I' of the body €. There are the following three main
types of boundary conditions.

Boundary condition of the first type. On the surface I', a prescribed
temperature is maintained, i.e.,

T(P,t)=Ty(P,t), Pel. (1.6)

The boundary value problem with the condition (1.6) is called the Dirichlet
problem.

Boundary condition of the second type. On the surface I', a pre-
scribed heat flux is given, i.e.,

%a—T(P, t) =q(P,t), PeT. (1.7)
on

The boundary value problem with the condition (1.7) is called the Neumann
problem.

Boundary condition of the third type. It is assumed that the heat
flux across the surface I' is proportional to the difference between the tem-
perature of the body and the temperature of environment, i.e.,

ar
s+ a(T = 1) = 0. (1.8)

The boundary condition (1.8) corresponds to the heat exchange according to
Newton’s law.
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3.2 Homogenization of the heat-conduction
process in layered media

3.2.1 Application of the multiple scale method

Following Bakhvalov and Panasenko [8], we consider the differential equation
describing a stationary temperature field in a non-homogeneous rod with
periodic structure

% (%g(x)j_;‘) —f@) =0, ze(01). (2.1)

Here, s.(x) is the variable thermal conductivity, u is the temperature distri-
bution, ¢ is a small positive parameter, and the length of the rod is assumed
to be equal to unity. Eq. (2.1) will be subjected to the following boundary
conditions:
u(0) = go, u(l) =g (2.2)
We assume that the one-dimensional medium with periodic structure is
comprised by periodically repeated elements, called cells. We put

€= —, 2.3

. (23)
where n is a large natural number, and assume that the function s (x) is
periodic with the period €. Then, we will have

».(x) = %<E>’ (2.4)

3

where () is a periodic function with the period 1. It is natural to assume
that s.(€) > 0 for £ € [0,1]. For the simplicity sake, we also assume that the
function s (&) is differentiable.

Applying the multiple scale method, we will construct the solution to the
problem (2.1), (2.2) in the form

u = up(x, &) +euy(x, &) + ug(x, &) + ... . (2.5)

Here along with the so-called slow (or macroscopic) variable x, we introduced
the fast (or microscopic) variable

=", (2.6)

QRS
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We assume that the functions u;(x, £) are periodic with respect to the variable

¢ with the period 1.
Let us substitute the expansion (2.5) into Eq. (2.1). Taking into account

the expression (2.4) and applying the chain rule of differentiation

d F<xf€> _ (8F(x,£) . _10F(x,§))

de \"'z or | o¢

)
E=e"1z

we obtain after rearrangement

(05 [
+ (02 1 2 (g 2o
o [ae (™56 2) + e (0250 ) i (025 )

9¢
v (;45)%) - f(x)] T ) LM —0. (27)

Equating the coefficients of successive powers of € to zero, we get

(™) —o

¢ 0%
o (02 1 2 (2o 4 2 (g 2o —o,
5 (o2t 4 2 (0 2ne)) 25)
T B e B e R (O

Assuming that the variables x and ¢ are independent, the relations (2.8);
for i« = 0,1,2 will be regarded as a recurrence series of linear differential
equations for the functions w;(z, {) with respect to the variable &, considering

T as a parameter.
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3.2.2 Application of the homogenization method

Let us introduce the period-average

1

(P, ) = / P, ) de. (2.9)

0

We underline that in the last integral, the variables x and £ are regarded as
independent.

From Eq. (2.8)g, it follows that the function »(&)dug(z,§)/0E does not
depend on the fast variable &, i.e.,

Jug(z,§)

(€)=

From here we find

Oug(x,§) _ Co(x)‘ (2.10)

23 #(§)
Now, we apply the averaging operator (2.9) to the both sides of Eq. (2.10).
Taking into consideration the periodicity of the function ug(x,§) in &, we will
have

1

0U0(l‘,€)> - 6U0($,€) _ 621_
<—8f _ 0/ S de = (9| <o

Thus, as a result of homogenization of Eq. (2.10), we get
0= <%(£)_1> Co(x).

From here it follows that Cy(z) = 0, and, consequently, according to Eq. (2.10),
the function wug(z, &) does not depend on &, i.e.,

uo(z, &) = vo(x). (2.11)
Further, in view of (2.11), Eq. (2.8); takes the form

5 (o (2 2n)) —o

From here, by the same argumentation, we derive

A (P2 S0 — i)
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and, consequently,

Ouy (z,§) N dvy  Ci(x)

—_— 0 — = . 2.12
¢ dr 212
Averaging Eq. (2.12), we obtain
dvg _
Tr (2(6)7") Ch(2),
from where we find g
Ci(z) = ;f%. (2.13)

Here we introduced the notation

7= ((&)) 7. (2.14)

Note that the quantity (2.14) is the geometric mean of the function »(¢).
Substituting the expression (2.13) into Eq. (2.12), we find

Gulggf) _ (%Z) _ 1)%. (2.15)

Integrating this equation, we obtain

Let us turn now to Eq. (2.8)s.

3.2.3 Effective thermal conductivity

Applying the averaging procedure to Eq. (2.8)2, and taking into account the
periodicity of the functions »(&), u;(z,€), and uy(z,§)), we obtain

/ (%@@%?O) +%(%<£>W}) de = f(z).  (2.16)
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Since this equation is a consequence of Eq. (2.8),, it represents the necessary
solvability condition for Eq. (2.8)s in the class of functions which are 1-
periodic in £. We emphasize that the condition (2.16) is also sufficient for
solvability of Eq. (2.8) (see, [8], Ch. 2, Lemma 1).
Substituting the expressions (2.11) and (2.15) into Eq. (2.16), we find
_.d*vp

— = f(x). (2.17)

dz?

According (2.2), Eq. (2.17) should be subjected to the following boundary
conditions:

v0(0) = go, Uo(l) = g1-

Eq. (2.17) is called the homogenized equation, and the coefficient > de-
termined by formula (2.14) is called the effective thermal conductivity.

Finally, note that if vy(z) is the solution to Eq. (2.17), then Eq. (2.8)
can be solved for the function uy(z,€) in the class of functions which are
1-periodic in . Hence, due to the relations (2.7) and (2.8), the expansion
(2.5) formally satisfies Eq. (2.1) with the accuracy up to the terms of order
€.

3.2.4 Bakhvalov’s method
Taking account of the expression (2.4), we rewrite Eq. (2.1) in the form
Lou= f(x), (2.18)

where L. is a differential operator acting according to the formula

Lou= % (%G) Z—Z) . (2.19)

Following Bakhvalov |7], the solution to Eq. (2.18) will be sought in the
form
=,/ dw
- N(2) 2.2
w=v) + LN () 3 (2.20)

Here N;(§) are 1-periodic functions, v(z) is a unique solution to a certain ho-
mogenized problem (with constant coefficients), which will be derived below.
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The function v(z) does not depend on the fast variable £, and, moreover, it
itself is represented in the form of asymptotic expansion

T) = Zsjvj(x). (2.21)

Let us substitute the expansion (2.20) into the left-hand side of Eq. (2.18).
Applying the chain rule of differentiation

i—g_'_g_lg
dr Oz o€’

we obtain the following decomposition of the differential operator (2.19):
L.=e?Lo+e 'Ly + L.

Here we introduced the notation

Lo = 5 (95,

L= 2 () + (4O m) La= Oy

We underline that in this notation, the variables x and £ are regarded as
independent, and the corresponding differential operations are assumed to
be commutative.

Removing parentheses in the right-hand side of the identity

_ -2 -1 1 N\T.
Lou= (e ?Lo+e 'Ly + Ly) (v + ;1 € NZ(Q_da;Z‘) ,
we obtain

d
Low= e 2Lov + ™ (le i LONld—”>

dv d*v )

L LN LyN.
+8(20+ 11d+02d2

di+1 di+2y
+ Z <L2N -+ L1N1+1d pre LONiJrQW)

85



Taking into account the fact that the function v(x) does not depend on &,
while L; and L, are differential operators of the first and second order with
respect to the variable x, respectively, we arrive at the relation

Lou=¢' (%%(f) + L0N1> Z—z
d dN d2
te (”(5) e AOM) + %@d_gl + L0N2> o (2.22)
" d dNi1 d+2y
3 (%@Ni + g (AON) + ) 5 LONM) o

Since the equation L.u = f(x) should be true, we try to choose the
functions NV; in such a way that the term of order e~! will vanish and all
terms of higher order will not depend on the fast variable &, i.e.,

d
LoN; + %(ﬁ)d];zl + d%(%(f)Ni—l) + #(§)Ni—2 = hy. (2.24)

Here, h; are constants (i = 2,3,...), and, moreover, it is assumed that the
normalization condition Ng = 1 holds true.
Now, let us rewrite Egs. (2.23), (2.24) in the form

where the functions F}, starting from the number ¢ = 2, are expressed through
the functions N; with the index j < ¢. This circumstance can be used for
the recurrence determining the functions N; from Eqs. (2.24).

The constant (2.25) is determined from the condition of existence of 1-
periodic solutions of Eq. (2.25). Applying the averaging operator (-) to the
both sides of Eq. (2.25), we obtain the equation 0 = (F}), from which it
follows that

hi = — <%(5)C”;721 n d%(%(g)m_l) + %(f)NZ-_2> . (2.26)

It is not hard to verify that the existence condition in the class of 1-periodic
functions for Eq. (2.23), which can be written as

d%(%(g) (dd—]? + 1)) —0, (2.27)

86



holds true owing to the periodicity of the function s(¢).
For : = 1, we have

d
hy = — <d—§%(§)> = (1) — »#(0) = 0.
From here it follows that the periodic solution to Eq. (2.25), i = 1, exists
when h; = 0.
Observe that the solution N;(£) to Eq. (2.25) is determined up to an
additive constant. Therefore, to fix the solution we put

N;(0) = 0. (2.28)

Then, the solution to the problem (2.25), (2.28) under the condition (2.26)
exists and is unique.
The problem (2.25), (2.28) is called the problem on the periodic cell.
Thus, since the functions N; satisfy the relations (2.23), (2.24), the ex-
pansion (2.22) takes the form

. d'v

—2
L= 750
i—2

Hence, the function v should satisfy the equation

=, dv
2 = . 2.29
; £ e f(x) (2.29)

Let us turn to the boundary conditions (2.2). Substituting the series
(2.20) into the relations (2.2), we obtain

o A
- d'v

0(0) + D' Ni(0)72(0) = go, (2.30)
= . 1\ d'v
(1) + Zgwi(g) ) =g (2.31)

By virtue of the choice of the rational value of parameter ¢ (see formula (2.3))
and the periodicity of the function N;(£), the following relations take place:
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N;(n) = N;(0). Taking into account the condition (2.28), we derive from the
relations (2.30) and (2.31) the following boundary conditions:

v(0) = go, v(1) =g (2.32)

Thus, if the function v(z) formally satisfies the relations (2.29), (2.32),
then the series (2.20) is the formal asymptotic expansion for the original
problem (2.1), (2.2).

Eq. (2.29) is called the formal homogenized equation of the infinite order
of accuracy. The coefficient hy of the main part of Eq. (2.29) is called the
average thermal conductivity coefficient of the layered medium and is denoted
by 7.

Let us calculate the average thermal conductivity coefficient 3. First,
according to Eq. (2.26), we have

2=h2=—<%(5)(dd—]zl+1)>,

where the function N; is the solution to Eq. (2.27).
Integrating Eq. (2.27), we obtain

dN-
#(&) <d_§1 + 1> = (1,
where (' is a constant. Thus, we get
e G
dg (¢

Now, we apply the averaging operator (-) to the both sides of Eq. (2.33).
Taking into account the 1-periodicity of the function Ny, we obtain

0=(x(¢§)")C —1.

(2.33)

From here we determine C; = (%(5)_1)71 and, consequantly,

7= ((6)) 7 (2.34)

Further, the homogenized equation (2.29) contains the small parameter e
and admits an asymptotic solution in the form of expansion (2.21). At that,
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the substitution of the series (2.21) into the right-hand side of Eq. (2.29)

yields '
DRI W]

=2 j=0
Changing the mdexes by the formulas ¢ =i+ j — 2 and j = j, we arrive at
the equation

di=I 2y
Z€q<h2d2 th J+2dq]+2]>:f<'r)'

Correspondingly, substituting the series (2.21) into the boundary conditions
(2.32), we obtain

S e, (0) = g0 Y ey(1) =g
q=0 q=0

Thus, the function vyg(z), which is the leading term of the asymptotic expan-
sion (2.21), should satisfy the equation

d*v
hy s = f(2) (2.35)
and the boundary conditions
vo(0) = g0, wo(1) = g1- (2.36)

Further, the other terms of the series (2.21) should satisfy the equation

dzv d9=I1 2y,
dm; _ th APy ]+2 (g=1,2,...) (2.37)
and the boundary condltlons
v,(0) =0, v,(1) =0. (2.38)

Thus, all the functions v,(z) can be determined step by step from the
recurrence sequence of the boundary value problems (2.37), (2.38), to which
we have reduced the procedure of constructing the formal asymptotic solution
of the problem (2.1), (2.2).

The problem (2.35), (2.36) is called the homogenized problem of the zeroth
order. It describes the temperature field in a such homogeneous medium
whose properties in a sense are close to the effective properties of the original
non-homogeneous medium.
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3.3 Homogenization of the heat-conduction
process in composite materials

3.3.1 Problem statement

Let @ be an n-dimensional (n = 2,3) cube {{ € R" : |&| < 1/2, k =
1,... ,n}. We assume that a domain w is embedded into (), and this struc-
ture is periodically extended onto the entire space R" with the period 1.
We denote by B the union of all the obtained domains corresponding to
the inclusions w. We will assume that the matrix domain M = R" \ B is
connected.

In the case of anisotropic components of the composite material, its heat-
conduction properties are described by a symmetric positive-definite matrix

158 (E)1], where
' _ ) e §€B,
7 (8) {%jn;, ceM.

The functions s, (§) are periodic with respect to each variable &, (k =
1,...,n) with the period 1. The matrix ||s¢;;(£)| determines the heat-
conduction tensor.

Let 2 be a bounded domain in R™ with the boundary I'. The temperature
field u(x) satisfies the differential equation

Lou(z) = Z % (%jk(elx)%> = f(z), z€Q\X, (3.1)

in the entire domain €2 outside the interface surface ¥, between the inclusions
and the matrix. Across the surfaces of discontinuity of the conductivity co-
efficients, we impose the following continuity conditions for the temperature
and the heat flux density:
-0 3
S ov

Here, 0/0v is the conormal derivative (n; is the cosine of the angle between
the normal and the j-th coordinate direction)

= 0. (3.2)

e

n

Ju 4\ Ou
% = Z %jk(5 1$)8—Ik n;. (33)

J,k=1
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To fix the idea we assume that the boundary I' of the domain €2 is main-
tained under a constant temperature, i.e.,

u(z) =0, zel. (3.4)

Following Bakhvalov and Panasenko [8|, we will construct the asymptotics
of the solution to the problem (3.1) ~(3.4) under the smoothness assumption
on the function f(x) in the closed domain (.

3.3.2 Asymptotics of the solution

Applying the multiple scale method, we will construct an approximate solu-

tion to the problem (3.1)—(3.4) in the form
UIUO<I,£)+€U1($,€>+52U2<LE,£)+..., (35)

where the functions w;(z,§) are periodic with respect to each coordinate &
(k=1,...,n) with the period 1. Observe that in formula (3.5), along with
the slow variable z, we introduced the fast variable

e="2 (3.6)

€
Substituting the expansion (3.5) into Eq. (3.1), we make use of the chain
rule of differentiation

dx;, 5 Oxy, &k

The following decomposition for the differential operator appearing in Eq. (3.1)
holds true:
Lou(x,§) = (5_2L0 +e 'Ly + LQ)U(x, £).

Here we introduced the notation

LO = L§§7 Ll = Lx§ + Lf:m LQ = sz,

n o 0
Lopu(z,&) = > %(%ﬂ“@%)
jk=1"""
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As a results of the substitution of the expansion (3.5) into Eq. (3.1), we
obtain

0= [5_2L0U0 + 8—1<L1UO + Loul)
+&%(Lauo + Lyuy + Lotz — f) + ... ] L n (3.8)

Now let us require that the terms of order e 72, ¢!, and £° in the expansion

above are equal to zero. At that, the term of order ¢ leaves a discrepancy,
and, therefore, the expansion (3.5) will satisfy Eq. (3.1) with the accuracy
up to terms of order e.

So, for the recurrence determination of the functions ug(x,&), uy(z,§),
and us(x,€), we obtain the following system of differential equations with
respect to the variable £ containing x as a parameter:

L()Uo = 0, (39)
L0u1 = —LllLO, (310)
LOU2 = —L1u1 - L2U0 + f (311)

Further, let us substitute the expansion (3.5) into the left-hand sides of
the contact conditions (3.2) imposed on the interface .. We have

], = ([wo(e.0)]|_ +elur(a.0)
+ &2 [ua(w, )] L€E+ . )

ey

€

(3.12)

r=e&

Here, ¥ = 0B is the interface surface between the inclusions and the matrix
in the scratched coordinates. Introducing the notation

8ux§ Z%ﬂc auxg)

nj,

(9Va Oay,
we can write
ou [ 1 [9u Ouy  Ouy
S| - (]| e s
e fex fex
8u2 8u1
+e {a—yg—l— 8%] —i—) (3.13)
£ex =
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Considering now the variable x in the relations (3.12), (3.13) as a param-
eter, we will require that according to the homogeneous conditions (3.2) the
three main terms in both conditions (3.12), (3.13) should be equal to zero.
Thus, in addition to Eqs. (3.9)—(3.11) we obtain

. alb() A

[UO(:E>€):| EEE_ 07 |:8V§:| - 0) (314)
£ex
. _8u1 8u0_ A,
[ul(x,ﬁ)] o 0, v + 0. =0; (3.15)
- T lgex

B -8U2 8%1_ .

(. O] =0 |5 T, &E—o. (3.16)

The solvability of the problems for determining the functions w;(z,§)
can be established with help of the following statement (see, [8], Ch.4, §1,
Lemma 2):

Lemmea. Let s, (€), Fo(€), Fr(§) be 1-periodic piecewise-smooth func-
tions, and the matriz ||, (€)|| is symmetric and positive-definite at every
point &, 1. e.,

sii(§) = 2 (€); si(§)nyme > samym; Vn € R, (3.17)

where 31 > 0 15 a constant which does not depend on &.
Then, for the existence of 1-periodic solution to the problem

L = Fl) + i), €25 (3.18)
[N] s 0 (3.19)
ON
#in(§) - — Fi(€) Jrk| | =0 (3.20)
(-]

it is necessary and sufficient that (Fy) = 0. Here the summation over a re-
peated index 1 < k < n is assumed, and the following notation is introduced
for the average over period

1/2 1/2
(F(x,€)) = / .../F(a:,gl,...,§n)d§1,...d§n.
12 —1/2
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Recall that in the multiple integral above the variables x and & are considered
as independent variables.

The general 1-periodic solution to the problem (3.18)—(3.20) can be writ-
ten in the form N (&) = N (&) + C, where N(€) is a unique solution with the
zero average over period, i.e., (N) = 0, and C is an arbitrary constant.

3.3.3 Homogenized problem

It is clear that all the conditions of the Lemma are satisfied for the problem
(3.9), (3.14), and consequently, its solution will be a function which does not
depend on the fast variable &, i.e.,

uo(x, &) = vo(x). (3.21)

Then, Eq. (3.10) and the contact condition (3.15) can be rewritten as follows:

0 0
Leew =~ (451052 ). (322)

— 0. (3.23)
fex

(1]

From the Lemma it follows that the problem (3.22), (3.23) has a 1-periodic
solution which can be represented in the form

J

=0, K%jk(f)g—? + %jk(g)%)nk]

£ex

ov
u(@,€) = Ni(€) axZ’ (3.24)
where N;(€) (i =1,...,n)is a 1-periodic solution to the problem
Lee(N; + &) =0, (&% (3.25)
[N]| =0, {—a(N”&)} = 0. (3.26)
£ex 8y§
gex

The problem (3.25), (3.26) is called the problem on the periodic cell. By
virtue of the Lemma, its solution is determined up to an arbitrary constant,
which can be fixed by the condition (N;) = 0.
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Further, taking into account the expressions (3.21) and (3.24), we rewrite
Eq. (3.11) as follows:

0 0?
Leeus + @(”gk(f)Nz(f)) (%Ujg?):i
8]\/} (f) 821)0 82?]0 .
+ (%jk(f) oz, )(%kaxi + %jk(f)m = f(x).

From here, changing the notation of indexes, we derive

Leet + 5 (ol ON(O) + 55 G 4 61(©) ) ot = fi). (327

Correspondingly, the second contact condition (3.16) takes the form

U9 21)
(1058 + N o

— 0. (3.28)
£ex

The necessary and sufficient condition for the solvability of the boundary
value problem (3.27), (3.28) in the class of 1-periodic functions yields the

homogenized equation
~ 32"00

%ﬂm = f(z), (3.29)

where
i = <%ij(€)a]gg§) + %u(f)> : (3.30)

Finally, substituting the expansion (3.5) in the boundary condition (3.4),
we find that Eq. (3.29) should be subjected to the boundary condition

vo(z) =0, zel. (3.31)

Thus, with the accuracy up to terms of order ¢, the solution to the prob-
lem (3.1) —(3.4) coincides with a smooth function vy(x), which does not de-
pend on the parameter €. This function is the unique solution to the homog-
enized problem (3.29), (3.31) with constant coefficients (3.30).

The matrix of effective conductivity coefficients ||| is symmetric and
positive-definite (see, in particular, [8], Ch.4, §1, Theorem 1) and deter-
mines the conductivity tensor of a such hyposetical homogeneous material
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whose properties are close to the average properties of the original composite
material.

The question of determining the coefficients 7; is related to constructing
a numerical solution N; (i = 1,...,n) to the problem on the periodic cell
(3.25), (3.26) together with the subsequent calculations based on formula
(3.30).

3.3.4 Homogenization of the heat-conduction process in
a periodic porous medium

Let @ be an n-dimensional (n = 2,3) cube {{ € R™ : |&| < 1/2, k =
1,... ,n}. Taking away some portion w from the cube (), we obtain the
domain @ \ @, which will be periodically extended onto the entire space R"
with the period 1. We denote by M the union of all the obtained domains.
The domain M is assumed to be connected. Furthermore, we denote by ¢ a
small positive parameter and introduce a set M, obtained from the set M
by the homothetic transformation with the extension coefficient €71, that is

M, = {:EER": 5_1x€M}.

Let also 2 be a bounded domain in R"™ with the boundary I'. Then, ), =
QN M. is a perforated domain with the boundary 0f€)., which is composed
of the following two parts: oM. N Q and I' " M,.. The temperature field
u(z) in the periodically perforated anisotropic porous medium (). satisfies
the differential equation

Leu(z) = Z %(@M&‘%)S—Zﬁ) = f(z), z€Q.. (3.32)
k=1 """

On the boundaries of the cavities OM_. N, we impose the homogeneous
boundary condition of the second type

ou

o =0, (3.33)

OM:NQ

where Ou/dv is the conormal derivative (3.3). This boundary condition
means that there is no heat exchange between the surface and the medium
inside of the cavities.
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On the external surface I' N M., we assume that a zero temperature is
maintained, i.e.,

=0 3.34
“ I'nm. ( )

Following Bakhvalov and Panasenko [8], the asymptotic solution to the
problem (3.32)—(3.34) under the smoothness assumption on the function
f(z), z € Q, will be constructed in the form

u = ug(x, &) + euy(x, &) + 2up(w, &) + . . ., (3.35)

where ¢ = &'z are the fast coordinates (3.6), u;(z, &) are smooth functions

)
which are periodic with respect to each variable & (k = 1,... ,n) with the
period 1.

Let us substitute the expansion (3.35) into Eq, (3.32), making use of the
chain rule of differentiation (3.7). After collecting terms of equal order in ¢,
we arrive at the relation (3.8), which yields Egs. (3.9)—(3.11).

Now, substituting the expansion (3.35) into the left-hand side of the
boundary condition (3.33), we obtain

_18U0 (6u1 8u0)
=\1¢€ = + | = +
AM-NQ Ove £€OM Ovg Oy

(GuQ Gul)
+ el =— + +...
61/§ 8Vw £cOM

In view of the homogeneous boundary condition (3.33), we require that the
following relation should be satisfied:

@
ov

+
£eom

E=e—1z

Ouo — 0, (3.36)
Ove £€oM
(% + auO) =0, (3.37)
01/5 8146 £cOM
(% N 8u1> _o. (3.38)
8V5 81/1 £cOM

The solvability of the problems for the functions u;(x, &) can be estab-
lished with the help of the following statement (see [8], Ch.4, §3, Lemma 1):
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Lemma. Let (&), Fo(§), Fp(§) be 1-periodic functions. We assume
that the functions s (§) satisfy the conditions (3.17).

Then the necessary and sufficient condition for existence of a 1-periodic
solution to the equation

0F(€)
o0&,

Lee N = Fy(§) + EeM

subjected to the boundary condition

B
21 (§) 57N (&) — Fi(§) | =0,
( af] ) £eomM
1s as follows:
(Fo(€))™ = / Fo(€) dé = 0. (3.39)

QM
From this Lemma, it follows that the first problems (3.9), (3.36) and
(3.10), (3.37) are solvable. Moreover, by analogy with formulas (3.21) and
(3.24), the following representations hold true:
ov
uo(l‘,f) :Uﬁ(x)v u1($7§> :Nz(g)@_xo

Here, N;(€) are the normalized (with the help of the condition (N;) = 0)
1-periodic solutions to the problems on the periodic cell

(3.40)

Lee(Ni+ &) =0, {eM; (3.41)
0

— (Vi + & =0. 3.42

al/5< §> ccoM ( )

Taking into account the expressions (3.40), we rewrite Eq. (3.11) in the
form (3.27), while the boundary condition (3.38) is represented as follows:

Ous(z, &)

62
(022 N | =0 (.

£eoM

The necessary and sufficient condition for solvability of the problem (3.27),
(3.43) in the class of 1-periodic functions (see, formula (3.39)) is equivalent
to the relation

(@5t + wt0)) o ) = 5t
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or, that is the same,

~ 82@0
%ilm = f(z). (3.44)
Here we introduced the notation
. _ N, M
N O (3.49)
J

where |@ \ w| is the volume (area for n = 2) of the domain @ \ w such that

@\l = [ e

Q\w

Finally, substituting the expansion (3.35) into the boundary condition
(3.34), we find that the homogenized equation (3.44) should be subjected to
the following boundary condition:

= 0. 3.4
Vo - 0 ( 6)

Thus, with the accuracy up to terms of order € the solution of the problem
(3.32) —(3.34) coincides with a smooth function vy(x), which does not depend
on the parameter €. This function is the unique solution of the homogenized
problem (3.44), (3.46) with the constant coefficients (3.45).

3.3.5 Symmetry of the effective heat conduction
coefficients

Let us introduce the notation M;(§) = N;(§) +& (i = 1,...,n). According
to the relations (3.41), (3.42) the function M;(&) satisfies the problem

oM,

LeeM; =0, €€ M,;
g€ §eM v

= 0. (3.47)
£eOM

Multiplying both sides of Eq. (3.47); by ¢(&) and integrating over the
domain @ \ w, we obtain

<%(ms>%—?)w<e)>M ~0.
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Now, for any 1-periodic differentiable function ¢(¢), using the integration by
parts with the homogeneous boundary condition (3.47), taken into account,
we establish the following identity:

oM, o \M
(05 50 ) =0 ¢

Let us rewrite formula (3.45) for the effective heat conduction coefficients
as follows (see the proof of Theorem 1 in [8], Ch.4, §1):

R oM\ M oM, 0g \™
v (s

Adding the left-hand side of formula (3.48) with ¢(§) = N;(§) to the right-
hand side of the relation obtained above, we get

=1,...,n). (3.48)

%8Mi>M
9&; 08,

Formula (3.49) and the symmetry of the coefficients s¢j; imply the symmetry
of the coefficients ;.

Note that from the assumption that the matrix ||s¢;|| is positive definite
it follows that the matrix of effective heat conduction coefficients ||3¢;|| is also
positive definite (see, [§], Ch.4).

@\M%=<m&) (3.49)
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Figure 4.1: The rod geometry and the coordinate system.

3.4 Asymptotic modeling of the heat
conduction in a thin rod

3.4.1 Heat-conduction in a thin rod

We consider the problem of stationary heat-conduction in a thin cylindrical
rod . with the constant cross-section w.. Here, € is a small positive param-
eter, which is equal to the ratio of the diameter of the cross-section w. to
the rod’s length 2I. Correspondingly, the thin rod 2. is obtained from the
cylinder w x (—I,1) by compressing in the transverse directions by ! times,
i.e.,
Q. ={z=(y,2): e'ycw, z€(-,1)}.

It is assumed that w is a fixed plane domain bounded by a simple smooth
closed contour T' (see Fig. 4.1).

The temperature distribution u(x) in the inner points of the rod is de-
scribed by the Poisson equation

Pu  Pu  O%u )
- = 4.1
o + o + 9.2 + % f(z) =0, (4.1)

where f(x) is the density of volume heat sources, s is the heat conductivity.
Let us assume that the rod lateral surface

Y.={z: e 'yel, ze (=L}
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exchanges heat with the surrounding medium according to Newton’s law

0
K | =0, (4.2)
on 5.
To fix our ideas, we assume that
ul . = ), (4.3)

that is the rod ends I'F = {z : ¢!y € w, z = +l} are maintained at a
prescribed temperature.

3.4.2 Quasi one-dimensional process of heat-conduction
in a thin rod

Following Zino and Tropp [23], we will construct an approximate (as ¢ — 0)
solution to the problem (4.1)—(4.3) under the smallness assumption on the
heat exchange coefficient

k= 8]{30. (44)

Let us introduce the following stretched variables in Eq. (4.1) and the
boundary condition (4.2):

n=(m,m), n=c'v. (4.5)

Taking into account the relation (4.4), we will have

[ 0*u  O*u 0%u B
€ 2(8172 + 8,,72) + 822 + lf(577>z) = Oa (46>
i 2
51% + ekou = 0, (4.7)

where 0/0v is the normal derivative with respect to the outward normal to
the contour Ow = T" on the plane of coordinates 7, 7.

Far from the rod ends, the solution to the problem (4.6), (4.7), (4.3) will
be constructed in the form of (outer) asymptotic expansion

u(z) = Up(n, 2) +eUs(n,2) + ... . (4.8)
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After substituting the expansion (4.8) into the relations (4.6), (4.7) and col-
lecting terms, we equate to zero the coefficients at subsequent powers of e.
As a result, we derive the following relations:

oU,
AUo(n,2) =0, n € w; 8—7/0(77, z)=0,nel; (4.9)
0%U, oU,
AT, = -1 S ae) ‘ . 41
77U2 622 + X f7 77 S U.), aV . kOUO r ( O)

The solution of the homogeneous Neumann problem (4.9) is an arbitrary
function Up(z) of the longitudinal coordinate z (to be determined in the
sequel). The problem (4.10) as the two-dimensional Neumann problem for
the domain w bounded by the contour I' has a solution only if the following
the solvability condition is satisfied:

ouU.
—//AnUQ(n,z) dn—i—/a—;(n, z)ds, = 0.
r

w

Substituting the right-hand sides of the relations (4.10) into the equation
above, we arrive at the following equation for the leading asymptotic term:

d*Uy 1
] d=2 T f(en, z) dn — k|L'|Us = 0. (4.11)

Here, |w| and |T"| is the area and perimeter of w.
Returning to the original variables by formula (4.5) and taking the nota-
tion (4.4) into account, we can rewrite Eq. (4.11) as follows:

& I.
o | uka =% 'F(2). (4.12)

Cd2? T w

Here, |w.| and |T'.| are the area and perimeter of the cross-section wy,

e = o [[ 1w

The function Uy(z), generally speaking, does not satisfy the boundary
conditions (4.3). In the vicinities of the rod ends, where the phenomenon of
boundary layer arises, the inner asymptotic expansion should be constructed
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(see, for example, [23], Ch.2, §1). As a result, Eq. (4.12) is subjected to the
following boundary conditions:

() = o [ [ (4.13)

|lw

Note that in the right-hand side of the relation (4.13), there appears the
arithmetic mean value of the right-hand side of the boundary condition (4.3).

The resulting equation (4.12) represents the well-known equation of the
one-dimensional theory of heat-conduction in a thin rod.

3.5 Asymptotic modeling of the heat
conduction in a thin plate

3.5.1 Heat-conduction in a thin plate

We consider the problem of stationary heat-conduction in a thin plate 2.
of the thickness 2¢h with the middle-section w bounded by the contour I'
(see Fig. 5.2). Here, ¢ is a small positive parameter, which is equal to the
ratio of the plate half-thickness h. = £h to the characteristic size of the plate
middle-section. In other words, the plate €). is obtained from the cylinder
w X (—h,h) by compressing in the longitudinal direction by e~! times, i.e.,

Qo={r=(y,2): ycw, e 'z€(~h,h)}.

According to Fourier’s law, the temperature distribution u(z) in the inner
points of the plate is described the equation

Pu  Pu  O%u )
. = 1
R R RO (5.1)

where f(x) is the density of volume heat sources, s is the heat conductivity.
Let us assume that the face surfaces of the plate

X ={z: yEw, z==xch}

exchange heat with the surrounding medium according to Newton’s law

—% =ku—sxtq", z=ch; (5.2)
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Figure 5.2: The plate geometry and the coordinate system.

ou
0z
Here the quantities ¢ (y) and ¢~ (y) are the projections of the heat flux on
the outer normal taken with the inverse sign.
To fix our ideas, we assume that

=ku—sx'q, z=c¢h. (5.3)

u‘rg =uo(y,2), ye€T, z€(—heh), (5.4)

that is the lateral surface of the plate I', = {:c s yel, etz e (—h, h)} is
maintained at the prescribed temperature.

3.5.2 Quasi two-dimensional process of heat-conduction
in a thin plate

Following Zino and Tropp (see, 23], Ch. IV, § 1), we will construct an approx-
imate (for ¢ < 1) solution to the problem (5.1)—(5.4) under the smallness
assumption on the heat exchange coefficient

k = eko. (5.5)

Moreover, in order to equalize the orders of terms in the right-hand sides of
the boundary conditions (5.2) and (5.3), we put

T (y) =eq5 (y)- (5.6)
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Introducing in Eq. (5.1) and the boundary conditions (5.2), (5.3) the
stretched variable
C=¢lg, (5.7)
we obtain
Pu  Pu 0%

8y1 + F +e 5C2 + 2 1 f(y,e¢) = 0. (5.8)

Moreover, tacking into account the assumptions (5.5) and (5.6), we get

0
:Fsla—z = ckou —ex"'q, (= +h. (5.9)
Far from the lateral surface of the plate, the solution to the problem (5.8),
(5.9), (5.4) will be constructed in the form of asymptotic expansion

u(x) = Up(y,¢) +*Us(y, () + . . . . (5.10)

After substituting the expansion (5.10) into the relations (5.8), (5.9) and
collecting terms, we equate to zero the coefficients at subsequent powers of
€. As a result, we derive the following relations:

82[]0 B . an B
acz (y,) =0, ¢ € (=h,h); % “2(y,+h) = 0; (5.11)
&?U.
_T;(y, ) =AUo+"f, Ce(=hh) (5.12)
OUs 1+
jFa—C(y, +h) = koUs(y, £h) — » g5 (y). (5.13)

It is evident that the solution to the homogeneous problem (5.11) is an
arbitrary function Uy(y) of the transverse coordinates y = (y1,y2). The prob-
lem (5.12), (5.13) represents an analogue of the nonhomogeneous Neumann
problem, and, therefore, it is solvable only under a certain special condition.

Following [23] and integrating Eq. (5.12), we get

U,
¢

¢
%U;( h)+/(AyUo(y)+%‘1f(y,at)) dt.

—h

—(,0) =
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Taking into account the boundary condition (5.13) for ( = —h, we obtain

_%(?(ya ¢) = —kolUo(y) + %_1q0_(y) +(C+h)A,Uy(y)
¢
+3t | f(y,et)dt.
/

Now, satisfying the boundary condition (5.13) for { = h, we find

~2,Ualy) + 2hli(w) = | [ Q) dC+ a5 )+ 5 w) | - (519)

If the solvability condition (5.14) for the problem (5.12), (5.13) is satisfied,
then its solution exists and is determined up to an arbitrary function of the
transverse coordinates. On the other hand, the solvability condition (5.14)
represents the sought-for equation for determining the leading asymptotic
term.

Returning to the original longitudinal coordinate by formula (5.7) and
taking into account the notation (5.5) and (5.6), we rewrite Eq. (5.14) in its
final form as follows:

k
—AyUO + h_UO == %_1F<y) (515)
Here, h. = €h is the half-width of the plate ., and F(y) is given by

he
F(y) = 225 / fy,2)dz+ 225 a5 () + a0 ()]

—he

The function Uy(y), generally speaking, does not satisfy the boundary
condition (5.4) due to its dependence on the longitudinal coordinate. In
the vicinity of the plate lateral surface, there arises the phenomenon of a
boundary layer. It can be shown that Eq. (5.15) should be subjected to the
following boundary condition resulting from the boundary condition (5.4):

hs
1
MMD—Qh‘/UM%dd% yer. (5.16)
—he



The resulting equation (5.15) together with the boundary condition (5.16)
allows to determine the function Uy(y), which is the thickness-average tem-
perature of the plate in the problem (5.1) - (5.4) in the first approximation.

3.6 Method of matched asymptotic expansions

3.6.1 Thermal contact conductivity of a cluster
of microcontacts

Consider two bodies which are in contact at nominally flat surfaces touching
each other only at few discrete spots wy,... ,wy. Assume that the following
conditions are satisfied: 1) the bodies are placed in a vacuum; 2) heat flows
normally to the contact interface from one body to the other; 3) boundary
condition of uniform temperature is imposed across the contact area [12].
Then, we can describe the temperature distribution near the contact interface
in terms of a harmonic potential u(x) as follows:

kQ(TQ - TI)
T =T+ ——= 0
(X) 1 + kl + kQ U(X), T3 > 3
k(15 — T,
= T2 — %u(ml,@, —Ig), xr3 < 0.

Here, k1 and ko are the thermal conductivities of the bodies.
The potential u(x) is the unique solution of the following boundary-value
problem:

Agu(x) =0, z3>0; (6.1)
N
u(z,22,0) =1, (21,22) € U Wy (6.2)
j=1
ou N
a_l,g(xlax%()) =0, (xbe) gHwﬁ (63)

uw(x) =o(1), |x|=+/2?+ 2%+ 23— occ. (6.4)

The total heat flow conducted between the two bodies is
N

Kk (T — Ty) ou
T ; ki + ko // O3 (21, 22, +0) dmnd (6:5)
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and it is found to be proportional to the temperature drop 75 — 77. The
constant of proportionality defined by

Q

he = ——o
(T2 - Tl)Aa

(6.6)

where A, is the area of apparent contact, is known as the thermal interfacial
contact conductance, abbreviated herein to contact conductance [12]. Notice
also that the quantity QQ/A, determines the heat flux across the area A,.

3.6.2 Governing integral equation

The solution of the problem (6.1)—(6.4) can be represented in the form of a
single-layer potential

-~ Z// N 11 (Y1, yz)dyl_dyz y 67)

Y2)? + 13

Accordingly, the limit value of its normal derivative is given by the fol-
lowing formula (j =1,..., N):

Ju Ou
O3
Due to the boundary condition (6.2), the integrand density functions

pi(xy, z2), ..., pn (1, x2) satisfy the following system of Fredholm integral
equations of the first kind (j =1,..., N):

(L’l,xg,—i-O) /Lj(l’l,l’2>, ((L’l,xg) € wj. (68)

(B ;) (21, 32) + Z(Bkuk)(azl,:cg) =1, (21,22) €w,. (6.9)
k#j

Here, B* is an integral operator defined by the formula

(B i) (1, 2) = 5 //¢$1 dy — (6.10)

Thus, from (6.5) and (6.6), it follows that

]
heA, = 6.11
Tt ey 4 Z 1 (y ( )
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Notice that the apparent area of contact for a cluster of microcontacts is a
notion without mathematically precise definition. That is why formula (6.19)
determines the contact conductance h. with accuracy up to determining the
area A, of apparent contact.

3.6.3 Capacity of a contact spot

Consider the potential for a single contact spot problem

0

0(g) — L 15 (y) dy
400 = 2 [J/ \/<513'1—341)2"‘(352—92)2"‘33%7 (642

whnere \X1,X9) 18 € solution o € mtegral equation
here 1§ is the solution of the integral ti

(Bjug)(xl,xg) =1, (x1,22) € wj. (6.13)

As |x| — o0, the following asymptotic formula holds:

W(x) = % +0(x|72). (6.14)
x
Here, c; is the harmonic capacity [20]. Notice that c; coincides with the
electrostatic capacity of the cylindrical conductor of electricity of infinitesimal
height shaped as w;.

From (6.12) and (6.14), it follows that

cj = %//N?(Y) dy. (6.15)

Let us now introduce the center, P?, of the contact spot w; as the center
of mass of the domain w; with the mass density ,u?(xl, x9). In other words,
the coordinates of the point P’ are given by

/ / yitts (y) dy

(i =1,2). (6.16)

J_
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Observe that in accordance with Eq. (6.13) and the maximum principle
for harmonic functions, we have

/L?(Il,xg)>0, (xl,xg) € wj (jzl,,N)

Notice also that the same inequality takes place for the densities p;(xy, z2)
(j=1,...,N).
Finally, from (6.16) it immediately follows that

//(yi—xf)M?(Y)dy:O (i=1,2j=1,...,N).

Wi

This implies that if we choose point P? as the origin, then we will have
the following asymptotic formula (compare with (6.14)): u}(x) = c;|x|~" +
O(|x|™3) as |x| — oo.

3.6.4 Capacity of a cluster of contact spots

By analogy with formula (6.14), we write out the following asymptotic ex-
pansion of the potential (6.7) at infinity:
C
= x| +O0(xI™), |x| — . (6.17)
e

u(x)

For brevity, the constant C will be called the harmonic capacity of the cluster

N
Uj:l Wi
From (6.7) and (6.17), it follows that

C= %ﬁ:// 1 (y) dy. (6.18)

In view of (6.18), formula (6.11) for the thermal contact conductivity
takes the form

2’/'(']{1]{2
_ NI
Ut ko)A, & (6.19)

where C is the capacity of the cluster.

Formula (6.19) determines the thermal contact conductivity of a cluster
in terms of its harmonic capacity.

Notice that by analogy with formula (6.16), the notion of the center of
cluster can be introduced. Such a generalization will be required for describ-
ing the interaction between clusters of microcontacts.

he =
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3.6.5 Singularly perturbed boundary value problem

Denote by d the minimum possible distance dj, = |P? — P¥|, j # k. Let
w{ be a simply connected domain on a plane that contains the coordinate
origin and is enclosed in a circle of diameter d with the center at the origin.
Introducing a small positive parameter ¢, we set

wg — {(l’l’l‘Q) . E_l(xl - x‘{)xQ - sz) e W{}

Hence, assuming that e € (0,1], we will have that each contact spot w? is
completely contained in the circle with center P? and radius d/2. Thus, the
contact spots wal,. .. ,wév are not intersecting.

Let us consider the following boundary-value problem:

Ayuf(x) =0, x3>0; (6.20)
uf(21,29,0) = g3, (z1,15) €w?, j=1,2,...,N; (6.21)
ou® N —
s (x1,22,0) =0, (x1,72) & ng; (6.22)
u®(x) =o(1), [|x|— oo. (6.23)
For the sake of simplicity, we assume that gé (j =1,2,..., N) are constants.

We use the method of matched asymptotic expansions to construct the
leading asymptotic terms of the outer (which is valid far from the points
Pl ..., PY) and the inner (near the contact spots w?,... .wY) asymptotic
expansions of the solution u®(x) to the singularly perturbed boundary value
problem (6.20) - (6.23).

3.6.6 First limit problem. Outer asymptotic expansion

Passing to the limit as ¢ — 0 in (6.20) —(6.23), we obtain that the Dirichlet
boundary conditions (6.21) disappear, and we arrive at the following first
limit problem

Au(x) =0, x3>0; (6.24)
%(wl,xzﬂ) =0, (z1,22) e R®\{P',..., PV} (6.25)

3
v(x) =o0(1), [x|— 0. (6.26)



The solution to the homogeneous problem (6.24) —(6.26) is sought in the
form of expansion

v(x) = vi(e)v1(x) + va(e)va(x) + .. ., (6.27)

where {v,(¢)} is an asymptotic sequence of gauge functions.

Recall that a sequence v,(¢), ¢ = 1,2,..., is called asymptotic sequence,
if the functions v,(¢) are defined and positive in a vicinity (0, ) of the point
0 and for every ¢ the asymptotic condition v,.1(g)/v,(e) — 0 is satisfied as
e —0foreveryq=1,2,....

Substituting the expansion (6.27) into Eqgs. (6.24)—(6.26), we find that
the function v,(x), ¢ = 1,2, ..., should satisfy the following problem:

Ayv,(x) =0, x3>0; (6.28)

Ivg 2 1 N
87<I1,SL’2,0) =0, (x1,22) eR\{P,...,P"}; (6.29)

3

vy(x) = 0(1), [|x]| — 0. (6.30)
It is clear that all nontrivial solutions to the problem (6.28) —(6.30) should
have singularities as x — P7, j = 1,2,..., N. Moreover, the functions v,(x),
q = 1,2,..., are linear combinations of the fundamental solution and its

derivatives.

A description of the behavior of functions v,(x) at the points P',..., P
is possible only after performing the asymptotic procedure of matching of
the expansion (6.26) with the inner asymptotic expansion.

N

3.6.7 Second limit problem. Inner asymptotic
expansion

To construct the inner asymptotic expansion of the solution u°(x), we pass
to the “stretched” coordinates & = (&], &2, &%) in the vicinity of the individual
contact spot w! as follows:

g =l (x— P =cNay— 2, x5 — x}, 13). (6.31)
The inner asymptotic expansion will be constructed in the form

Ut (x) = po(e)wp(€7) + p(e)wi(§) + ... . (6.32)
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The functions w?(&’) are solutions to the following second limit problem
(7=1,2,...,N):

Aewl(€) =0, & > 0; (6.33)
po(e)wd(é1,6,0) = gl (&.&) € wi; (6.34)
wi(éla 52’ 0) = 07 (51: 52) € W{, (7" 7£ 0), (635)
O (61,6,0) =0, (61,6) € R\ o, (6.36)
9&;

Observe that in the stretched coordinates (6.31), the distance from the
center of the fixed contact spot w? to other contact spots becomes of order
e~1d/2, while the representation of the domain w{ does not depend on the
parameter €. That is why, passing to the limit as ¢ — 0, we obtain the
second limit problem in the semi-infinite domain for a single contact w!.

Further, Eqs. (6.33) - (6.36) also do not determine unambiguously the
functions wi (&), if we admit that they possess a growth at the infinity.

Let us emphasize that, generally speaking, the structure of the asymptotic
sequences v (e) and p;(¢) is not clear a priori and must be determined in the
process of constructing the asymptotics.

3.6.8 Leading asymptotic term of the inner expansion

We start with the first non-trivial limit problem (6.33), (6.34), (6.36). Since
the right-hand side of (6.34) does not depend on &, we put

In view of the asymptotic condition (6.23), we impose the following
asymptotic condition:

wi(€) = o(1), ¢ — oo (6.38)
The unique solution to the problem (6.33), (6.34), (6.36), (6.38) is given by
wh(€) =Y;(€), j=12,...,N,

1 X} (n) dn
Yi(€) = — ,
;(€) s /J/ VI —m)?+ (& —m)? + &
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where X?(fl, &) is the unique solution of the integral equation

// dn = 1, (51,62) € (.d{.
\/ 51 m)?+ (& —772)

Making use of the asymptotic formula (1 +z)~"/? = 1 — (1/2)z + O(x?)
as r — (0, we obtain

1 B St Sam2 SUBRSUP
V& —m)?+ (& —m)? + & \51 &

Hence, the following asymptotic expansion of the function w}(€) as |£| — oo
holds true:

+0(1¢]77).

e B miG +mig
W38 = grigl T e

Here we introduced the notation

ﬁzﬂﬁwm,waﬂm%wm@:m» (6.40)

Note that in view of (6.14), we have

O(l€]7?). (6.39)

fl = 2nc], (6.41)

where ¢ is the harmonic capacity of the disk {£ : (&,&) € @, & = 0}.
Note also that if the point P’ coincides with the center of the contact spot
w?, then in view of (6.16), we will have mJ = mJ = 0. Thus, the appropriate
choice of the coordinate system simplifies the asymptotic constructions.

3.6.9 Leading asymptotic term of the outer expansion

Changing the stretched coordinates in (6.39) according to (6.31), we obtain

’ 73 21 (w1 — ) + mi (s — 1) 3 -3
2 : O — P/
wO(é) 27T‘X—Pj’ +e 27T‘X—Pj’3 + (E |X | )7
(6.42)
The asymptotic expansion (6.42) implies that
ve)=¢7, q=1,2,.... (6.43)



Furthermore, the leading asymptotic term of formula (6.42) yields the
following asymptotic conditions for the leading term of the outer asymptotic
expansion (6.27):

1 _ fg _, pJ
vi(x) = Srlx — P +0(1), x— P. (6.44)

The asymptotic formula (6.44) determines the order of singularity at the
points P!, ... PN,

The solution of the problem (6.28)—(6.30), (6.44) is sought in the form
of a linear combination

N

v'(x) =) dox— P), (6.45)

j=1

where ®(x) is a singular fundamental solution of the Laplace equation in the
half-space 3 > 0 with a pole on its surface 3 = 0, i.e.,

1

d =
&) = =P

Taking into account the asymptotic conditions (6.44) and Eqs. (6.41), we
immediately find that . ' .
o = fi = 2rcl, (6.46)

where ¢} is determined by Eq. (6.15).

3.6.10 Second-order asymptotic terms

From (6.45) it follows that
v!(x) :c{CD(X—Pj)+g0(Pj)+O(|X—Pj|), (6.47)
where we introduced the notation

p(PT) =Y " did(x— P). (6.48)
k#j

Making change of the variables (6.31) in (6.47), we obtain
vl(x) = e q@(&) + p(P7) + O(el€’)),
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and, consequently,
ev' (x) = A D(&) + ep(P7) + O(*|€7)), (6.49)
Thus, in view of (6.27), (6.32), and (6.49), we find that
pr(e)=¢", r=0,1,2,.... (6.50)

Furthermore, we obtain the following matching asymptotic conditions (j =
1,2,...,N):

wi(§) = @(P') + O(1€]™),  [€] = oo, (6.51)
The solution to the problem (6.33), (6.35), (6.36), (6.51) is given by
wi(§) = e(P)(1-Y;(8), j=12....N (6.52)

In order to construct the second term of the outer asymptotic expansion
(6.27), we need a two-term asymptotic representation of w} (&) as |€] — oo
and a one-term asymptotic representation of w}(£). In other words, we will
make use of the following asymptotic formulas (compare with (6.39)):

wi(§) = fi0(€ Zmz & +O0(E®), [ —oo,  (653)

8&
wi(€) = p(P7) +ff‘1>( &) +O0(I€17%),  1€] — oo (6.54)
Here we introduced the notation (see (6.52))
fl = —2rc]p(P7). (6.55)

Changing the stretched coordinates in (6.53) and (6.54) according to
(6.31), we obtain

wh(€) + ewl(€) = e(fiD(x — PI) + p(P))

2
={-
=1

+ O |x — P7|7%).

PY) +f{c1>(x—Pj)}

Thus, in view of (6.27) and (6.43), the obtained formula implies the following
asymptotic condition:

2
v2(x)——megz(x—Pj)+flj<I>(x—Pj)+O(1), x — P (6.56)

i=1
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It is easy to see that the order of singularity of terms v?(x) in the outer
asymptotic expansion (6.27) at the points P! ... PV increases with the
number q.

The singular part of the asymptotic expansion (6.56) uniquely determines
the function v?(x), that is

v2(x):—ijaq)(x—Pj)%—ff(I)(x—Pj), (6.57)

K3
i=1 Oz;

where the coefficients m?, i = 1,2, and f are given by (6.40) and (6.55).

3.6.11 Asymptotic matching procedure

Let us consider the two-term asymptotic representations
uf(x) =~ evy(x) + £2va(x), (6.58)

uf(x) ~ w) (&) + ew (&), j=1,2,...,N. (6.59)
According to (6.45) and (6.57), we have

N
ev1(x) + 2y (x —SngCI)X—PJ —1—522{ d(x — P)
7j=1
2

0D :
— J _ pJ
;1 m; o (x — P )}

Introducing the stretched coordinates (6.31) into the right-hand side of
this relation and taking into account the formulas

O(x — P7) = (cf’) = 7' D(¢7),

0o , 0P
_ pJ 72
s (x—P) = (95]

—5(&),
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we obtain

ev1(x) 4 20y(x) = fl®(x — PI) + EZ feo(P — PF 4 2¢?)
k#j

2
+g2(_5—2zmz§f_<sj> )

+gz{z O (b pt i cg)

k#j i

+ fro(Ppi — PF + sgj)}. (6.60)

On the other hand, in view of (6.53) and (6.54), we have

2

() + 2ul(@) = fblx - ) - S omige
i=1 !

+e(p(P?) + fieg))
+O0(1€7) + O(el€’]7?), |&7] — 0. (6.61)

(&)

Further, taking into account (6.46), and(6.48), we can rewrite the asymp-
totic relations (6.60) and (6.61) as follows:

fn(x) + () = A ) +OEE) (6.62)
wf(€) +eul(€) = A=) + O+ OEE[™).  (6.63)

Here, 2(e; &7) denotes the matched asymptotic terms, i.e.,

2

A(e:&l) = fiO(x — PI) = Y m]

=1

;0P
"o,

(&) +e(p(P7) + flo(g)).

Now, comparing the asymptotic representations (6.62) and (6.63) for the
same function uf(x) in the matching zone {¢ : 72d/2 < |&7] < e~ /2d},
or, which is the same, for ¢'/2d/2 < |x — P7| < ¢'/2d, we find that

ev1 (%) + 2va(x) — {wh(&7) + cw](¢7)} = O(*?). (6.64)

Formula (6.64) justifies the formal two-term asymptotics constructed.
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